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0. Int r oduc t ion

The Witt group is the classical invariant classifying symmetric spaces, up to
isometry and modulo metabolic spaces,seefor instance [12] for rings and [11]
for schemes. The Gersten conjecture for Witt groups, stated by Pardon in 1982
[16], claims the existenceand the exactnessof a complex GWCa(R):

0 ! W(R) ! W(K ) !
M

x 2 X ( 1 )

W(· (x)) ! : : : !
M

x 2 X ( n ¡ 1 )

W(· (x)) ! W(· (m)) ! 0

where (R; m) is an n-dimensional regular loc al ring in which 2 is invertible;
we denote by X = Spec(R) the spectrum of R, by X (p) the primes of height
p, by · (x) the residue ¯eld at a point x 2 X , and by K = · (0) the ¯eld of
fractions of R. We call GWCa(R) an augmented Gersten-Witt complex. In [5]
Balmer and Walter constructed a Gersten-Witt complex

GWC(X ) := : : : ! 0 ¡ !
M

x 2 X ( 0 )

W(· (x)) ¡ ! : : : ¡ !
M

x 2 X ( p )

W(· (x)) ! : : :

for general regular schemesX , not necessarily local or essentia lly of ¯nite type,
as part of the so-called Gersten-Witt spectral sequence. We will recall these
constructions in Section 3. The augmented Gersten-Witt complex that we
consider here is simply their complex GWC(R) augmented by the natur al map
W(R) ! W(K ). Our main result is Theorem 6.1 below, which says:
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T heorem . The augmented Gersten-Witt complex GWCa(R) is exact for any
equicharacteristic regular local rin g R, i.e. for R regular local containing some
¯ eld k.

If the ¯eld k can be taken in¯nite with R essentia lly smooth over k, this has
already beenproven by Balmer [4] and independently by Pardon [17]. Here we
extend this result ¯r st to essentia lly smooth local algebras over ¯nite ground
¯elds k. Then we extend it to regular local algebras which are not essentia lly
of ¯nite type to obtain the above Theorem, following a method intr oduced by
Panin [15] to prove the equicharacteristic Gersten conjecture in K -theory.
Although thesestrategieshave already beenusedfor other theories, their appli-
cation to Witt theory has not beenrapid. For instance the Gersten conjecture
for K -theory was proven by Quillen 30 years before the analogue for Witt
groups. The most signi¯ca nt problem was that until recently [2] [3] [4] [7] it
had not been established that Witt groups were part of a cohomology theory
with supports in the senseof Collio t-T h¶elµene, Hoobler and Kahn [6]. It is ba-
sically this observation which led to the proof of the conjecture for essentia lly
smooth local algebras over in¯nite ground ¯elds by means of a geometric proof
whoseroots reach back to Ojanguren's pioneering article [13].
Let us explain the general strategies to

(1) Go from in¯nite ground ¯elds to any ground ¯eld.
(2) Go from essentia lly smooth local algebras to any regular local algebra.

Thestrategy for proving (1) is seemingly due to Collio t-T h¶elµene,cf. [13], p. 115.
One considers in¯nite towers of ¯nite ¯eld extensions k ½ F1 ½ F2 ½ : : :; the
result holds \ at the limit" by assumption, henceholds for some ¯nite extension,
and ¯na lly it holds for k itself by a tr ansfer argument.
The strategy for proving (2) is due to Panin [15] and relies on results of
Popescu[18] [19] which imply that any equicharacteristic regular local ring R
is the ¯lter ed colimit of essentia lly smooth local algebras over some ¯eld k ½ R.
There is usually no hope of getting this limit to commute with Gersten-type
complexesbecause the morphisms in the colimit may be pretty wild. Panin's
tr ick consists in ¯nding a statement in terms of Zariski cohomology which is
equivalent to the considered Gersten conjecture (he did it for K -theory) and
then using a theorem of Grothendieck [1] asserting that the colimit and the
cohomology commute.
We follow these strategies for Witt groups. The main di®erencebetween the
usual cohomology theories(such asK -theory) and Witt groups is that the latter
dependnot only on a schemeor a category but alsoon a dualit y functor E 7! E ¤

and bidualit y isomorphisms $ E : E »= E ¤¤ . Most schemes and categories
which one studies this way come equipped with numerous choices for (¤; $ ).
For instance one can twist the dualit y functor for vector bundles by a line
bundle, one can useshifted dualities for chain complexes,and one can change
the sign of the bidualit y isomorphisms. When one wishesto apply a geometric
argument with a pullback or a pushforward along a map ¼: Y ! X one has
to worry about which dualities on X and Y correspond for the construction in
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question. Pushforwards (or tr ansfers) in particular are not yet widely available
(although some of the authors are working on it). Nevertheless, things have
reached the point where one understands enough to construct the Gersten-
Witt complex (Balmer-Walter [5]) and to tr eat pushforwards along a closed
embedding Spec(R=f R) ,! SpecR of spectra of regular local rings (Gille [7]).
This allows us to carry out (1) and (2).
Another reason we write this paper is that Panin's strategy for (2) is still quite
new and has not yet been assimilated by the communit y. We hope that our
exposition of this method will aid the processof digestion.
Note that our proof of the Gersten conjecture is independent of Ojanguren's
and Panin's work [14] and hencewe get a new proof of their main theorem,
namely the purit y theorem for equicharacteristic regular local rings. Neverthe-
less,the present work is more a generalization than a simpli¯ca tion of [14] since
the various piecesof our proof (geometric presentation lemmas, tr ansfers, and
Panin's tr ick) are of similar complexity.
Apart from the ideas described in this intr oduction, our basic technical device
is the recourseto trian gular Witt groups[2] [3], namely Witt groups of suitable
derived categories.

We would like to thank Winfr ied Scharlau and the Sonderforschungsbereich
of the University of MÄunster for their precious support and for the one week
workshop where this article was started.
The thir d author thanks very much for the support the TMR Network ERB
FMRX CT-97-0107, the grant of the year 2002 of the \ Support Fund of National
Science"at the Russian Academy of Science,the grant INTAS-99-00817, and
the RFFI-grant 00-01-00116.

1. Not at ions

Convent ion 1.1. Each tim e we consider the Witt group of a scheme X or
of a category A , we implicitly assume that 2 is invertible, i.e. that 1=2 is in
the ring of global sections ¡( X ; OX ), respectively that A is Z[1=2]-linear. Of
course, this has nothing to do with \ tensoring outside with Z[1=2]" and our
Witt groups might very well have non-tr ivial 2-torsion.

Let X be a noetherian scheme with structure sheaf OX , and let Z be a closed
subset. For a complex P of quasi-coherent OX -modules we de¯ne the (homo-
logical) support of P to be

supph(P) :=
[

i 2 Z

supp
¡
H i (P)

¢
:

We denote by M X the category of quasi-coherent OX -modules and by PX the
category of locally free OX -modules of ¯nite rank. We denote by D b(E) the
bounded derived category of an exact category E. Let D b

coh (M X ) be the full
subcategory of D b(M X ) of complexeswhosehomology modules are coherent,
and let D b

coh; Z (M X ) be the full subcategory of D b
coh (M X ) of thosecomplexes
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whose homological support is contained in Z . The symbol D b
Z (PX ) has an

analogous self-explanatory meaning. For any positive integer p ¸ 0 we set

D b
Z (PX )(p) :=

[

codim W = p
W ½ Z

D b
W (PX ):

The category D b
coh; Z (M X )(p) is de¯ned similarly.

Remark 1.2. We shall usehere the following standard abbreviations:

(1) When Z = X , we drop its mention, as in D b(PX ) to mean D b
X (PX ).

(2) In the a± ne case, X = Spec(R), we drop \ Spec", as in D b
coh (M R )(p)

which stands for D b
coh (M Spec(R ) )(p) .

(3) If X = Spec(R) and Z = V(I ) is de¯ned by an ideal I ½ R, we
replace \ Z " by \ I " , and even further we abbreviate D b

f (PR ) instead of
D b

f R (PR ) where f 2 R.

2. T riangula t ed cat egories wit h dualit y and t heir Wit t gr oups

When not mentioned, the referencefor this section is [2].

A trian gulated category with duality is a tr iple (K; ]; $ ), where K is a tr ian-
gulated category, ] : K ! K is a ±-exact contr avariant functor (± = § 1) and
$ : idK ! ]] is an isomorphism of functors such that idM ] = ($ M )] ¢$ M ] and
$ M [1] = $ M [1] .

Triangular Witt groups. We can associate to a tr iangulated category with
dualit y a series of Witt groups Wn (K), for n 2 Z. The group Wn (K) classi¯es
the n-symmetric spacesmodulo Witt equivalence. Here an n-symmetric space
is a pair (P; Á) with P 2 K and with Á : P »¡! P ] [n] an isomorphism such
that Á] [n] $ P = (¡ 1)

n ( n + 1)
2 ±n Á. The isometry classesof n-symmetric spaces

form a monoid with the orthogonal sum as additio n. Dividing this monoid by
the submonoid of neutral n-symmetric spaces(see[2] De¯nitio n 2.12) givesthe
n-th Witt group of K. Thesegroups are 4-periodic, i.e. W n (K) = Wn + 4(K).
The classof (P; Á) in the Witt group is written [P; Á].

Derived Witt groupsof schemes. Let X bea schemeand Z ½ X a closedsubset.
The derived functor of HomO X ( ¡ ; OX ) is then a dualit y on D b

Z (PX ) making
it a tr iangulated category with 1-exact dualit y. We denote the corresponding
tr iangular Witt groups by Wn

Z (X ) and call them the derived Witt groups of
X with support in Z . The abbreviations intr oduced in 1.2 also apply to this
notation, like Wn (X ) for Wn

X (X ). The comparison with the classical Witt
group of the scheme X de¯ned by Knebusch [11] is given by the following fact
([3] Theorem 4.7): The natur al functor PX ! D b(PX ) inducesan isomorphism
W(X ) '¡! W0(X ).
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The cone construction and the localization long exact sequence. The main the-
orem of tr iangular Witt theory is the localization theorem. Let

0 ! J ¡ ! K
q

¡ ! K=J ! 0 (2.1)

be an exact sequenceof tr iangulated categories with dualit y, i.e. a localization
with J ] ½ J . Let z be an element of W0(K=J ). Then there existsa symmetric
morphism Ã : P ! P ] (i.e. Ã] $ P = Ã) such that z = [q(P); q(Ã)]. In particular
C := coneÃ belongs to J . By [2] Theorem 2.6, there is a commutativ e diagram

P
Ã

��

±$ P
��

P ] ��

=
��

C ��

' Á
��

P[1]

±$ P [1]
��

P ]]

±Ã]
��

P ] �� C ] [1] �� P ]] [1]

such that the upper and the lower rows are exact tr iangles dual to each other
and such that Á] [1]$ C = ¡ ±Á. The last property means that (C; Á) is a 1-
symmetric space, i.e. represents an element of W 1(J ). The isometry class
of (C; Á) is uniquely determined by the isometry class of (P; Ã). We get a
morphism W0(K) ¡ ! W1(J ) sending z = [q(P); q(Ã)] to [C; Á]. In the same
manner we can de¯ne morphisms @: Wn (K) ¡ ! Wn + 1(J ) ¯tting in a long
exact sequence,the localization sequence associated to the exact sequence(2.1)
of tr iangulated categories with dualit y:

: : : ¡ ! Wn (K) ¡ ! Wn (K=J ) @¡ ! Wn + 1(J ) ¡ ! Wn + 1(K) ¡ ! : : :

3. Gers t en-Wit t spect ral sequenc es and complexes

We review the Gersten-Witt spectral sequence,which was intr oduced by
Balmer and Walter [5] for regular schemes, and generalized by Gille [7] to
Gorenstein schemesof ¯nite Kr ull dimension.

The construction : Let X be a regular scheme of ¯nite Kr ull dimension and
Z ½ X a closedsubset. Then D b

Z (PX ) has a ¯ltr ation

D b
Z (PX ) = D 0

Z ¾ D 1
Z ¾ ¢¢¢¾ D dim X

Z ¾ D dim X + 1
Z ' 0

where we have written D p
Z := D b

Z (PX )(p) . The localization exact sequences

: : : ¡ ! W i (D p+ 1
Z ) ¡ ! W i (D p

Z ) ¡ ! W i (D p
Z =D p+ 1

Z ) ¡ ! W i + 1(D p+ 1
Z ) ¡ ! : : : ;

can be organized into an exact couple, giving rise to a convergent spectral
sequence:

E p;q
1 (X ; Z ) = Wp+ q(D p

Z =D p+ 1
Z ) =) Wp+ q

Z (X ):

This is the Gersten-Witt spectral sequence for X with supports in Z .
Using the 4-periodicit y of Witt groups, as well as [5] Theorem 7.2 and [7]
Theorem 3.14, one seesthat the E1-page is zero everywhere except for the
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lines with q ´ 0 (mod 4), which are all the same and which vanish outside
the interval codimX Z · p · dim X . So the information of the E1-page is
essentia lly given by the complex

0 ! E codim Z ;0
1 (X ; Z ) ! E codim Z + 1;0

1 (X ; Z ) ! ¢¢¢! E dim X ;0
1 (X ; Z ) ! 0:

Definit ion 3.1. Let X be a regular scheme of ¯nite Kr ull dimension and Z ½
X a closed subset. Then we de¯ne the complex GWC² (X ; Z ) := E ² ;0

1 (X ; Z ).
In other words, we have

GWCp(X ; Z ) = Wp ¡
D p

Z =D p+ 1
Z

¢

where D p
Z = D b

Z (PX )(p) , and the di®erentia l dp = dp;0
1 is the composition

Wp ¡
D p

Z =D p+ 1
Z

¢ @¡ ! Wp+ 1 ¡
D p+ 1

Z

¢
¡ ! Wp+ 1 ¡

D p+ 1
Z =D p+ 2

Z

¢

where @is the connecting homomorphism of the localization long exact se-
quenceand where the second homomorphism is the natur al one. When X = Z
we write E p;q

1 (X ) instead of E p;q
1 (X ; X ), and similarly for GWC² (X ). We

adopt the notation GWC² (X ) to avoid confusion with the Grothendieck-Witt
group GW(X ).
Adding in the edge morphism E 0(X ) ! E 0;0

1 (X ) of the spectral sequencegives
the augmented Gersten-Witt complex of X

GWCa(X ) : 0 ¡ ! W(X ) ¡ ! GWC0(X ) ¡ ! GWC1(X ) ¡ ! ¢¢¢

The E2-page of the spectral sequencehas E p;0
2 (X ) = H p(GWC² (X )). From

this we deducethe following result which will be used in the proofs of Theo-
rems 4.4 and 6.1.

Lemma 3.2. The following hold true :

(1) Let X be a regular scheme. Assume that H i (GWC² (X )) = 0 for all
i ¸ 1. Then the augmented Gersten-Witt complex for X is exact.

(2) Let R be a regular local rin g. Assume only that H i (GWC² (R)) = 0 for
all i ¸ 4. Then the Gersten conjecture for Witt groups holds for R.

Proof. We start with (1). The hypothesis implies that E p;q
2 (X ) = 0 for all

p 6= 0. It follows that the spectral sequencedegenerates at E2, and so the
edge morphisms give isomorphisms E q(X ) »¡ ! E 0;q

2 (X ) for all q. For q = 0 this
means that the natur al map W(X ) ! H 0(GWC² (X )) is an isomorphism. This
is what we neededto show.
For (2), recall from above that E1 is concentr ated in the lines q ´ 0 mod 4.
Therefore the spectral sequencedegenerates again at E2 = E5 because no
nonzero higher di®erentia ls can occur. Observe that for p = 1; 2; 3, the ho-
mology H p(GWC² (R)) is simply E p;0

2 and the latter is isomorphic to Wp(R)
by the convergenceof the spectral sequence.Now, when R is local, we have
Wp(R) = 0 for p = 1; 2; 3 by [4] Theorem 5.6. So we can apply (1). ¤
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D¶evissage: The localization morphisms SpecOX ;x ¡ ! X induce an isomor-
phism (see[5] Proposition 7.1 or [7] Theorem 3.12)

GWCp(X ; Z ) '¡!
M

x 2 X ( p ) \ Z

Wp
mx

(OX ;x ); (3.1)

where X (p) is the set of points of codimension p and (OX ;x ; mx ) is the local
ring at x 2 X .
Let (S; n) be a regular local ring and ` = S=n. Then we have an isomorphism
W(`) »¡! Wdim S

n (S) which depends on the choice of local parameters (see[5]
Theorem 6.1) and hence

GWCp(X ; Z ) '
M

x 2 X ( p ) \ Z

W(· (x))

for any regular schemeX with closedsubsetZ . It follows that our Gersten-Witt
complex has the form announced in the Intr oduction.
There are two ways of having a complex independent of choices. Either
work as we do here in De¯nitio n 3.1 with the underlying complex before
d¶evissage, or twist the dualities on the residue ¯elds, see [5]. The latter
means that one can consider for each x 2 X (p) the Witt group W(· (x); ! x p =X )
with twisted coe±cients in the one-dimensional · (x)-vector space ! x p =X :=
Ext p(· (x); OX ;x ) = ¤ p(mx =m2

x )
¤
, and we have then a canonical isomorphism

W(· (x); ! x p =X ) »= Wp
mx

(OX ;x ) and thus a canonical Gersten-Witt complex
with

GWCp(X ; Z ) »=
M

x 2 X ( p ) \ Z

W(· (x); ! x p =X ):

After all, this d¶evissage is only relevant for cognitiv e reasons sinceit relates the
terms of the Gersten-Witt complex with quadratic forms over the residue¯elds.
But wewill seein the sequelthat our initia l canonical de¯nitio n GWCp(X ; Z ) =
Wp ¡

D p
Z =D p+ 1

Z

¢
is more convenient to handle.

Another construction of a Gersten Witt spectral sequencehas been given by
Gille [7], Section 3. Let Y be a Gorenstein scheme of ¯nite Kr ull dimension
and Z ½ Y a closed subset. Then the derived functor of HomO Y ( ¡ ; OY )
is a dualit y on D b

coh; Z (M Y ) making it a tr iangulated category with 1-exact
dualit y. Following [7] we denote the associated so called coherent Witt groups

by ~W
i
Z (Y ). On the tr iangulated category D b

coh (M Y ) we have also a ¯nite
¯ltr ation

D b
coh; Z (M Y ) = D 0

Z ¾ D 1
Z ¾ D 2

Z ¾ : : : ¾ D dim Y
Z ;

where D p
Z := D b

coh; Z (M Y )(p) . As above this givesus long exact sequences

: : : ¡ ! W i (D p+ 1
Z ) ¡ ! W i (D p

Z ) ¡ ! W i (D p
Z =D p+ 1

Z ) ¡ ! W i + 1(D p+ 1
Z ) ¡ ! : : : ;

and henceby Massey'smethod of exact couplesa convergent spectral sequence

~E p;q (Y; Z ) := Wp+ q(D p+ q
Z =D p+ q+ 1

Z ) =) ~W
p+ q
Z (Y ) :
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If now Y is regular we have equivalences D b
Z (PY )(p) '¡! D b

coh; Z (M Y )(p)

which are dualit y preserving and hencegive isomorphisms W i (D b
Z (PY )(p) ) '

W i (D b
coh; Z (M Y )(p) ). Weget then from the functorial properties of the localiza-

tion sequencean isomorphism of spectral sequencesE p;q
1 (Y; Z ) '¡! ~E p;q

1 (Y; Z ).
Hencein the regular caseboth constructions lead to the same result.

One advantage of this \ coherent" approach is the following. Let Y = SpecR
with R a Gorenstein ring of ¯nite Kr ull dimension and let the closed sub-
set Z be de¯ned by a regular element f of R, i.e. Z = SpecR=Rf . We set
¹D p := D b

coh (M Z )(p) and as before D p
Z := D b

coh; Z (M Y )(p) . The natur al mor-

phism ® : Z ,! Y induces a pushforward functor ®¤ : ¹D p ! D p+ 1
Z for any

p 2 N. This functor shifts the dualit y structure by 1 (cf. [7], Theorem 4.2),
i.e. it induces morphisms W i ( ¹D p) ! W i + 1(D p+ 1

Z ) for all i 2 Z and p 2 N.
From the functorialit y of the localization sequence(cf. [7] Theorem 2.9) we get
commutativ e diagrams with exact rows

¢¢¢ W i ( ¹D p+ 1) ��

��

W i ( ¹D p) ��

��

W i ( ¹D p= ¹D p+ 1) ��

��

W i + 1( ¹D p+ 1) ¢¢¢

��

¢¢¢W i + 1(D p+ 2
Z ) �� W i + 1(D p+ 1

Z ) �� W i + 1(D p+ 1
Z =D p+ 2

Z ) �� W i + 2(D p+ 2
Z ) ¢¢¢

(cf. [7], diagram on the botto m of p. 130). In particular we have a morphism
of spectral sequences~®¤ : ~E p;q

1 (Z ) ¡ ! ~E p+ 1;q
1 (Y; Z ) which is an isomorphism

as shown in [7], Section 4.2.3.
If now R is regular local and f a regular parameter, i.e. R=Rf is regular too,
the identi¯ca tion above givesthe following

Lemma 3.3. Let R be a regular local rin g and f a regular parameter. Then we
have an isomorphism of spectral sequences

E p;q
r (R=f R) '¡! E p+ 1;q

r (R; f R):

In partic ular, we have isomorphisms of complexes

GWC² (R=f R) '¡! GWC² + 1(R; f R) :

4. A ref orm ula t ion of t he conjec t ure

Let X be a regular scheme and Z a closed subset. From De¯nitio n 3.1 and
from the d¶evissage formula (3.1), we immediately obtain a degree-wise split
short exact sequence

0 ! GWC² (X ; Z ) ¡ ! GWC² (X ) ¡ ! GWC² (X n Z ) ! 0:

We will consider below the long exact cohomology sequenceof this short exact
sequenceof complexesin the caseX = SpecR, for R a regular local ring, and
Z is de¯ned by a regular parameter f .
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Definit ion 4.1. Recall from the intr oduction that the Gersten conjecture as-
serts that for a regular local ring R the Gersten complex GWC² (R) is an exact
resolutio n of W(R).
We denote by W the Witt sheaf, i.e. the sheā¯ca tion of the presheaf on the
Zariski site

U 7¡! W(U) U ½ X open:

We have also a Gersten-Witt complex GWC² of sheaveson any regular scheme
of ¯nite Kr ull dimension X . The de¯nitio n of this complex in degreep ¸ 0 is:

U 7¡! GWCp(U) U ½ X open:

Lemma 4.2. Let X be a regular scheme of ¯ nite Krul l dimension and assume
that the Gersten conjecture holds for all local rin gs OX ;x of X . Then for all i
we have

Hi
Zar (X ; W) ' H i (¡( X ; GWC² )) = H i (GWC² (X )) :

Proof. Note that GWCp is a °abby sheaf and that (GWCp)x ' GWCp(OX ;x )
for all points x of the scheme X . Sincethe natur al morphism W(OX ;x ) ¡ ! W x

is an isomorphism for all x 2 X it follows that if the Gersten conjecture is tr ue
for every local ring of the regular scheme X , then GWC² is a °abby resolutio n
of W on X . ¤

Definit ion 4.3. Let C be a class of regular local rings. We say that C is
nepotistic if the following holds: whenever R belongs to C, so do Rp for all
p 2 SpecR and R=f R for all regular parameters f 2 R.

The main result of this section is the following:

T heorem 4.4. If C is a nepotistic class of regular local rin gs (see 4.3), then
the following conditions are equivalent :

(i) The Gersten conjecture for Witt groups is true for any R 2 C.
(ii) For any R 2 C and for any regular parameter f 2 R, we have for all

i ¸ 1 that Hi
Zar (SpecRf ; W) = 0. ( When R is a ¯ eld, this condition is

empty and thus always true. )

Proof. The short exact sequence0 ! GWC² (R; f R) ! GWC² (R) !
GWC² (Rf ) ! 0 of Gersten-Witt complexesgivesrise to a long exact sequence
of cohomology

0 ! H 0(GWC² (R)) ¡ ! H 0(GWC² (Rf )) ±¡ ! H 1(GWC² (R; f R)) ! ¢¢¢

(i) ) (ii) . Let R 2 C, and let f 2 R be a regular parameter. Then the
Gersten conjecture for Witt groups holds for R and R=f R, and so we have
H i (GWC² (R)) = 0 and H i (GWC² (R=f R)) = 0 for all i ¸ 1. Because of the
isomorphism of Lemma 3.3, we get H i (GWC² (R; f R)) = 0 for all i ¸ 2. It now
follows from the long exact sequencethat H i (GWC² (Rf )) = 0 for all i ¸ 1.
The local rings of SpecRf are the Rp with f =2 p, so they are all in C. So we
also have Hi

Zar (SpecRf ; W) = 0 for all i ¸ 1 by Lemma 4.2.
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(ii) ) (i) . We will prove the Gersten conjecture for Witt groups for R 2 C by
induction on n = dim R. For n = 0 the ring R is a ¯eld, and this is tr ivial.
Sosupposen ¸ 1 and that the Gersten conjecture for Witt groups is tr ue for all
S 2 C with dim S < n. Let f 2 mnm2 be a regular parameter. The local rings
of Rf are the local rings Rp for primeswith f =2 p, and they satisfy Rp 2 C and
dim Rp < n. Sothe Gersten conjecture holds for all local rings of SpecR f , and
so by (ii) and Lemma 4.2 we have H i (GWC² (Rf )) = 0 for all i ¸ 1. We also
have R=f R 2 C with dim R=f R = n ¡ 1, so we get H i (GWC² (R=f R)) = 0 for
all i ¸ 1. The identi¯ca tion of Lemma 3.3 now givesus H i (GWC² (R; f R)) = 0
for all i ¸ 2. So from the long exact sequencewe get H i (GWC² (R)) = 0 for all
i ¸ 2 and the Gersten conjecture for Witt groups holds for R by Lemma 3.2,
part (ii). ¤

5. A pairing, a t ra ce map and a pr ojec t ion f orm ula

We recall here some techniques of Gille and Nenashev [8] that we shall use
below. For more details and a more general point of view see[8].

The pairin g W(k) £ W i (D b(PR )) ¡ ! W i (D b(PR )). Let k be a ¯eld of charac-
teristic not 2, and let R be a regular k-algebra of Kr ull dimension n. De-
note the dualit y on k-mod by V ¤ = Homk (V; k) and that on D b(PR ) by
F ] := HomR (F; R). Let (V; ' ) be a nondegenerate symmetric bilinear space
over k. Then V ­ k ¡ : D b(PR ) ¡ ! D b(PR ) is an exact functor, and the system
of isomorphisms betweenV ­ k F ] and (V ­ k F )] »= V ¤ ­ k F ] given by ' ­ 1F ]

makes V ­ k ¡ dualit y-preserving. Actually, the dualit y-preserving functor is
formally the pair (V ­ k ¡ ; ' ­ 1), and we will abbreviate it as (V; ' ) ­ k ¡ .
Moreover, if we let D p

R = D b(PR )(p) be the subcategory of complexesof homo-
logical support of codimension at least p, then (V; ' ) ­ k ¡ is compatible with
the ¯ltr ation

D b(PR ) = D 0
R ¾ D 1

R ¾ ¢¢¢¾ D n + 1
R ' 0:

Hencethe maps W i (D p
R ) ¡ ! W i (D p

R ) and W i (D p
R =D p+ 1

R ) ¡ ! W i (D p
R =D p+ 1

R )
inducedby (V; ' ) ­ k ¡ arecompatible with the localization exact sequencesand
induce endomorphisms of the Gersten-Witt exact couple and spectral sequence
for R. Theseendomorphisms depend only on the Witt class of (V; ' ), and
they are compatible with the orthogonal direct sum (V; ' ) ? (W; Ã) and tensor
product (V ­ W; ' ­ Ã) of symmetric bilinear spacesover k. This givesus the
following result.

Lemma 5.1. If R is a regular k-algebra of ¯ nite Krul l dimension, then the pair-
ing makes the Gersten-Witt spectral sequence E p;q

r (R) into a spectral sequence
of W(k)-modules. ¤
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Base change. Let `=k be a separable algebraic ¯eld extension. Denote by ¼the
projection ¼: Spec(̀ ­ k R) ! SpecR. Then ` ­ k R is a regular `-algebra of
Kr ull dimension n ( see[9], and in particular Prop. 6.7.4, p. 146 for regularit y ).
Moreover, D b(P` ­ k R ) has a dualit y (¡ ) [ given by G[ := Hom` ­ k R (G; ` ­ k R),
and the exact functor ` ­ k ¡ : D b(PR ) ¡ ! D b(P` ­ k R ) is natur ally dualit y-
preserving. It is compatible with the ¯ltr ation of D b(PR ) and the corresponding
¯ltr ation

D b(P` ­ k R ) = D 0
` ­ k R ¾ D 1

` ­ k R ¾ ¢¢¢¾ D n + 1
` ­ k R = 0:

of D b(P` ­ k R ), so it inducesa morphism of spectral sequences¼¤ : E p;q
r (R) ¡ !

E p;q
r (` ­ k R).

A trace map. If `=k is ¯nite and separable, then choose 0 6= ¿ 2 Homk (`; k)
and extend it to an R-linear map ¿R : ` ­ k R ¡ ! R by setting ¿R (l ­ a) =
¿(l)a. Let ¼¤ : P` ­ k R ! PR be the restriction-of-scalars functor. The natur al
homomorphism of R-modules

¼¤(G[ ) = Hom` ­ k R (G; ` ­ k R)
¿R ¤

�� HomR (G; R) = (¼¤G)]

sendingf 7! ¿R ±f is an isomorphism for any G in P` ­ k R , and it makes¼¤ into
a dualit y-preserving exact functor ¼¤ : D b(P` ­ k R ) ! D b(PR ). Actually, the
dualit y-preserving functor is formally the pair (¼¤; ¿R ¤), and we will abbreviate
it as Tr¿

` ­ k R =R . Since` ­ k R is °at and ¯nite over R, the restriction-of-scalars
functor preserves the codimension of the support of the homology modules,
and so ¼¤ is compatible with the ¯ltr ations on the two derived categories. So
we again get a morphism of spectral sequencesTr¿

` ­ k R =R : E p;q
r (` ­ k R) ¡ !

E p;q
r (R).

Remark 5.2. For R = k and i = 0 our Tr¿
`=k is just the Scharlau tr ansfer

¿¤ : W(`) ¡ ! W(k) (cf. [20] Section 2.5).

Let (U; Ã) be a nondegenerate symmetric bilinear space over `. The following
diagram of dualit y-preserving functors commutes up to isomorphism of dualit y-
preserving functors (see[5] x4 for the de¯nitio n):

D b(PR )

Tr¿
`=k (U; Ã) ­ k ¡

��

` ­ k ¡
�� D b(P` ­ k R )

(U; Ã) ­ ` ¡
��

D b(PR ) D b(P` ­ k R ) :
Tr¿

` ­ k R =R
��

The induced maps on derived Witt groups, exact couples, and spectral se-
quencesare then the same (cf. [5] Lemma 4.1(b)). This gives us a projection
formula (cf. [8] Theorem 4.1):

T heorem 5.3. Let R be a regular k-algebra of ¯ nite Krul l dimension, let `=k
be a ¯ nite separable extension of ¯ elds, and let ¼: Spec(̀ ­ k R) ! SpecR be
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the projection. Let E p;q
r (R) and E p;q

r (` ­ k R) be the two Gersten-Witt spectral
sequences. Then

Tr¿
` ­ k R =R (u ¢¼¤(x)) = Tr¿

`=k (u) ¢x;

for all u 2 W(`) and all x 2 E p;q
r (R). ¤

Odd-degree extensions. If `=k is of odd degree, then there exists a ¿ 2
Homk (`; k) such that Tr¿

`=k (1W (` ) ) = 1W (k) ([20] Lemma 2.5.8). We then have
Tr¿

` ­ k R =R (¼¤x) = x for all x 2 E p;q
r (R). In other words:

Cor ollar y 5.4. If `=k is separable of odd degree, then ¼¤ : E p;q
r (R) !

E p;q
r (` ­ k R) is a split monomorphism of spectral sequences. In partic ular

H i (GWC² (R)) ! H i (GWC² (` ­ k R)) is a split monomorphism for every i . ¤

The basechange maps for separable algebraic extensions commute with ¯lter ed
colimits.

Cor ollar y 5.5. If `=k is a ¯ ltered colimit of separable ¯ nite extensions
of odd degree, then ¼¤ : E p;q

r (R) ! E p;q
r (` ­ k R) is a ¯ ltered colimit of

split monomorphisms of spectral sequences. In partic ular H i (GWC² (R)) !
H i (GWC² (` ­ k R)) is a monomorphism for every i . ¤

6. T he equic hara ct eris t ic case of t he Gers t en conjec t ure f or
Wit t gr oups

We are now ready to prove the main result of the paper.

T heorem 6.1. Let R be an equicharacteristic regular local rin g, i.e. R contains
some ¯ eld (of characteristic not 2). Then the Gersten conjecture for Witt
groups is true for R.

Fix the following notation: m is the maximal ideal of R. We prove the theorem
in two steps.

Step 1. Assume that R is essential ly smooth over some ¯ eld k.

When k is an in¯nite ¯eld, this is a special caseof [4] Theorem 4.3 which states
the following. If S is a semilocal ring essentia lly smooth over a ¯eld ` (i.e. S is
the semi-localization of a smooth scheme over `), and if the ¯eld ` is in¯nite,
then the Gersten conjecture for Witt groups is tr ue for S, i.e. H i (GWC(S)) = 0
for all i ¸ 1.
Assume now k is a ¯nite ¯eld and henceperfect. Fix an odd prime s. For any
n ¸ 0 let `n be the unique extension of the ¯nite ¯eld k of degreesn , and let
` =

S 1
n = 0 `n . The `-algebra ` ­ k R is integral over R and hencesemilocal. It

is further essentia lly smooth over the in¯nite ¯eld ` ( [10] Prop. 10.1.b ) and
hence by the result above the Gersten conjecture is tr ue for ` ­ k R. Using
Corollary 5.5, we seethat the same is tr ue for R.
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Step 2. General equicharacteristic R.
For this casewe usethe following result:

T heorem 6.2. Let R be an equicharacteristic regular local rin g, and let f 2
m n m2 be a regular parameter. Then:

(1) There exist a perfect ¯ eld k contained in R and a ¯ ltered system of
pairs (Rj ; f j ) such that each Rj is an essential ly smooth local k-algebra,
each f j is a regular parameter in R j , and such that R = colim R j and
Rf = colim(Rj )f j , and the morphisms Rj ! R are local.

(2) In addition the natural maps

colim j Hi
Zar (Spec(Rj )f j ; W) ¡ ! Hi

Zar (SpecRf ; W)

are isomorphisms for all i ¸ 0.

Proof. The ¯r st part is a consequenceof Popescu's Theorem [18] [19] (see
also [15] x3), while the second part follows from [15] Theorem 6.6, which was
inspired by the ¶etale analogue of this result : [1] Expos¶e VI I, Th¶eorµeme 5.7. ¤

Let Ceq be the classof all equicharacteristic regular local rings, and let Csm be
the subclassof regular local rings that are essentia lly smooth over a ¯eld. Both
Ceq and Csm are nepotistic (De¯nitio n 4.3). The class Csm satis¯es conditio n
(i) of Theorem 4.4 by the ¯r st step of our proof, and we wish to show that
Ceq satis¯es the same conditio n. But conditio ns (i) and (ii) of Theorem 4.4
are equivalent, so it is enough to show that Ceq satis¯es conditio n (ii) of Theo-
rem 4.4, knowing that Csm satis¯es the same conditio n.
Let R be in Ceq, and let f be a regular parameter of R. By Theorem 6.2
there exist a perfect sub¯eld k ½ R and a ¯lter ed system(R j ; f j ) of essentia lly
smooth local k-algebras R j plus regular parameters f j 2 Rj such that Rf =
colim(Rj )f j . Sincethe Rj are in Csm , we have Hi

Zar (Spec(Rj )f j ; W) = 0 for all
i ¸ 1 and all j because Csm satis¯es conditio n (ii) of Theorem 4.4. Then by
Theorem 6.2 (2) we also have Hi

Zar (SpecRf ; W) = 0 for i ¸ 1. This is conditio n
(ii) of Theorem 4.4 for the classCeq, so we have completed the proof.
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