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Abstra ct. This paper demonstrates the existence of a theory of
symmetric spectra for the motivic stable category. The main results
together provide a categorical model for the motivic stable category
which has an internal symmetric monoidal smash product. The de-
tails of the basic construction of the Morel-Voevodsky proper closed
simplicial model structure underlying the motivic stable category are
required to handle the symmetric case,and are displayed in the rst
three sectionsof this paper.
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Intr oduction

This paper givesa method for importing the stable homotopy theory of sym-
metric spectra [7] into the motivic stable category of Morel and Voevodsky [14],
[16], [17]. This category arisesfrom a closedmodel structure on a suitably de-
ned category of spectra on a smooth Nisnevich site, and it is fundamertal for
Voewvodsky's proof of the Milnor Conjecture [16]. The motivic stable category
acquiresan e ectiv e theory of smash,or non-abelian tensor products with the
results preserted here.

Loosely speaking, the motivic stable category is the result of formally in-
verting the functor X 7! T ~ X within motivic homotopy theory, where T is
the quotient of sheaves A'=(A' 0). In this context, a spectrum X, or T-
spectrum, consistsof pointed simplicial presheaesX ", n 0, together with
bonding maps T~ X" I X"*1  The theory is exotic in at least two ways:
it liveswithin the motivic model category, which is a localized theory of sim-
plicial presheaes,and the object T is not a circle in any sense,but is rather
motivic equivalernt to an honestsuspensionS* * Gy, of the scheme underlying
the multiplicativ e group. Smashingwith T is thus a combination of topological
and geometric suspensions.
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446 J. F. Jardine

A symmetric spectrum in this categoryis a T-spectrum Y which is equipp-
ed with symmetric group actions , Y" ! Y" in all levels suc that all
composite bonding maps TP~ X" 1 XP*" are ( , n)-equivariant. The
main theorems of this paper assert that this category of symmetric spectra
carriesa notion of stable equivalencewithin the motivic model category which
is part of a proper closedsimplicial model structure (Theorem 4.15), and such
that the forgetful functor to T-spectra induces an equivalence of the stable
homotopy category for symmetric spectra with the motivic stable category
(Theorem 4.31). This collection of results gives a category which models the
motivic stable category, and also has a symmetric monoidal smashproduct.

The relation between spectra and symmetric spectra in motivic homotopy
theory is an exact analogue of that found in ordinary homotopy theory. In
this way, every T-spectrum is represenable by a symmetric object, but some
outstanding examplesof T-spectra are intrinsically symmetric. Theseinclude
the T-spectrum Hz which represeris motivic cohomology[19].

The principal results of this paper are simple enoughto state, but a bit com-
plicated to demonstrate in that their proofs involve some ne detail from the
construction of the motivic stable category. It wasinitially expected, giventhe
experienceof [13], that the passagefrom spectra to symmetric spectra would
be essetially axiomatic, along the lines of the original proof of [7]. This re-
mains true in a gross sense,but many of the stepsin the proofs of [7] and
[13] involve standard results from stable homotopy theory which cannot be
taken for granted in the motivic context. In particular, the construction of the
motivic stable categoryis quite special: oneprovesit by verifying the Bous eld-
Friedlander axioms A4 { A6 [2], but the proofs of these axioms involve Nis-
nevich descel in a non-trivial way, and essetially force the intro duction of the
conceptof asque simplical presheaf. The classof asque simplicial presheaes
contains all globally brant objects, but is also closedunder Itered colimit
(unlike brant objects | the assertionto the contrary is a common error)
and the \ T-loop" functor. It is a key technical point that these constructions
also presene many pointwise weak equivalences,suc as those arising from
Nisnevich descelt.

We must also use a suitable notion of compact object, so that the corre-
sponding loop functors commute with Itered colimits. The classof compact
simplicial presheaesis closedunder nite smashproduct and homotopy co -
bre, and includes all nite simplicial setsand smooth schemesover a decen
base. As a result, the Morel-Voewvodsky object belongsto a broader class of
compact objects T for which the corresponding categoriesof T-spectra on the
smooth Nisnevich site have closedmodel structures assaiated to an adequate
notion of stable equivalence. These ideas are the subject of the rst two sec-
tions of this paper and culminate in Theorem 2.9, which assertsthe existence
of the model structure.

Theorem 2.9 is proved without referenceto stable homotopy groups. This is
achieved in part by using an auxilliary closed model structure for T-spectra,
for which the co brations (respectively weak equivalences)are maps which
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are co brations (respectively motivic weak equivalences)in ead level. The
bran t objects for the theory are called injective objects, and one can show
(Lemma 2.11) that the functor de ned by naive homotopy classesof maps
taking valuesin objects W which are both injective and stably brant for the
theory detects stable equivalences. This idea was lifted from [7], and appears
again for symmetric spectra in Section 4.

It is crucial for the developmert of the stable homotopy theory of symmetric
spectra aspresened here (eg. Proposition 4.13, proof of Theorem4.15)to know
that bre sequencesand co bre sequencesf ordinary spectra coincide up to
motivic stable equivalence| this isthe rst major result of Section3 (Lemma
3.9, Corollary 3.10). The method of proof involves long exact sequencesn
weighted stable homotopy groups. These groups were introduced in [16], but
the present construction is predicated on knowing that a spectrum X is a piece
of an asymmetric bispectrum object for which one smasheswith the simplicial
circle St in onedirection and with the schemeG,, in the other.

The section closeswith a proof of the assertion (Theorem 3.11, Corollary
3.16) that the functors X 7! X A T andY 7! 1Y areinverseto ead other
on the motivic stable category. This proof usesVoevodsky's obsenation that
twisting the 3-fold smashproduct T2 = T"3 by a cyclic permutation of order
3 is the identity in the motivic homotopy category | this is Lemma 3.13.
This result is also required for showing that the stable homotopy category of
symmetric spectra is equivalernt to the motivic stable category:.

Section 4 contains the main results: the model structure for stable equiv-
alencesof symmetric spectra is Theorem 4.15, and the equivalence of stable
categoriesis Theorem 4.31. With all of the material in the previous sectionsin
place, and subject to being careful about the technical di culties underlying
the stability functor for the category of spectra, the derivation of the proper
closed simplicial model structure for symmetric spectra follows the method
dewveloped in [7] and [13]. The demonstration of the equivalenceof stable cat-
egoriesis also by analogy with the methods of those papers, but one has to
be a bit more careful again, sothat it is necessaryto discussT -bispectra in a
limited way.

It would appear that the compactnessof T and the trivialit y of the action
of the cyclic permutation on T3 are minimum requiremerts for setting up the
full machinery of spectra and symmetric spectra, along with the equivalence
of stable categorieswithin motivic homotopy theory, at least accordingto the
proofs given here (seealso [6]). These features are certainly presert for the
original categoriesof presheaes of spectra and symmetric spectra in motivic
homotopy theory. This is the caseT = S? for the results of Section 2, and the
corresponding thread of results (Theorem 2.9, Remark 3.22) for the motivic sta-
ble categoriesof St-spectra and symmetric S-spectra concludesin Section4.5
with an equivalenceof motivic stable homotopy categoriesstatemert in Theo-
rem 4.40. There is also a rather genericresult about the interaction between
co brations and the smashproduct in the category of symmetric spectrum ob-
jects which obtains in all of the casesat hand | seeProposition 4.41. The
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motivic stable homotopy theory of S!-spectra has found recert application in
[19.

This paper concludeswith two appendices. Appendix A shaws that formally
inverting a rational point f : ! | of a simplicial presheafl on an arbitrary
small Grothendiedk site givesa closedmodel structure which is proper (The-
orem A.5). This result specializesto a proof that the motivic closed model
structure is proper, but doesnot depend on the object | being an interval in
any sense| compare[14, Theorem 2.3.2].

The purposeof Appendix B is to show that the category of presheaeson
the smooth Nisnevich site (Smjs)nis inherits a proper closedsimplicial model
structure from the corresponding category of simplicial presheaes, suc that
the presheafcategoryis a model for motivic homotopy theory. The main result
is Theorem B.4. The corresponding sheaftheoretic result appearsas Theorem
B.6, and this is the foundation of the Morel-Voevodsky category of spacesnodel
for motivic homotopy theory. | have included this on the grounds that it so
far appearsexplicitly nowhere else,though the alert reader can cobble a proof
together from the ideasin [14]. The only particular claim to originality of the
results preserted in Appendix B is the obsenation that the Morel-Voevodsky
techniques also make senseon the presheaflevel.

This paper has gonethrough a rather long debuggingphasethat beganwith
its appearanceunder the original title \ Al-local symmetric spectra" on the
K -theory preprint server in Septenber, 1998. | would like to thank a group
of refereesfor their remarks and suggestions. One such remark was that the
proof of Lemma 3.14in the original version was incorrect, and should involve
Voewvodsky's Lemma 3.13. The corrected form of this result now appears as
Theorem 3.11. Another suggestionwas to enlarge the classof base schemes
from elds to Noetherian schemesS of nite dimension, and this has been
done here | the only technical consequencevas the necessiy to strengthen
Lemma 3.13to a statemert that holds over the integers.

There hasbeenarather substartial shift in languagewith the presert version
of the paper. In particular, the use of the term \motivic homotopy theory"
has becomestandard recertly, and is incorporated here in place of either the
old homotopy theoretic convertion \f -local theory" [4] for the localized theory
assaiated to a rational point f : ! A, or the \ Al-homotopy theory" of
[14]. Motivic homotopy theory is the fundamenal object of discussion;at the
risk of confusing readerswho like to start in the middle, \w eak equivalence"
means\motivic weak equivalence"and similarly brations and co brations are
in the motivic closedmodel structure, unlessexplicit mertion is made to the
cortrary .

This work owesan enormousdebt to that of Fabien Morel, Je Smith and
Vladimir Voewodsky, and to conversationswith all three; | would like to take
this opportunity to thank them. Se\eral of the main results of the rst two
sections of this paper were announcedin someform in [16], while the unsta-
ble Nisnevich descen technique that is soimportant here was brought to my
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Motivic Symmetric Spectra 449

attention by Morel, and appearsin [14].

The corversationsthat | refer to took place at a particularly stimulating
meeting on the homotopy theory of algebraic varieties at the Mathematical
SciencesReseart Institute in Berkeleyin May, 1998. The idea for this project
was essetially conceived there, while Appendix A was mostly written a few
weeksprior during a visit to Universite Paris VI 1. | thank both institutions for
their hospitality and support.
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1 Preliminaries

1.1 Motivic homotopy theor y

One starts with arational point f : | A ofthe ane line Al in the category
of smooth schemes(Smjs)nis Of nite typeoverasdcemeS of nite dimension,
equipped with the Nisnevich topology. The empty scheme; is a menber of
this category.

The localization theory arising from \formally inverting" the map f in the
standard, or local homotopy theory of simplicial presheaeson (Smjs)nis IS
the motivic homotopy theory for the schemeS | it hasbeenformerly called
both the f -local theory [4] and the A*-homotopy theory [14].

The standard homotopy theory of simplicial preshearesarisesfrom a proper
closed model structure that exists quite generally [9], [12] for simplicial pre-
sheareson arbitrary small Grothendieck sites. In caseslike the Nisnevich site,
where stalks are available, a local weak equivalene (or stalkwise weak equiv-
alen®) is a map of simplicial presheaes which induces a weak equivalence
of simplicial setsin all stalks. A co bration is a monomorphism of simplicial
presheaes,and a glotal br ation is a map which hasthe right lifting property
with respect to all mapswhich are co brations and local weak equivalences.A
proper closedsimplicial model structure for simplicial sheaveson an arbitrary
Grothendieck site arises from similar de nitions (co brations are monomor-
phisms, local weak equivalencesare de ned stalkwise, and global brations are
de ned by a lifting property), and the resulting homotopy category for sim-
plicial sheavesis equivalent to the homotopy category assaiated to the closed
model structure on simplicial presheaes. In particular, the assaiated sheaf
map X ! X from asimplicial presheafto its assaiated simplicial sheafis a
local weak equivalence,sinceit inducesan isomorphismon stalks. In the local
theory, a glokally br ant model of a simplicial presheafor sheaf X is a local
weak equivalenceX ! W sud that W is globally bran t.

One says that a simplicial presheafX on the Nisnevich site is motivic br ant
if it is globally brant for the Nisnevich topology, and has the right lifting
property with respect to all simplicial presheafinclusions

(F;j)):(A* A)[aB! A" B

arising from f : ! Al and all co brations j : A! B. A simplicial presheaf
map g: X ! Y is said to be a motivic weak equivalene if it inducesa weak
equivalenceof simplicial sets

g :hom(Y;Z)! hom(X;2)

in function complexesfor every motivic brant object Z. A co bration is a
monomorphism of simplicial presheaes, just as in the local theory. A map
p:Z! W isamotivic br ation if it hasthe right lifting property with respect
to all maps which are simultaneously motivic weak equivalencesand co bra-
tions. The homotopy theory arising from the following theorem is e ectiv ely
the motivic homotopy theory of Morel and Voewvodsky:
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Theorem 1.1. The category SPre(Smjs)nis Of simplicial preshaveson the
smath Nisnevich site of the schemeS, togetherwith the classesof co br ations,
motivic weak equivalene@s and motivic br ations, satis es the axioms for a
proper, closal simplicial model category.

The simplicial structure is the usual one for simplicial presheaes: the func-
tion complex hom (X;Y) for simplicial presheaes X and Y has n-simplices
consisting of all simplicial presheafmaps X "1 Y. Most of Theorem 1.1
is derived in [4], meaning that all except the propernessassertion is proved
there. Morel and Voevodsky demonstrate propernessin [14] | an alternative
proof appearsin Appendix A (Theorem A.5) of this paper. Recall that a closed
model category is said to be proper if the classof weak equivalencesis closed
under pullback along brations and pushout along co brations.

Recall [4 amap g : X ! Y of simplicial presheaesis a pointwise weak
equivalene if each map g : X(U) ! Y(U), U smooth over S, in sectionsis
a weak equivalence of simplicial sets. Similarly, g is said to be a pointwise
br ation if all mapsg: X (U)! Y(U) are Kan brations.

The standard equivalenceof the local homotopy theories for simplicial pre-
shearesand simplicial sheavesis inherited by all localizedtheories, and induces
an equivalence of the homotopy category arising from Theorem 1.1 with the
homotopy category for a corresponding closed model structure for simplicial
sheaves. This holds quite generally [4, Theorem 1.2], but in the caseat hand,
more explicit de nitions and proofs are quite easyto see: say that a map
p: X ! Y of simplicial sheaweson (Smjs)nis IS a motivic br ation if it is
a global bration of simplicial sheavesand has the right lifting property with
respect to all simplicial sheafinclusions(f;j): (A® A)[aB! Al B. Then
a map is a motivic bration of simplicial shearesif and only if it is a motivic
bration in the simplicial presheafcategory.

In particular (seethe discussionpreceding Lemma 1.6) a simplicial sheaf
or presheafZ is motivic brant if and only if it is globally brant and the
projection U Al ! U inducesa weak equivalenceof simplicial setsZ (U) '
Z(U Al for all smooth S-schemesU. Thus,if Y isamotivic bran t simplicial
presheafand the simplicial sheafGY is a globally bran t model of its assaiated
simplicial sheafY, then the map Y ! GY is a pointwise weak equivalence,
so that GY is motivic brant. The two following statemerts are therefore
equivalent for a simplicial sheafmapg: X ! Y:

1) the map g inducesa weak equivalenceg :hom(Y;Z)! hom (X;Z) for
all motivic bran t simplicial sheavesZ,

2) the map g is a motivic weak equivalencein the simplicial presheafcate-
gory.

Say that a map g which satis es either of these properties is a motivic weak
equivalene of simplicial sheares. A co br ation of simplicial sheavesis a level-
wise monomorphism, or a co bration in the simplicial presheafcategory.
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Theorem 1.2. 1) The category SShv(Smjs)nis Of simplicial sheaves on
the smaoth Nisnevich site of the schemesS, together with the classesof
co br ations, motivic weak equivalenes and motivic br ations, satis es
the axioms for a proper, closel simplicial model category.

2) The forgetful functor and the assaiated shef functor togetherdetermine
an adjoint equivalen@ of motivic homotopy categories

Ho(SPre(Smjs)nis) ' Ho(SShv(Smjs)nis):

The rst part of Theorem 1.2 is proved in [14], and is the basisfor their dis-
cussionof motivic homotopy theory. The secondpart says that the simplicial
presheafcategory gives a secondmodel for motivic homotopy theory. Other
models arising from ordinary (not simplicial) sheavesand presheaesare dis-
cussedin Appendix B.

Proof of Theorem 1.2. The equivalence of the homotopy categoriesis trivial,
oncethe rst statemert is proved. For the closedmodel structure of part 1),
there is really just a factorization axiom to prove. Any mapf : X ! Y of
simplicial sheaveshas a factorization

in the simplicial presheafcategory, wherej is a motivic weak equivalenceand
a co bration and p is a motivic bration. Then the composite map
X1l zvz

is a motivic weak equivalenceand a co bration of simplicial sheaves, where
is the assaiated sheafmap. Form the diagram

z iz—iiw
o, =

Y

wherei is a trivial co bration and is a global bration of simplicial sheaves.
This samediagram is a local weak equivalenceof co brant and globally bran t
objectsoverY, andsothemapZ ! W is ahomotopy equivalenceand therefore
a pointwise weak equivalence. Finally (seeLemma 1.5), a motivic bration of
simplicial presheaes can be characterized as a global bration X ! Y sud
that the induced map

XU AH! XU) vy YU AY

is a weak equivalenceof simplicial setsfor all smooth S-schemesU. It follows
that is a motivic bration of simplicial sheaves. O
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1.2 Contr olled fibrant models

This sectionis technical, and should perhapsbe readin conjunction with some
motivation, such asone nds in the proofs of Proposition 2.15 and Corollary
2.16. This material is usedto produce generating sets of trivial co brations
in a variety of contexts. In particular, essetial useis made of theseideas for
symmetric spectrum objects in the proofs of Theorem 4.2 and Proposition 4.4.

The proofsin [4] and Appendix A hold for arbitrary choicesof rational point

I | of any simplicial presheafon any small Grothendiedk site C. At that level
of generality, and in the languageof [4], suppose is an in nite cardinal which
is an upper bound for the cardinality of the set Mor(C) of morphismsof C. Pick
arational point f : ! |, andsupposethat | is -boundedin the sensehat all
setsof simplicesof all sectionsl (U) have cardinality boundedaboveby . This
map f is a co bration, and we are ertitled to a corresponding f -localization
homotopy theory for the category SPre(C), accordingto the results of [4].

In particular, one says that a simplicial presheafZ is f -local if Z is globally

bran t, and the map Z ! has the right lifting property with respect to all
inclusions
( Lo MI¢c @ Y)Yy 1 Ly " (1.1)
arising from all subobjectsY Ly ". It followsthat Z ! has the right
lifting property with respect to all inclusions
( B¢ o0 A I B

arising from co brations A! B. The map
f thom(l Y;Z)! hom( Y;Z)

is therefore a weak equivalencefor all simplicial presheaesY if Z is f -local,
and so all induced maps

hom(I Ly ™Z)! hom(( Y)[( v)( Ly "):Z)

are trivial brations of simplicial sets.
A simplicial presheafmapg: X ! Y isanf -equivalene if the induced map

g :hom(Y;Z)! hom(X;2)

is a weak equivalenceof simplicial setsfor all f -local objects Z. The original
mapf : ! | isan f-equivalence,and the maps

f 1y Y!' | Y
and the inclusions

( B¢ (0 A 1 B
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are f -equivalences. A map p: X ! Y is an f-bration if it has the right
lifting property with respect to all co brations of simplicial presheaeswhich
are f -equivalences.

It is a consequencef Theorem 4.6 of [4] that the category SPre(C) with the
co brations, f -equivalencesand f - brations, together satisfy the axioms for a
closed simplicial model category. This result specializesto the closed model
structure of Theorem 1.1 in the caseof simplicial presheaeson the smooth
Nisnevich site of S. Note as well that, very generally, the f -local objects
coincide with the f - bran t objects.

Pick cardinals and sud that

=2 > >2:

As part of the proof of [4, Theorem 4.6], it is shownn that there is a functor X 7!
LX de ned on simplicial presheaesX together with a natural transformation

x X ! LX which is an f - brant model for X, such that the following
properties hold:

L1: L preseneslocal weak equivalences.
L2: L presenesco brations.

L3: Let be any cardinal with . Let fXjg be the ltered system of
sub-objects of X which are -bounded. Then the map

limL(X;)! LX
is an isomorphism.

L4: Let be an ordinal number of cardinality strictly greater than 2 . Let
X : 1| Sbeadiagram of co brations sothat for all limit ordinals s <
the induced map

Ii_rn s X (1)1 X(S)
is an isomorphism. Then Ii_m t« L(X(1)) = L(Ii_m < X (1)).
L5: If X is -bounded,then LX is -bounded.
L6: Let Y;Z betwo subobjects of X . Then
L(Y)\ L(Z)=L(Y\ 2Z2)
inLX.

L7: The functor L is cortinuous;that is, it extendsto a natural morphism of
simplicial sets

L :hom(X;Y)! hom(LX;LY)

compatible with composition.
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In fact, the map x : X ! LX is acobration and an f -weak equivalence,
which is constructed by a trans nite small object argumert. The size of the
construction, or rather the ordinal number that de nes LX asa ltered colimit,

is the cardinal (see[4, p.42)).
The demonstration of the statemert L7 further involvesthe construction of

a functorial pairing
:LX L! L(X K)

for simplicial presheaes X and simplicial setsL, and which satis es a short
list of compatibilit y conditions. This pairing inducesa natural pointed map

LXAK ! L(XAK)

for pointed simplicial preshearesX and pointed simplicial setsK such that the
following properties hold:

L8: the map
LX)~ 2 Lx )

is the canonicalisomorphism,

X A K Xy~ K
KLL:‘:‘;LLLLL%

L(X " K)

L9: the triangle

commutes, and

L10: the diagram

N N N N
(LX) K L—/”lLl% KAL)

AL

1L
(LXMK) ™ML

commutes.

These statemerts are analoguesof the standard properties for the unpointed
pairing, and are consequence®f same. In fact, nothing in the argument pre-
vents L and K from being arbitrary simplicial presheaes, and we shall work
with the more generalpairing.

Specializing this construction to the caseof pointed simplicial presheaes
on (Smjs)nis givescontrolled brant model construction x : X | LX for
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a simplicial presheafX . The construction is cortrolled in the sensethat the

cardinality of LX hasa speci c bound if the cardinality of the original object

X is well behaved, by L5. Also, the functor X 7! LX is compatible with

smashproduct pairings in the sensethat every pointed simplicial presheafmap
X AT ! Y inducesa commutativ e diagram

X AT Iy (1.2)
x Ml A

LXAT——JMXATM——AY

Y

1.3 Nisnevich descent

We shall need an unstable variant of the Nisnevich descem theorem [15]. The
version of this result givenin [11, p.296] says if a presheafof spectra F on the
Nisnevich site satis es the cd-excision property, then any stably brant model
j *F ! GF for the Nisnevich topology is a stable equivalencein all sections.

A simplicial presheafZ is said to have the cd-excision property (aka. B.G.
property in [14]) if any elementary Cartesian squae

U xV—Tv (1.3)

p

u—-»_x

of smooth schemesover k with p etale, i an openimmersionandp (X U)=
X U inducesa homotopy Cartesian diagram of simplicial sets

zZ(X) ——Iz(u)

Z(V)—Izu x V)

The cd-excision property for presheaesof spectra is the stable analog of this
requiremert.
The unstable Nisnevich descen theorem is the following:

Theorem 1.3. A simplicial preshaf Z on the site (Smjs)nis has the cd
excision property if and only if any glotally brant modelj : Z ! Gz for
Z induces weak equivalenes of simplicial setsZ(U)! GZ(U) in all sections.

This is the simplicial presheafanalogueof a result for simplicial sheares[14,
3.1.16].

Proof. Morel and Voewvodsky point out that any globally bran t simplicial sheaf
hasthe cd-excisionproperty [14, 3.1.15]and they show [14, 3.1.18]that if amap
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f : X I Y is alocal weak equivalenceof simplicial preshearesand both have
the cd-excisionproperty, then f consistsof weakequivalenced : X (U) ! Y (U)
in all sections.

Any simplicial sheaf which is globally brant within the simplicial sheaf
category is also globally brant as a simplicial presheaf. It follows that the
canonicalmap :Z ! Z taking valuesin the assaiated sheafZ givesrise to
a diagram

Iz

cz—or

iz

where all maps are local weak equivalencesand GZ is globally brant in the
simplicial sheaf category In particular, is a local weak equivalence of
globally brant simplicial presheaes, and hence consists weak equivalences
Gz(U) ' GZ(U) in all sections, since weakly equivalent globally brant
models are homotopy equivalent. It follows in particular that any globally
bran t simplicial presheafhas the cd-excision property. Thus, if Z has the
cd-excision property, any globally brant model consistsof weak equivalences
Z(U)! GZ(U) in sections,by the Morel-Voevodsky result, and the converse
is obvious. O

All of the hard work in the proof of Theorem 1.3 was done by Morel and
Voewvodsky. The original stable form of the Nisnevich descem theorem for the
smooth site (Smjs)nis is a corollary:

Cor ollar y 1.4. Supmsethat Z is a preshaf of spectra on the smaoth Nis-
nevich site (Smjs)nis. Then a stably brant modelj : Z ! GZ consists of
stableequivalene@sZ(U) ! Gz (V) in all sections if and only if the preshaf of
spectra Z satis es the (stable) cd-excision property.

Proof. The presheafof spectra Z satis es the stable cd-excisionproperty if and
only if any elemenary Cartesian diagram (1.3) inducesa homotopy Cartesian
diagram

Z(X) —17(u)

Z(V)—IzUu x V)

of spectra with respect to stable equivalence. It follows that a presheaf of
spectra Z hasthe stable cd-excisionproperty if and only if eac of the simplicial
presheaes QEx* Z" has the cd-excision property. The maps QEx! Z !

GZ are level weak equivalencesof presheaesof -sp ectra and all simplicial
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presheaesGZ" areglobally brant. It followsthat Z hasthe stable cd-excision
property if and only if all of the mapsin sectionsQEx! zZ"(U) | GZ"(U)
are weak equivalencesof pointed simplicial sets, and this holds if and only if
all mapszZ(U) ! GZzZ(U) are stable equivalencesof spectra. O

The cd-excision property is presened by taking Itered colimits. Thus, if
Z,! Zy! Z3!

is an inductiv e systemof mapsbetweensimplicial presheareswhich are globally
bran t for the Nisnevich topology, then any choice of globally brant model

j tlimzit G(lim Z;)
for the Nisnevich topology is a pointwise weak equivalence.
Let's return briey to a grosslevel of generality. Supposethat X and Y are
simplicial presheareson a site C. For U 2 C, write C # U for the category
whose objects are morphism V ! U and whose morphisms are commutativ e

triangles. There is a standard functor Qy : C# U ! C which is de ned by
taking the morphism

to the morphism V3! V, of C. Write X jy for the composite of the simplicial
presheafX with the functor Qy. Any map :V ! U of Cdenes a functor
:C#V ! C#U onobjectsV;! V by composition with , and obviously

Qu = Q.
The internal hom complexHom (X;Y) is a simplicial presheafon C which is
de ned by

Hom (X;Y)(U) = hom (Xju; Yju):
Evaluation in U-sectionsde nes natural maps
ew :hom (Xju;Yju) X@U)! Y(U)
which together give a natural evaluation map
ev:Hom (X;Y) X! Y:
This evaluation map de nes a natural bijection
hom(z X;Y) = hom(Z;Hom (X;Y));

or exponertial law, for simplicial presheaes X, Y and Z on an arbitrary
Grothendieck site C.

The main homotopical fact about internal hom complexesis the following
expandedversion of Quillen's axiom SM7:
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Lemma 1.5. Supmsethati:A! B isacobration andthatp: X! Y isa
glokal br ation of simplicial preshaves. Then the induced map

(i;p):Hom (B;X)! Hom (A;X) Hom (ay)Hom (B;Y)
is a glokal br ation, which is trivial if either i or p is a local weak equivalene.

Proof. By adjointness,the claim follows from the assertionthat the co bration
i :A! B andanothercobration j : C! D together determine a co bration

(A D)[acy(B C! B D
which is a local weak equivalenceif either i or j is a local weak equivalence.

This is cheded stalkwise, or with a Boolean localization argumert [12). O

Recallthat a motivic bran t simplicial presheafZ on (Smjs)nis is an object
which is globally brant for the Nisnevich topology and has the right lifting
property with respect to all simplicial presheafinclusions

(Al A)[aB W Al B

arisingfromf : | Al andall cobrations j : A! B. The lifting property is
equivalert to the assertionthat the induced global bration

f :Hom (Al;Z)! Hom( ;Z)=2Z

is a trivial global bration. It follows that a simplicial presheafZ is motivic
bran t if and only if Z is globally bran t and all projectionsU A!! U induce
weak equivalencesof simplicial setsZ(U) ! Z(U A?!). This obsenation is
essetially well known, and was proved by Morel and Voewvodsky in [14].

We can now prove the following:

Lemma 1.6. Suppsegiven an inductive system
Z1! Zy! Zy!

of motivic br ant simplicial presh@aveson (Smjs), and let
j: Ii_fn Z;! G(Ii[n Z))

be a choice of glokally br ant model for the Nisnevich topology. Then the sim-
plicial presheaf G(Ii_m Z;) is motivic br ant.

Proof. The map j is a pointwise weak equivalenceby Nisnevich descem, and
the the simplicial presheafmaps

pr :Zi(U)! zi(u AYH

induce a weak equivalenceon the ltered colimit, and so G(lim Z;) is motivic
bran t. ' O
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We shall make constart use of the following variant of Lemma 1.6:

Corollar y 1.7. Supmsethat X; ! X, ! ::: is an inductive system of
motivic br ant simplicial presh@aveson (Smjs)nis. Then any motivic br ant
model

jtlimX;! z
is a pointwise weak equivalene.

1.4 Flasque simplicial preshea ves

Say that a simplicial presheafX on (Smjs)nis is asque if X is a presheafof
Kan complexesand every nite collection U; | U, i = 1;:::;n of subshemes
of a schemeU inducesa Kan bration

X (U) = hom (U;X) ! hom ([, U X):
Here, the union is taken in the presheafcategory, sothat the simplicial set
hom ([ [y Ui;X)

is an iterated bre product of the simplicial setsX (U;).

Every globally brant simplicial presheafis asque, and the classof asque
simplicial presheaesis closedunder ltered colimits. Note that the condition
for X to be asque saysthat the map X (U) ! X (V) assaiated to the singleton
set consisting of a substhiemeV | U is a Kan bration.

Lifting problems

¢ ——hog (U;X)
0" hom ([ 1Ly Ui X)

and their solutions are equivalent to diagrams of simplicial presheafmaps

([ L Ui Mar,u nHU E—é(

u o

One says more generally that amap p: X | Y of simplicial presheaesis
asque if it is a pointwise bration and has the right lifting property with
respect to all maps

(U “lgpu pyv &H U0 (1.4)
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Equivalertly, the map p is asque if and only if the simplicial set map

(i

hom (U;X) 1’ hom ([ 2 UisX)  hom (2, uy:v) hom (U;Y)

is a Kan bration.
Note in particular that a simplicial presheafX is asque if and only if the map
X1 is asque. The classof asque mapsis clearly stable under pullback.
One also has the following:

Lemma 1.8. Supmsethatp: X ! Y isa asque map of simplicial preshaves,
and suppsethat j : A} B is an inclusion of schemes.Then the induced map
QP

Hom (B; X) Hom (A; X)  Hom (ay ) HOm (B;Y)

is asque.
Proof. The map in U-sectionsinduced by (j ;p ) is isomorphic to the map
X(B U)! XA U) vaa 1yY(B L)

which is induced by restriction along the subshieme A U of B U. This
map is a Kan bration sincep is asque, sothat (j ;p ) is a pointwise Kan
bration.

Any lifting problem for the co bration (1.4) andthe map (j ;p ) isequivalert
to the extensionproblem for the mapp: X ! Y corresponding to the collection
of substhemesconsistingof U; B, i= 1;:::;n, aswellasU A of the scheme
U B. o

Cor ollar y 1.9. Supmsethat X is a asque simplicial preshaf and that B
is a scheme.Then Hom (B; X) is asque.

Proof. If X is asque, then Hom (;; X)) is the constart simplicial presheafon

the Kan complex X (;), and is therefore asque. The inclusion; B induces
a asque map Hom (B;X)! Hom (;;X), by Lemma1.8,sothat Hom (B; X)
is asque. O

Cor ollar y 1.10. Supmsethat X is a pointed asque simplicial preshaf and
thatj : A}l B is an inclusion of schemes.Then Hom (B=A; X) is asque.

Proof. Hom (B=A; X) is the bre of the asque mapj : Hom (B;X) !
Hom (A; X): O

Lemma 1.11. Suppse that the simplicial preshaf X is asque, and that j :
K ] L is aninclusion of simplicial sets. Then the simplicial preshaf map

j rhom(L; X)! hom(K;X)
is asque.
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Proof. Write X' = hom (L; X). We must solve the lifting problem

n /Hom (U;X*h)
(i)
"= Jhom ([ iU X 1) hom (0, ¢ hom (U X K)

An adjointness argumert says that this problem is isomorphic to the lifting
problem

X3

/Hom(U;X)L
(i)
" Jhom ([ 1Ui:X)"  hom (¢, u,x ¢ hom (U; X)X

But i is a bration, so the lifting problem is solved by SM7 for simplicial
sets. O

Lemma 1.12. Supmsethat g: A! B is a map of schemes,and that X is a
pointed asque simplicial preshaf. Let My denote the mapping cylinder for g
in the simplicial preshef category, andlet Cq = My=A be the homotopyco bre.
Then the standard co bration j : A ! M4 ass@iated to g induces a asque
map

j iHom (Mg;X)! Hom (A; X):
The simplicial preshavesHom (Mg; X) and Hom (Cg; X) are asque.

Proof. The secondclaim follows from the rst. The mapping cylinder My is
de ned by a pushout diagram

and the map j is the composite
A" BtA T My
The map d = (d°; d') inducesa asque map

Hom (A x) 9 Hom((A @ X);

Document a Mathema tica 5 (2000) 445{552



Motivic Symmetric Spectra 463

by Lemma 1.11 since Hom (A; X) is asque by Corollary 1.9. Flasque maps
are closedunder pullback, sothe map

d :Hom (Mg;X)! Hom (Bt A;X)
is asque. The inclusioning : A! Bt A inducesthe projection map
Hom (B;X) Hom (A; X)! Hom (A; X)

which is asque sincethe simplicial presheafHom (B; X ) is asque. Flasque
maps are closedunder composition, sowe're done. O

Example 1.13. Supposethat T is the quotient A’=(A® 0), and supposethat
X is a asque simplicial presheaf. Then the object Hom (T;X) is the bre of
the asque map

Hom (A% X) ' Hom (Al 0;X);

which is induced by the inclusioni : A1 0 Al sothat Hom (T;X) is
asque by Corollary 1.10.
There is an isomorphism

Hom (U; X)(V) = X(U V),

which is natural for all objects U and V of the underlying site. It follows that
there is a bre sequence

Hom (T;X)(U)! X(A! U)! X((A' 0) U)

if X is asque, sothat the functor Hom (T; ) presenespointwise weak equiv-
alencesof asque simplicial presheaes. It follows as well that the functor
Hom (T; ) presenes ltered colimits of simplicial presheaes.

Example 1.14. Supposethat K is a nite pointed simplicial set, identi ed
with a constart simplicial presheaf. Then there is an isomorphism

Hom (K;X)= hom (K;X);

and the functor hom (K; ) is asque by Lemma1.11. The functor hom (K; )
presenespointwise weak equivalencesof pointed simplicial presheaesconsist-
ing of Kan complexes,sothat it presenespointwiseweakequivalencesof asque
simplicial presheaes. The functor hom (K; ) commutes with all Itered col-
imits sinceK is nite.

2 Motivic stable categories

In this section, we work exclusively with spectrum objects de ned by T on
the smooth Nisnevich site (Smjs)nis, Where T is a pointed simplicial presheaf
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which is compact in the sensedescribed below; examplesof such T include
the quotient A'=(A* 0) and all constart simplicial presheaesassaiated to
pointed nite simplicial sets. The object of the sectionis to develop a stable
homotopy theory of spectrum objectsde ned by T, or T-spectra, in the motivic
context. The motivic stable categoryof Morel and Voevodsky arisesasa special
case,as doesa motivic stable homotopy theory for ordinary S*-spectra.

Warning: We shallwork almost ertirely within the motivic closedmodel struc-
ture henceforth. In particular, all brations will be motivic brations and all
weak equivalenceswill be motivic weak equivalences,unlessexplicit mertion is
made to the cortrary.

Formally, if T is a pointed simplicial presheaf,then a T-spectrum X consists
of pointed simplicial preshearesX ", n 0, and pointed maps T " X" !
X "1 The maps are called bonding maps it is a fact of life (seeSection 3.4)
that it matters whether onewrites T X" or X"~ T in the description of these
maps| | shall always display them by smashingwith T on the left.

There is an obvious category Spt + (Smjs)nis Of T-spectra. If T is the Morel-
Voewodsky object A'=(A' 0) then the corresponding category of T-spectra is
the basisfor the motivic stable category.

2.1 The level str uctures

For arbitrary pointed simplicial presheaesT, there are two preliminary closed
model structures on T -spectra which are analogousto the level bration and
level co bration structures for ordinary presheaesof spectra (aka. S*-spectra
in this language), but where the level equivalencesare motivic weak equiva-
lences.

Say that amapf : X ! Y of T-spectrais a

1) level co bration if all componert mapsf : X" ! Y™ are co brations of
simplicial presheaes,

2) level bration if all componert mapsf : X" I Y" are brations (ie.
motivic brations),

3) level equivalene if all componert mapsf : X" ! Y" are motivic weak
equivalences

A co br ation is a map which hasthe left lifting property with respectto all maps
which are level brations and level weak equivalences.An injective br ation is
a map which hasthe right lifting property with respect to all maps which are
level co brations and level equivalences.

Lemma 2.1. 1) The category Spt + ((Smjs)nis) of T-spectra, together with
the classesof co br ations, level equivalen@s and level br ations, satis es
the axioms for a proper closel simplicial model category.
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2) The category Spt + ((Smjs)nis ), togetherwith the classesof level co br a-
tions, level equivalenes and injective br ations, satis es the axioms for
a proper closel simplicial model category.

Proof. For the rst part (following [2]), supposethat amapi:A! B satises

a) i°:A%1 BOYisacobration of simplicial presheaes,and

b) eahymapi :TAB"[1ran A" 1 B"*1 s a co bration.

Then i is a co bration. Further, if i° and all mapsi as above are co brations
and equivalencesthen i is a level equivalenceaswell asa co bration. Thesetwo
obsenations are the basis of proof for the factorization axiom CM5 . Further,
it's a consequencef the factorization axiom that every co bration satis es the
two properties above. The axiom CM4 follows, and the rest of the axioms are
trivial.

For the secondstatemert, supposethat is an innite cardinal which is
an upper bound for the cardinality of the set of morphisms Mor((Smjs)nis)-
As in [4], choosea cardinal > 2 andset = 2. The axiomssEl { sE7
of [4] and their consequencespply to categoriesof T-spectra. We verify the
boundedco bration axiom sE7; the remaining axiomsare easilyveri ed, giving
statemert 2) accordingto the methods of [4].

Recall that the classesof co brations and equivalencesof simplicial pre-
sheaveson (Smjs)nis together satisfy the bounded co bration condition for
the cardinal in the sensethat, given a diagram

X (2.1)

Aj—/Y

such that the co bration i is an equivalenceand the subobject A of Y is -
bounded, there isa -boundedsuboject B of Y with A B, with B\ X | B
an equivalence.

Supposenow that the objects and maps of diagram (2.1) are in the category
of T-spectra, where i is a level equivalenceand a level co bration and A is

-bounded. There is a simplicial presheafB® with A° B° YO0 sud that
B% is -bounded and the co bration B%\ X° | BP9 is an equivalence. Write
j @ for the inclusion B® ! Y9 and usethe diagram

T/\AO—/T/\ BO

‘ ‘ (T~
Al 4/Y1
J
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to show that there is a -bounded subobject A* Y such that the map
Al tapo TABOI Y?

factors through A". There is a -bounded subobject B!  Y! with A" B!
sudh that the co bration B*\ X! | B1isan equivalence. This is the beginning
of an inductiv e construction which producesa -bounded subobject B of the
T-spectrum Y with A B sud that the level co bration B\ X | B isalevel
equivalence. O

Insofar asthe factorization axiom CM5 in part (2) of Lemma 2.1 is covertly
proved by using a small object argumert, there is a natural injective model
construction: there is a natural map of T-spectraiyx : X ! | X, suchthat ix is
a level co bration and a level equivalence,and | X is injective. More generally,
any level equivalenceX ! Y with Y injective is said to be an injective model
for X.

There is a natural level brant model jx : X ! JX, meaning that jx
is a co bration and a level equivalenceand JX is level brant. This can be
constructed directly from the small object argumerts, or by using the controlled
bran t object construction X 7! LX of [4] (seealso Section 1.2). Note as well
that every injective object is level bran t.

2.2 Compact objects
Say that a simplicial presheafX on (Smjs)nis is motivic asque if

1) X is asque, and

2) every map X (U) ! X (A! U) induced by the projection A1 U! U
is a weak equivalenceof simplicial sets.

Every motivic bran t simplicial presheafon (Smjs)nis is motivic asque, and
the classof motivic asque simplicial presheaesis closedunder Itered colimits.

A pointed simplicial presheaf T on the smooth Nisnevich site is said to be
compact if the following conditions hold:

C1: All inductive systemsY; ! Y, ! ::: of pointed simplicial presheaes
induce isomorphisms

Hom (T;Iim Yi) = ”.f“ Hom (T;Y:):

C2: If X is motivic asque, then sois Hom (T;X).

C3: The functor Hom (T; ) takes pointwise weak equivalencesof motivic
asque simplicial presheaesto pointwise weak equivalences.
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The following result generatesexamplesof compact simplicial presheaes:
Lemma 2.2. 1) If A ] B is an inclusion of schemes,then the quotient

B =A is compact.

2) All nite pointed simplicial setsK are compact.

3) All pointed schemesU in the underlying site (Smjs)nis are compact.

4) If T, and T, are compact, then T; _ T, and T; * T, and are compact.

5 If g: Ty! T, is a map of compact simplicial preshaves,then the pointed
mapping cylinder M4 and the homotopy co br e C4 are compact.

Proof. If X is motivic asque, then Hom (B=A; X) is asque by Corollary
1.10. We also know that there is an isomorphism

Hom (B; X )(V) = X(B V)
and a pointwise bre sequence
Hom (B=A;X)! Hom (B;X)! Hom (A; X) (2.2)
All maps
Hom (B;X)(V)! Hom (B;X)(V A%Y)

induced by projection are weak equivalencesof simplicial sets. It follows that
Hom (B=A; X) is motivic asque. The functor X 7! Hom (B=A;X) pre-
senes ltered colimits of simplicial presheaes. The bre sequenceg2.2) im-
ply that the functor Hom (B=A; ) presenes pointwise weak equivalencesof
motivic asque simplicial presheaes,giving 1).

Statemert 2) is proved by rst observingthat there is a natural isomorphism

Hom (K;X)= hom (K;X):

The functor X 7! hom (K;X) presenes Itered colimits sinceK is a nite
simplicial set. The statemert C3 is trivial, and C2 follows from Lemma 1.11,
and the functor X 7! hom (K;X) presenes pointwise weak equivalencesof
pointed presheaesof Kan complexes.

Statemert 3) is a consequencef statemert 1), and the smashproduct part
of statemert 4) is an adjointnessargumernt.

Supposethat X is motivic asque. The diagram

T._Th—IT, T

LE T — VS
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that de nes the pointed mapping cylinder My inducesa pullback diagram

Hom (Mg;X) —/Hom (T;~ 1;X) (2.3)

Hom (T1_ T2;X) —/Hom (Ty_ Ti;X)
and the map
Hom (T:~ 1:X)! Hom (Ti_ Ty;X)

is asque, by the pointed version of Lemma 1.11. Hom (Mg; X) is therefore
asque. The composite

Hom (Mg;X)! Hom (T1_T2;X)! Hom (T2;X)

is also asque, and so the pointwise homotopy bre Hom (Cg;X) is asque.
The objects other than Hom (Mg; X)) in the pointwise bre square(2.3) take
the projections U Al | U to weak equivalences. Propernessfor simpli-
cial sets therefore implies that the simplicial presheares Hom (Mg;X) and
Hom (Cg4;X) are motivic asque. Similarly, the functors Hom (Mg; ) and
Hom (Cy4; ) presene pointwise weak equivalencesof motivic asque objects.
Both functors presene Itered colimits, sincethey are built in nitely many
stepsfrom functors that do the same. We have proved statemert 5). O

Remark 2.3. One canshow that statemert 1) of Lemma 2.2 follows from state-
ment 5), but the preseried proof is easier. Statemert 1) implies that the
Morel-Voewodsky object T = A'=(A' 0) is compact.

2.3 The stable closed model str ucture

Supposethat T is a compact pointed simplicial presheafon the smooth Nis-
nevich site (Smjs)nis -

The T-loops functor 1Y is de ned for pointed simplicial presheaesY in
terms of internal hom by

1Y = Hom (T;Y):

The T-loops functor is right adjoint to smashingwith T, and so the bonding
maps T/~ X" X" of apresheafof T-spectra X can equally well be
speci ed by their adjoints  : X" ! X" upto atwist: is the adjoint
of the composite

XnAaT b oTaxn 1o xn;
wheret is the isomorphism which ips smashfactors.
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The T-loopsfunctor X is dened on T-spectra X by setting ( tX)" =
1(X™M), and by specifying that the bondingmap T/ X"1 X"
should be adjoint to the composite

T/\ Txn/\T TA'iVT/\Xn ' Xn+1:

The T-loopsfunctor X 7! X isright adjoint to the functor Y 7! Y~ T which
is de ned by smashingwith T on the right. More generally, there is a function
complex functor X 7! Hom (A; X) for all T-spectra X and pointed simplicial
presheaes A, and this functor is right adjoint to the functor X 7! X ~ A
de ned by smashingon the right with A in the obvious way.

Just asin ordinary stable homotopy theory (see[11, Chapter 1]), there is a
fake T-loops spectrum X, with

(rX)"= (X"
and with bonding maps adjoint to the morphisms
() (XM FXM):

The fake T-loop suspension functor is right adjoint to the fake suspension
functor Y 7! ;Y,where ;Y" = T~Y" andthe bonding mapsT~ Y"!

;Y"1 are dened to be the morphisms T~ : T2A YN 1 T A yn+,
Generally, the superscript ~ for \left": the functor X 7! X is the right
adjoint of Y 7! 1Y, which is de ned by smashingwith T on the left.

Remark 2.4. The fake T-loop spectrum X is not isomorphic to the T-loop
spectrum 1 X, sincethe adjoint  : tX"!  2X"*1 of the bonding map

TN XN T X1 diers fromthemap 1 by atwist of loop factors.
This phenomenonis the sourceof much of the technical fun in stable homotopy
theory, and the presen discussionis no exception| seethe proof of Theorem
3.11.

The maps  determine a natural morphism of T -spectra
X L XA

wherethe shifted T-spectrum X [1]isde ned by X [1] = X "*1 . The T-spectrum
Qr X is de ned to be the inductiv e colimit of the system

X 1 X[ T ( ~T)2X[2](‘T)2 7

Write x : X I Q1 X for the assa@iated canonical map. We shall be particu-
larly interestedin the composite map

X ¥ oax f Qrix;

which will be denotedby ~x . The functor Qr is sometimescalled the stabi-
lization functor, for the object T.
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A mapg: X ! Y of T-spectrais said to be a stableequivalene if it induces
a level equivalence

QrJ(9) : QrIX ! QrJY:

Obsenethat gis a stable equivalenceif and only if it inducesa level equivalence

1Q71J(g) : 1Q7rIX | 1QrJY:

More usefully, perhaps, it is a consequenceof Corollary 1.7 that g is a stable
equivalenceif and only if the induced map QrtJ(g) is a pointwise equivalence
of motivic asque simplicial presheaesin all levels.

A stable br ation is a map which hasthe right lifting property with respect
to all mapswhich are co brations and stable equivalences.A T-spectrum X is
said to be stably br ant if the map T ! is a stable bration.

We shall prove the following statemerts:

A4 Every level equivalenceis a stable equivalence
A5 The maps

~rax;QTI(x) 1 QrIX I (QrI)*X
are stable equivalences.

A6 Stable equivalencesare closedunder pullback along stable brations, and
stable equivalencesare closedunder pushout along co brations.

Lemma 2.5. The statementsA4 and A5 hold for T-spectra.

Proof. If g: X ! Y is alevel equivalencebetweenT -spectra suc that X and
Y are level brant, then g is a pointwise weak equivalence of motivic asque
objects in all levels, and soall 7g and Qrg are level pointwise equivalences
by C2 and C3. This provesA4.

The map QtJ(jx) : QrIX ! QrJ2X is alevel equivalenceby A4. There
is a commutativ e diagram

J
QT«bZX MQTJ%JX
Q1 (jax) Qr(orux)

QrIX ———1Qr QX
Qr(ax)

The vertical map Q1 (jsx ) is a level equivalencebecausej;x is a pointwise
weak equivalence of motivic asque simplicial presheaesin ead level, and
Qr presenessudc by C2 and C3. All maps Qt( z) are isomorphismsby C1
and a co nalit y argumert. The map jo,ix iS a pointwise weak equivalence
of motivic asque simplicial presheaesin ead level by Corollary 1.7, and so
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the map Qr(jo,sx ) has the same property by C2 and C3. It follows that
QrJ( sx) and QrJ(~x ) are level equivalences.
There is a commutativ e diagram

JQrgX" — 1IQrdX "
fQrax | T(orax)
QrIX" —— tQrix"*t
The mapjo, yx isalevel pointwiseequivalenceby Corollary 1.7, the lower map
is an isomorphismby a co nalit y argumert and C1, andthemap 1 (jo,;Jx)
is a pointwise weak equivalenceof motivic asque simplicial presheaesby C2

and C3. It followsthat all maps :JQtJX"! 1JQtJX"*! arepointwise
weak equivalences,and so the map

Jorix JQTIX ! QrJQrIX
is a level equivalence. In particular, the composite
Qrdx 7 Jorax PUf QriQrix
is a level equivalence. O

Lemma 2.6. The class of stable equivalen@s is closal under pullback along
level br ations.

Proof. Supposegiven a pullback diagram
A y X g_/x

p

Ay
in which g is a stable equivalenceand p is a level bration. We want to shov
that g is a stable equivalence.

By propernessof the level structure and A4, we can assumethat all ob-
jects are level brant. Every level equivalenceC ! D of level brant objects
consistsof pointwise weak equivalencesC" | D" of motivic asque simplicial
presheaes,so Qt takesead level equivalenceof level bran t objectsto a map
of T-spectra which consists of pointwise weak equivalencesin all levels. All
induced maps QA" ! QtY" are pointwise weak equivalences. The maps
p :QrX"! QrY" are Itered colimits of pointwise Kan brations, and are
therefore pointwise Kan brations. Finally, Qt presenes pullbacks and the
ordinary simplicial set category is proper, sothe maps

Qr(g):Qr(A y X)"!I QX"

are pointwise weak equivalencesof simplicial presheaes. O
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Every stable bration is a level bration, becauseevery level equivalenceis
a stable equivalence. Lemma 2.6 therefore implies the rst statemernt of A6.

The statemerts A4 and A5 together imply a Bous eld-Friedlander recogni-
tion principle for stable brations (seeLemma A.9 of [2]):

Lemma 2.7. Amapp: X ! Y is astable br ation if pis alevel br ation and
the diagram

X —1QrIX

p p

Yy —Qray
~Y

is level homotopy Cartesian.

In particular, a T-spectrum X is stably brant if X is level brant and the
maps : X"! T X "1 are equivalences(or pointwise weak equivalences).
We shall needthe cornverseassertion:

Lemma 2.8. Supmsethat X is stably brant. Then X is level br ant, and all
maps :X"! X" are pointwise weak equivalenes.

Proof. The composite

X ¥ oax " Qrax O 10rdx

is a stable equivalenceby Lemma 2.5, and the object | QtJ X is stably brant
sinceall maps

IQrIXM 1 1QrIX M

are pointwise weak equivalences.Write  x : X ! 1Q7JX for this composite.

Factorize x as
X
X T’ 1QrJX

z

where isalevel bration andalevel equivalence,and isaco bration. Then

is a stable bration sinceit hasthe right lifting property with respectto all
co brations. It followsthat Z isstably brant andall maps :z"! z"*
are pointwise weak equivalences. Also, the map : X ! Z is a co bration
and a stable equivalence. The object X is therefore a retract of Z, and so the
maps :X"! X" arepointwise weak equivalences. O
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Theorem 2.9. Supmsethat T is a compact object on the smaoth Nisnevich
site (Smjs)nis- Then the category of T-spectra on that site, together with the
classesof co br ations, stable equivalene@s and stable br ations, satis es the
axioms for a proper closeal simplicial model category.

The homotopy category Ho(Spt 1+ (Smjs)nis) assaiated to the stable model
structure of Theorem 2.9 is the motivic stable category of T-spectra on the
smooth Nisnevich site. In the particular casewhere T = A'=(A! 0), the
category Ho(Spt 1 (Smjs)nis) is the motivic stable category of Morel and Vo-
evodsky | it is often denoted by SH(S).

Proof. The axioms CM1 { CM3 are trivial to verify. We also know (Lemma
A.8 of [2], but this is alsoa direct consequencef Lemma 2.7) that amappisa
stable bration and a stable equivalenceif and only if it is alevel bration anda
level equivalence. The existenceof the co bration-trivial bration factorization
of CM5 follows, as doesCM4 .

It is a consequenceof Lemma 2.7 and Lemma 2.8 that a level bration
betweenstably bran t objects must be a stable bration.

To prove the remaining part of CM5, supposegivenamapg: X ! Y of
T-spectra. Form the diagram

X % Qra
%

g Y S'erdy z <Z
° g X
SSS p XX p
Y hQray

wherep is alevel bration and isaco bration and a level equivalence. Then
Z islevel brant, andthe maps :1QtJX"! Z" are pointwise equivalences
of motivic asque simplicial presheaes, so Z is stably brant. Thus, pis a
stable bration.

The map is a stable equivalence by Lemma 2.6, so that is a stable
equivalence. Factorize  as

X w

)
Y 1073y 2

where Cisaco bration and is alevel bration and alevel equivalence. Then

Ois also a stable equivalence,and is a stable bration, sof = (p ) Vlisa
factorization of f asa stable bration following a co bration which is a stable
equivalence,giving CM5 .
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Part of the propernessassertionwasprovedin LemmaZ2.6. For the co bration
statemert, form a pushout diagram

A—2 ¢

j

B——/B[aC

wherej isaco bration and g is a stable equivalence. We must show that g isa
stable equivalence. By propernessof the level structure and by taking a suitable
factorization in the level structure, we can assumethat g is a co bration. But
then it's a standard fact about closedmodel categoriesthat trivial co brations
are closedunder pushout.

We must nally verify Quillen's axiom SM7. Supposethat i : K ! L isa
co bration of pointed simplicial setsand that : A ! B is a co bration of
T-spectra. We must show that the co bration

(AML)[(ark)y(BMK)! B~ L

is a stable equivalenceif either j is a stable equivalenceor i is a weakequivalence
of simplicial sets. The casewherei is a weak equivalenceis a consequenceof
the corresponding result for the level structure. The remaining caseis veri ed
by shawing that the co braton "L :A”L! B "L isa stable equivalence
if is a stable equivalence.

From Lemma 2.8, oneseeghat if W is both stably bran t and injective, then
sois hom (L; W). Also one can identify the set [X; W] of stable homotopy
classesof mapswith ghom (X; W) in the sensethat the natural map

ohom (X; W) ! [X;W]

is a bijection. In e ect, there is a trivial level bration :X0%! X with X°
co brant which inducesan isomorphism

ohom (X;W) = ghom (X %W)
sinceW is injective and all T-spectra are co brant in the injective model struc-
ture (seeRemark 2.10following this proof), while ohom (X%W) = [X%W]=
[X;W] sinceX %is co brant and W is stably brant. There is an isomorphism
hom (X;hom (L; W)) = hom (X ~ L; W);
and sothere is a natural bijection
[X;hom (L; W)l = [X ~ L; W]

of morphismsin the stable homotopy category. From Lemma 2.11 below, one
seesthat amap g: X ! Y is a stable equivalenceif and only if it inducesa
bijection g :[Y;W]! [X;W] of morphismsin the homotopy category for all
injective stably brant objects W. It followsthat * L is a stable equivalence
if is a stable equivalence. O
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Remark 2.10. In general,every mapf : A! B betweenco brant objectsin a
closedmodel category has a factorization

where | is a co bration and s left inverseto a trivial co bration | this is
really just the standard mapping cylinder construction. It follows that, in a
simplicial model category, if W is brant andg: A ! B is a weak equivalence
of co brant objects, then the induced map

g :hom(B;W)! hom (A; W)

is a weak equivalence of Kan complexes. This is certainly soif g is a trivial
co bration, and then one usesthe above factorization to seethe more general
case.

Lemma 2.11. Amapg: X ! Y is astableequivalene if and only if it induces
bijections
g ;W] T [X;W]

of morphismsin the stable (equivalently, level) homotopy category for all stably
br ant injective objects W.

Proof. Every stable equivalenceclearly inducesa bijection
g (YWl T [X;W]

for all stably brant injective objects W.

For the cornverse,assumethat all such mapsg are bijections. The injective
stably brant model X ! 1QtJX is a stable equivalence, so it suces to
assumethat X and Y are both stably brant and injective. But then g must
be a homotopy equivalence: the homotopy inverseof g is a pre-imageunder g
of the classof 1x for the caseW = X. O

With the proof of Theorem 2.9 now completely in hand, Lemma 2.11 can be
bootstrapped to the following:

Corollar y 2.12. Amapg: X ! Y of T-spectra is a stable equivalene if
and only if it induces a weak equivalene

g :hom(Y;W)! hom(X;W)

of Kan complexesfor all stably br ant injective objects W.
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Proof. If g: X ! Y is alevel equivalence,then the induced map
g :hom(Y;W)! hom(X;W)

is a weak equivalencefor all stably bran t injective objects W, sinceall objects
in the injectiv e simplicial model structure are co brant and we can useRemark
2.10.

Supposethat g: X ! Y is a stable equivalence. Then there is a diagram

<

such that X and Y areco brant and the maps x and vy aretrivial level bra-
tions. Then, for example, x inducesa weak equivalence 5 :hom (X;W)!
hom (X'; W) for all stably brant injective objects W by the previous para-
graph. It suces, therefore, to assumethat X and Y are co brant, but then
Remark 2.10 can be usedin the stable simplicial model structure to show that
g is aweak equivalenceof simplicial sets.

For the reversedirection, supposethat g : hom (Y;W)! hom(X;W) isa
weak equivalencefor all stably brant injective W. Then by computing in o,
the induced map

g [y;wW]l [X;wW]
of morphisms in the homotopy category is a bijection for all stably brant
injective W, and Lemma 2.11 can be applied. O

2.4 Change of suspension

Any map :Ti! T, of pointed simplicial presheaeson the site (Smjs)nis
inducesa functor

2 Sptr, (Smjs)nis ! Spty, (SMjs)nis

by precomposingthe bonding mapswith . More precisely, for any T,-spectrum
X, X isthe Ti-spectrum with ( X)" = X", with bonding maps given by
the composites

Nl

TiAX" T TpAX 1 X

There is homotopical content to this construction when T, and T, are compact
and is an equivalence:
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Pr oposition 2.13. Suppsethat :T;! T, is aweak equivalene of compact
objects on the site (Smjs)nis- Then the functor induces an equivalene@ of
motivic stable homotopy categories

:Ho(Spt1,(Smjs)nis) ! Ho(Spt+, (Smjs)nis):

Proof. Write  for the bonding mapsof X. The functor  clearly presenes
level equivalences,level brations and level co brations. If X is level brant,
there is a diagram

Xn+1 T2/ 2 Xn+2

Txn+1 TXn+2
1 2

Ty
M

All vertical mapsare pointwise weak equivalences,sothere are induced natural
pointwise weak equivalences : Qr,X" ! Qr, X" for level brant objects
X. It followsthat g: X ! Y is a stable equivalenceof T,-spectra if and only
if g: X! Y is a stable equivalence of presheaes of T;-spectra. In
particular, inducesa functor

:Ho(Spt1,(Smjs)nis) ! Ho(Spt+, (Smjs)nis):

T1

2 n+2

on stable homotopy categories. It also follows, using Lemma 2.7, that  pre-
senesstable brations.

To go further, we must presumethat is a co bration aswell as an equiv-
alence. This su ces, sincethe factorization trick of Remark 2.10 involvesthe
mapping cylinder, and we have Lemma 2.2.

Given this new assumption, one can further show that  presenesco bra-
tions: givena co bration i : A! B of T,-spectra, there is a pushout diagram

(T2 A B") [ (1,nany (T2~ B") — (T, A BM) [ (Tynany AN*L
()
ToAB" ————————— /(T2 " B") [ (1,0 an) AN*
in which ( ;i) isaco bration. The canonical map
(TLAB™) [ (ryhan) AN 1 B
for i is the composite

(TeAB") [ (rynany AT 1 (T2A B [ (rnany AN 1 BT
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so iisacobration of Ty-spectraif i is a co bration of T,-spectra.

Every stably brant T;-spectrum X is of the form X = X for somestably
bran t T,-spectrum X. To seethis, let X" = X", and choosebonding maps
T~ XM X" making the following diagram commute:

TiA X" —Jynn

One gets away with this because " 1is atrivial co bration. It follows that
every stably brant T;-spectrum X is stably equivalent to a T;-spectrum Y,
whereY is a stably brant and co brant T,-spectrum.

To nish o the proof, the ideais to showv that :T;! T, inducesa weak
equivalenceof Kan complexes

hom (A; X) ! hom( A; X)

for all co brant A andstably brant X . Computing in o impliesthat induces
bijections

XTI T LY X]

for all stably brant, co brant objects X andY . The desiredresult then follows
from basic category theory.

We show that is a weak equivalence of Kan complexesby showing that,
given any solid arrow diagram

@" 4/ho§1 (A; X)

n"”“—/hom( A; X)

a dotted arrow exists sud that

1) the upper triangle commutes, and

2) the lower triangle commutes up to homotopy which is constart on @ ".

This homotopy lifting property is implied by the following: given any solid
arrow commutativ e diagrams

A —Ix A—I.
XX

j g j XxXX ;

B B
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with A is co brant, j is a co bration and X is stably brant, then the dotted
arrow g exists making the diagram of T,-spectra commute, and there is a
homotopy g' f which is constart at on A.

This last property is proved by a homotopy extension argumert which de-
pends on the assumption that is a trivial co bration. The method is to
inductively nd the dotted arrows h and g making the following diagrams si-
multaneously commute

B”+l Tl/\ B”n ]_Tl/\h (Tl/\ Xn

dl N1 N
Bn+16 lh ......... /§n+l T2A B"n 1 T2/\ Xn

d° g n 1!

gn+l B"lp 1o /X n+1

The inclusion of
A" [ (T~B")n [ (A" [ (T:"B")n@"

in (A" [ (T,AB")n lisatrivial cobration since is trivial, sothat the
composite homotopy

1 Tihh 1

T,AB"n M TAax? U TAx 1 x

extendsto a homotopy i : T,A B"n 1! X" from f to  (To"Q)
which is constart on A"*! . The homotopy I extendsto the desiredmap h in
the usual way, sincethe map

(An+1 [ (TZA Bn))n l[ Bn+1 fogl Bn+1 n 1
is a trivial co bration. O

2.5 Bounded cofibra tions

The commutativit y of the diagram (1.2) for the controlled brant model con-
struction X 7! LX of Section1 implies that this construction can be promoted
to the category of T-spectra. More explicitly, there is a natural level brant
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model x : X ! LX de ned for T-spectra suc that the map x isalevel co -
bration and a level equivalence. The standard properties of the functor L (see
Section 1.1) passto the spectrum level, and so the functor L is an example of
a functor F : Spt+(Smjs)nis ! Spt+(Smjs)nis Which satis es the following:

L1: F preseneslevel weak equivalences.

L2: F preseneslevel co brations.

L3: Let be any cardinal with . Let fX;g be the ltered system of
sub-objects of X which are -bounded. Then the map
limF(Xj)! FX

is an isomorphism.

L4: Let be an ordinal number of cardinality strictly greater than 2 . Let
X : I Spty(Smjs)nis be adiagram of level co brations sothat for all
limit ordinals s< the induced map

lim s X(t) ! X(s)
is an isomorphism. Then Ii_m t« F(X (1) = F(Ii_rn t« X (1)).
L5: If X is -bounded,then FX is -bounded.

L6: Let Y;Z betwo subobjects of X . Then
FY\FZ=F(Y\ 2)
in FX.

L7: The functor F is continuous;that is, it extendsto a natural morphism of
simplicial sets

F:hom(X;Y)! hom(FX;FY)
compatible with composition.
Recall that the cardinals and are chosensud that
=2 > >2;

where is an upper bound on the cardinality of the set of morphisms of (the
chosenapproximation for) the smooth Nisnevich site.

Remark 2.14. If the spectrum X hasextra structure, such asa symmetric struc-
ture, then that structure is presened by the functor X 7! LX: the pairings

LX"AL 1 L(X"AL)

satisfy properties L9 and L10 in Section1.1, and are natural in L and X" so
that they respect all symmetric group actions.

Document a Mathema tica 5 (2000) 445{552



Motivic Symmetric Spectra 481

Say that amapg: X ! Y of T-spectra is an F-equivalenceif it inducesa
level weak equivalenceFg: FX ! FY.

Pr oposition 2.15. Suppsethat the functor
F :Spty(Smjs)nis ! Sptt(Smjs)nis

satis es the conditions L1 { L7. Then the class of co brations of T-spectra
which are F -equivalen@s satis es the bounded co br ation condition for the car-
dinal

Proof. The class of maps of T-spectra which are level co brations and level
equivalencessatis es the bounded co bration condition for the cardinal . To
seethis, recall that the category of simplicial presheaessatis es the bounded
co bration condition with respect to the cardinal , since is an upper bound
for the cardinality of the set of morphisms of the underlying site [4, Lemma
2.3]. Then usethe argumert for the secondpart of Lemma 2.1.

Supposethat i : X ! Y is a co bration in the category of T-spectra, and
that j : A ] Y is a subobject of Y. Then the restriction X \ A ! A'is
a co bration of T-spectra (so that the statemert of the Proposition makes
sense). The claim for St-spectra was proved in Lemma 3.1 of [4]. There is
nothing special about the simplicial circle S* in that argumert, sothe same
argumert obtains here.

Alternativ ely, the key is to shaw that the map

j : (T AN An) [ (TA(AM X 1)) (An+1 \ Xn+1) ] (T I\ Yn) [ (TAxX ) Xn+1
is an inclusion in all presheaesof simplicesfor all n. But

(TAAN [ (nr@am xny (AT X"
= (T ) (A" X"t (AMH\ XM,

at the simplex level, while
(TAYD) Laxm XM= (T ) (Y7 XMt X",

and the map betweenthe two is obvious.

Let X ! Y be an F-equivalenceand a co bration of T-spectra, and let
A Y bea -bounded sub-object. Inductively de ne a chain of -bounded
sub-objects A= Ag A1 Ay Y over , and a chain of sub-objects

F(A)=F(Ao) X1 F(A1) X2 F(A2) F(Y);
alsoover , with the property that the co bration

F(X)\ Xs! Xs
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is a level weak equivalence. SetB = Ii_rn < As. Then, by L6,
F(X\ B)=F(X)\ F(B) = Ii_ms< F(X)\ Xs

is a level weak equivalence,and soX \ B | B is an F-equivalence.

The Ag and X are de ned recursively. Supposes + 1 is a successowordinal
and As hasbeende ned. Then, since As is -bounded, F(As) is -bounded
by L5. The map F(X) ! F(Y) is a co bration and a level equivalence, so
there is a -bounded sub-object X s+1 F(Y) sothat F(As) Xs+1 and
F(X)\ Xsa1 ! Xss1 is a level weak equivalence. Since there is a Itered
colimit F(Y) = lim F(Y;) indexed over the -bounded subobjects Y; by L3,
there is a -bounded subobject A2, of Y so that X F(AS,,). Set
Asi1 = Ag[ Agr . Finally supposethat s is a limit ordinal, and set

XS = ||m t<s F(A[) = IIm t<s Xt:

Then Xs is -bounded and F(X)\ Xs ! Xg is a level weak equivalence.
Choose A? Y such that A2 is -bounded and X5  F(AQ). SetAg =
lim <s At [ AL O

Cor ollar y 2.16. The classof co br ations which are stable equivalenes sat-
is es the boundel co br ation condition with respect to the cardinal

Proof. The functor X 7! QtLX is an example of a functor F satisfying the
conditions for Proposition 2.15. O

3 Fibre and cofibre sequences

The purposeof this sectionis to show that the standard calculus of bre and
co bre sequencegan be promoted to the motivic stable category, with the help
of a suitable theory of stable homotopy groups with weights. The outcomes
include detection of motivic stable equivalencesby presheaesof weighted stable
homotopy groups, and a collection of results which together assertthat bre
and co bre sequencesre indistinguishable in the motivic stable category.
The last part of this sectionis dewoted to showing that the various standard
a vors of suspension functors (ie. left, right, and shift) are equivalent. These
results turn out to be special, and depend on knowing Voewvodsky's obsenation
that the cyclic permutation of order 3 actstrivially on T3 = T" 2 in the motivic
homotopy category. The Voewvodsky result appearshere as Lemma 3.13.

3.1 Exact sequences for S!-spectra

Recall that Lemma 2.2 asserts,in part, that nite pointed simplicial setsare
compact. The simplicial circle St is nite, sothat Theorem 2.9 implies that
there is a proper closedsimplicial model structure on the category

Spt (Smjs)nis = Spts:(SMjs)nis
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for S'-spectra on the smooth Nisnevich site, for which the weak equivalences
are the motivic stable equivalences.Our rst job is to shaw that the traditional
facts about bre and co bre sequencef ordinary spectra have analoguesin
this setting.

Lemma 3.1. Supmsethat amapg: X ! Y of Sl-spectra is an ordinary local
stableequivalen@. Then g is a motivic stableequivalene.

Recall [10], [11] that a map g : X | Y of presheaes of spectra is a local
stableequivalene if it inducesan isomorphismon all shearesof ordinary stable
homotopy groups.

Proof. If an S!-spectrum W is motivic injective and motivic stably brant,
it must be injective and stably brant for the local theory. It follows that
ordinary stable homotopy classeqX ; W] coincide with naive homotopy classes

(X; W) and hencewith level homotopy classeqX ; W] in the motivic theory
for all suth W and all St-spectra X . Thus, every stable equivalenceg: X ! Y
inducesa bijection

g [y;w]l [X;wW]

in level homotopy classesfor the motivic theory if W is motivic injective and
motivic stably brant. Lemma 2.11implies that g is a motivic stable equiva-
lence. O

Cor ollar y 3.2. Supmsethat
Fi x 1y

is a level motivic br e sequen@ of St-spectra. Then the induced map p
X=F ! Y is a motivic stableequivalene.

Proof. This is a consequencef the corresponding result for ordinary spectra,
and Lemma 3.1. O

All weakequivalences stable equivalences, brations and soon will betacitly
assumedto be motivic henceforth. We shall drop the useof the term \motivic",
exceptwhen it is necessaryto include it for clarity.

Lemma 3.3. Supmsegiven a commutative diagram of S!-spectra
A, —IB, —Icy
f1

A,—IB,—Ic,

fa fa

in which the horizontal sequen@s are level co br e sequenes. Then if any two
of f1, fo or f3 are stable equivalenes, then so is the third.
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Proof. We will show that f; is a stable equivalenceif f, and f3 are stable
equivalences.The other two casesare similar.
The ideais to show that precomposition with f; inducesa weak equivalence

f, thom (Az; W) ! hom (Ag; W)

of function complexesfor any stably brant injective object W. The map of
co bre sequencesnducesa comparisondiagram of bre sequences

hom (Cz; W) —hom (B2; W) —/hom (Az; W)
f3 fZ fl

hom (Cy; W) —hom (B1; W) —hom (A1; W)
The level equivalencesW !  W[1] of stably brant injective objects give all
spacesin this diagram the structure of in nite loop spaces,andf, and f; are
the maps at level O for stable equivalencesof spectra. The map f, is therefore

the level O part of a stable equivalenceof stably brant spectra, and sof, is a
weak equivalenceof simplicial sets. O

We now have the following consequencef Corollary 3.2 and Lemma 3.3:
Cor ollar y 3.4. Supmsegiven a commutative diagram of S!-spectra
Fr—Ix; —I;
fi

Fo—IX, —1v,

fo fa

in which the horizontal sequen@s are level br e segquen@s. Then if any two of
f1, f2 or f3 are stableequivalenes, then so is the third.

Recall that amap g : X ! Y is a stable equivalence of S'-spectra if and
only if it inducesa pointwise level equivalenceg : QJX ! QJY. The functor
QJ = Qs:J producespresheaesof in nite loop spacessothat g is apointwise
level equivalenceif and only if it induces pointwise isomorphisms

nQIX(U)= 1QJY(V)

in all homotopy groups. The group ,QJX (U) canbeidentied up to isomor-
phism with the ltered colimit of the system

[Sn+r;xrjU]! [Sn+r+1;Xr+ljU]! :

where S' denotesthe t-fold smashproduct of the constart simplicial presheaf
assaiated to the simplicial circle S?, and the morphismsin the motivic homo-
topy category are computed over the schemeU. This ltered colimit may be
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computed without referenceto alevel bran t model for X ; we de ne a presheaf

n X of stablehomotopy groupsfor X in U-sectionsto be the ltered colimit of
this system. A mapg: X ! Y is a motivic stable equivalenceif and only if it
induces presheafisomorphisms X = ,Y foralln2 Z.

Warning: The presheaes of groups ,X are de ned by morphisms in the
motivic homotopy category. Despitethe notation, they do not coincidewith the
stable homotopy group presheaesof X, but rather with the stable homotopy
group presheaesof a motivic stably brant model for X .

Any level bre sequence
Flxf®y

can be functorially replaced up to level equivalence by a bre sequencein
which all objects are level brant. Supposethat this has beendone| then
the induced maps of St-spectra

oF ¥ ox ¥ ov
forms a level bre sequenceof spectra
QF(L) T Qxu) ¥ Qv)
in ead section, and therefore determinesa long exact sequence
T QYW © 4QFU) 1 aox) 1 aQY () €

of preshearesof stable homotopy groups. It followsthat there is a natural long
exact sequence
[

i aY @ Fv x' ,ve

of presheaesof groups assaiated to a level bre sequence.
Supposegiven a level co bre sequence

Al B1 B=A; (3.1)

and replace the map up to motivic weak equivalence by a level motivic
bration by taking a factorization

where g is a level motivic bration and j is a co bration and a level motivic
equivalence. Let F bethe bre of g. Then the co bre sequencg3.1) is a bre
sequencen the standard way in the motivic setting, in the sensethat we can
prove
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Lemma 3.5. The co bration j inducesa motivic stableequivalenej :A! F.
Proof. There is a commutativ e diagram

A——/g ——/B=A
j j
F—Ix —Ix=F

The map q: X | B=A factorsthrough : X ! X=F in that there is a map
g : X=F ! B=A sudc that q = g. The map g is a stable equivalenceby
Corollary 3.2. One alsoched&ksthat qj = sothat qj = 1onB=A, and
soj is a stable equivalence. Now useLemma 3.3to concludethat the induced
mapj : A! F of Sl-spectra is a stable equivalence. O

Cor ollar y 3.6. Any co bre sgquen@
Al B! B=A

induces a natural long exact sequen@

i

I .B=A® Al B 1 B=A®C

Proof. The sequenceis the long exact sequencefor the corresponding bre
sequencearising from the construction of Lemma 3.5. O

3.2 Weighted stable homotopy gr oups

The presheafT = A'=(A! 0) sits in a pushout squareof presheaes

Al Oi_/Al

and Al is contractible in the motivic homotopy category. A standard argu-
ment on mapping cones(which usesproperness)implies that there are motivic
equivalences

T=ASAl 0) M;xAl! 0)! St~ (Al 0)

involving the mapping cylinder M; of the inclusion i. All of these objects
are compact, by Lemma 2.2, and Proposition 2.13 implies that the displayed
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equivalencesinduces equivalencesof the stable categoriesassaiated to the
various suspensions.

For corvenience,write G, = A* 0, pointed by the global section given by
the identit y elemen e (Voevodsky denotesthis object by St [16]). This is the
underlying schemeof the multiplicativ e group, but the group structure is never
used.

Recallthat amapg: X ! Y of spectrais an stable equivalenceif and only if
the inducedmapg : QtJX ! QtJY is a pointwise level equivalence. Recall
further that the object QtY for alevel brant spectrum Y hasobject at level
n given by the ltered colimit

Yn ] TYn+l T ] _|2_Yn+2 |

The homotopy group QtY"(U) in U-sectionsis isomorphic to the lItered
colimit of the diagram

YU U) U Y™ ) T EayMZy o

which canbeidentied with a ltered colimit of mapsin the motivic homotopy
category over the schemeU of the form

[Sr,YnJU]| [Sr/\T;Yn+ljU]! [SrATZ;Yn+2jU]!

Here, T" denotesan r-fold wedgeproduct of copiesof the simplicial presheafT,
and S' is the r-fold wedgeproduct of copiesof S. The equivalenceT ' S G,
further implies that this last inductiv e system can be rewritten as

[S;Y"jul! [S"™ A Gu;Y"Ljul! [S™2 A GE Y2 ju]!
Write s Y (U) for the colimit of the sequence
[St+nAG§1+n;YnjU]! [St+n+l AG%+n+l;Yn+ljU]!

The variable t in s Y is usually called the degree, while s is called the weight
The presheaesof groups s Y are called the weightel stable homotopy groups
of the T-spectrum Y.

This last de nition of the presheafU 7! Y (U) makessensefor any T-
spectrum Y, and there is an isomorphism

rQTJYn(U) = ronm nY(U):
From a di erent point of view, if t s, then there are isomorphisms
lima[S™" A GH ™M Y jul = limalS" A Gy Y U]

= lima[S"~ Gh; & Y[ iyl
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whereY [k]" = Y"*K de nes the shifted T -spectrum object Y [K] in the standard
way for all k 2 Z. It follows that there is an isomorphism

Y= o0 g, QrQY[ 1)°
if t s. Similarly, if s t, there is an isomorphism
Y= o ' *QrQY[ s)*

If g: X I Y isan stable equivalence,then g : Qr(IX[K]) ! Qt(JY[K]) is
a pointwise level equivalencefor all k 2 Z, sothat all induced maps

g s X! ts Y

are isomorphisms of presheaes. Conversely if g induces isomorphisms in
all bigraded stable homotopy group presheaes,then g inducesisomorphisms
tsX = sY fors Oandt s. Inthat case

tsY = (¢t sprssY = ot QY 3
sothat g : QrJX ! QtJY is a pointwise level equivalence. We have proved

Lemma 3.7. A mapg: X ! Y of T-spectra is an stable equivalene if and
only if g inducesisomorphisms

tsX = tsY
of preshavesof groupsfor all t;s2 Z.

Given Proposition 2.13, we can assumethat T is identically S*~ G,,, soa
T -spectrum consistsof pointed simplicial presheaesY" and bonding maps

StaGg, Y"1 ynH.

An S'=G, -bispectrum consistsof pointed simplicial preshearesX ™", m;n 0,
together with bonding maps  : STA XM I XM+ and |, : Gy A X ™N |
X mn+1 “such that the diagram

Sl A Xdun +1 h /X m+]on +1
str
Sl N Gm A X min v

Gm/\sl/\ Xm;nG - h/Gm/\xm+1;n

m

commutes, wheret : S* A G, | Gy, A St is the canonical isomorphism which
ips smashfactors. The maps , and | are called vertical and horizontal
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bonding maps respectively. Sud a gadget may alternativ ely be viewed as a
collection of St-spectra

Xn:X n.

together with maps of S'-spectra X" * G, ! X "*! induced by the vertical
bonding maps.

For us, the key example arisesfrom a T-spectrum Y, in that it functorially
determinesan array Y -

G’r‘n2/\ YO Gm/\Yl Y2
Gm/\YO Yl Sl/\ Yl
YO Sl/\ YO 82/\ YO

which has the structure of an S'=G,-bispectrum. In e ect, the horizontal
bondingmap p :S!AGKAYM ! GK 12 VY"*1 isde ned to be the composite

1n

SIAGK IAGr A Y I G tastaGy Ay T Gk Ty

and the vertical bonding maps arise from the maps of S'-spectraY " A Gy, !
Y "*1 which are canonically determined by the twist isomorphisms

(GKAY" K)A Gy T Gy A (G A YD k)

for0 k n.
An S=G,-bispectrum X has presheaesof bigraded stable homotopy groups
ts X de ned in bidegree(t; s) and in U-sectionsto be the colimit of the system

) )

[St+k/\ Gfﬂ+l8;xk;l+lju] h /[St+k+1 A G?n+lg;xk+l ;I+1jU] /

\ \

[St+k N anﬂ;xk;lju] - /[St+k+l N G?n+l;xk+l ;Iju] /
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Here (presuming that all X' are brant, which is harmless), the map
takesa represenative :S"~ G5, ! Xkl to the composite

sia

Sl/\Sr/\GrSn | Sl/\xk;l !h Xk+l;|;

while |, takes to the composite

Gy Gm "

SrAGmAGrsn r Gm/\Sr/\Grsn Gm,\xk;l IV Xk;l+1:

The bispectrum object X determinesa sequenceof maps of S!-spectra

m (vi)
X0 g xt i 2 X2y

where g, isthe functor Hom (Gn; ). Then the presheaf s X isthe Itered
colimit of the preshearesof stable homotopy groups

s+ || s+ 1+1 |+l|
cghaxte g

once X has beenreplaced up to levelwise equivalence by a levelwise bran t
object JX sothat the \lo op" constructions make sense.

In particular, starting with a T-spectrum X, a co nalit y argument shownsthat
the presheaesof weighted stable homotopy groups s X for X asde ned above
coincide up to natural isomorphism with the presheaes X ' of bigraded
stable homotopy groups for the assaiated bispectrum object X -

3.3 Fibre and cofibre sequences

A level bration p: X ! Y of S'=G,-bispectra is a map which consists of
brations p: X™" 1 Y™ for all m;n 0. Level equivalencesand level
co brations have analogousde nitions. One can use standard techniques to
show that any mapf : X | Y of S'=G,-bispectra has a factorization

where p is a level bration andj is alevel co bration and a level equivalence.
Supposethat

Fl x 1y

is a level bre sequenceof S'=G,,-bispectra, and supposethat Y (and hence
X) is level brant. Then there are bre sequenceof S!-spectra

strper stryr R S+ryr
o, Fv o X0t gy
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and hencelong exact sequencesn stable homotopy group presheaes

T EYT@ R g b gy @
Taking a ltered colimit in r givesa long exact sequence
i

T o1sY 1@ WF 1 X by @ (3.2)

for eadh s. One can remove the condition that Y is level brant by using
factorization tricks from the previous paragraph.
If

Al B! B=A

is a level co bre sequenceof S'=G,-bispectra, then replacingthe map up to
level equivalenceby a bration p asabove givesa diagram

A——/p—IB=A
j lg-a
F—Ix —/B=A

in which p is a level bration and j is a level equivalence. It follows from
Lemma 3.5 that the induced mapsj : A" ! F" are stable equivalencesof
Sl-spectra. But then the induced maps

A F

are isomorphismsin all bidegrees. This implies that there is a natural long
exact sequence

I 1sBA® (Al B! (BAP (3.3)

assaiated to a co bre sequenceof S'=G, -bispectra in eac s. As a corollary
of the construction we have

Cor ollar y 3.8. There are natural isomorphisms
t+1 ;s(Y A Sl) = Y
for all bidegrees (t; s) and S'=G, -bispectra Y .
Lemma 3.9. Suppmsethat
Fix %y

is a level br e sequene of T-spectra. Then the induced map X=F ! Y is a
stable equivalene.
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Proof. The ideais to shaw that the map X=F ! Y inducesisomorphisms
ts (X:F) b= I;SY ; .

Form the diagram of maps of S*=G, -bispectra

where g is a level bration, j is a level equivalence,and F is the bre_(%fnthe
map g. Themapj :F * ! F consistsin part of equivalencesF" ! F " in
bidegree(n; n) for all n 0, sincethe sequence

Fioolox:s 1y

is already an bre sequencen those bidegrees.A co nalit y argumert therefore
implies that the mapj :F ' ! F inducesisomorphisms

j wsF T sF
for all t and s.

The map Z=F ! Y ' of S'=G,-bispectra inducesisomorphismsin all ts
sinceit consistsof mapsZ"=F" ! Y " of Sl-spectra which are stable equiv-
alencesby Lemma 3.2.

A long exact sequenceargumert arising from the comparison of co bre se-
guences

Fi—x: I(X=F) :
j ‘ j j
F Iz Iz=F
shows that the mapj :(X=F)‘ ! Z=F inducesan isomorphismin all s.
The result follows. O

Cor ollar y 3.10. Supmsethat
Al B1 B=A
is a level co br e sequene of T-spectra, and take a factorization
B o—'X

p

B=A
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of the map suchthat j is a level equivalene and p is a level br ation. Let
F be the bre of the map p. Then the induced mapj : A ! F is a stable
equivalene.

Proof. The induced map X=F ! B=A is a stable equivalenceby Lemma 3.9.
The mapj :B=A! X=F isthereforea stable equivalence,soa comparisonof
long exact sequencesargumert shovsthat j : A! F is a stable equivalence.

o

3.4 T-suspensions and T-loops

Write jx : X ! Xg for a natural choice of stably brant model X for a T-
spectrum X, wherejx is a co bration and a stable equivalence. The aim of
this sectionis to prove and discussthe consequencesf the following result:

Theorem 3.11. The composition
X oaxAT) T (X AT
arising from the adjunction map x is a stableequivalene for all T-spectra X .

The proof of this result is a bit delicate, and will be accomplishedwith the
help of a seriesof lemmas. We begin with something which is quite general:

Lemma 3.12. Supmsethat the comparison diagram of inductive systems

Xo Ix 4 Ix, /

fo fi fa

Yo Iy, Iy, /

consists of stableequivalenesf; : X; ! Y;. Then the induced map
limf; :lim X; ! limY;
is a stable equivalene.
Proof. The idea of the proof is to shaw that we can assumethat the spectra
Xi andY; are stably bran t.
In e ect, supposethat there are trivial co brations j; : X; ! (Xj)s and

ji oYl (Yi)s and maps(fi) : (Xi)s! (Vi)s such that (X;)s and (Y;)s are
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stably brant fori n, and sud that the diagrams

XI lI /XI
I||'. Y
IJ||1
||$
1
fi 1 (X, l)s (Xl)s
fi
(fl 1) /

commute. Now form the commutativ e diagram

Xnﬁ:ﬁ:’rﬁ:': /Xn+1 %1%%

n (Xn)s [Xn)s [ x, Xnsr —(Xns1)s
fne
(fn)
Yn lYn+1 f E(fn+1 )
(Yn)s /(Yn)s [ Yn Yn+1 j—/(Yn+l )s

where both instancesof j aretrivial co brations, and (X +1)s and (Yp+1 )s are

stably brant. The dotted arrow (f,+1) exists by the closedmodel axioms,

and the instancesof the compositionsj,+1 = | jn areboth trivial co brations.
In the resulting diagram

lim X ——/lim (X n)s

f ‘

lip Yy J+/Ii_m (Yn)s

f

both instancesof j are trivial co brations by construction, and the map f

lim(Xn)s ! lim(Yn)s is a ltered colimit of maps which are pointwise weak
equivalencesin ead level, and therefore sharesthis property. In particular, f
is a stable equivalence. O

We're going to needthe following:
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Lemma 3.13. (Voevasky) The cyclic permutation ¢ = (3;2;1) 2 3 induces
the identity morphism on T"2 = T3 in the pointed motivic homotopy category.

For the record (this comesup later), the elemert cp,q in the symmetric group
p+q IS the shue which movesthe rst p elemens past the last g elemerts,
in order. Explicitly

g+ti ifi p,

o= 0 0 i e

Proof of Lemma 3.13. For the purposesof this proof, we shall notationally con-
fuse T3 with its assaiated sheaf,and prove the result on the sheaflevel. This
is harmless,sincethe canonicalmap : X ! X taking valuesin the assaiated
sheaf X" is a weak equivalencefor any presheafX .

There is an isomorphism of pointed sheaves

A"=(A"  0)~ AlS(At 0)= AMT =AM 0);
since
(A" 0) AH[ (A" (A* 0)=A"" 0
inside A"*1 . It follows that there is an isomorphism
T" = A"=(A"  O):
There is a pointed algebraic group action
Gl, T"! T°

in the sheafcategory which is induced by the standard action GI, A" ! A",
It follows that any rational point g 2 Gl,(Z) inducesa morphism of sheaves

g:T"1 TN

In particular, the permutation matrix corresponding to the elemen c¢;., =
(3;2;1) inducesthe map

Crp T3 T3

in the statemernt of the lemma.

The elemern
2 3
010
co=40 0 15
1 00

Document a Mathema tica 5 (2000) 445{552



496 J. F. Jardine

is a product of elemenary transformations in Glz(Z), and sothere is an alge-
braic path ! : Al ! Gl such that ! (1) = c;.» and ! (0) = e. It follows that
there is a composite pointed algebraic homotopy

Al T3t oGl T3roT3

from ¢ : T3 T3 to the identity on T3 (seealso Theorem 1.1 of [8]). The
maps ci1-2 and e therefore coincide in the motivic homotopy category. O

Obsene that a T-spectrum X hasa natural Itration
X = limLyX;

where L, X is the spectrum

There is a natural pushout diagram

FaAxmE (n+ 1] —LaX

LX 1 (n+ 1)) ——Lpa X

Note further that the canonicalmap i X"[ n]! L,X isastableequivalence.
The lItration fL,X gis called the layer Itr ation of X .

Lemma 3.14. Supmsethat K is a pointed simplicial preshaf. Then the com-
position

FKE 13K P FK)NT)S
is a stable equivalene.

Proof. Recall that if Y is a spectrum, then the homotopy group presheaes
r Yo' (U) of the stably brant model Ys = | QrJY are computed by the Itered
colimits

[S; Yy ! [TAS; Yy !

where[K; X Ju = [Kju; X ju] meanshomotopy classeof mapsof the restrictions
to the site over U. The suspension homomorphism takesa morphism
TkA S 1 YNk to the composite

T/\Tk/\ gf TA! TA Yn+k! Yn+k+1

Practically speaking, the suspensionmorphism is induced by smashingwith
T on the left.
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Obsene aswell that if Y is level brant, then the adjunction isomorphisms
[TkA ST Y™Ky = [TkA ST AT YK
t into commutativ e diagrams

[Tk A S TYn+k]U = /[Tk A GFA -|-;Yn+k]LJ

[Tk+1 N Sr; TYn+k+1 ]U - /[Tk+l AGEA T;Yn+k+1 ]U

It follows that the map in presheaes of stable homotopy groups induced by
the composite

LKL 1 EKAT) D EK)AT)S

is isomorphic to the ltered colimit of the maps

[ThkasTrrkak)y T

[Tk A GHA T-Tn+k/\ K A T]U
which are induced by smashingwith T on the right.

Supposethat K AT ! X ~ T is amap of pointed simplicial presheaes,
and write ¢;( ) forthemap TA K ! T2 X arisesfrom by conjugation with
the twist of smashfactors. There is a commutativ e diagram

KAT—JITrK

Then there is a diagram
TAT2AK Qt_TZ/\ K ATm/TZ/\T/\ K

T2A

c(T27 )‘ T2 e( )

TAT2AX Qt—TZ’\X "TW/T”‘T" X
and hencea diagram
C1;2AK
T3AK —IT31 K

c(T20 ) T2 e( )

T3/\ K —/TS/\ X
Cl;z’\K
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It follows from Lemma 3.13 that the maps in the homotopy category repre-
serted by T2~ ¢( ) and ¢(T?” ) coincide.
As a consequencethere are commutativ e diagrams

2
[Tk/\ Sr;Tn+k/\ K]U T /[TZ/\Tk/\ Sr;TZ/\Tn+k/\ K]U

AT AT

[Tk/\ Sr A T;Tn+k’\ K A T]U T2n /[T2/\ Tk/\ Sr A T;TZA Tn+k/\ K A T]U

Ct Ct

[TATk’\Sr;T’\Tn+kA K]U — /[T3ATk/\Sr;T3/\Tn+k/\ K]U

The vertical compositescoincidewith the map T# induced by smashingon the
left with T, soa co nalit y argument says that the induced map on the Itered
colimits is an isomorphism. O

Proof of Theorem 3.11. It is a consequenceof Lemma 2.11 that the functor
X 7! X M T presenesstable equivalences.It follows that the functors X 7! X
and X 7! (X ™ T)s both presene stable equivalences. The T-spectrum X
is a ltered colimit of its layersL, X, and there is a stable equivalence

X" n]! LnX

forn 0. Write :X ! (X " T)s for the composite in the statemert of
Theorem 3.11. The proof consistsof showing that all maps

TKIE ! 1 K[ N~ T)s (3:4)

are stable equivalences. Then we show that these equivalencespassappropri-
ately to Itered colimits.

Shifts presene stable equivalence,so it su ces to considerthe caseof the
map (3.4) corresponding to n = 0, but this is Lemma 3.14.

Supposegiven a system

Xo! X!
of T-spectra such that all maps

Xt (XM T)s
are stable equivalences.| claim that the induced map

Hipp Xt (i X)) A T)s
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is a stable equivalence. The composite

imx; im0 A i (x 9)s

is a stable equivalenceby Lemma 3.12. There is a commutativ e diagram

Iirn |

im (6 A T) L i (X A T)s
(im Xi)~ T —j/(("i_n Xi)NT)s

The map limj is a stable equivalenceby Lemma 3.12, and sothe map c is a
pointwiseweak equivalenceof motivic asque objectsin all levelsby a Nisnevich
descem argumert (Corollary 1.7). There is also a commutativ e diagram

i Xy —— 7 (@ip %)~ T) — 1 ((lin %)~ T

T |Im(é| A T) %Tj T ||m()8 A T)s

"[n T(XiMT) ”I“—Tillim T(XiMT)s

TC

The map tcis a pointwise weak equivalencein all levels, sothe composite
X 1 T (@mx) AT (i X) A T)s
is a stable equivalence. O
Lemma 3.15. Supmsethat X is level br ant. Then there is an isomorphism
Qr( vX)"= 1(QrX)™

In particular, the loop functor X 7! X preservesstable equivalenes of level
br ant objects.

Proof. Recallthat X hasbondingmap :T" X"! X "*1 adjoint
to the composite
TA x"AT T TAxn o xnt
It follows that there is a commutativ e diagram
TXnJJ—‘JJ -2|-Xn+l

JJJJ = [t
T ‘]J%

_2I_X n+l
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wheret is the map which ips loop factors. Inductiv ely, one nds diagrams

K
k+an+k T k+2Xn+k+1
T T

Ck;l = = ck+1;1

k+lxn+k / k+2Xn+k+1
T k+1 T
T

wherec, ., is precomposition with the map which is induced by the shue c;1 in
the loop factors. The mapsc, ., therefore induce the desiredisomorphism. [

Cor ollar y 3.16. Supmwsethat Y is level br ant. Then the evaluation map
ev: tYAT!DL Y
is a stable equivalene.

Proof. The functor Y 7! Y A T presenesstable equivalences,so Lemma 3.15
implies that it su ces to assumethat Y is stably bran t.

Take a stably brant modelj : tY~T! ( 1Y~ T)s (j isacobration
as well as a stable equivalence),and form the diagram

TYAT L1y ATy,

ev

Y

The ideais to show that ev is a stable equivalenceby showing that tevisa
stable equivalence. This works, on accourt of the natural isomorphism

ts TX = t+1s+1 X

for level brant objects X | this isomorphism is another consequenceof
Lemma 3.15. There is a diagram

The map 1 is a pointwise equivalenceby Theorem 3.11,and so tevis a
stable equivalence. O
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Corollar y 3.17. Letj : Y ! Ys be a choice of stably br ant model for Y.
Thenamapg: X A T! Y is astableequivalene if and only if the composite

x 9 <y 7orv
is a stable equivalene, where g is the adjoint of g.

Proof. There is a diagram
XAT _J/(X N T)s
9 g

Y j—/Ys

whereboth mapslabeledj are stably brant models. Then g is a stable equiv-
alenceif and only if g is a stable equivalenceif and only if the composite

X I t(X"A"T)s ™ 1Y
is a stable equivalence. O

Corollar y 3.18. Amapg: X ! Y is astableequivalene if and only if the
susgensiong”™ T : X A T! Y~ T is a stableequivalene.

In the nal part of this section we shaw that all of the usual candidates for
suspensionfunctors on T -spectra are naturally equivalent in the motivic stable
category. This is the content of the next two lemmas. As a corollary, all of the
corresponding loop functors are naturally stably equivalert.

Lemma 3.19. The canonical map : }X I X[1] from the fake susgension
1+ X to the shift X [1] is a natural stable equivalene.

Proof. The map

TCEKD nDY (3K N

is an isomorphismin level pfor p n andfor all n 0. The fake suspension
X 7! $X and shift X 7! X[1] functors presene colimits, so we can argue
along the layer Itration using Lemma 3.12. It therefore su ces to show that
both functors presene stable equivalence.

In order to seethat the shift functor X 7! X [1] presenesstable equivalences,
it suces to show that the shift X[1]! (1 QtJX)[1] of the canonical stable
equivalenceis a stable equivalence. For this, it enoughto shaw that the shifted
map (JX)[1]! (QrJIX)[1] is a stable equivalence, but this is a consequence
of the isomorphism (QtJX)[1] = Q1 (IX[1]).

The fake loop functor X 7! X presenesstably bran t objects, according
to the characterization given by Lemma 2.7 and Lemma 2.8. The fake suspen-
sionfunctor Y 7! ;Y preseneslevel co brations and level weak equivalences,
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so that the fake loop functor presenesinjective brations by adjointness. It
follows that the fake loop functor presenesthe classof stably bran t injective
objects.

We know from Corollary 2.12that amapf : X | Y is a stable equivalence
if and only if it inducesa weak equivalence

f hom(Y;W)! hom (X;W)

for all stably brant injective W. If f : X | Y is a stable equivalence of
T-spectra and W is stably brant and injective, then the map

( +f) :hom( ;Y;W)! hom( 1X;W)
is isomorphic to the map
f thom(Y; tW)! hom(X; 1W);

and is therefore a weak equivalencesince T W is stably brant and injective.
If followsthat +f : X! ;Y isa stable equivalence. O

Lemma 3.20. The fakesusgensionfunctor X 7! X is naturally stably equiv-
alent to the functor X 7! X ~ T.

Proof. Both functors presene level equivalences,soit su ces to assumethat
X (by taking assaiated sheaves) is a sheafof T-spectra, where T and all of
its smash powers are notationally confusedwith their assciated sheaves. We
do this sothat we can usethe explicit pointed algebraic homotopy h : T3
Al1 T3 from cy.; to the identity which appearsin the proof of Lemma 3.13.
Write d® : T3! T2 A? for the map which is induced by the rational point
a: ! AL Then hd® is the identity map on T and hd* = ¢, : T3! T3,

Recall that the fake suspension X consistsof the objects T~ X" and
bondingmapsT~ :T2AX"! TA X" The object X A T consistsof the
pointed simplicial preshearesX "~ T and bondingmaps A" T:TA X"~ T !
XN+l A T After twisting along the isomorphismst : X" A T = T2~ X", we
can identify X ~ T up to isomorphism with a spectrum consisting of objects
T~ X" and having bonding maps given by the composites

T2AXD UXT g2Aaxn ThoTaA i
It follows that there are commutativ e diagrams
T3/\ Xn l/TZ/\ Xn+1 L/T_f\ Xn+2

C1;2" xn

T3/\ X n ?/TZA Xn+1
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The method of proof is to show that the \partial spectrum” objects X; and
X2, having constituent simplicial presheaes

XD=X=TAX2M
and bonding maps T2~ X | Xin+l de ned by the composites
1= (TN )TN )

and .= (T”" ) respectively (asin the diagram) are naturally stably equiv-
alert.

The idea is to usethe natural algebraic homotopiesh : T3A X2" n Al 1
T/ X2"2 from ; to , and the constart algebraic homotopiesc on ; to
de ne natural level weak equivalences

h

X, Tel(X1) T Xi

where Tel(X 1) is the algebmic telesope. The construction is by exact anal-
ogy with that of the ordinary mapping telescoge given in [11, pp.11{15]. To
summarize, one inductiv ely constructs a sequenceof trivial co brations

XD P CxM o Tel(Xq)";

where j, is the inclusion of X[ in the algebraic mapping cylinder CX [ given
by the pushout diagram

TZ/\ X:T 1 1 /X:ILW

d® in

T2~ XD tn Al—CX]
and | isinductively de ned by the pushout diagram
1
T2AxD 14 Jyzaxn ipal " _JCX]

jn 1

T2ACX] ! n
TZA n 1
T2A Tel(X )" 1 ITel(X )"

The bonding maps : T2/ Tel(X1)" 1! Tel(X1)" are also de ned by this
construction. The identity on X[ andh: T2~ X2 n A'! T~ X" together
determine a weak equivalencefi : CX ! | X} and the map fi extendslevelwise
alongthe trivial co brations , :CXJ[ ! Tel(X1)" to a natural map of partial
spectrah :Tel(X1)! X,. The maph is a levelwiseweak equivalence. [
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Cor ollar 'y 3.21. Supmsethat X is alevel br ant spectrum. Then the spectra
X, 17X and X[ 1] are naturally stably equivalent.

Remark 3.22. A statemert analogousto Theorem 3.11is true for S!-spectra,
in that the composite

x f (xnashy X

( X ~Shs

is a natural weak equivalencein the motivic stable model structure for S*-
spectra. The proof is formally the sameas that displayed for Theorem 3.11,
with T replacedby S*. The keyis that it is well known that the cyclic permuta-
tion ¢;.» acts trivially in the ordinary homotopy category on S2. With suitable
modi cations, the rest of the statemerts up to Corollary 3.18 also hold for-
mally for S'-spectra, sothat the suspensionand loop functors determine a self
equivalenceof categoriesfor the motivic stable category of S!-spectra, as one
would expect. The analoguesof Lemma 3.19 and Lemma 3.20 for S!-spectra
follow from standard results of stable homotopy theory, alongwith Lemma 3.1.

4 Motivic symmetric spectra

We continue to work within motivic homotopy theory on the smooth Nisnevich
site (Smjs)nis , meaningthat we formally contract the a ne line onto a rational
point within the assaiated category of simplicial presheaes. As before, T
denoteseither the quotient A’=(A® 0) or the equivalent object S'* G,. As
in all discussionsof geometric theories, one tacitly assumesthat all objects in
(Smjs)nis (including the basesdheme S) are bounded above by a xed large
cardinal, and that the category itself is a skeleton. This meansthat the site is
small, and soits morphisms form a set. We shall assumethat is an in nite
cardinal which is an upper bound for the cardinality of the set of morphisms
of this site.

A symmetric T-spectrum X on the Nisnevich site (Smjs)nis is a T-spectrum
together with symmetric group actions , X" ! X" suchthat the composite
bonding maps TP~ X" 1 XP*Nis( , n)-equivariant. A mapf : X ! Y
of such objects is a map of T-spectra which is equivariant in ead level for the
ambient symmetric group action. The resulting category will be denoted by
Spt+ (Smjs)nis. This category is complete and cocomplete.

The most primitiv e example of a symmetric T-spectrum is the sphee T-
spectrum, which will be denotedby T. Explicitly ,

S0 ifn=0,

™=
T'" ifn>0.

with the obvious isomorphismsT A T" = T"*1 asbonding maps.
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4.1 The level str ucture

Say that amapf : X ! Y of symmetric T-spectra is a level equivalene if
ead of the componert mapsf : X" ! Y" is a motivic equivalence. The map
f is saidto be a level co br ation if each of the mapsX " ! Y" is a co bration
of simplicial presheares. Write sk for the class of level equivalencesin the
category of symmetric T -spectra.

Pr oposition 4.1. The class s of level equivalenes and the class of level
co br ations of symmetric T -spectra together satisfy the following properties:

sSE1: The classof morphisms sE is closal under retracts.
sE2: Given a composablepair of morphisms
xt vy? z
if any two of f, g and gf are in the classsE, then sois the third.
SE3: Every pointwise level equivalen@ is in sE.
sE4: The classof sE-trivial co brations is closa under pushout.
sE5: Supmsethat is a limit ordinal, and there is a functor
X 1 Sptr(Smjs)nis

such that for each morphismi j of , theinduced map X (i) ! X(j)
is an sE-trivial co bration. Then the canonical maps

X (i) 1 limjz X ()
are sE-trivial co br ations.

sSE6: Suppmsethat the morphismsf; : X; ! Y; are sE-trivial co brations for
i 2 1. Then the morphism

i2l i2l i2l
is an E-trivial co br ation.

sE7: Thereis aninnite cardinal whichis at least as large as the cardinality
of the set of morphisms of (Smjs)nis, suchthat for every diagram

X
i
A—Iy

of maps of T-spectra with i a sE-trivial co bration, and A -bounded,
there is an -bounded sulbbject B Y suchthat A B, and such that
the inclusion B\ X ! B is an sE-trivial co br ation.
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A pointwise level equivalene@isamapf : X | Y of symmetric T-spectra such
that all mapsf : X"(U) ! Y™ (U) are weak equivalencesof simplicial setsin
all sectionsand levels. An sE-trivial level co bration is a map of symmetric
T-spectra which is both a level equivalenceand a level co bration.

Proof. Every weakequivalenceof simplicial presheaesis a motivic equivalence,
giving sE3. With the exception of sE7, the remaining statemerts are due to
the existenceof the motivic closedmodel structure for the category of simplicial
presheaeson (Smjs)nis -

The proof of sE7 is analogousto the proof of Proposition 2.15. One begins
by shawing, using the method of proof of Lemma 1 of [13], that the class of
maps which are level local weak equivalencesand level co brations has the
bounded co bration property with respect to the cardinal . The argumert is
then completed just asin the last paragraph of the proof of Proposition 2.15
by using the cortrolled level brant model construction X 7! LX in place of
the functor F. O

A symmetric sequen@ X consistsof pointed simplicial presheaesX ", n o,
eadh of which carries a symmetric group action , X" ! X", There is
an obvious category of such things. The product X Y in the category of
symmetric sequencess de ned by

X Y)y'= - no
p+q:n

o XPA Y

p

A symmetric sequencemap f : X Y ! Z therefore consistsof ( , q)-
equivariant pointed mapsf : XPAYd ! ZP*A sothat a symmetric T-spectrum
Z canbeidentied with a symmetric sequencecarrying a T-module structure,
or a symmetric sequencemap : T Z ! Z. Note that there is a canonical
twist isomorphism :X Y ! Y X which is determined by the composites

XPaya b oyaaxe Me oy x)me SP oy xpra:
Here, t is the canonical twist of smashfactors and ine is the inclusion corre-
sponding to the cosetof the identity e in
(Y X)q+P= - Yan P
arp=( q p)
Following [7] and [13], given a pointed simplicial presheafK , the free sym-
metric sequen@ G,K consistsof the simplicial presheaf
n K=" K;
2 .,
concertrated in level n, and the free symmetric T-spectrum F,(K)=T GpK
is de ned at level p by

Fa(K)?P= (T GnK)P= (TP K)):

2 n

p n

Document a Mathema tica 5 (2000) 445{552



Motivic Symmetric Spectra 507

The object F,(K) is free in the sensethat morphisms F,(K) ! X in the
category of symmetric T -spectra are in oneto one correspondencewith pointed
simplicial presheafmapsK ! X",

An injective br ation in the category of symmetric T -spectra is a map which
has the right lifting property with respect to all morphisms which are both
level co brations and level equivalences. It follows from the existenceof the
free object functors K 7! F,(K) that every injective bration p: X ! Y is
a level bration in the sensethat it consistsof brations p: X" ! Y" in all
levels.

Theorem 4.2. The category
Spt 1 (Smjs)nis

of symmetric T -spectra on the smaoth Nisnevich site, together with the classes
of level co br ations, level equivalen@s and injective br ations, satis es the ax-
ioms for a proper closal simplicial model category.

Proof. The proof proceedgust like that of Theorem 3 of [13], using the method
of [4] and Proposition 4.1. The function complex hom (X;Y) giving the sim-
plicial structure is de ned in n-simplicesin the usual way by

hom (X;Y)n = hom(X ~  1:Y);

where the pointed simplicial set 7 is the result of attaching a disjoint base
point to the standard n-simplex. O

The functor
U: SptT(Smjs)N is ! SptT (Smjs)N is

taking valuesin T-spectra forgets the symmetric group actions. The functor
U hasa left adjoint symmetrization functor V such that forn 0

V( $ K[ n)= Fa(K);
where 1 K is the suspensionT-spectrum
K; TAK; T2AK: @
and 1 K[r]is the result of shifting in the usual way:
FRIP = ( FK)™P:
As in Section 3.4, every T-spectrum X hasa layer Itration

X = lim LyX
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and V presenescolimits, sothat
VX = limVLyX;
and there are pushouts

Fna (TAX") —— VL, X

I:n+1 (X n+l) —/VLn+l X:

in the category of symmetric T-spectra.
There is a natural isomorphism of T -spectra

(UW)K = U(WX);
which inducesa simplicial adjunction isomorphism
hom (VA; W) = hom (A; UW):
We shall also needthe following:

Lemma 4.3. The functor V takesco br ations of T-spectra to level co br ations
of symmetric T -spectra.

Proof. The proof is just like that of Lemma 5 of [13], and begins with the
obsenation that the functor

K 70 V( 1 K[ n])= Fa(K)
takesco brations of pointed simplicial presheaesto level co brations of sym-
metric T-spectrafor n 0. O
4.2 The stable str ucture

Say that amap p: X | Y of symmetric T-spectra is a stable br ation if the
underlying map p :UX ! UY is astable bration of T-spectra.

Pr oposition 4.4. Everymapf : X ! 'Y of symmetric T-spectra has a natu-
ral factorization

suchthat p is a stable br ation, and j is a level co br ation which has the left
lifting property with resgect to all stable br ations.
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Proof. By the methods of [4] and Corollary 2.16,a map of symmetric T -spectra
is a stable bration if and only if it hasthe right lifting property with respect
to all mapsi :VA! VB inducedby -boundedco brations i:A! B which
are stable equivalences. The factorization is constructed by a trans nite small
object argumert of size > 2 , asin the proof of Lemma 6 of [13]. O

Obsenethat if j is alevel co bration which hasthe left lifting property with
respect to all stable brations, then j inducesa trivial bration

j ‘hom(Z;W)! hom (X;W)

of simplicial sets for ead stably brant object W, by appropriate use of
Quillen's axiom SM7 for the motivic stable closed model structure on the
category of T -spectra.

It followsfrom Theorem 4.2 and Proposition 4.4 that any morphismf : X !
Y of symmetric T-spectra may be successiely factored

where

1) i, is alevel co bration which hasthe left lifting property with respect to
all stable brations, and p; is a stable bration;

2) i, is a level co bration and a level equivalence, and p, is an injective
bration.

In particular, Up, is a level bration, which is level equivalent to the stable
bration Up;, so that p; is a stable bration by Lemma 2.7 as well as an
injective bration of symmetric T-spectra. By specializingto Y = , we obtain
a natural construction

X B oxe B oxg
of an injective stably br ant model X; for a given symmetric T-spectrum X .

Say that amapf : X | Y of symmetric T-spectra is a stable equivalene if
it inducesa weak equivalenceof Kan complexes

f rhom(Y;W)! hom(X;W)

for ead injective stably brant object W. The mapsii; and i, above are both
stable equivalences. Following [13] we can also show

Lemma 4.5. Supmsethat the objects X and Y are stably br ant and injective.
Then amapg: X ! Y is a stable equivalene if and only if it is a level
equivalene.
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Proof. If g is a stable equivalence,then the map
g :hom(Y;X)! hom(X;X)

is a weak equivalenceof Kan complexes,sinceX is stably brant and injective.
It follows that g is a homotopy equivalence.

The conversefollows from the closedsimplicial model structure for level co -
brations and level weak equivalencesfor symmetric T-spectra, since all sym-
metric T-spectra are co brant and all stably brant injective objects W are
bran t for that theory. O

Cor ollar y 4.6. Supmsethat X andY are stably br ant objects. Then a map
g: X ! Y is a stableequivalene if and only if it is a level equivalene.

Supposethat Z is a symmetric T-spectrum and that K is a pointed simplicial
presheaf. The symmetric T-spectrum

ZK¥ = Hom (K;Z)
is de ned in levels by
Hom (K;Z)" = Hom (K;Z");

where Hom denotesthe pointed internal hom functor, asin Section1.1. The
structure map

TP~ Hom (K;Z"™) ! Hom (K;ZP™M)
is the unique pointed simplicial set map making the diagram
TPA Hom (K;Z") "~ K —XJHom (K;zP*")~ K

TPA ey ev

TPA ZN Izpen

commute, where ev is the evaluation map wherever it appears. This construc-
tion is natural in K and Z, and there are natural isomorphisms

Hom (K A L;Z)=Hom (K;Hom (L;Z2))

for all pointed simplicial preshearesK , L, and symmetric T-spectra Z.

We shall write X for the symmetric T-spectrum Hom (T;X), in order
to simplify notation.

Following [13], de ne a natural shift functor Z 7! Z[1] for symmetric T-
spectra Z by setting Z[1]™ = Z**™ where 2 |, actson Z[1]" as1 2

m+1 - The structure map TPAZ[A™ Y Z[1P*™ is de ned to be the
composite

TPA Zz+m | Zp+l+ m c(p;1) !1 Zl+p+m;
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where ¢(p;1) 2 ,+1 is the cyclic permutation of order p+ 1. One chedks
that iS m-equivariant. De ne the shifted symmetric T -spectrum Z[s]
inductively by Z[s] = Z[s 1][1], or directly.

The standard maps :Z" ! Hom (T;Z*") which are adjoint to the
composites

znAaT b oTAZN L ZBn
together determine a natural map of of symmetric T-spectra
:Z! Hom (T;Z[1]) = Hom (T;Z)[1];
or equivalently a map
21 1 (Z[) = ( 2L (4.1)

Supposethat Z is a symmetric T-spectrum which is level brant. Flipping
loop factors de nes a natural isomorphism

t : 2Z[2!  2Z[2;

and there is an isomorphism (1;2) : Z[2]! Z[2] which consistsof maps(1;2) :
Z2*" 1 Z2*" induced by the transposition (1;2) 2 2+,. Write ~ for the
bonding mapsof tZ[1]. Then there is a natural commutativ e diagram

2y 4z

1;2) t

J
J
- JJJ$
27(2)
which translates into a diagram of simplicial presheaes
Tzt L 2zn+2 (4.2)

1;2) t

%
2 7n+2
27

for eadh n.
For a level brant object Z, de ne the symmetric T-spectrum Q;Z to be
the ltered colimit of the system

Z ! tz[) T 2z[2] 1 (4.3)

Lemma 4.7. Supmsethat Z is a level br ant symmetric T-spectrum. Then
there is a natural isomorphism

Q:Z" = Qr(UZ)™:
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Warning: Lemma4.7 only says that the T-spectra U(Q+Z) and Q7 (UZ) are
isomorphic in ead level. The assertion that these are isomorphic spectrum
objects is one of the canonical mistakesin the theory of symmetric spectra.

Proof of Lemma4.7. To extend the notation for the bonding map ~ of 1Z[1]
given above, write

M= "0y o2z Mzn+ 1

sothat ~ = @ and= = @ in the sequencg4.3). Repeated instances
of the diagram (4.2) paste together to give a natural commutativ e diagram
(k)

k 7n+k k+1l - n+k+1
kzntk — K1z

i,

k+1 - n+ k+1
k17

k+1

where .1 is a composite of isomorphisms |t or(1;2) . _
Now supposegiven natural isomorphisms ; : Lz""'1  LZ" 1 suc that
the diagram

) 2 (k1)

TZn+1 ¢ / _|2_Zn+2 / / _IT_Zn+k

1

n+1 / Zzn+2 / / an+k
TZ T T 2 k 1 T
2

T

2 k

commutes, and all isomorphisms ; are compositions of of iTt or (ii+ 1) .

In particular, presumethat , =t (1;2) : %z"*2 1 27Z"2_ Then the

isomorphism Lt commuteswith X : kzntki  ktlzn+ked fgng

(i+1) =(+1i+2

so there is an isomorphism —,;, composedof maps jTt and (i;i + 1) suc
that the diagram

(k)

kzn+k / k+lZn+k+1
T T

k+1

k+1 - n+ k+1
T Z

k+1

an+k / k+lZn+k+1
T K T

T

commutes. The natural isomorphism 41 isdened by 1 = Tjyq ke1. O
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Formally, thereisamapc: Q: X *K I Q;(X " K) which ts into a natural
commutativ e diagram

QrX g K —JQu (X ~ K);

MK
% X~ K

X "MK

for all symmetric T-spectra X and pointed simplicial setsK . It follows that
the functor Q; prolongsto a simplicial functor

Q7 :hom (X;Y)! hom (QX;Q;Y):

Pr oposition 4.8. Suppmsethat :X ! Y is a map of symmetric T-spectra
suchthat U : UX ! UY is a stable equivalene of T-spectra. Then is a
stable equivalen@ of symmetric T -spectra.

Proof. We canassumethat X and Y arelevel brant. If W is a stably brant
and injective object, then the canonicalmap w : W ! QW is a level
equivalence,and henceinducesa weak equivalence

w - hom (Q:W; W) ! hom (W;W):

It follows that thereisamap gw : QW ! W sudh that the composite gw w
is simplicially homotopic to the identity 1y, on W.
The composite

hom (X ; W) F hom (Q; X;Q;W) 1 hom (Q;X;W) ¥ hom (X;W)

is induced by composition with gw w, and is therefore homotopic to the iden-
tity on hom (X;W). The composition and the homotopy are natural in X . If

: X ! Y inducesa stable equivalenceU : UX ! UY, then the induced
map Q; : QX ! Q;Y is a level equivalenceby Lemma 4.7, and so the
maps

Qr :hom(Q;Y;W)! hom (Q;X;W)
and hencethe morphisms
hom (Y; W) ! hom (X;W)
are weak equivalencesof pointed simplicial sets. O

Recall that if Y is a symmetric T-spectrum and n 0, then the shift Y [n]
isdened by Y[n]P = Y"*P with 2 , acting as 1, . The bonding map
TIAY[n]P! Y[n]9P for Y[n] is the composite

Taayn+p | yatn+p Can boynegrp
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where is the original bonding map for Y.
Supposethat X is a symmetric T-spectrum, with T-module structure map
:T X ! X. Then the symmetric sequenceG,(S°) X hasa symmetric
T-spectrum structure, with T -structure given by the composite

1

T Gn(S%) X MG T X '! Gn(sY X:

A symmetric T-spectrum map f : G,(S°) X ! Y consistsof pointed sim-
plicial presheafmapsf : XP ! Y"*P which are equivariant for the homomor-
phisms ,! nh+pdened by 7! 1, , and suc that the diagrams

Tan XP —JTan ynep
yatn+p

Con 1

X @+ P 4f/yn+q+p

commute. It follows that the symmetric T-spectrum mapf : G,(S% X! Y
can be identied with a symmetric T-spectrum map X ! Y[n], and we have
proved

Lemma 4.9. The functor X 7! G,(S° X is left adjoint to the shift functor
Y 7' Y[n]forn O.

The functor X 7! G,(S° X preseneslevel co brations and level equiva-
lences,sowe have

Cor ollar y 4.10. The shift functor Y 7! Y[n] preservesinjective br ations
and leveltrivial injective br ations. In particular, if Y is an injective symmetric
T-spectrum, then Y [n] is an injective symmetric T-spectrum for n 0.

Lemma 4.11. Supmsethat the commutative diagram
A, i_llB1 — tlg;=A,

fi fo

A2 ——IB, —/Bo=A;

fa

is a comparison diagram of level co bre sequenes. Then if any two of the
mapsf,, f, and f 3 are stable equivalen@s of symmetric T-spectra, then so is
the third.
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Proof. We shall show that f; is a stable equivalenceif f, and f3 are stable
equivalences. This amounts to showing that the map f, in the comparison
diagram of brations

hom (B2=A2; W) ——/hom (B2; W) —2—/hom (A; W)
f3 f2 fl
hom (B1=A1; W) —hom (B1; W) i—/hom (A; W)
is a weak equivalencefor any choice of stably brant injective object W, in the
presenceof knowing that the simplicial set mapsf, and f; are weak equiva-

lences.
There is a levelwise equivalence

W1 TWIAT 6, W

of stably brant injective objects, where W[1] is injective by Corollary 4.10.
It is also the casethat ¢, W/[1] is stably brant and injective. It follows
that the comparisondiagram of brations can be delooped in nitely often. In
particular, f, is part of a stable weak equivalenceof in nite loop spaces,and
is therefore a weak equivalenceof simplicial sets. O

Cor ollar y 4.12. Supmsethat the commutative diagram
Fp—Ix, 2 Iy,

fi1

Fo —IX; ——IY,

fa fa

is a comparison diagram of level br e sequen@s of symmetric T-spectra. Then
if any two of f1, f, and f 3 are stable equivalen@s, then so is the third.

Proof. Use Lemma 3.9 to replace the comparison of bre sequencesy the a
comparisonof level co bre sequences

FLoXi1 Xi=F: (4.4)

More precisely Lemma 3.9 guaranteesthat the map of T-spectra underlying
pi @ Xi=F ! Y, is a stable equivalence,sothat p; is a stable equivalence of
symmetric T-spectra by Proposition 4.8. Now useLemma 4.11. O

We are now ready to prove the following:

Pr oposition 4.13. Suppsethat p: X ! Y is a map of symmetric T-spectra
which is both a stable br ation and a stable equivalen®. Then p is a level
equivalene.
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Proof. It suces to show that the bre F of p is level contractible. If so, the
underlying map Up of T-spectra is a stable bration and a stable equivalence
by a long exact sequenceargumert in bigraded stable homotopy groups (3.2),
and is therefore a level equivalence.

The comparisonmap

F—Ix 2y

of level bre sequencesnd Corollary 4.12together imply that the map F !
is a stable equivalenceof stably brant objects, soit is a level weak equivalence
by Corollary 4.6. O

p
S M—

1

Corollar y 4.14. Amapp:X ! Y of synmmetric T-spectra is a stable br a-
tion and a stableeguivalene if and only if it is both a level br ation and a level
equivalene.

Proof. One direction is Proposition 4.13; the other follows from the de nition
of stable equivalenceof symmetric T-spectra and Lemma 2.7. O

Say that amapi: A! B of symmetric T-spectra is a stableco br ation if it
hasthe left lifting property with respectto all morphismsp: X ! Y which are
simultaneously stable brations and stable equivalences. In view of Corollary
4.14,the maps

Fn(A+)! Fn(Lu 1)

inducedby the inclusionsA Ly ' arestable co brations for all r and objects
U. Here, Ly denotesthe left adjoint to the U-sectionsfunctor for simplicial
presheaes.

Theorem 4.15. The category Spt; (Smjs)nis of symmetric T-spectra on the
smath Nisnevich site, and the classesof stable equivalenes, stable br ations
and stableco br ations, togethersatisfy the axiomsfor a proper closel simplicial
model category.

Proof. On accourt of Proposition 4.4, every map g : X ! Y of symmetric
T -spectra has a factorization

X 4 (4.5)

such that p is a stable bration, and j has the left lifting property with re-
spect to all stable brations and inducestrivial brations j :hom(Z;W) !
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hom (X ; W) for all stably brant objects W. In particular, j is a stable equiv-
alenceand a stable co bration. The map j is a level co bration, by Lemma
4.3.

A trans nite small object argumen saysthat g: X ! Y hasa factorization

such that i hasthe left lifting property with respectto all mapswhich are simul-
taneouslylevel brations and level weakequivalences,and g hasthe right lifting

property with respect to all morphisms Fn(A+) ! Fn(Ly ) corresponding
to co brations A} Ly " of simplicial preshearesfor all n and objectsU 2 C.
In particular, qis aleveltrivial bration and hencea stable bration aswell as
a stable equivalenceby Corollary 4.14. The map i hasthe left lifting property
with respect to all maps which are stable brations and stable equivalences,
also by Corollary 4.14, sothat i is a stable co bration. It is a consequencef
the small object argumernt that the map i is a level co bration.

The factorization axiom CM5 has therefore been demonstrated. The exis-
tence of the factorization (4.5) implies that every map which is a stable co -
bration and a stable equivalencehasthe left lifting property with respectto all
stable brations and is a level co bration, by a standard argumert. We have
proved CM4 , and the axioms CM1 { CM3 are obvious.

If i : K ] L isan inclusion of simplicial setsand p: X ! Y is a stable
bration of symmetric T-spectra, then the induced map

(i;p):hom (L+;X)! hom (K+;X) hom (k,:v)hom (L+;Y)

is a stable bration, which is trivial if i is a weak equivalenceor p is a stable
equivalence. This is on accourt of the corresponding statemert for T-spectra
and Corollary 4.14, and implies the axiom SM7 for Spt ; (Smjs)nis -

The propernessassertion is a consequenceof Lemma 4.11 and Corollary
4.12. o
4.3 The smash pr oduct

The smashproduct X ~ Y of the symmetric T-spectra X and Y is de ned by
the symmetric sequencecoequalizer

T X Y X YI X*Y

ofthemapm 1:T X Y! X Y with the composite

T X Yy "x T v'"x v

Document a Mathema tica 5 (2000) 445{552



518 J. F. Jardine

where m denotesthe T-module structure for eac of X and Y. The T-module
structure on X A Y isinducedby the mapm 1:T X Y! X Y.

The smash product gives the category Spt,(Smjs)nis Of symmetric T-
spectra the structure of a symmetric monoidal category. This is a formal
consequenceof the fact that the symmetric T-spectrum T is a commutativ e
monoid in the category of symmetric sequencesjust asin [7].

A maph: X "Y ! Z of symmetric T-spectra can be characterized as a
collectionof ( ,  g)-equivariant mapshp,q : XPAY91 ZP*4 pg 0O, which
are T-linear in the sensethat the diagram

TrAXPA YqL/xr+p/\ Y (4_6)
1" hpg i+ pg

Tr A zptd %ZHP*Q

commutes, and are T -bilinear, meaningthat the following diagram commutes

Traxpaya Y xpagrayall Iypayr+q 4.7)

N

XT+PA Y4 4lzr+p+q 4llzp+r+q
Crip

hy+ ]

hPif +q

for each p;qg;r 0.

Lemma 4.16. There is a natural isomorphism
hom(F, (S°) ~ A; X) = hom(A; X [n])
for symmetric T-spectra A and X.

Proof. Recall that the symmetric T-spectrum F,(S°) = T G, (S has the
form

(

i<n
Fn(S0); = :

i WA ) joon
and hasthe obvious T-action. Here, .. denotesthe set .t fg , pointed by
the terminal object

A map h : Fp(S% ~ X ! Y is therefore determined by ( , n q)-
equivariant mapshp+ng : TP" o A X911 Y P* A for p;g O, which satisfy
compatibilit y conditions given by diagrams (4.6) and (4.7) above. In particular
the maps

hng : n+ A X91 YN
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are completely determined by the 4-equivariant composites
xa me  oaxa ™ oynea

where 2 gactsonY""%via 1, and in . is the inclusion of the wedgesum-
mand corresponding to the identity elemert e2 . Then the 4-equivariant
maps

hg = hpgineg: X 91 y"*4

de ne a map of symmetric T-spectrah :X ! Y[n]| seeingthis is a matter
of chasingthe de nitions through instancesof the diagrams (4.6) and (4.7).

For the corverse,supposegivenamaph : X ! Y[n] of symmetric T -spectra,
which is de ned by g-equivariant mapshq : X911 Y"" 9. Then hq uniquely
extendsto a ( p g)-equivariant map hpgq : n+ ~ X911 Y™ 9, De ne the
map hpsnyg : TPA e A X931 YPFN"A 10 be the composite

TPA o, AX9 VM pRaynta ypenta,

This description of the maps h,,q is determined by h and the T-linearity re-
quirement. For the T-bilinearity, it su ces to show that the diagram

TPA oAaxa YL ) o ATPA XA

17 hig 1

TPAYN*a ne N XPH

yprntg — [\yn+p+q

Comn 1

Nnp +q

commutes, but this follows from the commutativit y of the diagram

Tp/\ Xthq/Tp/\ Yn+q
YyPptn+q

Cpn 1

X P+ h4/yn+p+q
p+q

that arisesfrom the symmetric T-spectrum map h: X ! Y|[n]. O
Cor ollar y 4.17. There is a natural isomorphism of symmetric T-spectra

Fr(S9 " X = Go(S%)  X:
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Proof. Both functors are left adjoint to the shift functor X 7! X[n] | see
Lemma 4.9. (]

Cor ollar y 4.18. There are isomorphisms
Frn(A)N Fm(B) = Fream (AN B);
and theseisomorphismsare natural in pointed simplicial presheavesA and B.

Pr oposition 4.19. Supmsethati : A'! B is a stable co bration and that
j :C! D is alevelcobration. Then the map

(i) :(B~C)[(arc)(AND)! B"D

is a levelco bration. If i andj are both co br ations, then (i; j) is a co br ation.
If either i or j is a stableequivalene, then (i; j) is a stableequivalene.

Proof. We shall begin with the statemerts on stable co brations. The map
(i ;j ) induced by the cobrations i : F,(A)! Fy(B)andj : Fn(C)'!
Fm (D) is isomorphic to the map obtained from the pointed simplicial set co -
bration

(BAC)[(arc)(AAD)! BAD

by applying the functor Fn+m, so(i ;j ) is a co bration.

Supposethat we x a choiceof co bration j : C! D. Then the collection of
level co brations i : A! B for which the map (i; j ) isaco bration (respectively
atrivial co bration) is saturated; this meansthat the collection is closedunder
pushouts, Itered colimits over ordinals, and retracts. It follows that all maps
of the form (i;j ) and henceall maps(i; j) are co brations, for all co brations
i, and then for all co brations j.

The co bre of the co bration (i;j) is B=A ~ D=C, and both factors are
cobrant. To show that (i;j) is atrivial co bration if eitheri or | is a stable
equivalence, it suces to show that, given cobrant objects A and B, the
symmetric T-spectrum A~ B is trivially co brant if either A or B is trivially
co brant. For this, it is enoughto show that the map 12 i : A™ Fp(K) !
A" F,(L) is atrivial co bration if A istrivially cobrantandi :K ! Lisa
co bration of pointed simplicial presheaes.

We have natural isomorphisms

Fn(K) = Fn(S% " K
and we also know from Lemma 4.16 that there is an isomorphism

hom(A ~ F,,(S°); X) = hom(A:; X [n]) (4.8)
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It follows that the diagram
AN Fn(K) —1___X

i p

AN Fo(L) —y
is adjoint to a diagram

KA tn]

A IXKN] v YEIN]

and the dotted arrow exists by axiom SM7 and the fact that stable brations
shift in the category of T-spectra. In particular, 1~ i is atrivial co bration.

Suppose more generally that i is a stable co bration and that j is a level
co bration. Toshow that (i;j) isalevel co bration, it suces by a saturation
argumert to show that the map

(Fan(L) " CO) [ (rak)ney (Fa(K)* D)1 Fa(L)* D

is alevel co bration for all co brations K | L of pointed simplicial presheaves.
This amourts to showing that the dotted arrow existsin all diagrams

C 4/__@( Ln]

]

D ""';/(YL ve XK)[n]

arising from all trivial injective brations p, but this is a consequenceof the
Corollary 4.10 and the propernessproperty for the level model structure on
symmetric T-spectra (Theorem 4.2).

The sameargumert implies that any trivial level cobration j : C! D
inducesa trivial level co bration (i;j) for any stable co bration i. It follows
that a level weak equivalencef : E ! F induces a level weak equivalence

I~f:AME! AN F for any co brant symmetric T-spectrum A.

The map (i;j) is alevel co bration with co bre B=A* D=C, whereB=A is
cobrant. Toshowthat (i;j) is stably trivial if eitheri orj is stably trivial, it
su ces onceagainto show that if B is co brant, then A" B is stably equivalent
to a point if this is sofor either A or B. But there is a level weak equivalence
Al A where A is cobrant by Corollary 4.14 and Theorem 4.15, and the
inducedmap A~ B ! A~ B is a level equivalence by the argumert above.
The result is therefore a consequencef the co bration case. O
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Write Map (X;Y) for the mapping symmetric T -spectrum object assaiated
to symmetric T-spectra X and Y. This object exists formally in the category
of symmetric T-spectra, just asin [7, Lemma 2.2.2]. In particular, there are
natural adjunction isomorphisms

hom (Z ~ X;Y) = hom (Z;Map (X;Y))

Every symmetric T-spectrum X functorially determines a symmetric T-
spectrum object X[ ] in the category of symmetric T-spectra, with objects
X[n], n 0 and having bonding maps TP~ X[n] ! X][p+ n]. Each X|[n]
carries a canonical p-action, and the maps : TP~ X[n]! X[p+ n] are
(p n)-equivariant. The map is de ned in level r by the bonding map
TPAXD*T 1 XPM*T of the original symmetric T-spectrum X .

The point of the remainder of this section is to characterize the levels
Map (X;Y)" in terms of the internal function spacesHom (X;Y [n]) arising
from shifts of Y.

Write 1 Fnep(S% A TP I Fn(S°) for the map of symmetric T-spectra
which picks out the copy of TP corresponding to the identity e2 , in

TPA 4 Fa(SO"P:
Then Hom (F,(S%);X) = X" and precomposition with the map inducesthe

adjoint X" ! BEXN"*P of the bonding map TP~ X" 1 XN*P,
It follows that there are isomorphisms

Map (X;Y)" = Hom (Fn(S°);Map (X;Y))
Hom (Fn(S%) ~ X;Y)

Hom (X;Y[n])

by Lemma 4.16. One seesfurther that the adjoint bonding map
Map (X;Y)" I BMap (X;Y)"*P

is determined by precomposition with
There is a commutativ e diagram

hom(Fn (S°) ~ X;Y) ———hom(X; Y[n])

hom(Fn+p(S°) ~ TP~ X;Y) ——Thom(X; 2Y[n + p)

involving canonical isomorphismsand the adjoint Y [n] ! BY[n + p] of the
map :TPAY[n]! Y[n+ p]. This, in turn, is a consequencef the commu-
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tativit y of the diagram

Frep(S0) A TP A Y [n] —2/F,(S%) A Y[n]
1n evp

Fn+ p(SO) A Y[n + p] TIY
where ev,, : Fo(S°) ~ Y[n]! Y is adjoint to the identity map Y[n]! Y][n].
One usesthe concrete description of ev, given by proof of the Lemma 4.16 to
show that this diagram commutes.
We have shown the following:

Pr oposition 4.20. There is a natural isomorphism
Map (X;Y)" = Hom (X;Y[n]);

and the bonding maps of Map (X;Y) are induced by composition with the
adjoints Y[n]!  §Y[p+ n]ofthemaps :TP~AY[n]! Y[p+ n]

4.4 Equiv alence of stable categories

The purposeof this sectionis to show that the stable closedmodel structure on
the category Spt + (Smjs)nis Of symmetric T-spectra hasassaiated homotopy
category equivalent to the motivic stable category arising from the category
Spt 1 (Smjs)nis of T-spectra.

The equivalenceof homotopy categoriesis induced by the functors U (which
forgets the symmetry) and its left adjoint V. As in [7] and [13], the proof of
the equivalenceof homotopy categoriesboils down to shawing that any stably
brant modelj : VX ! (VX)s assaiatedto aco brant T-spectrum X induces
a stable equivalencegiven by the composite

X 1 uvx Y ux)s:

The idea of proof is to use a layer Itration for X, and then show that the
result for all of the layersimplies the statemert for X .

The functor V presenesstably trivial co brations and level equivalencesand
hencepresenesstable equivalences. It follows that the functor X 7! U(V X)s
presenes stable equivalences. Each of the layers of X is a shifted suspension
object up to stable equivalence, so we inductiv ely prove the claim for shifted
suspensions,beginning with suspensionT-spectra 1 K asseiated to pointed
simplicial presheaesK .

The canonicalmap : 1K ! UV( 1K) isanisomorphism,soit suces
to nd astably brant model

V(iKk)=T K& (T K)s
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for the symmetric T-spectrum T K such that the map j induces a stable
equivalenceUj : U(T K)! U(T K)s of T-spectra| this is Lemma 4.23
below.

The construction that we useinvolvesT-bispectra. A T-bispectrum X con-
sists of pointed simplicial presheares X"*, r;s 0, together with bonding
maps

hiTAXDPST XS and i TAXS L X

sudch that the diagram

TA Xé;s+1 h /X r+16+1
T
TATAXEGS v

T/\TAxr;STA _/h T/\xr+l;s

commutes, wheret : TA T ! T T is the isomorphism which ips smash
factors. A T-bispectrum may alternativ ely be viewed as a T-spectrum object
in the category of T-spectra, in the sensethat the collections of objects X "
form T-spectra for all r 0, and the horizontal bonding maps | determine
morphisms X" AT! X" givenin levelsby the composites

Xr;S/\T !t T/\ Xr;s !h Xr+l;s:

There is of course another way to interpret X as a T-spectrum object, by
starting with the T-spectra X  and taking bonding mapsX SAT ! X $*1
induced by the maps .

Thesede nitions are analogousto those for ordinary bispectra [11]. Perhaps
much of that machinery can be pushedthrough for T-bispectra| the trick for
the momert is to avoid doing so.

A morphismg: X ! Y of T-bispectra is a collection of maps

g:X"s1 o yrns

which presene all structure. Amapg: X ! Y issaidto be alevel equivalene
(respectively br ation) if ead of the componert mapsg : X" ! Y"S is an
equivalence(respectively bration). It is an easyexercise,usingthe level model
structure for T-spectra, to show that there is a level equivalencei : X ! 'Y for
every object X, such that Y is level brant.

Supposethat X islevel brant. Thenthemap X" AT ! X1 of T-
spectra hasan adjoint , : X" ! X" and sothere are commutativ e
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diagrams

X IS h Txr+1;s

\

(v)
Txr;s+1 | _2|_Xr+1;s+1
T h

One has to be careful here: the map ( ) is the adjoint of the canonical
choice of bondingmap  : T/~ XS 1 X™*1s*1 for the T-spectrum
T X "*13s and a calculation shows that there is a commutativ e diagram

XL _T v/ %X r+1;s+1

t

(V)
2 r+l1,;s+1
2x

wheret isinduced by ipping the loop factors. It follows that composing two
instancesof these diagrams give a picture

X 1S L N Txr+1;s

t(rCv)v)

T(v )v _3I_XI'+1;S+2

C2;1

Zxr;s+2 / 3xr+l S+2
T 2 T
T

wherec,,; = 1(t )t isinducedin loop factors by the cyclic permutation cz;1
of order 3.

Lemma 3.13 implies that the map ¢ inducesthe identity in presheaes of

homotopy groups. We therefore have a commutativ e diagram of presheaes of
groups

jxr;s / i _2|_XI’+2;S /

2Xr;s+2 / . 4Xr+2;s+2 /
T ] T

(4.9)
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in which the horizontal morphisms induced by maps 2"( t( n) n) and the
vertical maps are induced by maps 2"( 1( v) v)

Write QX" for the Itered colimit of the diagram (4.9), and say that a
mapg: X ! Y oflevel brant T-bispectra is a stableequivalene if it induces
isomorphismsof presheaesof groups

jQXr;S q_ jQYr;S

for all j, r and s. One expandsthe de nition of stable equivalenceto arbitrary
T -bispectra by declaring a map to be a stable equivalenceif the induced map
on level brant modelsis a stable equivalence.

The preshearesof groups ; QX "* are ltered colimits of presheaesof stable
homotopy groups corresponding to both horizontal and vertical choicesof T-
spectra. This leadsimmediately to the following

Lemma 4.21. Supmsethat g: X ! Y is a map of T-bispectra suchthat either
all mapsg: X" ! Y™ ,r 0, orall mapsg:X =! Y 3 s 0, are stable
equivalenes of T-spectra. Then g is a stableequivalen® of T-bispectra.

A T-bispectrum Y is saidto be stably br ant if it islevel bran t and all bond-
ingmaps  : Y™ ! tY™lSand , Y"1 ;Y"S* are equivalences
(hence pointwise equivalences).

Every T-spectrum Z has an assaiated susgension T -bispectrum 1 Z con-
sisting of the objects

Z; 27T, 27T
The technical devicethat beginsthe proof of the main result of this sectionis
the following:

Lemma 4.22. Let Z be a T-spectrum and supmsethat Y is a stably brant T-
bispectrum. Suppse that the morphismg: 1 Z ! Y is a stable equivalene
of T-bispectra. Thenthemapg:Z ! YO at level O is a stable equivalene of
T-spectra, and Y is a stably br ant T-spectrum.

Proof. We can supposethat there is a level brant modelj : 1z 1 X for
1 Z sudh that the map g factors through j. Make the suspensionindex of
1 Z the horizontal index, sothat

1z)ys=2zs~rT":
The map of T-spectra
. ( ) .
Xr, TUh hl _|2_Xr+2,

is a stable equivalenceby Theorem 3.11 and Lemma 3.15, and so there is an
isomorphism

j(QTXr; )S: |irn j _2|_nxr;s+2n= jQXr;S:
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There is a similar isomorphism
j(Q_I_Yr; )s - “f“ i _2|_nYr;s+2n - jQYr;s:
sinceY is stably brant. The morphisms
jQXr;S | jQYf;S

are isomorphismsof presheaes of groups by assumption, soin particular the
map

J(QTX%)S L (QrY %)
is an isomorphism as well. O

Lemma 4.23. Supmsethat K is a pointed simplicial preshaf, andleti : T
K ! (T K)s beastably brant model for the symmetric T-spectrum T K.
Then i induces a stableequivalene Ui : U(T K)! U(T K)s of T-spectra.

Cor ollar y 4.24. Supmsethat K is a pointed simplicial preshaf. Then the
map

TK 1 UV( $K)s
is a stable equivalence.

Proof of Lemma4.23. It suces to nd just onestably brant modelfor T K
which satis es the statemernt of the lemma.

There is a T-spectrum object 1 (T K) in the category of symmetric T-
spectra, given by

(T K)"=(T K)~AT™

Supposethat n is the horizontal degree,sothat the T-bispectrum underlying
this object is speci ed in bidegreesby

U( (T K)®=TSAKAT:

The functor Qr and the level bran t model functor L are both simplicial func-
tors, sothe maps of T-spectra

TSAKAT | LQTL(TSAKAT)
determine a map
1 (T K)! LQrL( (T K))

of T-spectrum objects in the category of symmetric T -spectra whoseunderlying
map of T -bispectra consistsof stably bran t modelsin ead vertical degree.By
Theorem 3.11, the vertical bonding map

LOTL(TSAKAT)!  1LQIL(TS"IAKAT)
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is a stable equivalenceand hencea level equivalence,sothat the T-bispectrum
ULQTL( (T K))) is stably brant. Thus, the symmetric T-spectrum
LQTL((T K)~S% isstably brant, asis its underlying T-spectrum. Finally,
Lemma 4.22 implies that the map of T-spectra

U(T K)*S%H! ULQrL(T K)~sY)
is a stable equivalence. O

Lemma 4.25. Amapg: X ! Y of symmetric T-spectra is a stableequivalen@
if and only if the susgnsiong™ T : X A~ T! Y A T is a stableequivalene.

Proof. If gis a stable equivalence,then g* T is a stable equivalence,on accourt
of the isomorphisms

hom (X ~ T; W) = hom (X; tW)

and the fact that the functor 1 presenesstably brant injective objects.
If g” T is a stable equivalence,then the natural stable equivalence : W !
TW]1] of (4.1) (seealso Corollary 4.10) inducesa diagram

hom (Y; W) — % Jhom (X; W)

hom (Y; tWI[1)) ——'hom (X; TW[1])

hom (Y ~ T; W[1]) (gA—T)/hom (X A T;W[1))
If g T is a stable equivalence,then (g™ T) is a weak equivalencefor all stably
bran t injective W, sog is a weak equivalencefor all such W. O
Cor ollar y 4.26. The composite
X1 T(XAT) T (X AT)s

is a stable equivalen@ of symmetric T-spectra, for any choice of stably br ant
model j for X ~ T.

Proof. There is a diagram

XA Tt (X AT)AT

ev
(X "T)s

and the evaluation map ev is a stable equivalenceof the underlying T-spectra
by Corollary 3.16. Now usethe Lemma 4.25. O
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Lemma 4.27. The natural map : X ! U(VX)s is a stable equivalene if
andonly if themap X~ T! U(V(X " T))s is a stableequivalene.

Proof. There is a commutativ e diagram

X AN LUV(X)AT&/U(VX)SAT

ve) A T) X uvx)sa T

UV(X A T) —/u; U(V(X "~ T)s)

ur

Herej : (VX)s 2 T ! (V(X ™ T)s is a map of symmetric T-spectra which
makesthe diagram
VOO AT LT (X)sn T
= r
VXA T) = V(X "~ T))s
commute | it existssincej 2 T isatrivial co bration if j : V(X)! V(X)sisa
trivial co bration. It therefore su ces to shaw that Uj is a stable equivalence

of T-spectra.
It further su ces to show that the composite

UYAT T Uy ~T) W U@y~ 1), (4.10)

is a stable equivalenceif Y is a stably brant symmetric T-spectrum and j :
Y~T! (Y "T)sisastably brant model. This, however, is a consequence
of the commutativit y of the diagram

Uy L(UYAT)—— cury A T) 2 LUy A T)s

U t(Y"T) U—Tj/U T(YNT)s

The top horizontal composite in this diagram is the adjoint of the composite
(4.10), while the composite

YU oa(yAT) (AT,

is a levelwise equivalenceof stably brant symmetric T-spectra, by Corollary
4.26. O
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There are canonical stable equivalences
IK[ nrT"l 1K
and
X" n]! LaX

where L, X is the n'" stage of the layer Itration for a T-spectrum X . The
following is then a consequencef Corollary 4.24and Lemma 4.27:

Cor ollar y 4.28. 1) Suppsethat K is a pointed simplicial preshaf. Then
the map

LKt uv( PKnDs
is a stable equivalene for all n 2 Z.
2) Supmsethat X is a T-spectrum. Then the map
‘LaX | UV(LnX)s
is a stableequivalene for all n 0.

Proof. For part 2), recall that the functor V presenesstably trivial co brations
and level equivalences,and hence presenes stable equivalences,so that the
functor X 7! U(VX)s presenes stable equivalences. Part 2) is therefore a
consequencef part 1), while 1) follows from Lemma 4.27. O

Lemma 4.29. Supmsethat
Xo! Xi!

is an inductive systemof T-spectra suchthat all maps : X, ! U(VX,)s are
stable equivalenes. Then the map

dlim X b UV (Ilim Xp)s
is a stable equivalene.

Proof. There is a commutativ e diagram

lim Uj

lim UV (Xn)

im X Ui V (X)) Ui V (Xa):)
rr

UV (lim Xn) Iuv (lim Xn)s

Nim UV (X)s
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where the displayed isomorphismsare canonical and j- make the following dia-
gram commute:

iV (Xn) ~TL i V(X )s
= I
V(lim Xp) ——IV (lim Xn)s

Note that we can presumethat the stably trivial co brations j : V(X,) !
V(X n)s of symmetric T-spectra can be chosensothat the induced map limj :
limV(Xn) ! limV(Xn)s is astably trivial co bration, sothat the existenceof
the map |~ makessense. This is the analogueof a step in the proof of Lemma
3.12 (a corresponding result, namely that stable equivalencesare closedunder
Itered colimits, holds for symmetric T -spectra, via the sameproof). It follows
that j is a stable equivalence,but then Corollary 1.7 implies that j~ is a level
equivalence, and so Uj is a level equivalence as well. Obsere nally that
Lemma 3.12 implies that the composite

. lim . lim Uj .
Il_(an o Il_(nUV(Xn) ©o I|_mU(V(Xn)S)

is a stable equivalence. O

Corollary 4.28 and Lemma 4.29 together imply the following:

Pr oposition 4.30. The natural map : X ! U(V(X))s is a stable equiva-
lence for all T-spectra X .

Theorem 4.31. The functors U and V induce an adjoint equivalene of stable
homotopy categories

Ho(Spt+ (Smjs)nis)  Ho(Spt+ (Smjs)nis)

Proof. We show that the adjoint pair of functors (U; V) is a Quillen equivalence.

Supposethat W is a stably brant symmetric T-spectrum. Then the canon-
ical map :VU(W)! W is a stable equivalence. To seethis, take a factor-
ization

VUW) —(VUW))s

»
W

and apply the functor U to obtain the diagram

UMW) —IU(VUW)) — UV UW)),

g

U(W)

ur
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The compositeUj :U(W)! U(VU(W))s is a stable equivalenceby Proposi-
tion 4.30,sothat Uj is a stable equivalenceof T-spectra. But then | is a stable
equivalenceof symmetric T -spectra by Proposition 4.8,andso : VU(W)! W
is a stable equivalence.

Proposition 4.13 implies that U presenesstable trivial brations, while it
presenesstable brations by de nition.

Supposethat X isaco brant T-spectrum and W is a stably bran t symmet-
ric T-spectrum. We have seenthat : VU(W) ! W is a stable equivalence,
and we also know that V presenes stable equivalences| seethe proof of
Corollary 4.28. Thus,if f : X I U(W) is a stable equivalencethen the adjoint
f :V(X)! W isa stable equivalence.

Conversely if f is a stable equivalence, then f factors through a level
equivalencef™: (V(X))s ! W, and there is a diagram

X WUV(X) L:Q(W)
r
rrrrr

II||I$ ! o
UV (X))s

The map is a stable equivalence by Proposition 4.30 and Uf™ is a level
equivalence,sothat f is a stable equivalence. O

4.5 Symmetric S'-spectra

The results proved above for symmetric T -spectra have analoguesfor symmetric
S'-spectra, with proofsthat are formally the samein many cases.Theseresults
will be summarizedhere.

The analogybeginswith the de nition. A symmetric S*-spectrum X isan S*-
spectrum consisting of pointed simplicial presheawesX ", n 0, with bonding
maps :S'A XM X" with symmetric group actions , X"! X1,
such that the composite bonding maps SP ~ X" | XP*" are ( , n)-
equivariant. There is an obvious category of suc things, which is denoted by
Spts:(Smjs)nis. This category is, in the language of [13], the category of
presheaesof symmetric spectra on the smooth Nisnevich site (Smjs)nis. We
know from [13] that this category carries a well behaved stable closed model
structure which is created by the Nisnevich topology. The point of this section
is to show that there is an additional motivic stable closed model structure
such that the assaiated homotopy categoryis equivalent to the motivic stable
category for S-spectra.

As for symmetric T-spectra, say that amapf : X ! Y isalevelequivalene
if each componert mapf : X" ! Y" is amotivic equivalence. The mapf isa
level co bration if each f : X" ! Y" is a co bration of simplicial presheaes.
Finally, amapg:Z ! W is an injective bration if it has the right lifting
property with respect to all maps which are level co brations and level weak
equivalences.We then have the following:
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Theorem 4.32. The category Spt : (Smjs)nis of symmetric St-spectra on the
smath Nisnevich site, togetherwith the classesof levelco br ations, level equiv-
alenes and injective br ations, satis es the axioms for a proper closed simpli-
cial model category.

The proof of this result is just like that of Theorem 4.2: the cortrolled level
bran t construction Y 7! L(Y) for simplicial presheaesextendsto a functor
on symmetric St-spectra (diagram (1.2)), and we know from [13] that level co -
brations and level local equivalencesof symmetric S*-spectra satisfy a bounded
co bration condition. Thesetwo facts can be usedtogether with the argumert
in the proof of Proposition 2.15to show that the level motivic equivalences
and level co brations of symmetric S!-spectra satisfy a bounded co bration
condition. The rest of the proof is formal.
The de nition and properties of the left adjoint V to the forgetful functor

U : Sptg:(Smjs)nis ! Sptsi(Smjs)nis

taking valuesin St-spectra are already well known.

We say that amap p: X ! Y of symmetric S'-spectra is a stable br ation
if the underlying map Up : UX ! UY of Sl-spectra is a (motivic) stable
bration. Proposition 2.15has an analoguefor S*-spectra which implies that a
mapq:Z ! W of S'-spectrais a stable bration if and only if it hasthe right
lifting property with respect to all -bounded co brations A'! B which are
stable equivalences.It followsthat amap p: X ! Y of symmetric S!-spectra
is a stable bration if and only if it hasthe right lifting property with respectto
imagesV (A) ! V(B) ofall -boundedtrivial co brations of S!-spectra under
the functor V. This implies the following analogueof Proposition 4.4:

Pr oposition 4.33. Every mapf : X ! Y of symmetric S!-spectra has a
natural factorization

suchthat p is a stable br ation, and j is a level co br ation which has the left
lifting property with resgect to all stable br ations.

As before, this result implies the existenceof injective stably brant models.
Say that amapf : X ! Y of symmetric S'-spectra is a stable equivalene if
it inducesa weak equivalence

g :hom(Y;W)! hom(X;W)

for all stably brant injective objects W.

The shift construction X 7! X[n], the natural map X ! X[1] and the
symmetric stabilization functor X 7! Q X = Qg X are already well known
[7], [13], and the sameargumert asfor Proposition 4.8 givesthe following:
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Pr oposition 4.34. Supmsethat :X ! Y is a map of symmetric S*-spectra
suchthat U :UX ! UY is a stable equivalene of St-spectra. Then is a
stable equivalen@ of symmetric S*-spectra.

The description X 7! G,(S° X of the left adjoint to the shift functor
is also well known. This functor presenes level co brations and level weak
equivalencesby construction and the propernessof the unstable motivic closed
model structure, so that the adjoint Y 7! Y [n] presenesinjective brations.
In particular, if W is stably brant and injective, then the canonicalmap W !

W/[1] is a level equivalenceof stably brant injective objects. The function
complex hom (X ; W) is therefore an in nite loop spacefor all symmetric S*-
spectra X and stably bran t injective objects W, sothat we can prove

Lemma 4.35. Supmsethat the commutative diagram
Aq i_llBl —*t Ig;=A,

fi1

2

fa fa

is a comparison diagram of level co br e sequen@s. Then if any two of the maps
f1, f» and f3 are stable equivalen@s of symmetric S*-spectra, then so is the
third.

The proof is by analogy with the proof of Lemma 4.11.

Insofar as we know that bre and co bre sequencesoincide in the motivic
stable category of S'-spectra (Corollary 3.2), we also have the analogue of
Corollary 4.12, and this implies

Pr oposition 4.36. Supmsethatp: X ! Y is a map of symmetric S*-spectra
which is both a stable br ation and a stable equivalen®. Then p is a level
equivalene.

Corollar y 437. Amapp: X ! Y of symmetric St-spectra is a stable
br ation and a stable equivalene if and only if it is both a level br ation and
a level equivalene.

Say that amapi : A! B of symmetric S!-spectra is a stable co br ation if
it hasthe left lifting property with respectto all mapsp: X ! Y which are
stable equivalencesand stable brations. Then we have

Theorem 4.38. The category Spt : (Smjs)nis of symmetric St-spectra on the
smath Nisnevich site, and the classesof stable equivalenes, stable br ations
and stableco br ations, togethersatisfy the axiomsfor a proper closel simplicial
model category.
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Write  for the composite
X 1 uvx Y ouvx)s

wherej : VX | (VX)sisastably brant model of the symmetric S*-spectrum
V X . Then Proposition 4.30 translates as follows:

Pr oposition 4.39. The naturalmap : X ! U(VX)s is a stableequivalen@
for all St-spectra X .

Just as before, this is the key step in demonstrating that the category of sym-
metric spectrum objects is a model for the stable category:

Theorem 4.40. The functors U and V induce an adjoint equivalene of stable
homotopy categories

Ho(Spts:(Smjs)nis)  Ho(Sptg: (Smjs)nis)

Again, one shaws that the adjoint pair of functors (U;V) is a Quillen equiva-
lence.

The proofs of Proposition 4.30and Theorem 4.31occupiedall of Section4.4,
and the proofs of Proposition 4.39and Theorem 4.40are exactly the same,sub-
ject to replacing T by S*. As before,the interesting part is proving Proposition
4.39in the caseof suspensionobjects | the analogueis Lemma 4.23. That
proof involved T -bispectra, which translates hereto S*-bispectra, or presheaes
of bispectra in the senseof [11], but interpreted in motivic homotopy theory.

Finally, the categoricalmaterial on smashproducts in Section4.3 arisesfrom
manipulations of free functors that are well known for ordinary symmetric spec-
tra, and therefore hold for symmetric S*-spectra. The homotopically signi cant
statemert is Proposition 4.19:

Pr oposition 4.41. Supmsethati : A! B is a stable co bration and that
j :C! D is alevelcobration. Then the map

(i) :(B"C)[(arcy(A"D)! B"D

is a levelco bration. If i andj are both co br ations, then (i; j) is a co br ation.
If either i or j is a stableequivalene, then (i; j) is a stableequivalene.

The statemert and proof of this result are really quite generic, and hold
essetially anywhere that one succeedsin generating the usual machinery of
symmetric spectrum objects. This includesthe presen discussionof symmetric
Sl-spectra in the motivic context, and also translates into a statemert for
presheaesof symmetric spectra in the senseof [13].
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Appendices

A Pr operness

The purpose of this section is to show that the closed model structure that
arisesfrom formally collapsing a simplicial presheafl to a point satis es the
propernessaxiom. This is true over arbitrary small Grothendied sites and,
more explicitly, for the f -local theory for any rational point f : ! . This
result specializesto propernessfor motivic homotopy theory: that is the case
of a rational point ! Al onthe ane line, in the category of simplicial
presheaes (or sheases) for the site (Smjs)nis of smooth k-schemesequipped
with the Nisnevich topology. | shall revert to the original homotopy theoretic
notation (seealso Section 1.2) for the generaldiscussionthat follows.

Supposethat Cis a small Grothendiedk site, and let  be a cardinal which
is an upper bound for the cardinality of the set Mor(C) of morphisms of C.
Supposethat | is a simplicial presheafon C having a rational point f : ! 1.
We will show that the f -local closedmodel structure on SPre(C) is proper, for
any sudhmapf : ! |I.

Let D be a simplicial presheafon the site C, and write f : D! D | for
the composite

" p

D=D
Lemma A.1. Suppse given maps

D" D 19 X

and a glokal bration :U! X, and supmsethat X is f - brant. Then the
induced map

f:U xD! U x(D 1)
is an f -equivalene.

Proof. Tomakethe notation easier,givenamap :V! X,writeV =U xV
for the pullback of along :U! X. In this notation, the statement of the
lemma is the assertionthat the induced map

is an f -equivalence.
The object X is f-brant and the projecton mappr : D | ! D isan
f -equivalence,so there is a simplicial homotopy

0 1
D 12 Jp 1) 198 p |
pr h

Iy -
D of X:
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Pulling badk along the global bration :U! X givesa diagram

d° d?
Dgi —(D Yn¢ 1) &——Dgs
f ¢ 1 f
@ Dgip—O 1 &= (O 1)

All of the maps labeled d are local weak equivalences,since is a global
bration and the ordinary closed model structure for SPre(C) is proper. It
therefore suces to shov that the mapf : Dg ! (D I)gr pr iSanf-
equivalence.

But the map gf pr factors through the projection map pr, sothat there is
an isomorphism

f M&

(D 1)gt pr —IDgr |

and a commutativ e diagram

The map f is therefore an f -equivalence. O

An elementary f -trivial co bration is a member of the saturation of the
family of co brations consisting of the maps

( Lu MI¢c vha Y)Y I Ly ™
and all maps
c! D

which are co brations and local weak equivalences,whereD is -bounded. An
f -injective bration isamapp:Z ! W which hasthe right lifting property
with respect to all elemenary f -trivial co brations.

Lemma A.2. 1) An f -injective br ation p is a glokal br ation.
2) The classof f -injective br ations is closed under composition.

3) A simplicial preshaf Z is f -local if and only if the map Z ! is an
f -injective br ation.
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4) Every simplicial presh@f mapg: X ! Y hasa factorization

X g

Y
P
j }}}} q

w

where g is an f -injective br ation and j is an elementary f -co br ation
and an f -equivalene.

5) Every elementary f -co br ation is an f -equivalene.

Proof. Part 4) is the consequencenf a standard trans nite small object argu-
mert.

The family of maps having the left lifting property with respect to all f -
injective brations is a saturated class containing the generating elemenary
f -co brations, sothat the elemenary f -co brations have the left lifting prop-
erty with respect to all f -injective brations. It follows from the factorization
statemert 4) that every elemenary f -co bration isaretract of anelemenary f -
co bration which is an f -equivalence. But then every elemenary f -co bration
is an f -equivalence,giving 5). O

Now we can list someconsequencesf LemmasA.1 and A.2:

Lemma A.3. Suppse given maps
ch b x

and a glotal bration :U! X, andsupmsethat X is f-brantandj is an
elementary f -co br ation. Then the induced map

j U xCl! U xD
is an f -equivalene.

Proof. The classof cobrations C ! D ! X over X which pull back to
f-equivalencesU x C ! U x D is saturated by exactnessof pullback,
and contains all ordinary trivial co brations since the standard closed model
structure on SPre(C) is proper.

In any diagram
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the mapsf and f pull back to f -equivalencesalong by LemmaA.1, and so

pulls badk to an f -equivalencealong . This meansthat all generatorsof the
family of elemenary f -co brations pull badk to f -equivalencesalong , soall
elemenary f -co brations pull bac to f -equivalencesalong . O

Cor ollar y A.4. Supmsegiven a pullback diagram

A xyu—2 1y

A—5—X

where X is f - brant, g is an f -equivalene and is a glokal br ation. Then
the induced map g is an f -equivalene.

Proof. Find a factorization

of g, wherej is an elemenary f -co bration and q is an f -injective bration.

Then W isf -brant by Lemma A.2, and the fact that the classesof f - bran t
objects and f -injectiv e objects coincide [4]. Thus, g is an f -equivalenceof f -
bran t objects, and is therefore an ordinary local weak equivalence,and hence
pulls back to a local weakequivalencealongthe global bration . But then the
elemenary f -co bration j pulls badk to an f -equivalenceby Lemma A.3. O

Theorem A.5 (Pr operness). Supmsegiven a diagram

A yu-2 1y

A——7

suchthat is anf - bration and g is an f -equivalene. Then the induced map
g is an f -equivalene.

Proof. Form a diagram

‘ b
z —j/LZ
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such that i is a co bration and an f -equivalence,LZ isf-brant, pis an f -
bration, and j is a co bration and an f -equivalence. Consider the pullback
diagram

Themapj :Z zV! Visanf-equivalenceby Corollary A.4. The induced
comparison

is an f -equivalence of f - bran t objects in SPre(C) # X, hence a homotopy
equivalence,and sothe map is a local weak equivalence. Propernessfor the
standard closedmodel structure on SPre(C) implies that the induced map

A zU! A 2V

is a local weak equivalence. Thus, in the diagram

the map g is an f -equivalenceif and only if g°is an f -equivalence. But the
mapsj g’andj aref -equivalencesby Corollary A.4, sog®is an f -equivalence.
O

Theorem A.5 is not the full propernessassertionfor the f -local theory but it
is the heart of the matter. The secondhalf of the propernessaxiom says that
the class of f -equivalencesis closed under pushout along co brations. This
meansthat, given a pushout diagram

A—2 Ic

B——/B[aC
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with i a co bration and g an f -equivalence, the map g should be an f -
equivalence. This is easily proved: the functor hom ( ;W) takes pushouts
of simplicial presheaes to pullbacks of simplicial sets, and the map i
hom (B; W) ! hom (A; W) is a bration andg :hom(C;W)! hom (A; W)
is a weak equivalenceif W is f -local. Propernessfor ordinary simplicial sets
implies that the induced map

g :hom(B[aC;W)! hom(B;W)

is a weak equivalenceof simplicial sets. This is true for all f -local objects W,
sothat g is an f -equivalence.

B Motivic homotopy theor y of preshea ves

Let SShv(Smjs)nis (respectively Shv(Smjs)nis) denote the category of sim-
plicial sheares (respectively sheares) on the smooth Nisnevich site (Smjs)nis
for a Noetherian schemeS of nite dimension. Supposethat Pre(Smjs)nis and
SPre(Smjs)nis denotethe corresponding categoriesof preshearesand simpli-
cial presheaes. We know that the categoriesof simplicial sheavesand simplicial
presheaescarry closedmodel structures obtained from the local structures for
the Nisnevich topology by formally cortracting the ane line A', and that the
resulting homotopy categoriesare equivalert, and are models for the motivic
homotopy category| seeTheorem 1.1 and Theorem 1.2.

The purpose of this section is to explain the Morel-Voewvodsky result that
the sheaf category Shv(Smjs)nis inherits a closed model structure from the
category of simplicial sheavesin such a way that the assaiated homotopy
category is also a model for the motivic homotopy category. We actually do a
little more here(Theorem B.4 below), and show that the category of presheaes
Pre(Smjs)nis has a proper closedsimplicial model structure, sothat there is
an adjoint equivalenceof the assa@iated homotopy category Ho(Pre(Smjs)nis)
with the motivic homotopy category. The Morel-Voewvodsky result for sheaves
(Theorem B.6) is a consequenceof Theorem B.4, in a way that one has come
to expect.

Morel and Voewvodsky construct a singular functor
S= SAl . SSh\/(Smjs)N is ! SSh\/(Smjs)N is

in terms of the internal hom functor by specifying S(B) = Hom (A ;B) for
ordinary shearesB, and then by de ning S(X) for a simplicial sheafX to be
the diagonal of the bisimplicial object

Hom (A™; Xp):

Here, A refersto the standard cosimplicial k-variety made up of the a ne
planesA". The singular functor specializes,in particular, to a functor

S: Sh\/(Smjs)Nis ! SSh/(Sij)N is
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This last functor has a canonicalleft adjoint
j J:SShv(Smjs)nis ! Shv(Smijs)nis;

which is de ned by a suitable coend. This meansthat there is a coequalizerin
the sheafcategory having the form

G G
X, A Xn A" jXj

'm! n n
for a simplicial sheafX that oneexpectsfrom the de nition of the realization
functor from simplicial setsto spaces.Morel and Voewvodsky show [14] that, for
a suitable closedmodel structure on the sheafcategory Shv(Smjs)nis, these
functors de ne an adjoint equivalenceof the assaiated homotopy categories.

Theseconstructions are easily generalizedto simplicial presheaes,with com-

pletely analogousde nitions. There is a singular functor

S = Sa:i : SPre(Smjs)nis ! SPre(Smjs)nis

which is de ned on preshearesC by setting S(C) = Hom (A ;C); then S(Y)
is de ned for a simplicial presheafY by taking the diagonal of the bisimplicial
presheaf

Hom (A™;Y,):
There is a realization functor
j j:SPre(Smjs)nis ! Pre(Smjs)nis;

de ned by coend, sothat there is a coequalizer

G G
Y, A" Yo A1 Y]

m! n n

in the presheafcategory, for simplicial presheaesY. The realization functor
is left adjoint to the singular functor, just as before.

We now have the following analogueof a string of results for the singular
functor on simplicial sheaves, proved by Morel and Voevodsky in [14]:

Lemma B.1. The singular functor
S : SPre(Smjs)nis ! SPre(Smjs)nis
has the following properties:

1) The functor S takesthe morphismf : | Al to a weak equivalene of
simplicial sheaves.

2) For any simplicial preshaf X, the canonical map : X ! S(X) is a
motivic weak equivalene and a co br ation.
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3) The realization functor preservesco br ations and motivic weak equiva-
lences.
Proof. For 1), it suces to show that the simplicial set
S(AY)(SP(R)) = RIt ]

is cortractible for a ne schemesSp(R), where Rt ] is the simplicial R-algebra
with n-simplices
X
Rt In = Rlto;::::ta]=( t = 1);

and having face maps de ned by

2t if j <1,
di(tj) = >0 if j =i, and
o1 ifj >l

It is well known (for many years| see[1], for example) that the simplicial set
underlying this simplicial R-algebra is contractible, with contracting (chain)
homotopy given by

f(to;:::itn) 70 (1 to)f (t;:iiitnsr):

For 2), the canonicalmap for simplicial setsis the diagonal of a correspond-
ing bisimplicial set map made of canonicalmaps :B ! Hom (A ;B) de ned
for simplicial preshearesB. This map is a morphism of simplicial presheaes
which on n-simplicesis the map

B! Hom (A";B) (B.1)

de ned by precomposition with the map A" ! . There is a contracting
homotopy h: A" Al1 A" de ned by

This contracting homotopy inducesan obvious map
h :Hom (A";B) A!! Hom (A";B);

and the existence of the homotopy h implies that the map (B.1) is an Al
homotopy equivalence, and hence a motivic weak equivalence. The motivic
model structure for the simplicial presheafcategoryis proper, sothat standard
techniquesimply that the map : X ! S(X) is a motivic weak equivalence
for all simplicial presheaesX .

To prove statemert 3), obsere that any cosimplicial set E determines a
set-valued realization functor X 7! jX jg de ned on simplicial setsby the co-
equalizer

G G
X, EM Xn E"1 jYje:

m! n n
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One seeseasilythat there is a bijection j "je ! E" de ned by the maps |
D1 DM givenby ( ;x) 7! (x). This bijection is natural in ordinal number
maps; in particular, the induced function j@ je ! j %je isisomorphicto the
function

(d%dhH:E°t EO1 EL:
Also, all diagrams

EN 2dj_llEn 1

d' d'
En 1 +/En
d

corresponding to i < | are pullbacks by the cosimplicial identities for n 2.
Thus, there is an isomorphism

j@ "je = @&";

where @" denotes the union of the imagesd (E" 1) in E", and that the
induced map j@ "je ! | "je is aninjection for n 2. It follows that the
realization functor X 7! jX jg takesco brations to injections if and only if E
is unaugmentel in the (traditional | see[3]) sensethat the diagram

EO d—llEl

dO

is a pullback.
Also, if E is unaugmerted, one can show that the natural map

Xo E°1 jXje

is an inclusion, by induction on the skeleta of X .
Any cosimplicial object D in the category of simplicial presheaesdetermines
a D -realization functor Y 7! jYjp, de ned by a coequalizerdiagram
G G
Y, DM Y. D"! jYjp:

m! n n

+(p)

as above. Write jYjy~ for the image of

G
Y, D"

0n p
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injYjp, and let sy, Y, be the degeneratepart of Y. . Then there is a pushout
diagram

(sprYp DP)[ (Yoo @P) ——jyj)

.
Your DPH g

The vertical maps are co brations, and the canonical map
Yo DOt jyj@

is an isomorphismif D is unaugmened.

A propernessargumert therefore implies that any level motivic equivalence
D ! E of unaugmerted cosimplicial presheaes induces a natural motivic
equivalencejYjp ! jYje. In particular, the maps of cosimplicial objects

AI"I AI"I n | n
are level motivic equivalences,and so there are natural motivic equivalences
iYia Yia L jY] =Y

The realization functor Y 7! jYj = jYja therefore presenes motivic equiv-
alences. It follows also that this realization functor presenes co brations of
simplicial presheaes. O

Cor ollar y B.2. The singular functor preserves br ations.

Cor ollar y B.3. Thereis a natural motivic weak equivalene@ Y ' jYj, for all
simplicial preshavesY .

Say that amap g : X ! Y of presheaes on the smooth Nisnevich site
(Smjs)nis is a motivic weak equivalene if the assaiated morphism of constart
simplicial presheaesis a motivic weak equivalence. A co br ation of presheaes
is an inclusion, and a motivic br ation is a map which has the right lifting
property with respect to all maps which are simultaneously co brations and
motivic weak equivalences.

Given a presheafX and a simplicial set K, write X K for the presheaf
given by

X K=jX Kij:
There is an isomorphism

X K= lmn X n.
R K
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where the colimit is indexed over the simplex category of K, and one cheds
that there is a natural isomorphism

X "=X A"

The category of presheaeson (Smjs)nis acquiresa simplicial structure from
thesede nitions: the function complexhom (X;Y) hasn-simplicesspeci ed by

hom (X;Y)n = hom(X ":Y)=hom(X A";Y);

while for a simplicial setK and a presheafX , the mapping presheathom (K ; X)
is givenin terms of the internal hom functor by

hom (K;X) = lim Hom (A";X):
K

Theorem B.4. With thesede nitions, we havethe following:

1) The category Pre(Smjs)nis of presh@veson the smaoth Nisnevich site
of a Noetherian schemeS of nite dimension satis es the axioms for a
proper closal simplicial model category.

2) The singular and realization functors determine an adjoint equivalene of
motivic homotopy categories

Ho(Pre(Smjs)nis) * Ho(SPre(Smjs)nis):

Proof. Recall from [4, p.1086]that the category SPre(Smjs)nis of simplicial
presheareson the smooth Nisnevich site and the classE of motivic weak equiv-
alencestogether satisfy a list of properties analogousto those appearing in the
statemert of Proposition 4.1. Theseinclude, for example,the boundedco bra-
tion condition:

E7: Thereis aninnite cardinal which is an upper bound for the cardinal-
ity of the set of morphisms of (Smjs)nis, such that for every simplicial
presheafdiagram

X
[
A—Iy
with i an E-trivial co bration and A an -bounded subobject of Y, there

is a subobject B Y sudh that A B, the object B is -bounded, and
the inclusion B\ X ! B is an E-trivial co bration.

Here, an E-trivial co bration is a map which is a co bration and a motivic
weak equivalence. We are alsotacitly working over a small, full subcategory of
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(Smjs)nis consisting of objects of sizeat most some xed in nite cardinal, so
that the statemert of E7 makessense.

Up to isomorphism, a subobject of a constart simplicial presheafmust be
constant, sothat the boundedco bration condition E7 for simplicial presheaes
implies a bounded co bration condition for ordinary presheareson (Smjs)nis -
The other axiomsE1 { E6 for the classof co brations and motivic weak equiv-
alencesin the presheafcategory are trivial consequencesf the corresponding
results for simplicial presheaes. It followsthat amapp: X ! Y of presheaes
isa bration if and only if it hasthe right lifting property with respectto all -
bounded co brations which are motivic equivalences| the argumert appears
in the proof of Theorem 1.1 of [4]. Continuing in that vein, a trans nite small
object argumert then implies that every map g: X ! Y has a factorization

such that pisa bration, andj is a motivic weak equivalenceand a co bration.

Write Ly for the free presheafon a section over U. Then | claim that
the presheafmap p: X ! Y is a bration and a motivic weak equivalence
if it has the right lifting property with respect to all inclusionsA Ly . A
map p having this lifting property has the right lifting property with respect
to all inclusions, so it is a bration. The induced map p : S(X) ! S(Y)
hasthe right lifting property with respectto all co brations, by an adjointness
argumert and the fact that realization presenesco brations. The map p is
therefore a bration and a motivic weak equivalence of simplicial presheaes.
The canonicalmap : X ! S(X) is a motivic weak equivalenceof simplicial
presheaes, so the original map p : X ! Y must also be a motivic weak
equivalence of presheaes. A trans nite small object argumert then implies
that everymapg: X ! Y of presheaeshas a factorization

N yy
gq

Y

wherei is a co bration and qis both a bration and a motivic weakequivalence.

We have proved the factorization axiom CM5. The style of its proof further
implies, in a standard way, that every map which is a bration and a motivic
weak equivalenceis a retract of a map which hasthe right lifting property with
respect to all co brations, and therefore has the sameright lifting property.
The axiom CM4 follows. The other closedmodel axioms are trivial to verify.
The simplicial model axiom SM7 is a consequencef the corresponding axiom
for simplicial presheaves,together with part 3) of Lemma B.1.
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To show that motivic weak equivalencesof presheaesare stable under pull-
badk along brations, it suces to obsene that the singular functor presenes
and re ects motivic weak equivalences,in addition to preserving brations.
The pullback part of the propernessassertiontherefore follows from the corre-
sponding assertionfor simplicial presheaes. The pushout part is a more direct
consequencef the statemert for simplicial presheaes.

To prove 2), note that the singular and realization functors both presene
motivic weak equivalences,and henceinduce functors

S : Ho(Pre(Smjs)nis)  Ho(SPre(Smjs)nis) 1] -

To show that thesefunctors give an equivalenceof categories,it su ces to show
that the canonicalmap : X ! SjXj isa motivic equivalencefor all simplicial
presheaesX . Then the map S : SjS(Y)j! S(Y) would be a motivic weak
equivalencefor all presheavesY by a triangle identity, and so :jS(Y)j! Y
would be a motivic weak equivalencesincethe singular functor re ects motivic
weak equivalences.

If X is a constart simplicial presheaf,then the canonicalmap :X ! SjXj
is isomorphicto the map : X ! S(X), sinceX = jXj in this case.

Recall that

S(Y)n(U) = Hom (A";Y)(U) = Y(A" U)

for all preshearesY. It follows that the singular functor presenesall colimits
in presheaesand hencein simplicial presheaes. In other words, the singular
functor satis es a very strong excision property.

Every simplicial presheafX is a coend for the morphisms X nroX,
and the skeletal Itration sk, X is de ned by pushouts of co brations

(srXr "M X @ ") —Isk X

Xr+1 r+l —ISkr+1 X

Here, s;1X; is the degeneratepart of X;.; . More generally, de ne

[r
S Xr = Si(Xr) Xy,
i=0

and obsene that there are pushout of co bration diagrams

Sk +
SpaXp 1 ———IspgX5p

Xp ﬁlslkﬂ] Xp
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for all p and k that make sense. The composite functor X 7! SjX|j presenes
all colimits and hencepresenesthe skeletal Itration for X in the sensethat
both of the above speciesof diagramsare takento pushoutsof co brations. On
accoun of propernessfor the motivic model structure for simplicial presheaes,
it therefore su ces to show that the maps

Xy "1 SjX; "
are motivic weak equivalences.But the projections X, "1 X, are motivic
weak equivalencesand the composite Sj j presenesmotivic weak equivalences,
sothe claim reducesto the constart case. O

Here is a corollary of the proof of Theorem B.4:

Cor ollar y B.5. Supmsethat g: X ! Y is a map of simplicial preshaves
suchthat everymap g: X, ! Y, is a motivic weak equivalen@ of preshaves.
Then g is a motivic weak equivalene@ of simplicial preshaves.

Say that a map of shearesg: X ! Y on the Nisnevich site (Smjs)nis IS a
motivic weak equivalene if the assa@iated map of constart simplicial sheaes
(or presheaes)is a motivic weak equivalence. A co br ation of sheavesis just
an inclusion, and a map of simplicial sheavesis a motivic br ation if it has
the right lifting property with respect to all maps which are simultaneously
co brations and motivic weak equivalencesof simplicial sheaves.

Theorem B.6. With thesede nitions, we havethe following:

1) The category Shv(Smjs)nis of sheaveson the smaoth Nisnevich site of a
Noetherian schemeS of nite dimension satis es the axioms for a proper
closel simplicial model category.

2) The singular and realization functors determine an adjoint equivalene of
motivic homotopy categories

Ho(Shv(Smjs)nis) © Ho(S Shv(Smjs)nis):

3) The assaiated shaf functor determinesan adjoint equivalene@ of motivic
homotopy categories

Ho(Pre(Smjs)nis) * Ho(Shv(Smijs)nis ):

Proof. For 1), note that amap g: X ! Y of sheavesis a motivic equivalence
(respectively co bration) if and only if is a motivic equivalence (respectively
co bration) of presheaes. The assaiated sheafmap A ! Ais a local isomor-
phism, and hence a motivic weak equivalence of presheaes. It follows that
the classesof motivic weak equivalencesand co brations of shearessatisfy the
axioms E1 { E7 involved in the proof of Theorem B.4, and then the closed
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model structure for the sheafcategoryis a formal consequencejust as before.
Propernessis an easyconsequencef propernessfor the presheafcategory.
In 2), the singular functor

S :Shv(Smjs)nis | SSV(SMjs)nis

is de ned asfor presheaes,and soit presenesand re ects motivic weak equiv-
alences.The simplicial sheafrealization jX j of a simplicial sheafX is the asso-
ciated sheafof the presheaflevel realization, sothat the map :X ! SjXjisa
motivic weak equivalence,on accourt of the fact that we know the correspond-
ing statemert for simplicial presheaes. The adjoint equivalenceof homotopy
categoriesthen follows just asin the presheafcase.

Statemert 3) is obvious. O
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