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Abstra ct. Let G be asemisimplecomplexgroup with real form Gg. We
de ne and study a pseudolahler form that is de ned on a neighbhorhood
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Summary

Let G be a complex semisimplealgebraic group with real form Gg, the xed-
point subgroup of an antiholomorphic involution g 7! g. The group Gk Ggr
acts of G by the rule (":2)g = rigr, . In this paper, we give a construc-
tion of a Gk  Gg-invariant pseudolahler form on a neighborhood of Gg in
G. We expect this result will nd application in se\eral related areasin com-
plex geometry and represenation theory. For example, future work of others
will show that symplectic reduction (with respect to the imaginary part of the
pseudolahler form) relates this open setin G with a neighborhood of a non-
compact Riemannian symmetric spacein its complexi cation, as studied by
Akhiezer and Gindikin [AG].

As a rst guess,one might attempt to construct such a pseudolahler form
as follows: given left-invariant vector elds Z; W on G, de ne the Hermitian
product of Z and W to be (Z;W), where is the Kiling form. However,
this fails, sincethe corresponding 2-form (the imaginary part of the Hermitian
form) is not closed. Instead, we take the following approach. We construct
a pseudolahler form on a complex manifold M igr Ggr. We then de ne
MO M sud that fjyo: MO G isa di eomorphism onto an open subsetof

G. Heref :igr Ggr! Gisthe map (iX ;r) 71 €X 1. This allows usto push
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596 Ralph J. Bremigan

down the pseudokahler form on M °to the opensetf (M9 G. The newform
turns out to be closelyrelated to the form Z; W 7! (Z;W).

Our main results are as follows:

Let Gk Ggractonigr Grbytherule ("+72)(iX ;r) = (iAd,, X;rirr,1); then
f equivariant. Dene M := f(iX ;r) : d is nonsingularat (iX ;r)g igr Gr.
This makesM a complex manifold, with complexstructure J induced from the
complex structure on G. A useful description of M is:

Theorem 1. (iX;r) 2M if andonly if adx hasan eigenvalueof n for some
nonzemw integer n. Equivalently, for p:= e* , (iX ;r) 2 M exactly when either
Adp hasan eigenvalueof 1or Ad, xes avector in g not xed by ady . (Proof
in x2.)

Regardigr Gr asthe cotangent bundle of Gr. As sud, there is a canonical
real 1-form onigr Ggr sud that ! = d is an (exact) nondegenerate
symplectic form. On the other hand,let :igr Gr! R, (iX;r) 7! (X;X),

which isa Gg  Gg-invariant function. These objects are related:

Theorem 2. On the complex manifold M igr Ggr, we have2 = d° .
(Proof in x4.)

As an immediate corollary, we have:

Theorem 3. ! =d = 1dd® = i@@ isaGr Gg-invariant, J-invariant,
nondeggeneate, exact, real 2-form on M, and

hA;Bi := ! (JA;B) + il (A;B) (A;B 2 TmM)

is a Gr Gg-invariant pseudolkhler form on M.

We seekto compute the pseudolahler form in terms of a reasonablecollection
of vector elds on M. Let Z 2 g, that is to say, a tangert vector to G at the
identity 1. As usual, we may identify Z with aleft G-invariant vector eld onG.
Let 2 denotethe vector eld onM obtained by pulling badk the left G-invariant
vector eld Z on G via the map f . Thesevector elds, which we call canonical
vector elds, are the oneswe shall usethroughout for computations. We also
needto de ne sewral linear transformations on g. Let (iX ;r) 2 M and write

p:= €% . First, wedene Ap:g! g Ap:= '+A2d 2 . (This makessense,

by Theorem 1.) We alsodene Fix :g! gby Fix (Z) = é’—s <=0 log(pe?).
(Here log denotesa local inversefor exp, returning a neighborhood of pin G to
a neighborhood of iX in g.) Finally, dene Eix = Fix Ap Adp. Our result

is:
D E
Theorem 4. For Z;W 2 g and (iX ;r) 2 M, we have that B =

J— (iX ;r) -

(Eing, 1x Z;W). (Proof in x5.)
Theorem 4 is useful since Eix is easyto understand: if adx is diagonaliz-
able, then Eix is also diagonalizable, has the same eigenspacesas ady , and
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Pseudok ahler Forms on Complex Lie Gr oups 597

its eigervalues can be expressedin terms of the corresponding eigervalues of
ady . In particular, if X liesin a Cartan subalgebratr of gr, then one has
a simple expressionfor h; i at (iX ; 1) when expressedusing canonical vector
elds corresponding to elemerts of g that are root vectors or vectorsin t. We
refer the readerto x6 for the precisestatemert. Additionally ,

Theorem 5. The signature of the pseudokler form is constant on M, and
is equal to the signature of the Hermitian form Z; W 7! (Z;W) on g. (Proof
in x6.)

Trivially, if M® M isopenand Gk Ggr-stable, and if f jy o is injective, then
the pseudokahler form on M °pushesdown to aGr  Gg-invariant pseudokahler
form on f (M 9, which is openin G. We produce such a setM ©

Theorem 6. Let :G! GL(V), g! dl(V) be a nite-dimensional repre-
sentation that is de ned over R and is faithful modulo the center of G (e.g. the
adjoint representation). Dene M% igr Ggr, Wher (iX ;r) 2 M Cif and only
if for each eigenvalue of (X),jRe j< =2. Then

1 M° M,

(2) M%is Gg  Gg-stable,

(3) M%is openin igr Gg,

(4) fjmo is injective. (Proof in x8.)

In some applications, it is more corveniert to replace the above canonical
vector elds with tangent vectorsthat are either tangent (\orbital vectors") or
transverse(\v ertical vectors") to the Gk  Gg-orbits. We set up the notation
and compute the pseudolahler form using these vectors (x7). The imaginary
part of the pseudolkahler form is particularly easy and from it, one easily
computesthe momert map:

Theorem 7. Relative to the symplectic form !, the moment map : igr
Gr! Or Or' Or Orisgivenby (iX;r) 7! (X; Ad,X). The moment
map sefarates Gk~ Gg-orbits. We havejj jj?= 2 .

The presen paper extendsrecert results of Gregor Fels. In [F], pseudolahler
forms are de ned on certain complex domains which turn out to be subsets
of M. In X7, we verify that the restriction of h; i to these domains coincides
with Fels' de nition. That paper usesorbital and vertical vector elds, and
includes discussionsof the moment map and CR-structures. | am grateful to
G. F. for sharing a copy of his preprint with me. | alsothank Alan Huckleberry
for suggestingthis problem to me and for helpful cornversations.

x1. The Gr oup Action

Let G be a connected complex semisimple algebraic group, endoved with a
complex conjugation g 7! g, dening a real form Gg G (the xed point
subgroup of the complex conjugation). The real group Gk Ggr actson G by
the rule ("tr2)g = rigr,t. Let g = To(G) denote the Lie algebra of G, with
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598 Ralph J. Bremigan

Kiling form . GivenY 2 g, the left- and right-invariant vector elds on G
generatedby Y are denotedg 7! dlgY and g 7! dryY.

We can identify the cotangert bundle T (Ggr) with igr  Gg; namely, from
X 2 gr and k 2 Gg, we obtain the 1-form at k that sendsdryY to (X;Y),
whereY 2 gr. The action of Gg  Gg on Gg (by left/righ t translation) induces
anactiononT (Gg), which in the aboveidenti cation givesthe following action
of Gk Ggronigr Grg:

(rl;rz)(ix ;1) = (Ad, (iIX );rarr, 1)2

With this action, the mapf :igr Gr! G, (iX;r) 7! €X r is equivariant.
We shall often be particularly interestedin the casewhen X is semisimple,and
we now set up somenotation. If X is semisimple,then it is contained in tg,
where t is a (complex) Cartan subalgebraof g that is stable under complex
conjugation. Also p := €* 2 T, where T is the maximal (complex) R-torus of
G with Lie(T) = t. We have a root system ( T;G) consisting of characters
:T! C,with dierentials d :t! C. (By abuseof notation, we write
for the inverseof .) Roots are real, imaginary, or complex according to
whether ==, | or neither. Imaginary roots arisein two ways, accordingto
whether the set of real points of the corresponding root sl(2) is isomorphic to
sl(2; R) or su(2), and are respectively \noncompact imaginary" or \compact
imaginary" roots. We have that d (iX) 2 iR (resp. R) if is real (resp.
imaginary) and hence (p) = e (X) 2 U(1) (resp. R*?).
We recall somerelated facts (see[BF]). Let Z(G) = fg2 G:g=g g Itisa
topologically closed,smooth, Int Gg-stable submanifold of G of real dimension
equal to the complex dimension of G. The subsetB(G) := fh h Yh2 Gog
Z(G) coincideswith the connected componert of Z(G) containing 1. Since

. . — 1
eX = X7 &Xx=2 " wehaveexp(igr) B(G).

x2. The Complex Manif old M and Canonical Vector Fields

In this section, we de ne the \canonical vector elds," which are global vector
elds onadenseopensubsetM  igr Gr that are assaiated to elemerts of g.
We de ne and provide a characterization of M (2.1). Givenapoint (iX;r) 2 M
and Z 2 g, we produce a curve through (iX ;r) in M whosetangent vector at
(iX ;r) is the canonicaltangent vector assciated to Z (2.6).

We would like to dene global vector elds on igr Gr by pulling
back the left invariant vector elds on G via the map f; that is, given

Z 2 g, we would like to dene a vector eld 2 = Z" on igr
Gr by the rule Z’(ix vy = (&) Ydlx yZ). This works precisely at
the points where d is an isomorphism. We dene M = f(iX;r)

adx hasno eigervalue of n for any nonzerointegerng igr Gr: Letting
p= €%, weseethat (iX ;r) fails to bein M exactly when either Ad, has an
eigervalue of 1, or Ad, xes apoint in g not xed by ady . Below we prove:
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Pseudok ahler Forms on Complex Lie Gr oups 599

Theorem 2.1. The dier ential of f is an isomorphism at (iX ;r) precisely
when (iX;r) 2 M.

Thus an element Z 2 g yields a globally-de ned nonvanishing vector eld »
on M, which we call the canonical vector eld assaiated to Z. We see, by
taking a basisof g, that the tangent bundle of M s trivial. If we denote the
complex structure on M by J, we have that J(Z’) = (iz)", wherei is the
complex structure on the vector spaceg. The action of Gk Ggr on M induces
an action on vector elds, and (":2)(2) = (Ad,,Z)".

For & to be nonsingular at (iX ;r), we needthe exponertial map exp :igr !
B (G) to be nonsingular at iX , and we need the multiplication map B(G)
Gr! Gto benonsingularat (€* ;r). Thus 2.1followsfrom 2.2 and 2.3 below.

Pr oposition 2.2. (See [V].) Givenexp:g! G andY 2 g, then the dier-
ential dexp: Ty (g) ! Tev (G) is given by

d ( ady)"
dexp:W 7! — e "W = dl v ANl A
P ds .o (e )n:0 (n+ 1)!

and is an isomorphism exactly when ady has no eigenvalue of 2 in,
n 2 Znf0g.

(In particular, if Y 2 g hasno eigervalue of 2 in (n a nonzerointeger), then
there is a well-de ned map log = log, from a neighborhood of €' in G to a
neighborhood of Y in g. If Y = iX (X 2 gr), then in addition, log maps a
neighborhood of €X in Z(G) to a neighborhood of iX in iggr.)

Pr oposition 2.3. The di er ential of the multiplication mapZ(G) Ggr! G
at (p;r) is an isomorphism if and only if Ad, hasno eigenvalueof 1.

Before proving 2.3, we needto de ne an important linear operator on g. Let
X 2 gr and let p= €* . Assumethat Ad, hasno eigenvalue of 1. We de ne

1
Ap:g! gby Ap= % . We will often usethe following properties of
Ap:
Lemma 2.4.

(1) Ap=Ady, Ap=2 A,

(2) (Z;Ad,W) = (Adplz;W).

(3) (Z;ApW) = (Adp ApZ;W).

(4) [X;DW]= D[X;W], where D = Ad, or Ap.

(5) [Z;AW] [Adp ApZ;W]= 3(I Adp)ApZ; ApW].
6) (X:[Z:AW]) = (X;[Adp ApZ;WI).

(7) ,[ApW ]= W if [X;W] = 0, and more genemlly, AW = 2 if
iX ;W)= W ..
— _ ie+adt 1 Adp+l 1
Proof. For (1), we compute that Ap = —*"— = Ad, '°2+

Adp Ap. Moreover, A, + Ady, Ap = Ap (I + Adp) = 2I. (2) follows from
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600 Ralph J. Bremigan

the Ad-invariance of . To prove (3), let Z°= A,Z and W%= A,W. Then
the left sideof (3) is (“A2ezow9 =1 (z&W9+ 1 (Adp,Z%W?9, whereas
the right sideis (Ad,z%22ew9 = 1 (AdpyZ%Ad, W9+ L (Ad,Z%WO.
The proofs of (4), (5), and (6) are similar, using alsothat A, and Ad, x X.
(7) is immediate from the de nition of Ap.

Lemma 2.5. If p 2 Z(G), then To(Z(G)) = fdlpZ : Z 2 T(G) and Z =
Adp (Z)g, and for suchZ, pe? 2 Z(G) for all t 2 R.

Proof. SinceZ(G) is smooth, any tangent vector at p can be written asdl,Z
for somezZ 2 g. If Z = Ad,Z then the curve pe is contained in Z(G) since
peZ = p eZ and (pe?) 1= e Zp 1 = p le tAdwZ = p 1gZ Henceall
suc Z givetangert vectorsin Z (G). Note that sincep= p 1,Z 7! Ad, Z gives
a complex conjugation on the vector spaceg; the choice of Z above amounts
to the pure imaginary elemerns of g for this real structure. The lemma follows
sincedimgr(Z(G)) = dimcg.

Proof of 2.3. Tangert vectorsat pr which are in the image of the di eren tial of

the multiplication map at (p;r) are exactly those of the form é’—t t=0 peZ e r =
& oo PEETr whereZ = AdpZ andY = Y. Hence(Z;Y) isin the kernel
of the di erential exactly whenZ = Y, which is possiblefor Z exactly when
Z isreal, meaningAdp,Z = Z.

Let (iX ;r) 2 M and Z 2 g. Sincet 7! €X re? givesan integral curve (starting
at €% r) for the left invariant vector eld assaiated to Z, we can obtain (for t
small) an integral curve at (iX ;r) for 3 by locally inverting f. The resulting
curve is described below. Unfortunately this curve is unwieldy for computa-
tions. Instead, we produce a simpler curve in igr Ggr which has tangent
vector 2 at (iX ;r) but not at other points on the curve. (This will be su cien t
for applications.)

Pr oposition 2.6. Let (iX;r) 2 M, with p= €X, andlet Z 2 g. De ne the
following curvesin M :

Xz 171 log pehe AdriimZ . gl(AdZ Ap AdiimZ)

1 —
ix iz (7! > logyix (pre“ e “r p);p(t) ‘pre”

tZ, 1

1
p(t) = exp 3 logzx (pre e Zr tp)

Then 4 = t’(ix 1), and is an integral curve for » starting at (iX ;r).

dt t=0
Proof. (a) Both curves have a value of (iX ;r) att = 0. (b) We must

verify that the curves actually lie in igr Ggr. For , one can use 2.5 to
show that pdfr AdrilmZ 2 7(G), and using 2.4(1), it is easyto verify that

Ad;Z A, Ad,ilmZ 2 gr. For , onehasthat preZ e Zr 1p2 Z(G) sinceits
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Pseudok ahler Forms on Complex Lie Gr oups 601

complex conjugate equalsits inverse. The fact that p(t) ‘pre¥ 2 Gg turns out
to be equivalent to p(t)? = pre? e r 1p, which is true by de nition. ()
Proving that the curveshave the correct derivativesfollows from pushing them
forward via f. We have that f( (t)) = pefr Adrim Zgl(Ad: Ap Adrilm Z)y
whose derivative at t = O is dl, dr, Ad,Z = dlyZ, as required. Note
that at other valuesof t, tangent vectors for this curve do not coincide with
the left invariant vector eld on G! However, we do have f ( (t)) = pre, as
required.

x3. The Differential of the Logarithm Map
Throughout this section, let (iX ;r) 2 M and let p= X . We de ne:

Fi 101 0 Fx (@)= o Tog (p€7)
S s=0
This sectionis devoted to listing properties of this map.
By denition Fix = d(logy Ip), with the dierential taken at the identity.
Near the identity elemert of G, the map |, » exp logy Ipis (dened and)
the identit y function, so after taking di erentials at the identit y, we have

X ady)"

| = (dip) * dexp d(logy Ip) = n+ 1)

Fix by2.2.
n=0

Lemma 3.1. Fix = limg o(icl ady ) (€° 2adx ) 1

Proof.
Let T= adyx and 2 C. We must prove that
X T lim(icl ady) (€ 3 1) 1= 2 GL(g):
(n+1)! co X '
n=0
We compute that
X T lim(icl ady ) (€ adx ) !
(n+ 1) co X
n=0 |
I | lim(l +T) (¢'*T 1)1
(n+ 1) 10
n=0 |
— i I +T 1
= Il!mO ) 7(n+ i (I +T7) (e 1)
n=0
— i I +T 1
= Il!mO ) 7(n+ i (I +T7) (e 1)
n=0
andifS'=I+Tthenpl S S (e I)1=pl ST (S 1) 1=
' ' n=0 (n+1)! n=1 n!

(e 1) (e 1) 1=1.
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602 Ralph J. Bremigan

Lemma 3.2.

(1) Fix (W) = W if [X;W]= 0, and Fix (W) = +5-W if [(X;W]= W ,
6 0.

(2) Fix = Ad,' Fix = F ix.

(3) (Z;Fx W)= (F ix Z;W) for all Z;W 2 g.

4 (X;Fix (W) = (X;W) for all W 2 g.

(6) adx = Fix (I Ad,?).

Proof. (1,2) are easy By substitution, (3) is equivalent to (Z;d(l, 1

explx W) = (d(l, exp) ix Z;W). By 2.2, (Z;d(l, » explx W) =
Z, ((:i‘f)!) W , which equals (?gjfl))! Z;W = (d(lp
exp) ix Z;W) by the assaiativit y of the Killing form. Then (4) follows from
(1) and (3). For (5), wehaveFix (I Ad,?') = Fix P S AR R
P ) n+1 ) n
Fix neo * ?g'fl))l = Fix he1 ((r?cilf)!) adx =1 ady .

x4. The Liouvile Form on M and its Exterior Deriv ative

We recall that the cotangert bundle to any real manifold possessea canonical

1-form andthat ! := d is a nondegenerateexact symplectic form (see[A],
[CG]). We haveidentied T (Ggr) with igr Gr. Givena curve (iX (t);r(t)),
then onecan ched that &  _ (X ()ir(t) = X (0); & ,, r(r(0) * .

It is easyto seethat is Gg Gr-invariant. We wish to obtain a formula for
(2); this corveniertly expresseshe restriction of to M. By 2.6, we havethat
®)ixry= (X; &, eAdiZ Ap Adiim2)y = (X:Ad, Z Ay Adrilm Z),

wherep = €X . This can be sharpened:

Pr oposition 4.1. For all (iX;r)2 M, (Z’)(ix = (X;Ad;ReZ).

Proof. Wemustshavthat (X;Ad.ilmZ)= (X;A, Ad;ilmZ). This follows
from 2.4(3), sinceAd, A,(X) = X.

On M, we have a complex structure J. Even prior to the explicit computation
of d , we have the following important obsenation:

Theorem 4.2. As a dier ential form on M, the 2-form ! = d is J-
invariant.

This is a consequencef 4.4, for which werecall the customary notation. On any
complex manifold, the exterior derivative is written asthe sumd= @+ @ Let
d°=i(@ @ From d? = 0, weknow that @@= @@ and hencedd® = 2i @@=

d°d. Onecanshow (e.g. usinglocal coordinates) that if is a smooth function
and X avector eld onM, thend® (X) = d (JX); by the derivation property,
if isal-form, then d® (Xl;Xz) = JX]_( (Xg)) JXZ( (Xl)) (J[X:L,XZ])
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We conrm that dd°( ) is J-invariant: by the product rule we have

dd® (X1;X2) = Xa(d® (X2))  Xa(d® (X1)) d° ([X1;X2])
= Xa(d (IX2)) Xa(d (IX1)) d (I[X1;X2]);
and hence
dd® (IX1;3X32) = IXa(d ( X2)) IXa(d ( X1)) d (I[IX1;IX2])
IXa(d (X2) + IXa(d (X1) + d (I[X1:X2])
d°d (X1;X32) = dd® (X1;X2):

Definition/Theorem 43. Let :M ! Rbethe Ggr Gg-invariant function
(iX;r)= (X;X). Then2 = d°( ).

Proof. By de nition,

d
C . = PV = — RV
@ Bix) 3 OBNecn 5 g Cxrgz )
— E Ap Ad,ilmiZ y.
2:6;dgf of ! dt |Og(pé )' X

t=0
= 2 (Fx A, Ad,ReZ;X)

= 2 (Ad,ReZ:X) = 2 (B)x.:
2:4(3) ;3:2(4) (AdrReZ; )4:1 (®)ix )

Corollar y 44. ! =d = 1dd°( )= @@ ).

x5. Comput ation of the Pseudok ahler Form

Let! =d,a2-formonigg Gr M. Herewe compute the restriction of
I to M, using the vector elds » (which are only de ned on M). We usethe
formula! (2; %) = B( (W) W( ®) (B;W)). _
We will require another linear operator on g. For (iX;r) 2 M and p := %,
let

Eix = Fix Adp Ap=d(og I,) Adp Ap:

(Note that the three factors commute.) We collect someproperties of Eix and
Fix ApZ
Lemma 5.1.

(1) Ex = Fix Adpl Ap. L

(2) Forall Z;W 2 g, (Eix Z;W)= (Z;Eix W).

(3) ilm EiX = adix .

4 If [X;W]=0thenEix W = W.

(5) Fix Ap=Fix Apandforall Z;W 2 g, wehave (Fx ApZ,W)=

(Z,Fix  ApW).
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604 Ralph J. Bremigan

Proof. Eix = Fix (Adp Ap) ) 3202 (Fix Ad,') Ap, proving (1). Then

(2) follgws from (1), 2.4(1,2), and 3.2(2,3). To prove (3), we note 2ilm Eix
Eix Eix 5-1:(1) Fix Ap Adp Fix Ap Adp1= Fix Adp1 Ap (Adf) I

)

2Fx (Adp 1) Adyt Ay AL o= 2Ry (1 Adp) 13;(5) 2ady .

Finally, (4) follows from 2.4(7) and 3.2(1), and (5) is similar to (1) and (2).

We return to the computation of d . First,

2( W) iix 1)
4='lZ'( (X;Ad; ReW)
d i )
2::6 at =0 ||ngetAp AdrllmZ;Adet(Ad 'z Ap adrimz) AdReW

( iFix Ap Ad;ilmZ;Ad,ReW)
+  X;adad,z A, ad,imz Ad;ReW
(Fix Ap Ad/ImZ;Ad,ReW)
i (adix (Ad;Z A, Ad;ilmZ);Ad,ReW)
(Fix Ap Ad/ImZ;Ad,ReW)
i Fx (I Ad,%)Ad;Z A, Ad/ilmZ);Ad,ReW by 3.2(5)
Fix Ap Ad,' Ad;ImZ;Ad,ReW
i Fx (I Ad,') Ad,Z;Ad;ReW
= TI Fx Ap Adyt Ad((Z  Z);Ad (W + W)

+

7' Fix (I Ad,') Adr2Z;Ad (W + W)

Similarly, we have

W ZJ)(ix;r)=l—1r Ad(Z + Z);Fix Ap Ad,' Ad,(W W)

* 3 Ad/(Z + Z);Fix (I Ad,') Ad,2w
=L Fx A, Ady Ad/(Z+Z)Ad(W W)
i _
+ 7 Fi Ad,' (I Adp) Ad((Z + Z);Ad,2W

by 5.1(5), 3.2(2,3).
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Finally,
[2;W]=  (Z;WI')=  (X;Ad,Re[Z;W])

(X A Z;W]) + 5 iX 5 Ad [Z;W]

NI = NI —

Fx (I Ad,%) Ad;Z;AdW
i _
+ > Fix (I Adpl) Ad,Z:Ad,W :

Summing the terms and using 2.4(1), we nd
| (B;W) = ?' (Fx A, Ad, Ad,Z;Ad,W)
i -
t5 (Fx Ay Ady' AdiZ;Ad W)

(Ex Ad/Z;Ad/W) (Ex Ad,? Ad,Z;Ad W)

!
2
2—1i (Ex Ad;Z;Ad,W  (Ex Ad,Z;Ad,W)

=Im (Ex Ad,Z;AdW

We have proved:

Theorem 5.2. ! (Z’;W) =Ilm Eyx Ad,Z;Ad,W is an exact, nondegen-
erate, J-invariant, Gg Gg-invariant, real-valued 2-form on M, and coincides
with the restriction to M of the standard (cotangent bunde) sympletic form
onT (GR)

Recall that on any complex manifold, a closed, nondegenerate,real 2-form !
for whicthpthe cgmplex structure is an isometry yields a pseudokehler form, by

the ruIeD i’;v\é = 1 (JB;W) + il (B;W). Here B; % 7! 1 (JB; W), the real
part of B % ,isareal, J-invariant, symmetric bilinear form (which neednot

be positive de nite), and the imaginary part of h; i isjust ! .
In our situation, we have:

Theorem 5.3. The pseudokhler form asseiated to ! is
D E o o
2w xny = Ex ADZAAW) = (Ejpy, 15 ZiW):
iXr r
Note that 5.1(2) shows independertly that h; i is Hermitian.

x6. Evalua tion of the Pseudok ahler Form on a Basis

Our next goal is to compute h; i with respect to a natural basis of vector
elds at (iX ;r), in the (generic) casethat X is semisimple. Without loss of

Document a Mathema tica 5 (2000) 595{611



606 Ralph J. Bremigan

generality, we assumethat r is the identity elemert of Gg. We use notation
involving T and t asin x1.

It isclearthat Ejx presenest and ead root spaceg . Hencefor our Hermitian
form, t ? ¢ I:)and & ? g unless =D - SoEthe only products we need

compute are B:% forz;w 2t and 2 ;f ,wherez 2g .
By 2.4(1) and the de nition of Eix , it follows easily that:
Lemma 6.1. Eix (Z) = Z if Z 2 t (or more geneally, if [X;Z] = 0); and if

Z 2g withd (iX)6 0, thenEx (Z )= (EZ) ‘ipgix)z

Lemma 6.2. For Z; W 2 t, we have
D E o
Pw = (Z;W)
( (ReZ;ReW)+ (ImZ;ImW))
J;(i( (Im Z; ReW) (ReZ;ImW))
d (Z) d (W):
2 (TG6)

From this, it is easyto describe the signature of h; i on t: supposethe con-
nected componert of 1 in Tgr is a product of n circles and m real lines (here
n + m is the complex dimension of T). Then h; i is negative-de nite on the
complexi ed Lie algeba of the circles and positive-de nite on the lines, and
thesetwo subspces of t are perpendicular. For: in computing signatures, we
may assumethat Z 2 tg. If Z 2 tg, then in the formey cased (Z) 2 iR,
and in the latter, d (Z) 2 R. Also for Z 2 tg, iZ;Zi = 2 (Tie)(d (2))%
Also if Z;W 2 tg but are of \opp osite types," the last lemma shows that
hz;Wi 2 iR\ R = f0g.

Now let Z=Z and W = Z . Recall that by our de nition of M, we have

(p) & 1. Also, either (p)6 1,ord (iX)=0and (p) = 1.

D E : _

Lemma 6.3. If (p) 6 1, then 2 F - () dl(ZIX()pZ) (z z )’
D E

wherasif d (iX)=0 then 2 ;# = (z:z )

This shawsthat if is not imaginary, then h; i isisotropicong g —. Sup-
posethat is imaginary; we wish to seewhether h; i is positive- or negative-
de nite ong . In the copy of sI(2) (sl( ) @) correspondingto , recall that
we may pick abasisfH ;Z ;Z gsatisfying[Z ;Z ]=H ,[H ;Z ]1=2Z ,
and[H ;Z ]= 2Z . By explicit computation, one seesthat one can pick
Z satisfyingZ = Z __, where = 1 (resp. 1) if SL( )r is noncompact

D p © () d @X) (Z:Z )

1 ()

py (Z ;z )ifd (iX) = 0. In the latter case,since (Z ;Z ) > 0we

(resp. compact). Then 2 ;2 , or sim-
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already seethat h; i is positive on g if is noncompact and negative if
is compact. In the former case,we get the same information: since is
imaginary, we have d (iX) 2 R, and (p) = € (X) 3 0. Note then that

d (iX)=(1 (p)) < 0; it then follows that the sign of P s .
Summarizing the above, we have:

Theorem 6.4. Supmsethat (iX ;1) 2 M and €* 2 T for some maximal R-
torus T of G. Write T = Ts T,, the decomposition of T into an almost direct
product of split and anisotropic subtori. For each root , let g be the root
subs@ece of g. We identify elementsof g with the induced tangent vectors at
(iX ; 1) coming from the canonical vector elds. Then under the Hermitian form
h; i, tis perpendicular to each root space; Lie T, is perpendicular to Lie Ts; g
is perpendicular to g unless = —; h; i is positive de nite on LieTs and
negative de nite on Lie T,; h; i isisotropicong g —if is not imaginary;
and h; i is positive (resp.negative) de nite ong if is noncompactimaginary
(resp. compact imaginary).

A priori, the signature of h; i is only constart on eath connectedcomponert
of M, but in fact more is true:

Cor ollar y 6.5. The signature of h; i is constanton M.

Proof. Since (i0;1) 2 M, there exists a connected neighborhood U of 0 in
gr such that iU  Gr M. It follows that h; i has constart signature on
iU Gg (note that while Gg need not be connected, this is irrelevant since
h; i is Gg-invariant). We must show that the signature of h; i on any con-
nected componert of M is the sameasoniU Gg. Without lossof generality
we may choose(iX ;r) 2 M such that X is regular semisimplein g, which is to
say that X 2 tg for a (unique) Cartan subalgebratr gr. Wemay nd s2 R
su cien tly small that sX 2 U, and of coursesX 2 tg is still regular semisim-
ple. However by 6.4, the signature at (iY;r) 2 M (for Y regular semisimple)
dependsonly on attributes of the unique real Cartan subalgebracontaining Y
and of its root system. Hencethe signature of h; i at (iX ;r) is the sameas
the signatureof h; i oniU  Gg.

Cor ollar y 6.6. The signature of h; i equalsthe signature of the Hermitian
form Z;W 7! (Z;W) on g, which equalsthe signature of the (real) symmetric
bilinear form Z;W 7! (Z;W) on gr.

Proof. By 6.5, it is enoughto ched the result at a single point of M, and at
the point (i0; 1), hZ; Wi = (Z;W). The secondstatemert is a simple linear
algebrafact.

7. Al terna tive Vector Fields and Comparison with Fels' Work

Let (iX ;r) 2 M. SinceGr Gg actson M, any pair (Y1;Y2) 2 gr Qgr produces
atangent vector at (iX ;r) (indeedit producesan\orbital vector eld" on all of
igr Gr). It is easyto seethat (Yi;Y2) and (Y2 YQ) producethe sametangent
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vector at (iX ;r) if and only if (Y2 YD) = (Y1 + A; Y, + Ad, *A) for someA in
the centralizer in gg of X. Givenany V in this certralizer, we obtain a (non-
orbital) tangent vectorto M at (iX ;r), namely O% t=o (X +itV;r) (however
this need not be extendable to a vector eld on M). By dimension court,
any tangent vector to M at (iX ;r) can be obtained from a combination of
orbital and transversevectors; namely, given (Y1; Y2;V) as above, we obtain
the tangert vector & . Adev, (X + itV );e¥ire ™2 , and every tangent
vector can be obtained in this way. The relationship to canonical vectorsis:

Propositon  7.1. At (iX;r) (with p = ¢€X), the tangent vector
coming from the triple (Y1;Y2;V) coincides with the canonical vector
(Ad prlYl + IAdr v Yz),\ .
Proof. This is equivalent to the (straightforward) proof that
% oo @YigX +itv o tY; eYike tY2 = dlpk AdprlYl+ iAdr 1y Y, .
Fix (iX;r) 2 M, and take (Y1; Y2; V1) and (VY3; Ys; Vo) asabove. Let Z; W 2 g
be the corresponding canonical vectors (only valid for the point (iX ;r)!). It
follows from 2.4(2) and 5.1(1,2,4) that:
Theorem 7.2. At (iX;r),
D E
W = (Ex YY) (Fx ApYi;AdiYa)  (Y1iVo)
(FiX Ap Adr YZ;YB) + (EiX Adr YZ;Adr Y4) + (Adr Y2; iVZ)
+ (iV1Ys) (Vi Adr Yg) + (Ve iV2):
D E
Using 5.1(1,3,5), we can separateeasily the real and imaginary parts of 2w

Cor ollar y 7.3.

D E
Re 2:W

= (Fix ApRe(Ad,Y1);Y3)+ (Fix ApRe(Ad,Ad, Y2);Ad, Ys)
(Fx  ApYy;Adr Ys)  (Fix Ap Ad Y2;Y3)+ (Vi) Vo),
and

! (ZJ;V\Q

=Im 2:w

= (X;[Y1; Ya] Ad; [Ya; Ya])

+ (Vi;Ys Ad, Ys) (Y2 Ad, Yz \W):

Werecall somefacts about moment maps(see[CG, Chapter 1], [HW]). Suppose
that a Lie group K acts symplectically on a symplectic manifold (N;! ). There

is a map sendingsmooth functions on N to symplectic (=lo cally Hamiltonian)
vector elds on N. Since G acts symplectically, there is also a map sending
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ead elemen of k to a symplectic vector eld. The action of K is said to
be Hamiltonian if there is a Lie algebra homomorphism H from k to smooth
functions on N which makesa commutativ e triangle with the other two maps.
The ass@iated momentmap :N ! k isthe mapsendingn 2 N to the linear
function on k given by x 7! Hy(n). If the manifold in question is a cotangert
bundle, with canonical 1-form and! := d and with K acting on the base
space,then (N;! ) is Hamiltonian, with H sendingx 2 k to the contraction of
with the vector eld coming from the in nitesimal action of x.
InourcaseN =igr Gr' T (Ggr)andk= gr gr. Given(Y1;Y2) 2 0r Or.
the inducedtangent vector at (iX ;r) is % t=0 iAdgv, X;eY1ire Y2  soby the
remark at the beginning of x4, we have

Hovavn = (Ko g eVre o )
t=0

(X;Y1 Ad Y2) = (X;Y1)  (Ad, 1X;Yo):

We identify gr with gg via the Killing form. We have proved:

Theorem 7.4. Relative to the symplectic form !, the momentmap :igr
Gr! Or Or' Or Orisgivenby(iX;r) 7! (X; Ad,1X).

Corollar y 7.5. The image of the moment map is f(Y1;Y2)
Y, and Y, are Ad(Gg)-conjugateg.

Another easyconsequencef 7.4 is:

Cor ollar y 7.6. Themomentmap :igr Gr! 0Oz Oz’ Or Or Semrates
Gr Gg-orbits.

The formula for ! (2; W) in (7.3) is essetially due to Gregor Fels [F]. Here
we recall his construction in [F] of a pseudolkahler form on certain complex
manifolds and relate the construction to the one in this paper. (We have
changednotation slightly from [F].)

Let Gk G asusual, and let t be a Cartan subalgebraof g that is stable
under complex conjugation. Let t% denote the regular semisimpleelemers of
tr. Dene N = f(n;n) :n 2 Ng.(Tr)g Ggr Gg. SinceN acts on t%, we
have the usual twisted product (Gr Ggr) N it3. It is easyto seethat the
map

'(Gr Ggr) NitZ I M

givenby [(rq;r2);iX 17! Ady,(iX );rar, 1 is well-de ned, injective, and Ggr
Gr-equivariant, with everywhere nonsingular di erential. Moreover, the map
forms one leg of a commutativ e triangle with the maps

(Gr Gr) "“itR! G M1 G
[(I’l;rz); iX ] 7! I’lei)< ry 1 (i)( ;k) 71 eix k:
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It follows that there is a complex structure on (Gg  Ggr) N it$ that agrees
with the oneson G and on M .

Giventhe point v = [(r1;r2);iX]12 (Gr Ggr) N it3, onecan construct (any)
tangent vector as % <o Of the curve s 7! [(r1e3Ys;r,e'2);iX + siY3], where
Y1;Y2 2 gr and Y3 2 tg. The J-invariant 2-form on (Gr  Ggr) N it} con-
structed in [F] arisesasd , where isthe 1-form which sendsthe abovetangent
vectorto (X;Y1 Y2). However,onecanshonthat inducesan identi cation
betweenthe 1-forms and , and hence inducesan identi cation between

(the restriction of) the pseudolahler form in the presern paper and the onein

[FI.
8. Pr oof of Theorem 6

Proof of (1). Write H for GL(V). Themap :G! H inducesan embedding
:gJ) h. Sinceg is reductive, we can choosea G-stable complemen of g in
h and obtain embeddings :GL(g) ! GL(h) and :gl(g)! gdl(h).
Supposethat (iX ;r) 2 M % for any eigervalue of (X), jRe j< =2. Since
the eigervalues of ad (x) are the pairwise di erences of the eigervalues of
(X), we have that for any eigervalue of ad (x), jRe j < . However
ad (xy = (ad x), and isanembedding, sowe cansay that for any eigervalue
of adx , jRe j < . In particular, this shavsthat (iX ;r)2 M.
Proof of (2,3). Theseare trivial.
Proof of (4). Let (iX 1;r1);(iX 2;r2) 2 M %and supposethat €X1r; = X 2r,.
Applying the map : g 7! gg !, we have that X = X2 Applying |,
we have e @X1) = ¢ @X2) et beany eigervalue of (Xi1) or (X3). By
assumption, jRe j < =2, hencefor any eigervalue of (2iX 1) or (2iX ),
wehavejim j< . By awell-known property of the exponertial map for linear
groups (see[V, p. 111]), we may concludethat (2iX 1) = (2iX ). Since is
injective on the level of Lie algebras,we have X; = X,, andry = rj.
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