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Abstra ct. The notions of totally inde¯nite and weakly isotropic
algebras with involution are intro duced and a proof is given of the
fact that a ¯eld satis¯es the E®ective Diagonalization Property (ED)
if and only if it satis¯es the following weak Hasseprinciple: every
totally inde¯nite central simple algebra with involution of the ¯rst
kind over the given ¯eld is weakly isotropic. This generalizesa known
result from quadratic form theory.
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1. Intr oduction

Let F be a ¯eld of characteristic di®erent from two and let (A; ¾) be a central
simple algebra over F with involution of the ¯rst kind (i.e. ¾jF = 1F ). Recall
that ¾ is called orthogonal (resp. symplectic ) if ¾ is adjoint to a symmetric
(resp. skew-symmetric) bilinear form, after scalar extension to a splitting ¯eld
of A.
The connection betweenorthogonal involutions and quadratic forms has been
a motivation for extending quadratic form theoretic conceptsand theoremsto
the realm of algebraswith involution (of any kind). For example, the classical
invariants (discriminant, Cli®ord algebra, signature) of quadratic forms have
been de¯ned for algebraswith involution (see[7]) and classi¯cation theorems
µa la Elman and Lam [5] have been obtained by Lewis and Tignol [14]. Some
more examplesinclude: a Cassels-P¯ster theorem [19], an orthogonal sum for
Morita-equivalent algebraswith involution [2] and analoguesof the Witt ring
[12, 3].
In this paper we will examine the extension to central simple algebras with
an involution of the ¯rst kind of the following weak Hasseprinciple for weak
isotropy:

(WH): Every totally inde¯nite quadratic form over F is weakly isotropic
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and prove an analogueof the following theorem due to Prestel [15] and Elman
et al. [4]:

Theorem 1.1. F satis¯es (WH) ( ) F satis¯es the Strong Approximation
Property.

In particular, wewill show that every totally inde¯nite central simpleF -algebra
with involution of the ¯rst kind is weakly isotropic if and only if F satis¯es the
E®ective Diagonalization Property. Our result can also be re-interpreted to
give a partial generalization of a theorem of Lewis [11] on sums of squares
representing zero in a central simple algebra.
We mention that there is a re¯ned (and more di±cult) versionof Theorem 1.1,
which holds for arbitrary base¯elds, due to BrÄocker [1, 3.9] and Prestel [16, p.
93]. It says that if Á is a totally inde¯nite quadratic form over a ¯eld F , and if
for every valuation with real residueclass¯eld, at least one residueclassform
of Á is weakly isotropic, then Á is weakly isotropic. This statement can also be
found in [18, 3.7.12]. Its converseis easily seento be true.
All involutions on central simplealgebrasconsideredin this paper areof the ¯rst
kind and all forms (quadratic, hermitian, : : : ) are assumedto be nonsingular.
Standard referencesare [8] and [18] for the theory of quadratic forms, [7] for
central simple algebraswith an involution and [16] for real ¯elds.

2. Weakl y isotr opic and tot all y indefinite algebras

In this section we will generalizethe notions of totally inde¯nite and weakly
isotropic quadratic forms to the setting of central simple algebras(A; ¾) with
an involution of the ¯rst kind over a ¯eld F of characteristic 6= 2. We denote
the spaceof orderings of F by X F and an arbitrary ordering of F by P.

Definition 2.1. Let (A; ¾) be a central simple F -algebra with involution of
the ¯rst kind. A right ideal I in A is called isotropic (with respect to the
involution ¾) if for all x and y in I we have that ¾(x)y = 0. The algebra with
involution (A; ¾) is called isotropic if A contains a nonzeroisotropic right ideal,
or equivalently , if there exists an idempotent e 6= 0 in A such that ¾(e)e = 0
(see[7, 6.A]). We also say that (A; ¾) is anisotropic if for x 2 A, ¾(x)x = 0
implies x = 0.

Recall that a quadratic form q over F is weakly isotropic if there exists an
n 2 N such that n £ q is isotropic.

Definition 2.2. The algebra with involution (A; ¾) is called weakly isotropic
if there exist nonzero x1; : : : ; xn 2 A such that ¾(x1)x1 + ¢¢¢+ ¾(xn )xn = 0
and strongly anisotropic otherwise.

Remark 2.3. In [21] an n-fold orthogonal sum ¢ n (A; ¾) is de¯ned and it is
shown there that ¢ n (A; ¾) »= (M n (F ); t) ­ F (A; ¾), where t denotesthe trans-
pose involution. This is on the one hand in accordancewith Dejai®e's [2]
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construction of an orthogonal sum of two Morita-equivalent algebraswith invo-
lution and on the other hand what onewould expect sincen£ q = h1; : : : ; 1

| {z }
n £

i ­ q

and ¢ n (A; ¾) reducesto n £ q in the split casewhen ¾is adjoint to a quadratic
form q. In analogy with the quadratic form case,one could de¯ne (A; ¾) to
be weakly isotropic by requiring that ¢ n (A; ¾) is isotropic for somepositive
integer n and it is easy to seethat this condition is equivalent with the one
given in De¯nition 2.2.

Let (D ; #) be a central division algebraover F with involution of the ¯rst kind
and (V; h) an "-hermitian form over (D ; #), " = § 1. Recall [7, 4.A] that the
adjoint involution ¾h of h on EndD (V ) is implicitly de¯ned by

h
¡
x; f (y)

¢
= h

¡
¾h (f )(x); y

¢
for x; y 2 V and f 2 EndD (V )

and that ¾h is also of the ¯rst kind.
Just as for quadratic forms, we say that the "-hermitian form h is weakly
isotropic if there exists a positive integer n such that n £ h is isotropic.

Lemma 2.4. Let (D ; #), (V; h) and ¾h be as above. Then (EndD (V ); ¾h ) is
weakly isotropic if and only if h is weakly isotropic. More precisely, there exist
f 1; : : : ; f n 2 EndD (V ) such that ¾h (f 1)f 1 + ¢¢¢+ ¾h (f n )f n = 0 if and only if
there exist x1; : : : ; xn 2 V such that h(x1; x1) + ¢¢¢+ h(xn ; xn ) = 0.

Proof. The lemma is folklore, and we only give the argument sincewe couldn't
¯nd a suitable reference. It su±ces to show that (EndD (V ); ¾h ) is isotropic if
and only if h is isotropic.
If ¾h is isotropic, there is 0 6= f 2 EndD (V ) with ¾h (f )f = 0. Choosev 2 V
with f (v) 6= 0. Then

0 = h
¡
¾h (f )( f (v)) ; v

¢
= h

¡
f (v); f (v)

¢

shows that h is isotropic. Conversely, if h(v; v) = 0 for some v 2 V , then
¾h (f )f = 0 for any f 2 EndD (V ) with f (V ) ½ vD.

Cor ollar y 2.5. Let (EndF (V ); ¾q) be a split algebra with involution, adjoint
to a quadratic form q on V . Then there exist f 1; : : : ; f n 2 EndF (V ) such that
¾q(f 1)f 1 + ¢¢¢+ ¾q(f n )f n = 0 if and only if there exist x1; : : : ; xn 2 V such
that q(x1) + ¢¢¢+ q(xn ) = 0.

Now suppose that F is a real ¯eld and that P is an ordering of F . In [13]
Lewis and Tignol de¯ned the signature of an algebra (A; ¾) with involution of
the ¯rst kind as

sigP ¾=
p

sigP T¾;

where T¾ is the involution trace form, de¯ned by T¾(x) := TrdA (¾(x)x); 8x 2
A. If (A; ¾) is split with orthogonal involution, (A; ¾) »= (EndF (V ); ¾q), then
Lewis and Tignol showed that sigP ¾q = j sigP qj.
Recall that a quadratic form q over F is called totally inde¯nite if it is inde¯nite
for each ordering P of F , i.e. j sigP qj < dim q for each P.

Document a Ma thema tica ¢Quadra tic Forms LSU 2001 ¢241{251



244 David W. Lewis, Cla us Scheiderer, Thomas Unger

Definition 2.6. The algebrawith involution (A; ¾) is called inde¯nite for the
ordering P of F if sigP ¾ < degA and total ly inde¯nite if it is inde¯nite for
each ordering P of F .

3. The weak Hasse principle

We now have all the ingredients ready to generalize(WH) to:
(WHA): Every totally inde¯nite algebra with involution of the ¯rst

kind over F is weakly isotropic.
In [20, Ch. 5] Unger showed that (WHA) holds for ¯elds with a unique order-
ing, algebraic number ¯elds and R(t). These ¯elds are someof the standard
examplesof SAP ¯elds, as described below.

Definition 3.1. The ¯eld F satis¯es the Strong Approximation Property (or
is SAP, for short) if the following equivalent conditions hold:

(i) Every clopen subset of X F has the form f P 2 X F j a > P 0g for some
a 2 F £ .

(ii) For all a; b 2 F £ the quadratic form h1; a;b;¡ abi is weakly isotropic.
(iii) Every quadratic form q such that a power of q is weakly isotropic, is itself

weakly isotropic.
(iv) For any two disjoint closedsubsetsX ; Y of X F , there exists an a 2 F £

such that a > P 0; 8P 2 X and a < P 0; 8P 2 Y .
(v) For every (Krull) valuation v : F £ ³ ¡ with value group ¡ and real

residueclass¯eld F v , either (a) or (b) holds:
(a) ¡ = 2¡;
(b) j¡ =2¡ j = 2 and F v has a unique ordering.

Condition (iv) is the original de¯nition of SAP ¯elds, due to Knebusch et al.
[6, Thm. 12]. The equivalence (i) ( ) (iv) is given in [6, Thm. 12, Cor.
13]. Prestel [15, (2.2), (3.1)] showed (ii) ( ) (iii) ( ) (v) ( ) F is a
Pasch ¯eld, while the equivalenceF is SAP ( ) F is Pasch can be found in
[4, Thm. C]. The notion of a Pasch ¯eld was ¯rst intro duced by Prestel; for a
de¯nition we refer the reader to [15]. Additional referencesfor SAP ¯elds are
the monographsby Lam [9] and Prestel [16].

Example 3.2. Here are someexamplesof SAP ¯elds:
(1) Fields with only one ordering.
(2) Algebraic number ¯elds.
(3) Fields of transcendencedegree· 1 over a real-closed¯eld, e.g. R(t).
(4) F (( t)) if F has at most one ordering.

The following ¯elds are not SAP:
(5) The rational function ¯eld Q(x).
(6) The rational function ¯eld F (x; y), where F is any real ¯eld.

Based on the results in [20, Ch. 5] it was tempting to think that (WHA)
would hold for all SAP ¯elds. The Strong Approximation Property is de¯nitely
required, for if F is not SAP, we can construct a counterexample as follows:
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There exist a;b 2 F £ such that q := h1; a;b;¡ abi is strongly anisotropic. Hence
the algebra (A; ¾) = (EndF (F 4); ¾q) is strongly anisotropic by Corollary 2.5.
However, the form T¾ = q ­ q is equal to

q ­ q = q ? aq ? bq? ¡ abq

= h1; a;b;¡ ab;a;1; ab;¡ b;b;ab;1; ¡ a; ¡ ab;¡ b;¡ a;1i

= 6 £ h1; ¡ 1i ? h1; 1; 1; 1i ;

soT¾ is in fact isotropic and hencetotally inde¯nite. Therefore the orthogonal
involution ¾is totally inde¯nite.
For quadratic forms, this argument was of coursealready known in the 1970's,
as testi¯ed by Theorem 1.1. We merely presented it from the point of view of
algebraswith involution.
A counterexample in the symplectic casecan be constructed by tensoring the
previousalgebrawith the quaternion division algebra(¡ 1; ¡ 1)F equipped with
the canonical (symplectic) involution, which is strongly anisotropic.
As it turns out, a property stronger than SAP is needed,the E®ective Diago-
nalization Property, ¯rst de¯ned by Ware [22], which we will describe now.

Definition 3.3. A quadratic form ha1; : : : ; an i is e®ectively diagonalizableif
it is isometric to a form hb1; : : : ; bn i satisfying bi 2 P =) bi +1 2 P for all
1 · i < n and all P 2 X F . The ¯eld F satis¯es the E®ective Diagonalization
Property (or is ED, for short) if every quadratic form over F is e®ectively
diagonalizable.

The classof ED ¯elds is a proper subclassof the classof SAP ¯elds.

Example 3.4. The ¯eld Q(( t)) is SAP, but not ED.

Prestel and Ware [17] proved the following characterization theorem:

Theorem 3.5. F is ED if and only if for every (Krul l) valuation v : F £ ³ ¡
with value group ¡ and real residueclass¯eld F v , we have j¡ =2¡ j · 2 and F v

is euclidean in case j¡ =2¡ j = 2.

(Recall that a ¯eld is euclidean if it is uniquely ordered and every positive
element is a square.) They also showed:

Theorem 3.6. If F is ED then every 2-extension of F is also ED. (In partic-
ular, the pythagorean closure of F is ED.)

(Recall that an extensionK of F is called a 2-extension of F if K is contained
in the quadratic closureof F .)

Remark 3.7. The ED property also played an important role in the classi¯ca-
tion theoremsof Lewis and Tignol [14].

Our generalization of Theorem 1.1 reads:

Theorem 3.8. F is ED ( ) F satis¯es (WHA) .

The proof will follow from the results below (Theorems 3.11 and 3.12).
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Lemma 3.9. Let (A; ¾) be a central simple algebra with involution of the ¯rst
kind over F . Let d 2 F be a sum of squares, and let K = F (

p
d). Supposethat

(A ­ F K ; ¾K ) is weakly isotropic. Then (A; ¾) is weakly isotropic.

Proof. We may assumethat (A ­ F K ; ¾K ) is isotropic. Hencethere exist x; y 2
A, not both zero such that

¡
¾(x) + ¾(y)

p
d
¢¡

x + y
p

d
¢

= 0:

Separating, this implies ¾(x)x + d¾(y)y = 0. Supposed = d2
1 + ¢¢¢+ d2

r with
di 2 F , then

¾(x)x + ¾(d1y)(d1y) + ¢¢¢+ ¾(dr y)(dr y) = 0;

i.e. (A; ¾) is weakly isotropic.

Lemma 3.10. Let F be a pythagorean SAP ¯eld and A a central simple algebra
of exponent 2 over F . Then A is Brauer-equivalent to a quaternion division
algebra (¡ 1; f )F for somef 2 F £ .

Proof. By a well-known theorem of Merkurjev, A is Brauer-equivalent to a
tensor product of ¯nitely many quaternion division algebrasover F . Without
loss of generality, we may assumethat A is Brauer-equivalent to (a;b)F ­ F

(a0; b0)F for certain a;a0; b;b0 2 F £ , and that (a;b)F and (a0; b0)F do not split.
Since(a;b)F is a division algebra, its norm form h1; ¡ a; ¡ b;abi is anisotropic.
Henceha;b;¡ abi is anisotropic. SinceF is SAP, the quadratic form h1; a;b;¡ abi
is weakly isotropic, and thus isotropic, since F is pythagorean. Hence
h1; a;b;¡ abi ' h1; ¡ 1; c;di for certain c;d 2 F £ . Comparing determinants,
we get h1; a;b;¡ abi ' h1; ¡ 1; c;ci , which implies ha;b;¡ abi ' h¡ 1; c;ci , and
thus (a;b)F

»= (¡ 1; c)F .
Similarly, (a0; b0)F

»= (¡ 1; c0)F for somec 2 F £ , and so A is Brauer-equivalent
to (¡ 1; cc0)F .

Theorem 3.11. Assumethat F is ED, then F satis¯es (WHA) .

Proof. Let (A; ¾) be totally inde¯nite. We will show that (A; ¾) is weakly
isotropic.
If A is split, the theorem is true by Theorem 1.1 (when ¾ is orthogonal) or
trivial (when ¾is symplectic).
If the degreeof A is odd, then A is split and ¾is orthogonal. So we are done
in this case.Hencewe may assumethat A is not split and degA = n = 2m is
even.
SinceF is ED, its pythagorean closure is ED. By Lemma 3.9 we may replace
F by its pythagorean closure. (The pythagorean closureFpyth is in generalan
in¯nite extensionof F but, for any given algebra A, we only needto passto a
¯nite extension of F , sitting inside Fpyth . Then we apply Lemma 3.9 ¯nitely
many times.) So we assumefrom now on that F is a pythagorean ED ¯eld.
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By Lemma 3.10, A is Brauer-equivalent to a quaternion division algebra D :=
(¡ 1; f )F for somef 2 F £ . So now we have

(A; ¾) »= (EndD (D m ); ¾h ) »= (M m (D ); ¾h );

where ¾h is the adjoint involution of a form h : D m £ D m ¡ ! D , which is
hermitian or skew-hermitian with respect to quaternion conjugation on D,
according to whether ¾is symplectic or orthogonal.
Suppose¯rst that ¾is symplectic, so that h is hermitian. By [18, 7.6.3] there
exists a basis f e1; : : : ; em g of D m over D which is orthogonal with respect to
h. Let ¸ i = h(ei ; ei ) for i = 1; : : : ; m. Lewis and Tignol [13, Cor. 2] showed
that ¸ i 2 F for all i = 1; : : : ; m and that

T¾ = h2i ­ N ­ ¤ ­ ¤

where N is the norm form of D and ¤ = ḩ 1; : : : ; ¸ m i . By assumption T¾

is totally inde¯nite, and henceweakly isotropic. Then N ­ ¤ ­ ¤ is weakly
isotropic and so N ­ N ­ ¤ ­ ¤ is weakly isotropic. Since F is SAP, this
implies (by De¯nition 3.1(iii)) that N ­ ¤ is weakly isotropic. Sinceh(x; x) =
¸ 1N (x1) + ¢¢¢+ ¸ m N (xm ) for x = (x1; : : : ; xm ) 2 D m , this implies that the
hermitian form h is weakly isotropic over D and hencethat (A; ¾) is weakly
isotropic.
Suppose next that ¾ is orthogonal, so that h is skew-hermitian. Put K =
F (

p
f ) (note that f is not a square,sinceD is a division algebra). Over K , the

algebra A splits. Since(A; ¾) is totally inde¯nite, it is clear that (A; ¾) ­ F K
is also totally inde¯nite. Being a 2-extension of the ED ¯eld F , the ¯eld K
is SAP and, by Theorem 1.1, it follows that (A; ¾) ­ F K is weakly isotropic,
since A ­ F K is split. This implies that the skew-hermitian form h becomes
weakly isotropic over K (i.e. asa form over D K

»= M 2(K )). >From this we will
now deducethat that the form h itself is weakly isotropic, i.e. that the algebra
(A; ¾) is weakly isotropic.
Replacingh by N £ h for N À 0 if necessary, there arex; y 2 D m , not both zero,
such that hK (x + y

p
f ; x + y

p
f ) = 0. This implies h(x; x) + f h(y; y) = 0. If

h(y; y) = 0, it follows that h is (weakly) isotropic and we are done. Otherwise,
u := h(y; y) 2 D is a non-zeropure quaternion (since h is skew-hermitian) and
h has a diagonalization

h ' h¡ f u; : : :i :

Now let d := u2 = ¡ Nrd(u) 2 F £ . Then d < 0 on f P 2 X F jf < P 0g and
therefore DFP

»= (d; f )FP for all orderings P 2 X F (here FP denotesthe real
closure of F with respect to P). Hence D »= (d; f )F by P¯ster's local-global
principle (note that the Witt ring of F is torsion free, sinceF is pythagorean;
see[18, 2.4.10{11]), and there exists a pure quaternion v 2 D with

v2 = ¡ Nrd( v) = f and uv + vu = 0:

Thus v = Nrd( v)v¡ 1 = ¡ f v¡ 1, and so

vuv = ¡ f v¡ 1uv = ¡ f (¡ u) = f u:
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Therefore h(yv; yv) = vuv = f u and h also has a diagonalization

h ' hf u; : : :i :

This implies that h ? h ' h¡ f u; f u; : : :i , which is isotropic. In other words, h
is weakly isotropic and hence¾is weakly isotropic. We are done.

Theorem 3.12. For any non-ED ¯eld F , there is an algebra (A; ¾) with invo-
lution of the ¯rst kind (and of either type) over F which is strongly anisotropic
but total ly inde¯nite.

Proof. The statement is clear if the ¯eld is not SAP (there is an involution
which is totally inde¯nite and strongly anisotropic, as explained just after Ex-
ample 3.2), so we concentrate on the caseof a SAP ¯eld which is not ED.
Let F be such a ¯eld. Then F has a (Krull) valuation v whosevalue group
¡ satis¯es ¡ =2¡ = Z=2Z, and whose residue ¯eld F v is real without being
euclidean (this follows from De¯nition 3.1(v) and Theorem 3.5). Let ¼2 F £

with v(¼) =2 2¡, and let a 2 F £ be a v-unit whoseresidueclassin F v is a sum of
squaresbut not a square. We choosea such that a is a sum of squaresin F , and
consider the quaternion (division) algebra A = (a;¼) over F . Let 1; i; j ; k = ij
be the standard F -basis of A, satisfying i 2 = a, j 2 = ¼and k2 = ¡ a¼. Let h
be the (diagonal) skew-hermitian form h = hj ; ki over (A; ) (where denotes
the standard (symplectic) involution on A), and let ¾be the adjoint involution
of h on M 2(A). We claim that ¾is totally inde¯nite, but not weakly isotropic.
To show this, let L = F (

p
a). We ¯x the splitting Á: AL

»¡ ! M 2(L ) over L
given by

i 7!
µ p

a 0
0 ¡

p
a

¶
and j 7!

µ
0 1
¼ 0

¶
:

Under Á, h corresponds to a similarit y classof quadratic forms q (of rank 4)
over L . We are going to calculate q.
For x 2 A£ with x + x = 0, let ¾x be the (orthogonal) involution on A given by
¾x (z) = x ¡ 1zx. Under Á, ¾x ­ 1 corresponds to a similarit y classof quadratic

forms qx over L . Writing J :=
µ

0 ¡ 1
1 0

¶
we have qx = J ¢Á(x). In particular,

taking x = j and x = k, we ¯nd

qj = h¡ ¼; 1i and qk = h¼
p

a;
p

ai :

Thus
q ' h1;

p
a; ¡ ¼; ¼

p
ai :

The form q is totally inde¯nite. Since the extension L=F is totally real, the
involution trace form T¾ (over F ) is totally inde¯nite as well and hence¾ is
totally inde¯nite.
On the other hand, the residue forms of q with respect to v are h1;

p
ai and

h¡ 1;
p

ai (note that denotes taking residue classeshere). Neither of them
is totally inde¯nite. Hence q is strongly anisotropic. Therefore ¾ cannot be
weakly isotropic.
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The symplectic casecan be treated again by tensoring our algebra with the
quaternion division algebra (¡ 1; ¡ 1)F , equipped with quaternion conjugation.

Putting everything together now yields a proof of Theorem 3.8.

4. Sums of hermitian squares

In [11], Lewis proved the following theorem, settling a conjecture of Leep
et al. [10].

Theorem 4.1. Let A be a central simple algebra over a ¯eld F of characteristic
6= 2. Then 0 is a nontrivial sum of squares, i.e. there exist nonzero x1; : : : ; x ` 2
A suchthat 0 = x2

1+ ¢¢¢+ x2
` , if and only if the trace form TA is weakly isotropic.

The natural adaptation of this theoremin the setting of algebraswith involution
of the ¯rst kind is an easyconsequenceof the work we have done hitherto:

Definition 4.2. Let (A; ¾) be a central simple algebra with involution of the
¯rst kind over a ¯eld F and x 2 A. Then ¾(x)x is called a hermitian square
in A.

Theorem 4.3. Let (A; ¾) be a central simple algebra with involution of the ¯rst
kind over an ED-¯eld F . Then 0 is a nontrivial sum of hermitian squares, i.e.
there exist nonzero x1; : : : ; x ` 2 A such that 0 = ¾(x1)x1 + ¢¢¢+ ¾(x ` )x ` , if
and only if the involution trace form T¾ is weakly isotropic.

Proof. The necessarycondition follows trivially (and doesnot require ED) by
simply taking the reducedtrace of both sidesof 0 =

P `
i =1 ¾(x i )x i .

For the su±cient condition, supposethat T¾ is weakly isotropic. Then T¾, and
hence¾, is totally inde¯nite. Therefore¾is weakly isotropic (sinceF is ED), i.e.
there exist nonzerox1; : : : ; x ` 2 A such that ¾(x1)x1 + ¢¢¢+ ¾(x ` )x ` = 0.

Remark 4.4. For several special classesof algebraswith involution of the ¯rst
kind, the condition on F can be relaxed and the conclusionof Theorem 4.3 will
still hold. This happensfor example

(1) when (A; ¾) is an algebra of index 2 with symplectic involution over a
SAP ¯eld F ;

(2) when (Q; ¾) is a quaternion algebra with involution of the ¯rst kind over
a ¯eld F of characteristic not 2;

(3) when (A; ¾) »= (Q1; ¾1) ­ F ¢¢¢­ F (Q` ; ¾̀ ) is a multi-quaternion algebra
over a ¯eld F of characteristic not 2 and each ¾i is an arbitrary involution
of the ¯rst kind.

For proofs, see[20, Ch. 5].

Finally, we obtain a version of Springer's theorem for strongly anisotropic in-
volutions:
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Cor ollar y 4.5. Let (A; ¾) be a central simple algebra with involution of the
¯rst kind over an ED-¯eld F and let K =F be any ¯nite extensionof odd degree.
If (A; ¾) is strongly anisotropic, then (A ­ F K ; ¾K ) is (strongly) anisotropic.

Proof. Since ¾ is strongly anisotropic, T¾ is strongly anisotropic by Theo-
rem 4.3. By Springer's theorem (seee.g. [18, 2.5.3]), (T¾)K = T¾K is strongly
anisotropic over K . Hence¾K is strongly anisotropic by contraposition of the
trivial direction of Theorem 4.3.
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