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Abstra ct. Let M be a motive which is de ned over a number “eld
and admits an action of a nite dimensional semisimpleQ-algebraA.
We formulate and study a conjecture for the leading coexcient of the
Taylor expansionat 0 of the A-equivariant L-function of M. This con-
jecture simultaneously generalizesand re nes the Tamagava number
conjecture of Bloch, Kato, Fontaine, Perrin-Riou et al. and also the
certral conjecturesof classicalGalois module theory as developed by
Frahlich, Chinburg, M. Taylor et al. The preciseformulation of our
conjecture dependsupon the choice of an order A in A for which there
exists a “projective A-structure' on M. The existenceof suc a struc-
ture is guaranteed if A is a maximal order, and also occursin many
natural exampleswhere A is non-maximal. In ead suc casethe
conjecture with respectto a non-maximal order re nes the conjecture
with respect to a maximal order. We dewelop a theory of determinant
functors for all ordersin A by making use of the category of virtual
objects introduced by Deligne.
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1. Intr oduction

The study of valuesof L-functions attached to varieties over number “elds oc-
cupies a prominent place in number theory and has led to someremarkably
general conjectures. A seminal step was made by Bloch and Kato who con-
jecturally described up to sign the leading coetcient at zero of L-functions
attached to motives of negative weight [E]. A little later, Fontaine and Perrin-
Riou and (independertly) Kato usedthe determinant functor to extend this
conjectureto motivesof any weight and with commutativ e coetcients, thereby
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502 D. Burns and M. Fla ch

taking into accourt the action of endomorphismsof the variety under consid-
eration (cf. [L9, P4, 7 Rg). In this article we shall formulate and study a
yet more general conjecture which deals with motiveswith coezxcients which
neednot be commutativ e and which in the commutativ e caserecoversall of the
above conjectures. Weremark that the motivation for such a generalconjecture
is that in many natural casesfanging from the certral conjecturesof classical
Galois module theory to the recert attempts to dewvelop an lwasava theory for
elliptic curveswhich do not possesomplex multiplication, it is necessaryto

considermotiveswith respectto coexcients which are not commutativ e.

We now x a motive M which is de ned over a number "eld K and carriesan
action of a nite dimensionalsemisimpleQ-algebraA. The preciseformulation

of our conjecture dependsupon the choice of an order A in A for which there
exists a “projective A-structure' on M (as de ned in x@ We obsene that

if A is any maximal order in A (as in the caseconsideredby Fontaine and
Perrin-Riou in [@]), then there always exists a projective A-structure on M,

and in addition that if M arisesby basechange of a motive through a nite

Galois extension L=K and A := Q[G] with G := Gal(L=K) (as in the case
consideredby Kato in @1), then there exists a projective Z[G]-structure on
M. In general,we nd that if there exists a projective A-structure on M, then

there also exists a projective A%structure on M for any order A ¥ A® % A

but that the conjecture which we formulate for the pair (M ;A9 is (in general
strictly) wealer than that for the pair (M ;A). This obsenation is important

since we shall shaw that there are seweral natural examples(such as the case
A = Z|[G] described above) in which projective structures exist with respect to

orders which are not maximal.

The key ditcult y encountered when attempting to formulate Tamagava num-
ber conjectureswith respect to non-comrutativ e coezcients is the fact that

there is no determinant functor over non-commutativ e rings. In this article we
circumvert this dixcult y by making systematic use of the notion of “categories
of virtual objects' as described by Delignein [@] In our approach Tamagava
numbers are then elemers of a relative algebraic K -group K¢(A; R) and the
Tamagawva number conjectureis an identit y in this group. The group K(A; R)

is the relative K which arisesfrom the inclusion of rings A! Ag:= A-gR
and hencelies in a natural long exact sequence

Ki(A)! Ki(Ar)! Ko(A;R)! Ko(A)! Ko(AR):

We remark that in the non-equivariant setting originally consideredby Bloch
and Kato [ff] onehasA = Z, A = Q and Ko(A;R) 2 RE=Z%. This latter
guotient identi es with the group of positive real numbers, and hencein this
caseTamagava numbers can be interpreted asvolumes. For motiveswith non-
commutativ e coetcients however, the only way we have at present beenable
to formulate a conjecture is by useof the group K¢(A;R).

The basic content of this article is as follows. Various algebraic preliminar-
ies relating to determinant functors, categoriesof virtual objects and relative
algebraic K -theory, which may themselhes be of some independert interest,
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Tamagawa Numbers for Motives with Coefficients 503

are given in x2. In x3 we recall preliminaries on motives, de ne the notion
of a “projective A-structure' on M and give sewral natural examplesof this
notion. We henceforth assumethat A is an order in A for which there exists
a projective A-structure on M. In the remainder of x3 we combine the results
of x2 with certain standard assumptionson motivesto de ne a canonical el-
emert R-( M;A) of Ko(A;R). In x4 we review the A-equivariant L-function
L(aM;s) of M. This is a meromorphic function of the complex variable s
which takesvaluesin the certer 3(Ac) of Ac := A- ¢ C, and the leading coe+-
cient L°(aM;0) in its Taylor expansionat s = 0 belongsto the group of units
3(AR)E of 3(AR). We also de ne a canonical ‘extended boundary homomor-
phism' £ .z 1 2(AR)® | Ko(A;R) which hasthe property that the composite
of i—}\;R with the reducednorm map K 1(Ar) ! 3(Ag)? is equalto the bound-
ary homomorphismK 1(Ar) ! Ko(A; R) which occursin the above long exact
sequence We then formulate the certral conjecture of this article (Conjecture
B) which states that

M o(L°(aM;0)) = | R-( M;A) in Ko(A;R):

We remark that our use of the map é}\;R in this context is motivated by the
certral conjecturesof classicalGalois module theory. In the remainder of x4 we
review someof the current evidencefor our conjecture, establish its standard
functorial properties and also derive se\eral interesting consequence®f these
functorial properties. Finally, in x5 we usethe Artin-V erdier Duality Theorem
to investigate the compatibilit y of our conjecture with the functional equation
of L(aM;s).

In a sequelto this article [@] we shall give further evidencefor our general
conjecturesby relating them to classical Galois module theory (in particular,
to certain much studied conjecturesof Chinburg [L3, fL4]) and by proving them
in sewral nontrivial cases.In particular, we prove the validity of our certral
conjecture for pairs (M;A) = (h°(Spec(L)); Z[Gal(L=K )]) whereK = Q and
L=Q belongsto an in"nite family of Galois extensionsfor which Gal(L=Q) is
isomorphic to the Quaternion group of order 8.

This article together with its sequel[@] subsumesthe contents of an earlier
preprint of the sametitle, and also of the preprint [@]. In the preprint [E]
the rst namedauthor described an earlier approac to formulating Tamagava
number conjectureswith respect to non-commutativ e coexcients, by using the
notions of “trivialized perfect complex' and “re ned Euler characteristic' (cf.
Remark [§ in xR.8 in this regard). However, by making systematic use of vir-
tual objects the approac adopted here seemsto be both more °exible and
transparert, and in particular allows us to prove the basic properties of our
construction in a very natural manner.

We would like to thank P. Deligne for a number of very valuable commerts.

2. Determinant  functors for orders in semisimple algebras
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2.1. Picard categories. This section introduces the natural target cate-
gories for our generalizeddeterminant functors. Recall that a groupoid is a
nonempty category in which all morphisms are isomorphisms. A Picard cat-
egory P is a groupoid equipped with a bifunctor (L; M) ! L £ M with an
asscaiativit y constraint [@] and so that all the functors | £ M, M £ | for
a xed object M are autoequivalencesof P. In a Picard category there ex-
ists a unit object 1p, unique up to unique isomorphism, and for ead object
M an inverseM i 1, unique up to unique isomorphism, with an isomorphism
M £ Mitil 1p. For a Picard category P de ne ¥%(P) to be the group
of isomorphism classesof objects of P (with product induced by £), and set
Y4 (P) := Autp (1p). We shall only have occasionto consider commutative Pi-
card categoriesin which £ also satis es a commutativit y constraint [BZ and
for which ¥ (P) is therefore abelian. The group % (P) is always abelian. A
monoidal functor F : P; ! P, between Picard categoriesinduces homomor-
phisms %4 (F) : %4(P1) ! %(Py) for i 2 f0;1g, and F is an equivalence of
categoriesif and only if %(F) is an isomorphism for both i 2 f0;1g (by a
monoidal functor we mean a strong monoidal functor as de'ned in [BJJ[Ch.
X1.2)]).

2.2. The fibre product of categories. Let F; : Py ! Ps, i 2 fl;2g
be functors between categoriesand consider the "bre product category P4 :=
P1£p, P2 [B Ch. VII, x3]

.. G2
P I P
g4 [N g2
1) Y G1 yF2

Piiii}! P

Explicitly , P4 is the category with objects (L1;L>;,) with L;j 2 Ob(P;) fori 2
f1;2gand , : F1(L1) i Fa(L») anisomorphismin P3, and where morphisms
®:(L1;La;,) ! (LYLY:, 9 are pairs ® = (®;®,) with ®& 2 Homp, (Li;L?)
sothat the diagram

Fi(@})
Fi(L1) P FaL9)
5 5

y. y.,°
Fa(®
Fa(Lo) 74P Fa(LY)
in Pz commutes. If Ps is a category, H; : Ps ! P; fori 2 f1;2g functors and
~ :F1xH; 2 F,+H, anatural isomorphism, then there exists a unique functor
H:Ps! P4with Hi = Gj +H fori 2 f1;2g and suc that ~ is induced by
the natural isomorphismF; +G; 2 F, +G,. If P; fori 2 f1;2;3g are Picard
categoriesand F, and F, are monoidal functors, then the "bre product category
P4 is a Picard categorywith product (L1;L2;, )£ (LSLY;, 9 = (L1ELSLLE
LY;, £, 9 and the functors G; : P4 ! P; fori 2 f1;2g are both monoidal.
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Lemma 1. (Mayer-Vietoris sequen@) For a bre product diagram (ﬂ) of Picard
categories one has an exact sgquen®
Yq(G1):Ya (G Yo (F1)i Ya(F +
0! wa(Pa) i1 TT1TT! va(Py) ©%a(P2) iT1T1i1111 Ya(Ps) 4

Yo (G1): Y (G Yo(F1)i Yo (F
L v(Pa) i 11T vo(Py) @ Ye(Py) i I 1Y ve(Pa):

Proof. The map +is dened by (") = (1p,;1p,; ). Given the explicit de-
scription of %(j ) and ¥%(j ) it is an elemenary computation to establish the
exactnessof this sequence.A general Mayer-Vietoris sequencefor categories
with product can be found in [E, Ch. VII, Th. (4.3)]. For Picard categories
this sequencespecialisesto our Lemma (except for the injectivit y of the “rst
map). o

2.3. Determinant  functors and vir tual objects. Let E be an exact
category , p. 91] and (E;is) the subcategory of all isomorphismsin E. The
main example we have in mind is the category PMod(R) of nitely generated
projective modules over a (not necessarilycommutativ e) ring R. By a deter-
minant functor we meana Picard category P together with the following data.

a) A functor []: (E;is)! P.
b) For ead short exact sequence
§:0! E°% E! E® 0
amorphism [§] : [E]i’ [E9Q£ [E®]in P, functorial for isomorphismsof
short exact sequences.
c) For eadh zeroobject 0 in E an isomorphism
3(0) : [0]iF 1p:
This data is subject to the following axioms.
d) For anisomorphismA:E ! EC®and § the exact sequenced! E ! E°
(resp. E! E°! 0)[A] (resp. [Ai 1]) is the composite map
S0).£{d

] [o1e €Y A [E]
(resp.

9 E1£ 0G5 [ED:

e) For admissible subobjects 0 p E®u E°pu E of an object E of E the
diagram

—

] Piiil [EO‘]£4E=E“’J
?
y

[EQ£ [E=ET jiii! [EDE [E=E™E [E=E]
in P commutes.

E
2
?
y
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The terminology here is borrowed from the key example in which E is the
category of vector bundles on a scheme, P is the category of line bundles and
the functor is taking the highest exterior power (seex@ below). Howewer, as
was shavn by Deligne in [[L7, x4], there exists a universal determinant functor
for any given exact category E. More precisely there exists a Picard category
V (E), called the “category of virtual objects' of E, together with data a)-c)
which in addition to d) and e) also satis”es the following universal property.
f) For any Picard category P the category of monoidal functors
HomE (V (E); P) is naturally equivalent to the category of determinant
functors (E;is) ! P.
Although comparatively inexplicit it is this construction which works best for
the purposesof this paper.
We recall that the category V(E) has a commutativit y constraint de ned as
follows. Let
ioeo: [E9E ENATH [ECOET T [E%E [EY
be the isomorphisminduced by the short exact sequences

§,:0! E% E©E® E® 0o

§,:0! E E°©E®H E°1 O

Replacing[8] by ¢ o »+[8] yields a datum a), b), c) with valuesin V (E)£i °P,
the Picard category with product (L; M) 7! M £ L, and satisfying d),e). By
the universal property f) of V(E), this correspondsto a monoidal functor F :
V(E)! V(E)%i °. Sincewe have only changedthe value of [ ] on short exact
sequencesF is the identity on objects and morphisms and so the monoidality
of F givesa commutativit y constraint on V (E).

The proof of the existenceof V (E) in [ﬁ x4.2-5]also givesa topological model
of V(E) which in turn implies that there are isomorphisms

) Ki(E) il %(V(E)

with the algebraicK -groupsof the exact category E (see[) fori 2 f0;1g. An
exact functor F : E! E°inducesa datum a),b),c) on E with valuesin V (E9
and henceby f) a monoidal functor V(F) : V(E) ! V(EY. The isomorphism
(E) then commutes with the maps induced by F on K;(E) and by V(F) on
Y%(V(E)) fori 2 f0;1g. Moreover, for i = 0 the isomorphism (E) is the map
induced by the functor [ ], and for i = 1 the elemen in K1(E) represered by
A2 Aute(P) is sert to [A] £ id([P]' ") under (B).

2.4. Pr ojective modules and extension to the derived categor vy.
For a ring R denote by PMod(R) the exact category of nitely generated
projective left-R-modules and put V(R) := V(PMod(R)). For a ring homo-
morphism R ! R%we denote by R°- g | both the scalar extension functor
PMod(R) ! PMod(R9 and also the induced functor V(R) ! V(R9. It is
known that the Whitehead group K1(R) := K;(PMod(R)) of R is generated
by automorphisms of objects of PMod(R).
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We write D (R) for the derived category of the homotopy category of complexes
of R-modules, and DP(R) for the full triangulated subcategory of D (R) which

consists of perfect complexes. We say that an R-module X is perfect if the

assaiated complex X [0] belongsto DP(R), and we write DPP(R) for the full

subcategory of DP(R) consisting of those objects for which the cohomology
modules are perfect in all degrees. The assaiation X 7! X[0] gives a full

embedding of PMod(R) into DP(R).

In what follows we use the term “true triangle' as synorymous for “short ex-
act sequenceof complexes'. By a “true nine term diagram' we shall mean a
commutativ e diagram of complexesof the form

[=3
<

X i Y | Z
) 2 2
? ? ?
fy 9y hy
3) x0 i yo ¥’ zo
2 2 2
A 2
y h“y
¥ 00 iU!OO y 00 iV!OO 700

in which all of the rows and columns are true triangles.

Pr oposition 2.1 Thefunctor []: (PMod(R);is) ! V(R) extendsto a functor
[1: (DP(R);is) ! V(R). Moreover, for each true triangle

E=E(v):X{" Y z
in which X;Y; Z are objects of DP(R) there exists an isomorphism[E] : [Y] il

[X1£ [Z] in V(R) which satis es all of the following conditions:

a) If

is a commutative diagram of true triangles and f;g;h are all quasi-
isomorphisms, then [f ] £ [h] £[E (u; V)] £ [g]' * = [E (u® v9)].
b) If u (resp.v) is a quasi-isomorphism,then [E] = [u]' ! (resp. [E] = [V]).
c) [ ] commuteswith the functors induced by any ring extensionR ! R°and
for any true triangle E we haveR°- g [E] = [R°- g E].
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d) For any true nine term diagram (E) in which all terms are objects of
DP(R), the diagram

TV
v i X9£ (29

? ?
YIE(9:9%] YIE(ff O1£ [E (h;h O]

E (u;v)]£ [E (u%v®
vie vy TR XIE Z)8 X9 E (29
in V(R) commutes. (Note that we have suppresse any explicit reference
to commutativity constraints in the alove diagram).
e) For any object X of DPP(R) there exists a canonical isomorphism

(4) XTI £ HIO Y
i2Z
which is functorial with respect to quasi-isomorphisms.

Proof. This followsdirectly from [, Prop. 4, Th. 2]wherethe samestatemert
is proved for the determinant functor over a commutative ring R (see XE
belaw). Indeed, since the only properties of the determinant functor usedin
that proof are those listed in [loc. cit., Prop. 1] and all of these properties are
satis ed by the functor [ ] (see [@ Lem. 4.8] for nine term diagrams) these
argumerts apply to give the desired extensionof [ ] to DP(R) with properties
a)-d). For e) see, Rem. b) after Th. 2]. o

Remark 1. As pointed out in [, Rem. before Prop. 6], it is not possible
to construct isomorphisms[E] for all exact triangles E in DP(R) in such a
way that the obvious generalisationsof properties a)-d) hold. On the subcat-
egory DPP(R), howewer, one can at least construct isomorphismsso that a)-c)
hold and sothat d) holds under further assumptions(for example,that one of
Y; X% Z%0r Y%is acyclic, or that X “acyclic and Homps(r)(X ;W) = 0 where
wis such that Z[j 1] X { Y ' Z is an exact triangle).

2.5. Commut ative rings. If R is a commutativ e ring, then one can consider
the Picard category P (R) of graded line bundes on Spec(R) [. Recallthat a
gradedline bundle is a pair (L; ®) consisting of an invertible (that is, projective
rank one) R-module L and a locally constart function ® : SpecR) ! Z. A
homomorphismh : (L;®) ! (M; ) is a module homomorphismh : L !
M sud that ®&p) 6 (p) implies h, = 0 for all p 2 SpedqR), and P(R) is
the category of graded line bundles and isomorphismsof such. The category
P (R) is a symmetric monoidal category with tensor product (L; ®) - (M; ) :=
(L-r M;®+ 7), the usual assaiativit y constraint, unit object (R;0), and
commutativit y constraint

(5) A(l- m):= ALe)ym(- m)= (i )P PIm- |
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Tamagawa Numbers for Motives with Coefficients 509

for local sections| 2 L, and m 2 M. For a nitely generated projective
R-module P onede nes
A rank g (P)
Detg (P) = ( & P;rankg (P)) 2 Ob(P(R)):
The functor Detg : (PMod(R);is) ! P(R) is equipped with the data b) and
c) of @ and satis es d) and e). Henceby f) there exists a unique monoidal
functor

VDetr : V(R) ! P(R);

which is also compatible with the commutativit y constraints (this is the reason
for the choiceof signsin (E)). The functor VDetRg is an equivalenceof categories
if and only if the natural maps

(6) Ko(R)! Pic(R) £ HO(SpecR);Z2)

Ki(R)! RE

are both bijective. For any commutativ ering R, thesemapsare split surjections
by B4, Exp. I, 6.11-6.14;Exp. X, Th. 5.3.2], [43, (1.8)]. They are known to
be bijective if, for example, R is either a local ring, a semisimplering or the
ring of integersin a number "eld.

2.6. Semisimple rings. We recall here somefacts about Ko(R) and K1(R)
for semisimplerings R. For the momert we let F be any eld and assumethat
R is a certral simple algebraover F. We x a nite extension F°=F so that
RO:= R- ¢ F92 M, (F9 and an indecomposableidempotent e of R°.

The mapV 7! dimgoe(V- £ F9 isadditivein V 2 Ob(PMod(R)) and therefore
inducesa homomorphism

g :Ko(R)! Z:

This “reducedrank’ homomorphismis injective and hasimage[Endg (S) : F]2Z
where here S is the unique simple R-module. Similarly, if A2 Endg(V), then
we set detred(A) := detro(A- 1je(V - ¢ F9). This is an elemert of F which is
independert of the choicesof both F%and e. Recallingthat K 1(R) is generated
by pairs (V;A) with A2 Autg (V) it is not hard to shawv that detred inducesa
homomorphism

nre :Ki(R)! F£

(cf. @ x45A]). This ‘reduced norm' homomorphism is in general neither
injective nor surjective.

Pr oposition 2.2 If F is either a local or a glotal "eld, then nrg is injec-
tive. If F is a local "eld di®erent from R, then nry is bijective. If F = R,
then im(nrg) = (R%)? if R is a matrix algeba over the division ring of real
quaternions, and im(nrg) = RE otherwise. Finally, if F is a numker “eld, then

(7) im(nrg) = ff 2 FE :f, > Ofor all v2 Sa(F)g
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where S (F) denotesthe set of placesv of F suchthat F, = Rand A- .y R
is a matrix algebm over the division ring of real quaternions.

Proof. See[fl§, (45.3)] o

If now R is a general semisimplering, then the above considerationsapply to
ead of the Wedderburn factors of R. The certer 3(R) of R is a product of
“elds and we obtain maps

g : Ko(R) ! HOSpec(®(R));Z); nre 1 K1(R)! 3(R)E:

If R is nite dimensionalover either a local or a global "eld, then both of these
maps are injective.

Lemma 2. If R is any semisimplering, then the mapsrrg and nrg are both
induced by a determinant functor (PMod(R);is) ! P(3(R)).

Proof. We rst obsene that the target group of rrg (resp. nrg) doesindeed
coincide with Y (P (3 (R))) (resp. Ya(P (3 (R)))).
To construct a determinant functor it is clearly sutcient to restrict attention to
ead Wedderburnfactor of R. Sud a factor is isomorphicto M, (D), sa, where
D is a division ring with certer F. By xing an exact (Morita) equivalence
PMod(M,(D)) ! PMod(D), it therefore sutces to construct a determinant
functor for D. To this end we supposethat F°%=F is a "eld extensionsud that
D- £ F92 My(F9, that eis anindecomposableidempotent of M 4(F 9 and that
e;:;eq is an ordered F “basis of eMq(F9. Any Tnitely generatedprojective
-module V is free, and for any D-basisvy;::; v, of V the wedgeproduct b :=
eV, (with the e in the xed ordering) is an F %basisof Detro(e(V - ¢ F9).
Sinceany changeof basisv; multiplies b by an elemen of im(nrp) p F£, the
F -spacespannedby b yields a well de ned graded F -line bundle. o

This result shaws that if the mapsrrr and nrg are both injective, then one
can dispensewith virtual objects and instead usean explicit functor to graded
line bundles over 3 (R). Howewer, this approac no longer seemsto be possible
when one considersorders in hon-comnutativ e semisimplealgebras,and it is
in this setting that the existenceof virtual objects will be most useful for us.

2.7. Orders in finite-dimensional Q-algebras. Let A be a nite-
dimensional Q-algebra (assaiative and unital but not necessarilycommuta-
tive) and put Ag := A- oF for any "eld F of characteristic zero. For brevity
we write A, for Ag,. Let R be a nitely generatedsubring of Q. We call
an R-subalgebraA of A an R-order if A is a nitely generatedR-module and
A-7zQ = A. We shall refer to a Z-order morebsimply as an order. For any
order AwesetA, = A- zZ,, A= A-,22 o Ap and A := A- ;2. The
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Tamagawa Numbers for Motives with Coefficients 511

diagram of exact categoriesand exact (scalar extension) functors

PMogd(A) iiii! PMogd(A)
y y
PMod(A) iiii! PMod(A)

induces a corresponding diagram of Picard categoriesand monoidal functors.
These diagrams commute up to a natural equivalence of functors. By the
universal property of the bre product categorywe therefore obtain a monoidal
functor

(8) V(A)! V(R) £, 4 V(A) = V(A):

We usethe notation V(A) in an attempt to stressthe adelic nature of V(j ).

Pr oposition 2.3. The functor (ﬂ) induces an isomorphism on ¥ and a sur-
jection on %4.

Proof. There is a map of long exact Mayer-Vietoris sequences

it KyA) ! KiR)OKi(A) it Kyh) !
? ? ?
y y y
0! %(V(A) i! %(VA)ov(VA) it YV(A) i
ol Ko(A) ! Ko(RA)OKo(A) il KofA)
? ? ?
y y y

mil Ya(V(A) it Ye(VA) ©%(V(A) il Ye(V(A)

where the top sequencecan be found in [@ (42.19)], the bottom sequence
arises from Lemmaﬂ and the vertical maps are the isomorphisms (E) or, in
the caseof K;(A), the isomorphisms (E) composedwith the map induced by
(B). The commutativit y of the diagram follows from the naturality of (g) and,
in the caseof the boundary map, from an elemenary computation using the
explicit description of K 1(j ) (cf. @ (38.28), (40.6)]). The statemert of the
proposition is then an easyconsequencef the Five Lemma. o

Remark 2. The functor (E) may fail to be an equivalence of categorieseven
if A is commutative. Indeed, the map K1(A) ! % (V(A)) is an isomorphism
if and only if the map K(A) ! Kl(/é\) © K1(A) is injective. This injectivit y
condition fails for A = Z[G] where G is any nite abelian group for which
SK 1(Z[G]) is nontrivial (see[@, Rem. after (48.8)] for examplesof such groups
G) becauseZ,[G] is then a product of local rings and therefore SK 1(Z,[G]) = O.
Howevwer, if A is semisimpleand A is a maximal order, then the functor (E) is
an equivalence of Picard categories. Indeed, under these hypothesesone can
usethe Wedderburn decompositions of A and A and the Morita invariance of
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ead functor K;(j ) in order to reduceto the casein which A is a division ring.
In this casethe injectivit y of K 1(A) ! K1(A) ©K(A) is a consequencef [fL§,
(45.15)].

Proposition R.3 is crucial in what follows becauseit allows us to work in a
Picard category V(A) which hasthe “correct' ¥y and in which objects localize
in a similar manner to graded line bundles. Indeed, as the following result
shows, it is quite reasonableto regard V(A) as a generalisationof the category
P (A) to orderswhich neednot be commutativ e.

Pr oposition 2.4. If A is a nite °at commutative Z-algebr, then there is a
natural equivalene of Picard categories P(A) if V(A).
Proof. We shall shav that the natural monoidal functors in the diagram
A
V(A) = V(A))EV(A) V(A)
(9) ;‘;6::VDet 4 £ VDet 4
P(A) iiii P(A)£5 4 P(A)

are equivalencesof Picard categories.

We recall that a ring R is said to be local (resp. semilocal) if R=J(R) is a
division ring (resp. is semisimple)where J(R) denotesthe Jacobsonradical of
R.

Lemma 3. a) SupwseR = Q Rqis a (poafiblyin_nite) product of semilacal

rings Ryq. Then the natural map K;(R) ! Ki(Ry) is injective for i = 0 and
bijective foQi =1
b) If R = = Rq with each Ry local and commutative, then the functor VDetg

is an equivalene.

Proof. For a semilocal ring Ry "nitely generatedprojective modules Pq and Pﬁ)
are isomorphic if and only if their classesin Ko(Ry) agree(seethe discussion
after @ (40.35)]). In add@ion, for any nitely generatedprojective R-module
P the natural map P ! ¢P - r Ry is an isomorphism since both sidesare
additive and the map is an isomorphism f0r6 = R. Hencethe isomorphism
classof P can be recoveredfrom its imagein = Ko(Ryg), and this implies a) for
i=0.

For any ring R we have K(R) = llim nGLr(R)=E,(R) where E,(R) is the
subgroup generated by elemeriary matrices [@ (40.26)]. If R is semilocal,
then the map GL,(R)=E,(R) ! K3i(R) is an isomorphism for n , 2 [@,
(40.31), (40.44)]. In addition, the minimal number of generators neededto
expressa matrix in E,(Ry) asa product of elemenarb matriceé is bounded,
depending on n but not on Ry [@, (40.31)]. HenceE,( ~ Rg) = "~ En(Ry) and
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this implies that

Y Y
Kl(R) = Kl( Rﬂ) 2 &Im n GLn(Rﬂ):En(Rﬂ)Y v
2lmn Ki(Ry) 2 Ka(Ry);

i.e. statemert a) fori = 1. Q
Weremark now that b) follows from a) by usingthe decomposition R = ~ R,
the fact that the functors VDetg, are equivalences,and the fact that the image
of the map

Y Y
Ko(R) ! Ko(Ry) = H°(SpecRy);2)

liesin (and is therefore isomorphic to) the subgroup H °(SpecR); Z). o

The functor VDety in (E) is an equivalence by Lemma Eb) since A is a =
nite cortinuous commutative Z-algebra and hence a product of local rings.
Similarly, VDet, is an equivalencesince A is Artinian and commutativ e and
hencebproduct oblocal rings. The ring A is a Ttered direct limit of rings
As = " psApE T a5 Ap for nite setsof primes S. As the ring As is like-
wise a product of local rings the functor VDet, is also an equivalence. It
follows that in the commutativ e diagram

lim s %V (As) iiii! %(V(A)
S’i Y4 (VDet A‘);
lm s %4(P(As) iiii! Y(P(A)

the left hand vertical map is an isomorphism. Furthermore, the upper hori-
zontal map is an isomorphism by (B) and [#3 Lem. 5.9], and the lower hori-
zontal map is an isomorphism for i = 0 (resp. i = 1) since H °(Spec(A); Z) =
Eim s Ho(Spec(As); Z) by [23, 8.2.11] and the fact that an atne scheme is
quasi-compact(resp. since Af = Ei{n s Ag).

We deducethat VDet, and as a consequencealso D, is an equivalence of
Picard categories. It is known that the map (E) is an isomorphismfor R = A
becauseA is Noetherian of dimension 1 [@, Exp. VI 6.9]. Using Proposition
P.3we nd an isomorphism

Yo(P(A)) = Pic(A) £ H°(Spec(A); Z) Ki Ko(A)

7 ve(v(A) i1 ve(P(R) £, 4 P(A):

This isomorphism coincides with % of the lower horizontal functor in (E).
Moreover, from the Mayer-Vietoris sequenceor the "bre product P(A) £ P(A)
P (A) one easily deducesthat

Va(P(A)) = A® 2 Y (P(R) £, 4 P(A)):
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Hencethe lower horizontal functor in (E) is an equivalence, and this nishes
the proof of Proposition P.4. o

This proposition makesit reasonableto think of objects of V(A) asgeneralized
graded line bundles. We invite the readerto do so when following the rest of
this paper.

Lemma 4. Assumethat A is semisimple. Then the natural functor

Y
V(A)= VRYE, 0y VA) I V(A EQ y(a,) V(A)
p
induces an injection on ¥ and an isomorphism on %;.

Proof. By using Mayer—Vietori@sequencesand the Five bemma it sutcesto
shaw that the maps K 1(A) ! p K (Ap) and KO(A) ! D Ko(Ap) areinjec-
tive, and that the map K1(A) ! b K 1(Ap) is bijective. For the latter two

maps this is immediate from Lemmaﬁa). Since
Y Y Y
Ki(B) = lmsKi( ApE A2 Ki(Ap)E  Ku(Ap)
p2Ss pzsS p2S pzSs

is alimit over nite setsS it therefore su+cesto show that the map K 1(A;) !

K 1(Ap) is injective for any sutciently large p. To prove this we may assume
that Ap is a product of matrix algebrasover nite “eld extensionsF of Q, and
that A, is the corresponding product of matrix algebrasover integer rings Of .

By Morita equivalencethe required result thus follows from the injectivit y of
the natural map K;(Og) = Of ! K (Ff)= FE. o

Remark 3. Webeliewve that the assertionof Lemmal may well continue to hold
without the assumption that A is semisimple, but we have no need for suc
additional generality in what follows.

2.8. The rela tive Ky. Let Pg bethe Picard categorywith unique object 1p,
and Autp,(1p,) = 0. For A and A asin X2.7 and an extensioneld F of Q we
de ne V(A;F) to bethe bre product categoryin the diagram

V(A F) = VgA)EV(AF) Po iiii! Po
? ?

y yFo

V(A) iifi V(AR)

where here F, is the unique monoidal functor and Fi((L;M;,)) = M - 4
Ag for eacth object (L; M;,) of V(A). We de ne the category V(A,;Qp) :=
V(Ap) £v(a,) Po in asimilar manner.
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Pr oposition 2.5. For any eld extensionF of Q one has an isomorphism
YoV(AF) it Ko(A;F);
and for any prime p an isomorphism
YoV (Ap; Qp) it Ko(Ap; Qp);
where the respective right hand sides are the relative algebmic K -groups as
dened in [#4, p. 215}

Proof. We recall that Ko(A;F) is an abelian group with generators(X;g;Y),
where X and Y are nitely generatedprojective A-modulesandg: X - z F !
Y - z F is an isomorphism of Ar -modules. For the de ning relations we refer
to [@ p.215]. By using theserelations one cheds that the map

(X;gY) 7! (IX1£ [Y] 5[0l £ id([Y - 2 F1' %) 2 %V(A;F)

inducesa homomorphismc: Ko(A;F) ! Y%V(A;F). This homomorphism ts
into a natural map of the relative K -theory exact sequence[@, Th. 15.5]to
the Mayer-Vietoris sequenceof the bre product de ning V(A;F)

1 0

KyfA) i Ka(Ar) il Ko(A:F) il KofA) it Ko(Ar)
? ? ? 2 2
y y oy y y
VV(A) | YaV(AR) 1 YeV(AF) i YV(A) i Y%V(Ag):

The commutativit y of this diagram is easyto ched, given the explicit nature
of all of the maps involved. For example, 12;,: (X;0;Y) = [X]i [Y] J_r}\;F
sendsthe elemer in K(Afr) represened by an n £ n-matrix g to (A";g;A")
and the vertical maps are as described above. Given the commutativit y of
this diagram, the isomorphisms(f}) combine with Proposition P.3 and the Five
Lemmato imply that cis bijective. The proof for V(Ap; Qp) is ertirely similar
using the long exact relative K -theory sequence

(10)  Ki(Ap)! Ki(A) iiti¥ Ko(RpQp) iiti¥ Ko(Ap)! Ko(Ap):

Remark 4. For any isomorphism, : X I 'Y of Ag-moduleswe write | 1, for
the isomorphism [, 1 £ id([Y]' ) : [X]£ [Y] * it 1y(a,). For any Z-graded
module or morphism X * we write X *, resp. X i , for the direct sumof X' over
all even, resp. odd, indicesi.

If P* is an object of the category PMod(A)® of bounded complexesof ob-
jects of PMod(R) and A an Ar -equivariant isomorphismfrom H* (P*) - F to
Hi (P*)- F, then we set

WA =(PTIE [PTT HHT(PY) - FIEH! (P)- FI %hiAra)
2V(A;F);
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where here h denotesthe composite of the canonical isomorphism
[P*- FIE[PI - FI1{f [P°- F],
the isomorphism (E) for X = P* - F and the canonical isomorphism
Eizz[H'(P*)- FIU D" ¥ [H*(P")- FIE[HI (P")- FII &

If now Y is any object of DP(A) and A is an Ag -equivariant isomorphism from
H*(Y)- F to Hi (Y)- F, then the pair (Y;Ai 1) constitutes, in the termi-
nology of [E x1.2], a “trivialized perfect complex (of A-modules)’. Choosean
A-equivariant quasi-isomorphism» : P* | Y with P* an object of PMod(A)*,
and write A, for the composite isomorphismHi (»- F)i1+A+H*(»- F):
H*(P*)- F i Hi (P")- F. Then under the isomorphism %V (A;F) il
Ko(A; F) of Proposition E the image of the classof P*; A,i in Y(V(A;F))
is equal to the inverse of the “rened Euler characteristic' class Aa(Y;Ai 1)
which is de ned in [loc. cit.,, Th. 1.2.1].

In the remainder of this section we recall some useful facts concerning the
groupsKo(A; F).

If F isa eld of characteristic 0, then one has a commutativ e diagram of long
exact relative K -theory sequencegcf. [@ Th. 15.5])

Ki(A) it Ki(Ar) i Ko(AJF) it Ko(A) it Ko(AF)
(11) k 5= 5 K 3
Ki(A) it Ki(A) i Ko(A;Q) it Ko(A) it Ko(A):

The scalar extension morphism ~ is injective and so, as a consequencef the
Five Lemma, this diagram inducesan inclusion

(12) Ko(A;Q) 1 Ko(A;F):

Furthermore, the map
Y
(X5aY) 7 (Xpi G Yp);
P
where X, == X - z22Z,, Yy = Y-zZ,and g, := g- g Qp for eadh prime p,
inducesan isomorphism
M
(13) Ko(A;Q) if K o(Ap; Qp)
P
where the sum is taken over all primes p (see the discussion following [E,
(49.12))).
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2.9. The locall y free class gr oup. For any eld F of characteristic 0 we
de ne
i Y ¢
CI(A;F) := ker Ko(A;F) ! Ko(A)! Ko(Ap)
p
and
[ Y ¢
CI(A) := ker Kg(A) ! Ko(Ap) :
p

The motivic invariants that we construct will belong to groups of the form
CI(A;R). The group CI(A) is the locally free classgroup' of A, asdiscussedn
L3, x49].
We obsene that the diagram ([LT) restricts to give a commutativ e diagram with
exact rows

Ka(Ae) 1111 CIATF) 11 CIGA) fiii! O
(14) é— é k
Ki(A) (119 CIAQ) iTE CIA) it O

and hence that (D) restricts to give an inclusion CI(A; Q) n CI(A;F). In
addition, the restriction of the isomorphism (E) to CI(A; Q) combines with
the exact sequence(E) to induc?vlan isomorphism

(15) CI(A;Q) if K1(Ap)=im(K1(Ap)):
p
In many casesof interest the maps

K1(Ap)=im(K1(Ap)) I Ko(Ap; Qp)
are bijective for all p, and henceone has
CI(A;F) = Ko(A; F):

For example, this is the caseif A is commutativ e, if A = Z[G] where G is any
“nite group [@, Rem. (49.11)(iv)] or if A is a maximal order in A [loc. cit.,
Th. 49.32].

3. Motives

3.1. Motivic str uctures. We x a number eld K and denoteby S; the
set of archimedeanplacesof K . For eah %2 Hom(K ; C) we write v(%) for the
corresponding elemert of S; . We also x an algebraicclosureR of K and let
Gk denote the Galois group Gal(K =K).

The category of (pure Chow) motives over K is a Q-linear category with a
functor to the category of realisations [§] and on which motivic cohomology
functors are well de ned. As is commonin the literature on L-functions we
shall treat motivesin a formal sense:they are to be regardedas given by their
realisations, motivic cohomology and the usual maps between these groups
(that is, by a motivic structure in the senseof [@]). For example, if X is a
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smooth, projective variety over K, n a non-negative integer and r any integer,
then M := h"(X)(r) is not in general known to exist as a Chow motive.
However, the realisations of M are

Hir (M) = Hiz (X=K) , ©

a Ttered K -space,with its natural decreasingTtration F! iR (X=K)
shifted by r;

Hi(M) = HG(X £« K;Qi(r)) ;

a compatible system of |-adic represenations of Gy ;

Hy(M) = H"(¥X(C); (2%4)"Q) ;

for eath %2 Hom(K ; C) a Q-Hodge structure over R or C accordingto whether
V(%) is real or complex. If ¢ denotescomplex conjugation, then there is an
obvious isomorphism of manifolds ¥X (C) it (c+ %X (C) which we use to
identify Hs, (M) with Heis(M) if v = v(3) is complex. We then denote either
of the two Hodge structures by H, (M), and we shall subsequetly only make

constructions which are independent of this choice.
One possiblede nition of the motivic cohomologyof M = h" (X )(r) is

(CH"(X)=CH"(X)hom»0)- z Q; ifn=2r
0; if n6 2r

a

i2z2

HO(K;M) :=

and (
(KZrinil(X)'ZQ)(r); if 2rinjl60
CH"(X)hom»o- z Q; if2ri ni 1=0;

Here (Kzr; n; 1(X)- zQ)(") is the eigenspacdor the k-th Adams operator with
eigervalue k". One also de nes a subspace

HAK;M) p HY(K M)

consisting of classeswhich are called “nite' (or ‘integral) at all non-
archimedean places of K and puts HP(K;M) = HOYK;M). In the
K -theoretical version H}(K;M) is dened just as HY(K;M) but with
(Kari nj 1(X) - z Q)" replacedby

iM((Kzr n; 1(X) - 2QM 1 (Karjnj 1(X) - 2 QM)

where X is a regular proper model of X over Spec(Ok ) (see[@] for the de -
nition if such a model doesnot exist). The spacesH/ (K; M) are expected to
be nite dimensional, but this is not yet known to be true in general.

Let A be a nite dimensional semisimpleQ-algebra. From now on we shall be
interested in motiveswith coexcients in A, i.e. in pairs (M;A) whereA: Al
End(M) is a ring homomorphism. It sutces here to understand End(M ) as
endomorphismsof motivic structures. However, in all of the explicit examples
consideredin [@] A is in fact an algebra of correspondences,i.e. consists of
endomorphismsin the category of Chow motives. If M has coezcients in A,
then the dual motive M ° has coe+cients in A°P.

HYK;M) :=
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3.2. Basic exact sequences. In this sectionwe recall relevant material from
[@ and [2Q).

We write K, for the completion of K at a place v, and we "x an algebraic
closureKR, of K, and an embeddingof K into K,. We denoteby G, g Gk the
corresponding decomposition group and, if v is non-archimedean, by |, %2 G,
andf, 2 G,=l, the inertia subgroupand Frobeniusautomorphism respectively.
Forv2 S; and an R-Hodge structure H over K, (what we call) the Deligne
cohomologyof H is by de_nition3 the cohomologyof the complex

Rip(Ky;H) := H® (% (H-gK,C=F" ;

wherehere G, actsdiagonally onH - KR, and ®, is induced from the obvious
inclusionH | H-gK,. Nowif H = H,(M) - o R, then there is a canonical
comparisonisomorphism

H'RKV 2 HdR(M)'K;v I{v

which is Gy -equivariant (the right hand side having the obvious G, action). It
follows that the complex

M
Rip(K;M) = Ripo(Ky;Hv(M) - oR)

V2$1
can also be written as .
A !
M G ® M 0
(16) (Hy(M)- qR)™ iV Har (M) - k Ky=F
VZSI VZSI

| ot
= HdR(M):F -QR:

For an R-vector spaceW we write W* for the linear dual Homg(W;R). If W
is an A-module, then we always regard W* as an A°’-module in the natural
way.

Conjecture 1. (cf. [E][Prop. [11.3.2.5]):  There exists a long exact sequene
of "nite-dimensional Agr-spaces
2 2 i ¢g
(17) 0! HOK:M)-qRif ker@) i'* 'HAK:M®(2))- R
25 ¢,
it HAHK;M)- oR P coker(@®y) i1 'HO(K;M®@)- oR " i! O

where here 2 is the cycle classmapinto singular cohnomolayy; rg is the Beilinson
regulator map; and (if both H}(K;M) and H}(K ;M °(1)) are non-zer so that
M has weight j 1, then) + is a height pairing. Moreover, the R-dual of (@
identi es with the correspnding sequene for M “(1) where the isomorphisms

ker(®v ) 2 coker(®y s(1y); coker(®y )" 2 ker(®y =q))
are constructed in Lemma [L§ below.
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For ead prime number p we setV,, := Hp(M). Following [E, (1.8)] we shall
now construct for eat placev a true triangle in DP(A,)

(18) 0! Rit(KuiVp)! Ri(KuiVp)! Ri(KyiVp)! O

in which all of the terms will be de ned as speci ¢ complexes, rather than
only to within unique isomorphismin DP(A,) asthe notation would perhaps
suggest(we have howewver chosento keepthe traditional notation for mnemonic
purposes.)

For a pro nite group ! and a cortinuous!-mo dule N we denoteby C*(} ;N)
the standard complex of corntin uous cochains.

If v2 S; , then we set

Rit (Ky;Vp) == Ri(Ky;Vp) i= C (Gy; Vp):
We also de ne Rj =t (Ky;V,p) = 0 and we take (E) to be the obvious true
triangle (with secondarrow equal to the identity map).
If v2S; andv -p, then we set

Ri( Ky;Vp) := C'(Gy; Vp);

Rit(Kyv;Vp) := C(Gy=1y;V,") 1 C*(Gy; Vp):

We de ne Rj  (Ky;V,) to be the complex which in ead degreei is equal to
the quotient of C'(GV,Vp) by C! (G\,—I\,,VI ) (with the induced di®erertial),

and we take (@) to be the tautological true triangle. We obsene that there is
a canonical quasi-isomorphism

fi ¢
(19) Rit(Kv;Vp) Vlvillly' Vy

¢
= Vp;v iﬁ- Vo

where in the latter two complexesthe spacesare placed in degreesO and 1,
and Yis equal to the identity map in degree0 and is induced by evaluating a
1-cocycle at f * in degreel.
If now v j p, then by [E, Prop. 1.17]one has an exact sequenceof corntin uous
Gy-modules
(20) 0! Q! B%ii{i” B! 0
where here B? ;= Byis £ BJR and B! := By is £ Bgr are certain canonical
algebrasand " 1(x;y) = (x;x) and " »(X; y) = (A(x) y) are algebra homomor-

phisms. We write B® for the complex B° i| ii”? B! where the modules are
placedin degreesO and 1, and we set

Ri( Kyv;Vp) i= TotC*(Gy;B” - g, Vp);

Rit (Kv;Vp) = HYKy;B® - o, Vp):
We obsene that, sinceV, ! B - o, V, is a resolution of V,, the natural map
(21) C'(Gy;iVp) I Ri(KyiVp)
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is a quasi-isomorphism. Also, sinceRj 1 (Ky; Vp) is asubcomplexof Ri( Ky; Vp)
we can de ne Rj = (Ky;V,) to be the complexwhich in ead degreei is equal
to the quotient of the i-th term of Rj( Ky; V,) by the i-th term of Rj ¢ (Ky; V)
(with the induced di®erertial). With thesede nitions we take (@) to be the
tautological true triangle. Further, using the notation

Deris (Vo) := HO(Ky;Beris - o, Vp);
Dar (Vp) = HY(Ky;Bar - @, Vp);
FoDar (Vo) = HO(Kv;Bg - 0, V)
ty(Vp) = Dar (Vp):FODdR (Vo)
there is a commutativ e diagram of complexes

0 iiii! tv(Vp)
% %
? ?
FODgg (Vp) iiii! D g (Vo)
? ?
(0i id)y y (0:id)

d
Deris (Vp) © FODar (Vp) iiii! Deris (Vp) © Dar (Vp)
whered is induced by ( 1§ 2)- idy, sothat the lower row is Rj ¢ (Ky; Vp),
and the vertical maps are both quasi-isomorphisms.With t;(V,) denoting the
certral complexin the above diagram we obtain a canonical quasi-isomorphism
(Vo) it t(Vp)li 1]
and a canonicaltrue triangle

) i 4 C
(22) £ (Vo) ! Rit(KviVe)! Vow i1 Vi

where here 'Vp;\, iﬁ.v Vp;\,¢ = 'Dcris (Vp) ili'i " Deris (Vp)¢ and the spaces
are placed in degreesO and 1. In addition, from Faltings' fundamertal com-
parison theorem between V, and Hqr (M) over K, there exists a canonical
Ap-equivariant isomorphism

M
(23) (Hir(M)=F%) - oQp2  ty(Vp):
vip
Let now V beany nitely generated(projective) Ap,-module. If A2 Enda, (V)

and C denotesthe (perfect) complex V i!A V (with the modules placed in
degreesD and 1), then there is an isomorphismin V (Ap)

(24) [C]= [VIE V] ' 2 1y(a,)

which corresponds to the canonicalisomorphismX £ X i1 2 1 for any object
X in a Picard category Note however that if A is an automorphism and C
is therefore acyclic, then the isomorphism (@) di®ers from the isomorphism
[C] 2 1y(a,) induced by the quasi-isomorphismC ! 0 (cf. also [E, Rem.
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after (1.16)] in this regard). In the notation which was introduced in Remark
Hafter Proposition Ethis latter isomorphismis denotedby A, whereasthe
isomorphism (@) is denoted by idy: iy -

We now X a nite setS of placesof K containing S; and the placeswhere

M has bad reduction. We denote by S, the union of S and the set of places

of K above p, and we set Sy = S, nS; . We denote by Ok s, the ring of

Sp-integersin K and by Gs, its §tale fundamertal group with respect to the

previously chosenbasepoint K . For any continuous Gs,-module N we set

Ri(OK;sp;N):=C(68p;N); 1

M

Ri ¢(Ok:s,;N) := Cone@Rj( Ox.s,;N)! C* (Gy;N)A[; 1]
v2S,

where the morphism here is induced by the natural maps Gy u Gk ! Gs,.
For N =V, we set

0 1
M
1Ri ¢(Ok;s,5 Vp) = Cone@Ri( Ok s, Vp) ! Ri( Kv;Vp)A [i 1J;
0 v2S, 1

M
Cone@Rj( Ok s, ; Vp) ! Ri =t (Kv; Vp)A [i 1]
v2S,

Rif(K;Vp):

wherein both caseswe have usedthe morphism (EI) for eadh placev j p. Then
there is a natural quasi-isomorphism
Ri ¢(Ok:s,: Vp) il 1Rj ¢(Ok:s,3 Vo)

and the maps
M M
(25) Ri( Ok:s,; Vp) ! Ri(Ky;Vp) % Rit (Ky;Vp)

v2Sp v2Sp

induce a true nine term diagram

(26) L
Rit (Ky;Vp)li 1] —— Rit (Ky; Vp)li 1]
v2S, ) v2S, -
? ?
y y
Ri( Kv;iVolli 1] iiii! 1Ri ¢(Ok 5,3 Vo) iiii! Ri(Ok:s,:Vp)
v2Sy ) 5
? ?
y y k
Ri= (Kv;Vo)li 1] iiii! Ri(K;Vp) iiii! Ri(Ok:s,:Vp):
v2S,
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Note that in what follows we will systematically usethe lower left numbering
to distinguish between di®erert but naturally quasi-isomorphic versions of a
complex. When there is no danger of confusion we shall simply drop this
numbering and leave implicit the resulting identi cations.
The complex Rj ¢ (K; Vp) is acyclic outside degreesD; 1,2 and 3 and in Lemma
f[9 belon we will de'ne a natural isomorphismin DP(A;)

AV 1R 1 (K;Vp) 2 Rif (K; V(1)) i 3L

Conjecturally therefore, the cohomologyof Rj ¢ (K;V,) is completely described
by applying the following to both M and M “(1).

Conjecture 2. For both i 2 f0;1g there exists a canonical Ap-equivariant
isomorphism

(27) (M) tH{(K;M) - o Qp il H'Rj1(K;Vp):

In addition, we recall that for eadh v 2 S; the comparisonisomorphism be-
tweenH, (M) and V, inducesan isomorphismin DP(A;)

(28)  Rit(KviVp) = Ri( Ky;Vp) 2 V> [0]2 (Hy(M)® - o Qp)IO]:

3.3. Projective  A-str uctures. Let M be a motive which is de ned over
K and admits an action of the nite dimensional semisimple Q-algebra A. If
Ais an R-order in A (cf. X.9) and V is an A-module, then an A-submadule T
of V will be saidto be an "A-lattice (in V)" if it is both "nitely generatedand
full (i.e., satisesV = A- o T).

Definition 1. Let A be an R-order in A. An A-structure T on M is a set
fTy, : v 2 S; g wher, for eachv 2 S;, T, is an A-lattice in H,(M) and
for each prime | 2 Spec(R) the image T, of T, - z Z; under the comparison
isomorphismHy(M) - o Q; 2 H{(M) is both independent of v and Gk -stable.
An A-structure T on M is projective, resp. free, if each T, is a projective,
resp. free, A-module.

If M is a motive with A-action, then there always exist A-structures on M . For
example,if M = h"(X) for a smooth projective variety X de ned over K, then
there is an A-structure h"(X;A) on M sud that, foreahhv2 S; , h"(X;A)y
is the A-lattice in Hy (M) which is generated by the image of H" (3¥X (C); Z2)
for an embedding %: K ! C which correspondsto v. Howewer, there neednot
exist projective A-structures on M . Indeed, eveniif there are full projective A-
modules T, in ead spaceH, (M), it can occur that none of the corresponding
modules T, is Gk -stable (this is the caseif, for example,M = h*(E) for an el-
liptic curve E de ned over animaginary quadratic “eld A for which Enda (E) is
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the maximal order in A and A is any proper suborder of Enda (E)). Neverthe-
less,the following examplesshow that a projective A-structure on M naturally
existsin a variety of interesting cases.

Examples.

a)

b)

c)

d)

If A is an hereditary R-order, and hencea fortiori if it is a maximal R-
order, then there always exists a projective A-structure on M (cf. [E,
Th. (26.12))).

(‘The Galois case') Let L=K be a nite Galois extension, and set G :=
Gal(L=K). If M is any motive which is de ned over K, then the motive
M := h°(Speql)) - Mg hasa natural action of the semisimplealgebra
Q[G] via the rst factor. Furthermore, if T is any Z-structure on My,
then HO(Spec(L - « % C);Z) - z Tk is a free Z[G]-structure on M . Recall
here that for any embedding %: K ! C the sdheme Spec(L - k% C)
naturally identi es with the G-set8 := f¢ 2 Hom(L; C) : ¢jx = ¥g and
hencethat H°(Spec(L - k% C);Z) = Maps(§;Z) is a free Z[G]-module
of rank one.

(Cf. [@, x4, Rem. following Cor. 2]). If X is a simple abelian variety
de ned over K which admits complex multiplication over K by a CM -
“eld A, then the motive h'(X) has a natural A-action. In addition,
if the order A = Endk (X) B A, consisting of those elemeris which
presene ead lattice H 1(3X (C); Z), is Gorensteinthen eac h'(X;A), is
a projective A-lattice by [E, (37.13)] and hencethere exists a projective
A-structure on M. We note in particular that if X is an elliptic curve,
then A is automatically Gorenstein asa consequencef , 6.3].
Continuing the previous example, we assumenow that X is an elliptic
curve de ned over K and sothat A := Endk (X) is an order in an imag-
inary quadratic "eld A. Then A is contained in K and one can consider
the [K : A]-dimensional abelian variety Y over A which is de ned as
the Weil restriction of X from K to A. If moreover K=A is an abelian
Galois extensionand X is isogenousto all of its Galois conjugatesover
A then T := Enda(Y) - Q is an algebra of dimension [K : A] over A
and T := Enda(Y) is an order in T, nonmaximal at primes dividing
[K : A][Oa : A]. This is shown in [Ei][15.1.6] for maximal A but the
argumerts there extend to general A. The description of Enda (Y) in
[@][15.1.5] also shaws that H*(Y(C);Z) is a projective T-module, and
hencethat the motive M = h'(Y) over the base eld A admits a projec-
tive T-structure.

Let N be a prime number and considerthe modular curve X = X(N)
de ned over K = Q. The Hecke algeba A is a nite dimensional com-
mutativ e semisimple Q-algebra consisting of corresppndenceswhich act
on X, and H(X (C); Q) is known to be a free rank two A-space. If A
denotesthe integral Hede algebra (i.e., the subring of A which is gener-
ated by the Hede correspondencesover Z), then A is an order in A and
Mazur showsin [@, I, (14.2), (16.3), (15.1)] that H1(X (C);Z)m is a free
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module over A, for all maximal ideals m of A which do not cortain 2.
This implies that H (X (C); Z[3]) is a projective module over A[%], and
hencethat there exists a projective A[%]—structure onM.

We shall henceforthassumethat A is an order (leaving to the readerthe obvious
modi cations which are necessaryfor R-orders as discussedabove) and that
we are given a projective A-structure T on M. We assumethat p is a prime
number which satis es neither of the following conditions:

(P1) The motive Re%M has bad reduction at p.
(P2) pi 2 < minfi , QF"™" Hg(M) = 0gj maxfi - OF'Hg(M) =
Har (M)g.

Then, as explained in [B, 1.5.1], one can use the theory of Fontaine-La®aille
to de ne complexesRj ¢ (Ky;Tp) for ead placev in exactly the sameway as
for V. The sameargumerts which lead to diagram (E) can then be usedto
derive an analogousdiagram in D (Ap) in which V,, is replacedby T,, and which
naturally identi es with (@) after tensoring with Qp.

For any "nite set of primes S we write Ag for the localisation of A at the
multiplicativ e set generated by the primes in S. For i 2 f2;3g we set
H{ (K;M):= H3 (K;M*(1))® and c‘p(M) = H'(AV;)i 1i(c§i f(ME2))i L.
We now introduce an additional hypothesison the pair (M;A).

Coherence hypothesis : For ea i 2 f0; 1;2; 3g there exists a nitely gen-
erated A-module H/ (K; M ;T) and an A-equivariant map ¢' : H} (K;M;T) !
Hl(K;M) suc that ¢' - z Q is an isomorphism. In addition, there exists a
“nite set S of primes cortaining all primes satisfying either (P1) or (P2) and
such that for eac p2 S andi 2 f0;1;2; 3g there is a commutativ e diagram of
Ap-modules

Hf‘(K;M,;)T)- 2Zp i T Hf‘(K;Iv,I))- 2 Qp
9 5
e (MY Yep(M)

HIRi((K:To) 1171 HIRif(K;Vp)

in which c‘p(T) is an isomorphism.

Remark 5. This hypothesisis identical to an assumptionon integral structures
in motivic cohomology which is made in [E, x1.5], and is independert of the
choicesof both A and T. As we shall seebelow, the hypothesisis not ac-
tually required in order to formulate conjectureson special values of motivic
L -functions and is correspondingly not made in either of [E] or [@]. However,
under the Coherencehypothesis one can de ne an invariant in CI(A) without
referenceto the L-function of M, and this ties in well with the approac of
classicalGalois module theory. Indeed, in concrete casesthe A-module struc-
ture of the groupsti (K;M; T) canbe of considerableinterest (seefor example
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% x1.6]), and this structure can be studied via the conjecturesformulated in
below.

3.4. Vir tual objects att ached to motives. Let M be a motive which
is de ned over K and admits an action of a "nite dimensional semisimple Q-
algebraA. In this sectionwe x an order A in A and a projective A-structure
T on M (always assumingthat such a structure exists).

We shall henceforth usethe following notational corverntion. When referring to
the individual triangles in a true nine term diagram with equation number (n)
we denoteby (n), with ? equalto “top', "bot’, “left’, “rght', “hor' or “vert' the top,
bottom, left, right, certral horizontal and certral vertical triangle respectively.
We de ne an object ¥(M) of V(A) by setting

(29) ¥(M) :=[HP(KIM)T£ HAKM)I' £ [HAK M *(1)7]
E[HP(GM(@)T "€ £vzs, [HV(M)®] ' £ [Har (M)=F°]:

Note that this is the inverseof the space¥ usedin both [g] and [27] (becauseour
choice of normalisation for the virtual object assaiated to a perfect complex
is the inverseof that of [§, (0.2)]).

Applying the functor [] to the isomorphisms(R7), (B9), (B3), the isomorphisms

(B4), (L9) or the triangle (B3) for all v 2 S,¢ and Tally to the triangle (R8)ver,
we obtain for ead prime p an isomorphismin V(A;)

#p(M;S) 1 Ap- A ¥(M) i’ IR c(Ok;s, Vo)l 2 Ap - A, [Ri ¢(Ok s, Tp)l

which we shall also abbreviate as#,(M ) or even#,, if there is no dangerof con-
fusion. We note here that Rj ¢(Ok ;s,; Tp) is a perfect complex of A,-modules
by [@, Th. 5.1], and hencewe obtain an object

¥(M;Ty;S) = ([Ri c(OK;Sp;Tp)];¥(M);#p)

of V(Ap) £V(Ap) V(A)

Lemma 5. For another choice T° of projective A-structure on M and another
choice of the nite set of places S the objects ¥(M; T,; S) and ¥(M; T9; S are
isomorphic in V(Ap) £v(a,) V(A).

Proof. By embedding S and S° into the union S| S° we can assumethat
S u S and by induction we can then reduceto the casethat S°= S| fwg
and w - p. For any continuous Gs,-module N one has a commutativ e diagram
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of complexes

2 L 2
C*(Gs,;N) iiii! C (Gv;N)

5 v2Sp 2

2 2

y y
2 2 2 L 2
C*(Gs;N) iiii! C'(Gw;N)=C’(Gw=lw;N)© ~ C’(Gy;N)

)5 v2Sp

k ?
2 L 2
C (Gsg;N) iiii! C (Gv;N)

v2s)

which inducesa quasi-isomorphismRj ¢(Ok ;s,;N) i Cone(r)[j 1] and a true
triangle

(30) Rif (Kw;N)[i 1]! Ric(Ok;sg;N) ! Cone(r)[i 1]
whereRj ¢ (Kw;N) = C*(Gy=lw;N) is naturally quasi-isomorphicto
1j fit

(31) N iiii! N
(compare , Chap. 11, Prop. 2.3d]). For N = T, the true triangle () liesin
D (Ap). In conjunction with isomorphismsof the form (@), it thereforeinduces
an isomorphism 1: [Rj ¢(Ok :s,; Tp)l it [Ri c(Ok 503 Tp)l in V (Ap).
We have a natural map from diagram (@ to the diagram
(32) M M
Ri( OK;Sg;Vp)! Ri( Kv;Vp)©Ri=f (KW;Vp)A Rif(Kv;Vp):

v2S, v2S,

We now denote by T9(S), resp. T9, the diagram (@, resp. the true nine term
diagram which is induced by (@). Then we obtain amap A: T9(S) ! T9
which restricts to give quasi-isomorphismson all terms in the certral column.
In a similar way, thereisamap A : T9(S9) ! T9 which is moreover a termwise
surjection. The kernel of A is naturally quasi-isomorphicto a sum of complexes
(@) and hencenaturally trivialized by isomorphismsof the form (E). Since
the same trivializations are used in the construction of #,(M;S9, we have
(Ap- A, DE#R(M; S) = #,(M; SY. Hencethe pair (T;id) de hesanisomorphism

(Tiid) : ([Ri ¢(Ok s, To); ¥(M); #p) i ([Ri c(Ox;s; Tp)l; ¥(M ); #7)
in the category V(Ap) £v(a,) V(A).

Replacing T, by p"T, 1 Tp\ TJ we can assumethat T, pu T2. Then thereis a
true triangle of perfect complexesof A,-modules

(33) Ric(Ok:s,iTp) ! Ric(Okis,iTo) ! Ric(Okis,: To=Tp):

Since TP=T, is nite Rjc(Ok;s,:Tp=Tp) - z, Qp is acyclic and hence there
is a canonical isomorphism ¢o : [Rj c(OK;s,,;TS:Tp) -z, Qpl 2 1y(a,). By
[@, Th. 5.1] the classof (Rj C(OK;SP;TF?:TD);lV(Ap);C'Q) in Ya(V(Ap;Qp)) 2
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Ko(Ap; Qp) is 0. Upon unraveling the de nition of V(Ap; Qp) this meansthat
¢o 1s induced by an isomorphismy, : [Rj C(OK;SP;T,?:Tp)] 2 1y(a,)- Hencethe
isomorphism induced by the triangle (

T:[Ri ¢(Ok s, T 2[Ri ¢(Ok s, ; Tp) £ [Ri c(Ok:s,: To=Tp)]

i T [Ri o(Ok s, : Tp)]

is part of an isomorphism
(1;id) - ([Ri ¢(Ok ;Sp;T;?)];¥(M );#p) ii> ([Ri ¢(Ok ;Sp;Tp)];¥(M );#p)
in the category V(Ap) £v (a,) V(A). o

By taking the product over all\})rimes p we now obtain anYobject
¥(M;T;S)z .= ( [Ric(OK;Sp;Tp)];¥(M); #p)
Qp P
of the "bre product category b V(Ap) £° LV (Ap) V(A).

Lemma 6. If the Coherena hypothesisis satis ed, then ¥(M ; T; S)z is isomor-
phic to the image of an object of V(A) under the functor of LemmaE.

Proof. Assumethat S is a nite set of primes asin the Coherencehypothesis
and also cortaining all primes p at which A, is not a maximal Z,-order in A,.
Then As is a (left) regular ring [@, Th. (26.12)],and soany nitely generated
As-module is of nite projective dimension. As in [E (1.24)] there exists a
full Ag-sublattice Dyggr of Hgr (M) sothat for p 2 S the isomorphism (@ is
induced by an isomorphism

M
(34) (Dar :FO) -zZp2 Derwv (Tp)ZFO
vjp
wherehereDy ., (i ) is an integral version of the functor D¢ s (j ) for Ky [E p.
82]. We de ne an object ¥s of V(As) by setting
¥s = ¥s(MT;S) = [HA(K; M T)s]€ [HF(G M T)s] £ [HA(K M T)s]
EMHE(KM;T)sI T £ £v2s, [(TV)S'] ' £ [Dar=FI:

We setA%:= Qpas A,. Then the Tnite Broduct decomposition A 2 szs ApE
A® induces a decomposition V(A) 2 = o V(A;) £ V(AY, and via this we
de ne an object v
¥0:= (( [RI C(OK;Sp;TD)];A\O' As ¥S);A T As ¥s; #p £ id¥s)
p2s p2S
of V(A). Under the Coherencehypothesis, there exists a natural isomorphism
A-a ¥s(M;T;S) i ¥(M). The image of ¥° under the functor of Lemma

H is isomorphic to ¥(M; T;S); becausefor ead p 2 S the isomorphism #, is
induced by an isomorphism

#E [Ap- as ¥s(M;T;S) il [Ric(Ox s, Tp)l
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in V(Ap) (see[E] for more details). This "nishes the proof of Lemma E o

Lemma i, Lemmaf and Lemma ] now corrbine to imply that
¥(M)z = ¥(M;T;S)z

is an object of V(A) which is independert to within isomorphismin V(A) of
the choicesof both S and T. The conjectural exact sequence(@) combines
with (E) to induce an isomorphismin V (ARg)

#1 CAR- A ¥(M) 2 1y ay:
Under the Coherencehypothesis, we therefore obtain an object
Y Y

F#(M)z:;#1) = ( [Ric(Ok;s,: TOL¥(M);  #p#1)
p p

of V(A;R). Welet R-( M; A) denotethe classof this elemert in Y%(V(A;R)) 2
Ko(A; R).

Lemma 7. R-( M;A) 2 CI(A;R).

Proof. We needto show that the classof Rj ¢(Ok s, ; Tp) in Ko(Ap) vanishes,
and this follows as an easy consequencef results in . More precisely if j
denotesthe imageof Gs in Aut (Tp) and Zp[[i]] the pro nite group algebraof j,
then [fL§, Prop. 5.1] shows that there exists a bounded complex P. of itely
generated projective Zp[[j]]-mo dules and an isomorphism Rj ¢(Ok:s,;N) 2
Homz, iy (P=;N) in D(Ap) for any cortinuous, pro nite or discrete, Apli]-
module N. If § is a set of represenativ esfor the isomorphism classesf simple
Zpl[i]l-modulesand P, ! | a projec@e hull for each | 2 §, then we have
isomorphismsof Zy[[i]l-mo dulesP; 2~ ,¢ P,”“i for someintegersn;; (note
that § is nite sincej cortains a pro-p group of nite index). The A,-module
Ny = Homgz, i (Pi;N) is a direct summand of N, and henceis projective if
N is projective.

Wewrite cla, (X), resp. clz, (Y), for the classin Ko(Ap) of any perfect complex
of Ap-modules, resp. for the classin the Grothendiedk group Ko(Z,; Qp) 2 Z of
the category of nite Z,-modulesof any bounded complex of "nite Z,-modules
Y. Then if either o = Ap, orif @ = Z, and N is _nite,l there is an identit y

X X :
(35) cla (Ri ¢(Ok ;5,3 N)) = G D' cla(Ny):
128 2z
Assumenow that N 2 8. Then N, = Ofor eadh | 2 § with | 6 N, and hence
(B9) with & = Z, implies that
X _
(i 1)'nn;i 6elz, (N) = clz, (Ri ¢(Ok:s,;N))
i2z
X : .
= (i D'clz,(He(Ok5,:N)) = G;
i2z

Document a Mathema tica 6 (2001) 501{570



530 D. Burns and M. Fla ch

wherethe last equality follows from Tate's formula for the lfauler characteristic

of a nite Gs-module. Sinceclz,(N) & 0, it follows that ;,,(i 1)in.;i =0
forall | 2 8.

From (BY) with = = A, and N = T, we now deduce that
Cla, (Ri ¢(Ok:s,; Tp)) = 0O, asrequired. o
3.5. Functorialities. Let ¥2: A! B beahomomorphismbetweenorders A

and B in "nite-dimensional, semisimpleQ-algebrasA and B respectively. We
denoteby Y% : A! B the induced homomorphism of algebras. For any eld
F of characteristic 0, the scalar extension functor B - 5 i inducesa natural
homomorphism

Ya 1 Ko(A;F) ! Ko(B;F)
which sendsthe classof (X;g;Y) to that of (B - o X;1- g;B-AY). If B

is a projective A-module via ¥; then there also exists a homomorphismin the
reversedirection

%5 1 Ko(B;F)! Ko(A;F)

which is simply induced by restriction of scalars. If A is commutative and
B = M, (A) is a matrix algebraover A, then we set

10 0
(36) e:= B0 0 it O op.
0 ::::: 0

In this casethe exact functor V 7! Im(e) %2V inducesan equivalenceof exact
categoriest : PMod(B)! PMod(A) and hencealso an isomorphism

(37) 1,:Ko(B:F)il Ko(A;F):

If M is amotive over K with A-action, then wede ne B- o M to bethe motive
over K with B-action which occursasthe largestdirect factor of B- oM upon
which the left action of A on M and the right action of A on B coincide. Here
B - o M is the direct sum of [B : Q] copiesof M (seel[[L§, 2.1]). With this
de nition onehas

(38) H(B-AM)2B-aAH(M)

for H(j ) equal to any of the functors Hy(j ),Hv(i )¢, Har (i ), F"Har (i ),
Hi(i ), Hi(i )", HX(K;i ) or HA(K;i ). If now T is a projective A-structure
in M (as dened in xB.3), then eah B - 5 T, is a projective B -module and
hencea lattice in B - o Hy(M) 2 H,(B - o M). It follows that if M admits a
projective A-structure, then B - o M admits a projective B -structure.

If M is a motive over K with B-action, then it can be regarded as a motive
with A-action via Y5. Assuming that B is a projective A-module via ¥z any
projective B -lattice T, in H,(M) is alsoa projective A-lattice (via ¥}. Hence,if
in this caseM admits a projective B -structure, then it alsoadmits a projective
A-structure.
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Supposenow that A is commutativ e, that B = M (A) for a natural number n
and that M is a motive over K with B-action. Sincethe category of motives
is pseudo-akelian (i.e., cortains imagesof idempotents) eM is a motive with
A-action. Also, if T, is a projective M (A)-lattice in H,(M), then eT, is a
projective A-lattice in eH,(M) = H,(eM). Hence,if M admits a projective
M (A)-structure, then eM admits a projective A-structure.

Theorem 3.1 a) If M admits a projective A-structure, then B - o M admits
a projective B -structure and

Ya(R-(M;A)) = R-(B-AM;B):
b) If M admits a projective B -structure and B is a projective A-module via ¥;
then M admits a projective A-structure (via %) and
¥B(R-( M;B)) = R-( M;A):
c) If A is commutative and M admits a projective M (A)-structure, then eM
admits a projective A-structure and

1a(R-( M;Mp(A)) = R-( eM;A):

Proof. In casea) the exact functor B - o i : PMod(A) ! PMod(B) induces
a monoidal functor B - o j :V(A)! V(B) and hencea natural isomorphism
[B-ail]l2 B-ali ] Togetherwith () this yields an isomorphism of virtual
B -modules

(39) B-A¥M)2¥B-aAM):

The map #, is induced by the A-equivariant isomorphismsand exact sequences

k9., @D, @9, B, £, (B4 for all v 2 Sy¢ and (RB)ver, all of which

transform into the corresponding isomorphismsand exactsequencesor B- 5 M
when tensored over A with B: this follows from the canonical isomorphisms
() together with “projection formula' isomorphismsof the type

(40) Bp- A, Ri2(X;Hp(M)) 2 Rj»(X;Bp- a, Ho(M))

for (?;X) equal to any of the pairs (c;Ok ;s,);(f;K) or (8t;Ky,). Hence, if
#5 »M denotesthe isomorphism #, for the B-equivariant motive B - o M,
then one has a commutativ e diagram

1 #
B'A,)¥(M) iiiif Bp'ApRic(gK;sp;Hp(M))

Ey @y

B M

# A
¥(B-aM)iiiii' Ric(Ok;s,;Bp-a, Hp(M)):

Moreover, the isomorphism (@) for the pair (?;X) = (¢;Ok;s,) is induced by
an isomorphism

Bp- A, Ric(Ok:s,: Tp) 2 Ric(Ok:s,:Bp- a, Tp)
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where T, is a projective Ap-lattice in Hp(M) [@ Prop. 4.2]. We deducethat
there exists an isomorphismin V(B)

¥(B-aAM)z2B - a¥M)z:

The map #; is induced by the A-equivariant exact sequence(@) which, asa
consequencef (, is transformed into the corresponding B -equivariant exact
sequencdor B - o M whenoneappliesB - o i . Sothe map#; forB- o M,
which we denote by #%- 2™ | is equal to the composite

1- #
¥(B-aM)-qR2Bg-a, (¥M)-qR)iiii! Br-arlvian 2 lvea:

Henceone has

Y%(R-( M;A)) = %((¥(M)z;#1)) = (B - A ¥(M)z;1- #1)
= (¥B-aAM)z;# 2My=R.(B- A M;B):

This provesa).

We now simply obsene that the proofs of b) and c) follow along exactly the
same lines with the role of the functor B - o | being played by the exact
functor Res : PMod(B) ! PMod(A) which is restriction of scalarsin b)
and restriction of scalarsand passageto the direct summand cut out by the
idempotent e in ¢). The analoguesof the isomorphisms() and (@) for the
functor Res arein both of these casesobvious. a

4. L-functions

4.1. Equiv ariant L-factors and 2-factors. Let A be a nite-dimensional
semisimple Q-algebra and W a pseudo-atelian, C-linear category We de ne
W, to be the category of A-modulesin W. Thus the objects of Wy are pairs
(V;A'!' Endw (V)), and morphismsin W, are morphismsin W which com-
mute with the A-actions.

We X a maximal set i(A) of non-conjugate indecomposable idempotents in
Ac. More concretely; if

Y
Ac2 My, (O);
i=1
then we can take i(A) = fey; ¢¢C; e, g where g is the matrix (@) of sizen; in
the i-th factob and 0 in all othersfactors. The functorsV 7! (im(ej)):. . r and
M) i+ 7! i':l Vi - ¢ C"i setup an equivalenceof pseudo-atelian categories

Y
(41) Wy 2 W:

i=1
If Cisasetand2:Ob(W)! C isany map which is constart on isomorphism
classesthen we get a well de ned induced map

(42) 2:0b(Wp)! C'® v 7123(m(e))
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which doesnot depend on the choice of i(A) and is constart on isomorphism
classes.

We now supposegiven a motive M over K with an action of A. For any non-
archimedean, resp. archimedean, placev of K we let W, be the category of
complex represenations of the Weil-Deligne group, resp. of the Weil group,
of K, @] In order to apply the preceding considerationsto W, we needthe
following

Conjecture 3. (Compatibility) For any nite place v of K, any rational
prime | -v and any emiedding ¢, : Q; ! C consider the object H|(M) - g, C
of Wy.a. Then the isomorphism class of the Frokenius semisimpli cation f@
(4.1.3)] of H|(M) - ., Cin Wy.4 is independentof the choicesof | and ..

Remark 6. If A is a number "eld, then this reducesto the compatibility con-
jecture formulated in [(5, (4.2.4)].

Let K(C) be the multiplicativ e group of meromorphic functions on C. As in
[@] one attachesto any V 2 Ob(W,) an L-factor L, (V;s) 2 K(C) and an 2-
factor 2,(V;s;Ay; dxy) 2 K(C) (also depending upon a choice of Haar measure
dx, on K, and of an additiv e character A, : K, ! C%). Assuming Conjecture
Ewe use (@ to assaiate to the pair (M;A) equivariant L-factors L,(aM;s)
and equivariant 2-factors 2, (a M ;s; A, ;dxy) in K(C)'(*), and we view theseas

meromorphic functions with valuesin v

(43) CA) 2 3(Ac)23(A)- qC2 C:
¥2 Hom( 3 (A);C)

We then de ne
Y

2(AM;s) = 2,(aM;s; A, dxy)

g(aM;s) = Lv(aM;s)

where the products are taken over all placesv of K and A,, dx, are chosenas
in [#3, (3.5)]. We also set

L1 (aM;s):

Y

Lv(aM;s)
VZSI
and for any nite setS of placesof K v
Ls(aM;s) = Lv(aM;s):
vZS
We usually abbreviate Ls, (aM;s) to L(aM;s). We obsene that the product
for L(aM;s) convergesin a half plane Re(s) >> 0 and that in the product
for 2(aM;s) almost all of the terms are equal to 1. If there is no danger of

confusion we shall often suppressthe dependenceon A and so write L(M;s)
etc.
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Remark 7. Following [@ Rem. 2.12]one can de ne the L-factors Ly(aM;s)
in a more direct way than the above, and this allows oneto assumea slightly
wealer compatibility than that of Conjecture E To be more precise,for eah
“nite place v of K of residue characteristic p and any prime | 6 p, one con-
sidersthe A;-module V; := H|(M)'v together with its action of the Frobenius
automorphism fy 2 Enda, (V). Under the assumption that

_ ¢
Pu(Hi(aM); X) := detreds, ' 1; fiLeXjVi 2 3(A)X]:

belongs to 3(A)[X] and is independert of the choice of I, one can de ne
Lv(aM;s) to be equalto Py,(H;(aM);NvVi %) 2 3(Ac) for eadh s 2 C. We
obsene that the above assumptionon P, (H,(a M ); X) is a consequencef Con-
jecture E and conversely that it implies ConjectureE if H /(M) is unrami ed
at v.

Lemma 8. If sis real, thenL,(aM;s); 2(aM;s) and Ls(aM;s) all belongto
3(A)- @R = 3(AR).

Proof. For any ® 2 3(Ac) we denote by ®;, its ¥scomponert under the iso-
morphism (@). If ¢ denotescomplex conjugation the isomorphism (@ iden-
ties 3(A) - g R = 3(AR) Y2 3(Ac) with the set f(®)j®uy, = c(®)g. If
v is non-archimedean and s is real, then L, (aM;s) belongsto this set be-
causePy(H;(aM); X) has coexcients in 3(A). Since the action of c is con-
tinuous, the sameis therefore true for Ls(aM;s). If v is archimedean and
s is real, then L,(aM;S)s, 2 R since the j-function is real valued for real
argumerts. On the other hand, if V 2 Ob(W,) arisesfrom a R-Hodge struc-
ture then there is an isomorphism V¢ 2 V in W, given by complex conjuga-
tion of the coexcients. Finally for any v, V 2 Ob(W,) and s 2 R one has
2(Ve;s;AS; dxy) = 2(V;s;Ay;dx,)¢ by [R5, 3.6]. If V = Vj, arisesfrom M and
%2 Hom(3 (A); C)Ywe have V3§ = Vesy, an\((j

2(AM;9)5, = 2(VapsiAvidxy)® = 2(Vy s AL dxy) = 2(AM ) S)esy,
\ \%
where this last equality follows becauseA¢ and dx, also satisfy the conditions
of [45, (3.5)]. o

4.2. The extended boundary homomorphism. Recall that the reduced
norm homomorphism nra, : K1(Ag) ! 3(Ar)f is injective but not in gen-
eral surjective (cf. Proposition @). In this section we de ne a canonical
homomorphism 3(Ag)2 ! CI(A;R) which upon restriction to im(nra,) is
equal to the composite #; . nrg:, where here #;  is the homomorphism
K1(Ar) ! CI(A;R) which occursin diagram ([4). This construction plays a
key role in the formulation of conjecturesin the next section.

Lemma 9. There exists a canonical homomorphism
Fr1(AR)E ! CI(AR)
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which satis es iiA;R(nrAR(x)) = ii;R(x) for eachx 2 K1(AR).

Proof. In conjunction with the equality (ﬂ), the Weak Approximation Theorem
guaranteesthat for ead y 2 3(AR)% there exists an elemen | of 3(A)E sudh
that )y 2 im(nra,). For ead prime p we alsoview , asan elemert of3(Ap)£ =
im(nra,), and we then set

. X .

(44) B = He0riiy) i 0, (k1)) 2 CIAR):
P
Here we view K 1(Ap)=im(K 1(A;)) as a subgroup of CI(A;R) via the isomor-
phism (@) and the inclusion (E). The sum is taken over all primes p but
is nite since for almost all p both |, 2 3(A,)f and nrg3(3(Ap)£) is con-
tained in the image of K 1(Ap). If , %is any other elemen of 3(A)£ such that
% 2im(nra,), then () implies that ,=, 92 im(nra). Hence,if 3%.5(y)°is the
elemen (@) formed with respect to , ®rather than _, then
ZRO T BrW°= BrOrh2(= N0 %o, (rh1(=9)
P

and this di®erenceis zero since both terms on the right hand side are equal
to i—}VQ(nrk1 =, 9). It now only remains to ched that the assignmen y 7!

Q}\;R(y) is @ homomorphism, and this is easyto verify directly. o

4.3. The main conjectures.  We cannow formulate the certral conjecture of
this paper. This conjecture is a generalisationto non-commutativ e coexcients
of [, Conj. 4] (which in turn generalizedthe certral conjecturesof [, R0, B7)).

Conjecture 4. Let M be a motive which carries an action of the nite-
dimensional semisimple Q-algeba A, and let A be any order in A for which M
admits a projective A-structure. Assumethat (M;A) satis es the Coherence
hypothesis.
(i) L(aM;s) can be analytically continued to s= 0.
(i) Regarding ords—g L(a M ;s) as a locally constant function on Spec@(Ac))
one has

ordsso L(aM;s) = rma(HHK;MZ@)") i rra(HP(K;M(1))")

where the map rr is as dened in X2.6.
(i) (Rationality) Set

L%(aM:0) := s“lmosi ords=o L(AM;S)L(AM :s) 2 3(AR)£;
L(M;A) =% (L°(aM;0)) 2 CI(A;R)
and
T-(M;A) = L(M;A)+ R-(M;A) 2 CI(A;R):
Then T-( M;A) 2 CI(A; Q).
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(iv) (Integrality) T-( M;A) = 0.

Remark 8. It is possibleto formulate an equivalent conjecture without assum-
ing the Coherencehypothesis (which was required to de ne R-( M;A)). To
do this, we note that the pair (¥(M);#, ) represens an object of V(A; R) :=
V(A) £y (an Po, and we consider the Mayer-Vietoris sequencefor this bre
product

¢e¢! Ki(AR) I Yo(V(AR) ! Ko(A)! Ko(Agr)! ¢¢
Just asin the proof of Lemmafj, we let ;| 2 3(A)® be any elemen such that
,L ?(aM;0) belongsto im(nra.). Then Conjecture E(iii) is equivalert to

Conjecture 5. In %(V(A; R)) onehas[¥(M);#; ]+ i(nrki(,L “(aM;0)) =
0:

It is clear that this conjecture does not involve ¥(M)z. Further, as a conse-
guenceof the de nition of + and the de nition of isomorphismin the category
V (A; R), Conjecture E implies the existenceof an isomorphismin V (A)

#0) DY (M) 2 1y (n)

which mapsto j nrg:(,L (aM;0)) £#; in V(AR). Sincethe map K,(A) 2
Ya(V(A) ! % (V(AR)) 2 K1(AR) isinjective, the isomorphism#(.) is unique.
One can therefore de ne an object

»(M;Ap;, ) = ([Ri o(Ok s, s To)l (#C) - Qp) £#) 1)
of V(Ap; Qp) and formulate the following

Conjecture 6. Assuming Conjecture E the class
T-(M;Ap) = (M A, )i %40, (MR 2(,)
vanishesin %(V (Ap; Qp)) 2 Ko(Ap; Qp).

Under the Coherence hypothesis (and Conjecture E) one can show that
T-( M;A,) is equal to the p-componert of the element T-( M;A) of Ko(A; Q)
under the decomposition (E). This implies that, under the Coherencehy-
pothesis, Conjecture E is valid for all but "nitely many primes p, and that its
validity for all p is equivalert to the validity of Conjecture fiv).

Remark 9. In this remark we assumethat A is commutativ e. Then Proposition
@ implies that the Picard category V(A) is equivalent to the category P (A) of
gradedinvertible A-modules. Henceone canwork with the graded determinant
functor and the category P(A) to formulate conjectureswhich are equivalent
to those of Conjecture J. This is the approach taken in [f], and also in [R]]
and [@], exceptthat in ead of these referencesordinary rather than graded
determinants are used.
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We recall that, for any commutativ e ring R, an isomorphismin P(R) of the
form

M O
(45) Detg( Py)2 Detr (Pi)

i2l i21

is well de ned becauseonecande ne anisomorphismfor any givenordering of |

and the isomorphismssoobtained are compatible with reordering | in the same
way on both sides. (This is a consequencef standard coherencetheoremsfor
symmetric monoidal categories[@]). Howewer, if one ignoresrank data, then
(E) depends upon an ordering of | . As a consequencefor example, unless
an ordering of the set S, is speci ed the de nition of the isomorphism #, in
[E, x1.4] is ambiguous to within multiplication by an elemen = of Ag which
correspondsto a locally constart map Spec(A,) ! 8§ 1g (seealsothe remarks
in [Rd, 0.4] or 2§ Rem. 3.2.3(3) and 3.2.6] to this e®ect). It is clear that
such ambiguity cannot be permitted in the formulation of Conjecture @(iv)

becausein general” 2 Ag. By working in P(A) the de nition of #, in [E]
becomesunambiguous and the sameis true for all of the other determinant
computations in loc. cit. All computations involving the determinant functor
in both loc. cit. and [d], and alsoin the work [Rd, Pg| of other authors, should
therefore be understood to take placein categoriesof the form P(R).

Remark 10. We quickly review someof the current evidencefor Conjecture .
At the outset, we remark that any proven caseof the certral conjectures of
[@, A provides evidencefor Conjecture [ for pairs of the form (M;Z) (in this
regard seealsoRemark [L]in xf£.5). Moreover, in [[L] it is shovn that Conjecture
Eimplies the certral conjecture of Kato's paper [R1] (in all casesto which the
latter applies),andthat in the context of Tate motivesConjectureE(iv) re nesa
number of previously formulated (and much studied) conjectures. For example,
if L=K is a nite Galois extensionof number “elds, then it is shown in [[L1] that
Conjecture@(iv) for M = h%(SpeqL)) and with A equalto Z[Gal(L=K )], resp.
equal to any maximal order in Q[Gal(L=K )] which contains Z[Gal(L=K)], is
a re nement of the main conjecture formulated by Chinburg in [@], resp. is
equivalent to the so called "Strong Stark Conjecture' (that is, [loc. cit., Conj.
2.2]). In this direction, the reader can also consult [E].

We now x a Galois extension L of Q and set G := Gal(L=Q). The
main result of [@] is equivalent to the validity of Conjecture E(iv) for pairs
(hO(Spec(L))(r);M(z)) where here G is abelian, M ;) denotesthe maximal
Z[%]-order in Q[G] and r is any integer. In addition, the main result of [@
implies that Conjecture E(iv) is valid for all pairs (hO(Spec(L))(r);Z[%][G])
with G abelian and r any integer lessthan 1 (in this regard seealso Remark
@ in )@). Relaxing the condition that G is abelian, it is also known that
Conjecture E(iv) is valid for the pairs (h°(Spec(L)); Z[G]) whereL rangesover
a natural (in nite) family of "elds for which G is isomorphic to the quaternion
group of order 8 [[L7].
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The above examplescan all be regarded as providing evidencefor Conjecture
H in the setting of Example b) in x@ (‘The Galois case’). The equivariant
Birch-Swinnerton Dyer conjecture for elliptic curveswith CM by the maximal
order O of the CM-"eld, asformulated by Grossin [@], is perhapsthe earliest
integral equivariant special value conjecture in a setting other than the Galois
case. Moreover, the relative algebraic K -group K (O;R) is introduced in [@]
in an ad-hoc manner in order to formulate the conjecture (which can indeed
be shown to be equivalent to Conjecture E(iv) in all relevant cases). Some
instances of Gross' conjecture have been proved by Rubin [@] Howevwer, at
presert we are unaware of any examplesin which Conjecture E(iv) has been
veri ed in a non-Galois caseand with A non-maximal.

4.4. Functorialities. In this section we shall discussthe behaviour of the
element L(M;A), and hence(given Theorem E) alsoof T-( M;A), under the
functorialities discussedin .

We let %2: Al B beasin , and we use the notation ¥ for any of the
maps induced by the exact functor B - o i : PMod(A) ! PMod(B) or its
scalar extensionson algebraic K -groups. These maps ¥ comnbine to give a
map of the localization sequence(L1) into the corresponding sequencewith A
replaced by B. The sameholds for the maps %2 (resp. 1) induced by the
functor res; : PMod(B)! PMod(A) if B is a projective A-module (resp. by
the functor * : PMod(M,(A)) ! PMod(A) if A is commutativ e).

Our “rst result describes the functorial properties of the extended boundary
homomorphism.

Lemma 10. There exists a homomorphism % : 3(Ag) ! 3(Br)® which s
into a commutative diagram
nra AL
K (A R 3(A £ ...AxFi I(A:R
1%R)1III (2R) i C(g, )
(46) vy Yay Yoy
nr o
Ki(Br) iiiit *(Br)® iiiil CI(B;R):
The analogous statementsalso hold for both ¥4 and ! ..

Proof. For any eld F of characteristic 0 the ring homomorphism % : Ag !
B inducesan exact functor B - o, | : PMod(Ag)! PMod(Bg) and hence
also a group homomorphism% .. : K1 (Ag) ! K1(Bg). Although the reduced
norm map nra. is not in generalbijective it identies 3(Ag ) with the shea-
Tcation of the presheafF 7! K1(Ag) for the §tale topology on Spec(F). If F
is an algebraic closureof F and | = Gal(F =F), then we have

HOG  K1(Ar)) 2 HOG 2 (Ap)®) 2 HOG (3 (AR) - £ F)P) 2 3(AF)*;
and the map .. can be de'ned on 3 (Ag )£ via this formula. By construction
then, the left hand squarein (@ commutes (even with R replacedby any “