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Abstra ct. This paper demonstrates the existence of a theory of
symmetric spectra for the motivic stable category. The main results
together provide a categorical model for the motivic stable category
which has an internal symmetric monoidal smashproduct. The de-
tails of the basic construction of the Morel-Voevodsky proper closed
simplicial model structure underlying the motivic stable category are
required to handle the symmetric case,and are displayed in the �rst
three sectionsof this paper.
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Intr oduction

This paper givesa method for importing the stable homotopy theory of sym-
metric spectra [7] into the motivic stable categoryof Morel and Voevodsky [14],
[16], [17]. This category arisesfrom a closedmodel structure on a suitably de-
�ned category of spectra on a smooth Nisnevich site, and it is fundamental for
Voevodsky's proof of the Milnor Conjecture [16]. The motivic stable category
acquiresan e�ectiv e theory of smash,or non-abelian tensor products with the
results presented here.

Loosely speaking, the motivic stable category is the result of formally in-
verting the functor X 7! T ^ X within motivic homotopy theory, where T is
the quotient of sheaves A1=(A1 � 0). In this context, a spectrum X , or T-
spectrum, consistsof pointed simplicial presheaves X n , n � 0, together with
bonding maps T ^ X n ! X n +1 . The theory is exotic in at least two ways:
it liveswithin the motivic model category, which is a localized theory of sim-
plicial presheaves,and the object T is not a circle in any sense,but is rather
motivic equivalent to an honest suspensionS1 ^ Gm of the schemeunderlying
the multiplicativ e group. Smashingwith T is thus a combination of topological
and geometric suspensions.
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446 J. F. Jardine

A symmetric spectrum in this category is a T-spectrum Y which is equipp-
ed with symmetric group actions � n � Y n ! Y n in all levels such that all
composite bonding maps T ^ p ^ X n ! X p+ n are (� p � � n )-equivariant. The
main theorems of this paper assert that this category of symmetric spectra
carries a notion of stable equivalencewithin the motivic model category which
is part of a proper closedsimplicial model structure (Theorem 4.15), and such
that the forgetful functor to T-spectra induces an equivalence of the stable
homotopy category for symmetric spectra with the motivic stable category
(Theorem 4.31). This collection of results gives a category which models the
motivic stable category, and also has a symmetric monoidal smashproduct.

The relation between spectra and symmetric spectra in motivic homotopy
theory is an exact analogue of that found in ordinary homotopy theory. In
this way, every T-spectrum is representable by a symmetric object, but some
outstanding examplesof T-spectra are intrinsically symmetric. These include
the T-spectrum H Z which represents motivic cohomology[18].

The principal results of this paper are simple enoughto state, but a bit com-
plicated to demonstrate in that their proofs involve some�ne detail from the
construction of the motivic stable category. It was initially expected,given the
experienceof [13], that the passagefrom spectra to symmetric spectra would
be essentially axiomatic, along the lines of the original proof of [7]. This re-
mains true in a gross sense,but many of the steps in the proofs of [7] and
[13] involve standard results from stable homotopy theory which cannot be
taken for granted in the motivic context. In particular, the construction of the
motivic stablecategory is quite special: oneprovesit by verifying the Bous�eld-
Friedlander axioms A4 { A6 [2], but the proofs of these axioms involve Nis-
nevich descent in a non-trivial way, and essentially force the intro duction of the
conceptof 
asque simplical presheaf.The classof 
asque simplicial presheaves
contains all globally �bran t objects, but is also closed under �ltered colimit
(unlike �bran t objects | the assertion to the contrary is a common error)
and the \ T-loop" functor. It is a key technical point that theseconstructions
also preserve many pointwise weak equivalences,such as those arising from
Nisnevich descent.

We must also use a suitable notion of compact object, so that the corre-
sponding loop functors commute with �ltered colimits. The classof compact
simplicial presheavesis closedunder �nite smashproduct and homotopy co�-
bre, and includes all �nite simplicial sets and smooth schemesover a decent
base. As a result, the Morel-Voevodsky object belongs to a broader class of
compact objects T for which the corresponding categoriesof T-spectra on the
smooth Nisnevich site have closedmodel structures associated to an adequate
notion of stable equivalence. These ideas are the subject of the �rst two sec-
tions of this paper and culminate in Theorem 2.9, which assertsthe existence
of the model structure.

Theorem 2.9 is proved without referenceto stable homotopy groups. This is
achieved in part by using an auxilliary closedmodel structure for T-spectra,
for which the co�brations (respectively weak equivalences) are maps which
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are co�brations (respectively motivic weak equivalences) in each level. The
�bran t objects for the theory are called injective objects, and one can show
(Lemma 2.11) that the functor de�ned by naive homotopy classesof maps
taking values in objects W which are both injective and stably �bran t for the
theory detects stable equivalences. This idea was lifted from [7], and appears
again for symmetric spectra in Section 4.

It is crucial for the development of the stable homotopy theory of symmetric
spectra aspresented here(eg. Proposition 4.13,proof of Theorem4.15) to know
that �bre sequencesand co�bre sequencesof ordinary spectra coincide up to
motivic stable equivalence| this is the �rst major result of Section3 (Lemma
3.9, Corollary 3.10). The method of proof involves long exact sequencesin
weighted stable homotopy groups. These groups were intro duced in [16], but
the present construction is predicated on knowing that a spectrum X is a piece
of an asymmetric bispectrum object for which one smasheswith the simplicial
circle S1 in one direction and with the schemeGm in the other.

The section closeswith a proof of the assertion (Theorem 3.11, Corollary
3.16) that the functors X 7! X ^ T and Y 7! 
 T Y are inverseto each other
on the motivic stable category. This proof usesVoevodsky's observation that
twisting the 3-fold smashproduct T 3 = T ^ 3 by a cyclic permutation of order
3 is the identit y in the motivic homotopy category | this is Lemma 3.13.
This result is also required for showing that the stable homotopy category of
symmetric spectra is equivalent to the motivic stable category.

Section 4 contains the main results: the model structure for stable equiv-
alencesof symmetric spectra is Theorem 4.15, and the equivalenceof stable
categoriesis Theorem 4.31. With all of the material in the previous sectionsin
place, and subject to being careful about the technical di�culties underlying
the stabilit y functor for the category of spectra, the derivation of the proper
closed simplicial model structure for symmetric spectra follows the method
developed in [7] and [13]. The demonstration of the equivalenceof stable cat-
egoriesis also by analogy with the methods of those papers, but one has to
be a bit more careful again, so that it is necessaryto discussT-bispectra in a
limited way.

It would appear that the compactnessof T and the trivialit y of the action
of the cyclic permutation on T 3 are minimum requirements for setting up the
full machinery of spectra and symmetric spectra, along with the equivalence
of stable categorieswithin motivic homotopy theory, at least according to the
proofs given here (see also [6]). These features are certainly present for the
original categoriesof presheaves of spectra and symmetric spectra in motivic
homotopy theory. This is the caseT = S1 for the results of Section 2, and the
corresponding thread of results (Theorem 2.9, Remark 3.22) for the motivic sta-
ble categoriesof S1-spectra and symmetric S1-spectra concludesin Section4.5
with an equivalenceof motivic stable homotopy categoriesstatement in Theo-
rem 4.40. There is also a rather generic result about the interaction between
co�brations and the smashproduct in the category of symmetric spectrum ob-
jects which obtains in all of the casesat hand | seeProposition 4.41. The
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motivic stable homotopy theory of S1-spectra has found recent application in
[19].

This paper concludeswith two appendices.Appendix A shows that formally
inverting a rational point f : � ! I of a simplicial presheafI on an arbitrary
small Grothendieck site gives a closedmodel structure which is proper (The-
orem A.5). This result specializesto a proof that the motivic closed model
structure is proper, but does not depend on the object I being an interval in
any sense| compare[14, Theorem 2.3.2].

The purposeof Appendix B is to show that the category of presheaves on
the smooth Nisnevich site (SmjS )N is inherits a proper closedsimplicial model
structure from the corresponding category of simplicial presheaves, such that
the presheafcategory is a model for motivic homotopy theory. The main result
is Theorem B.4. The corresponding sheaftheoretic result appearsas Theorem
B.6, and this is the foundation of the Morel-Voevodsky categoryof spacesmodel
for motivic homotopy theory. I have included this on the grounds that it so
far appearsexplicitly nowhere else,though the alert reader can cobble a proof
together from the ideas in [14]. The only particular claim to originalit y of the
results presented in Appendix B is the observation that the Morel-Voevodsky
techniques also make senseon the presheaflevel.

This paper hasgonethrough a rather long debuggingphasethat beganwith
its appearanceunder the original title \ A1-local symmetric spectra" on the
K -theory preprint server in September, 1998. I would like to thank a group
of refereesfor their remarks and suggestions. One such remark was that the
proof of Lemma 3.14 in the original version was incorrect, and should involve
Voevodsky's Lemma 3.13. The corrected form of this result now appears as
Theorem 3.11. Another suggestionwas to enlarge the class of base schemes
from �elds to Noetherian schemesS of �nite dimension, and this has been
done here | the only technical consequencewas the necessity to strengthen
Lemma 3.13 to a statement that holds over the integers.

There hasbeena rather substantial shift in languagewith the present version
of the paper. In particular, the use of the term \motivic homotopy theory"
has becomestandard recently , and is incorporated here in place of either the
old homotopy theoretic convention \ f -local theory" [4] for the localized theory
associated to a rational point f : � ! A1, or the \ A1-homotopy theory" of
[14]. Motivic homotopy theory is the fundamental object of discussion;at the
risk of confusing readerswho like to start in the middle, \w eak equivalence"
means\motivic weak equivalence" and similarly �brations and co�brations are
in the motivic closedmodel structure, unlessexplicit mention is made to the
contrary .

This work owes an enormousdebt to that of Fabien Morel, Je� Smith and
Vladimir Voevodsky, and to conversations with all three; I would like to take
this opportunit y to thank them. Several of the main results of the �rst two
sectionsof this paper were announcedin someform in [16], while the unsta-
ble Nisnevich descent technique that is so important here was brought to my
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attention by Morel, and appears in [14].
The conversations that I refer to took place at a particularly stimulating

meeting on the homotopy theory of algebraic varieties at the Mathematical
SciencesResearch Institute in Berkeley in May, 1998. The idea for this project
was essentially conceived there, while Appendix A was mostly written a few
weeksprior during a visit to Universit�e Paris VI I. I thank both institutions for
their hospitalit y and support.
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1 Preliminaries

1.1 Motivic homotopy theor y

One starts with a rational point f : � ! A1 of the a�ne line A1 in the category
of smooth schemes(SmjS )N is of �nite type over a schemeS of �nite dimension,
equipped with the Nisnevich topology. The empty scheme ; is a member of
this category.

The localization theory arising from \formally inverting" the map f in the
standard, or local homotopy theory of simplicial presheaves on (SmjS )N is is
the motivic homotopy theory for the schemeS | it has been formerly called
both the f -local theory [4] and the A1-homotopy theory [14].

The standard homotopy theory of simplicial presheavesarisesfrom a proper
closed model structure that exists quite generally [9], [12] for simplicial pre-
sheaveson arbitrary small Grothendieck sites. In cases,like the Nisnevich site,
where stalks are available, a local weak equivalence (or stalkwise weak equiv-
alence) is a map of simplicial presheaves which induces a weak equivalence
of simplicial sets in all stalks. A co�br ation is a monomorphism of simplicial
presheaves,and a global �br ation is a map which has the right lifting property
with respect to all maps which are co�brations and local weak equivalences.A
proper closedsimplicial model structure for simplicial sheaveson an arbitrary
Grothendieck site arises from similar de�nitions (co�brations are monomor-
phisms, local weak equivalencesare de�ned stalkwise, and global �brations are
de�ned by a lifting property), and the resulting homotopy category for sim-
plicial sheavesis equivalent to the homotopy category associated to the closed
model structure on simplicial presheaves. In particular, the associated sheaf
map � : X ! ~X from a simplicial presheafto its associated simplicial sheafis a
local weak equivalence,sinceit inducesan isomorphism on stalks. In the local
theory, a globally �br ant model of a simplicial presheafor sheaf X is a local
weak equivalenceX ! W such that W is globally �bran t.

One says that a simplicial presheafX on the Nisnevich site is motivic �br ant
if it is globally �bran t for the Nisnevich topology, and has the right lifting
property with respect to all simplicial presheafinclusions

(f ; j ) : (A1 � A) [ A B ! A1 � B

arising from f : � ! A1 and all co�brations j : A ! B . A simplicial presheaf
map g : X ! Y is said to be a motivic weak equivalence if it induces a weak
equivalenceof simplicial sets

g� : hom (Y; Z ) ! hom (X ; Z )

in function complexesfor every motivic �bran t object Z . A co�br ation is a
monomorphism of simplicial presheaves, just as in the local theory. A map
p : Z ! W is a motivic �br ation if it has the right lifting property with respect
to all maps which are simultaneously motivic weak equivalencesand co�bra-
tions. The homotopy theory arising from the following theorem is e�ectiv ely
the motivic homotopy theory of Morel and Voevodsky:
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Theorem 1.1. The category SPre(SmjS )N is of simplicial presheaves on the
smooth Nisnevich site of the schemeS, togetherwith the classesof co�br ations,
motivic weak equivalences and motivic �br ations, satis�es the axioms for a
proper, closed simplicial model category.

The simplicial structure is the usual one for simplicial presheaves: the func-
tion complex hom (X ; Y ) for simplicial presheaves X and Y has n-simplices
consisting of all simplicial presheafmaps X � � n ! Y . Most of Theorem 1.1
is derived in [4], meaning that all except the propernessassertion is proved
there. Morel and Voevodsky demonstrate propernessin [14] | an alternativ e
proof appearsin Appendix A (Theorem A.5) of this paper. Recall that a closed
model category is said to be proper if the classof weak equivalencesis closed
under pullback along �brations and pushout along co�brations.

Recall [4] a map g : X ! Y of simplicial presheaves is a pointwise weak
equivalence if each map g : X (U) ! Y (U), U smooth over S, in sections is
a weak equivalence of simplicial sets. Similarly, g is said to be a pointwise
�br ation if all maps g : X (U) ! Y (U) are Kan �brations.

The standard equivalenceof the local homotopy theories for simplicial pre-
sheavesand simplicial sheavesis inherited by all localizedtheories,and induces
an equivalenceof the homotopy category arising from Theorem 1.1 with the
homotopy category for a corresponding closed model structure for simplicial
sheaves. This holds quite generally [4, Theorem 1.2], but in the caseat hand,
more explicit de�nitions and proofs are quite easy to see: say that a map
p : X ! Y of simplicial sheaves on (SmjS )N is is a motivic �br ation if it is
a global �bration of simplicial sheavesand has the right lifting property with
respect to all simplicial sheafinclusions (f ; j ) : (A1 � A) [ A B ! A1 � B . Then
a map is a motivic �bration of simplicial sheaves if and only if it is a motivic
�bration in the simplicial presheafcategory.

In particular (see the discussion preceding Lemma 1.6) a simplicial sheaf
or presheaf Z is motivic �bran t if and only if it is globally �bran t and the
projection U � A1 ! U induces a weak equivalenceof simplicial sets Z (U) '
Z (U � A1) for all smooth S-schemesU. Thus, if Y is a motivic �bran t simplicial
presheafand the simplicial sheafG ~Y is a globally �bran t model of its associated
simplicial sheaf ~Y , then the map Y ! G ~Y is a pointwise weak equivalence,
so that G ~Y is motivic �bran t. The two following statements are therefore
equivalent for a simplicial sheafmap g : X ! Y :

1) the map g inducesa weak equivalenceg� : hom (Y; Z ) ! hom (X ; Z ) for
all motivic �bran t simplicial sheavesZ ,

2) the map g is a motivic weak equivalencein the simplicial presheafcate-
gory.

Say that a map g which satis�es either of these properties is a motivic weak
equivalence of simplicial sheaves. A co�br ation of simplicial sheaves is a level-
wise monomorphism, or a co�bration in the simplicial presheafcategory.
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Theorem 1.2. 1) The category S Shv(SmjS )N is of simplicial sheaves on
the smooth Nisnevich site of the schemeS, together with the classesof
co�br ations, motivic weak equivalences and motivic �br ations, satis�es
the axioms for a proper, closed simplicial model category.

2) The forgetful functor and the associated sheaf functor togetherdetermine
an adjoint equivalence of motivic homotopy categories

Ho(SPre(SmjS )N is ) ' Ho(S Shv(SmjS )N is ):

The �rst part of Theorem 1.2 is proved in [14], and is the basis for their dis-
cussionof motivic homotopy theory. The secondpart says that the simplicial
presheafcategory gives a secondmodel for motivic homotopy theory. Other
models arising from ordinary (not simplicial) sheaves and presheavesare dis-
cussedin Appendix B.

Proof of Theorem 1.2. The equivalence of the homotopy categoriesis trivial,
once the �rst statement is proved. For the closedmodel structure of part 1),
there is really just a factorization axiom to prove. Any map f : X ! Y of
simplicial sheaveshas a factorization

X
j //

f   @
@@

@@
@@

Z

p

��
Y

in the simplicial presheafcategory, where j is a motivic weak equivalenceand
a co�bration and p is a motivic �bration. Then the composite map

X i�! Z
�

�! ~Z

is a motivic weak equivalenceand a co�bration of simplicial sheaves,where �
is the associated sheafmap. Form the diagram

Z
� //

p
��?

??
??

??
? ~Z

i //W

�
~~~~

~~
~~

~~

Y

where i is a trivial co�bration and � is a global �bration of simplicial sheaves.
This samediagram is a local weak equivalenceof co�bran t and globally �bran t
objects over Y , and sothe map Z ! W is a homotopy equivalenceand therefore
a pointwise weak equivalence. Finally (seeLemma 1.5), a motivic �bration of
simplicial presheaves can be characterized as a global �bration X ! Y such
that the induced map

X (U � A1) ! X (U) � Y (U ) Y (U � A1)

is a weak equivalenceof simplicial sets for all smooth S-schemesU. It follows
that � is a motivic �bration of simplicial sheaves.
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1.2 Contr olled fibrant models

This section is technical, and should perhapsbe read in conjunction with some
motivation, such as one �nds in the proofs of Proposition 2.15 and Corollary
2.16. This material is used to produce generating sets of trivial co�brations
in a variety of contexts. In particular, essential use is made of these ideas for
symmetric spectrum objects in the proofs of Theorem 4.2 and Proposition 4.4.

The proofs in [4] and Appendix A hold for arbitrary choicesof rational point
� ! I of any simplicial presheafon any small Grothendieck site C. At that level
of generality, and in the languageof [4], suppose� is an in�nite cardinal which
is an upper bound for the cardinalit y of the set Mor(C) of morphismsof C. Pick
a rational point f : � ! I , and supposethat I is � -boundedin the sensethat all
setsof simplicesof all sectionsI (U) have cardinalit y boundedaboveby � . This
map f is a co�bration, and we are entitled to a corresponding f -localization
homotopy theory for the category SPre(C), according to the results of [4].

In particular, one says that a simplicial presheafZ is f -local if Z is globally
�bran t, and the map Z ! � has the right lifting property with respect to all
inclusions

(� � L U � n ) [ ( �� Y ) (I � Y ) � I � L U � n (1.1)

arising from all subobjects Y � L U � n . It follows that Z ! � has the right
lifting property with respect to all inclusions

(� � B ) [ ( �� A ) (I � A) � I � B

arising from co�brations A ! B . The map

f � : hom (I � Y; Z ) ! hom (� � Y; Z )

is therefore a weak equivalencefor all simplicial presheavesY if Z is f -local,
and so all induced maps

hom (I � L U � n ; Z ) ! hom ((I � Y ) [ ( �� Y ) (� � L U � n ); Z )

are trivial �brations of simplicial sets.
A simplicial presheafmap g : X ! Y is an f -equivalence if the induced map

g� : hom (Y; Z ) ! hom (X ; Z )

is a weak equivalenceof simplicial sets for all f -local objects Z . The original
map f : � ! I is an f -equivalence,and the maps

f � 1Y : � � Y ! I � Y

and the inclusions

(� � B ) [ ( �� A ) (I � A) � I � B
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are f -equivalences. A map p : X ! Y is an f -�br ation if it has the right
lifting property with respect to all co�brations of simplicial presheaveswhich
are f -equivalences.

It is a consequenceof Theorem 4.6 of [4] that the category SPre(C) with the
co�brations, f -equivalencesand f -�brations, together satisfy the axioms for a
closed simplicial model category. This result specializesto the closed model
structure of Theorem 1.1 in the caseof simplicial presheaves on the smooth
Nisnevich site of S. Note as well that, very generally, the f -local objects
coincide with the f -�bran t objects.

Pick cardinals � and � such that

� = 2� > � > 2� :

As part of the proof of [4, Theorem 4.6], it is shown that there is a functor X 7!
LX de�ned on simplicial presheavesX together with a natural transformation
� X : X ! LX which is an f -�bran t model for X , such that the following
properties hold:

L1 : L preserveslocal weak equivalences.

L2 : L preservesco�brations.

L3 : Let � be any cardinal with � � � . Let f X j g be the �ltered system of
sub-objects of X which are � -bounded. Then the map

lim� ! L (X j ) ! LX

is an isomorphism.

L4 : Let 
 be an ordinal number of cardinalit y strictly greater than 2� . Let
X : 
 ! S be a diagram of co�brations sothat for all limit ordinals s < 

the induced map

lim� ! t<s X (t) ! X (s)

is an isomorphism. Then lim� ! t<
 L(X (t)) �= L (lim� ! t<
 X (t)).

L5 : If X is � -bounded, then LX is � -bounded.

L6 : Let Y; Z be two subobjects of X . Then

L(Y ) \ L (Z ) = L (Y \ Z )

in LX .

L7 : The functor L is continuous; that is, it extendsto a natural morphism of
simplicial sets

L : hom(X ; Y) ! hom(LX ; LY )

compatible with composition.
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In fact, the map � X : X ! LX is a co�bration and an f -weak equivalence,
which is constructed by a trans�nite small object argument. The size of the
construction, or rather the ordinal number that de�nes LX asa �ltered colimit,
is the cardinal � (see[4, p.42]).

The demonstration of the statement L7 further involvesthe construction of
a functorial pairing

� : LX � L ! L (X � K )

for simplicial presheaves X and simplicial sets L , and which satis�es a short
list of compatibilit y conditions. This pairing inducesa natural pointed map

� : LX ^ K ! L (X ^ K )

for pointed simplicial presheavesX and pointed simplicial setsK such that the
following properties hold:

L8 : the map

� : (LX ) ^ � 0
+ ! L (X ^ � 0

+ )

is the canonical isomorphism,

L9 : the triangle

X ^ K
� X ^ K//

� X ^ K %%LLLLLLLLLL (LX ) ^ K

�

��
L (X ^ K )

commutes, and

L10 : the diagram

(LX ) ^ K ^ L
� //

� ^ L

��

L (X ^ K ^ L)

(L (X ^ K )) ^ L

�

66lllllllllllll

commutes.

These statements are analoguesof the standard properties for the unpointed
pairing, and are consequencesof same. In fact, nothing in the argument pre-
vents L and K from being arbitrary simplicial presheaves,and we shall work
with the more generalpairing.

Specializing this construction to the caseof pointed simplicial presheaves
on (SmjS )N is gives controlled �br ant model construction � X : X ! LX for
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a simplicial presheafX . The construction is controlled in the sensethat the
cardinalit y of LX has a speci�c bound if the cardinalit y of the original object
X is well behaved, by L5 . Also, the functor X 7! LX is compatible with
smashproduct pairings in the sensethat every pointed simplicial presheafmap
� : X ^ T ! Y inducesa commutativ e diagram

X ^ T
� //

� X ^ 1T

��

� X ^ T

&&MMMMMMMMMM Y

� Y

��
LX ^ T

�
//L (X ^ T)

L �
//LY

(1.2)

1.3 Nisnevich descent

We shall needan unstable variant of the Nisnevich descent theorem [15]. The
version of this result given in [11, p.296] says if a presheafof spectra F on the
Nisnevich site satis�es the cd-excision property, then any stably �bran t model
j : F ! GF for the Nisnevich topology is a stable equivalencein all sections.

A simplicial presheafZ is said to have the cd-excision property (aka. B.G.
property in [14]) if any elementary Cartesian square

U � X V //

��

V

p

��
U

i
//X

(1.3)

of smooth schemesover k with p �etale, i an open immersion and p� 1(X � U) �=
X � U inducesa homotopy Cartesian diagram of simplicial sets

Z (X ) //

��

Z (U)

��
Z (V ) //Z (U � X V )

The cd-excision property for presheavesof spectra is the stable analog of this
requirement.

The unstable Nisnevich descent theorem is the following:

Theorem 1.3. A simplicial presheaf Z on the site (SmjS )N is has the cd-
excision property if and only if any globally �br ant model j : Z ! GZ for
Z induces weak equivalences of simplicial sets Z (U) ! GZ (U) in all sections.

This is the simplicial presheafanalogueof a result for simplicial sheaves [14,
3.1.16].

Proof. Morel and Voevodsky point out that any globally �bran t simplicial sheaf
hasthe cd-excisionproperty [14, 3.1.15]and they show [14, 3.1.18]that if a map

Document a Ma thema tica 5 (2000) 445{552



Motivic Symmetric Spectra 457

f : X ! Y is a local weak equivalenceof simplicial presheavesand both have
the cd-excisionproperty, then f consistsof weakequivalencesf : X (U) ! Y (U)
in all sections.

Any simplicial sheaf which is globally �bran t within the simplicial sheaf
category is also globally �bran t as a simplicial presheaf. It follows that the
canonical map � : Z ! ~Z taking values in the associated sheaf ~Z givesrise to
a diagram

Z
� //

j Z

��

~Z

i ~Z

��
GZ � �

//G ~Z

where all maps are local weak equivalencesand G ~Z is globally �bran t in the
simplicial sheaf category. In particular, � � is a local weak equivalence of
globally �bran t simplicial presheaves, and hence consists weak equivalences
GZ (U) ! G ~Z (U) in all sections, since weakly equivalent globally �bran t
models are homotopy equivalent. It follows in particular that any globally
�bran t simplicial presheaf has the cd-excision property. Thus, if Z has the
cd-excision property, any globally �bran t model consistsof weak equivalences
Z (U) ! GZ (U) in sections,by the Morel-Voevodsky result, and the converse
is obvious.

All of the hard work in the proof of Theorem 1.3 was done by Morel and
Voevodsky. The original stable form of the Nisnevich descent theorem for the
smooth site (SmjS )N is is a corollary:

Cor ollar y 1.4. Suppose that Z is a presheaf of spectra on the smooth Nis-
nevich site (SmjS )N is . Then a stably �br ant model j : Z ! GZ consists of
stableequivalences Z (U) ! GZ (U) in all sections if and only if the presheaf of
spectra Z satis�es the (stable) cd-excision property.

Proof. The presheafof spectra Z satis�es the stable cd-excisionproperty if and
only if any elementary Cartesian diagram (1.3) inducesa homotopy Cartesian
diagram

Z (X ) //

��

Z (U)

��
Z (V ) //Z (U � X V )

of spectra with respect to stable equivalence. It follows that a presheaf of
spectra Z hasthe stable cd-excisionproperty if and only if each of the simplicial
presheaves Q Ex1 Z n has the cd-excision property. The maps Q Ex1 Z !
GZ are level weak equivalencesof presheaves of 
-sp ectra and all simplicial
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presheavesGZ n areglobally �bran t. It follows that Z hasthe stablecd-excision
property if and only if all of the maps in sectionsQ Ex1 Z n (U) ! GZ n (U)
are weak equivalencesof pointed simplicial sets, and this holds if and only if
all maps Z (U) ! GZ (U) are stable equivalencesof spectra.

The cd-excisionproperty is preserved by taking �ltered colimits. Thus, if

Z1 ! Z2 ! Z3 ! � � �

is an inductiv e systemof mapsbetweensimplicial presheaveswhich are globally
�bran t for the Nisnevich topology, then any choice of globally �bran t model

j : lim� ! Z i ! G(lim� ! Z i )

for the Nisnevich topology is a pointwise weak equivalence.

Let's return brie
y to a grosslevel of generality. Supposethat X and Y are
simplicial presheaves on a site C. For U 2 C, write C # U for the category
whoseobjects are morphism V ! U and whosemorphisms are commutativ e
triangles. There is a standard functor QU : C # U ! C which is de�ned by
taking the morphism

V1
� //

  @
@@

@@
@@

V2

~~~~
~~

~~
~

U

to the morphism � : V1 ! V2 of C. Write X jU for the compositeof the simplicial
presheafX with the functor QU . Any map � : V ! U of C de�nes a functor
� � : C # V ! C # U on objects V1 ! V by composition with � , and obviously
QU � � � = QV .

The internal hom complexHom (X ; Y ) is a simplicial presheafon C which is
de�ned by

Hom (X ; Y)(U) = hom (X jU ; Y jU ):

Evaluation in U-sectionsde�nes natural maps

evU : hom (X jU ; Y jU ) � X (U) ! Y (U)

which together give a natural evaluation map

ev : Hom (X ; Y) � X ! Y:

This evaluation map de�nes a natural bijection

hom(Z � X ; Y ) �= hom(Z; Hom (X ; Y)) ;

or exponential law, for simplicial presheaves X , Y and Z on an arbitrary
Grothendieck site C.

The main homotopical fact about internal hom complexesis the following
expandedversion of Quillen's axiom SM7:
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Lemma 1.5. Suppose that i : A ! B is a co�br ation and that p : X ! Y is a
global �br ation of simplicial presheaves. Then the induced map

(i � ; p� ) : Hom (B ; X ) ! Hom (A; X ) � Hom (A;Y ) Hom (B ; Y )

is a global �br ation, which is trivial if either i or p is a local weak equivalence.

Proof. By adjointness,the claim follows from the assertionthat the co�bration
i : A ! B and another co�bration j : C ! D together determine a co�bration

(A � D) [ (A � C ) (B � C) ,! B � D

which is a local weak equivalenceif either i or j is a local weak equivalence.
This is checked stalkwise, or with a Boolean localization argument [12].

Recall that a motivic �bran t simplicial presheafZ on (SmjS )N is is an object
which is globally �bran t for the Nisnevich topology and has the right lifting
property with respect to all simplicial presheafinclusions

(A1 � A) [ A B
( f ;j )

� � � ! A1 � B

arising from f : � ! A1 and all co�brations j : A ! B . The lifting property is
equivalent to the assertion that the induced global �bration

f � : Hom (A1; Z ) ! Hom (� ; Z ) �= Z

is a trivial global �bration. It follows that a simplicial presheafZ is motivic
�bran t if and only if Z is globally �bran t and all projections U � A1 ! U induce
weak equivalencesof simplicial sets Z (U) ! Z (U � A1). This observation is
essentially well known, and was proved by Morel and Voevodsky in [14].

We can now prove the following:

Lemma 1.6. Supposegiven an inductive system

Z1 ! Z2 ! Z2 ! � � �

of motivic �br ant simplicial presheaveson (SmjS ), and let

j : lim� ! Z i ! G(lim� ! Z i )

be a choice of globally �br ant model for the Nisnevich topology. Then the sim-
plicial presheaf G(lim� ! Z i ) is motivic �br ant.

Proof. The map j is a pointwise weak equivalenceby Nisnevich descent, and
the the simplicial presheafmaps

pr � : Z i (U) ! Z i (U � A1)

induce a weak equivalenceon the �ltered colimit, and so G(lim� ! Z i ) is motivic
�bran t.
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We shall make constant useof the following variant of Lemma 1.6:

Cor ollar y 1.7. Suppose that X 1 ! X 2 ! : : : is an inductive system of
motivic �br ant simplicial presheaveson (SmjS )N is . Then any motivic �br ant
model

j : lim� ! X i ! Z

is a pointwise weak equivalence.

1.4 Flasque simplicial preshea ves

Say that a simplicial presheafX on (SmjS )N is is 
asque if X is a presheafof
Kan complexesand every �nite collection Ui ,! U, i = 1; : : : ; n of subschemes
of a schemeU inducesa Kan �bration

X (U) �= hom (U;X )
i �

� ! hom ([ n
i =1 Ui ; X ):

Here, the union is taken in the presheafcategory, so that the simplicial set

hom ([ n
i =1 Ui ; X )

is an iterated �bre product of the simplicial setsX (Ui ).
Every globally �bran t simplicial presheafis 
asque, and the classof 
asque

simplicial presheavesis closedunder �ltered colimits. Note that the condition
for X to be 
asque says that the map X (U) ! X (V ) associated to the singleton
set consisting of a subschemeV ,! U is a Kan �bration.

Lifting problems

� n
k

//

��

hom (U;X )

i �

��
� n //

88

hom ([ n
i =1 Ui ; X )

and their solutions are equivalent to diagrams of simplicial presheafmaps

([ n
i =1 Ui � � n ) [ ( [ n

i =1 U i � � n
k ) U � � n

k
//

��

X

U � � n

55

One says more generally that a map p : X ! Y of simplicial presheaves is

asque if it is a pointwise �bration and has the right lifting property with
respect to all maps

([ n
i =1 Ui � � n ) [ ( [ n

i =1 U i � � n
k ) U � � n

k ,! U � � n (1.4)
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arising from all �nite collections Ui , i = 1; : : : ; n of subschemesof schemesU.
Equivalently , the map p is 
asque if and only if the simplicial set map

hom (U;X )
( i � ;p � )

� � � � ! hom ([ n
i =1 Ui ; X ) � hom ([ n

i =1 U i ;Y ) hom (U;Y)

is a Kan �bration.
Note in particular that a simplicial presheafX is 
asque if and only if the map

X ! � is 
asque. The classof 
asque maps is clearly stable under pullback.
One also has the following:

Lemma 1.8. Supposethat p : X ! Y is a 
asque map of simplicial presheaves,
and supposethat j : A ,! B is an inclusion of schemes.Then the induced map

Hom (B ; X )
( j � ;p � )

� � � � ! Hom (A; X ) � Hom (A;Y ) Hom (B ; Y )

is 
asque.

Proof. The map in U-sectionsinduced by (j � ; p� ) is isomorphic to the map

X (B � U) ! X (A � U) � Y (A � U ) Y (B � U)

which is induced by restriction along the subscheme A � U of B � U. This
map is a Kan �bration since p is 
asque, so that (j � ; p� ) is a pointwise Kan
�bration.

Any lifting problem for the co�bration (1.4) and the map (j � ; p� ) is equivalent
to the extensionproblem for the map p : X ! Y corresponding to the collection
of subschemesconsistingof Ui � B , i = 1; : : : ; n, aswell asU � A of the scheme
U � B .

Cor ollar y 1.9. Suppose that X is a 
asque simplicial presheaf and that B
is a scheme.Then Hom (B ; X ) is 
asque.

Proof. If X is 
asque, then Hom (; ; X ) is the constant simplicial presheafon
the Kan complex X (; ), and is therefore 
asque. The inclusion ; � B induces
a 
asque map Hom (B ; X ) ! Hom (; ; X ), by Lemma 1.8, sothat Hom (B ; X )
is 
asque.

Cor ollar y 1.10. Supposethat X is a pointed 
asque simplicial presheaf and
that j : A ,! B is an inclusion of schemes.Then Hom � (B =A; X ) is 
asque.

Proof. Hom � (B =A; X ) is the �bre of the 
asque map j � : Hom (B ; X ) !
Hom (A; X ):

Lemma 1.11. Suppose that the simplicial presheaf X is 
asque, and that j :
K ,! L is an inclusion of simplicial sets. Then the simplicial presheaf map

j � : hom (L; X ) ! hom (K ; X )

is 
asque.
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Proof. Write X L = hom (L; X ). We must solve the lifting problem

� n
k

//

��

hom (U;X L )

( i � ;j � )
��

� n //

44

hom ([ i Ui ; X L ) � hom ([ i U i ;X K ) hom (U;X K )

An adjointness argument says that this problem is isomorphic to the lifting
problem

� n
k

//

��

hom (U;X )L

( i � ;j � )
��

� n //

44

hom ([ i Ui ; X )L � hom ([ i U i ;X )K hom (U;X )K

But i � is a �bration, so the lifting problem is solved by SM7 for simplicial
sets.

Lemma 1.12. Suppose that g : A ! B is a map of schemes,and that X is a
pointed 
asque simplicial presheaf. Let M g denote the mapping cylinder for g
in the simplicial presheaf category, and let Cg = M g=A be the homotopyco�br e.
Then the standard co�br ation j : A ,! M g associated to g induces a 
asque
map

j � : Hom (M g; X ) ! Hom (A; X ):

The simplicial presheavesHom (M g; X ) and Hom � (Cg; X ) are 
asque.

Proof. The secondclaim follows from the �rst. The mapping cylinder M g is
de�ned by a pushout diagram

A t A
gt 1A //

(d0 ;d1 )
��

B t A

d�

��
A � � 1 //M g

and the map j is the composite

A
in R� � ! B t A

d�� ! M g:

The map d = (d0; d1) inducesa 
asque map

Hom (A � � 1; X ) d�

� ! Hom (A � @� 1; X );
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by Lemma 1.11 since Hom (A; X ) is 
asque by Corollary 1.9. Flasque maps
are closedunder pullback, so the map

d� : Hom (M g; X ) ! Hom (B t A; X )

is 
asque. The inclusion in R : A ! B t A inducesthe projection map

Hom (B ; X ) � Hom (A; X ) ! Hom (A; X )

which is 
asque since the simplicial presheafHom (B ; X ) is 
asque. Flasque
maps are closedunder composition, so we're done.

Example 1.13. Supposethat T is the quotient A1=(A1 � 0), and supposethat
X is a 
asque simplicial presheaf. Then the object Hom � (T; X ) is the �bre of
the 
asque map

Hom (A1; X ) i �

� ! Hom (A1 � 0; X );

which is induced by the inclusion i : A1 � 0 � A1, so that Hom � (T; X ) is

asque by Corollary 1.10.

There is an isomorphism

Hom (U;X )(V ) �= X (U � V);

which is natural for all objects U and V of the underlying site. It follows that
there is a �bre sequence

Hom � (T; X )(U) ! X (A1 � U) ! X ((A1 � 0) � U)

if X is 
asque, so that the functor Hom � (T; ) preservespointwiseweak equiv-
alencesof 
asque simplicial presheaves. It follows as well that the functor
Hom � (T; ) preserves�ltered colimits of simplicial presheaves.

Example 1.14. Suppose that K is a �nite pointed simplicial set, identi�ed
with a constant simplicial presheaf. Then there is an isomorphism

Hom � (K ; X ) �= hom � (K ; X );

and the functor hom � (K ; ) is 
asque by Lemma 1.11. The functor hom � (K ; )
preservespointwise weak equivalencesof pointed simplicial presheavesconsist-
ing of Kan complexes,sothat it preservespointwiseweakequivalencesof 
asque
simplicial presheaves. The functor hom (K ; ) commutes with all �ltered col-
imits sinceK is �nite.

2 Motivic st able categories

In this section, we work exclusively with spectrum objects de�ned by T on
the smooth Nisnevich site (SmjS )N is , where T is a pointed simplicial presheaf

Document a Ma thema tica 5 (2000) 445{552



464 J. F. Jardine

which is compact in the sensedescribed below; examplesof such T include
the quotient A1=(A1 � 0) and all constant simplicial presheavesassociated to
pointed �nite simplicial sets. The object of the section is to develop a stable
homotopy theory of spectrum objects de�ned by T, or T-spectra, in the motivic
context. The motivic stablecategoryof Morel and Voevodsky arisesasa special
case,as doesa motivic stable homotopy theory for ordinary S1-spectra.

Warning: Weshall work almost entirely within the motivic closedmodel struc-
ture henceforth. In particular, all �brations will be motivic �brations and all
weak equivalenceswill be motivic weak equivalences,unlessexplicit mention is
made to the contrary .

Formally, if T is a pointed simplicial presheaf,then a T-spectrum X consists
of pointed simplicial presheavesX n , n � 0, and pointed maps � : T ^ X n !
X n +1 . The maps � are called bonding maps; it is a fact of life (seeSection3.4)
that it matters whether onewrites T ^ X n or X n ^ T in the description of these
maps | I shall always display them by smashingwith T on the left.

There is an obvious categorySpt T (SmjS )N is of T-spectra. If T is the Morel-
Voevodsky object A1=(A1 � 0) then the corresponding category of T-spectra is
the basis for the motivic stable category.

2.1 The level str uctures

For arbitrary pointed simplicial presheavesT, there are two preliminary closed
model structures on T-spectra which are analogousto the level �bration and
level co�bration structures for ordinary presheavesof spectra (aka. S1-spectra
in this language), but where the level equivalencesare motivic weak equiva-
lences.

Say that a map f : X ! Y of T-spectra is a

1) level co�br ation if all component maps f : X n ! Y n are co�brations of
simplicial presheaves,

2) level �br ation if all component maps f : X n ! Y n are �brations (ie.
motivic �brations),

3) level equivalence if all component maps f : X n ! Y n are motivic weak
equivalences

A co�br ation is a map which hasthe left lifting property with respect to all maps
which are level �brations and level weak equivalences.An injective �br ation is
a map which has the right lifting property with respect to all maps which are
level co�brations and level equivalences.

Lemma 2.1. 1) The category Spt T ((SmjS )N is ) of T -spectra, together with
the classesof co�br ations, level equivalences and level �br ations, satis�es
the axioms for a proper closed simplicial model category.
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2) The category Spt T ((SmjS )N is ), togetherwith the classesof level co�br a-
tions, level equivalences and injective �br ations, satis�es the axioms for
a proper closed simplicial model category.

Proof. For the �rst part (following [2]), supposethat a map i : A ! B satis�es

a) i 0 : A0 ! B 0 is a co�bration of simplicial presheaves,and

b) each map i � : T ^ B n [ T ^ A n An +1 ! B n +1 is a co�bration.

Then i is a co�bration. Further, if i 0 and all maps i � as above are co�brations
and equivalences,then i is a level equivalenceaswell asa co�bration. Thesetwo
observations are the basisof proof for the factorization axiom CM5 . Further,
it's a consequenceof the factorization axiom that every co�bration satis�es the
two properties above. The axiom CM4 follows, and the rest of the axioms are
trivial.

For the secondstatement, suppose that � is an in�nite cardinal which is
an upper bound for the cardinalit y of the set of morphisms Mor((SmjS )N is ).
As in [4], choosea cardinal � > 2� and set � = 2� . The axioms sE1 { sE7
of [4] and their consequencesapply to categoriesof T-spectra. We verify the
boundedco�bration axiom sE7; the remaining axiomsareeasilyveri�ed, giving
statement 2) according to the methods of [4].

Recall that the classesof co�brations and equivalencesof simplicial pre-
sheaves on (SmjS )N is together satisfy the bounded co�bration condition for
the cardinal � in the sensethat, given a diagram

X

i
��

A
j

//Y

(2.1)

such that the co�bration i is an equivalenceand the subobject A of Y is � -
bounded, there is a � -bounded suboject B of Y with A � B , with B \ X ,! B
an equivalence.

Supposenow that the objects and mapsof diagram (2.1) are in the category
of T-spectra, where i is a level equivalence and a level co�bration and A is
� -bounded. There is a simplicial presheafB 0 with A0 � B 0 � Y 0 such that
B 0 is � -bounded and the co�bration B 0 \ X 0 ,! B 0 is an equivalence. Write
j 0 for the inclusion B 0 ,! Y 0 and usethe diagram

T ^ A0 //

�

��

T ^ B 0

� �(T ^ j 0)
��

A1
j

//Y 1
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to show that there is a � -bounded subobject A
1

� Y 1 such that the map

A1 [ T ^ A 0 T ^ B 0 ! Y 1

factors through A
1
. There is a � -bounded subobject B 1 � Y 1 with A

1
� B 1

such that the co�bration B 1 \ X 1 ,! B 1 is an equivalence.This is the beginning
of an inductiv e construction which producesa � -bounded subobject B of the
T-spectrum Y with A � B such that the level co�bration B \ X ,! B is a level
equivalence.

Insofar as the factorization axiom CM5 in part (2) of Lemma 2.1 is covertly
proved by using a small object argument, there is a natural injective model
construction: there is a natural map of T-spectra i X : X ! I X , such that i X is
a level co�bration and a level equivalence,and I X is injective. More generally,
any level equivalenceX ! Y with Y injective is said to be an injective model
for X .

There is a natural level �br ant model j X : X ! J X , meaning that j X

is a co�bration and a level equivalenceand J X is level �bran t. This can be
constructeddirectly from the small object arguments, or by using the controlled
�bran t object construction X 7! LX of [4] (seealso Section 1.2). Note as well
that every injective object is level �bran t.

2.2 Compact objects

Say that a simplicial presheafX on (SmjS )N is is motivic 
asque if

1) X is 
asque, and

2) every map X (U) ! X (A1 � U) induced by the projection A1 � U ! U
is a weak equivalenceof simplicial sets.

Every motivic �bran t simplicial presheafon (SmjS )N is is motivic 
asque, and
the classof motivic 
asque simplicial presheavesis closedunder �ltered colimits.

A pointed simplicial presheafT on the smooth Nisnevich site is said to be
compact if the following conditions hold:

C1: All inductiv e systemsY1 ! Y2 ! : : : of pointed simplicial presheaves
induce isomorphisms

Hom � (T; lim� ! Yi ) �= lim� ! Hom � (T; Yi ):

C2: If X is motivic 
asque, then so is Hom � (T; X ).

C3: The functor Hom � (T; ) takes pointwise weak equivalencesof motivic

asque simplicial presheavesto pointwise weak equivalences.
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The following result generatesexamplesof compact simplicial presheaves:

Lemma 2.2. 1) If A ,! B is an inclusion of schemes,then the quotient
B =A is compact.

2) All �nite pointed simplicial setsK are compact.

3) All pointed schemesU in the underlying site (SmjS )N is are compact.

4) If T1 and T2 are compact, then T1 _ T2 and T1 ^ T2 and are compact.

5) If g : T1 ! T2 is a map of compact simplicial presheaves,then the pointed
mapping cylinder M g and the homotopy co�br e Cg are compact.

Proof. If X is motivic 
asque, then Hom � (B =A; X ) is 
asque by Corollary
1.10. We also know that there is an isomorphism

Hom (B ; X )(V ) �= X (B � V )

and a pointwise �bre sequence

Hom � (B =A; X ) ! Hom (B ; X ) ! Hom (A; X ) (2.2)

All maps

Hom (B ; X )(V ) ! Hom (B ; X )(V � A1)

induced by projection are weak equivalencesof simplicial sets. It follows that
Hom � (B =A; X ) is motivic 
asque. The functor X 7! Hom � (B =A; X ) pre-
serves �ltered colimits of simplicial presheaves. The �bre sequences(2.2) im-
ply that the functor Hom � (B =A; ) preserves pointwise weak equivalencesof
motivic 
asque simplicial presheaves,giving 1).

Statement 2) is proved by �rst observingthat there is a natural isomorphism

Hom � (K ; X ) �= hom � (K ; X ):

The functor X 7! hom � (K ; X ) preserves �ltered colimits since K is a �nite
simplicial set. The statement C3 is trivial, and C2 follows from Lemma 1.11,
and the functor X 7! hom � (K ; X ) preserves pointwise weak equivalencesof
pointed presheavesof Kan complexes.

Statement 3) is a consequenceof statement 1), and the smashproduct part
of statement 4) is an adjointnessargument.

Supposethat X is motivic 
asque. The diagram

T1 _ T1 //

��

T1 _ T2

��
T1 ^ � 1

+
//M g
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that de�nes the pointed mapping cylinder M g inducesa pullback diagram

Hom � (M g; X ) //

��

Hom � (T1 ^ � 1
+ ; X )

��
Hom � (T1 _ T2; X ) //Hom � (T1 _ T1; X )

(2.3)

and the map

Hom � (T1 ^ � 1
+ ; X ) ! Hom � (T1 _ T1; X )

is 
asque, by the pointed version of Lemma 1.11. Hom � (M g; X ) is therefore

asque. The composite

Hom � (M g; X ) ! Hom � (T1 _ T2; X ) ! Hom (T2; X )

is also 
asque, and so the pointwise homotopy �bre Hom � (Cg; X ) is 
asque.
The objects other than Hom � (M g; X ) in the pointwise �bre square(2.3) take
the projections U � A1 ! U to weak equivalences. Propernessfor simpli-
cial sets therefore implies that the simplicial presheaves Hom � (M g; X ) and
Hom � (Cg ; X ) are motivic 
asque. Similarly, the functors Hom � (M g; ) and
Hom � (Cg ; ) preserve pointwise weak equivalencesof motivic 
asque objects.
Both functors preserve �ltered colimits, since they are built in �nitely many
steps from functors that do the same. We have proved statement 5).

Remark 2.3. One can show that statement 1) of Lemma 2.2 follows from state-
ment 5), but the presented proof is easier. Statement 1) implies that the
Morel-Voevodsky object T = A1=(A1 � 0) is compact.

2.3 The st able closed model str ucture

Suppose that T is a compact pointed simplicial presheafon the smooth Nis-
nevich site (SmjS )N is .

The T-loops functor 
 T Y is de�ned for pointed simplicial presheaves Y in
terms of internal hom by


 T Y = Hom � (T; Y):

The T-loops functor is right adjoint to smashingwith T , and so the bonding
maps � : T ^ X n ! X n +1 of a presheafof T-spectra X can equally well be
speci�ed by their adjoints � � : X n ! 
 T X n +1 , up to a twist: � � is the adjoint
of the composite

X n ^ T
t

�!
�=

T ^ X n �
� ! X n +1 ;

where t is the isomorphism which 
ips smashfactors.
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The T-loops functor 
 T X is de�ned on T-spectra X by setting (
 T X )n =

 T (X n ), and by specifying that the bonding map � : T ^ 
 T X n ! 
 T X n +1

should be adjoint to the composite

T ^ 
 T X n ^ T T ^ ev� � � ! T ^ X n �� ! X n +1 :

The T-loopsfunctor X 7! 
 T X is right adjoint to the functor Y 7! Y ^ T which
is de�ned by smashingwith T on the right. More generally, there is a function
complex functor X 7! Hom � (A; X ) for all T -spectra X and pointed simplicial
presheaves A, and this functor is right adjoint to the functor X 7! X ^ A
de�ned by smashingon the right with A in the obvious way.

Just as in ordinary stable homotopy theory (see[11, Chapter 1]), there is a
fake T-loops spectrum 
 `

T X , with

(
 `
T X )n = 
 T (X n );

and with bonding maps adjoint to the morphisms


 T (� � ) : 
 T (X n ) ! 
 2
T (X n +1 ):

The fake T-loop suspension functor is right adjoint to the fake suspension
functor Y 7! � `

T Y , where � `
T Y n = T ^ Y n and the bonding mapsT ^ � `

T Y n !
� `

T Y n +1 are de�ned to be the morphisms T ^ � : T 2 ^ Y n ! T ^ Y n +1 .
Generally, the superscript ` for \left": the functor X 7! 
 `

T X is the right
adjoint of Y 7! � `

T Y , which is de�ned by smashingwith T on the left.

Remark 2.4. The fake T-loop spectrum 
 `
T X is not isomorphic to the T-loop

spectrum 
 T X , since the adjoint � � : 
 T X n ! 
 2
T X n +1 of the bonding map

� : T ^ 
 T X n ! 
 T X n +1 di�ers from the map 
 T � � by a twist of loop factors.
This phenomenonis the sourceof much of the technical fun in stable homotopy
theory, and the present discussionis no exception | seethe proof of Theorem
3.11.

The maps � � determine a natural morphism of T-spectra

� � : X ! 
 `
T X [1];

wherethe shifted T-spectrum X [1] is de�ned by X [1] = X n +1 . The T-spectrum
QT X is de�ned to be the inductiv e colimit of the system

X
� �� ! 
 `

T X [1]

 `

T � � [1]
� � � � � ! (
 `

T )2X [2]
(
 `

T )2 � � [2]
� � � � � � � ! � � �

Write � X : X ! QT X for the associated canonical map. We shall be particu-
larly interested in the composite map

X
j X� ! J X

� J X� � ! QT J X ;

which will be denoted by ~� X . The functor QT is sometimescalled the stabi-
lization functor, for the object T .
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A map g : X ! Y of T-spectra is said to be a stableequivalence if it induces
a level equivalence

QT J (g) : QT J X ! QT J Y:

Observethat g is a stableequivalenceif and only if it inducesa level equivalence

I QT J (g) : I QT J X ! I QT J Y:

More usefully, perhaps, it is a consequenceof Corollary 1.7 that g is a stable
equivalenceif and only if the induced map QT J (g) is a pointwise equivalence
of motivic 
asque simplicial presheavesin all levels.

A stable �br ation is a map which has the right lifting property with respect
to all maps which are co�brations and stable equivalences.A T-spectrum X is
said to be stably �br ant if the map T ! � is a stable �bration.

We shall prove the following statements:

A4 Every level equivalenceis a stable equivalence

A5 The maps

~� QT J X ; QT J (~� X ) : QT J X ! (QT J )2X

are stable equivalences.

A6 Stable equivalencesare closedunder pullback along stable �brations, and
stable equivalencesare closedunder pushout along co�brations.

Lemma 2.5. The statementsA4 and A5 hold for T-spectra.

Proof. If g : X ! Y is a level equivalencebetweenT-spectra such that X and
Y are level �bran t, then g is a pointwise weak equivalenceof motivic 
asque
objects in all levels, and so all 
 n

T g and QT g are level pointwise equivalences
by C2 and C3. This provesA4 .

The map QT J (j X ) : QT J X ! QT J 2X is a level equivalenceby A4 . There
is a commutativ e diagram

QT J 2X
QT J ( � J X )//QT J QT J X

QT J X
QT ( � J X )

//

QT ( j J X )

OO

QT QT J X

QT ( j Q T J X )

OO

The vertical map QT (j J X ) is a level equivalencebecausej J X is a pointwise
weak equivalence of motivic 
asque simplicial presheaves in each level, and
QT preservessuch by C2 and C3. All maps QT (� Z ) are isomorphismsby C1
and a co�nalit y argument. The map j QT J X is a pointwise weak equivalence
of motivic 
asque simplicial presheaves in each level by Corollary 1.7, and so
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the map QT (j QT J X ) has the same property by C2 and C3. It follows that
QT J (� J X ) and QT J (~� X ) are level equivalences.

There is a commutativ e diagram

J QT J X n � � //
 T J QT J X n +1

QT J X n
� �

//

j Q T J X '

OO


 T QT J X n +1


 T ( j Q T J X )

OO

The map j QT J X is a level pointwiseequivalenceby Corollary 1.7, the lower map
� � is an isomorphismby a co�nalit y argument and C1, and the map 
 T (j QT J X )
is a pointwise weak equivalenceof motivic 
asque simplicial presheavesby C2
and C3. It follows that all maps� � : J QT J X n ! 
 T J QT J X n +1 are pointwise
weak equivalences,and so the map

� J QT J X : J QT J X ! QT J QT J X

is a level equivalence. In particular, the composite

QT J X
j Q T J X

� � � � ! J QT J X
� J Q T J X

� � � � � ! QT J QT J X

is a level equivalence.

Lemma 2.6. The class of stable equivalences is closed under pullback along
level �br ations.

Proof. Supposegiven a pullback diagram

A � Y X
g� //

��

X

p

��
A g

//Y

in which g is a stable equivalenceand p is a level �bration. We want to show
that g� is a stable equivalence.

By propernessof the level structure and A4 , we can assumethat all ob-
jects are level �bran t. Every level equivalenceC ! D of level �bran t objects
consistsof pointwise weak equivalencesCn ! D n of motivic 
asque simplicial
presheaves,soQT takeseach level equivalenceof level �bran t objects to a map
of T-spectra which consists of pointwise weak equivalencesin all levels. All
induced maps QT An ! QT Y n are pointwise weak equivalences. The maps
p� : QT X n ! QT Y n are �ltered colimits of pointwise Kan �brations, and are
therefore pointwise Kan �brations. Finally, QT preserves pullbacks and the
ordinary simplicial set category is proper, so the maps

QT (g� ) : QT (A � Y X )n ! QT X n

are pointwise weak equivalencesof simplicial presheaves.
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Every stable �bration is a level �bration, becauseevery level equivalenceis
a stable equivalence. Lemma 2.6 therefore implies the �rst statement of A6 .

The statements A4 and A5 together imply a Bous�eld-Friedlander recogni-
tion principle for stable �brations (seeLemma A.9 of [2]):

Lemma 2.7. A map p : X ! Y is a stable�br ation if p is a level �br ation and
the diagram

X
~� X //

p

��

QT J X

p�

��
Y

~� Y

//QT J Y

is level homotopy Cartesian.

In particular, a T-spectrum X is stably �bran t if X is level �bran t and the
maps � � : X n ! 
 T X n +1 are equivalences(or pointwise weak equivalences).
We shall needthe converseassertion:

Lemma 2.8. Supposethat X is stably �br ant. Then X is level �br ant, and all
maps � � : X n ! 
 T X n +1 are pointwise weak equivalences.

Proof. The composite

X
j X� ! J X

� I X� � ! QT J X
i Q T J X

� � � � ! I QT J X

is a stable equivalenceby Lemma 2.5, and the object I QT J X is stably �bran t
sinceall maps

� � : I QT J X n ! 
 T I QT J X n +1

are pointwise weak equivalences.Write � X : X ! I QT J X for this composite.
Factorize � X as

X
� X //

�
��?

??
??

??
? I QT J X

Z

�

;;wwwwwwwww

where� is a level �bration and a level equivalence,and � is a co�bration. Then
� is a stable �bration since it has the right lifting property with respect to all
co�brations. It follows that Z is stably �bran t and all maps� � : Z n ! 
 T Z n +1

are pointwise weak equivalences. Also, the map � : X ! Z is a co�bration
and a stable equivalence. The object X is therefore a retract of Z , and so the
maps � � : X n ! 
 T X n +1 are pointwise weak equivalences.
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Theorem 2.9. Suppose that T is a compact object on the smooth Nisnevich
site (SmjS )N is . Then the category of T-spectra on that site, together with the
classesof co�br ations, stable equivalences and stable �br ations, satis�es the
axioms for a proper closed simplicial model category.

The homotopy category Ho(Spt T (SmjS )N is ) associated to the stable model
structure of Theorem 2.9 is the motivic stable category of T-spectra on the
smooth Nisnevich site. In the particular casewhere T = A1=(A1 � 0), the
category Ho(Spt T (SmjS )N is ) is the motivic stable category of Morel and Vo-
evodsky | it is often denoted by SH(S).

Proof. The axioms CM1 { CM3 are trivial to verify. We also know (Lemma
A.8 of [2], but this is alsoa direct consequenceof Lemma 2.7) that a map p is a
stable �bration and a stableequivalenceif and only if it is a level �bration and a
level equivalence.The existenceof the co�bration-trivial �bration factorization
of CM5 follows, as doesCM4 .

It is a consequenceof Lemma 2.7 and Lemma 2.8 that a level �bration
betweenstably �bran t objects must be a stable �bration.

To prove the remaining part of CM5 , supposegiven a map g : X ! Y of
T-spectra. Form the diagram

X
� X //

� �

%%KKKKKKKKKK

g

��

I QT J X
�

##G
GG

GG
GG

GG

g�

��

Y � I QT J Y Z

p�

yysss
sss

sss
ss

� � //Z

p
{{xx

xx
xx

xx
x

Y � Y
//I QT J Y

wherep is a level �bration and � is a co�bration and a level equivalence. Then
Z is level �bran t, and the maps � : I QT J X n ! Z n are pointwise equivalences
of motivic 
asque simplicial presheaves, so Z is stably �bran t. Thus, p is a
stable �bration.

The map � � is a stable equivalence by Lemma 2.6, so that � � is a stable
equivalence. Factorize � � as

X
� 0

//

� � %%KKKKKKKKKK W

�
��

Y � I QT J Y Z

where� 0 is a co�bration and � is a level �bration and a level equivalence. Then
� 0 is also a stable equivalence,and � is a stable �bration, so f = (p� � ) � � 0 is a
factorization of f as a stable �bration following a co�bration which is a stable
equivalence,giving CM5 .
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Part of the propernessassertionwasprovedin Lemma2.6. For the co�bration
statement, form a pushout diagram

A
g //

j

��

C

��
B g�

//B [ A C

wherej is a co�bration and g is a stable equivalence. We must show that g� is a
stableequivalence.By propernessof the level structure and by taking a suitable
factorization in the level structure, we can assumethat g is a co�bration. But
then it's a standard fact about closedmodel categoriesthat trivial co�brations
are closedunder pushout.

We must �nally verify Quillen's axiom SM7. Supposethat i : K ! L is a
co�bration of pointed simplicial sets and that � : A ! B is a co�bration of
T-spectra. We must show that the co�bration

(A ^ L ) [ (A ^ K ) (B ^ K ) ! B ^ L

is a stableequivalenceif either j is a stableequivalenceor i is a weakequivalence
of simplicial sets. The casewhere i is a weak equivalenceis a consequenceof
the corresponding result for the level structure. The remaining caseis veri�ed
by showing that the co�bration � ^ L : A ^ L ! B ^ L is a stable equivalence
if � is a stable equivalence.

From Lemma 2.8, oneseesthat if W is both stably �bran t and injective, then
so is hom � (L; W ). Also one can identify the set [X ; W ] of stable homotopy
classesof maps with � 0hom (X ; W ) in the sensethat the natural map

� 0hom (X ; W ) ! [X ; W ]

is a bijection. In e�ect, there is a trivial level �bration � : X 0 ! X with X 0

co�bran t which inducesan isomorphism

� 0hom (X ; W ) �= � 0hom (X 0; W )

sinceW is injective and all T -spectra are co�bran t in the injective model struc-
ture (seeRemark 2.10 following this proof), while � 0hom (X 0; W ) �= [X 0; W ] �=
[X ; W ] sinceX 0 is co�bran t and W is stably �bran t. There is an isomorphism

hom (X ; hom � (L; W )) �= hom (X ^ L; W );

and so there is a natural bijection

[X ; hom � (L; W )] �= [X ^ L; W ]

of morphisms in the stable homotopy category. From Lemma 2.11 below, one
seesthat a map g : X ! Y is a stable equivalenceif and only if it induces a
bijection g� : [Y; W ] ! [X ; W ] of morphisms in the homotopy category for all
injective stably �bran t objects W . It follows that � ^ L is a stable equivalence
if � is a stable equivalence.
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Remark 2.10. In general,every map f : A ! B betweenco�bran t objects in a
closedmodel category has a factorization

A
f //

j ��@
@@

@@
@@

B

C

�

??~~~~~~~

where j is a co�bration and � is left inverseto a trivial co�bration | this is
really just the standard mapping cylinder construction. It follows that, in a
simplicial model category, if W is �bran t and g : A ! B is a weak equivalence
of co�bran t objects, then the induced map

g� : hom (B ; W ) ! hom (A; W )

is a weak equivalenceof Kan complexes. This is certainly so if g is a trivial
co�bration, and then one usesthe above factorization to seethe more general
case.

Lemma 2.11. A map g : X ! Y is a stableequivalence if and only if it induces
bijections

g� : [Y; W ]
�=�! [X ; W ]

of morphisms in the stable(equivalently, level) homotopycategory for all stably
�br ant injective objects W .

Proof. Every stable equivalenceclearly inducesa bijection

g� : [Y; W ]
�=�! [X ; W ]

for all stably �bran t injective objects W .
For the converse,assumethat all such maps g� are bijections. The injective

stably �bran t model X ! I QT J X is a stable equivalence, so it su�ces to
assumethat X and Y are both stably �bran t and injective. But then g must
be a homotopy equivalence: the homotopy inverseof g is a pre-imageunder g�

of the classof 1X for the caseW = X .

With the proof of Theorem 2.9 now completely in hand, Lemma 2.11can be
bootstrapped to the following:

Cor ollar y 2.12. A map g : X ! Y of T-spectra is a stable equivalence if
and only if it induces a weak equivalence

g� : hom (Y; W ) ! hom (X ; W )

of Kan complexesfor all stably �br ant injective objects W .
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Proof. If g : X ! Y is a level equivalence,then the induced map

g� : hom (Y; W ) ! hom (X ; W )

is a weakequivalencefor all stably �bran t injective objects W , sinceall objects
in the injective simplicial model structure are co�bran t and we can useRemark
2.10.

Supposethat g : X ! Y is a stable equivalence. Then there is a diagram

~X
~g //

� X

��

~Y

� Y

��
X g

//Y

such that ~X and ~Y are co�bran t and the maps� X and � Y are trivial level �bra-
tions. Then, for example, � X inducesa weak equivalence� �

X : hom (X ; W ) !
hom ( ~X ; W ) for all stably �bran t injective objects W by the previous para-
graph. It su�ces, therefore, to assumethat X and Y are co�bran t, but then
Remark 2.10 can be usedin the stable simplicial model structure to show that
g� is a weak equivalenceof simplicial sets.

For the reversedirection, supposethat g� : hom (Y; W ) ! hom (X ; W ) is a
weak equivalencefor all stably �bran t injective W . Then by computing in � 0,
the induced map

g� : [Y; W ] ! [X ; W ]

of morphisms in the homotopy category is a bijection for all stably �bran t
injective W , and Lemma 2.11 can be applied.

2.4 Change of suspension

Any map � : T1 ! T2 of pointed simplicial presheaves on the site (SmjS )N is

inducesa functor

� � : Spt T2
(SmjS )N is ! Spt T1

(SmjS )N is ;

by precomposingthe bonding mapswith � . More precisely, for any T2-spectrum
X , � � X is the T1-spectrum with (� � X )n = X n , with bonding maps given by
the composites

T1 ^ X n � ^ 1� � ! T2 ^ X n ��! X n +1 :

There is homotopical content to this construction when T1 and T2 are compact
and � is an equivalence:
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Pr oposition 2.13. Supposethat � : T1 ! T2 is a weak equivalence of compact
objects on the site (SmjS )N is . Then the functor � � induces an equivalence of
motivic stablehomotopy categories

� � : Ho(Spt T2
(SmjS )N is ) ! Ho(Spt T1

(SmjS )N is ):

Proof. Write � � for the bonding mapsof � � X . The functor � � clearly preserves
level equivalences,level �brations and level co�brations. If X is level �bran t,
there is a diagram

X n � //

� � $$HH
HHH

HHH
HH


 T2 X n +1

 T 2 � //

� �

��


 2
T2

X n +2

� �

��

� � �


 T1 X n +1

 T 1 � //


 T 1 � � ''NNNNNNNNNNN 
 T1 
 T2 X n +2


 T 1 � �

��

� � �


 2
T1

X n +2 � � �

All vertical mapsare pointwiseweakequivalences,so there are induced natural
pointwise weak equivalences� � : QT2 X n ! QT1 � � X n for level �bran t objects
X . It follows that g : X ! Y is a stable equivalenceof T2-spectra if and only
if � � g : � � X ! � � Y is a stable equivalence of presheaves of T1-spectra. In
particular, � � inducesa functor

� � : Ho(Spt T2
(SmjS )N is ) ! Ho(Spt T1

(SmjS )N is ):

on stable homotopy categories. It also follows, using Lemma 2.7, that � � pre-
servesstable �brations.

To go further, we must presumethat � is a co�bration as well as an equiv-
alence. This su�ces, since the factorization tric k of Remark 2.10 involves the
mapping cylinder, and we have Lemma 2.2.

Given this new assumption, one can further show that � � preservesco�bra-
tions: given a co�bration i : A ! B of T2-spectra, there is a pushout diagram

(T1 ^ B n ) [ (T1 ^ A n ) (T2 ^ B n ) //

( � ;i ) �

��

(T1 ^ B n ) [ (T1 ^ A n ) An +1

� �

��
T2 ^ B n //(T2 ^ B n ) [ (T2 ^ A n ) An +1

in which (� ; i ) � is a co�bration. The canonical map

(T1 ^ B n ) [ (T1 ^ A n ) An +1 ! B n +1

for � � i is the composite

(T1 ^ B n ) [ (T1 ^ A n ) An +1 � �� ! (T2 ^ B n ) [ (T2 ^ A n ) An +1 ! B n +1 ;
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so � � i is a co�bration of T1-spectra if i is a co�bration of T2-spectra.
Every stably �bran t T1-spectrum X is of the form X = � � X for somestably

�bran t T2-spectrum X . To seethis, let X
n

= X n , and choosebonding maps
� : T2 ^ X n ! X n +1 making the following diagram commute:

T1 ^ X n � //

� ^ 1
��

X n +1

T2 ^ X n

�

99sssssssss

One gets away with this because� ^ 1 is a trivial co�bration. It follows that
every stably �bran t T1-spectrum X is stably equivalent to a T1-spectrum � � Y ,
where Y is a stably �bran t and co�bran t T2-spectrum.

To �nish o� the proof, the idea is to show that � : T1 ! T2 inducesa weak
equivalenceof Kan complexes

hom (A; X )
� �� ! hom (� � A; � � X )

for all co�bran t A and stably �bran t X . Computing in � 0 implies that � induces
bijections

� � : [Y; X ]
�=�! [� � Y; � � X ]

for all stably �bran t, co�bran t objects X and Y . The desiredresult then follows
from basic category theory.

We show that � � is a weak equivalenceof Kan complexesby showing that,
given any solid arrow diagram

@� n //

��

hom (A; X )

��
� n //

88

hom (� � A; � � X )

a dotted arrow exists such that

1) the upper triangle commutes, and

2) the lower triangle commutes up to homotopy which is constant on @� n .

This homotopy lifting property is implied by the following: given any solid
arrow commutativ e diagrams

A
� //

j

��

X

B

g

>> � � A
� � � //

� � j
��

� � X

� � B
f

;;xxxxxxxx
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with A is co�bran t, j is a co�bration and X is stably �bran t, then the dotted
arrow g exists making the diagram of T2-spectra commute, and there is a
homotopy � � g ' f which is constant at � � � on � � A.

This last property is proved by a homotopy extension argument which de-
pends on the assumption that � is a trivial co�bration. The method is to
inductiv ely �nd the dotted arrows h and g making the following diagrams si-
multaneously commute

B n +1

d1

��

f

&&MMMMMMMMMM

B n +1 n � 1 h //X n +1

B n +1

d0

OO

g

88

T1 ^ B n n � 1T1 ^ h //

� ^ 1
��

T1 ^ X n

� ^ 1

��
T2 ^ B n n � 1

� n � 1

��

T2 ^ X n

�

��
B n +1 n � 1

h
//X n +1

An +1 n � 1
pr //

j n � 1

��

An +1

�

��
B n +1 n � 1

h
//X n +1

T2 ^ B n T2 ^ g //

�

��

T2 ^ X n

�

��
B n +1

g
//X n +1

The inclusion of

(An +1 [ (T1 ^ B n )) n � 1 [ (An +1 [ (T2 ^ B n )) n @� 1

in (An +1 [ (T2 ^ B n )) n � 1 is a trivial co�bration since� is trivial, so that the
composite homotopy

T1 ^ B n n � 1 T1 ^ h
� � � ! T1 ^ X n � ^ 1

� � ! T2 ^ X n �
� ! X n +1

extends to a homotopy ~h : T2 ^ B n n � 1 ! X n +1 from f � � to � � (T2 ^ g)
which is constant on An +1 . The homotopy ~h extends to the desiredmap h in
the usual way, sincethe map

(An +1 [ (T2 ^ B n )) n � 1 [ B n +1 � f 0g ! B n +1 n � 1

is a trivial co�bration.

2.5 Bounded cofibra tions

The commutativit y of the diagram (1.2) for the controlled �bran t model con-
struction X 7! LX of Section1 implies that this construction can be promoted
to the category of T-spectra. More explicitly , there is a natural level �bran t
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model � X : X ! LX de�ned for T-spectra such that the map � X is a level co�-
bration and a level equivalence. The standard properties of the functor L (see
Section 1.1) passto the spectrum level, and so the functor L is an example of
a functor F : Spt T (SmjS )N is ! Spt T (SmjS )N is which satis�es the following:

L1 : F preserveslevel weak equivalences.

L2 : F preserveslevel co�brations.

L3 : Let � be any cardinal with � � � . Let f X j g be the �ltered system of
sub-objects of X which are � -bounded. Then the map

lim� ! F (X j ) ! F X

is an isomorphism.

L4 : Let 
 be an ordinal number of cardinalit y strictly greater than 2� . Let
X : 
 ! Spt T (SmjS )N is be a diagram of level co�brations so that for all
limit ordinals s < 
 the induced map

lim� ! t<s X (t) ! X (s)

is an isomorphism. Then lim� ! t<
 F (X (t)) �= F (lim� ! t<
 X (t)).

L5 : If X is � -bounded, then F X is � -bounded.

L6 : Let Y; Z be two subobjects of X . Then

F Y \ F Z = F (Y \ Z )

in F X .

L7 : The functor F is continuous; that is, it extendsto a natural morphism of
simplicial sets

F : hom (X ; Y ) ! hom (F X ; F Y )

compatible with composition.

Recall that the cardinals � and � are chosensuch that

� = 2� > � > 2� ;

where � is an upper bound on the cardinalit y of the set of morphisms of (the
chosenapproximation for) the smooth Nisnevich site.

Remark 2.14. If the spectrum X hasextra structure, such asa symmetric struc-
ture, then that structure is preserved by the functor X 7! LX : the pairings

LX n ^ L
�

�! L (X n ^ L )

satisfy properties L9 and L10 in Section 1.1, and are natural in L and X n so
that they respect all symmetric group actions.
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Say that a map g : X ! Y of T-spectra is an F -equivalenceif it induces a
level weak equivalenceF g : F X ! F Y .

Pr oposition 2.15. Supposethat the functor

F : Spt T (SmjS )N is ! Spt T (SmjS )N is

satis�es the conditions L1 { L7 . Then the class of co�br ations of T-spectra
which are F -equivalencessatis�es the bounded co�br ation condition for the car-
dinal � .

Proof. The class of maps of T-spectra which are level co�brations and level
equivalencessatis�es the bounded co�bration condition for the cardinal � . To
seethis, recall that the category of simplicial presheavessatis�es the bounded
co�bration condition with respect to the cardinal � , since� is an upper bound
for the cardinalit y of the set of morphisms of the underlying site [4, Lemma
2.3]. Then usethe argument for the secondpart of Lemma 2.1.

Supposethat i : X ,! Y is a co�bration in the category of T-spectra, and
that j : A ,! Y is a subobject of Y . Then the restriction X \ A ! A is
a co�bration of T-spectra (so that the statement of the Proposition makes
sense). The claim for S1-spectra was proved in Lemma 3.1 of [4]. There is
nothing special about the simplicial circle S1 in that argument, so the same
argument obtains here.

Alternativ ely, the key is to show that the map

j � : (T ^ An ) [ (T ^ (A n \ X n )) (An +1 \ X n +1 ) ! (T ^ Y n ) [ (T ^ X n ) X n +1

is an inclusion in all presheavesof simplices for all n. But

(T ^ An ) [ (T ^ (A n \ X n )) (An +1 \ X n +1 )

= ((T � � ) � (An � X n )) t (An +1 \ X n +1 );

at the simplex level, while

(T ^ Y n ) [ (T ^ X n ) X n +1 = ((T � � ) � (Y n � X n )) t X n +1 ;

and the map betweenthe two is obvious.
Let X ! Y be an F -equivalence and a co�bration of T-spectra, and let

A � Y be a � -bounded sub-object. Inductiv ely de�ne a chain of � -bounded
sub-objects A = A0 � A1 � A2 � � � � � Y over � , and a chain of sub-objects

F (A) = F (A0) � X 1 � F (A1) � X 2 � F (A2) � � � � F (Y );

also over � , with the property that the co�bration

F (X ) \ X s ! X s
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is a level weak equivalence. Set B = lim� ! s<� As . Then, by L6 ,

F (X \ B ) = F (X ) \ F (B ) = lim� ! s<� F (X ) \ X s

! lim� ! s<� X s
�= F (B )

is a level weak equivalence,and so X \ B ,! B is an F -equivalence.
The As and X s are de�ned recursively. Supposes + 1 is a successorordinal

and As has been de�ned. Then, since As is � -bounded, F (As) is � -bounded
by L5 . The map F (X ) ! F (Y ) is a co�bration and a level equivalence, so
there is a � -bounded sub-object X s+1 � F (Y) so that F (As) � X s+1 and
F (X ) \ X s+1 ! X s+1 is a level weak equivalence. Since there is a �ltered
colimit F (Y ) = lim� ! F (Yj ) indexed over the � -bounded subobjects Yj by L3 ,
there is a � -bounded subobject A0

s+1 of Y so that X s+1 � F (A0
s+1 ). Set

As+1 = As [ As+1 . Finally supposethat s is a limit ordinal, and set

X s = lim� ! t<s F (A t ) �= lim� ! t<s X t :

Then X s is � -bounded and F (X ) \ X s ! X s is a level weak equivalence.
Choose A0

s � Y such that A0
s is � -bounded and X s � F (A0

s). Set As =
lim� ! t<s A t [ A0

s.

Cor ollar y 2.16. The class of co�br ations which are stableequivalences sat-
is�es the bounded co�br ation condition with respect to the cardinal � .

Proof. The functor X 7! QT LX is an example of a functor F satisfying the
conditions for Proposition 2.15.

3 Fibre and cofibre sequences

The purposeof this section is to show that the standard calculus of �bre and
co�bre sequencescan be promoted to the motivic stable category, with the help
of a suitable theory of stable homotopy groups with weights. The outcomes
include detection of motivic stableequivalencesby presheavesof weighted stable
homotopy groups, and a collection of results which together assert that �bre
and co�bre sequencesare indistinguishable in the motivic stable category.

The last part of this section is devoted to showing that the various standard

a vors of suspension functors (ie. left, right, and shift) are equivalent. These
results turn out to be special, and depend on knowing Voevodsky's observation
that the cyclic permutation of order 3 acts trivially on T 3 = T ^ 3 in the motivic
homotopy category. The Voevodsky result appearshere as Lemma 3.13.

3.1 Exa ct sequences f or S1-spectra

Recall that Lemma 2.2 asserts,in part, that �nite pointed simplicial sets are
compact. The simplicial circle S1 is �nite, so that Theorem 2.9 implies that
there is a proper closedsimplicial model structure on the category

Spt (SmjS )N is = Spt S1 (SmjS )N is
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for S1-spectra on the smooth Nisnevich site, for which the weak equivalences
are the motivic stable equivalences.Our �rst job is to show that the traditional
facts about �bre and co�bre sequencesof ordinary spectra have analoguesin
this setting.

Lemma 3.1. Supposethat a map g : X ! Y of S1-spectra is an ordinary local
stableequivalence. Then g is a motivic stableequivalence.

Recall [10], [11] that a map g : X ! Y of presheaves of spectra is a local
stableequivalence if it inducesan isomorphismon all sheavesof ordinary stable
homotopy groups.

Proof. If an S1-spectrum W is motivic injective and motivic stably �bran t,
it must be injective and stably �bran t for the local theory. It follows that
ordinary stable homotopy classes[X ; W ] coincide with naive homotopy classes
� (X ; W ) and hencewith level homotopy classes[X ; W ] in the motivic theory
for all such W and all S1-spectra X . Thus, every stable equivalenceg : X ! Y
inducesa bijection

g� : [Y; W ] ! [X ; W ]

in level homotopy classesfor the motivic theory if W is motivic injective and
motivic stably �bran t. Lemma 2.11 implies that g is a motivic stable equiva-
lence.

Cor ollar y 3.2. Supposethat

F i�! X
p

� ! Y

is a level motivic �br e sequence of S1-spectra. Then the induced map p� :
X=F ! Y is a motivic stableequivalence.

Proof. This is a consequenceof the corresponding result for ordinary spectra,
and Lemma 3.1.

All weakequivalences,stable equivalences,�brations and soon will be tacitly
assumedto be motivic henceforth. We shall drop the useof the term \motivic",
except when it is necessaryto include it for clarit y.

Lemma 3.3. Supposegiven a commutative diagram of S1-spectra

A1
//

f 1

��

B1
//

f 2

��

C1

f 3

��
A2

//B2
//C2

in which the horizontal sequences are level co�br e sequences. Then if any two
of f 1, f 2 or f 3 are stableequivalences, then so is the third.
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Proof. We will show that f 1 is a stable equivalence if f 2 and f 3 are stable
equivalences.The other two casesare similar.

The idea is to show that precomposition with f 1 inducesa weak equivalence

f �
1 : hom (A2; W ) ! hom (A1; W )

of function complexesfor any stably �bran t injective object W . The map of
co�bre sequencesinducesa comparisondiagram of �bre sequences

hom (C2; W ) //

f �
3

��

hom (B2; W ) //

f �
2

��

hom (A2; W )

f �
1

��
hom (C1; W ) //hom (B1; W ) //hom (A1; W )

The level equivalencesW ! 
 W [1] of stably �bran t injective objects give all
spacesin this diagram the structure of in�nite loop spaces,and f �

2 and f �
3 are

the maps at level 0 for stable equivalencesof spectra. The map f �
1 is therefore

the level 0 part of a stable equivalenceof stably �bran t spectra, and so f �
1 is a

weak equivalenceof simplicial sets.

We now have the following consequenceof Corollary 3.2 and Lemma 3.3:

Cor ollar y 3.4. Supposegiven a commutative diagram of S1-spectra

F1
//

f 1

��

X 1
//

f 2

��

Y1

f 3

��
F2

//X 2
//Y2

in which the horizontal sequences are level �br e sequences. Then if any two of
f 1, f 2 or f 3 are stableequivalences, then so is the third.

Recall that a map g : X ! Y is a stable equivalenceof S1-spectra if and
only if it inducesa pointwise level equivalenceg� : QJ X ! QJ Y. The functor
QJ = QS1 J producespresheavesof in�nite loop spaces,sothat g� is a pointwise
level equivalenceif and only if it inducespointwise isomorphisms

� n QJ X (U) �= � n QJ Y(U)

in all homotopy groups. The group � n QJ X (U) can be identi�ed up to isomor-
phism with the �ltered colimit of the system

[Sn + r ; X r jU ] ! [Sn + r +1 ; X r +1 jU ] ! � � � ;

where St denotesthe t-fold smashproduct of the constant simplicial presheaf
associated to the simplicial circle S1, and the morphisms in the motivic homo-
topy category are computed over the schemeU. This �ltered colimit may be
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computed without referenceto a level �bran t model for X ; we de�ne a presheaf
� n X of stablehomotopygroupsfor X in U-sectionsto be the �ltered colimit of
this system. A map g : X ! Y is a motivic stable equivalenceif and only if it
inducespresheafisomorphisms� n X �= � n Y for all n 2 Z.

Warning: The presheaves of groups � n X are de�ned by morphisms in the
motivic homotopy category. Despite the notation, they do not coincidewith the
stable homotopy group presheavesof X , but rather with the stable homotopy
group presheavesof a motivic stably �bran t model for X .

Any level �bre sequence

F i�! X
p

� ! Y

can be functorially replaced up to level equivalence by a �bre sequencein
which all objects are level �bran t. Suppose that this has been done | then
the induced maps of S1-spectra

QF
Qi

� ! QX
Qp

� � ! QY

forms a level �bre sequenceof spectra

QF (U)
Qi

� ! QX (U)
Qp

� � ! QY (U)

in each section, and therefore determinesa long exact sequence

� � �
p�� ! � n +1 QY (U) @�! � n QF (U)

i �� ! � n QX (U)
p�� ! � n QY (U) @�! � � �

of presheavesof stable homotopy groups. It follows that there is a natural long
exact sequence

� � �
p�� ! � n +1 Y @�! � n F

i �� ! � n X
i �� ! � n Y @�! � � �

of presheavesof groups associated to a level �bre sequence.
Supposegiven a level co�bre sequence

A i�! B ��! B =A; (3.1)

and replace the map � up to motivic weak equivalence by a level motivic
�bration by taking a factorization

B
� //

j

��

B =A

X

q

=={{{{{{{{

where q is a level motivic �bration and j is a co�bration and a level motivic
equivalence. Let F be the �bre of q. Then the co�bre sequence(3.1) is a �bre
sequencein the standard way in the motivic setting, in the sensethat we can
prove
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Lemma 3.5. The co�br ation j inducesa motivic stableequivalence j � : A ! F .

Proof. There is a commutativ e diagram

A
i //

j

��

B
� //

j

��

B =A

j �

��
F //X �

//X=F

The map q : X ! B =A factors through � : X ! X=F in that there is a map
q� : X=F ! B =A such that q� � � = q. The map q� is a stable equivalenceby
Corollary 3.2. One also checks that q� j � � = � so that q� j � = 1 on B =A, and
so j � is a stable equivalence. Now useLemma 3.3 to concludethat the induced
map j : A ! F of S1-spectra is a stable equivalence.

Cor ollar y 3.6. Any co�br e sequence

A i�! B ��! B =A

induces a natural long exact sequence

� � �
� �� ! � i +1 B =A @�! � i A

i �� ! � i B
� �� ! � i B =A @�! � � �

Proof. The sequenceis the long exact sequencefor the corresponding �bre
sequencearising from the construction of Lemma 3.5.

3.2 Weighted st able homotopy gr oups

The presheafT = A1=(A1 � 0) sits in a pushout squareof presheaves

A1 � 0
i //

��

A1

��
� //T;

and A1 is contractible in the motivic homotopy category. A standard argu-
ment on mapping cones(which usesproperness)implies that there are motivic
equivalences

T = A1=(A1 � 0) ' � M i =(A1 � 0) '�! S1 ^ (A1 � 0)

involving the mapping cylinder M i of the inclusion i . All of these objects
are compact, by Lemma 2.2, and Proposition 2.13 implies that the displayed
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equivalences induces equivalencesof the stable categories associated to the
various suspensions.

For convenience,write Gm = A1 � 0, pointed by the global section given by
the identit y element e (Voevodsky denotesthis object by S1

t [16]). This is the
underlying schemeof the multiplicativ e group, but the group structure is never
used.

Recall that a map g : X ! Y of spectra is an stable equivalenceif and only if
the induced map g� : QT J X ! QT J Y is a pointwise level equivalence. Recall
further that the object QT Y for a level �bran t spectrum Y has object at level
n given by the �ltered colimit

Y n � �� ! 
 T Y n +1 
 T � �� � � ! 
 2
T Y n +2 ! : : : :

The homotopy group � r QT Y n (U) in U-sections is isomorphic to the �ltered
colimit of the diagram

� r Y n (U)
� �� ! � r 
 T Y n +1 (U)


 T � �� � � ! � r 
 2
T Y n +2 (U) ! : : : ;

which can be identi�ed with a �ltered colimit of maps in the motivic homotopy
category over the schemeU of the form

[Sr ; Y n jU ] ! [Sr ^ T; Y n +1 jU ] ! [Sr ^ T 2; Y n +2 jU ] ! : : :

Here, T r denotesan r -fold wedgeproduct of copiesof the simplicial presheafT ,
and Sr is the r -fold wedgeproduct of copiesof S1. The equivalenceT ' S1^ Gm

further implies that this last inductiv e system can be rewritten as

[Sr ; Y n jU ] ! [Sr +1 ^ Gm ; Y n +1 jU ] ! [Sr +2 ^ G2
m ; Y n +2 jU ] ! : : :

Write � t;s Y(U) for the colimit of the sequence

[St + n ^ Gs+ n
m ; Y n jU ] ! [St + n +1 ^ Gs+ n +1

m ; Y n +1 jU ] ! : : :

The variable t in � t;s Y is usually called the degree, while s is called the weight.
The presheavesof groups � t;s Y are called the weighted stablehomotopygroups
of the T-spectrum Y .

This last de�nition of the presheafU 7! � t;s Y (U) makes sensefor any T-
spectrum Y , and there is an isomorphism

� r QT J Y n (U) �= � r � n; � n Y(U):

From a di�eren t point of view, if t � s, then there are isomorphisms

lim� ! n [St + n ^ Gs+ n
m ; Y n jU ] �= lim� ! n [Sn ^ Gs� t + n

m ; Y [� t]n jU ]
�= lim� ! n [Sn ^ Gn

m ; 
 s� t
Gm

J Y [� t]n jU ];
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whereY [k]n = Y n + k de�nes the shifted T-spectrum object Y [k] in the standard
way for all k 2 Z. It follows that there is an isomorphism

� t;s Y �= � 0
 s� t
Gm

QT (J Y [� t])0

if t � s. Similarly, if s � t, there is an isomorphism

� t;s Y �= � 0
 t � sQT (J Y [� s])0:

If g : X ! Y is an stable equivalence,then g� : QT (J X [k]) ! QT (J Y [k]) is
a pointwise level equivalencefor all k 2 Z, so that all induced maps

g� : � t;s X ! � t;s Y

are isomorphisms of presheaves. Conversely, if g induces isomorphisms in
all bigraded stable homotopy group presheaves, then g induces isomorphisms
� t;s X �= � t;s Y for s � 0 and t � s. In that case

� t;s Y = � ( t � s)+ s;s Y �= � t � sQT Y � s ;

so that g� : QT J X ! QT J Y is a pointwise level equivalence. We have proved

Lemma 3.7. A map g : X ! Y of T-spectra is an stable equivalence if and
only if g induces isomorphisms

� t;s X �= � t;s Y

of presheavesof groups for all t; s 2 Z.

Given Proposition 2.13, we can assumethat T is identically S1 ^ Gm , so a
T-spectrum consistsof pointed simplicial presheavesY n and bonding maps

S1 ^ Gm ^ Y n ! Y n +1 :

An S1=Gm -bispectrum consistsof pointed simplicial presheavesX m;n , m; n � 0,
together with bonding maps � h : S1 ^ X m;n ! X m +1 ;n and � v : Gm ^ X m;n !
X m;n +1 , such that the diagram

S1 ^ X m;n +1
� h //X m +1 ;n +1

S1 ^ Gm ^ X m;n

S1 ^ � v

OO

t ^ 1

�=

))SSSSSSSSSSSSSS

Gm ^ S1 ^ X m;n
Gm ^ � h

//Gm ^ X m +1 ;n

� v

OO

commutes, where t : S1 ^ Gm ! Gm ^ S1 is the canonical isomorphism which

ips smash factors. The maps � v and � h are called vertical and horizontal
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bonding maps respectively. Such a gadget may alternativ ely be viewed as a
collection of S1-spectra

X n = X � ;n ;

together with maps of S1-spectra X n ^ Gm ! X n +1 induced by the vertical
bonding maps.

For us, the key example arisesfrom a T-spectrum Y , in that it functorially
determinesan array Y � ;�

...
...

...

G^ 2
m ^ Y 0 Gm ^ Y 1 Y 2 � � �

Gm ^ Y 0 Y 1 S1 ^ Y 1 � � �

Y 0 S1 ^ Y 0 S2 ^ Y 0 � � �

which has the structure of an S1=Gm -bispectrum. In e�ect, the horizontal
bonding map � h : S1 ^ Gk

m ^ Y n ! Gk � 1
m ^ Y n +1 is de�ned to be the composite

S1 ^ Gk � 1
m ^ Gm ^ Y n t ^ 1� � ! Gk � 1

m ^ S1 ^ Gm ^ Y n 1^ �� � ! Gk � 1
m ^ Y n +1 ;

and the vertical bonding mapsarise from the mapsof S1-spectra Y � ;n ^ Gm !
Y � ;n +1 which are canonically determined by the twist isomorphisms

(Gk
m ^ Y n � k ) ^ Gm

t�! Gm ^ (Gk
m ^ Y n � k ):

for 0 � k � n.
An S1=Gm -bispectrum X haspresheavesof bigraded stablehomotopygroups

� t;s X de�ned in bidegree(t; s) and in U-sectionsto be the colimit of the system

...
...

[St + k ^ Gs+ l+1
m ; X k ;l +1 jU ]

� h � //

OO

[St + k+1 ^ Gs+ l+1
m ; X k+1 ;l +1 jU ] //

OO

� � �

[St + k ^ Gs+ l
m ; X k ;l jU ] � h �

//

� v �

OO

[St + k+1 ^ Gs+ l
m ; X k+1 ;l jU ] //

� v �

OO

� � �
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Here (presuming that all X k ;l are �bran t, which is harmless), the map � h�

takesa representativ e � : Sr ^ Gs
m ! X k ;l to the composite

S1 ^ Sr ^ Gs
m

S1 ^ �� � � ! S1 ^ X k ;l � h� ! X k+1 ;l ;

while � v� takes� to the composite

Sr ^ Gm ^ Gs
m

t ^ Gs
m� � � ! Gm ^ Sr ^ Gs

m
Gm ^ �

� � � � ! Gm ^ X k ;l � v� ! X k ;l +1 :

The bispectrum object X determinesa sequenceof maps of S1-spectra

X 0 � v �� � ! 
 Gm X 1 
 Gm ( � v � )
� � � � � � ! 
 2

Gm
X 2 ! � � � ;

where
 Gm is the functor Hom � (Gm ; ). Then the presheaf� t;s X is the �ltered
colimit of the presheavesof stable homotopy groups

� t 
 s+ l
Gm

J X l ! � t 
 s+ l+1
Gm

J X l +1 ! � � �

once X has been replaced up to levelwise equivalence by a levelwise �bran t
object J X so that the \lo op" constructions make sense.

In particular, starting with a T-spectrum X , a co�nalit y argument showsthat
the presheavesof weighted stablehomotopy groups� t;s X for X asde�ned above
coincide up to natural isomorphism with the presheaves � t;s X � ;� of bigraded
stable homotopy groups for the associated bispectrum object X � ;� .

3.3 Fibre and cofibre sequences

A level �br ation p : X ! Y of S1=Gm -bispectra is a map which consists of
�brations p : X m;n ! Y m;n for all m; n � 0. Level equivalencesand level
co�brations have analogousde�nitions. One can use standard techniques to
show that any map f : X ! Y of S1=Gm -bispectra has a factorization

X
f //

j   @
@@

@@
@@

Y

Z

p

??~~~~~~~

where p is a level �bration and j is a level co�bration and a level equivalence.
Supposethat

F i�! X
p

� ! Y

is a level �bre sequenceof S1=Gm -bispectra, and supposethat Y (and hence
X ) is level �bran t. Then there are �bre sequencesof S1-spectra


 s+ r
Gm

F r i �� ! 
 s+ r
Gm

X r p�� ! 
 s+ r
Gm

Y r
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and hencelong exact sequencesin stable homotopy group presheaves

� � �
p�� ! � t +1 
 s+ r

Gm
Y r @�! � t 


s+ r
Gm

F r i �� ! � t 

s+ r
Gm

X r p�� ! � t 

s+ r
Gm

Y r @�! � � �

Taking a �ltered colimit in r givesa long exact sequence

� � �
p�� ! � t +1 ;s Y @�! � t;s F

i �� ! � t;s X
p�� ! � t;s Y @�! � � � (3.2)

for each s. One can remove the condition that Y is level �bran t by using
factorization tric ks from the previous paragraph.

If

A i�! B ��! B =A

is a level co�bre sequenceof S1=Gm -bispectra, then replacing the map � up to
level equivalenceby a �bration p as above givesa diagram

A
i //

j �

��

B
� //

j

��

B =A

1B =A

��
F //X p

//B =A

in which p is a level �bration and j is a level equivalence. It follows from
Lemma 3.5 that the induced maps j � : An ! F n are stable equivalencesof
S1-spectra. But then the induced maps

� t;s A
j �� ! � t;s F

are isomorphisms in all bidegrees. This implies that there is a natural long
exact sequence

� � �
� �� ! � t +1 ;s B =A @�! � t;s A

i �� ! � t;s B
� �� ! � t;s B =A @�! � � � (3.3)

associated to a co�bre sequenceof S1=Gm -bispectra in each s. As a corollary
of the construction we have

Cor ollar y 3.8. There are natural isomorphisms

� t +1 ;s (Y ^ S1) �= � t;s Y

for all bidegrees (t; s) and S1=Gm -bispectra Y .

Lemma 3.9. Supposethat

F i�! X
p

� ! Y

is a level �br e sequence of T-spectra. Then the induced map X=F ! Y is a
stableequivalence.
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Proof. The idea is to show that the map X=F ! Y inducesisomorphisms

� t;s (X=F ) � ;� �= � t;s Y � ;� :

Form the diagram of maps of S1=Gm -bispectra

F � ;� i � //

j �

��

X � ;�
p� //

j

��

Y � ;�

1Y � ; �

��
F //Z q

//Y � ;�

where q is a level �bration, j is a level equivalence,and F is the �bre of the
map q. The map j � : F � ;� ! F consistsin part of equivalencesF n ! F

n;n
in

bidegree(n; n) for all n � 0, sincethe sequence

F � ;� i �� ! X � ;� p�� ! Y � ;�

is already an �bre sequencein thosebidegrees.A co�nalit y argument therefore
implies that the map j � : F � ;� ! F induces isomorphisms

j � : � t;s F � ;� �=�! � t;s F

for all t and s.
The map Z=F ! Y � ;� of S1=Gm -bispectra induces isomorphismsin all � t;s ,

since it consistsof maps Z n =F
n

! Y � ;n of S1-spectra which are stable equiv-
alencesby Lemma 3.2.

A long exact sequenceargument arising from the comparison of co�bre se-
quences

F � ;� i � //

j �

��

X � ;� � � //

j

��

(X=F ) � ;�

j �

��
F //Z �

//Z=F

shows that the map j � : (X=F ) � ;� ! Z=F induces an isomorphism in all � t;s .
The result follows.

Cor ollar y 3.10. Supposethat

A i�! B ��! B =A

is a level co�br e sequence of T-spectra, and take a factorization

B
j //

� !!C
CC

CC
CC

C X

p

��
B =A
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of the map � such that j is a level equivalence and p is a level �br ation. Let
F be the �br e of the map p. Then the induced map j � : A ! F is a stable
equivalence.

Proof. The induced map X=F ! B =A is a stable equivalenceby Lemma 3.9.
The map j � : B =A ! X=F is therefore a stable equivalence,soa comparisonof
long exact sequencesargument shows that j � : A ! F is a stable equivalence.

3.4 T-suspensions and T-loops

Write j X : X ! X s for a natural choice of stably �bran t model X s for a T-
spectrum X , where j X is a co�bration and a stable equivalence. The aim of
this section is to prove and discussthe consequencesof the following result:

Theorem 3.11. The composition

X
� X� � ! 
 T (X ^ T)


 j X ^ T� � � � ! 
 T (X ^ T)s

arising from the adjunction map � X is a stableequivalence for all T -spectra X .

The proof of this result is a bit delicate, and will be accomplishedwith the
help of a seriesof lemmas. We begin with something which is quite general:

Lemma 3.12. Supposethat the comparison diagram of inductive systems

X 0
//

f 0

��

X 1
//

f 1

��

X 2
//

f 2

��

� � �

Y0
//Y1

//Y2
//� � �

consists of stableequivalences f i : X i ! Yi . Then the induced map

lim� ! f i : lim� ! X i ! lim� ! Yi

is a stableequivalence.

Proof. The idea of the proof is to show that we can assumethat the spectra
X i and Yi are stably �bran t.

In e�ect, suppose that there are trivial co�brations j i : X i ! (X i )s and
j i : Yi ! (Yi )s and maps (f i )� : (X i )s ! (Yi )s such that (X i )s and (Yi )s are
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stably �bran t for i � n, and such that the diagrams

X i � 1 //

j i � 1

$$II
III

III
I

f i � 1

��

X i

j i

""D
DD

DD
DD

D

f i

��

(X i � 1)s //

( f i � 1 ) �

��

(X i )s

( f i ) �

��

Yi � 1 //

j i � 1 $$II
III

III
I Yi

j i

""D
DD

DD
DD

D

(Yi � 1)s //(Yi )s

commute. Now form the commutativ e diagram

X n
//

j n

""F
FF

FF
FF

F

f n

��

X n +1

j n �

''OOOOOOOOOOO

f n +1

��

(X n )s //

( f n ) �

��

(X n )s [ X n X n +1

f �

��

j //(X n +1 )s

( f n +1 ) �

��

Yn
//

j n ""F
FF

FF
FF

F Yn +1

j n �

''OOOOOOOOOOO

(Yn )s //(Yn )s [ Yn Yn +1 j
//(Yn +1 )s

whereboth instancesof j are trivial co�brations, and (X n +1 )s and (Yn +1 )s are
stably �bran t. The dotted arrow (f n +1 )� exists by the closedmodel axioms,
and the instancesof the compositions j n +1 = j �j n � are both trivial co�brations.

In the resulting diagram

lim� ! X n
j � //

f �

��

lim� ! (X n )s

f �

��
lim� ! Yn

j �

//lim� ! (Yn )s

both instancesof j � are trivial co�brations by construction, and the map f � :
lim� ! (X n )s ! lim� ! (Yn )s is a �ltered colimit of maps which are pointwise weak
equivalencesin each level, and therefore sharesthis property. In particular, f �

is a stable equivalence.

We're going to needthe following:
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Lemma 3.13. (Voevodsky) The cyclic permutation c1;2 = (3; 2; 1) 2 � 3 induces
the identity morphism on T ^ 3 = T 3 in the pointed motivic homotopy category.

For the record (this comesup later), the element cp;q in the symmetric group
� p+ q is the shu�e which moves the �rst p elements past the last q elements,
in order. Explicitly

cp;q (i ) =

(
q + i if i � p,

i � p if i � p + 1.

Proof of Lemma 3.13. For the purposesof this proof, weshall notationally con-
fuse T 3 with its associated sheaf,and prove the result on the sheaflevel. This
is harmless,sincethe canonicalmap � : X ! ~X taking valuesin the associated
sheaf ~X is a weak equivalencefor any presheafX .

There is an isomorphism of pointed sheaves

An =(An � 0) ^ A1=(A1 � 0) �= An +1 =(An +1 � 0);

since

((An � 0) � A1) [ (An � (A1 � 0)) = An +1 � 0

inside An +1 . It follows that there is an isomorphism

T n �= An =(An � 0):

There is a pointed algebraic group action

Gln � T n ! T n

in the sheafcategory which is induced by the standard action Gln � An ! An .
It follows that any rational point g 2 Gln (Z) inducesa morphism of sheaves

g : T n ! T n :

In particular, the permutation matrix corresponding to the element c1;2 =
(3; 2; 1) inducesthe map

c1;2 : T 3 ! T 3

in the statement of the lemma.
The element

c1;2 =

2

4
0 1 0
0 0 1
1 0 0

3

5
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is a product of elementary transformations in Gl3(Z), and so there is an alge-
braic path ! : A1 ! Gl3 such that ! (1) = c1;2 and ! (0) = e. It follows that
there is a composite pointed algebraic homotopy

A1 � T 3 1� !� � � ! Gl3 � T 3 ! T 3

from c1;2 : T 3 ! T 3 to the identit y on T 3 (seealso Theorem 1.1 of [8]). The
maps c1;2 and e therefore coincide in the motivic homotopy category.

Observe that a T-spectrum X has a natural �ltration

X �= lim� ! L n X ;

where L n X is the spectrum

X 0; X 1; : : : ; X n ; T ^ X n ; T ^ 2 ^ X n ; : : :

There is a natural pushout diagram

� 1
T (T ^ X n )[� (n + 1)] //

��

L n X

��
� 1 X n +1 [� (n + 1)] //L n +1 X

Note further that the canonicalmap � 1
T X n [� n] ! L n X is a stableequivalence.

The �ltration f L n X g is called the layer �ltr ation of X .

Lemma 3.14. Supposethat K is a pointed simplicial presheaf. Then the com-
position

� 1
T K

�
�! 
 T ((� 1

T K ) ^ T)

 j

� ! 
 T ((� 1
T K ) ^ T)s

is a stableequivalence.

Proof. Recall that if Y is a spectrum, then the homotopy group presheaves
� r Y n

s (U) of the stably �bran t model Ys = I QT J Y are computed by the �ltered
colimits

[Sr ; Y n ]U
��! [T ^ Sr ; Y n +1 ]U

��! � � �

where[K ; X ]U = [K jU ; X jU ] meanshomotopy classesof mapsof the restrictions
to the site over U. The suspension homomorphism � takes a morphism � :
T k ^ Sr ! Y n + k to the composite

T ^ T k ^ Sr T ^ �� � ! T ^ Y n + k ��! Y n + k+1

Practically speaking, the suspensionmorphism � is induced by smashingwith
T on the left.
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Observe as well that if Y is level �bran t, then the adjunction isomorphisms

[T k ^ Sr ; 
 T Y n + k ]U �= [T k ^ Sr ^ T; Y n + k ]U

�t into commutativ e diagrams

[T k ^ Sr ; 
 T Y n + k ]U
�= //

�
��

[T k ^ Sr ^ T; Y n + k ]U

�
��

[T k+1 ^ Sr ; 
 T Y n + k+1 ]U �=
//[T k+1 ^ Sr ^ T; Y n + k+1 ]U

It follows that the map in presheaves of stable homotopy groups induced by
the composite

� 1
T K

�
�! 
 T ((� 1

T K ) ^ T)

 j

� ! 
 T ((� 1
T K ) ^ T)s

is isomorphic to the �ltered colimit of the maps

[T k ^ Sr ; T n + k ^ K ]U
^ T� � ! [T k ^ Sr ^ T; T n + k ^ K ^ T]U

which are induced by smashingwith T on the right.
Supposethat � : K ^ T ! X ^ T is a map of pointed simplicial presheaves,

and write ct (� ) for the map T ^ K ! T ^ X arisesfrom � by conjugation with
the twist of smashfactors. There is a commutativ e diagram

K ^ T
t
�=

//

�

��

T ^ K

ct ( � )

��
X ^ T

�=

t
//T ^ X

Then there is a diagram

T ^ T 2 ^ K

ct (T 2 ^ � )
��

T 2 ^ K ^ T
T 2 ^ t //

T 2 ^ �
��

too T 2 ^ T ^ K

T 2 ^ ct ( � )
��

T ^ T 2 ^ X T 2 ^ X ^ T
T 2 ^ t

//
t

oo T 2 ^ T ^ X

and hencea diagram

T 3 ^ K
c1; 2 ^ K //

ct (T 2 ^ � )
��

T 3 ^ K

T 2 ^ ct ( � )
��

T 3 ^ K c1; 2 ^ K
//T 3 ^ X
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It follows from Lemma 3.13 that the maps in the homotopy category repre-
sented by T 2 ^ ct (� ) and ct (T 2 ^ � ) coincide.

As a consequence,there are commutativ e diagrams

[T k ^ Sr ; T n + k ^ K ]U
T 2 ^ //

^ T
��

[T 2 ^ T k ^ Sr ; T 2 ^ T n + k ^ K ]U

^ T
��

[T k ^ Sr ^ T; T n + k ^ K ^ T]U
T 2 ^ //

ct �=
��

[T 2 ^ T k ^ Sr ^ T; T 2 ^ T n + k ^ K ^ T]U

ct�=
��

[T ^ T k ^ Sr ; T ^ T n + k ^ K ]U
T 2 ^

//[T 3 ^ T k ^ Sr ; T 3 ^ T n + k ^ K ]U

The vertical compositescoincidewith the map T^ induced by smashingon the
left with T , so a co�nalit y argument says that the induced map on the �ltered
colimits is an isomorphism.

Proof of Theorem 3.11. It is a consequenceof Lemma 2.11 that the functor
X 7! X ^ T preservesstable equivalences.It follows that the functors X 7! X
and X 7! 
 T (X ^ T)s both preserve stable equivalences. The T-spectrum X
is a �ltered colimit of its layers L n X , and there is a stable equivalence

� 1
T X n [� n] ! L n X

for n � 0. Write � � : X ! 
 T (X ^ T)s for the composite in the statement of
Theorem 3.11. The proof consistsof showing that all maps

� 1
T K [� n]

� �� ! 
 T (� 1
T K [� n] ^ T)s (3.4)

are stable equivalences.Then we show that these equivalencespassappropri-
ately to �ltered colimits.

Shifts preserve stable equivalence, so it su�ces to consider the caseof the
map (3.4) corresponding to n = 0, but this is Lemma 3.14.

Supposegiven a system

X 0 ! X 1 ! � � �

of T -spectra such that all maps

� � : X i ! 
 T (X i ^ T)s

are stable equivalences.I claim that the induced map

� � : lim� ! X i ! 
 T ((lim� ! X i ) ^ T)s
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is a stable equivalence. The composite

lim� ! X i
lim� ! �

� � � ! lim� ! 
 T (X i ^ T)
lim� ! 
 T j

� � � � � ! lim� ! 
 T (X i ^ S)s

is a stable equivalenceby Lemma 3.12. There is a commutativ e diagram

lim� ! (X i ^ T)
lim� ! j //

�=
��

lim� ! (X i ^ T)s

c

��
(lim� ! X i ) ^ T

j
//((lim� ! X i ) ^ T)s

The map lim� ! j is a stable equivalenceby Lemma 3.12, and so the map c is a
pointwiseweakequivalenceof motivic 
asque objects in all levelsby a Nisnevich
descent argument (Corollary 1.7). There is also a commutativ e diagram

lim� ! X i
�//

lim� ! �

��>
>>

>>
>>

>>
>>

>>
>>

>>
>>


 T ((lim� ! X i ) ^ T)

 T j //
 T ((lim� ! X i ) ^ T)s


 T lim� ! (X i ^ T)

�=

OO


 T j
//
 T lim� ! (X i ^ T)s


 T c

OO

lim� ! 
 T (X i ^ T)

�=

OO

lim� ! 
 T j
//lim� ! 
 T (X i ^ T)s

�=

OO

The map 
 T c is a pointwise weak equivalencein all levels, so the composite

lim� ! X i
�

� ! 
 T ((lim� ! X i ) ^ T)

 T j

� � ! 
 T ((lim� ! X i ) ^ T)s

is a stable equivalence.

Lemma 3.15. Supposethat X is level �br ant. Then there is an isomorphism

QT (
 T X )n �= 
 T (QT X )n :

In particular, the loop functor X 7! 
 T X preservesstableequivalences of level
�br ant objects.

Proof. Recall that 
 T X has bonding map � : T ^ 
 T X n ! 
 T X n +1 adjoint
to the composite

T ^ 
 T X n ^ T T ^ ev� � � ! T ^ X n �� ! X n +1

It follows that there is a commutativ e diagram


 T X n � � //


 T � � %%JJ
JJJ

JJJ
JJ


 2
T X n +1

t ��=
��


 2
T X n +1
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where t � is the map which 
ips loop factors. Inductiv ely, one �nds diagrams


 k+1
T X n + k


 k
T � � //

c�
k ; 1

�=
��


 k+2
T X n + k+1

c�
k +1 ; 1

�=
��


 k+1
T X n + k


 k +1
T � �

//
 k+2
T X n + k+1

wherec�
k ;1 is precomposition with the map which is inducedby the shu�e ck ;1 in

the loop factors. The maps c�
k ;1 therefore induce the desiredisomorphism.

Cor ollar y 3.16. Supposethat Y is level �br ant. Then the evaluation map

ev : 
 T Y ^ T ! Y

is a stableequivalence.

Proof. The functor Y 7! Y ^ T preservesstable equivalences,so Lemma 3.15
implies that it su�ces to assumethat Y is stably �bran t.

Take a stably �bran t model j : 
 T Y ^ T ! (
 T Y ^ T)s (j is a co�bration
as well as a stable equivalence),and form the diagram


 T Y ^ T
j //

ev

��

(
 T Y ^ T)s

~ev
wwoooooooooooo

Y

The idea is to show that ~ev is a stable equivalenceby showing that 
 T ~ev is a
stable equivalence. This works, on account of the natural isomorphism

� t;s 
 T X �= � t +1 ;s+1 X

for level �bran t objects X | this isomorphism is another consequenceof
Lemma 3.15. There is a diagram


 T Y


 T �
��


 T � �

((RRRRRRRRRRRRRR


 T (
 T Y ^ T)

 T j //


 T ev

��


 T (
 T Y ^ T)s


 T ~ev
vvl l l l l l l l l l l l l l


 T Y

The map 
 T � � is a pointwise equivalenceby Theorem 3.11, and so 
 T ~ev is a
stable equivalence.
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Cor ollar y 3.17. Let j : Y ! Ys be a choice of stably �br ant model for Y .
Then a map g : X ^ T ! Y is a stableequivalence if and only if the composite

X
g�� ! 
 T Y


 T j
� � ! 
 T Ys

is a stableequivalence, where g� is the adjoint of g.

Proof. There is a diagram

X ^ T
j //

g

��

(X ^ T)s

~g

��
Y

j
//Ys

whereboth maps labeled j are stably �bran t models. Then g is a stable equiv-
alenceif and only if ~g is a stable equivalenceif and only if the composite

X
� �� ! 
 T (X ^ T)s


 T ~g
� � ! 
 T Ys

is a stable equivalence.

Cor ollar y 3.18. A map g : X ! Y is a stableequivalence if and only if the
suspension g ^ T : X ^ T ! Y ^ T is a stableequivalence.

In the �nal part of this section we show that all of the usual candidates for
suspensionfunctors on T-spectra are naturally equivalent in the motivic stable
category. This is the content of the next two lemmas. As a corollary, all of the
corresponding loop functors are naturally stably equivalent.

Lemma 3.19. The canonical map � : � `
T X ! X [1] from the fake suspension

� `
T X to the shift X [1] is a natural stableequivalence.

Proof. The map

� : � `
T (� 1

T K [� n]) ! (� 1
T K [� n])[1]

is an isomorphism in level p for p � n and for all n � 0. The fake suspension
X 7! � `

T X and shift X 7! X [1] functors preserve colimits, so we can argue
along the layer �ltration using Lemma 3.12. It therefore su�ces to show that
both functors preserve stable equivalence.

In order to seethat the shift functor X 7! X [1] preservesstable equivalences,
it su�ces to show that the shift X [1] ! (I QT J X )[1] of the canonical stable
equivalenceis a stable equivalence. For this, it enoughto show that the shifted
map (J X )[1] ! (QT J X )[1] is a stable equivalence,but this is a consequence
of the isomorphism (QT J X )[1] �= QT (J X [1]).

The fake loop functor X 7! 
 `
T X preservesstably �bran t objects, according

to the characterization given by Lemma 2.7 and Lemma 2.8. The fake suspen-
sion functor Y 7! � `

T Y preserveslevel co�brations and level weakequivalences,
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so that the fake loop functor preserves injective �brations by adjointness. It
follows that the fake loop functor preservesthe classof stably �bran t injective
objects.

We know from Corollary 2.12 that a map f : X ! Y is a stable equivalence
if and only if it inducesa weak equivalence

f � : hom (Y; W ) ! hom (X ; W )

for all stably �bran t injective W . If f : X ! Y is a stable equivalence of
T-spectra and W is stably �bran t and injective, then the map

(� `
T f ) � : hom (� `

T Y; W ) ! hom (� `
T X ; W )

is isomorphic to the map

f � : hom (Y; 
 `
T W ) ! hom (X ; 
 `

T W );

and is therefore a weak equivalencesince 
 `
T W is stably �bran t and injective.

If follows that � `
T f : � `

T X ! � `
T Y is a stable equivalence.

Lemma 3.20. The fakesuspension functor X 7! � `
T X is naturally stablyequiv-

alent to the functor X 7! X ^ T.

Proof. Both functors preserve level equivalences,so it su�ces to assumethat
X (by taking associated sheaves) is a sheaf of T-spectra, where T and all of
its smashpowers are notationally confusedwith their associated sheaves. We
do this so that we can use the explicit pointed algebraic homotopy h : T 3 �
A1 ! T 3 from c1;2 to the identit y which appears in the proof of Lemma 3.13.
Write da : T 3 ! T 3 � A1 for the map which is induced by the rational point
a : � ! A1. Then hd0 is the identit y map on T 3 and hd1 = c1;2 : T 3 ! T 3.

Recall that the fake suspension � `
T X consists of the objects T ^ X n and

bonding maps T ^ � : T 2 ^ X n ! T ^ X n +1 . The object X ^ T consistsof the
pointed simplicial presheavesX n ^ T and bonding maps � ^ T : T ^ X n ^ T !
X n +1 ^ T . After twisting along the isomorphisms t : X n ^ T �= T ^ X n , we
can identify X ^ T up to isomorphism with a spectrum consisting of objects
T ^ X n and having bonding maps � given by the composites

T 2 ^ X n t ^ X n

� � � ! T 2 ^ X n T ^ �� � � ! T ^ X n +1

It follows that there are commutativ e diagrams

T 3 ^ X n T 2 ^ � //

c1; 2 ^ X n

��

T 2 ^ X n +1 T ^ � //T ^ X n +2

T 3 ^ X n
T ^ �

//T 2 ^ X n +1

�

77ooooooooooo

Document a Ma thema tica 5 (2000) 445{552



Motivic Symmetric Spectra 503

The method of proof is to show that the \partial spectrum" objects X 1 and
X 2, having constituent simplicial presheaves

X n
1 = X n

2 = T ^ X 2n

and bonding maps T 2 ^ X n
i ! X n +1

i de�ned by the composites

� 1 = (T ^ � )(T 2 ^ � )

and � 2 = � (T ^ � ) respectively (as in the diagram) are naturally stably equiv-
alent.

The idea is to use the natural algebraic homotopies h : T 3 ^ X 2n n A1 !
T ^ X 2n +2 from � 1 to � 2 and the constant algebraic homotopies c on � 1 to
de�ne natural level weak equivalences

X 2
h � � � Tel(X 1)

c�� ! X 1

where Tel(X 1) is the algebraic telescope. The construction is by exact anal-
ogy with that of the ordinary mapping telescope given in [11, pp.11{15]. To
summarize,one inductiv ely constructs a sequenceof trivial co�brations

X n
1

j n� ! CX n
1

� n� � ! Tel(X 1)n ;

where j n is the inclusion of X n
1 in the algebraic mapping cylinder CX n

1 given
by the pushout diagram

T 2 ^ X n � 1
1

� 1 //

d0

��

X n
1

j n

��
T 2 ^ X n � 1

1 n A1
� n

//CX n
1

and � n is inductiv ely de�ned by the pushout diagram

T 2 ^ X n � 1
1

d1
//

j n � 1

��

T 2 ^ X n � 1
1 n A1 � n //CX n

1

� n

��

T 2 ^ CX n � 1
1

T 2 ^ � n � 1

��
T 2 ^ Tel(X 1)n � 1

�
//Tel(X 1)n

The bonding maps � : T 2 ^ Tel(X 1)n � 1 ! Tel(X 1)n are also de�ned by this
construction. The identit y on X n

1 and h : T 2 ^ X n
1 n A1 ! T ^ X n +1

1 together
determine a weak equivalenceĥ : CX n

1 ! X n
2 and the map ĥ extendslevelwise

along the trivial co�brations � n : CX n
1 ! Tel(X 1)n to a natural map of partial

spectra h� : Tel(X 1) ! X 2. The map h� is a levelwiseweak equivalence.
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Cor ollar y 3.21. Supposethat X is a level �br ant spectrum. Then the spectra

 `

T X , 
 T X and X [� 1] are naturally stably equivalent.

Remark 3.22. A statement analogousto Theorem 3.11 is true for S1-spectra,
in that the composite

X
� X� � ! 
( X ^ S1)


( j X ^ T )
� � � � � � ! 
( X ^ S1)s

is a natural weak equivalence in the motivic stable model structure for S1-
spectra. The proof is formally the sameas that displayed for Theorem 3.11,
with T replacedby S1. The key is that it is well known that the cyclic permuta-
tion c1;2 acts trivially in the ordinary homotopy category on S3. With suitable
modi�cations, the rest of the statements up to Corollary 3.18 also hold for-
mally for S1-spectra, so that the suspensionand loop functors determine a self
equivalenceof categoriesfor the motivic stable category of S1-spectra, as one
would expect. The analoguesof Lemma 3.19 and Lemma 3.20 for S1-spectra
follow from standard results of stable homotopy theory, along with Lemma 3.1.

4 Motivic symmetric spectra

We continue to work within motivic homotopy theory on the smooth Nisnevich
site (SmjS )N is , meaningthat weformally contract the a�ne line onto a rational
point within the associated category of simplicial presheaves. As before, T
denoteseither the quotient A1=(A1 � 0) or the equivalent object S1 ^ Gm . As
in all discussionsof geometric theories, one tacitly assumesthat all objects in
(SmjS )N is (including the baseschemeS) are bounded above by a �xed large
cardinal, and that the category itself is a skeleton. This meansthat the site is
small, and so its morphisms form a set. We shall assumethat � is an in�nite
cardinal which is an upper bound for the cardinalit y of the set of morphisms
of this site.

A symmetric T-spectrum X on the Nisnevich site (SmjS )N is is a T-spectrum
together with symmetric group actions � n � X n ! X n such that the composite
bonding maps T p ^ X n ! X p+ n is (� p � � n )-equivariant. A map f : X ! Y
of such objects is a map of T-spectra which is equivariant in each level for the
ambient symmetric group action. The resulting category will be denoted by
Spt �

T (SmjS )N is . This category is complete and cocomplete.
The most primitiv e example of a symmetric T-spectrum is the sphere T-

spectrum, which will be denoted by T. Explicitly ,

T n =

(
S0 if n = 0,

T ^ n if n > 0.

with the obvious isomorphismsT ^ T n �= T n +1 as bonding maps.
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4.1 The level str ucture

Say that a map f : X ! Y of symmetric T-spectra is a level equivalence if
each of the component maps f : X n ! Y n is a motivic equivalence. The map
f is said to be a level co�br ation if each of the maps X n ! Y n is a co�bration
of simplicial presheaves. Write sE for the class of level equivalencesin the
category of symmetric T-spectra.

Pr oposition 4.1. The class sE of level equivalences and the class of level
co�br ations of symmetric T-spectra together satisfy the following properties:

sE1: The classof morphisms sE is closed under retracts.

sE2: Given a composablepair of morphisms

X
f

� ! Y
g

�! Z;

if any two of f , g and gf are in the classsE, then so is the third.

sE3: Every pointwise level equivalence is in sE.

sE4: The classof sE-trivial co�br ations is closed under pushout.

sE5: Supposethat 
 is a limit ordinal, and there is a functor

X : 
 ! Spt �
T (SmjS )N is

such that for each morphism i � j of 
 , the induced map X (i ) ! X (j )
is an sE-trivial co�br ation. Then the canonical maps

X (i )
� i� ! lim� ! j 2 
 X (j )

are sE-trivial co�br ations.

sE6: Suppose that the morphisms f i : X i ! Yi are sE-trivial co�br ations for
i 2 I . Then the morphism

_

i 2 I

f i :
_

i 2 I

X i !
_

i 2 I

Yi

is an E-trivial co�br ation.

sE7: There is an in�nite cardinal � which is at least as large as the cardinality
of the set of morphisms of (SmjS )N is , such that for every diagram

X

i
��

A //Y

of maps of T-spectra with i a sE-trivial co�br ation, and A � -bounded,
there is an � -bounded subobject B � Y such that A � B , and such that
the inclusion B \ X ,! B is an sE-trivial co�br ation.
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A pointwise level equivalence is a map f : X ! Y of symmetric T-spectra such
that all maps f : X n (U) ! Y n (U) are weak equivalencesof simplicial sets in
all sectionsand levels. An sE-trivial level co�bration is a map of symmetric
T-spectra which is both a level equivalenceand a level co�bration.

Proof. Every weakequivalenceof simplicial presheavesis a motivic equivalence,
giving sE3. With the exception of sE7, the remaining statements are due to
the existenceof the motivic closedmodel structure for the categoryof simplicial
presheaveson (SmjS )N is .

The proof of sE7 is analogousto the proof of Proposition 2.15. One begins
by showing, using the method of proof of Lemma 1 of [13], that the classof
maps which are level local weak equivalencesand level co�brations has the
bounded co�bration property with respect to the cardinal � . The argument is
then completed just as in the last paragraph of the proof of Proposition 2.15
by using the controlled level �bran t model construction X 7! LX in place of
the functor F .

A symmetric sequence X consistsof pointed simplicial presheavesX n , n � o,
each of which carries a symmetric group action � n � X n ! X n . There is
an obvious category of such things. The product X 
 Y in the category of
symmetric sequencesis de�ned by

(X 
 Y )n =
_

p+ q= n

� n 
 (� p � � q ) X p ^ Y q:

A symmetric sequencemap f : X 
 Y ! Z therefore consistsof (� p � � q)-
equivariant pointed mapsf : X p^ Y q ! Z p+ q, sothat a symmetric T-spectrum
Z can be identi�ed with a symmetric sequencecarrying a T-module structure,
or a symmetric sequencemap � : T 
 Z ! Z . Note that there is a canonical
twist isomorphism � : X 
 Y ! Y 
 X which is determined by the composites

X p ^ Y q t
�! Y q ^ X p in e� � ! (Y 
 X )q+ p cq;p

� � ! (Y 
 X )p+ q:

Here, t is the canonical twist of smashfactors and in e is the inclusion corre-
sponding to the cosetof the identit y e in

(Y 
 X )q+ p �=
_

� q+ p =(� q � � p )

Y q ^ X p:

Following [7] and [13], given a pointed simplicial presheafK , the free sym-
metric sequence Gn K consistsof the simplicial presheaf

� n 
 K =
_

� 2 � n

K ;

concentrated in level n, and the free symmetric T-spectrum Fn (K ) = T 
 Gn K
is de�ned at level p by

Fn (K )p = (T 
 Gn K )p = � p 
 � p � n � � n (T p� n ^ (
_

� 2 � n

K )):
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The object Fn (K ) is free in the sensethat morphisms Fn (K ) ! X in the
categoryof symmetric T-spectra are in oneto onecorrespondencewith pointed
simplicial presheafmaps K ! X n .

An injective �br ation in the category of symmetric T-spectra is a map which
has the right lifting property with respect to all morphisms which are both
level co�brations and level equivalences. It follows from the existenceof the
free object functors K 7! Fn (K ) that every injective �bration p : X ! Y is
a level �bration in the sensethat it consistsof �brations p : X n ! Y n in all
levels.

Theorem 4.2. The category

Spt �
T (SmjS )N is

of symmetric T-spectra on the smooth Nisnevich site, together with the classes
of level co�br ations, level equivalences and injective �br ations, satis�es the ax-
ioms for a proper closed simplicial model category.

Proof. The proof proceedsjust like that of Theorem 3 of [13], using the method
of [4] and Proposition 4.1. The function complex hom (X ; Y) giving the sim-
plicial structure is de�ned in n-simplices in the usual way by

hom (X ; Y )n = hom(X ^ � n
+ ; Y );

where the pointed simplicial set � n
+ is the result of attaching a disjoint base

point to the standard n-simplex.

The functor

U : Spt �
T (SmjS )N is ! Spt T (SmjS )N is

taking values in T-spectra forgets the symmetric group actions. The functor
U has a left adjoint symmetrization functor V such that for n � 0

V(� 1
T K [� n]) = Fn (K );

where � 1
T K is the suspensionT-spectrum

K ; T ^ K ; T 2 ^ K ; : : :

and � 1
T K [r ] is the result of shifting in the usual way:

� 1
T K [r ]p = (� 1

T K )r + p:

As in Section 3.4, every T-spectrum X has a layer �ltration

X = lim� ! L n X

Document a Ma thema tica 5 (2000) 445{552



508 J. F. Jardine

and V preservescolimits, so that

V X = lim� ! V L n X ;

and there are pushouts

Fn +1 (T ^ X n ) //

� �

��

V L n X

��
Fn +1 (X n +1 ) //V L n +1 X :

in the category of symmetric T-spectra.
There is a natural isomorphism of T-spectra

(UW )K �= U(W K );

which inducesa simplicial adjunction isomorphism

hom (V A; W ) �= hom (A; UW ):

We shall also needthe following:

Lemma 4.3. The functor V takesco�br ations of T-spectra to level co�br ations
of symmetric T-spectra.

Proof. The proof is just like that of Lemma 5 of [13], and begins with the
observation that the functor

K 7! V (� 1
T K [� n]) = Fn (K )

takesco�brations of pointed simplicial presheavesto level co�brations of sym-
metric T-spectra for n � 0.

4.2 The st able str ucture

Say that a map p : X ! Y of symmetric T-spectra is a stable �br ation if the
underlying map p� : UX ! UY is a stable �bration of T-spectra.

Pr oposition 4.4. Every map f : X ! Y of symmetric T-spectra has a natu-
ral factorization

X
j //

f   @
@@

@@
@@

Z

p

��
Y

such that p is a stable �br ation, and j is a level co�br ation which has the left
lifting property with respect to all stable �br ations.
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Proof. By the methods of [4] and Corollary 2.16,a map of symmetric T-spectra
is a stable �bration if and only if it has the right lifting property with respect
to all maps i � : V A ! V B induced by � -boundedco�brations i : A ! B which
are stable equivalences.The factorization is constructed by a trans�nite small
object argument of size � > 2� , as in the proof of Lemma 6 of [13].

Observe that if j is a level co�bration which has the left lifting property with
respect to all stable �brations, then j inducesa trivial �bration

j � : hom (Z; W ) ! hom (X ; W )

of simplicial sets for each stably �bran t object W , by appropriate use of
Quillen's axiom SM7 for the motivic stable closed model structure on the
category of T-spectra.

It follows from Theorem 4.2 and Proposition 4.4 that any morphism f : X !
Y of symmetric T-spectra may be successively factored

X
i 1 //

f
((QQQQQQQQQQQQQQQQ X s

i 2 //

p1

!!D
DD

DD
DD

D X si

p2

��
Y

where

1) i 1 is a level co�bration which has the left lifting property with respect to
all stable �brations, and p1 is a stable �bration;

2) i 2 is a level co�bration and a level equivalence, and p2 is an injective
�bration.

In particular, Up2 is a level �bration, which is level equivalent to the stable
�bration Up1, so that p2 is a stable �bration by Lemma 2.7 as well as an
injective �bration of symmetric T-spectra. By specializing to Y = � , we obtain
a natural construction

X
i 1� ! X s

i 2� ! X si

of an injective stably �br ant model X si for a given symmetric T-spectrum X .
Say that a map f : X ! Y of symmetric T-spectra is a stableequivalence if

it inducesa weak equivalenceof Kan complexes

f � : hom (Y; W ) ! hom (X ; W )

for each injective stably �bran t object W . The maps i 1 and i 2 above are both
stable equivalences.Following [13] we can also show

Lemma 4.5. Supposethat the objects X and Y are stably �br ant and injective.
Then a map g : X ! Y is a stable equivalence if and only if it is a level
equivalence.
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Proof. If g is a stable equivalence,then the map

g� : hom (Y; X ) ! hom (X ; X )

is a weak equivalenceof Kan complexes,sinceX is stably �bran t and injective.
It follows that g is a homotopy equivalence.

The conversefollows from the closedsimplicial model structure for level co�-
brations and level weak equivalencesfor symmetric T-spectra, since all sym-
metric T-spectra are co�bran t and all stably �bran t injective objects W are
�bran t for that theory.

Cor ollar y 4.6. Supposethat X and Y are stably �br ant objects. Then a map
g : X ! Y is a stableequivalence if and only if it is a level equivalence.

Supposethat Z is a symmetric T-spectrum and that K is a pointed simplicial
presheaf. The symmetric T-spectrum

Z K = Hom � (K ; Z )

is de�ned in levels by

Hom � (K ; Z )n = Hom � (K ; Z n );

where Hom � denotesthe pointed internal hom functor, as in Section 1.1. The
structure map

T p ^ Hom � (K ; Z n ) ��! Hom � (K ; Z p+ n )

is the unique pointed simplicial set map making the diagram

T p ^ Hom � (K ; Z n ) ^ K � ^ K //

T p ^ ev

��

Hom � (K ; Z p+ n ) ^ K

ev

��
T p ^ Z n

�
//Z p+ n

commute, where ev is the evaluation map wherever it appears. This construc-
tion is natural in K and Z , and there are natural isomorphisms

Hom � (K ^ L; Z ) �= Hom � (K ; Hom � (L; Z ))

for all pointed simplicial presheavesK , L , and symmetric T-spectra Z .
We shall write 
 T X for the symmetric T-spectrum Hom � (T; X ), in order

to simplify notation.
Following [13], de�ne a natural shift functor Z 7! Z [1] for symmetric T-

spectra Z by setting Z [1]m = Z 1+ m , where � 2 � m acts on Z [1]m as 1 � � 2
� m +1 . The structure map � � : T p ^ Z [1]m ! Z [1]p+ m is de�ned to be the
composite

T p ^ Z 1+ m ��! Z p+1+ m c(p;1) � 1
� � � � � ! Z 1+ p+ m ;
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where c(p;1) 2 � p+1 is the cyclic permutation of order p + 1. One checks
that � � is � p � � m -equivariant. De�ne the shifted symmetric T-spectrum Z [s]
inductiv ely by Z [s] = Z [s � 1][1], or directly.

The standard maps � � : Z n ! Hom � (T; Z 1+ n ) which are adjoint to the
composites

Z n ^ T t�! T ^ Z n ��! Z 1+ n

together determine a natural map of of symmetric T-spectra

� � : Z ! Hom � (T; Z [1]) �= Hom � (T; Z )[1];

or equivalently a map

� � : Z ! 
 T (Z [1]) �= (
 T Z )[1]: (4.1)

Supposethat Z is a symmetric T-spectrum which is level �bran t. Flipping
loop factors de�nes a natural isomorphism

t � : 
 2
T Z [2] ! 
 2

T Z [2];

and there is an isomorphism (1; 2) : Z [2] ! Z [2] which consistsof maps (1; 2) :
Z 2+ n ! Z 2+ n induced by the transposition (1; 2) 2 � 2+ n . Write ~� for the
bonding maps of 
 T Z [1]. Then there is a natural commutativ e diagram


 T Z [1]

 T � � [1]//

~� � $$JJJ
JJJ

JJJ

 2

T Z [2]

(1 ;2) � t �

��

 2

T Z [2]

which translates into a diagram of simplicial presheaves


 T Z n +1

~� � %%KKK
KKK

KKK
K


 T � � //
 2
T Z n +2

(1 ;2) � t �

��

 2

T Z n +2

(4.2)

for each n.
For a level �bran t object Z , de�ne the symmetric T-spectrum Q�

T Z to be
the �ltered colimit of the system

Z
� �� ! 
 T Z [1]

~� �� ! 
 2
T Z [2]

~~� �� ! � � � (4.3)

Lemma 4.7. Suppose that Z is a level �br ant symmetric T-spectrum. Then
there is a natural isomorphism

Q�
T Z n �= QT (UZ )n :
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Warning: Lemma 4.7 only says that the T-spectra U(Q�
T Z ) and QT (UZ ) are

isomorphic in each level. The assertion that these are isomorphic spectrum
objects is one of the canonical mistakes in the theory of symmetric spectra.

Proof of Lemma 4.7. To extend the notation for the bonding map ~� of 
 T Z [1]
given above, write

� � (n )
� = ^� � (n � 1)

� : 
 n
T Z [n] ! 
 n +1

T Z [n + 1];

so that ~� � = � � (1)
� and ~~� � = � � (2)

� in the sequence(4.3). Repeated instances
of the diagram (4.2) paste together to give a natural commutativ e diagram


 k
T Z n + k � � ( k )

� //


 k
T � � &&MMM

MMM
MMM

MM

 k+1

T Z n + k+1

� k +1

��

 k+1

T Z n + k+1

where � k+1 is a composite of isomorphisms
 i
T t � or (1; 2)� .

Now supposegiven natural isomorphisms
 i : 
 i
T Z n + i ! 
 i

T Z n + i such that
the diagram


 T Z n +1
� � (1)

� //

1

��


 2
T Z n +2 � � (2)

� //


 2

��

� � �
� � ( k � 1)

� //
 k
T Z n + k


 k

��

 T Z n +1


 T � �

//
 2
T Z n +2


 2
T � �

//� � �

 k � 1

T � �

//
 k
T Z n + k

commutes, and all isomorphisms
 i are compositions of of 
 j
T t � or (i; i + 1)� .

In particular, presume that 
 2 = t � (1; 2)� : 
 2
T Z n +2 ! 
 2

T Z n +2 . Then the
isomorphism 
 j

T t � commutes with 
 k
T � � : 
 k

T Z n + k ! 
 k+1
T Z n + k+1 , and

� � (i; i + 1)� = (i + 1; i + 2)� � �

so there is an isomorphism 
 k+1 composedof maps 
 j
T t � and (i; i + 1)� such

that the diagram


 k
T Z n + k � � ( k )

� //


 k
T � � &&MMM

MMM
MMM

MM


 k

��


 k+1
T Z n + k+1

� k +1

��

 k+1

T Z n + k+1


 k +1

��

 k

T Z n + k


 k
T � �

//
 k+1
T Z n + k+1

commutes. The natural isomorphism 
 k+1 is de�ned by 
 k+1 = 
 k+1 � k+1 .
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Formally, there is a map c : Q�
T X ^ K ! Q�

T (X ^ K ) which �ts into a natural
commutativ e diagram

Q�
T X ^ K

c //Q�
T (X ^ K );

X ^ K


 X ^ K

OO


 X ^ K

77ooooooooooo

for all symmetric T-spectra X and pointed simplicial sets K . It follows that
the functor Q�

T prolongs to a simplicial functor

Q�
T : hom (X ; Y ) ! hom (Q�

T X ; Q�
T Y ):

Pr oposition 4.8. Suppose that � : X ! Y is a map of symmetric T-spectra
such that U� : UX ! UY is a stable equivalence of T-spectra. Then � is a
stableequivalence of symmetric T-spectra.

Proof. We can assumethat X and Y are level �bran t. If W is a stably �bran t
and injective object, then the canonical map 
 W : W ! Q�

T W is a level
equivalence,and henceinducesa weak equivalence


 �
W : hom (Q�

T W; W ) ! hom (W; W ):

It follows that there is a map gW : Q�
T W ! W such that the composite gW 
 W

is simplicially homotopic to the identit y 1W on W .
The composite

hom (X ; W )
Q �

T� � ! hom (Q�
T X ; Q�

T W )
gW �� � ! hom (Q�

T X ; W )

 �

X� � ! hom (X ; W )

is induced by composition with gW 
 W , and is therefore homotopic to the iden-
tit y on hom (X ; W ). The composition and the homotopy are natural in X . If
� : X ! Y induces a stable equivalenceU� : UX ! UY, then the induced
map Q�

T � : Q�
T X ! Q�

T Y is a level equivalence by Lemma 4.7, and so the
maps

Q�
T � � : hom (Q�

T Y; W ) ! hom (Q�
T X ; W )

and hencethe morphisms

� � : hom (Y; W ) ! hom (X ; W )

are weak equivalencesof pointed simplicial sets.

Recall that if Y is a symmetric T-spectrum and n � 0, then the shift Y [n]
is de�ned by Y[n]p = Y n + p, with � 2 � p acting as 1n � � . The bonding map
T q ^ Y [n]p ! Y [n]q+ p for Y [n] is the composite

T q ^ Y n + p �� ! Y q+ n + p cq;n � 1
� � � � ! Y n + q+ p
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where � is the original bonding map for Y .
Supposethat X is a symmetric T-spectrum, with T-module structure map

� : T 
 X ! X . Then the symmetric sequenceGn (S0) 
 X has a symmetric
T-spectrum structure, with T-structure given by the composite

T 
 Gn (S0) 
 X � 
 1� � ! Gn (S0) 
 T 
 X 1
 �� � ! Gn (S0) 
 X :

A symmetric T-spectrum map f : Gn (S0) 
 X ! Y consistsof pointed sim-
plicial presheafmaps f : X p ! Y n + p which are equivariant for the homomor-
phisms � p ! � n + p de�ned by � 7! 1n � � , and such that the diagrams

T q ^ X p
1^ f //

�

��

T q ^ Y n + p

�

��
Y q+ n + p

cq;n � 1

��
X q+ p

f
//Y n + q+ p

commute. It follows that the symmetric T-spectrum map f : Gn (S0) 
 X ! Y
can be identi�ed with a symmetric T-spectrum map X ! Y [n], and we have
proved

Lemma 4.9. The functor X 7! Gn (S0) 
 X is left adjoint to the shift functor
Y 7! Y [n] for n � 0.

The functor X 7! Gn (S0) 
 X preserves level co�brations and level equiva-
lences,so we have

Cor ollar y 4.10. The shift functor Y 7! Y [n] preservesinjective �br ations
and leveltrivial injective �br ations. In particular, if Y is an injective symmetric
T-spectrum, then Y [n] is an injective symmetric T-spectrum for n � 0.

Lemma 4.11. Supposethat the commutative diagram

A1
i 1 //

f 1

��

B1
� 1 //

f 2

��

B1=A1

f 3

��
A2 i 2

//B2 � 2
//B2=A2

is a comparison diagram of level co�br e sequences. Then if any two of the
maps f 1, f 2 and f 3 are stable equivalences of symmetric T-spectra, then so is
the third.
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Proof. We shall show that f 1 is a stable equivalence if f 2 and f 3 are stable
equivalences. This amounts to showing that the map f �

1 in the comparison
diagram of �brations

hom (B2=A2; W )
� �

2 //

f �
3

��

hom (B2; W )
i �
2 //

f �
2

��

hom (A2; W )

f �
1

��
hom (B1=A1; W )

� �
1

//hom (B1; W )
i �
1

//hom (A1; W )

is a weak equivalencefor any choiceof stably �bran t injective object W , in the
presenceof knowing that the simplicial set maps f �

2 and f �
3 are weak equiva-

lences.
There is a levelwiseequivalence

W ! 
 T W [1] ' 

 Gm W [1];

of stably �bran t injective objects, where W [1] is injective by Corollary 4.10.
It is also the case that 
 Gm W [1] is stably �bran t and injective. It follows
that the comparisondiagram of �brations can be delooped in�nitely often. In
particular, f �

1 is part of a stable weak equivalenceof in�nite loop spaces,and
is therefore a weak equivalenceof simplicial sets.

Cor ollar y 4.12. Supposethat the commutative diagram

F1 //

f 1

��

X 1
p1 //

f 2

��

Y1

f 3

��
F2

//X 2 p2
//Y2

is a comparison diagram of level �br e sequences of symmetric T-spectra. Then
if any two of f 1, f 2 and f 3 are stableequivalences, then so is the third.

Proof. Use Lemma 3.9 to replace the comparison of �bre sequencesby the a
comparisonof level co�bre sequences

Fi
i�! X i

��! X i =Fi : (4.4)

More precisely, Lemma 3.9 guarantees that the map of T-spectra underlying
pi � : X i =Fi ! Yi is a stable equivalence,so that pi � is a stable equivalenceof
symmetric T-spectra by Proposition 4.8. Now useLemma 4.11.

We are now ready to prove the following:

Pr oposition 4.13. Supposethat p : X ! Y is a map of symmetric T-spectra
which is both a stable �br ation and a stable equivalence. Then p is a level
equivalence.
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Proof. It su�ces to show that the �bre F of p is level contractible. If so, the
underlying map Up of T-spectra is a stable �bration and a stable equivalence
by a long exact sequenceargument in bigraded stable homotopy groups (3.2),
and is therefore a level equivalence.

The comparisonmap

F //

��

X
p //

p'

��

Y

1
��

� //Y
1

//Y

of level �bre sequencesand Corollary 4.12 together imply that the map F ! �
is a stable equivalenceof stably �bran t objects, so it is a level weakequivalence
by Corollary 4.6.

Cor ollar y 4.14. A map p : X ! Y of symmetric T-spectra is a stable�br a-
tion and a stableequivalence if and only if it is both a level �br ation and a level
equivalence.

Proof. One direction is Proposition 4.13; the other follows from the de�nition
of stable equivalenceof symmetric T-spectra and Lemma 2.7.

Say that a map i : A ! B of symmetric T-spectra is a stableco�br ation if it
has the left lifting property with respect to all morphismsp : X ! Y which are
simultaneously stable �brations and stable equivalences. In view of Corollary
4.14, the maps

Fn (A+ ) ! Fn (L U � r
+ )

inducedby the inclusionsA � L U � r arestable co�brations for all r and objects
U. Here, L U denotesthe left adjoint to the U-sections functor for simplicial
presheaves.

Theorem 4.15. The category Spt �
T (SmjS )N is of symmetric T-spectra on the

smooth Nisnevich site, and the classesof stable equivalences, stable �br ations
and stableco�br ations, togethersatisfy the axioms for a proper closed simplicial
model category.

Proof. On account of Proposition 4.4, every map g : X ! Y of symmetric
T-spectra has a factorization

X
j //

g
  @

@@
@@

@@
Z

p

��
Y

(4.5)

such that p is a stable �bration, and j has the left lifting property with re-
spect to all stable �brations and induces trivial �brations j � : hom (Z; W ) !
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hom (X ; W ) for all stably �bran t objects W . In particular, j is a stable equiv-
alenceand a stable co�bration. The map j is a level co�bration, by Lemma
4.3.

A trans�nite small object argument says that g : X ! Y has a factorization

X
i //

g
  @

@@
@@

@@
U

q

��
Y

such that i hasthe left lifting property with respect to all mapswhich aresimul-
taneously level �brations and level weakequivalences,and q hasthe right lifting
property with respect to all morphisms Fn (A+ ) ! Fn (L U � r

+ ) corresponding
to co�brations A ,! L U � n of simplicial presheavesfor all n and objects U 2 C.
In particular, q is a level trivial �bration and hencea stable �bration aswell as
a stable equivalenceby Corollary 4.14. The map i has the left lifting property
with respect to all maps which are stable �brations and stable equivalences,
also by Corollary 4.14, so that i is a stable co�bration. It is a consequenceof
the small object argument that the map i is a level co�bration.

The factorization axiom CM5 has therefore been demonstrated. The exis-
tence of the factorization (4.5) implies that every map which is a stable co�-
bration and a stable equivalencehas the left lifting property with respect to all
stable �brations and is a level co�bration, by a standard argument. We have
proved CM4 , and the axioms CM1 { CM3 are obvious.

If i : K ,! L is an inclusion of simplicial sets and p : X ! Y is a stable
�bration of symmetric T-spectra, then the induced map

(i � ; p� ) : hom � (L + ; X ) ! hom � (K + ; X ) � hom � (K + ;Y ) hom � (L + ; Y )

is a stable �bration, which is trivial if i is a weak equivalenceor p is a stable
equivalence. This is on account of the corresponding statement for T-spectra
and Corollary 4.14, and implies the axiom SM7 for Spt �

T (SmjS )N is .
The propernessassertion is a consequenceof Lemma 4.11 and Corollary

4.12.

4.3 The smash pr oduct

The smashproduct X ^ Y of the symmetric T-spectra X and Y is de�ned by
the symmetric sequencecoequalizer

T 
 X 
 Y � X 
 Y ! X ^ Y

of the map m 
 1 : T 
 X 
 Y ! X 
 Y with the composite

T 
 X 
 Y � 
 1� � ! X 
 T 
 Y 1
 m� � � ! X 
 Y
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where m denotesthe T-module structure for each of X and Y. The T-module
structure on X ^ Y is induced by the map m 
 1 : T 
 X 
 Y ! X 
 Y .

The smash product gives the category Spt �
T (SmjS )N is of symmetric T-

spectra the structure of a symmetric monoidal category. This is a formal
consequenceof the fact that the symmetric T-spectrum T is a commutativ e
monoid in the category of symmetric sequences,just as in [7].

A map h : X ^ Y ! Z of symmetric T-spectra can be characterized as a
collection of (� p � � q)-equivariant mapshp;q : X p ^ Y q ! Z p+ q, p;q � 0, which
are T-linear in the sensethat the diagram

T r ^ X p ^ Y q � ^ 1 //

1^ hp;q

��

X r + p ^ Y q

h r + p;q

��
T r ^ Z p+ q

�
//Z r + p+ q

(4.6)

commutes, and are T-bilinear, meaning that the following diagram commutes

T r ^ X p ^ Y q t ^ 1 //

� ^ 1
��

X p ^ T r ^ Y q 1^ � //X p ^ Y r + q

hp;r + q

��
X r + p ^ Y q

h r + p;q

//Z r + p+ q
cr ;p � 1

//Z p+ r + q

(4.7)

for each p;q; r � 0.

Lemma 4.16. There is a natural isomorphism

hom(Fn (S0) ^ A; X ) �= hom(A; X [n])

for symmetric T-spectra A and X .

Proof. Recall that the symmetric T-spectrum Fn (S0) �= T 
 Gn (S0) has the
form

Fn (S0) j =

(
� j < n
� j 
 � j � n � � n (T j � n ^ � n + ) j � n

and has the obvious T-action. Here, � n + denotesthe set � n t f�g , pointed by
the terminal object � .

A map h : Fn (S0) ^ X ! Y is therefore determined by (� p � � n � � q)-
equivariant maps hp+ n;q : T p ^ � n + ^ X q ! Y n + p+ q for p;q � 0, which satisfy
compatibilit y conditions given by diagrams(4.6) and (4.7) above. In particular
the maps

hn;q : � n + ^ X q ! Y n + q
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are completely determined by the � q-equivariant composites

X q in e� � ! � n + ^ X q hn;q
� � ! Y n + q;

where� 2 � q actson Y n + q via 1n � � and in e is the inclusion of the wedgesum-
mand corresponding to the identit y element e 2 � n . Then the � q-equivariant
maps

hq = hn;q in e : X q ! Y n + q

de�ne a map of symmetric T-spectra h� : X ! Y [n] | seeingthis is a matter
of chasing the de�nitions through instancesof the diagrams (4.6) and (4.7).

For the converse,supposegiven a map h : X ! Y [n] of symmetric T-spectra,
which is de�ned by � q-equivariant maps hq : X q ! Y n + q. Then hq uniquely
extends to a (� n � � q)-equivariant map hn;q : � n + ^ X q ! Y n + q. De�ne the
map hp+ n;q : T p ^ � n + ^ X q ! Y p+ n + q to be the composite

T p ^ � n + ^ X q 1^ hn;q
� � � � ! T p ^ Y n + q ��! X p+ n + q:

This description of the maps hn;q is determined by h and the T-linearit y re-
quirement. For the T-bilinearit y, it su�ces to show that the diagram

T p ^ � n + ^ X q t ^ 1 //

1^ hn;q

��

� n + ^ T p ^ X q

1^ �
��

T p ^ Y n + q

�

��

� n + ^ X p+ q

hn;p + q

��
Y p+ n + q

cp;n � 1
//Y n + p+ q

commutes, but this follows from the commutativit y of the diagram

T p ^ X q
1^ hq //

�

��

T p ^ Y n + q

�

��
Y p+ n + q

cp;n � 1

��
X p+ q

hp + q

//Y n + p+ q

that arisesfrom the symmetric T-spectrum map h : X ! Y [n].

Cor ollar y 4.17. There is a natural isomorphism of symmetric T-spectra

Fn (S0) ^ X �= Gn (S0) 
 X :
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Proof. Both functors are left adjoint to the shift functor X 7! X [n] | see
Lemma 4.9.

Cor ollar y 4.18. There are isomorphisms

Fn (A) ^ Fm (B ) �= Fn + m (A ^ B );

and theseisomorphismsare natural in pointed simplicial presheavesA and B .

Pr oposition 4.19. Suppose that i : A ! B is a stable co�br ation and that
j : C ! D is a level co�br ation. Then the map

(i; j ) � : (B ^ C) [ (A ^ C ) (A ^ D) ! B ^ D

is a levelco�br ation. If i and j are both co�br ations, then (i; j ) � is a co�br ation.
If either i or j is a stableequivalence, then (i; j ) � is a stableequivalence.

Proof. We shall begin with the statements on stable co�brations. The map
(i � ; j � ) induced by the co�brations i � : Fn (A) ! Fn (B ) and j � : Fm (C) !
Fm (D ) is isomorphic to the map obtained from the pointed simplicial set co�-
bration

(B ^ C) [ (A ^ C ) (A ^ D) ! B ^ D

by applying the functor Fn + m , so (i � ; j � ) is a co�bration.
Supposethat we �x a choiceof co�bration j : C ! D . Then the collection of

level co�brations i : A ! B for which the map (i; j ) is a co�bration (respectively
a trivial co�bration) is saturated; this meansthat the collection is closedunder
pushouts, �ltered colimits over ordinals, and retracts. It follows that all maps
of the form (i; j � ) and henceall maps (i; j ) are co�brations, for all co�brations
i , and then for all co�brations j .

The co�bre of the co�bration (i; j ) is B =A ^ D=C, and both factors are
co�bran t. To show that (i; j ) � is a trivial co�bration if either i or j is a stable
equivalence, it su�ces to show that, given co�bran t objects A and B , the
symmetric T-spectrum A ^ B is trivially co�bran t if either A or B is trivially
co�bran t. For this, it is enough to show that the map 1 ^ i � : A ^ Fn (K ) !
A ^ Fn (L ) is a trivial co�bration if A is trivially co�bran t and i : K ! L is a
co�bration of pointed simplicial presheaves.

We have natural isomorphisms

Fn (K ) �= Fn (S0) ^ K

and we also know from Lemma 4.16 that there is an isomorphism

hom(A ^ Fn (S0); X ) �= hom(A; X [n]) (4.8)
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It follows that the diagram

A ^ Fn (K ) //

1^ i �

��

X

p

��
A ^ Fn (L ) //

::

Y

is adjoint to a diagram

X L [n]

��
A //

77

X K [n] � Y K [n ] Y L [n]

and the dotted arrow exists by axiom SM7 and the fact that stable �brations
shift in the category of T-spectra. In particular, 1 ^ i � is a trivial co�bration.

Suppose more generally that i is a stable co�bration and that j is a level
co�bration. To show that (i; j ) � is a level co�bration, it su�ces by a saturation
argument to show that the map

(Fn (L ) ^ C) [ (Fn (K )^ C ) (Fn (K ) ^ D) ! Fn (L ) ^ D

is a level co�bration for all co�brations K ! L of pointed simplicial presheaves.
This amounts to showing that the dotted arrow exists in all diagrams

C //

j

��

X L [n]

��
D //

88

(Y L � Y K X K )[n]

arising from all trivial injective �brations p, but this is a consequenceof the
Corollary 4.10 and the propernessproperty for the level model structure on
symmetric T-spectra (Theorem 4.2).

The same argument implies that any trivial level co�bration j : C ! D
inducesa trivial level co�bration (i; j ) � for any stable co�bration i . It follows
that a level weak equivalence f : E ! F induces a level weak equivalence
1 ^ f : A ^ E ! A ^ F for any co�bran t symmetric T-spectrum A.

The map (i; j ) � is a level co�bration with co�bre B =A ^ D=C, where B =A is
co�bran t. To show that (i; j ) � is stably trivial if either i or j is stably trivial, it
su�ces onceagain to show that if B is co�bran t, then A ^ B is stably equivalent
to a point if this is so for either A or B . But there is a level weak equivalence
A ! A where A is co�bran t by Corollary 4.14 and Theorem 4.15, and the
induced map A ^ B ! A ^ B is a level equivalenceby the argument above.
The result is therefore a consequenceof the co�bration case.
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Write Map � (X ; Y ) for the mappingsymmetric T-spectrum object associated
to symmetric T-spectra X and Y . This object exists formally in the category
of symmetric T-spectra, just as in [7, Lemma 2.2.2]. In particular, there are
natural adjunction isomorphisms

hom (Z ^ X ; Y) �= hom (Z; Map � (X ; Y))

Every symmetric T-spectrum X functorially determines a symmetric T-
spectrum object X [� ] in the category of symmetric T-spectra, with objects
X [n], n � 0 and having bonding maps T p ^ X [n] ! X [p + n]. Each X [n]
carries a canonical � n -action, and the maps � : T p ^ X [n] ! X [p + n] are
(� p � � n )-equivariant. The map � is de�ned in level r by the bonding map
T p ^ X n + r ! X p+ n + r of the original symmetric T-spectrum X .

The point of the remainder of this section is to characterize the levels
Map � (X ; Y)n in terms of the internal function spacesHom (X ; Y [n]) arising
from shifts of Y .

Write � : Fn + p(S0) ^ T p ! Fn (S0) for the map of symmetric T-spectra
which picks out the copy of T p corresponding to the identit y e 2 � n in

T p ^ � n + � Fn (S0)n + p:

Then Hom (Fn (S0); X ) �= X n and precomposition with the map � inducesthe
adjoint X n ! 
 p

T X n + p of the bonding map T p ^ X n ! X n + p.
It follows that there are isomorphisms

Map � (X ; Y)n = Hom (Fn (S0); Map � (X ; Y ))
�= Hom (Fn (S0) ^ X ; Y)
�= Hom (X ; Y [n])

by Lemma 4.16. One seesfurther that the adjoint bonding map

Map � (X ; Y)n � �� ! 
 p
T Map � (X ; Y)n + p

is determined by precomposition with � .
There is a commutativ e diagram

hom(Fn (S0) ^ X ; Y)
�= //

� �

��

hom(X ; Y [n])

� �

��
hom(Fn + p(S0) ^ T p ^ X ; Y) �=

//hom(X ; 
 p
T Y [n + p])

involving canonical isomorphismsand the adjoint Y [n] ! 
 p
T Y[n + p] of the

map � : T p ^ Y [n] ! Y [n + p]. This, in turn, is a consequenceof the commu-
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tativit y of the diagram

Fn + p(S0) ^ T p ^ Y [n] � ^ 1 //

1^ �
��

Fn (S0) ^ Y [n]

evn

��
Fn + p(S0) ^ Y [n + p] evn + p

//Y

where evn : Fn (S0) ^ Y [n] ! Y is adjoint to the identit y map Y [n] ! Y [n].
One usesthe concretedescription of evn given by proof of the Lemma 4.16 to
show that this diagram commutes.

We have shown the following:

Pr oposition 4.20. There is a natural isomorphism

Map � (X ; Y )n �= Hom (X ; Y [n]);

and the bonding maps of Map � (X ; Y) are induced by composition with the
adjoints Y [n] ! 
 p

T Y [p + n] of the maps � : T p ^ Y [n] ! Y [p + n]

4.4 Equiv alence of st able categories

The purposeof this sectionis to show that the stable closedmodel structure on
the category Spt �

T (SmjS )N is of symmetric T-spectra hasassociated homotopy
category equivalent to the motivic stable category arising from the category
Spt T (SmjS )N is of T-spectra.

The equivalenceof homotopy categoriesis induced by the functors U (which
forgets the symmetry) and its left adjoint V . As in [7] and [13], the proof of
the equivalenceof homotopy categoriesboils down to showing that any stably
�bran t model j : V X ! (V X )s associated to a co�bran t T-spectrum X induces
a stable equivalencegiven by the composite

X
�

�! UVX
U j

� � ! U(V X )s:

The idea of proof is to use a layer �ltration for X , and then show that the
result for all of the layers implies the statement for X .

The functor V preservesstably trivial co�brations and level equivalences,and
hencepreservesstable equivalences. It follows that the functor X 7! U(V X )s

preservesstable equivalences. Each of the layers of X is a shifted suspension
object up to stable equivalence,so we inductiv ely prove the claim for shifted
suspensions,beginning with suspensionT-spectra � 1

T K associated to pointed
simplicial presheavesK .

The canonical map � : � 1
T K ! UV(� 1

T K ) is an isomorphism, so it su�ces
to �nd a stably �bran t model

V (� 1
T K ) �= T 
 K

j
� ! (T 
 K )s
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for the symmetric T-spectrum T 
 K such that the map j induces a stable
equivalenceUj : U(T 
 K ) ! U(T 
 K )s of T-spectra | this is Lemma 4.23
below.

The construction that we use involvesT-bispectra. A T-bispectrum X con-
sists of pointed simplicial presheaves X r ;s , r ; s � 0, together with bonding
maps

� h : T ^ X r ;s ! X r +1 ;s and � v : T ^ X r ;s ! X r ;s+1 ;

such that the diagram

T ^ X r ;s+1
� h //X r +1 ;s+1

T ^ T ^ X r ;s

T ^ � v

OO

t ^ 1

�=

((QQQQQQQQQQQQQ

T ^ T ^ X r ;s
T ^ � h

//T ^ X r +1 ;s

� v

OO

commutes, where t : T ^ T ! T ^ T is the isomorphism which 
ips smash
factors. A T-bispectrum may alternativ ely be viewed as a T-spectrum object
in the category of T-spectra, in the sensethat the collections of objects X r ;�

form T-spectra for all r � 0, and the horizontal bonding maps � h determine
morphisms � h� : X r ;� ^ T ! X r +1 ;� given in levels by the composites

X r ;s ^ T t�!
�=

T ^ X r ;s � h� ! X r +1 ;s :

There is of course another way to interpret X as a T-spectrum object, by
starting with the T-spectra X � ;s and taking bonding maps X � ;s ^ T ! X � ;s+1

induced by the maps � v .
Thesede�nitions are analogousto those for ordinary bispectra [11]. Perhaps

much of that machinery can be pushedthrough for T-bispectra | the tric k for
the moment is to avoid doing so.

A morphism g : X ! Y of T-bispectra is a collection of maps

g : X r ;s ! Y r ;s

which preserve all structure. A map g : X ! Y is said to be a level equivalence
(respectively �br ation) if each of the component maps g : X r ;s ! Y r ;s is an
equivalence(respectively �bration). It is an easyexercise,using the level model
structure for T-spectra, to show that there is a level equivalencei : X ! Y for
every object X , such that Y is level �bran t.

Supposethat X is level �bran t. Then the map � h� : X r ;� ^ T ! X r +1 ;� of T-
spectra has an adjoint � h� : X r ;� ! 
 T X r +1 ;� , and so there are commutativ e
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diagrams

X r ;s � h � //

� v �

��


 T X r +1 ;s

( � v ) �

��

 T X r ;s+1


 T � h �

//
 2
T X r +1 ;s+1

One has to be careful here: the map (� v )� is the adjoint of the canonical
choice of bonding map � v : T ^ 
 T X r +1 ;s ! 
 T X r +1 ;s+1 for the T-spectrum

 T X r +1 ;s , and a calculation shows that there is a commutativ e diagram


 T X r +1 ;s 
 T � v �//

( � v ) � ''NNNNNNNNNNN 
 2
T X r +1 ;s+1

t �

��

 2

T X r +1 ;s+1

where t � is induced by 
ipping the loop factors. It follows that composing two
instancesof thesediagrams give a picture

X r ;s � h � //


 T ( � v � ) � v �

��


 T X r +1 ;s


 T (
 T ( � v � ) � v � )
��


 3
T X r +1 ;s+2

c�
2 ; 1

��

 2

T X r ;s+2


 2
T � h �

//
 3
T X r +1 ;s+2

where c�
2;1 = 
 T (t � )t � is induced in loop factors by the cyclic permutation c2;1

of order 3.
Lemma 3.13 implies that the map c� induces the identit y in presheaves of

homotopy groups. We therefore have a commutativ e diagram of presheavesof
groups

� j X r ;s //

��

� j 
 2
T X r +2 ;s //

��

� � �

� j 
 2
T X r ;s+2 //

��

� j 
 4
T X r +2 ;s+2 //

��

� � �

...
...

(4.9)
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in which the horizontal morphisms induced by maps 
 2n
T (
 T (� h )� h ) and the

vertical maps are induced by maps 
 2n
T (
 T (� v )� v )

Write � j QX r ;s for the �ltered colimit of the diagram (4.9), and say that a
map g : X ! Y of level �bran t T-bispectra is a stableequivalence if it induces
isomorphismsof presheavesof groups

� j QX r ;s g�� !
�=

� j QY r ;s

for all j , r and s. One expandsthe de�nition of stable equivalenceto arbitrary
T-bispectra by declaring a map to be a stable equivalenceif the induced map
on level �bran t models is a stable equivalence.

The presheavesof groups� j QX r ;s are �ltered colimits of presheavesof stable
homotopy groups corresponding to both horizontal and vertical choicesof T-
spectra. This leads immediately to the following

Lemma 4.21. Supposethat g : X ! Y is a map of T-bispectra suchthat either
all maps g : X r ;� ! Y r ;� , r � 0, or all maps g : X � ;s ! Y � ;s , s � 0, are stable
equivalences of T-spectra. Then g is a stableequivalence of T-bispectra.

A T-bispectrum Y is said to be stably �br ant if it is level �bran t and all bond-
ing maps � h : Y r ;s ! 
 T Y r +1 ;s and � v : Y r ;s ! 
 T Y r ;s+1 are equivalences
(hencepointwise equivalences).

Every T-spectrum Z has an associated suspension T-bispectrum � 1
T Z con-

sisting of the objects

Z; Z ^ T; Z ^ T 2; : : :

The technical device that begins the proof of the main result of this section is
the following:

Lemma 4.22. Let Z be a T-spectrum and supposethat Y is a stably �br ant T-
bispectrum. Suppose that the morphism g : � 1

T Z ! Y is a stable equivalence
of T-bispectra. Then the map g : Z ! Y 0 at level 0 is a stable equivalence of
T-spectra, and Y 0 is a stably �br ant T-spectrum.

Proof. We can supposethat there is a level �bran t model j : � 1
T Z ! X for

� 1
T Z such that the map g factors through j . Make the suspension index of

� 1
T Z the horizontal index, so that

(� 1
T Z )r ;s = Z s ^ T r :

The map of T-spectra

X r ;� 
 T ( � h � ) � h �� � � � � � � � ! 
 2
T X r +2 ;�

is a stable equivalenceby Theorem 3.11 and Lemma 3.15, and so there is an
isomorphism

� j (QT X r ;� )s �= lim� ! � j 
 2n
T X r ;s+2 n �= � j QX r ;s :

Document a Ma thema tica 5 (2000) 445{552



Motivic Symmetric Spectra 527

There is a similar isomorphism

� j (QT Y r ;� )s �= lim� ! � j 
 2n
T Y r ;s+2 n �= � j QY r ;s :

sinceY is stably �bran t. The morphisms

� j QX r ;s ! � j QY r ;s

are isomorphismsof presheavesof groups by assumption, so in particular the
map

� j (QT X 0;� )s ! � j (QT Y 0;� )s

is an isomorphism as well.

Lemma 4.23. Suppose that K is a pointed simplicial presheaf, and let i : T 

K ! (T 
 K )s be a stably �br ant model for the symmetric T-spectrum T 
 K .
Then i induces a stableequivalence Ui : U(T 
 K ) ! U(T 
 K )s of T-spectra.

Cor ollar y 4.24. Suppose that K is a pointed simplicial presheaf. Then the
map

� 1
T K

� �� ! UV (� 1
T K )s

is a stableequivalence.

Proof of Lemma 4.23. It su�ces to �nd just onestably �bran t model for T 
 K
which satis�es the statement of the lemma.

There is a T-spectrum object � 1
T (T 
 K ) in the category of symmetric T-

spectra, given by

� 1
T (T 
 K )n = (T 
 K ) ^ T n :

Supposethat n is the horizontal degree,so that the T-bispectrum underlying
this object is speci�ed in bidegreesby

U(� 1
T (T 
 K )) r ;s = T s ^ K ^ T r :

The functor QT and the level �bran t model functor L are both simplicial func-
tors, so the maps of T-spectra

T s ^ K ^ T � ! LQT L(T s ^ K ^ T � )

determine a map

� 1
T (T 
 K ) ! LQT L(� 1

T (T 
 K ))

of T-spectrum objects in the categoryof symmetric T-spectra whoseunderlying
map of T-bispectra consistsof stably �bran t models in each vertical degree.By
Theorem 3.11, the vertical bonding map

LQT L(T s ^ K ^ T � ) ! 
 T LQT L(T s+1 ^ K ^ T � )
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is a stable equivalenceand hencea level equivalence,so that the T-bispectrum
U(LQT L(� 1

T (T 
 K ))) is stably �bran t. Thus, the symmetric T-spectrum
LQT L((T 
 K ) ^ S0) is stably �bran t, as is its underlying T-spectrum. Finally,
Lemma 4.22 implies that the map of T-spectra

U((T 
 K ) ^ S0) ! U(LQT L((T 
 K ) ^ S0))

is a stable equivalence.

Lemma 4.25. A map g : X ! Y of symmetric T-spectra is a stableequivalence
if and only if the suspension g ^ T : X ^ T ! Y ^ T is a stableequivalence.

Proof. If g is a stable equivalence,then g^ T is a stable equivalence,on account
of the isomorphisms

hom (X ^ T; W ) �= hom (X ; 
 T W )

and the fact that the functor 
 T preservesstably �bran t injective objects.
If g^ T is a stable equivalence,then the natural stable equivalence� � : W !


 T W [1] of (4.1) (seealso Corollary 4.10) inducesa diagram

hom (Y; W )
g�

//

'

��

hom (X ; W )

'

��
hom (Y; 
 T W [1])

g�

//

�=
��

hom (X ; 
 T W [1])

�=
��

hom (Y ^ T; W [1])
(g^ T ) �

//hom (X ^ T; W [1])

If g^ T is a stable equivalence,then (g^ T) � is a weakequivalencefor all stably
�bran t injective W , so g� is a weak equivalencefor all such W .

Cor ollar y 4.26. The composite

� � : X
�

�! 
 T (X ^ T)

 T j

� � ! 
 T (X ^ T)s

is a stableequivalence of symmetric T-spectra, for any choice of stably �br ant
model j for X ^ T.

Proof. There is a diagram

X ^ T
� � ^ T //

j ''OOOOOOOOOOOO

 T (X ^ T)s ^ T

ev

��
(X ^ T)s

and the evaluation map ev is a stable equivalenceof the underlying T-spectra
by Corollary 3.16. Now usethe Lemma 4.25.
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Lemma 4.27. The natural map � � : X ! U(V X )s is a stable equivalence if
and only if the map � � : X ^ T ! U(V (X ^ T)) s is a stableequivalence.

Proof. There is a commutativ e diagram

X ^ T
� ^ T //

�

��<
<<

<<
<<

<<
<<

<<
<<

<<
< UV (X ) ^ T

U j ^ T //

�=
��

U(V X )s ^ T

�=
��

U(V (X ) ^ T)
U ( j ^ T )//

�=
��

U((V X )s ^ T)

U~j
��

UV (X ^ T)
U j

//U(V (X ^ T)s)

Here ~j : (V X )s ^ T ! (V (X ^ T)s is a map of symmetric T-spectra which
makesthe diagram

V (X ) ^ T
j ^ T //

�=
��

V (X )s ^ T

~j
��

V (X ^ T)
j

//(V (X ^ T)) s

commute | it exists sincej ^ T is a trivial co�bration if j : V (X ) ! V (X )s is a
trivial co�bration. It therefore su�ces to show that U~j is a stable equivalence
of T-spectra.

It further su�ces to show that the composite

UY ^ T
�=�! U(Y ^ T)

U j
� � ! U(Y ^ T)s (4.10)

is a stable equivalenceif Y is a stably �bran t symmetric T-spectrum and j :
Y ^ T ! (Y ^ T)s is a stably �bran t model. This, however, is a consequence
of the commutativit y of the diagram

UY
� //

U � ++WWWWWWWWWWWWWWWWWWWWWWW 
 T (UY ^ T)
�= //
 T U(Y ^ T)


 T U j //

�=
��


 T U(Y ^ T)s

�=
��

U
 T (Y ^ T)
U 
 T j

//U
 T (Y ^ T)s

The top horizontal composite in this diagram is the adjoint of the composite
(4.10), while the composite

Y
�

� ! 
 T (Y ^ T)

 T j

� � ! 
 T (Y ^ T)s

is a levelwise equivalenceof stably �bran t symmetric T-spectra, by Corollary
4.26.
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There are canonical stable equivalences

� 1
T K [� n] ^ T n ! � 1

T K

and

� 1
T X n [� n] ! L n X

where L n X is the nth stage of the layer �ltration for a T-spectrum X . The
following is then a consequenceof Corollary 4.24 and Lemma 4.27:

Cor ollar y 4.28. 1) Supposethat K is a pointed simplicial presheaf. Then
the map

� � : � 1
T K [n] ! UV(� 1

T K [n])s

is a stableequivalence for all n 2 Z.

2) Supposethat X is a T-spectrum. Then the map

� � : L n X ! UV(L n X )s

is a stableequivalence for all n � 0.

Proof. For part 2), recall that the functor V preservesstably trivial co�brations
and level equivalences,and hence preserves stable equivalences,so that the
functor X 7! U(V X )s preserves stable equivalences. Part 2) is therefore a
consequenceof part 1), while 1) follows from Lemma 4.27.

Lemma 4.29. Supposethat

X 0 ! X 1 ! � � �

is an inductive systemof T-spectra such that all maps � � : X n ! U(V X n )s are
stableequivalences. Then the map

� � : lim� ! X n ! UV (lim� ! X n )s

is a stableequivalence.

Proof. There is a commutativ e diagram

lim� ! UV (X n )
lim� ! U j //

�=

&&LLL
LLLLL

LL
lim� ! U(V (X n ))s

�=

''NNNNNNNNNNN

lim� ! X n

lim� ! �
;;wwwwwwwww

�
##GG

GGG
GGG

G
U(lim� ! V (X n ))

U (lim� ! j )
//

�=xxrrr
rrrr

rrr
U(lim� ! V (X n )s)

U~jwwppppppppppp

UV(lim� ! X n )
U j

//UV(lim� ! X n )s
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where the displayed isomorphismsare canonical and ~j make the following dia-
gram commute:

lim� ! V (X n )
lim� ! j //

�=
��

lim� ! V (X n )s

~j
��

V (lim� ! X n )
j

//V (lim� ! X n )s

Note that we can presumethat the stably trivial co�brations j : V (X n ) !
V (X n )s of symmetric T-spectra can be chosenso that the induced map lim� ! j :
lim� ! V (X n ) ! lim� ! V (X n )s is a stably trivial co�bration, so that the existenceof
the map ~j makessense.This is the analogueof a step in the proof of Lemma
3.12 (a corresponding result, namely that stable equivalencesare closedunder
�ltered colimits, holds for symmetric T-spectra, via the sameproof). It follows
that ~j is a stable equivalence,but then Corollary 1.7 implies that ~j is a level
equivalence, and so U~j is a level equivalence as well. Observe �nally that
Lemma 3.12 implies that the composite

lim� ! X n
lim� ! �

� � � ! lim� ! UV(X n )
lim� ! U j

� � � � ! lim� ! U(V (X n )s)

is a stable equivalence.

Corollary 4.28 and Lemma 4.29 together imply the following:

Pr oposition 4.30. The natural map � � : X ! U(V (X )) s is a stableequiva-
lence for all T -spectra X .

Theorem 4.31. The functors U and V induce an adjoint equivalence of stable
homotopy categories

Ho(Spt �
T (SmjS )N is ) � Ho(Spt T (SmjS )N is )

Proof. Weshow that the adjoint pair of functors (U;V ) is a Quillen equivalence.
Supposethat W is a stably �bran t symmetric T-spectrum. Then the canon-

ical map � : V U(W ) ! W is a stable equivalence. To seethis, take a factor-
ization

V U(W )
j //

�

��

(V U(W )) s

~jxxppppppppppp

W

and apply the functor U to obtain the diagram

U(W )
� //

1 &&LLL
LLL

LLL
L U(V U(W ))

U j //

U �
��

U(V U(W )) s

U~jwwooo
ooo

ooo
ooo

U(W )
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The compositeUj �� : U(W ) ! U(V U(W )) s is a stable equivalenceby Proposi-
tion 4.30,sothat U~j is a stable equivalenceof T-spectra. But then ~j is a stable
equivalenceof symmetric T-spectra by Proposition 4.8,and so� : VU(W ) ! W
is a stable equivalence.

Proposition 4.13 implies that U preserves stable trivial �brations, while it
preservesstable �brations by de�nition.

Supposethat X is a co�bran t T-spectrum and W is a stably �bran t symmet-
ric T-spectrum. We have seenthat � : V U(W ) ! W is a stable equivalence,
and we also know that V preserves stable equivalences| see the proof of
Corollary 4.28. Thus, if f : X ! U(W ) is a stable equivalencethen the adjoint
f � : V (X ) ! W is a stable equivalence.

Conversely, if f � is a stable equivalence, then f � factors through a level
equivalence ~f : (V (X )) s ! W , and there is a diagram

X
� //

� � $$III
III

III
I UV(X )

j

��

U f � //U(W )

U(V (X )) s

U ~f

99rrrrrrrrrr

The map � � is a stable equivalence by Proposition 4.30 and U ~f is a level
equivalence,so that f is a stable equivalence.

4.5 Symmetric S1-spectra

The resultsprovedabovefor symmetric T-spectra haveanaloguesfor symmetric
S1-spectra, with proofs that are formally the samein many cases.Theseresults
will be summarizedhere.

The analogybeginswith the de�nition. A symmetric S1-spectrum X is an S1-
spectrum consisting of pointed simplicial presheavesX n , n � 0, with bonding
maps � : S1 ^ X n ! X n +1 , with symmetric group actions � n � X n ! X n +1 ,
such that the composite bonding maps Sp ^ X n ! X p+ n are (� p � � n )-
equivariant. There is an obvious category of such things, which is denoted by
Spt �

S1 (SmjS )N is . This category is, in the language of [13], the category of
presheavesof symmetric spectra on the smooth Nisnevich site (SmjS )N is . We
know from [13] that this category carries a well behaved stable closedmodel
structure which is createdby the Nisnevich topology. The point of this section
is to show that there is an additional motivic stable closed model structure
such that the associated homotopy category is equivalent to the motivic stable
category for S1-spectra.

As for symmetric T-spectra, say that a map f : X ! Y is a level equivalence
if each component map f : X n ! Y n is a motivic equivalence. The map f is a
level co�br ation if each f : X n ! Y n is a co�bration of simplicial presheaves.
Finally, a map g : Z ! W is an injective �br ation if it has the right lifting
property with respect to all maps which are level co�brations and level weak
equivalences.We then have the following:
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Theorem 4.32. The category Spt �
S1 (SmjS )N is of symmetric S1-spectra on the

smooth Nisnevich site, togetherwith the classesof levelco�br ations, levelequiv-
alences and injective �br ations, satis�es the axioms for a proper closed simpli-
cial model category.

The proof of this result is just like that of Theorem 4.2: the controlled level
�bran t construction Y 7! L (Y ) for simplicial presheavesextends to a functor
on symmetric S1-spectra (diagram (1.2)), and we know from [13] that level co�-
brations and level local equivalencesof symmetric S1-spectra satisfy a bounded
co�bration condition. Thesetwo facts can be usedtogether with the argument
in the proof of Proposition 2.15 to show that the level motivic equivalences
and level co�brations of symmetric S1-spectra satisfy a bounded co�bration
condition. The rest of the proof is formal.

The de�nition and properties of the left adjoint V to the forgetful functor

U : Spt �
S1 (SmjS )N is ! Spt S1 (SmjS )N is

taking values in S1-spectra are already well known.
We say that a map p : X ! Y of symmetric S1-spectra is a stable �br ation

if the underlying map Up : UX ! UY of S1-spectra is a (motivic) stable
�bration. Proposition 2.15hasan analoguefor S1-spectra which implies that a
map q : Z ! W of S1-spectra is a stable �bration if and only if it has the right
lifting property with respect to all � -bounded co�brations A ! B which are
stable equivalences.It follows that a map p : X ! Y of symmetric S1-spectra
is a stable �bration if and only if it hasthe right lifting property with respect to
imagesV (A) ! V (B ) of all � -bounded trivial co�brations of S1-spectra under
the functor V . This implies the following analogueof Proposition 4.4:

Pr oposition 4.33. Every map f : X ! Y of symmetric S1-spectra has a
natural factorization

X
j //

f   @
@@

@@
@@

Z

p

��
Y

such that p is a stable �br ation, and j is a level co�br ation which has the left
lifting property with respect to all stable �br ations.

As before, this result implies the existenceof injective stably �bran t models.
Say that a map f : X ! Y of symmetric S1-spectra is a stableequivalence if

it inducesa weak equivalence

g� : hom (Y; W ) ! hom (X ; W )

for all stably �bran t injective objects W .
The shift construction X 7! X [n], the natural map X ! 
 X [1] and the

symmetric stabilization functor X 7! Q� X = Q�
S1 X are already well known

[7], [13], and the sameargument as for Proposition 4.8 givesthe following:

Document a Ma thema tica 5 (2000) 445{552



534 J. F. Jardine

Pr oposition 4.34. Supposethat � : X ! Y is a map of symmetric S1-spectra
such that U� : UX ! UY is a stable equivalence of S1-spectra. Then � is a
stableequivalence of symmetric S1-spectra.

The description X 7! Gn (S0) 
 X of the left adjoint to the shift functor
is also well known. This functor preserves level co�brations and level weak
equivalencesby construction and the propernessof the unstable motivic closed
model structure, so that the adjoint Y 7! Y [n] preserves injective �brations.
In particular, if W is stably �bran t and injective, then the canonicalmap W !

 W [1] is a level equivalenceof stably �bran t injective objects. The function
complex hom (X ; W ) is therefore an in�nite loop spacefor all symmetric S1-
spectra X and stably �bran t injective objects W , so that we can prove

Lemma 4.35. Supposethat the commutative diagram

A1
i 1 //

f 1

��

B1
� 1 //

f 2

��

B1=A1

f 3

��
A2 i 2

//B2 � 2
//B2=A2

is a comparison diagram of level co�br e sequences. Then if any two of the maps
f 1, f 2 and f 3 are stable equivalences of symmetric S1-spectra, then so is the
third.

The proof is by analogy with the proof of Lemma 4.11.
Insofar as we know that �bre and co�bre sequencescoincide in the motivic

stable category of S1-spectra (Corollary 3.2), we also have the analogue of
Corollary 4.12, and this implies

Pr oposition 4.36. Supposethat p : X ! Y is a map of symmetric S1-spectra
which is both a stable �br ation and a stable equivalence. Then p is a level
equivalence.

Cor ollar y 4.37. A map p : X ! Y of symmetric S1-spectra is a stable
�br ation and a stable equivalence if and only if it is both a level �br ation and
a level equivalence.

Say that a map i : A ! B of symmetric S1-spectra is a stableco�br ation if
it has the left lifting property with respect to all maps p : X ! Y which are
stable equivalencesand stable �brations. Then we have

Theorem 4.38. The category Spt �
S1 (SmjS )N is of symmetric S1-spectra on the

smooth Nisnevich site, and the classesof stable equivalences, stable �br ations
and stableco�br ations, togethersatisfy the axioms for a proper closed simplicial
model category.
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Write � � for the composite

X
�

� ! UV X
U j

� � ! U(V X )s

wherej : V X ! (V X )s is a stably �bran t model of the symmetric S1-spectrum
V X . Then Proposition 4.30 translates as follows:

Pr oposition 4.39. The natural map � � : X ! U(V X )s is a stableequivalence
for all S1-spectra X .

Just as before, this is the key step in demonstrating that the category of sym-
metric spectrum objects is a model for the stable category:

Theorem 4.40. The functors U and V induce an adjoint equivalence of stable
homotopy categories

Ho(Spt �
S1 (SmjS )N is ) � Ho(Spt S1 (SmjS )N is )

Again, one shows that the adjoint pair of functors (U;V) is a Quillen equiva-
lence.

The proofs of Proposition 4.30and Theorem 4.31occupiedall of Section4.4,
and the proofsof Proposition 4.39and Theorem4.40are exactly the same,sub-
ject to replacing T by S1. As before,the interesting part is proving Proposition
4.39 in the caseof suspension objects | the analogue is Lemma 4.23. That
proof involvedT-bispectra, which translates hereto S1-bispectra, or presheaves
of bispectra in the senseof [11], but interpreted in motivic homotopy theory.

Finally, the categoricalmaterial on smashproducts in Section4.3 arisesfrom
manipulations of free functors that are well known for ordinary symmetric spec-
tra, and thereforehold for symmetric S1-spectra. The homotopically signi�can t
statement is Proposition 4.19:

Pr oposition 4.41. Suppose that i : A ! B is a stable co�br ation and that
j : C ! D is a level co�br ation. Then the map

(i; j ) � : (B ^ C) [ (A ^ C ) (A ^ D) ! B ^ D

is a levelco�br ation. If i and j are both co�br ations, then (i; j ) � is a co�br ation.
If either i or j is a stableequivalence, then (i; j ) � is a stableequivalence.

The statement and proof of this result are really quite generic, and hold
essentially anywhere that one succeedsin generating the usual machinery of
symmetric spectrum objects. This includesthe present discussionof symmetric
S1-spectra in the motivic context, and also translates into a statement for
presheavesof symmetric spectra in the senseof [13].
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Appendices

A Pr operness

The purpose of this section is to show that the closed model structure that
arises from formally collapsing a simplicial presheafI to a point satis�es the
propernessaxiom. This is true over arbitrary small Grothendieck sites and,
more explicitly , for the f -local theory for any rational point f : � ! I . This
result specializesto propernessfor motivic homotopy theory: that is the case
of a rational point � ! A1 on the a�ne line, in the category of simplicial
presheaves(or sheaves) for the site (SmjS )N is of smooth k-schemesequipped
with the Nisnevich topology. I shall revert to the original homotopy theoretic
notation (seealso Section 1.2) for the generaldiscussionthat follows.

Supposethat C is a small Grothendieck site, and let � be a cardinal which
is an upper bound for the cardinalit y of the set Mor(C) of morphisms of C.
Supposethat I is a simplicial presheafon C having a rational point f : � ! I .
We will show that the f -local closedmodel structure on SPre(C) is proper, for
any such map f : � ! I .

Let D be a simplicial presheafon the site C, and write f : D ! D � I for
the composite

D �= D � �
1D � f

� � � � ! D � I :

Lemma A.1. Supposegiven maps

D
f

� ! D � I
g

� ! X

and a global �br ation � : U ! X , and suppose that X is f -�br ant. Then the
induced map

f � : U � X D ! U � X (D � I )

is an f -equivalence.

Proof. To makethe notation easier,givena map � : V ! X , write V� = U� X V
for the pullback of � along � : U ! X . In this notation, the statement of the
lemma is the assertion that the induced map

f � : Dgf ! (D � I )g

is an f -equivalence.
The object X is f -�bran t and the projection map pr : D � I ! D is an

f -equivalence,so there is a simplicial homotopy

D � I
d0

//

pr

��

(D � I ) � � 1

h

��

D � I
d1

oo

g
xxpppppppppppp

D
gf

//X :
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Pulling back along the global �bration � : U ! X givesa diagram

Dgf
d0

� //

f �

��

(D � � 1)h( f � 1)

( f � 1) �

��

Dgf
d1

�oo

f �

��
(D � I )gf �pr

d0
�

//(D � I � � 1)h (D � I )g
d1

�

oo

All of the maps labeled d�
� are local weak equivalences,since � is a global

�bration and the ordinary closed model structure for SPre(C) is proper. It
therefore su�ces to show that the map f � : Dgf ! (D � I )gf �pr is an f -
equivalence.

But the map gf � pr factors through the projection map pr, so that there is
an isomorphism

� : (D � I )gf �pr
�=�! Dgf � I

and a commutativ e diagram

Dgf

f �

��

f

&&NNNNNNNNNNN

(D � I )gf �pr
�

�= //Dgf � I

The map f � is therefore an f -equivalence.

An elementary f -trivial co�br ation is a member of the saturation of the
family of co�brations consisting of the maps

(� � L U � n ) [ ( �� Y ) (I � Y ) � I � L U � n ;

and all maps

C ,! D

which are co�brations and local weak equivalences,whereD is � -bounded. An
f -injective �br ation is a map p : Z ! W which has the right lifting property
with respect to all elementary f -trivial co�brations.

Lemma A.2. 1) An f -injective �br ation p is a global �br ation.

2) The classof f -injective �br ations is closed under composition.

3) A simplicial presheaf Z is f -local if and only if the map Z ! � is an
f -injective �br ation.
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4) Every simplicial presheaf map g : X ! Y has a factorization

X
g //

j   B
BB

BB
BB

B Y

W

q

>>}}}}}}}}

where q is an f -injective �br ation and j is an elementary f -co�br ation
and an f -equivalence.

5) Every elementary f -co�br ation is an f -equivalence.

Proof. Part 4) is the consequenceof a standard trans�nite small object argu-
ment.

The family of maps having the left lifting property with respect to all f -
injective �brations is a saturated class containing the generating elementary
f -co�brations, so that the elementary f -co�brations have the left lifting prop-
erty with respect to all f -injective �brations. It follows from the factorization
statement 4) that every elementary f -co�bration is a retract of an elementary f -
co�bration which is an f -equivalence.But then every elementary f -co�bration
is an f -equivalence,giving 5).

Now we can list someconsequencesof LemmasA.1 and A.2:

Lemma A.3. Supposegiven maps

C
j

� ! D
g

� ! X

and a global �br ation � : U ! X , and suppose that X is f -�br ant and j is an
elementary f -co�br ation. Then the induced map

j � : U � X C ! U � X D

is an f -equivalence.

Proof. The class of co�brations C ,! D ! X over X which pull back to
f -equivalencesU � X C ! U � X D is saturated by exactnessof pullback,
and contains all ordinary trivial co�brations since the standard closedmodel
structure on SPre(C) is proper.

In any diagram

Y //

f

��

L U � n

f �

�� f

!!D
DD

DD
DD

DD
DD

DD
DD

DD
DD

D

I � Y //

++XXXXXXXXXXXXXXXXXXXXXXXXXXXX (I � Y ) [ Y L U � n

�

((QQQQQQQQQQQQQ

I � L U � n
g

//X
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the maps f and f � pull back to f -equivalencesalong � by Lemma A.1, and so
� pulls back to an f -equivalencealong � . This meansthat all generatorsof the
family of elementary f -co�brations pull back to f -equivalencesalong � , so all
elementary f -co�brations pull back to f -equivalencesalong � .

Cor ollar y A.4. Supposegiven a pullback diagram

A � X U
g� //

��

U

�

��
A g

//X

where X is f -�br ant, g is an f -equivalence and � is a global �br ation. Then
the induced map g� is an f -equivalence.

Proof. Find a factorization

A
g //

j   A
AA

AA
AA

A X

W

q

>>}}}}}}}}

of g, where j is an elementary f -co�bration and q is an f -injective �bration.
Then W is f -�bran t by Lemma A.2, and the fact that the classesof f -�bran t
objects and f -injective objects coincide [4]. Thus, q is an f -equivalenceof f -
�bran t objects, and is therefore an ordinary local weak equivalence,and hence
pulls back to a local weakequivalencealong the global �bration � . But then the
elementary f -co�bration j pulls back to an f -equivalenceby Lemma A.3.

Theorem A.5 (Pr operness). Supposegiven a diagram

A � X U
g� //

��

U

�

��
A g

//Z

such that � is an f -�br ation and g is an f -equivalence. Then the induced map
g� is an f -equivalence.

Proof. Form a diagram

U
i //

�

��

V

p

��
Z

j
//LZ
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such that i is a co�bration and an f -equivalence,LZ is f -�bran t, p is an f -
�bration, and j is a co�bration and an f -equivalence. Consider the pullback
diagram

Z � L Z V
j � //

p�

��

V

p

��
Z

j
//LZ

The map j � : Z � L Z V ! V is an f -equivalenceby Corollary A.4. The induced
comparison

U
� //

�
��?

??
??

??
? Z � L Z V

p�
zzuu

uuu
uuu

u

Z

is an f -equivalence of f -�bran t objects in SPre(C) # X , hence a homotopy
equivalence,and so the map � is a local weak equivalence. Propernessfor the
standard closedmodel structure on SPre(C) implies that the induced map

A � Z U
� �� ! A � L Z V

is a local weak equivalence. Thus, in the diagram

A � Z U
g� //

� �

��

U

�
��

A � L Z V
g0

//Z � L Z V

the map g� is an f -equivalenceif and only if g0 is an f -equivalence. But the
maps j � g0 and j � are f -equivalencesby Corollary A.4, sog0 is an f -equivalence.

Theorem A.5 is not the full propernessassertionfor the f -local theory but it
is the heart of the matter. The secondhalf of the propernessaxiom says that
the class of f -equivalencesis closed under pushout along co�brations. This
meansthat, given a pushout diagram

A
g //

i

��

C

��
B g�

//B [ A C
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with i a co�bration and g an f -equivalence, the map g� should be an f -
equivalence. This is easily proved: the functor hom ( ; W ) takes pushouts
of simplicial presheaves to pullbacks of simplicial sets, and the map i � :
hom (B ; W ) ! hom (A; W ) is a �bration and g� : hom (C; W ) ! hom (A; W )
is a weak equivalenceif W is f -local. Propernessfor ordinary simplicial sets
implies that the induced map

g�
� : hom (B [ A C; W ) ! hom (B ; W )

is a weak equivalenceof simplicial sets. This is true for all f -local objects W ,
so that g� is an f -equivalence.

B Motivic homotopy theor y of preshea ves

Let S Shv(SmjS )N is (respectively Shv(SmjS )N is ) denote the category of sim-
plicial sheaves(respectively sheaves) on the smooth Nisnevich site (SmjS )N is

for a Noetherian schemeS of �nite dimension. Supposethat Pre(SmjS )N is and
SPre(SmjS )N is denote the corresponding categoriesof presheavesand simpli-
cial presheaves. Weknow that the categoriesof simplicial sheavesand simplicial
presheavescarry closedmodel structures obtained from the local structures for
the Nisnevich topology by formally contracting the a�ne line A1, and that the
resulting homotopy categoriesare equivalent, and are models for the motivic
homotopy category | seeTheorem 1.1 and Theorem 1.2.

The purpose of this section is to explain the Morel-Voevodsky result that
the sheaf category Shv(SmjS )N is inherits a closed model structure from the
category of simplicial sheaves in such a way that the associated homotopy
category is also a model for the motivic homotopy category. We actually do a
little more here(Theorem B.4 below), and show that the categoryof presheaves
Pre(SmjS )N is has a proper closedsimplicial model structure, so that there is
an adjoint equivalenceof the associated homotopy categoryHo(Pre(SmjS )N is )
with the motivic homotopy category. The Morel-Voevodsky result for sheaves
(Theorem B.6) is a consequenceof Theorem B.4, in a way that one has come
to expect.

Morel and Voevodsky construct a singular functor

S = SA1 : S Shv(SmjS )N is ! S Shv(SmjS )N is

in terms of the internal hom functor by specifying S(B ) = Hom (A � ; B ) for
ordinary sheavesB , and then by de�ning S(X ) for a simplicial sheafX to be
the diagonal of the bisimplicial object

Hom (Am ; X n ):

Here, A � refers to the standard cosimplicial k-variety made up of the a�ne
planesAn . The singular functor specializes,in particular, to a functor

S : Shv(SmjS )N is ! S Shv(SmjS )N is ;
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This last functor has a canonical left adjoint

j � j : S Shv(SmjS )N is ! Shv(SmjS )N is ;

which is de�ned by a suitable coend. This meansthat there is a coequalizer in
the sheafcategory having the form

G

� :m ! n

X n � Am �
G

n

X n � An ! jX j

for a simplicial sheafX that one expects from the de�nition of the realization
functor from simplicial setsto spaces.Morel and Voevodsky show [14] that, for
a suitable closedmodel structure on the sheaf category Shv(SmjS )N is , these
functors de�ne an adjoint equivalenceof the associated homotopy categories.

Theseconstructionsare easilygeneralizedto simplicial presheaves,with com-
pletely analogousde�nitions. There is a singular functor

S = SA1 : SPre(SmjS )N is ! SPre(SmjS )N is

which is de�ned on presheavesC by setting S(C) = Hom (A � ; C); then S(Y )
is de�ned for a simplicial presheafY by taking the diagonal of the bisimplicial
presheaf

Hom (Am ; Yn ):

There is a realization functor

j � j : SPre(SmjS )N is ! Pre(SmjS )N is ;

de�ned by coend, so that there is a coequalizer
G

� :m ! n

Yn � Am �
G

n

Yn � An ! jY j

in the presheafcategory, for simplicial presheavesY . The realization functor
is left adjoint to the singular functor, just as before.

We now have the following analogueof a string of results for the singular
functor on simplicial sheaves,proved by Morel and Voevodsky in [14]:

Lemma B.1. The singular functor

S : SPre(SmjS )N is ! SPre(SmjS )N is

has the following properties:

1) The functor S takes the morphism f : � ! A1 to a weak equivalence of
simplicial sheaves.

2) For any simplicial presheaf X , the canonical map � : X ! S(X ) is a
motivic weak equivalence and a co�br ation.

Document a Ma thema tica 5 (2000) 445{552



Motivic Symmetric Spectra 543

3) The realization functor preservesco�br ations and motivic weak equiva-
lences.

Proof. For 1), it su�ces to show that the simplicial set

S(A1)(Sp(R)) �= R[t � ]

is contractible for a�ne schemesSp(R), whereR[t � ] is the simplicial R-algebra
with n-simplices

R[t � ]n = R[t0; : : : ; tn ]=(
X

t i = 1);

and having facemaps de�ned by

di (t j ) =

8
><

>:

t j if j < i ,
0 if j = i , and

t j � 1 if j > i .

It is well known (for many years| see[1], for example) that the simplicial set
underlying this simplicial R-algebra is contractible, with contracting (chain)
homotopy given by

f (t0; : : : tn ) 7! (1 � t0)f (t1; : : : ; tn +1 ):

For 2), the canonicalmap � for simplicial setsis the diagonalof a correspond-
ing bisimplicial set map madeof canonicalmaps � : B ! Hom (A � ; B ) de�ned
for simplicial presheavesB . This map is a morphism of simplicial presheaves
which on n-simplices is the map

B ! Hom (An ; B ) (B.1)

de�ned by precomposition with the map An ! � . There is a contracting
homotopy h : An � A1 ! An de�ned by

(( t1; : : : ; tn ); s) 7! (t1s; : : : ; tn s):

This contracting homotopy inducesan obvious map

h� : Hom (An ; B ) � A1 ! Hom (An ; B );

and the existence of the homotopy h� implies that the map (B.1) is an A1

homotopy equivalence, and hence a motivic weak equivalence. The motivic
model structure for the simplicial presheafcategory is proper, so that standard
techniques imply that the map � : X ! S(X ) is a motivic weak equivalence
for all simplicial presheavesX .

To prove statement 3), observe that any cosimplicial set E determines a
set-valued realization functor X 7! jX jE de�ned on simplicial sets by the co-
equalizer

G

� :m ! n

X n � E m �
G

n

X n � E n ! jY jE :
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One seeseasily that there is a bijection j� n jE ! E n de�ned by the maps � n
k �

D k ! D n given by (� ; x) 7! � � (x). This bijection is natural in ordinal number
maps; in particular, the induced function j@� 1jE ! j� 1 jE is isomorphic to the
function

(d0; d1) : E 0 t E 0 ! E 1:

Also, all diagrams

E n � 2 dj � 1
//

di

��

E n � 1

di

��
E n � 1

dj
//E n

corresponding to i < j are pullbacks by the cosimplicial identities for n � 2.
Thus, there is an isomorphism

j@� n jE �= @E n ;

where @E n denotes the union of the images di (E n � 1) in E n , and that the
induced map j@� n jE ! j� n jE is an injection for n � 2. It follows that the
realization functor X 7! jX jE takesco�brations to injections if and only if E
is unaugmented in the (traditional | see[3]) sensethat the diagram

; //

��

E 0

d0

��
E 0

d1
//E 1

is a pullback.
Also, if E is unaugmented, one can show that the natural map

X 0 � E 0 ! jX jE

is an inclusion, by induction on the skeleta of X .
Any cosimplicial object D in the categoryof simplicial presheavesdetermines

a D-realization functor Y 7! jY jD , de�ned by a coequalizerdiagram

G

� :m ! n

Yn � D m �
G

n

Yn � D n ! jY jD :

as above. Write jY j(p)
D for the image of

G

0� n � p

Yn � D n
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in jY jD , and let s[p]Yp be the degeneratepart of Yp+1 . Then there is a pushout
diagram

(s[p]Yp � D p+1 ) [ (Yp+1 � @D p+1 ) //

��

jY j(p)
D

��
Yp+1 � D p+1 //jY j(p+1)

D

The vertical maps are co�brations, and the canonical map

Y0 � D 0 ! jY j(0)
D

is an isomorphism if D is unaugmented.
A propernessargument therefore implies that any level motivic equivalence

D ! E of unaugmented cosimplicial presheaves induces a natural motivic
equivalencejY jD ! jY jE . In particular, the maps of cosimplicial objects

An  An � � n ! � n

are level motivic equivalences,and so there are natural motivic equivalences

jY jA �  jY jA � � � ! jY j � �= Y:

The realization functor Y 7! jY j = jY jA � therefore preserves motivic equiv-
alences. It follows also that this realization functor preserves co�brations of
simplicial presheaves.

Cor ollar y B.2. The singular functor preserves�br ations.

Cor ollar y B.3. There is a natural motivic weak equivalence Y ' jY j, for all
simplicial presheavesY.

Say that a map g : X ! Y of presheaves on the smooth Nisnevich site
(SmjS )N is is a motivic weak equivalence if the associated morphism of constant
simplicial presheavesis a motivic weakequivalence. A co�br ation of presheaves
is an inclusion, and a motivic �br ation is a map which has the right lifting
property with respect to all maps which are simultaneously co�brations and
motivic weak equivalences.

Given a presheafX and a simplicial set K , write X 
 K for the presheaf
given by

X 
 K = jX � K j:

There is an isomorphism

X 
 K �= lim� !
� :� n ! K

X 
 � n ;
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where the colimit is indexed over the simplex category of K , and one checks
that there is a natural isomorphism

X 
 � n �= X � An :

The categoryof presheaveson (SmjS )N is acquiresa simplicial structure from
thesede�nitions: the function complexhom (X ; Y ) hasn-simplicesspeci�ed by

hom (X ; Y )n = hom(X 
 � n ; Y ) �= hom(X � An ; Y );

while for a simplicial setK and a presheafX , the mapping presheafhom (K ; X )
is given in terms of the internal hom functor by

hom (K ; X ) = lim �
� :� n ! K

Hom (An ; X ):

Theorem B.4. With thesede�nitions, we have the following:

1) The category Pre(SmjS )N is of presheaves on the smooth Nisnevich site
of a Noetherian schemeS of �nite dimension satis�es the axioms for a
proper closed simplicial model category.

2) The singular and realization functors determine an adjoint equivalence of
motivic homotopy categories

Ho(Pre(SmjS )N is ) ' Ho(SPre(SmjS )N is ):

Proof. Recall from [4, p.1086] that the category SPre(SmjS )N is of simplicial
presheaveson the smooth Nisnevich site and the classE of motivic weakequiv-
alencestogether satisfy a list of properties analogousto those appearing in the
statement of Proposition 4.1. Theseinclude, for example,the boundedco�bra-
tion condition:

E7: There is an in�nite cardinal � which is an upper bound for the cardinal-
it y of the set of morphisms of (SmjS )N is , such that for every simplicial
presheafdiagram

X

i
��

A //Y

with i an E-trivial co�bration and A an � -boundedsubobject of Y , there
is a subobject B � Y such that A � B , the object B is � -bounded, and
the inclusion B \ X ,! B is an E-trivial co�bration.

Here, an E-trivial co�bration is a map which is a co�bration and a motivic
weak equivalence. We are also tacitly working over a small, full subcategory of
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(SmjS )N is consisting of objects of sizeat most some�xed in�nite cardinal, so
that the statement of E7 makessense.

Up to isomorphism, a subobject of a constant simplicial presheafmust be
constant, sothat the boundedco�bration condition E7 for simplicial presheaves
implies a boundedco�bration condition for ordinary presheaveson (SmjS )N is .
The other axioms E1 { E6 for the classof co�brations and motivic weakequiv-
alencesin the presheafcategory are trivial consequencesof the corresponding
results for simplicial presheaves. It follows that a map p : X ! Y of presheaves
is a �bration if and only if it has the right lifting property with respect to all � -
bounded co�brations which are motivic equivalences| the argument appears
in the proof of Theorem 1.1 of [4]. Continuing in that vein, a trans�nite small
object argument then implies that every map g : X ! Y has a factorization

X
j //

g
  @

@@
@@

@@
Z

p

��
Y

such that p is a �bration, and j is a motivic weakequivalenceand a co�bration.
Write L U � for the free presheaf on a section over U. Then I claim that

the presheafmap p : X ! Y is a �bration and a motivic weak equivalence
if it has the right lifting property with respect to all inclusions A � L U � . A
map p having this lifting property has the right lifting property with respect
to all inclusions, so it is a �bration. The induced map p� : S(X ) ! S(Y )
has the right lifting property with respect to all co�brations, by an adjointness
argument and the fact that realization preservesco�brations. The map p� is
therefore a �bration and a motivic weak equivalenceof simplicial presheaves.
The canonical map � : X ! S(X ) is a motivic weak equivalenceof simplicial
presheaves, so the original map p : X ! Y must also be a motivic weak
equivalence of presheaves. A trans�nite small object argument then implies
that every map g : X ! Y of presheaveshas a factorization

X
i //

g
  B

BB
BB

BB
B W

q

��
Y

wherei is a co�bration and q is both a �bration and a motivic weakequivalence.
We have proved the factorization axiom CM5 . The style of its proof further

implies, in a standard way, that every map which is a �bration and a motivic
weak equivalenceis a retract of a map which has the right lifting property with
respect to all co�brations, and therefore has the same right lifting property.
The axiom CM4 follows. The other closedmodel axioms are trivial to verify.
The simplicial model axiom SM7 is a consequenceof the corresponding axiom
for simplicial presheaves,together with part 3) of Lemma B.1.
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To show that motivic weak equivalencesof presheavesare stable under pull-
back along �brations, it su�ces to observe that the singular functor preserves
and re
ects motivic weak equivalences, in addition to preserving �brations.
The pullback part of the propernessassertiontherefore follows from the corre-
sponding assertionfor simplicial presheaves. The pushout part is a more direct
consequenceof the statement for simplicial presheaves.

To prove 2), note that the singular and realization functors both preserve
motivic weak equivalences,and henceinduce functors

S : Ho(Pre(SmjS )N is ) � Ho(SPre(SmjS )N is ) : j � j:

To show that thesefunctors givean equivalenceof categories,it su�ces to show
that the canonicalmap � : X ! SjX j is a motivic equivalencefor all simplicial
presheavesX . Then the map S� : SjS(Y)j ! S(Y ) would be a motivic weak
equivalencefor all presheavesY by a triangle identit y, and so � : jS(Y )j ! Y
would be a motivic weak equivalencesincethe singular functor re
ects motivic
weak equivalences.

If X is a constant simplicial presheaf,then the canonical map � : X ! SjX j
is isomorphic to the map � : X ! S(X ), sinceX �= jX j in this case.

Recall that

S(Y )n (U) = Hom (An ; Y )(U) �= Y (An � U)

for all presheavesY . It follows that the singular functor preservesall colimits
in presheavesand hencein simplicial presheaves. In other words, the singular
functor satis�es a very strong excision property.

Every simplicial presheafX is a coend for the morphisms X n � � n ! X ,
and the skeletal �ltration skr X is de�ned by pushouts of co�brations

(s[r ]X r � � r +1 ) [ (X r +1 � @� r +1 ) //

��

skr X

��
X r +1 � � r +1 //skr +1 X

Here, s[r ]X r is the degeneratepart of X r +1 . More generally, de�ne

s[k ]X r =
r[

i =0

si (X r ) � X r +1 ;

and observe that there are pushout of co�bration diagrams

s[k ]X p� 1
sk +1 //

��

s[k ]X p

��
X p sk +1

//s[k+1] X p
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for all p and k that make sense.The composite functor X 7! SjX j preserves
all colimits and hencepreserves the skeletal �ltration for X in the sensethat
both of the above speciesof diagramsare taken to pushoutsof co�brations. On
account of propernessfor the motivic model structure for simplicial presheaves,
it therefore su�ces to show that the maps

X r � � r ! SjX r � � r j

are motivic weak equivalences.But the projections X r � � r ! X r are motivic
weakequivalencesand the composite Sj � j preservesmotivic weak equivalences,
so the claim reducesto the constant case.

Here is a corollary of the proof of Theorem B.4:

Cor ollar y B.5. Suppose that g : X ! Y is a map of simplicial presheaves
such that every map g : X n ! Yn is a motivic weak equivalence of presheaves.
Then g is a motivic weak equivalence of simplicial presheaves.

Say that a map of sheavesg : X ! Y on the Nisnevich site (SmjS )N is is a
motivic weak equivalence if the associated map of constant simplicial sheaves
(or presheaves) is a motivic weak equivalence. A co�br ation of sheaves is just
an inclusion, and a map of simplicial sheaves is a motivic �br ation if it has
the right lifting property with respect to all maps which are simultaneously
co�brations and motivic weak equivalencesof simplicial sheaves.

Theorem B.6. With thesede�nitions, we have the following:

1) The category Shv(SmjS )N is of sheaveson the smooth Nisnevich site of a
Noetherian schemeS of �nite dimension satis�es the axioms for a proper
closed simplicial model category.

2) The singular and realization functors determine an adjoint equivalence of
motivic homotopy categories

Ho(Shv(SmjS )N is ) ' Ho(S Shv(SmjS )N is ):

3) The associated sheaf functor determinesan adjoint equivalence of motivic
homotopy categories

Ho(Pre(SmjS )N is ) ' Ho(Shv(SmjS )N is ):

Proof. For 1), note that a map g : X ! Y of sheavesis a motivic equivalence
(respectively co�bration) if and only if is a motivic equivalence (respectively
co�bration) of presheaves. The associated sheafmap A ! ~A is a local isomor-
phism, and hence a motivic weak equivalence of presheaves. It follows that
the classesof motivic weak equivalencesand co�brations of sheavessatisfy the
axioms E1 { E7 involved in the proof of Theorem B.4, and then the closed
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model structure for the sheafcategory is a formal consequence,just as before.
Propernessis an easyconsequenceof propernessfor the presheafcategory.

In 2), the singular functor

S : Shv(SmjS )N is ! S Shv(SmjS )N is

is de�ned asfor presheaves,and soit preservesand re
ects motivic weakequiv-
alences.The simplicial sheafrealization jX j of a simplicial sheafX is the asso-
ciated sheafof the presheaflevel realization, so that the map � : X ! SjX j is a
motivic weak equivalence,on account of the fact that we know the correspond-
ing statement for simplicial presheaves. The adjoint equivalenceof homotopy
categoriesthen follows just as in the presheafcase.

Statement 3) is obvious.
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