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Summary

Let G be a complex semisimplealgebraic group with real form GR, the �xed-
point subgroup of an antiholomorphic involution g 7! g. The group GR � GR

acts of G by the rule ( r 1 ;r 2 ) g = r1gr � 1
2 . In this paper, we give a construc-

tion of a GR � GR-invariant pseudok•ahler form on a neighborhood of GR in
G. We expect this result will �nd application in several related areasin com-
plex geometry and representation theory. For example, future work of others
will show that symplectic reduction (with respect to the imaginary part of the
pseudok•ahler form) relates this open set in G with a neighborhood of a non-
compact Riemannian symmetric spacein its complexi�cation, as studied by
Akhiezer and Gindikin [AG].
As a �rst guess,one might attempt to construct such a pseudok•ahler form
as follows: given left-invariant vector �elds Z; W on G, de�ne the Hermitian
product of Z and W to be � (Z; W), where � is the Killing form. However,
this fails, sincethe corresponding 2-form (the imaginary part of the Hermitian
form) is not closed. Instead, we take the following approach. We construct
a pseudok•ahler form on a complex manifold M � igR � GR. We then de�ne
M 0 � M such that f jM 0 : M 0 ! G is a di�eomorphism onto an open subsetof

G. Here f : i gR � GR ! G is the map (iX ; r )
f
7! eiX � r . This allows us to push
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down the pseudok•ahler form on M 0 to the open set f (M 0) � G. The new form
turns out to be closely related to the form Z; W 7! � (Z; W ).
Our main results are as follows:
Let GR � GR act on igR � GR by the rule ( r 1 ;r 2 ) (iX ; r ) = (iAd r 1 X ; r1r r � 1

2 ); then
f equivariant. De�ne M := f (iX ; r ) : df is nonsingular at (iX ; r )g � i gR � GR.
This makesM a complexmanifold, with complexstructure J induced from the
complex structure on G. A useful description of M is:

Theorem 1. (iX ; r ) =2 M if and only if adX hasan eigenvalueof n� for some
nonzero integer n. Equivalently, for p := eiX , (iX ; r ) =2 M exactly when either
Adp hasan eigenvalueof � 1 or Adp �xes a vector in g not �xed by adX . (Proof
in x2.) �

Regard igR � GR as the cotangent bundle of GR. As such, there is a canonical
real 1-form � on igR � GR such that ! := d� is an (exact) nondegenerate
symplectic form. On the other hand, let � : i gR � GR ! R, (iX ; r ) 7! � (X ; X ),
which is a GR � GR-invariant function. Theseobjects are related:

Theorem 2. On the complex manifold M � igR � GR, we have 2� = dc� .
(Proof in x4.) �

As an immediate corollary, we have:

Theorem 3. ! = d� = 1
2 ddc� = � i@@� is a GR � GR-invariant, J -invariant,

nondegenerate, exact, real 2-form on M , and

hA; B i := ! (J A; B ) + i! (A; B ) (A; B 2 Tm M )

is a GR � GR-invariant pseudok•ahler form on M . �

We seekto compute the pseudok•ahler form in terms of a reasonablecollection
of vector �elds on M . Let Z 2 g, that is to say, a tangent vector to G at the
identit y 1. As usual, wemay identify Z with a left G-invariant vector �eld on G.
Let bZ denotethe vector �eld on M obtained by pulling back the left G-invariant
vector �eld Z on G via the map f . Thesevector �elds, which we call canonical
vector �elds, are the oneswe shall use throughout for computations. We also
needto de�ne several linear transformations on g. Let (iX ; r ) 2 M and write

p := eiX . First, we de�ne Ap : g ! g, Ap :=
�

I +Ad p

2

� � 1
. (This makessense,

by Theorem 1.) We also de�ne FiX : g ! g by FiX (Z ) := d
ds

�
�
s=0 log(pesZ ).

(Here log denotesa local inversefor exp, returning a neighborhood of p in G to
a neighborhood of iX in g.) Finally, de�ne E iX := FiX � Ap � Adp. Our result
is:

Theorem 4. For Z; W 2 g and (iX ; r ) 2 M , we have that
D

bZ ; cW
E

( iX ;r )
=

� (E i Ad � 1
r X Z; W ). (Proof in x5.) �

Theorem 4 is useful since E iX is easy to understand: if adX is diagonaliz-
able, then E iX is also diagonalizable, has the sameeigenspacesas adX , and
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its eigenvalues can be expressedin terms of the corresponding eigenvalues of
adX . In particular, if X lies in a Cartan subalgebra tR of gR, then one has
a simple expressionfor h ; i at (iX ; 1) when expressedusing canonical vector
�elds corresponding to elements of g that are root vectors or vectors in t. We
refer the reader to x6 for the precisestatement. Additionally ,

Theorem 5. The signature of the pseudok•ahler form is constant on M , and
is equal to the signature of the Hermitian form Z; W 7! � (Z; W ) on g. (Proof
in x6.) �

Trivially , if M 0 � M is open and GR � GR-stable, and if f jM 0 is injective, then
the pseudok•ahler form on M 0 pushesdown to a GR � GR-invariant pseudok•ahler
form on f (M 0), which is open in G. We produce such a set M 0:

Theorem 6. Let  : G ! GL(V ), g ! gl (V ) be a �nite-dimensional repre-
sentation that is de�ned over R and is faithful modulo the center of G (e.g. the
adjoint representation). De�ne M 0 � i gR � GR, where (iX ; r ) 2 M 0 if and only
if for each eigenvalue� of  (X ), jRe� j < � =2. Then

(1) M 0 � M ,
(2) M 0 is GR � GR-stable,
(3) M 0 is open in igR � GR,
(4) f jM 0 is injective. (Proof in x8.) �

In some applications, it is more convenient to replace the above canonical
vector �elds with tangent vectors that are either tangent (\orbital vectors") or
transverse(\v ertical vectors") to the GR � GR-orbits. We set up the notation
and compute the pseudok•ahler form using these vectors (x7). The imaginary
part of the pseudok•ahler form is particularly easy, and from it, one easily
computes the moment map:

Theorem 7. Relative to the symplectic form ! , the moment map � : i gR �
GR ! g�

R � g�
R ' gR � gR is given by (iX ; r ) 7! (X ; � Ad � 1

r X ). The moment
map separates GR � GR-orbits. We have jj � jj 2 = 2� . �

The present paper extends recent results of Gregor Fels. In [F], pseudok•ahler
forms are de�ned on certain complex domains which turn out to be subsets
of M . In x7, we verify that the restriction of h ; i to these domains coincides
with Fels' de�nition. That paper usesorbital and vertical vector �elds, and
includes discussionsof the moment map and CR-structures. I am grateful to
G. F. for sharing a copy of his preprint with me. I also thank Alan Huckleberry
for suggestingthis problem to me and for helpful conversations.

x1. The Gr oup Action

Let G be a connected complex semisimple algebraic group, endowed with a
complex conjugation g 7! g, de�ning a real form GR � G (the �xed point
subgroup of the complex conjugation). The real group GR � GR acts on G by
the rule ( r 1 ;r 2 ) g = r1gr � 1

2 . Let g = Te(G) denote the Lie algebra of G, with
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Killing form � . Given Y 2 g, the left- and right-in variant vector �elds on G
generatedby Y are denoted g 7! dlgY and g 7! drgY.
We can identify the cotangent bundle T � (GR) with igR � GR; namely, from
X 2 gR and k 2 GR, we obtain the 1-form at k that sendsdrk Y to � (X ; Y),
whereY 2 gR. The action of GR � GR on GR (by left/righ t translation) induces
an action on T � (GR), which in the aboveidenti�cation givesthe following action
of GR � GR on igR � GR:

( r 1 ;r 2 ) (iX ; r ) = (Ad r 1 (iX ); r1r r � 1
2 ):

With this action, the map f : i gR � GR ! G, (iX ; r ) 7! eiX r is equivariant.
We shall often be particularly interested in the casewhen X is semisimple,and
we now set up somenotation. If X is semisimple, then it is contained in tR,
where t is a (complex) Cartan subalgebra of g that is stable under complex
conjugation. Also p := eix 2 T, where T is the maximal (complex) R-torus of
G with Lie (T) = t. We have a root system �( T; G) consisting of characters
� : T ! C� , with di�eren tials d� : t ! C. (By abuseof notation, we write
� � for the inverseof � .) Roots are real, imaginary, or complex according to
whether � = � , � � , or neither. Imaginary roots arise in two ways, accordingto
whether the set of real points of the corresponding root sl(2) is isomorphic to
sl(2; R) or su(2), and are respectively \noncompact imaginary" or \compact
imaginary" roots. We have that d� (iX ) 2 iR (resp. R) if � is real (resp.
imaginary) and hence� (p) = ed� ( iX ) 2 U(1) (resp. R> 0).
We recall somerelated facts (see[BF]). Let Z (G) = f g 2 G : g = g� 1g. It is a
topologically closed,smooth, Int GR-stable submanifold of G of real dimension
equal to the complex dimension of G. The subsetB (G) := f h � h

� 1
: h 2 Gg �

Z (G) coincides with the connected component of Z (G) containing 1. Since

eiX = eiX =2 � eiX =2
� 1

, we have exp(igR) � B (G).

x2. The Complex Manif old M and Canonical Vector Fields

In this section, we de�ne the \canonical vector �elds," which are global vector
�elds on a denseopensubsetM � igR � GR that areassociated to elements of g.
We de�ne and provide a characterization of M (2.1). Given a point (iX ; r ) 2 M
and Z 2 g, we produce a curve through (iX ; r ) in M whosetangent vector at
(iX ; r ) is the canonical tangent vector associated to Z (2.6).

We would like to de�ne global vector �elds on igR � GR by pulling
back the left invariant vector �elds on G via the map f ; that is, given
Z 2 g, we would like to de�ne a vector �eld bZ = Z ^ on igR �
GR by the rule bZ ( iX ;r ) = (df ) � 1(dlf ( iX ;r ) Z ). This works precisely at
the points where df is an isomorphism. We de�ne M = f (iX ; r ) :
adX has no eigenvalue of � n for any nonzerointeger ng � igR � GR: Letting
p = eiX , we seethat (iX ; r ) fails to be in M exactly when either Adp has an
eigenvalue of � 1, or Adp �xes a point in g not �xed by adX . Below we prove:

Document a Ma thema tica 5 (2000) 595{611



Pseudok •ahler Forms on Complex Lie Gr oups 599

Theorem 2.1. The di�er ential of f is an isomorphism at (iX ; r ) precisely
when (iX ; r ) 2 M . �

Thus an element Z 2 g yields a globally-de�ned nonvanishing vector �eld bZ
on M , which we call the canonical vector �eld associated to Z . We see,by
taking a basis of g, that the tangent bundle of M is trivial. If we denote the
complex structure on M by J , we have that J ( bZ ) = (iZ )^ , where i is the
complex structure on the vector spaceg. The action of GR � GR on M induces
an action on vector �elds, and ( r 1 ;r 2 ) ( bZ ) = (Ad r 2 Z )^ .
For df to be nonsingular at (iX ; r ), we needthe exponential map exp : igR !
B (G) to be nonsingular at iX , and we need the multiplication map B (G) �
GR ! G to be nonsingular at (eiX ; r ). Thus 2.1 follows from 2.2 and 2.3 below.

Pr oposition 2.2. (See [V].) Given exp : g ! G and Y 2 g, then the di�er-
ential dexp : TY (g) ! TeY (G) is given by

dexp : W 7!
d
ds

�
�
�
�
s=0

eY + sW = dl(eY )

1X

n =0

(� adY )n

(n + 1)!
W

and is an isomorphism exactly when adY has no eigenvalue of 2� in ,
n 2 Z n f 0g. �

(In particular, if Y 2 g has no eigenvalue of 2� in (n a nonzero integer), then
there is a well-de�ned map log = logY from a neighborhood of eY in G to a
neighborhood of Y in g. If Y = iX (X 2 gR), then in addition, log maps a
neighborhood of eiX in Z (G) to a neighborhood of iX in igR.)

Pr oposition 2.3. The di�er ential of the multiplication map Z (G) � GR ! G
at (p; r ) is an isomorphism if and only if Adp has no eigenvalueof � 1.

Before proving 2.3, we need to de�ne an important linear operator on g. Let
X 2 gR and let p = eiX . Assumethat Adp has no eigenvalue of � 1. We de�ne

Ap : g ! g by Ap =
�

I +Ad p

2

� � 1
. We will often usethe following properties of

Ap:

Lemma 2.4.

(1) Ap = Adp � Ap = 2I � Ap.
(2) � (Z; Adp W ) = � (Ad � 1

p Z; W ).
(3) � (Z; ApW ) = � (Ad p � ApZ; W ).
(4) [X ; DW ] = D[X ; W ], where D = Adp or Ap.
(5) [Z; ApW ] � [Adp � ApZ; W ] = 1

2 (I � Adp)[ApZ; ApW ].
(6) � (X ; [Z; ApW ]) = � (X ; [Adp � ApZ; W ]).
(7) ApW = W if [X ; W ] = 0, and more generally, ApW = 2

1+ e� if
[iX ; W ] = �W .

Proof. For (1), we compute that Ap =
�

I +Ad � 1
p

2

� � 1
= Adp �

�
Ad p + I

2

� � 1
=

Adp � Ap. Moreover, Ap + Adp � Ap = Ap � (I + Adp) = 2I . (2) follows from
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the Ad-invariance of � . To prove (3), let Z 0 = ApZ and W 0 = ApW . Then
the left side of (3) is � ( I +Ad p

2 Z 0; W 0) = 1
2 � (Z 0; W 0) + 1

2 � (Ad p Z 0; W 0), whereas

the right side is � (Ad p Z 0; I +Ad p

2 W 0) = 1
2 � (Ad p Z 0; Adp W 0) + 1

2 � (Ad p Z 0; W 0).
The proofs of (4), (5), and (6) are similar, using also that Ap and Adp �x X .
(7) is immediate from the de�nition of Ap. �

Lemma 2.5. If p 2 Z (G), then Tp(Z (G)) = f dlpZ : Z 2 Te(G) and Z =
� Adp (Z )g, and for such Z , petZ 2 Z (G) for all t 2 R.

Proof. SinceZ (G) is smooth, any tangent vector at p can be written as dlpZ
for someZ 2 g. If Z = � Adp Z then the curve petZ is contained in Z (G) since
petZ = p� 1et Z and (petZ )� 1 = e� tZ p� 1 = p� 1e� t Ad p Z = p� 1et Z . Hence all
such Z give tangent vectorsin Z (G). Note that sincep = p� 1, Z 7! Adp Z gives
a complex conjugation on the vector spaceg; the choice of Z above amounts
to the pure imaginary elements of g for this real structure. The lemma follows
sincedimR(Z (G)) = dimC g. �

Proof of 2.3. Tangent vectorsat pr which are in the imageof the di�eren tial of
the multiplication map at (p; r ) are exactly thoseof the form d

dt

�
�
t =0 petZ etY r =

d
dt

�
�
t =0 pet (Z + Y ) r , whereZ = � Adp Z and Y = Y. Hence(Z; Y ) is in the kernel

of the di�eren tial exactly when Z = � Y , which is possiblefor Z exactly when
Z is real, meaning Adp Z = � Z . �

Let (iX ; r ) 2 M and Z 2 g. Sincet 7! eiX r etZ givesan integral curve (starting
at eiX r ) for the left invariant vector �eld associated to Z , we can obtain (for t
small) an integral curve at (iX ; r ) for bZ , by locally inverting f . The resulting
curve � is described below. Unfortunately this curve is unwieldy for computa-
tions. Instead, we produce a simpler curve 
 in igR � GR which has tangent
vector bZ at (iX ; r ) but not at other points on the curve. (This will be su�cien t
for applications.)

Pr oposition 2.6. Let (iX ; r ) 2 M , with p = eiX , and let Z 2 g. De�ne the
following curves in M :


 iX ;r ;Z : t 7!
�

log
�
petA p � Ad r i Im Z �

; et (Ad r Z � A p � Ad r i Im Z ) � r
�

� iX ;r ;Z : t 7!
�

1
2

log2iX (pretZ e� t Z r � 1p); p(t) � 1pretZ
�

p(t) := exp
�

1
2

log2iX (pretZ e� t Z r � 1p)
�

Then d
dt

�
�
t =0 
 = bZ ( iX ;r ) , and � is an integral curve for bZ starting at (iX ; r ).

Proof. (a) Both curves have a value of (iX ; r ) at t = 0. (b) We must
verify that the curves actually lie in igR � GR. For 
 , one can use 2.5 to
show that petA p � Ad r i Im Z 2 Z (G), and using 2.4(1), it is easy to verify that
Ad r Z � Ap � Ad r i Im Z 2 gR. For � , onehasthat pretZ e� t Z r � 1p 2 Z (G) sinceits
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complexconjugateequalsits inverse.The fact that p(t) � 1pretZ 2 GR turns out
to be equivalent to p(t)2 = pretZ e� t Z r � 1p, which is true by de�nition. (c)
Proving that the curveshave the correct derivativesfollows from pushing them
forward via f . We have that f (
 (t)) = petA p � Ad r i Im Z et (Ad r � A p � Ad r i Im Z ) r ,
whose derivative at t = 0 is dlp � dr r � Ad r Z = dlpr Z , as required. Note
that at other values of t, tangent vectors for this curve do not coincide with
the left invariant vector �eld on G! However, we do have f (� (t)) = pretZ , as
required. �

x3. The Differential of the Logarithm Map

Throughout this section, let (iX ; r ) 2 M and let p = eiX . We de�ne:

FiX : g ! g FiX (Z ) =
d
ds

�
�
�
�
s=0

logiX (pesZ )

This section is devoted to listing properties of this map.
By de�nition FiX = d(logiX � lp), with the di�eren tial taken at the identit y.
Near the identit y element of G, the map lp� 1 � exp� logiX � lp is (de�ned and)
the identit y function, so after taking di�eren tials at the identit y, we have

I = (dlp)� 1 � dexp� d(logiX � lp) =
1X

n =0

(� adiX )n

(n + 1)!
� FiX by 2.2.

Lemma 3.1. FiX = lim c! 0(icI � adiX ) � (eicI � ad iX � I ) � 1.

Proof.
Let T = � adiX and � 2 C. We must prove that

1X

n =0

T n

(n + 1)!
� lim

c! 0
(icI � adiX ) � (eicI � ad iX � I ) � 1 = I 2 GL(g):

We compute that
1X

n =0

T n

(n + 1)!
� lim

c! 0
(icI � adiX ) � (eicI � ad iX � I ) � 1

=

 
1X

n =0

T n

(n + 1)!

!

� lim
� ! 0

(�I + T) � (e�I + T � I ) � 1

= lim
� ! 0

 
1X

n =0

(�I + T)n

(n + 1)!

!

� (�I + T) � (e�I + T � I ) � 1

= lim
� ! 0

1X

n =0

(�I + T)n

(n + 1)!
� (�I + T) � (e�I + T � I ) � 1

and if S := �I + T , then
P 1

n =0
Sn

(n +1)! � S � (eS � I ) � 1 =
P 1

n =1
Sn

n ! � (eS � I ) � 1 =

(eS � I ) � (eS � I ) � 1 = I . �
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Lemma 3.2.

(1) FiX (W ) = W if [X ; W ] = 0, and FiX (W ) = � �e �

1� e� W if [iX ; W ] = �W ,
� 6= 0.

(2) F iX = Ad � 1
p � FiX = F� iX .

(3) � (Z; FiX W ) = � (F� iX Z; W ) for all Z; W 2 g.
(4) � (X ; FiX (W )) = � (X ; W ) for all W 2 g.
(5) adiX = FiX � (I � Ad � 1

p ).

Proof. (1,2) are easy. By substitution, (3) is equivalent to � (Z; d(lp� 1 �
exp)iX W ) = � (d(lp � exp)� iX Z; W ). By 2.2, � (Z; d(lp� 1 � exp)iX W ) =

�
�

Z;
P ( � ad iX )n

(n +1)! W
�

, which equals �
� P (ad iX )n

(n +1)! Z; W
�

= � (d(lp �

exp)� iX Z; W ) by the associativit y of the Killing form. Then (4) follows from

(1) and (3). For (5), wehaveFiX � (I � Ad � 1
p ) = FiX �

�
�

P 1
n =0

( � ad iX )n

n ! + I
�

=

FiX �
�

�
P 1

n =0
( � ad iX )n +1

(n +1)!

�
= FiX �

� P 1
n =1

( � ad iX )n

(n +1)!

�
� adiX = I � adiX . �

x4. The Liouville Form on M and its Exterior Deriv ative

We recall that the cotangent bundle to any real manifold possessesa canonical
1-form � and that ! := d� is a nondegenerateexact symplectic form (see[A],
[CG]). We have identi�ed T � (GR) with igR � GR. Given a curve (iX (t); r (t)),
then one can check that �

�
d
dt

�
�
t =0 (iX (t); r (t))

�
= �

�
X (0); d

dt

�
�
t =0 r (t)r (0) � 1

�
.

It is easyto seethat � is GR � GR-invariant. We wish to obtain a formula for
� ( bZ ); this conveniently expressesthe restriction of � to M . By 2.6,wehavethat
� ( bZ )( iX ;r ) = � (X ; d

dt

�
�
t =0 et (Ad r Z � A p � Ad r i Im Z ) ) = � (X ; Ad r Z � Ap � Adr i Im Z ),

where p = eiX . This can be sharpened:

Pr oposition 4.1. For all (iX ; r ) 2 M , � ( bZ )( iX ;r ) = � (X ; Ad r ReZ ).

Proof. Wemust show that � (X ; Ad r i Im Z ) = � (X ; Ap � Adr i Im Z ). This follows
from 2.4(3), sinceAdp � Ap(X ) = X . �

On M , we have a complex structure J . Even prior to the explicit computation
of d� , we have the following important observation:

Theorem 4.2. As a di�er ential form on M , the 2-form ! := d� is J -
invariant. �

This is a consequenceof 4.4, for which werecall the customary notation. On any
complex manifold, the exterior derivative is written as the sum d = @+ @. Let
dc = i (@� @). From d2 = 0, we know that @@= � @@, and henceddc = 2i@@=
� dcd. Onecanshow (e.g. using local coordinates) that if � is a smooth function
and X a vector �eld on M , then dc� (X ) = d� (J X ); by the derivation property,
if � is a 1-form, then dc� (X 1; X 2) = J X 1(� (X 2)) � J X 2(� (X 1)) � � (J [X 1; X 2]).
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We con�rm that ddc(� ) is J -invariant: by the product rule we have

ddc� (X 1; X 2) = X 1(dc� (X 2)) � X 2(dc� (X 1)) � dc� ([X 1; X 2])

= X 1(d� (J X 2)) � X 2(d� (J X 1)) � d� (J [X 1; X 2]);

and hence

ddc� (J X 1; J X 2) = J X 1(d� (� X 2)) � J X 2(d� (� X 1)) � d� (J [J X 1; J X 2])

= � J X 1(d� (X 2) + J X 2(d� (X 1) + d� (J [X 1; X 2])

= � dcd� (X 1; X 2) = ddc� (X 1; X 2):

Definition/Theorem 4.3. Let � : M ! R be the GR � GR-invariant function
� (iX ; r ) = � (X ; X ). Then 2� = dc(� ).

Proof. By de�nition,

dc� ( bZ )( iX ;r ) =
def of dc

(J bZ (� )) ( iX ;r ) =
2:6

d
dt

�
�
�
�
t =0

(� (
 iX ;r ;j Z (t)))

=
2:6;def of �

2�
�

� i
d
dt

�
�
�
�
t =0

log(petA p � Ad r i Im iZ ); X
�

= 2� (FiX � Ap � Ad r ReZ; X )

=
2:4(3) ;3:2(4)

2� (Ad r ReZ; X ) =
4:1

2� ( bZ )( iX ;r ) : �

Cor ollar y 4.4. ! = d� = 1
2 ddc(� ) = � i@@(� ). �

x5. Comput ation of the Pseudok •ahler Form

Let ! = d� , a 2-form on igR � GR � M . Here we compute the restriction of
! to M , using the vector �elds bZ (which are only de�ned on M ). We use the
formula ! ( bZ ; cW ) = bZ (� (cW )) � cW (� ( bZ )) � � ([ bZ ; cW ]).
We will require another linear operator on g. For (iX ; r ) 2 M and p := eiX ,
let

E iX = FiX � Adp � Ap = d(log � lp) � Adp � Ap:

(Note that the three factors commute.) We collect someproperties of E iX and
FiX � Ap:

Lemma 5.1.

(1) E iX = FiX � Ad � 1
p � Ap.

(2) For all Z; W 2 g, � (E iX Z; W ) = � (Z; E iX W ).
(3) i Im E iX = adiX .
(4) If [X ; W ] = 0 then E iX W = W .
(5) FiX � Ap = FiX � Ap and for all Z; W 2 g, we have� (FiX � Ap Z; W ) =

� (Z; FiX � Ap W ).
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Proof. E iX = FiX � (Ad p � Ap) =
2:4(1) ;3:2(2)

(FiX � Ad � 1
p ) � Ap, proving (1). Then

(2) follows from (1), 2.4(1,2), and 3.2(2,3). To prove (3), we note 2i Im E iX =
E iX � E iX =

5:1(1)
FiX � Ap � Adp � FiX � Ap � Ad � 1

p = FiX � Ad � 1
p � Ap � (Ad 2

p � I ) =

2FiX � (Ad p � I ) � Ad � 1
p � Ap �

�
Ad p + I

2

�
= 2FiX � (I � Adp)� 1 =

3:2(5)
2adiX .

Finally, (4) follows from 2.4(7) and 3.2(1), and (5) is similar to (1) and (2). �

We return to the computation of d� . First,

bZ (� cW )( iX ;r )

=
4:1

bZ (� (X ; Ad r ReW )

=
2:6

d
dt

�
�
�
�
t =0

�
�
� i logpetA p � Ad r i Im Z ; Adet (Ad r Z � A p � Ad r i Im Z ) � Ad r ReW

�

= � (� iF iX � Ap � Ad r i Im Z; Ad r ReW )

+ �
�
X ; adAd r Z � A p � Ad r i Im Z � Ad r ReW

�

= � (FiX � Ap � Ad r Im Z; Ad r ReW )

� i� (adiX (Ad r Z � Ap � Ad r i Im Z ); Ad r ReW )

= � (FiX � Ap � Ad r Im Z; Ad r ReW )

� i�
�
FiX � (I � Ad � 1

p )(Ad r Z � Ap � Ad r i Im Z ); Ad r ReW
�

by 3.2(5)

= �
�
FiX � Ap � Ad � 1

p � Ad r Im Z; Ad r ReW
�

� i�
�
FiX � (I � Ad � 1

p ) � Ad r Z; Ad r ReW
�

=
� i
4

�
�
FiX � Ap � Ad � 1

p � Ad r (Z � Z ); Ad r (W + W )
�

+
� i
4

�
�
FiX � (I � Ad � 1

p ) � Ad r 2Z; Adk (W + W )
�

:

Similarly, we have

� cW (� bZ )( iX ;r ) =
i
4

�
�
Ad r (Z + Z ); FiX � Ap � Ad � 1

p � Ad r (W � W )
�

+
i
4

�
�
Ad r (Z + Z); FiX � (I � Ad � 1

p ) � Ad r 2W
�

=
i
4

�
�
FiX � Ap � Adp � Ad r (Z + Z); Ad r (W � W )

�

+
i
4

�
�
FiX � Ad � 1

p � (I � Adp) � Ad r (Z + Z ); Ad r 2W
�

by 5.1(5), 3.2(2,3):
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Finally,

� � [ bZ ; cW] = � � ([Z; W ]^ ) = � � (X ; Ad r Re[Z; W ])

=
i
2

� (iX ; Ad r [Z; W ]) +
i
2

�
�
iX ; Adr [Z ; W ]

�

=
i
2

�
�
FiX � (I � Ad � 1

p ) � Ad r Z; Ad r W
�

+
i
2

�
�
FiX � (I � Ad � 1

p ) � Ad r Z ; Ad r W
�

:

Summing the terms and using 2.4(1), we �nd

! ( bZ ; cW ) =
� i
2

� (FiX � Ap � Adp � Ad r Z; Ad r W )

+
i
2

� (FiX � Ap � Ad � 1
p � Ad r Z ; Ad r W )

=
� i
2

�
� (E iX � Ad r Z; Ad r W ) � � (E iX � Ad � 2

p � Ad r Z ; Ad r W )
�

=
1
2i

�
� (E iX � Ad r Z; Ad r W

�
� � (E iX � Ad r Z; Ad r W )

= Im
�
� (E iX � Ad r Z; Ad r W

�

We have proved:

Theorem 5.2. ! ( bZ ; cW) = Im �
�
E iX � Ad r Z; Ad r W

�
is an exact, nondegen-

erate, J -invariant, GR � GR-invariant, real-valued 2-form on M , and coincides
with the restriction to M of the standard (cotangent bundle) symplectic form
on T � (GR). �

Recall that on any complex manifold, a closed,nondegenerate,real 2-form !
for which the complex structure is an isometry yields a pseudok•ahler form, by

the rule
D

bZ ; cW
E

= ! (J bZ ; cW ) + i! ( bZ ; cW ). Here bZ ; cW 7! ! (J bZ ; cW ), the real

part of
D

bZ ; cW
E

, is a real, J -invariant, symmetric bilinear form (which neednot

be positive de�nite), and the imaginary part of h ; i is just ! .
In our situation, we have:

Theorem 5.3. The pseudok•ahler form associated to ! is
D

bZ ; cW
E

( iX ;r )
= � (E iX � Ad r Z; Ad r W ) = � (E i Ad � 1

r X Z; W ): �

Note that 5.1(2) shows independently that h ; i is Hermitian.

x6. Evalua tion of the Pseudok •ahler Form on a Basis

Our next goal is to compute h ; i with respect to a natural basis of vector
�elds at (iX ; r ), in the (generic) casethat X is semisimple. Without loss of
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generality, we assumethat r is the identit y element of GR. We use notation
involving T and t as in x1.
It is clear that E iX preservest and each root spaceg� . Hencefor our Hermitian
form, t ? g� and g� ? g� unless � = � � . So, the only products we need

compute are
D

bZ ; cW
E

for Z; W 2 t, and
D

bZ � ; dZ � �

E
, where Z � 2 g� .

By 2.4(1) and the de�nition of E iX , it follows easily that:

Lemma 6.1. E iX (Z ) = Z if Z 2 t (or more generally, if [X ; Z ] = 0); and if

Z � 2 g� with d� (iX ) 6= 0, then E iX (Z � ) =
� � (p2) � d� (2iX )

1 � � (p2)
Z � . �

Lemma 6.2. For Z; W 2 t, we have

D
bZ ; cW

E
= � (Z; W )

= (� (ReZ; ReW ) + � (Im Z; Im W ))

+ i (� (Im Z; ReW ) � � (ReZ; Im W ))

=
X

� 2 �( T ;G )

d� (Z ) � d� (W ): �

From this, it is easy to describe the signature of h ; i on t: supposethe con-
nected component of 1 in TR is a product of n circles and m real lines (here
n + m is the complex dimension of T). Then h ; i is negative-de�nite on the
complexi�ed Lie algebra of the circles and positive-de�nite on the lines, and
these two subspaces of t are perpendicular. For: in computing signatures, we
may assumethat Z 2 tR. If Z 2 tR, then in the former cased� (Z ) 2 iR,
and in the latter, d� (Z ) 2 R. Also for Z 2 tR, hZ; Z i =

P
� 2 �( T ;G ) (d� (Z ))2.

Also if Z; W 2 tR but are of \opp osite types," the last lemma shows that
hZ; W i 2 iR \ R = f 0g.
Now let Z = Z � and W = Z � � . Recall that by our de�nition of M , we have
� (p) 6= � 1. Also, either � (p) 6= 1, or d� (iX ) = 0 and � (p) = 1.

Lemma 6.3. If � (p) 6= 1, then
D

cZ � ; dZ � �

E
=

� � (p2) � d� (2iX ) � � (Z � ; Z � � )
1 � � (p2)

,

whereas if d� (iX ) = 0, then
D

cZ � ; dZ � �

E
= � (Z � ; Z � � ). �

This shows that if � is not imaginary, then h ; i is isotropic on g� � g� � . Sup-
posethat � is imaginary; we wish to seewhether h ; i is positive- or negative-
de�nite on g� . In the copy of sl(2) (sl(� ) � g) corresponding to � , recall that
we may pick a basisf H � ; Z � ; Z � � g satisfying [Z � ; Z � � ] = H � , [H � ; Z � ] = 2Z � ,
and [H � ; Z � � ] = � 2Z � � . By explicit computation, one seesthat one can pick
Z � satisfying Z � = �Z � � , where � = 1 (resp. � 1) if SL (� )R is noncompact

(resp. compact). Then
D

bZ � ; bZ �

E
=

� � � � (p2) � d� (2iX ) � � (Z � ; Z � � )
1 � � (p2)

, or sim-

ply �� (Z � ; Z � � ) if d� (iX ) = 0. In the latter case,since � (Z � ; Z � � ) > 0 we
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already see that h ; i is positive on g� if � is noncompact and negative if
� is compact. In the former case,we get the same information: since � is
imaginary, we have d� (iX ) 2 R, and � (p) = ed� ( iX ) > 0. Note then that

d� (iX )=(1 � � (p)) < 0; it then follows that the sign of
D

bZ � ; bZ �

E
is � .

Summarizing the above, we have:

Theorem 6.4. Suppose that (iX ; 1) 2 M and eiX 2 T for some maximal R-
torus T of G. Write T = Ts � Ta , the decomposition of T into an almost direct
product of split and anisotropic subtori. For each root � , let g� be the root
subspace of g. We identify elementsof g with the induced tangent vectors at
(iX ; 1) coming from the canonical vector �elds. Then under the Hermitian form
h ; i , t is perpendicular to each root space; Lie Ta is perpendicular to Lie Ts; g�

is perpendicular to g� unless � = � � ; h ; i is positive de�nite on Lie Ts and
negative de�nite on Lie Ta ; h ; i is isotropic on g� � g� � if � is not imaginary;
and h ; i is positive (resp.negative) de�nite on g� if � is noncompact imaginary
(resp. compact imaginary). �

A priori , the signature of h ; i is only constant on each connectedcomponent
of M , but in fact more is true:

Cor ollar y 6.5. The signature of h ; i is constant on M .

Proof. Since (i0; 1) 2 M , there exists a connected neighborhood U of 0 in
gR such that iU � GR � M . It follows that h ; i has constant signature on
iU � GR (note that while GR need not be connected, this is irrelevant since
h ; i is GR-invariant). We must show that the signature of h ; i on any con-
nected component of M is the sameas on iU � GR. Without lossof generality
we may choose(iX ; r ) 2 M such that X is regular semisimplein g, which is to
say that X 2 tR for a (unique) Cartan subalgebratR � gR. We may �nd s 2 R�

su�cien tly small that sX 2 U, and of coursesX 2 tR is still regular semisim-
ple. However by 6.4, the signature at (iY; r ) 2 M (for Y regular semisimple)
dependsonly on attributes of the unique real Cartan subalgebracontaining Y
and of its root system. Hence the signature of h ; i at (iX ; r ) is the sameas
the signature of h ; i on iU � GR. �

Cor ollar y 6.6. The signature of h ; i equals the signature of the Hermitian
form Z; W 7! � (Z; W ) on g, which equalsthe signature of the (real) symmetric
bilinear form Z; W 7! � (Z; W ) on gR.

Proof. By 6.5, it is enough to check the result at a single point of M , and at
the point (i 0; 1), hZ; W i = � (Z; W ). The secondstatement is a simple linear
algebra fact. �

7. Al terna tive Vector Fields and Comparison with Fels' W ork

Let (iX ; r ) 2 M . SinceGR � GR actson M , any pair (Y1; Y2) 2 gR � gR produces
a tangent vector at (iX ; r ) (indeed it producesan \orbital vector �eld" on all of
i gR � GR). It is easyto seethat (Y1; Y2) and (Y 0

1 ; Y 0
2 ) producethe sametangent
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vector at (iX ; r ) if and only if (Y 0
1 ; Y 0

2 ) = (Y1 + A; Y2 + Ad � 1
r A) for someA in

the centralizer in gR of X . Given any V in this centralizer, we obtain a (non-
orbital) tangent vector to M at (iX ; r ), namely d

dt

�
�
t =0 (iX + itV ; r ) (however

this need not be extendable to a vector �eld on M ). By dimension count,
any tangent vector to M at (iX ; r ) can be obtained from a combination of
orbital and transversevectors; namely, given (Y1; Y2; V ) as above, we obtain
the tangent vector d

dt

�
�
t =0

�
AdetY 1 (iX + itV ); etY 1 r e� tY 2

�
, and every tangent

vector can be obtained in this way. The relationship to canonical vectors is:

Pr oposition 7.1. At (iX ; r ) (with p = eiX ), the tangent vector
coming from the triple (Y1; Y2; V ) coincides with the canonical vector
(Ad � 1

pr Y1 + iAd � 1
r V � Y2)^ .

Proof. This is equivalent to the (straightforward) proof that
d
dt

�
�
t =0

�
etY 1 eiX + itV e� tY 1

�
�
�
etY 1 ke� tY 2

�
= dlpk

�
Ad � 1

pr Y1 + iAd � 1
r V � Y2

�
. �

Fix (iX ; r ) 2 M , and take (Y1; Y2; V1) and (Y3; Y4; V2) as above. Let Z; W 2 g
be the corresponding canonical vectors (only valid for the point (iX ; r )!). It
follows from 2.4(2) and 5.1(1,2,4) that:

Theorem 7.2. At (iX ; r ),

D
bZ ; cW

E
= � (E iX Y1; Y3) � � (FiX � Ap Y1; Ad r Y4) � � (Y1; iV2)

� � (FiX � Ap � Ad r Y2; Y3) + � (E iX � Ad r Y2; Ad r Y4) + � (Ad r Y2; iV2)

+ � (iV1; Y3) � � (iV1; Ad r Y4) + � (iV1; � iV2): �

Using 5.1(1,3,5),wecanseparateeasilythe real and imaginary parts of
D

bZ ; cW
E

:

Cor ollar y 7.3.

Re
D

bZ ; cW
E

= � (FiX � Ap Re(Ad p Y1); Y3) + � (FiX � Ap Re(Ad p Ad r Y2); Ad r Y4)

� � (FiX � Ap Y1; Ad r Y4) � � (FiX � Ap � Ad r Y2; Y3) + � (V1; V2);

and

! ( bZ ; cW )

= Im
D

bZ ; cW
E

= � (X ; [Y1; Y3] � Ad r [Y2; Y4])

+ � (V1; Y3 � Ad r Y4) � � (Y1 � Ad r Y2; V2): �

We recall somefacts about moment maps(see[CG, Chapter 1], [HW]). Suppose
that a Lie group K acts symplectically on a symplectic manifold (N ; ! ). There
is a map sendingsmooth functions on N to symplectic (=lo cally Hamiltonian)
vector �elds on N . Since G acts symplectically, there is also a map sending
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each element of k to a symplectic vector �eld. The action of K is said to
be Hamiltonian if there is a Lie algebra homomorphism H from k to smooth
functions on N which makesa commutativ e triangle with the other two maps.
The associated moment map � : N ! k� is the map sendingn 2 N to the linear
function on k given by x 7! H x (n). If the manifold in question is a cotangent
bundle, with canonical 1-form � and ! := d� and with K acting on the base
space,then (N ; ! ) is Hamiltonian, with H sendingx 2 k to the contraction of
� with the vector �eld coming from the in�nitesimal action of x.
In our case,N = igR � GR ' T � (GR) and k = gR � gR. Given (Y1; Y2) 2 gR � gR,
the induced tangent vector at (iX ; r ) is d

dt

�
�
t =0

�
iAdetY 1 X ; etY 1 r e� tY 2

�
, soby the

remark at the beginning of x4, we have

H (Y1 ;Y2 ) = � (X ;
d
dt

�
�
�
�
t =0

etY 1 r e� tY 2 r � 1)

= � (X ; Y1 � Ad r Y2) = � (X ; Y1) � � (Ad � 1
r X ; Y2):

We identify gR with g�
R via the Killing form. We have proved:

Theorem 7.4. Relative to the symplectic form ! , the moment map � : i gR �
GR ! g�

R � g�
R ' gR � gR is given by (iX ; r ) 7! (X ; � Ad � 1

r X ). �

Cor ollar y 7.5. The image of the moment map is f (Y1; Y2) :
Y1 and � Y2 are Ad(GR)-conjugateg. �

Another easyconsequenceof 7.4 is:

Cor ollar y 7.6. The moment map � : i gR � GR ! g�
R � g�

R ' gR � gR separates
GR � GR-orbits. �

The formula for ! ( bZ ; cW ) in (7.3) is essentially due to Gregor Fels [F]. Here
we recall his construction in [F] of a pseudok•ahler form on certain complex
manifolds and relate the construction to the one in this paper. (We have
changednotation slightly from [F].)
Let GR � G as usual, and let t be a Cartan subalgebra of g that is stable
under complex conjugation. Let t0

R denote the regular semisimpleelements of
tR. De�ne N = f (n; n) : n 2 NGR(TR)g � GR � GR. Since N acts on t0

R, we
have the usual twisted product (GR � GR) � N i t0

R. It is easy to seethat the
map

� : (GR � GR) � N i t0
R � ! M

given by [(r 1; r2); iX ] 7!
�
Ad r 1 (iX ); r1r � 1

2

�
is well-de�ned, injective, and GR �

GR-equivariant, with everywhere nonsingular di�eren tial. Moreover, the map
forms one leg of a commutativ e triangle with the maps

(GR � GR) � N i t0
R ! G M ! G

[(r1; r2); iX ] 7! r1eiX r � 1
2 (iX ; k) 7! eiX k:
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It follows that there is a complex structure on (GR � GR) � N i t0
R that agrees

with the oneson G and on M .
Given the point v = [(r 1; r2); iX ] 2 (GR � GR) � N i t0

R, one can construct (any)
tangent vector as d

ds

�
�
s=0 of the curve s 7! [(r 1esY1 ; r2esY2 ); iX + siY3], where

Y1; Y2 2 gR and Y3 2 tR. The J -invariant 2-form on (GR � GR) � N i t0
R con-

structed in [F] arisesasd� , where� is the 1-form which sendsthe above tangent
vector to � (X ; Y1 � Y2). However, onecan show that � inducesan identi�cation
between the 1-forms � and � , and hence� induces an identi�cation between
(the restriction of) the pseudok•ahler form in the present paper and the one in
[F].

8. Pr oof of Theorem 6

Proof of (1) . Write H for GL(V ). The map  : G ! H inducesan embedding
 : g ,! h. Sinceg is reductive, we can choosea G-stable complement of g in
h and obtain embeddings� : GL (g) ,! GL (h) and � : gl (g) ,! gl (h).
Supposethat (iX ; r ) 2 M 0; for any eigenvalue � of  (X ), jRe� j < � =2. Since
the eigenvalues of ad (X ) are the pairwise di�erences of the eigenvalues of
 (X ), we have that for any eigenvalue � of ad (X ) , jRe� j < � . However
ad (X ) = �(ad X ), and � is an embedding, sowe can say that for any eigenvalue
� of adX , jRe� j < � . In particular, this shows that (iX ; r ) 2 M .
Proof of (2,3). Theseare trivial.
Proof of (4) . Let (iX 1; r1); (iX 2; r2) 2 M 0 and supposethat eiX 1 r1 = eiX 2 r2.
Applying the map � : g 7! gg� 1, we have that e2iX 1 = e2iX 2 . Applying  ,
we have e (2 iX 1 ) = e (2 iX 2 ) . Let � be any eigenvalue of  (X 1) or  (X 2). By
assumption, jRe� j < � =2, hencefor any eigenvalue � of  (2iX 1) or  (2iX 2),
wehave jIm � j < � . By a well-known property of the exponential map for linear
groups (see[V, p. 111]), we may conclude that  (2iX 1) =  (2iX 2). Since  is
injective on the level of Lie algebras,we have X 1 = X 2, and r1 = r2. �
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