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Abstract. Jansen and HevYs { correcting an earlier paper of Dou-
glas and Kroll { have derived a (pseudo-)relativistic energy expres-
sion which is very successful in describing heavy atoms. It is an ap-
proximate no-pair Hamiltonian in the Furry picture. We show that
their energy in the one-particle Coulomb case, and thus the resulting
self-adjoint Hamiltonian and its spectrum, is bounded from below for
®Z - 1:006.
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1 Introduction

The energy of relativistic electrons in the electric eld of a nucleus of charge
Ze is described by the Dirac Operator

D- = ®¢-r +mc? | — 1)
I 14

with ° = Ze? and ®; the four Dirac matrices. The constant m is the mass
of the electron, c is the velocity of light, and ~ is the rationalized Planck
constant which we both take equal to one by a suitable choice of units. This
operator describes both electrons and positrons. In low energy processes as,
e.g., in quantum chemistry, there occur, however, only electrons. Brown and
Ravenhall [2] proposed to project the positrons out and to use the electronic
degrees of freedom only. They originally took the electrons and positrons given
by the free Dirac operator Dy. Later it was observed that it might be suitable
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to de ne electrons directly by their external eld (Furry picture). (See Sucher
[17] for a review.) This strategy, however, meets immediate ditculties, since
the projection A(o;l y(D-) is much harder to nd for positive ° than for ° = 0.
To handle this problem Douglas and Kroll [4] used an approximate Foldy-Wout-
huysen transform to decouple the positive and negative spectral subspaces of
D.. Their approximation is perturbative of second order in the coupling con-
stant °. Jansen and He% [11] | correcting a sign mistake in [4] | wrote
down pseudo-relativistic one- and multi-particle operators to describe the en-
ergy which were successfully used to describe heavy relativistic atoms (see, €.g.
[12]).

This derivation yields the operator (see [11], Equation (17))

HSXt=_e+E+%[W;O]; ()
where
p
ep) = p? + m2; €)
E = A(V+RVR)A; (4)
O = "A[R;VI]A; (5)
e+ m'
Alp) = ®2¥W (6)
— p .
. — Oo(p:p) .
WEP) = e e ©

(Note that we write pfor jpj.) HereV is the external potential which in the case
at hand is the Coulomb potential, and in con guration space it is multiplicati on
by i °=jX.

This operator { which acts on four spinors { is then sandwiched by the projec-
tion onto the rst two components, namely (1+ ~)=2. The resulting upper left
corner matrix operator J- : C3 (R®) - C2! L?(R%- C?is

Jo = Bo + °2K = ej (°=(2¥Z)K + °2K: 9)

with
(e(p) + m)(e(p%) + m) + (p ¢¥)(p°¢%)

s (10)

n(Pipi p32n(p?)
where n(p) := (2 e(p)(e(p) + M), i.e., B- is the Brown-Ravenhall operator
[2]. (See also Bethe and Salpeter[1] and Evans et al. [5]).
The last summand in (9) is given by the kernel
Z

K(pp) =i % dp®twW (p; p°9P (00 0% + P(p; p®YW (P2 P01 (11)

K (p;p% =
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with
C o _ Zatp(e(p)+ m) i (e(p)+ m)¥i¢ g
P(pip) = 2/n(pjpi PIZn(pd) (12)
and
W)= DR (13)

e(p) + e(p9

Introducing b(p) := p=n(p) and a(p) := (( e(p) + m)=2e(p))*? we get more
explicitly

K— .
(p: P9 , ’ T
_ 1 s 1 1 . 1
GO ipi PFip®i P32 e(p) + e(p%)  e(p®) + &(p
I 3/) (! 3 042 F() 3/) (1 3, 0 0
(! p 6 (! po €99 (P)A(P") P i (1 p 079 (! poo €% H(P) X" a(p")
+ a(P)b(p®)2a(p) i (! poo 639 (! po %) a(p)b(p®Ja(p®Ib(p%) : (14)
(For later use we name the expression in the “rst line of the integrand in (14)

C and the four terms in the square bracketTy;:::; T4.)
The corresponding energy in a stateu 2 C¢ (R%) - C?is

J(u):=(u;J-u) = B(u)+ °?(u;Ku) (15)

with
Z Z Z

B(u) = R3d|c>e(|o)J'U(|o)j2i i R3d|o dep"U(p)“K(p;pO)U(po) (16)

2%

It is the quadratic form J which is our prime interest.

El)'hroughout the paper we will use the following constants®. := 4 (Y% +4
| VA+24Y7 | 16)=(Y2i 4)?), °B = 2=(%2+2=Y),andd- =1 °j 4 2(3+
2)°2. Our goal is to show

Theorem 1. For all nonnegative massean the following holds:

1. If © 2 [0;°¢] then J is bounded from bellow, i.e., there exist a constant
c2 R such that for allu 2 C} (R%) - C?

J(u),i cmkuk?:

2. If °>° (, then J (u) is unbounded from below.

3. 1f°2[0;°8] then
J (u) , domkuk?:

Note that °. ¥4 1:006077340. Becausé = ®Z where ® is the Sommerfeld
“ne structure constant which has the physical value of about =137 and Z
is the atomic number, this allows for the treatment of all known elements.
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It also means that the method is applicable for all ®Z where the Coulomb-
Dirac operator can be de ned in a natural way through form methods (Nenciu
[15]). | Note, in particular, that the energy is bounded from below, even if
°c > ° > 1 although the perturbative derivation of the symmetric operator
HE* is questionable in this case.

We would like to remark that the lower bound can most likely be improved
for positive masses. In fact, we conjecture that the energy is positive foall
sub-critical °. However, this is outside the scope of this work.

According to Friedrichs our theorem has the following immediate consequence:

Corollary 1. The symmetric operator J- has a unique self-adjoint extension
whose form domain containsCg (R%) - C2 for ° 2 [0;°].

In fact for ° < ° , since the potential turns out to be form bounded with
relative bound less than one, the self-adjoint operator de ned has form domain
H l=2(R3) - C2

The structure of the paper is as follow: in Section 2 using spherical symme-
try we decompose the operator in angular momentum channels. In Section 3
we prove the positivity of the massless operators. Since these operatoese
homogeneous under dilation an obvious tool to use is the Mellin transform, a
method that previously has been used with success to obtain tight estimates
on critical coupling constant (see, e.g., [3]). In Section 4 we nd that the di®er-
ence between the massless and the massive operator is bounded. Finally, some
useful identities are given in the Appendix.

2 Partial Wave Analysis of the Energy

To obtain a sharp estimate for the potential energy we decompose the operato
as direct sum on invariant subspaces. Because of the rotational symmetry of the
problem one might suspect that the angular momenta are conserved quantities.
Indeed as a somewhat lengthy calculation shows, the total angular momentum
= 3(x£ p+ ¥) commutes with H®. In fact we can largely follow a strategy

carrled out by Hardekopf and Sucher [9] and Evans et al. [5] in somewhat
simpler contexts.

We begin by observing that those of the spherical spinors

80 1
I+s+m
2(T+s) |m| %( ) _ 1
% EEE N >g e
*+S) Im+ 5
“tms (M) = —I+ 2 (7)
. sj m+1 ( )
%%}'q e Y 3
I+s+m+1 (,) $=1i3
' 215972 'gm+ 3V
with | = 0;1;2:mand m = j 1§ ;51 + 3, that do not vanish, form an

orthonormal basis ofL?(S?)- C2. Here Y,y are normalized spherical harmonics
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on the unit sphere S? (see, e.g., [14], p. 421) with the convention thatY;x =0,

if jkj >1. We denote the corresponding index set by, i.e., | := f(I;m;s)jl 2
No;m=ilj 2501+ 2;5=83;- ms 60g. Thusanyu2 L?(R%) - C2 can
be written as X
u(p) = ' Hims (0)- tms (! p) (18)
(hm;s )21

wherep = jpj, ! , = p=p, and
X Z, z

ifim:s (P)i%dp= . ju(p)j®dp:

(ms)21 O

We now remind the reader that the expansion of the Coulomb potential in
spherical harmonics is given by

1 R X
ipi P32 pp°

where g (x) := Qi((x + 1=x)=2); Q, are Legendre functions of the second kind,
ie.,

Q(p:Fp)YI;m (! p)VI;m (! po) (19)

1=0 m=j |

R
Q@)= 3 |, 5Pt (20)
where the P, are Legendre polynomials. [See Stegun [16] for the notation and
some properties of these special functions.]

Inserting the expansion (18) and (19) into (15) yields

X
J (u) = Jis (Fims )

(km;s )21
with
Z, o212 _
Jis(f) = e(p)if (p)j%dpi Y f (p)kis (p; PIF (p)dpd®
’ 0zp oz,
+ 02 . dp ) dp¥ (p)Ki;s (p; O () (21)
and 0) 0 Oq 0
(e(p?) + m)g(5)(e(p) + m)+ pg.2s(5)p
(p% ) = p P
Kis (P P) NS0 (22)
and
Z1 0“ 1 1 T

ol 1 0
0= 22, P o o) & o)

0 00
q+2s(p%9q+23<§—00>b(p)a(p°32b(p°>i q+2s(p%aq(%>b(p>b(p°3a(p°9a<p°)

+a (290 ()amnE92a® i 6(29a.2s(P)a@bpNaEIne) : (23)
0009 {0 nqpo()mzs 0 p)b(p)a(p)b(p’) :
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The Legendre functions of the second kind appear here for exactly the same
reasons as in the treatment of the SchrAdinger equation for the hydrogen atom
in momentum space (Fléigge [6], Problem 77).] To obtain (21), we also esthat

(Y p - tms (L p) = i - 1+2sm;; s(! p) (see, e.qg., Greiner [8], p. 171, (12)). The
operatorsh;s de ned by the sesquilinear form (21) via the equation ;h .sf) =

J s (f ) are reducing the operatorH & on the corresponding angular momentum
subspaces.

3 The Massless Operators and Their Positivity

To proceed, we will rst consider the massless operators. The lower bound in
the massive case will be a corollary of the positivity of the masslesone. The
energy in angular momentum channel [; m; s) in the massless case can be read
of from (14) and is given by

Zl Zl
Jis(f) = Bs(f)+ °2 i dp . dp¥ (p)Ki;s (p; PO (p9) (24)

with

B (f

IYSZ(l) o Z1 Z, H D 0 f

= pf@idpi o dp  dp¥ (D) a(Sy)+ geas(y) F(P) (25)

0 2Ya o 0 p p
and
21 00“ 1 1 T

1
Ri;s (p; %) = 82 , dp p+ poo+ p0+ O

P P Py P%
Q+25(p—OQQ+2s(F)| q+23(p_oc>0‘(E)
Py, P, P P
+Q(p70&O‘(E)I Q(EQQ+ZS(E) : (26)

Using the simpli cations of Appendix A, Formulae (57) and (59) we get

z 1 dpoop-

1 00
R (P = gz o 0Galy :

)i Q+2s(—QQ(gO)
p° poo =t p? q
p pOO p pOO
iQ(p_O&q”S(EH Q+23(p_0(;)Q+25(F) D (27)

Since the operator in question is homogeneous of degree minus one we Mellin
transform (see Appendix B) the quadratic form "5 . If we write this form as a

functional J f; of the Mellin transformed radial functions f# , we get
. ) Z 1 _ _

¢ dt % (t+i=2) "F*(t)  (28)

3
I P
= By, A

i
NI =
s 2 M
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where Bﬁs is the Brown-Ravenhall energy in angular momentum channel I{ s)
in Mellin space, i.e.,

Z, h o i
Bls(@=  dtjg(t+ =2)° 1i 5(V(0)+ Viees(0) (29)
ith - —
" r > 15 a1 it 02
O O R e (30)

2

(see Tix [19] [note also the factorp 2=Y,which is di®erent from Tix's original
formula]) and

3

SEOE P o, q (ti i=2)i q,s(ti i=2) . (31)

Formulae (29), (30), and (31) are obtained from (24), (25), and (27)using the
fact that the occurring integrals can be read as a Mellin convolution which is
turned by the Mellin transform into a product (see Appendix B, Formulae (61)

and (63)).

Note that V; is the Coulomb potential after Fourier transform, partial wave

analysis, and Mellin transform.

3.1 Positivity of the Brown-Ravenhall Energy

To warm up for the minimization of J|; we start with BJ; only. To this end
we rst note

Lemma 1. We have
Vit (1) - M+ (0) - Vi(0): (32)

Note, that this is similar to Lemma 2 in [5].

Proof. First note that g, o, ::: which follows from the integral represen-
tation in [21], Chapter XV, Section 32, p. 334. This implies

- - Z — z
- -1 =t e dp— 1 T d
oy (ti =27=p—=  qu@P " p=  au(®
2Y_ o p 2% o p
P50 q(p)?
which implies the lemma. O

Theorem 2. Forall u2 C} (R® - C? and m=0 we haveB , 0 if and only
if © . ©°B.
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Proof. Note that

Yo 2

Vi) + Viszs(t) - Vo(0) + V2(0) = 5+ 7 (34)
Thus Z 1 , u LM ” Zﬂﬂ
# ; i—9\i .
B.s(9) . . dtjg(t+i=2)]" 1j 5 3 + 7 (35)
which implies that the energy is nonnegative if° - 2=(Y4=2 + 2=%). O

We remark that Theorem 2 was proved by Evans et al. [5]. However, sinceg
can be localized att = 0, our method shows that Inequality (35) is sharp, i.e.,
the present proof shows also the sharpness 6, a result of Hundertmark et
al. [10] obtained by di®erent means.

Since | according to Tix [19] | the di®erence of the massive and massless
Brown-Ravenhall operators is bounded, Theorem 2 shows also that the energy
in the massive case is bounded from below under the same condition dnas
in the massless case.

3.2 The Jansen-Hess Energy

We now wish to treat the full relativistic energy according to Jansen and He¥%z as
given in (28) through (31). From these equations it is obvious that the energy
is positive, if the coupling constant ° does not exceed 2, since the additional
energy term is non-negative. However, as can be expected, the critical coupling
constant is in fact bigger, i.e. we want to prove Theorem 1 in the massless cas

Lemma 2. Forall u2 C} (R®)- C2, m=0,and° - °; we have(u;J u), O.
Moreover, if °>° , then J is not bounded from bellow.

Proof. We write the energy density in Mellin space as given in Equations (28)
through (31) as

o 02
s (=10 SO+ VissO) + 5 MO Visz s(1)?: (36)

As in the case of the Brown-Ravenhall energy we want to show thajs attains
its minimum for | =0 and t = 0.

First we note, that j.s(t) = ji+2; s(t) which means that we can restrict the
following to s=1=2, i.e., t0 j|. 1.

Next we show that it is monotone decreasing inl. For ° - 4=Y%we have

0 11 W0 11 SV 11 ZUO1 gVez () -

L+ JVia (07 2V Vi (0
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where use successively (64), (32), Lemma 6 in Appendix C, and the positivity
of the V. Inequality (37) is { after multiplication by °((M(t) i Vi+2 (1))=2 {
identical with the desired monotonicity inequality

Jie12=2(1) L Ji1=2(1): (38)

For later purposes we note that functionsj,. -, are symmetric about the origin.
Next we will show that the energy density has its absolute minimum at the
origin: to this end we simply show that the derivative of j.1=, iS nonnegative
on the positive axis, if ° - 2=(%=2 + 2=%) which is bigger than 4=% Since

z 1

No® i Vi (@001 w) = Vo) V)= 2 2
0 X 2 Lp
we have o
1+ (VD) i Vi) - 0 (39)
and obviously we have
1 (% () - o (40

Thus the derivative of the energyjo.1=, is

8120 = Sl VD T VD + S(Vo(®) | VAO)VD) | V)]
= SEVEO 1+ (0 i Va0 + VL 1§ 5(%() | Va(D)lg. O (41)

sinceVy and V; are symmetrically decreasing about the origin (see Appendix
C).
Finally, the polynomial

°“1/4 Zﬂ °2u1/4_ 21]2

j0:1= =1i = —+ — + — =z
jou=2(@)=11i 5 S+ ¢ * 5 S0y
is nonnegative for° - °. as de ned in the hypothesis. Thus, we have

jis(t), jo1=2(0), O

4 Lower Bound on the Energy According to Jansen and HeVa

To distinguish the massive and the massless expressions we will indicate ihis
section the dependence their on the massn by a superscript m, if it seems
appropriate.

The goal of this section is to show Theorem 1 for the massive case. We proceed
by enunciating the following lemmata.
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Lemma 3 (Tix [18, 20]). Forallu2 C} (R®- C>m, O,and° - °B then
B(u), m(1j °):

Lemma 4 (Tix [19]). The expressionjB™(u) j B °(u)j is bounded foru 2
Cd (R® - C2.

Lemma 5. For all m, Oand for all u2 C} (R®) - C2 we have
K™ (u) i KO(u)j - mdkuk? (42)
whered := P 2(12 +2572),

We note that the rst part of Theorem 1 follows from Lemmata 2, 4, and 5.
The third part is a consequence of Lemmata 3 and 5.

Proof. First we remark that
supfid ™(u) jJ °(u)jjkuk=1g= m supfid *(u)iJ °(u)jjkuk=1g:

Then it is enough to start bounding j(u; Ktu) j (u; K°u)j: By the mean value
theorem we have

iKY p:pd i Ko(ppdi- . iD( ppdi (43)

for some! 2 (0;,) where, 2 (0;1) is a deformation parameter andD (; p; p9
is the derivative of K™ (p; p°) with respectto *. Computing the derivative yields

iD(% pipdi = & dp®¥ (4 p; p% p)— (44)
with
F( p;p°9pf) pc i o1y
= s @t Tor ARSI g s

where C and Ty;:::; T4 are de ned right below (14). Note that a(p)? - 1 and
b(p)? - 1=2, i.e., by the de nition Ty;:::; T4 - 1=2. Furthermore we note that
@cC_ i, 1
@, E@EIipi p"[‘?fjpooi py?

1 1 T

EM+ E@EYEM)  (EPY+ EMEM

First we treat %C(T1+ 11+ T4). We get using the above estimates oy through
T, and (46)

(46)

2 1 H1 1‘"

— - - +
Ppi pOf2jp%; pY2 p+ p%  poo+ po
(47)

%C(Tl + ok Ta) (% P p%pd—
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Next we treat C @T1**T4) T this end we note

e — s
@~ P %@ 2 )
@ " " ZE@p® E@+. 4
and - - s
@b - EM+. 1.
0P ok )
Thus
. T i+ T .
JCW(E p; P P9j
3 1 oy 1 Ty o T
e + —+ (50)

7o) PP PR pr p© por P p po

We now bound the integral operator K j K by a multiplication operator:
First pick ® 2 R. Then we have | using the symmetry of F(%; p;p°p9 in p
and p° for xed p®|

Z Z E
dp® dp  dpu(p)°F (% p; P PYu(p?)-
z z z

dp®  dpju(p)j? dDO—E,— F mp%pdi B

Ly

j(u (Kt KOu)j =

where we used the Schwarz inequality in the measurdpdp® in the last step for
“xed p° Now using the estimates (47) and (50) and collecting similar terms

yields
Z Z Z -

1
PP R N . 2 00 o_P—
J(uy (|'<~ | K )u)] 25:2(21@)2 dp]u(p)J dp " dp po |

1 "1 1 "3 2tve 3
jpi p°9?jp%% P2 p+ p® p%+po  p po  po

where we claim the last line to be bounded by 32(12 + 2)v4, i.e.,

j(up (K KOu)j - "2 dpju(p)j*(12 +2°7): (53)
To show the above bound we break the integral into three parts
| = z dpooZ dp()“pﬂ@ 1 Hoyg L1 f 1
' PO ipi PP pg2 p+ p%  p%+ po p’
Z Z L Te H 1
100.=  gp® gp? P 1 1 + 1 1. (54)
' PO, ipi P°9Ap%%i p92 p+ p%  poO+ po_ poo
Z Z L Te M 1
19:=  dp® dp° L 1 t 1 1:
PO jpi PP pj2  p+ p%@  p%+ po po
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We will also use the following integral (see [13], p.124)

z o Tidvega . il
o 1 1 i( 52 i —5)
= dp- _ = 12 2 = _2 .
() R pJei pjZ p s i2i %)l %) 9

where e is an (arbitrary) unit vector in R3 and ~ 2 (1;3). We observe that
each of the integrals in (54) do not depend on the value op (what becomes
evident after substitution of p®! pp®and p®°! pp®. So picking p = 1 and
doing p°! p°}Pin each integral in (54) we nd

Z Z u 91 Y A
I = dp® dp° 1 e 1 p” £ L - 2(®)%
PP jui p°92ju®% pg2 1+ p% 1+ p° ’
Z Z u o e Y A
IOO: deO de 1 1 1 + 1
PP jui p°92jud% pg2 1+ p%  pR1+ p9
(@2 +7( @) ( ®+1);
z(% (u)(ﬂ®) Y A
1= dp® dp° 1 1 1 + 1
PP jui p°92juo% p92  pA1+ p°  pPO{L+ P9
- 2(®+1)%
(56)

We choose® = 3=2 and using (55) we obtain the same bound for each integral,
namely 32%. Equation (53) proves Lemma 5 and follows by using the latter
bound in (52). O

A Some Useful Integral Identities

Supposef (x) = f (1=x) and supposef (x)=(1+ x) is integrable on (0;1 ). Then

Z 1 z 1 1
PO = Tg o1 7 TG (57)
o 1+X 0o X 2 X
To show (57) we split the rst integral
ZlOI—Xf(x) X +Zld—xf(x) X —Zld—xf(x)
0 X 1+x ;X . 1+x X 7
bodx td td ! dx

= 7f (X) i

0 0= Wi 00 (68)

1

where we used the invariance under inversion df for the rst and third equality.
Next we wish to simplify the kernel j.s. To this end we use again the abbrevi-
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_ o igi 4t _
ation g(x):= Q 3 x+ 3 asin(26). We claim

1 (pip?)
i)l deOl‘l p pOO p pOOﬂu pOO pOO ﬂ
70 Wp q(P_ann(F)Jr O’“(p_OO)Q(E:] p+ p®" oo+ po 9)
1 deO p pOO

p pOO
poo Cl(pfoc)om(@)*' q“(pTJQ(E)
To prove this we take the integral with the complete rst factor times the
“rst summand of the second factor {we namel{ and the integral over the
complete “rst factor times the second summand of the second facton,,. In |
we substitute p®! pp”®whereas inl, we substitute p®! p%° This yields
using (57)

Zl " I-l ﬂ
1 dOO 0
i) = 11+ 12= 3 % a (") o %b
N °p11 H g ol ,
+ on (Pg p"o@ ta - o (%9 + O p"g a(p®y : (60)

Undoing the substitutions yields the desired result.

B The Mellin Transform

The Mellin transform is a unitary map from L?(R*) to L2(R) given by the
formula
1 4 .
f#(s) = Po, (PP 2 dp:
0

N

The Mellin convolution of two function f and g is de ned as

Z, u v
t20)p= f P g (61)
0 q q

If f 2 C¢ (R"), then f# extends to an entire function, and we have
(p°f)* (s)= 7 (s + i®): (62)

We also have
(F29)* (5= " ZUf* ()¢ (9): (63)

Both, (62) and (63), can be veri ed by direct computation.
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C Some Properties Related to the Partial Wave Analysis of the
Coulomb potential in Mellin Space

We “rst remark the follow property on the di®erence of V; and Vi .
Lemma 6. For | =0;1;2;::;: andt 2 R we haveVi,;, (t) <V, (t).

Proof. From the de nition of V; in (30) we see that the claim is equivalent to

E.||I+1'it¢? 5'|+3'it¢:2
. 2 N . 2 ¢ -
_i I I+22' it _i I |+42' it

This, however, can be easily veri ed using the functional equation j(x + 1) =
Xi( x) of the Gamma function in the numerator and denominator of the right
hand side withx = (1+1j it)=2andx =(1+2j it)=2. O

From the de nition of the V, and from Formulae 8.332.2 and 8.333.3 in [7] one
‘nds Vp and V; in terms of the hyperbolic tangent and cotangent:

Tg(vat2)
t
t
1+1t2

Moreover, both of these functions are decreasing symmetricly about the origin.

Vo(t) (64)

Vi (1) Ctg(Vat=2): (65)
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