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Abstra ct.

Let F be a eld of characteristic di®erert from 2 and assumethat F
satis”es the strong approximation theorem on orderings (F is a SAP
“eld) and that |3(F) is torsion-free. We prove that the 2-primary
componert of the torsion subgroup of the Brauer group of F is a
divisible group and we prove a structure theorem on the 2-primary
componert of the Brauer group of F. This result generalizeswell-
known results for algebraic number "elds. We apply these results to
characterize the trace form of a certral simple algebra over such a
“eld in terms of its determinant and signatures.
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1 Intr oduction and Preliminaries

Let A be a central simple algebraover a eld F of characteristic di®erert from
2. The quadratic form q: A! F givenby x 7! Trda (x?) 2 F is calledthe trace
form of A, and is denoted by Ta. This trace form has been studied by many
authors (cf.[Le], [LM], [Ti] and [Se],Annexe x5 for example). In particular, its
classicalinvariants are well-known (loc.cit.).

In this article, we prove somedivisibilit y results for the Brauer group of "elds
F under the assumptionthat F satis es the strong approximation theorem on
orderings (F is a SAP "eld) and I 3(F) is torsion-free. Then we apply these
results to characterize the trace form of a certral simple algebra over such a
“eld in terms of its determinant and signatures.
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First we review the necessarybadkground for this article. For a eld F, Br(F)
denotesthe Brauer group of F. If pis a prime number, , Br(F) denotesthe
p-primary componert of Br(F). If n, 1, Br,(F) denotesthe kernel of multi-
plication by n in the Brauer group. If A is a certral simple algebraover F, the
exmpnent of A, denoted by expA, is the order of [A] in Br(F) and the index of
A, denotedby ind A, is the degreeof the division algebrawhich correspondsto
A. We know that expA divides ind A. If a;b2 F£, we denote by (a;b)¢ the
corresponding quaternion algebra, or simply (a;b) if no confusionis possible.
We also usethe samesymbol to denoteits classin the Brauer group.
Werefer to [D], [J], or [Sc]for more information on certral simple algebrasover
general elds.
In the following, all quadratic forms are nonsingular. If g is a quadratic form
over F, dim q is the dimension of q and detq 2 F£ =F£?2 is the determinant of
g We denote by H the hyperbolic plane.
Ilf, g ' hag;¢eC; ayi, the Hasse-Witt invariant of q is given by w»(q) =
- (a1ay) 2 Bro(F).
i<j
If a;; ¢¢¢; a, 2 FE, the quadratic form hiay; ¢¢¢; ayii = hl;j agi- ¢¢¢ hl; | ani
is called an n-fold P ster form.
If F is a formally real "eld, the spaceof orderings of F is denoted by - ¢.
We let sign,(q) 2 Z denote the signature of g relative to an orderingv 2 - ¢.
Thus sign, (q) is the di®erencebetweenthe number of positive elemens and
the number of negative elemers in any diagonalization of q.
Ifn, 1,1"(F)isthe n™ power of the fundamertal ideal of the \6itt ring W (F)
of F. We denote by | "(F); the kernel of the map I"(F) ! I"(Fy). We
vV2-F
will say that 1"(F) is torsion-free if I"(F); = 0. A "eld F satis es property
A if every torsion n-fold P ster form de ned over F is hyperbolic over F.
See[EL2], section 4, for more details on property A,. The absolute stability
index of F, denoted st,(F) is the smallest nonnegative integer n such that
I"™1(F) = 21"(F) (or 1, if no sudh integer exists). See[EP], p. 1248 for
more details. The reducedstability index of F, denoted st; (F) is the smallest
nonnegative integer n suc that I"**(F) = 2I"(F) mod W (F);. See[La2],
Chapter 13, for more details.
A "eld F satis esthe strong approximation property (SAP) if for every clopen
set X of - ¢ there existsa 2 F£ such that a >, Oif v2 X anda<, 0
otherwise. See[La2] for various equivalent de nitions and basic properties of
SAP “elds. If qis a quadratic form de ned over F, then § 2 C(- ¢;Z) is the
cortinuous function ¢:- ¢ j! Z de ned by §(v) = sign,(q) for every v 2 - .
If M is a discrete torsion Galois-module of exponert m, prime to the charac-
teristic of F , H"(F; M) denotesthe n-th cohomologygroup
H”(GaI(FseP:Fd; M). The group H"(F;M); denotesthe kernel of the map
H"(F;M)! H"(Fy;M). If L=F is any eld extension, Res-r denotes
v2- g
the restriction map. We then have Res -r (W2(Q)) = wy(q.) for any quadratic
form q over F. If L=F is a nite Galois extension, Cor .- denotesthe core-
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striction map.

In this paper, we deal only with the casewhenn is even, becausewe know that

Ta' N<1>7? MH when n is odd (cf.[Se], Annexe x5 for example).

An abelian group G is divisible if for all n ;| 1, we have G = nG. If J is any
set, GU) is the group of families of elemeris of G indexed by J, with nite
supports.

In the fcglo_wing, F always denotesa eld of characteristic di®erert from 2, and
K=F(C il.

We now recall some results about the classical invariants of trace forms of
certral simple algebras:

Theorem 1.1. Let A be a central simple algeba over F of degree n. Then we
have:
1. dimTa = n?

n(nj 1)

2. detTa = (j 1)"%

3. We havesign, Ta = 8n for eachv 2 - ¢, and sign, Ta = n if and only if
Res, - ([A]) = 0, wher F, is the real closure of (F; V).

m(mi 1)
2
The three rst statemerts can be found in [Le], and the last one is proved in

[LM] or [Ti] for example.

4. If n=2m | 2, thenwy(Ta) = (i i1+ m[A]

2 Divisibility  resul ts in the Bra uer gr oup

Q

V2-F

Pr oposition 2.1. Letp:13(F) j! [3(Fy)=I*(Fy). If st,(F) - 4, then

ker() = 13(F)¢ + 14(F).

Proof. It is clear that ker(u) § 13(F), + I*(F). Now let q 2 13(F) and
assumeq 2 ker(y). Then g, 2 14(F,) and this implies 16sign,(q) for eath
V2-g. Thus § 2 C(- F;ng). Since st;(F) - 4, Theorem 13.1 of [La2]
applied to the preorder T = F 2 implies there exists ¢ 2 14(F) sud that
G=&. Thenqj o 2 I13(F)\ W(F), = I 3(F); and henceq2 I 3(F); + | (F).
2

Q

Vv2- ¢

and st, (F) - 4, then fiis injective and H3(F;1,); = 0.

Corollar y 2.2. Let fi: 13(F)=I4(F) j! 13(Fy)=I*(Fy). If 13(F); =

Proof.  The hypothesis and Proposition 2.1 imply ker(y) = 14(F). There-
fore ker(f) = (0) and f is injective. Since I3(F)=I*4(F) ' HS3(F;1,), and
I3(Fy)=1*(Fy) ' H3(Fy;1,) by [MS1]and [MS2], it follows H3(F;1,); = 0. 2

Document a Mathema tica 6 (2001) 489{500



492 Gr 8gor y Berhuy, David B. Leep

Pr oposition 2.3. Assume that 13(F); = 0 and st,(F) - 4. Let ® 2
H2(F;12 ) (r, 1). Then there exists™ 2 H2(F;% 5« ) suchthat ® = 2",

Pr oof. The exact sequence
10 1,1 1, 0 1,1 1

(where the last map is squaring) inducesthe following commutativ e diagram
with exact rows

2 -1 - ses ] 2 'lr sae ] 3 -1
H(szl) Piiiil H(E)vz) Piiii! H(E' 2)
5 5 5
y y y

Q Q Q
H2(Fy;toa) qiii! H2(Fy;ta) iiii! H3(Fy,;12):
V2- g V2- g vV2-

Sincethe third vertical map is injective by Corollary E a diagram chasegives
the conclusion. 2

In Theorem @ below, we needa hypothesisthat is slightly stronger than the
one occurring in Proposition P.3. The following result givesa characterization
of this hypothesis.

Pr oposition 2.4. LetK = F(p i 1). The following statementsare equivalent.
1. F satis es property Az and sta(F) - 2.
2. 13(F);=0andst (F)- 2
3. sta(K) - 2
4. 13(K) = 0.
5. H3(K;1,) = 0.

Pr oof. @) () (B5): 13K) = 0if and only if 13(K)=1*(K) = 0 by the
Arason-P ster Hauptsatz, and | 3(K )=1%(K) ' H3(K;1,) by [MS1]and [MS2].
(3) () (4): sta(K) - 2meansl3(K) = 21%(K) and this holds if and only if
I13(K) = 0, sincehl; 1i = 0implies 21 ?(K) = 0.

Q) () (3): This is [EP], Theorem 3.3.

(1) =) (2): Property Az implies |1 3(F); = 0, by [EL1], Theorem 3 and Corol-
lary 3. It is clear that sty(F) - 2 implies st;(F) - 2, by [La2], Theorem
13.1(3).

(2) =) (1): Clearly 13(F); = 0 implies F satis es property Az. Let q be a
3-fold P'ster form dened over F. Then there exists ¢° 2 1?(F) sud that
gi 2°2 13(F); = 0. Thusq= 2q°with ¢°2 I12(F) and it follows I 3(F) =
212(F). 2

Pr oposition 2.5. If st,(F) - 2, thenfor every™ 2 H2(F;% 5+ ), there exists
02 H?(F;t 54 ) suchthat 27 9= 27:
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Pr oof. Since the characteristic of F is not 2, we have H2(F;1 5 ) '
Bro+ (F). Let A be a certral simple algebra over F such that = = [A],
and set X = fv 2 - g;sign, Ta = ng, wheren = degA. Then X¢ = fv 2
- g;Sign, Ta = i ng by Theorem E Sincethe total signature map is contin u-
ous with respect to the topology on - ¢, the set X is clopen(Sincestr(F) -2
4, fvzX N
p 0 ifv2X.
the Witt ring WF wehaveq = i”:1 hhai;h,_ij ,with a;;b 2 F£. Let B beacen-
tral simple algebraover F such that [B] = i”:l (ai;B)r. Let® 2 H2(F;t pra)
be such that ° = [B] under the isomorphismH?(F;1 5 )" Bry (F).

Now set 9= ~ + °. We clearly have 2 °= 2°. Moreover, if v 2 X, then
Res - () = 0 by Theorem IE and Res: - (°) = 0 by the choice of B.
Similar argumerts show that Res, - ("9 = 0 for all v 2 X. It follows that
_02 HZ(F;12r+1 )t- 2

Remark 2.6. In Proposition E a stronger conclusion is possible if we also
assumethat F is a SAP “eld. This is equivalent to assumingst, (F) - 1. (See
[La2].) In this casethere exists an elemernt a2 F£ sud that a>, 0if v2 X
anda<, 0if vZX. Let ° 2 H?(F; 5« ) be such that ° = (j 1;a)r under
the isomorphism H2(F;% »+1 ) ' Brys (F). Now set 9= ~ + °. We clearly
have 2 °= 27. We nish as before. This obsenation will be usedin the proof
of Theorem p.8.

and X is clopen, there existsq 2 1 2(F) sud that sign,(q) =

Theorem 2.7. Assumel3(F), = Oandst,(F) - 2. Then , Br(F), is a divis-
ible group.

Pr oof. It sutcesto ched that for all [B] 2 , Br(F); and all primes p,
there exists [A] 2 , Br(F); suc that p[A] = [B]. Let [B] 2 2Br(F);. Then,
there exists r , 1 such that 2"'[B] = 0. Assume rst that p is odd. Then
ged(p;2") = 1, sothere exist n;m 2 Z such that np+ m2" = 1. Then [B] =
(np+ m2")[B] = p(n[B]). If p= 2, apply Proposition Eand Proposition E
2

We now give a structgre theorem on the 2-primary componert of the Brauer
group. Wedenoteby  F? the multiplicativ e subgroupof F£ of nonzerosums

of squares.We usethe notation of [K].

Theorem 2.8. Assumethat | 3(F); = Oand F is $AP. Let T (resp. =) be an
index set of a Z=2Z-basis of Br,(F); (resp.of FE = F£2), Then we havethe
following group isomorphism

LBr(F)' z@)H)M £ (z=22)® :

Pr oof. Theorem @ implies that , Br(F); is a divisible group. Sinceewery
elemen of , Br(F); has 2-power order, the structure theorems on divisible
groups (see[K] for example) imply that this group is isomorphic to Z(2® )(T),
where T is an index set of a basis of the 2-torsion part of , Br(F)¢, namely
Bra(F)t.
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Let [A] 2 ,Br(F). Remark P.§ shows that there exists a 2 F£ suc that
[A%s= [A]+ (i ;@) is a torsion elemert, Chooseelemeris g2 F£ sud that

(a F%£2) 5. isazZ=2Z-basisof FE= F£2 Thena=b ~ &, whereb2
.28 7

F2andr = Oor 1. Sincebis a sum of sguares,(i 1; b) is a torsion elemen,
so we have a decomposition [A] = [B]+ r (j 1;a ), where [B] = [A9+
(i 1;b) is a torsion elemen. Novwswe shaw that [B] and the r @ are uniquely
determined. Assumethat [B]+ r (ié; a)=0. Then (j 1, af) ) =i [B]
is ebtorsion elemen. This implies that af’ is positive at all orderings of F,
so © a- is a sum of squares. By choice of the a 's, this implies that r = 0

for all , 2 @ and hencethat [B] = 0. 2

3 Tra ce forms of central simple algebras

In this section, we give realization theoremsfor trace forms of certral simple
algebras.

Theorem 3.1. Letn = 2m , 2bean eveninteger. Assumethat F is SAP and
I 2(F) is torsion-free. Then a quadmtic form q is isomorphic to the trace form
of a central simple algeba of degree n if and only if the following conditions
are satis ed :

1. dimq= n?
2. detq= (j )™
3. sign,q=8n, forallv2 - .

Pr oof. The necessiy follows from Theorem @ Conversely let q be a
quadratic form satisfying the conditions above. Sincel ?(F) is torsion-free, it
is well-known that quadratic forms are classi ed by dimension, determinant
and signatures (see[EL1]). Let X = fv 2 - g;sign, g = ng. This is a clopen
set, sothe SAP property of F implies there existsa 2 F£ suc that a>, 0 if
v2 X anda<, 0 otherwise. SetA = M ((i 1;a)). Then Res, ¢ ([A]) = Oif
and only if sign, g= n, soTp and g have the samesignatures. Sincethey also
have equal dimension and determinant, they are isomorphic. 2

The following proposition gives a characterization of “elds that satisfy the
hypothesesof Theorem @ Note the similarity to Proposition @

Pr oposition 3.2. LetK = F(p i 1). The following statementsare equivalent.
1. F satis es property A, and F is a SAP “eld (sta(F) - 1).
2. 1?(F); = 0and F is a SAP “eld (st,(F) - 1).
3. sta(K) - 1.
4. 12(K) = 0.
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5. u(K) - 2.
6. o(F) - 2.
7. 12(F); = 0 and F is linked.

Pr oof.  The proof of the equivalenceof (1)-(4) is very similar to the proof
of the equivalence of the correspnding statemerts in Proposition E The
equivalenceof (4) and (5) is well-known. The equivalenceof (6) and (7) appears
in [E]. The equivalenceof (2) and (6) appearsin [ELP]. 2

We now give a characterization of “elds F suc that | ?(F) is torsion-free in
terms of Brauer groups.

Pr oposition  3.3. | 2(F) is torsion-free if and only if Br(F) has no element
of order 4.

Pr oof. Assumethat [A] 2 Br(F) hasorder 4, so[A] 2 H2(F;14). Then
2[A] 2 H?(F;,) has order 2. Moreover, it is well-known that the image of
[A]2 H2(F;t,4) 7! 2[A] 2 H?(F;t,) is the kernel of

[B12 H2(F;1,) 7! (i 1)[ [B]2 H3(F;1,) (seefor example[LLT], Proposition
A2 and Remark A3). So (j 1)[ 2[A] = 0, that is 2[A] = Cork = ([B]) for
some[B] 2 H?(K;1,). SinceH?(K;!,) is generatedby elerqgns of the form
(a;b);a2 F£;b2 K, the transfer formula shavsthat 2[A] = (a;; Nk =¢ (b))
for somea; 2 F£ and b 2 K£. Since2[A] has order 2, it is not split, sothere
exists i such that (aj;Ng=r (b)) is not split. Then the norm form of this
guaternion algebra is not hyperbolic, and it is a torsion 2-fold P ster form,
since Nk =¢ (Iy) is the sum of 2 squares.

Conversely assumethat |12(F) is not torsion-free. Then property A, fails (see
[EL2], section 4). Theorem 4.3(3) in [EL2] (with x = 1) implies that there
exists a binary form Hhl;j ai and an elemen b= u?+ v, with u;v 2 F, such
that hl;j ai doesnot represert b. This meanshla;bii is an anisotropic 2-fold

P ster form andbis not asquare.Let L := F( b+ v b). Then L=F isacyclic
quartic extensionwhich cortains F (' b). Denote by ¥a generatorof Gal(L=F )
and let A be the cyclic algebra(a;L=F; %) (see[Sc]for the de nition and basic
properties of cyclic algebras). It is not ditcult to shaw that 2[A] = (a;b) (for
example use [J], Corollary 2.13.20). By construction, the norm form of this
quaternion algebrais not hyperbolic, so 2[A] is not split, and [A] has order 4.
2

We now apply the results of section 2 to prove the following theorem:

Theorem 3.4. Letn = 2m , 2 be an eveninteger.
Write n = 2'*s;r 0;s , 1 odd. Assumethat F satis es the following
conditions:

5 5

(@) 13(F) is torsion-free

(b) For every [A] 2 Br(F) suchthat 2'*1 [A] = 0, there exists A°, degA° =
2*1 suchthat [A9 = [A]
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(c) If r, 1, assumest,(F) - 2

Then a quadmtic form q is isomorphic to the trace form of a central simple
algebr of degree n if and only if the following conditions are satis ed :
1. dimq= n?

n(n, 1)

2. detq=(j 1)
3. sign,q=8n,forallv2-g.
Before we begin the proof of this theorem, we needthe following calculation.

Lemma 3.5. Let n = 2m, m , 1, and assumeF is a real closal "eld.
. ninj 1 . ninj 1
Let g = nhli ? MH and let g = nhjli ? MH. Then

m(m. 1) um(mi 1)

+ . .
> m (i 1 1)

Wa(a) = ———(i Li 1)r and wa(q ) =
In particular, |f m is odd, then w,(q. ) 6 wa(q ).
Proof. Let A= Mu(F)andletB = Mq,((i 1 1)). Then degA = degB =

n and hence Theorem D implies sign(Ta) = n and sign(Tg) = j n. This
impliesTa ' g and Tg ' @ . In addition, Theorem@implies

W) = wo(Ta) = LD G g1y 4 mpag= MO D1
and
m(mj 1) .
wo(c ) = wa(Tg) = T(I Lil+m( L1l
TR
= Lmz' Diem (110

The last statemert of this Lemma is clear since (j 1;i 1) 6 0 if F is real
closed. 2

Pr oof of Theorem @ Notice that property (a) implies that quadratic forms
are classi ed by dimension, determinant, Hasse-Witt invariant and signatures
(see[EL1]).

The necessiy follows from Theorem @ Now supposeq satis es (1)-(3). As-
sume rst that r = 0, som is odd. By hypothesis, there exists a quaternion

algebra Q such that [Q] = wa(q) + (m' MM D11y, Let A = My (Q).
Then

wo(ta) = MO 1 1)+ migr= ™D 15 1) + Q)= wal@:
We have sign, (Ta) = n if and only if Res: ¢ ([Q]) = 0, by Theorem B which
is equivalent to wy(ge,) = w(i 1;ij 1)g,. This occurs if and only if
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O, ' Q, by Lemma E sincem is odd and sign,(g) = &n. Thus gq and
Ta have the samesignatures. Since q and T, also have the samedimension,
determinant and Hasse-Witt invariant, it follows that they are isomorphic.

Assumenow that r , 1. Let B be a certral simple algebraover F such that

[B] = wy(q) + M(i 1;i 1)r. Sincem is even and sign,(q) = §n, it
follows from Lemma B.5 that

Res, =r ([B]) = Res, = (W2(q) + w

forallv 2 - . By TheoremP.7, there exists[A1] 2 , Br(F), sudh that 2'[A;] =
[B]. Let X = fv 2 - ¢;sign,q = ng. Since X is clopen and st (F) - 2,
we can use the ideasin the proof of Proposition E to nd a certral simple
algebraD over F sud that 2[D] = 0 and suc that [A;] = [A1] + [D] satis es
Res:,-r[A2] = Oif and only if sign,(q) = n. Then 2'[A;] = [B] sincer , 1.
Since 2[B] = 0, we have 2'*1 [A,] = 0, and so by assumption there exists a
certral simple algebra Az, degA; = 2'*1 | suc that [Az] = [A2]. Now set
A = Ms(A3), and note that A has degreen. Since A and A, are Brauer
equivalent, g and Ta have equal signaturesby construction of A,. Since

(iLileg)=0

miAl = 2 sAz) = s8] = B1= TS G Li Dr + wa(a);
it follows that w,(Ta) = M(i 1;i g + m[A]= wo(Q). Thusqgand Tx

are isomorphic, sincethey have the samedimension, determinant, Hasse-Witt
invariant, and signature. 2

Cor ollar y 3.6. AssumeF satis es the following conditions.
(@) 13(F) is torsion-free
(09 For everyr , 0 and for every [A] 2 Br(F) suchthat 2'*1 [A] = 0, there
exists A® degA®= 2'*1 suchthat [AT = [A].
Then a quadmtic form q is isomorphic to the trace form of a central simple
algebe of degree n if and only if the following conditions are satis ed :
1. dimg= n?
2. detq= (j 1)"F
3. sign,q=8n, forallv2 - .

Pr oof. This follows immediately from the Theorem @ and the following
obsenation. Condition (b9 with r = 0implies that F is alinked eld. That is,
a sum of quaternion algebrasde ned over F is similar to another quaternion
algebrade ned over F. A theoremof EIman ([E]) statesthat a eld F islinked
and has 13(F); = 0if and only if &(F) - 4. It is known that if &(F) < 1,
then F is a SAP "eld (see[ELP]). Thus condition (c) in Theorem @ holds
automatically in the situation of Corollary @ 2
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Remark 3.7. Condition (b) is realized for examplewhen expA = ind A for ev-
ery certral simplealgebra. In particular, it isthe casewhenevery certral simple
algebrais cyclic. For example, condition (b) holds for local "elds, global "elds
or quotient “elds of excellert two-dimensionallocal domainswith algebraically
closedresidue elds of characteristic zero, e.g. nite extensionsof C((X;Y))
(see[CTOP], Theorem 2.1 for the last example and [CF] for the others). Suc
“elds also satisfy condition (a). This is well-known for local "elds and global
“elds (see[CF]). If F is a “eld of the last type, then 1 3(F) = 0 (see[CTOP],
Corollary 3.3).

We "nish this paper giving a local-global principle for trace forms over global
“elds.

Cor ollar y 3.8. Let F be a glokal eld of characteristic di®erent from 2, and
let n = 2m , 2 be an eveninteger. Then a quadmatic form q over F is
isomorphic to the trace form of a central simple algeba of degree n de ned
over F if and only if q is isomorphic to the trace form of a central simple
algebn of degree n de ned over all completions of F.

Pr oof. Assumethat qis atrace form overall completionsof F. Thendimq=
. n(ni 1 . .
n?. By assumption, (j 1) 2 : detq is a nonzero squareover all completions
n(nj 1)

of F, soit is a nonzerosquarein F, and hencedetq= (j 1)~ 2 2 FE=F£2,
Sinceqis a trace form over all real completions of F, we have sign, q= 8 n for
all real placesv of F, accordingto whether gg, is isomorphicto the trace form
of the split algebraor that of M, ((i 1;i 1), ). Now apply Theorem[3.4 The
other implication is clear, since(Ta)L ' Ta- L for every certral simple algebra
over F, and ewvery eld extensionL=F. 2

The fact that g, ' Ta, for all placesp implies that g' Ta doesnot mean
that A- F,' A, for all places. We sketch below the construction of a coun-
terexample.

Example 3.9. We refer to [CF] for the de nition of inv, and the theoremscon-
cerning certral simple algebrasover global “elds.
Assumen ~ 0 [8]. Let p;;p. be two placesof F. Fori = 1;2, let Aj be a

. : 1
certral simple of degreen over Fp, sud that invy, [Aj] = o and let A, be
M (Fp) for the other placesover F. Now let g, be the trace form of A,. We

n(nj 1)

have w,(0p) 6 Oif and only if p= pi;p,. Moreover detq, = (j 1)~ 2 for alll
p, soby [Sc], 6.6.10,there exists a quadratic form g over F such that gr, ' .
So q is locally a trace form, then q is the trace form of some certral simple
algebraAgover F, but we cannever have A- Fp ' A, for all p. Otherwise, we
will have  invy([A]) = 02 Q=Z, which is not the caseby choice of the A's.
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