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Ab st ra ct . In an important recent paper [12], May gave an ax-
iomatic descriptio n of the properties of tr iangulated categories with
a symmetric tensor product. The main point of the current article is
that there are two other results in the liter atur e which can be used
to shedconsiderable light on May's work. The ¯r st is a construction
of Verdier's, which appeared in Beilinson, Bernstein and Deligne's [4,
Prop. 1.1.11, pp. 24-25]. The second and more important is the
beautiful work of Happel, in [9], which can be usedto better organise
May's axioms.
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1. Int r oduc t ion

We should begin with a disclaimer. This article de¯nitely does not attempt
to give the de¯nitiv e axiomatic descriptio n of tensor products in tr iangulated
categories. In the opinion of the authors, the subject is not ripe for such a
tr eatment. It is only very recently that there has been any real interest in
the ¯eld. The subject is still at a very formativ e stage. T ime will tell which
properties of the tensor product really matter .
Let T be a tr iangulated category, and assume it has a (symmetric) tensor
product. For example, T might be the derived category of a commutativ e ring
R, or the homotopy category of spectra. It becomes interesting to know what
are the \ natur al" properties that this tensor product has. In a lovely recent
article [12], May made giant steps towards answering this question.
Some properties are obvious, and we do not repeat them here. The interest lies
in the following. Given two distinguished tr iangles

x ¡ ! y ¡ ! z ¡ ! § x
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x0 ¡ ! y0 ¡ ! z0 ¡ ! § x0

one can form the tensor product

x ­ x0 ��

��

y ­ x0 ��

��

z ­ x0

��

�� § x ­ x0

��

x ­ y0 ��

��

y ­ y0 ��

��

z ­ y0

��

�� § x ­ y0

��

x ­ z0 ��

��

y ­ z0 ��

��

z ­ z0

��

��

( ¡ )

§ x ­ z0

��

§ x ­ x0 �� § y ­ x0 �� § z ­ x0 �� § 2x ­ x0

It is natur al to assume that the rows and columns are distinguished tr iangles.
The question is what, if any, are the other reasonable properties one could
postulate. It tur ns out that, at least for reasonable examples of tr iangulated
categories T with tensor products, in this diagram the diagonal arrows

x ­ x0 ��

��

y ­ x0 ��

��

z ­ x0

�

� �

�

�

�

�

�

�

�

�

�

�

�

�

��

�� § x ­ x0

��

x ­ y0 ��

��

y ­ y0

�

� 	

	

	

	

	

	

	

	

	

	

	

	

	

��

��

z ­ y0

��

�� § x ­ y0

��

x ­ z0

�

�
	

	

	

	

	

	

	

	

	

	

	

	

	

��

��

y ­ z0 ��

��

z ­ z0

��

��

( ¡ )

§ x ­ z0

��

§ x ­ x0 �� § y ­ x0 �� § z ­ x0 �� § 2x ­ x0

all have a common mapping cone. May's axiom (T C3) describesvery well the
various diagrams involving this common mapping cone.
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Of course,we could look at other diagonal arrows. In the diagram below

x ­ x0 ��

��

y ­ x0

�

� �

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

��

��

z ­ x0

�

� �

�

�

�

�

�

�

�

�

�

�

�

�

��

�� § x ­ x0

��

x ­ y0

�

� �

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

��

��

y ­ y0

�

� 	

	

	

	

	

	

	

	

	

	

	

	

	

��

��

z ­ y0

�

� �

�

�

�

�

�

�

��

�� § x ­ y0

��

x ­ z0

�

� 	

	

	

	

	

	

	

	

	

	

	

	

	

��

��

y ­ z0

�

� 	

	

	

	

	

	

	

��

��

z ­ z0

��

��

( ¡ )

§ x ­ z0

��

§ x ­ x0 �� § y ­ x0 �� § z ­ x0 �� § 2x ­ x0

the squiggly arrows have a common mapping cone § u, the straight arrows a
common mapping cone § v and the broken arrows a common mapping cone
§ w. It becomes interesting to describe what relations there should be among
u, v and w. It tur ns out that there are many. May's axioms include one such
relation.
In this paper, we will see that May's results are related to earlier work by
Verdier and by Happel. We will show that the older approaches lead to new
insights; in terms of the above, in general, they lead to in¯nitely many relations
among u, v and w which May missed. We will seethat the work of Happel is
particularly illum inating.
As we have already said, we do not seethis as an attempt to give the de¯nitiv e
foundational tr eatment. The subject is very young and active. Aside from
May's paper there is the totally unrelated work by Balmer [3], and recent talks
by Gaitsgory (no manuscript yet) show that his work is also related. At this
point, all we want is to advertise widely the fact that the results of Verdier,
Happel and May (in chronological order) are related.
Of course, we must also persuade the reader that this relation, among thr ee
existing articles in the liter atur e, is interesting. Of most interest is how Happel's
work in [9] leads to a better organisation of the theory. To illustr ate this, wegive
examples of new results that can be obtained. We make no attempt to prove
the best possibleversions of thesenew results. That is not the point. We settle
for weaker-than-optim al statements of our new results, to make tr ansparent
how they can be viewed as consequencesof Happel's work.
Since we want the article to be accessibleto a wide audience, we tr y not to
assume much background knowledge. The experts in representations of quivers
will undoubtedly ¯nd Section 5 painfully slow and detailed. The experts in
topology will undoubtedly wonder why we assume the reader may never have
heard of closed model categories. The guiding policy in writing this article
was that the presentation should be as free of prerequisites as possible. The
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unfortunate side e®ectis that it adds to the length of the article. We ask the
experts to be patient with us.
Thestructureof the article is as follows. Section 2 setssomenotation. Section 3
establishes the relation among the thr ee approaches. Sections 4 and 5 apply
theseto obtain new identities. The main results are

(i) Axiom (T C3) of May producesexactly the same diagram as Verdier found
in [4]. (SeeTheorem 3.5). Haynes Miller noticed this independently .

(ii) The special caseof D b(2 ) is universal (T heorem 3.10).
(iii) May's axiom (T C4) follows from (T C3) and the octahedral axiom (T he-

orem 4.1).
(iv) There is an equivalenceof categoriesD b(2 ) = D b(Y), where D b(Y) is the

bounded derived category of the category of representations of the quiver
D4. Happel studied this in the special case where the categories are all
linear over a ¯eld k. In the case of k-linear categories we can therefore
glean a great deal of information from Happel's work (Section 5).

2. Not at ion f or t he oc t ahedral axiom

An octahedron can be thought of as two pyramids glued together along their
square bases. There are thr eeplanesalong which we can split the octahedron
into two pyramids. This givesthr eesquares. For octahedra as in the octahedral
axiom, each edge is a morphism in a tr iangulated category and has a direction.
The four squares in an octahedron have arrows as follows

��

(1)
��

��

��

(2)
��

��

��

(3)
��

� �

��

�� ��

The convention we adopt is to always write the octahedron as a union of two
pyramids, split along the unique square where the arrows cyclearound as in (1)
above. The octahedron splits into a \ top pyramid" and a \ botto m pyramid"
(of course,it is somewhat arbitr ary which pyramid is declared to be \ top" and
which \ botto m" ).
If we project the top and botto m pyramids to their common baseplane, we get
diagrams

a

�

� �

�

�

�

�

�

�

�

�

�

��

a

�

� �

�

�

�

�

�

�

�

�

�

d

� 	





























x ��

�� b

��































d ��

� 	





























y

� �

��

b

��































��

c

��

�

�

�

�

�

�

�

�

�

�

� �

c

��

�

�

�

�

�

�

�

�

�

�
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It tur ns out to be very convenient to twist and tortur e the octahedron. We
wish to switch the positions of c and d. The pyramids become

a

�

� �

�

�

�

�

�

�

�

�

�

��

a

�

� �

�

�

�

�

�

�

�

�

�

c ��

�

� �

�

�

�

�

�

�

�

�

�

�

x ��

��

b c ��

�

� �

�

�

�

�

�

�

�

�

�

�

y

� �

�� b��

d d

� �

Of course,it now takessome imagination to seethat theseare pyramids. There
are still four tr ianglesto each pyramid; but two of them project to straight lines
(the horizontal and vertical lines). We will frequently write our octahedra in
this contorted form.
The octahedral axiom tells us that, in a tr iangulated category, certain diagrams
can be completed to octahedra. The re¯ned octahedral axiom tells us that the
two commutativ e squares, which arise from the two \ other" planes splitting
the octahedron into pyramids, are homotopy pushouts. In the notation above,
there are canonical distinguished tr iangles

x ¡¡ ¡ ¡ ! b© d ¡¡ ¡ ¡ ! y ¡ ¡ ¡ ¡ ! § x

y ¡¡ ¡ ¡ ! a © c ¡¡ ¡ ¡ ! x ¡ ¡ ¡ ¡ ! § y:

There is a choice of sign here which we do not wish to make explicit, and
some of the morphisms are of degree1. The important thing is that the maps
y ¡ ! § x and x ¡ ! § y are very explicitly given by the octahedron. We will
refer to them as the di®erentials of the squares.

3. T he rela t ion among t he appr oaches

SupposeT is a tr iangulated category with a tensor product. We wish to study
when this tensor product is well-behaved. To this end, we make a de¯nitio n.

Definit ion 3.1. We say that the tensor product on T is decent if the following
holds.

(i) There exists an abelian category A and a trian gulated functor F :
D b(A) ¡ ! T. [Here D b(A) means the bounded derived category of A.]

(ii) The category A has a natural tensor product.
(iii) The category A comes with a collection of special short exact sequences.

These form a subclass of all the short exact sequences.
(iv) For any special short exact sequence

0 ¡¡ ¡ ¡ ! A ¡¡ ¡ ¡ ! B ¡¡ ¡ ¡ ! C ¡¡ ¡ ¡ ! 0
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and any X 2 A, the two sequences

0 ¡¡ ¡ ¡ ! X ­ A ¡¡ ¡ ¡ ! X ­ B ¡¡ ¡ ¡ ! X ­ C ¡¡ ¡ ¡ ! 0

0 ¡¡ ¡ ¡ ! A ­ X ¡¡ ¡ ¡ ! B ­ X ¡¡ ¡ ¡ ! C ­ X ¡¡ ¡ ¡ ! 0

are both exact.
(v) Any distin guished trian gle in T is isomorphic to

F (A) ¡ ¡ ¡ ¡ ! F (B ) ¡ ¡ ¡ ¡ ! F (C) ¡ ¡ ¡ ¡ ! § F (A)

for some special short exact sequence in A

0 ¡¡ ¡ ¡ ! A ¡¡ ¡ ¡ ! B ¡¡ ¡ ¡ ! C ¡¡ ¡ ¡ ! 0:

(vi) With the notation as in (iv) and (v) above, the two trian gles

F (X ­ A) ¡ ¡ ¡ ¡ ! F (X ­ B ) ¡ ¡ ¡ ¡ ! F (X ­ C) ¡ ¡ ¡ ¡ ! § F (X ­ A)

F (A ­ X ) ¡ ¡ ¡ ¡ ! F (B ­ X ) ¡ ¡ ¡ ¡ ! F (C ­ X ) ¡ ¡ ¡ ¡ ! § F (A ­ X )

are canonically independent of the choice of the special short exact se-
quence

0 ¡¡ ¡ ¡ ! A ¡¡ ¡ ¡ ! B ¡¡ ¡ ¡ ! C ¡¡ ¡ ¡ ! 0

liftin g the trian gle

F (A) ¡ ¡ ¡ ¡ ! F (B ) ¡ ¡ ¡ ¡ ! F (C) ¡ ¡ ¡ ¡ ! § F (A):

(vii) Suppose X and Y are objects of A, which occur in some special short
exact sequences. Then there is a canonical isomorphism

F (X ) ­ F (Y ) = F (X ­ Y ):

Exam ple 3.2. Let R be a commutativ e ring and let T = D ¡ (R), the derived
category of bounded-above chain complexesof R{ modules. The tensor product
on T is the derived tensor product. The category A is de¯ned to be the abelian
category of bounded-above chain complexes of R{ modules, with the obvious
tensor product. Thespecial short exact sequencesare the short exact sequences
of bounded-above chain complexesof projectives.

Roughly speaking, the idea in May's article [12] is to study decent tensor prod-
ucts in tr iangulated categories. The existenceof the abelian category A and
F : D b(A) ¡ ! T has many consequences,allowing us to create complicated
diagrams in T. What May does is postulate the existence of the diagrams
in T as axioms for the tensor product, even in the absenceof any explicit
F : D b(A) ¡ ! T.

Remark 3.3. What we said above is slightly inaccurate. May handles a more
general framework. Instead of a functor F : D b(A) ¡ ! T, he assumes only
that T has a closed model structure with a compatible tensor product. Since
we do not want to assume the reader knows what a closed model is, we have
allowed ourselvesto restrict to the simpli¯ed situation.
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Suppose T is a tr iangulated category with a decent tensor product. Suppose
we are given two distinguished tr iangles in T. By De¯nitio n 3.1(v) these two
tr iangles are the imagesunder F of two special short exact sequences

0 ¡¡ ¡ ¡ ! A ¡¡ ¡ ¡ ! B ¡¡ ¡ ¡ ! C ¡¡ ¡ ¡ ! 0

0 ¡¡ ¡ ¡ ! A0 ¡ ¡ ¡ ¡ ! B 0 ¡ ¡ ¡ ¡ ! C0 ¡ ¡ ¡ ¡ ! 0

The tensor product in A givesa 3 £ 3 diagram with exact rows and columns

0 0 0
?
?
y

?
?
y

?
?
y

0 ¡¡ ¡ ¡ ! A ­ A0 ¡ ¡ ¡ ¡ ! B ­ A0 ¡ ¡ ¡ ¡ ! C ­ A0 ¡ ¡ ¡ ¡ ! 0
?
?
y

?
?
y

?
?
y

0 ¡¡ ¡ ¡ ! A ­ B 0 ¡ ¡ ¡ ¡ ! B ­ B 0 ¡ ¡ ¡ ¡ ! C ­ B 0 ¡ ¡ ¡ ¡ ! 0
?
?
y

?
?
y

?
?
y

0 ¡¡ ¡ ¡ ! A ­ C0 ¡ ¡ ¡ ¡ ! B ­ C0 ¡ ¡ ¡ ¡ ! C ­ C0 ¡ ¡ ¡ ¡ ! 0
?
?
y

?
?
y

?
?
y

0 0 0

The centr al idea in May's [12] is to write down all the distinguished tr iangles
one can deduce from this diagram. It might be simplest to focus on one of
May's results. From now until the end of the section, we consider (T C3).
Let X be the quotient of the injective map A ­ A0 ¡ ! B ­ B 0. Then we have
two diagrams with exact rows and columns

0 0 0
?
?
y

?
?
y

?
?
y

0 ¡¡ ¡ ¡ ! A ­ A0 ¡ ¡ ¡ ¡ ! B ­ A0 ¡ ¡ ¡ ¡ ! C ­ A0 ¡ ¡ ¡ ¡ ! 0

1

?
?
y

?
?
y

?
?
y

0 ¡¡ ¡ ¡ ! A ­ A0 ¡ ¡ ¡ ¡ ! B ­ B 0 ¡ ¡ ¡ ¡ ! X ¡¡ ¡ ¡ ! 0
?
?
y

?
?
y

?
?
y

0 ¡¡ ¡ ¡ ! B ­ C0 1¡ ¡ ¡ ¡ ! B ­ C0 ¡ ¡ ¡ ¡ ! 0
?
?
y

?
?
y

0 0

and
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0 0
?
?
y

?
?
y

0 ¡¡ ¡ ¡ ! A ­ A0 1¡ ¡ ¡ ¡ ! A ­ A0 ¡ ¡ ¡ ¡ ! 0
?
?
y

?
?
y

?
?
y

0 ¡¡ ¡ ¡ ! A ­ B 0 ¡ ¡ ¡ ¡ ! B ­ B 0 ¡ ¡ ¡ ¡ ! C ­ B 0 ¡ ¡ ¡ ¡ ! 0
?
?
y

?
?
y

?
?
y 1

0 ¡¡ ¡ ¡ ! A ­ C0 ¡ ¡ ¡ ¡ ! X ¡¡ ¡ ¡ ! C ­ B 0 ¡ ¡ ¡ ¡ ! 0
?
?
y

?
?
y

?
?
y

0 0 0

The right column of the ¯r st of these diagrams and the botto m row of the
second exhibit F (X ) as the mapping cone on two more maps, namely

§ ¡ 1F (B ­ C0) ¡ ¡ ¡ ¡ ! F (C ­ A0)

and

§ ¡ 1F (C ­ B 0) ¡ ¡ ¡ ¡ ! F (A ­ C0):

In other words, the diagonal arrows in the following diagram

§ ¡ 1F (B ­ C0) ��

�� �

� �

�

�

�

�

�

�

�

�

�

�

�

�

§ ¡ 1F (C ­ C0)

��

F (A ­ A0) ��

�� �

� �

�

�

�

�

�

�

�

�

�

�

�

F (B ­ A0) ��

��

F (C ­ A0)

��

§ ¡ 1F (C ­ B 0) ��

��

�

�
�

�

�

�

�

�

�

�

�

�

�

�

F (A ­ B 0) ��

��

F (B ­ B 0) ��

��

F (C ­ B 0)

��

§ ¡ 1F (C ­ C0) �� F (A ­ C0) �� F (B ­ C0) �� F (C ­ C0)

all have the common mapping cone F (X ). Playing around a little gives yet
more distinguished tr iangles. Instead of following May's approach (which the
reader can ¯nd in [12]), let us seehow Verdier found them.
As we have explained, May's approach is based on beginning with a 3 £ 3
diagram in an abelian category A, with exact rows and columns, and reading
o® induced tr iangles in the derived category of A. To simplify the notation,
let us forget that the diagram arose from a tensor product of two short exact
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sequencesin A. We have a diagram in A

0 0 0
?
?
y

?
?
y

?
?
y

0 ¡¡ ¡ ¡ ! x ¡ ¡ ¡ ¡ ! y ¡ ¡ ¡ ¡ ! z ¡ ¡ ¡ ¡ ! 0
?
?
y

?
?
y

?
?
y

0 ¡¡ ¡ ¡ ! x0 ¡ ¡ ¡ ¡ ! y0 ¡ ¡ ¡ ¡ ! z0 ¡ ¡ ¡ ¡ ! 0
?
?
y

?
?
y

?
?
y

0 ¡¡ ¡ ¡ ! x00 ¡ ¡ ¡ ¡ ! y00 ¡ ¡ ¡ ¡ ! z00 ¡ ¡ ¡ ¡ ! 0
?
?
y

?
?
y

?
?
y

0 0 0
with exact rows and columns. It is well known that, for a diagram with exact
rows and columns

0 0
?
?
y

?
?
y

0 ¡¡ ¡ ¡ ! x ¡ ¡ ¡ ¡ ! y ¡ ¡ ¡ ¡ ! z ¡ ¡ ¡ ¡ ! 0
?
?
y

?
?
y

?
?
y

0 ¡¡ ¡ ¡ ! x0 ¡ ¡ ¡ ¡ ! y0 ¡ ¡ ¡ ¡ ! z0 ¡ ¡ ¡ ¡ ! 0
?
?
y

?
?
y

x00 ¡ ¡ ¡ ¡ ! y00

?
?
y

?
?
y

0 0
one has:

Lemma 3.4. the following assertion s are equivalent:

(i) The map z ¡ ! z0 is a monomorphism.
(ii) The map x00¡ ! y00 is a monomorphism.
(iii) The map from the pushout of

x ��

��

y

x0

to y0 is a monomorphism.
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The entir e 3 £ 3 diagram is, up to canonical isomorphism, entir ely determined
by the commutativ e square of monomorphisms

x ��

��

y

��

x0 �� y0

satisfying the conditio n in Lemma 3.4(iii). Verdier's ideawas to build the entir e
diagram using repeated applications of the octahedral axiom. We remind the
reader.
Our commutativ e square may be viewed as two commutativ e tr iangles

x ��

�

� �

�

�

�

�

�

�

�

�

�

�

��

y

��

x0 �� y0

The two commutativ e tr iangles may be completed to two octahedra. In the
twisted notation of Section 2, the top pyramids of the octahedra may bewritten
as

x

�

� �

�

�

�

�

�

�

�

�

�

�

��

§ ¡ 1y00

�

� �

�

�

�

�

�

�

�

�

�

�

�

��

§ ¡ 1z0 ��

�

� �

�

�

�

�

�

�

�

�

�

�

�

x0 ��

��

y0 x ��

�

�
�

�

�

�

�

�

�

�

�

�

�

�

y ��

��

z

x00 y0

Weremind the reader how this should beread. Thehorizontal and vertical lines
are projections of distinguished tr iangles. We have, so far, four distinguished
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tr iangles. They are the rows and columns below

§ ¡ 1y00

��

x ��

��

y ��

��

z �� § x

§ ¡ 1z0 �� x0 ��

��

y0 ��

��

z0

x00

��

y00

§ x

We also have four commutativ e tr iangles, as below

§ ¡ 1y00

��

�

� �

�

�

�

�

�

�

�

�

�

�

x ��

�� �

� �

�

�

�

�

�

�

�

�

�

�

�

�

y ��

��

z

§ ¡ 1z0 ��

�

� �

�

�

�

�

�

�

�

�

�

�

x0 ��

��

y0

x00

Our two octahedra also have botto m pyramids. We deducediagrams

x

�

� �

�

�

�

�

�

�

�

�

�

�

§ ¡ 1y00

�

� �

�

�

�

�

�

�

�

�

�

�

�

§ ¡ 1z0

�

� �

�

�

�

�

�

�

�

�

�

�

�

w
(1)

��

(1)
d

� �

y0
�� x

�

�
�

�

�

�

�

�

�

�

�

�

�

�

w
(1)

��

(1)
d

� �

z��

x00

d

� �

y0

d

� �
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What we mean by this is that we may complete x ¡ ! y0 to a distinguished
tr iangle

x ¡ ! y0 ¡ ! w ¡ ! § x:

This is our solid tr iangle. The octahedral lemma allows us to choose the dot-
ted arrows to complete each of the two octahedra. The diagrams depicting
the projections of the botto m pyramids exhibit the commutativ e tr iangles as
straight lines, and the distinguished tr iangles as tr iangles. But now we have
the botto m pyramid of an octahedron

§ ¡ 1y00

�

� �

�

�

�

�

�

�

�

�

�

�

�

§ ¡ 1z0

�

� �

�

�

�

�

�

�

�

�

�

�

�

�

w
(1)

��

(1)
d

� �

z��

x00

d

� �

which we may complete to a top pyramid. We have thr eeoctahedra, with top
pyramids

§ ¡ 1y00

��

�

� �

�

�

�

�

�

�

�

�

�

�

x ��

�� �

� �

�

�

�

�

�

�

�

�

�

�

�

�

y ��

��

z

§ ¡ 1z0 ��

�

� �

�

�

�

�

�

�

�

�

�

�

�

��

x0 ��

��

y0

§ ¡ 1y00 ��

�

�
	

	

	

	

	

	

	

	

	

	

	

	

	

§ ¡ 1z00 ��

��

x00

z

The remaining maps, which de¯ne the botto m pyramids of the octahedra, can
be written as

§ ¡ 1w

0

B
B
@

®
¯
°

1

C
C
A

�� § ¡ 1y00© x © § ¡ 1z0 z © y0© x00

³
a b c

´

�� w
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The thr eeoctahedra tell us, among other things, that the thr eediagonals have
the samemapping cone, namely the object w. But weknow more. Each octahe-
dron givestwo commutativ e squares. The \ re¯ned" octahedral lemma chooses
thesecommutativ e squaresto be homotopy pushout squares;seeSection 2 for
details. Using these six homotopy pushout squares, we can extend the above
to a commutativ e diagram

§ ¡ 1w
®

��

¯

��

(1)

§ ¡ 1y00

��

�

� �

�

�

�

�

�

�

�

�

�

�

�

(¤¤) § ¡ 1w
¯

��

°

��

(2)

x ��

�� �

� �

�

�

�

�

�

�

�

�

�

�

�

�

�

y ��

��

(4)

z

a

��

§ ¡ 1w
°

��

®

��

(3)

§ ¡ 1z0 ��

�

� �

�

�

�

�

�

�

�

�

�

�

�

�

��

x0 ��

��

(5)

y0
b

��

b

��

w

§ ¡ 1y00 ��

�

�

	

	

	

	

	

	

	

	

	

	

	

	

	

§ ¡ 1z00 ��

��

(6)

x00
c

��

c

��

w

z a
�� w

In this diagram, the six squareslabeled(1) ¡ (6) are homotopy pushout squares,
and the di®erentia l of the square labeled (n) is given by the diagonal of the
square labeled (n + 3), where we read the labels modulo 6. For example, the
di®erentia l of (1) is given by the diagonal of (1 + 3) = (4).
We also have, in the upper part of the thr ee octahedra, six distinguished tr i-
angles. Theseassemble to a diagram

x ��

��

y ��

��

z

��

�� § x

��

x0 ��

��

y0 ��

��

z0 ��

��

§ x0

��

x00 ��

��

y00 ��

��

z00 ��

��

( ¡ )

§ x00

��

§ x �� § y �� § z ��

§ 2x
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The standard sign convention has all the squarescommuting except the one at
the botto m right, which anticommutes. We put the symbol (¡ ) in the botto m
right square to remind ourselvesthat it anticommutes.
If we begin with a square of monomorphisms in an abelian category, satisfying
the conditio n in Lemma 3.4(iii), then all the choices in the octahedra we con-
structed are canonically unique. Using only the octahedral axiom the above
argument (of Verdier) shows how to extend a commutativ e square to an elab-
orate diagram with many distinguished tr iangles. In the special case where
the square is the top left corner of a 3 £ 3 diagram of short exact sequences
in A, the extension in D b(A) is unique. We recover the 3 £ 3 diagram, the
mapping cone w on the map x ¡ ! y0, and many distinguished tr iangles. The
¯r st theorem is

T heorem 3.5. Axiom (T C3) of May's is just the assertion that the tensor
product of two distin guished trian gles comes with Verdier structure. By this we
mean that there exists an object w, and a diagram (¤¤) as on page 547.

Pr oof : It needsto be checked that May's list of the properties of the object w
preciselycoincides with what we obtained above, from the octahedral axiom.
We leave this to the interested reader; one needsto compare (¤¤) with May's
beautifully drawn diagram on page 49 of [12]. 2

Remark 3.6. In the discussion precedingTheorem 3.5 we indicated how, fol-
lowing either May or Verdier, one can prove that a tr iangulated category T
with a decent tensor product satis¯es (T C3).
Note that, both in May's and in Verdier's argument, the tensor product plays
a very minor role. What matter s is that in the abelian category A we have a
3£ 3 diagram with exact rows and columns. The fact that it happensto come
from the tensor product of two short exact sequencesis largely ir relevant.

Remark 3.7. Haynes Miller independently observed that Verdier's construc-
tion yields May's diagram.

So far we have explained the relation betweenMay's work and Verdier's. Now
we move to the more interesting observation. We will explain the relation
betweentwo approacheswe have already seenand Happel's work.
What we have seenso far is the following. We started with a commutativ e
square of monomorphisms in A

x ��

��

y

��

x0 �� y0

satisfying the conditio n in Lemma 3.4(iii). Then, either by pushing out in
the abelian category A or by repeatedly applying the octahedral lemma, we
extended to an elaborate diagram of tr iangles giving May's (T C3). Let k be
a noetherian commutativ e ring. Suppose the category A is k-linear. (For any
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abelian category A we may take k = Z.) A commutativ e square in A may be
viewed as a k-linear functor 2 ¡ ! A, where 2 is the k-category presented by
the quiver (=o riented graph)

2
°

�

� �

�

�

�

�

1

® � �

�

�

�

�

�

¯
�

� �

�

�

�

�

4 with the relation ° ® = ±¯ :

3
±

� �

�

�

�

�

�

In other words, the category 2 has four objects corresponding to the four
vertices of the quiver, and its morphisms betweentwo objects are obtained by
taking all k-linear combinations of paths betweenthe corresponding vertices of
the quiver and dividing out all consequencesof the relations. Let mod k be the
category of ¯nitely generated k-modules. Let mod 2 = Cat(2 op; mod k) be the
category of all k-linear functors 2 op ¡ ! mod k. We remind the reader of the
well-known

Lemma 3.8. Up to canonical isomorphism, any k-lin ear functor 2 ¡ ! A may
be factored uniquely as

2 ¡¡ ¡ ¡ ! mod 2 F¡ ¡ ¡ ¡ ! A;

with F a right exact k-lin ear functor of k-lin ear categories.

Pr oof : Any right exact functor F : mod 2 ¡ ! A is uniquely determined by
what it does on projective objects. And each projective object in the functor
category mod 2 is a direct factor of a ¯nite sum of the representable functors
Pi = Hom2 (¡ ; i ). Since the Yoneda functor is covariant, the representable
functors appear in a commutativ e square

P2
° ¤

�

� �

�

�

�

�

(¤) P1

®¤ 	 


�

�

�

�

�

¯ ¤
�

�
�

�

�

�

�

P4

P3

±¤

	 


�

�

�

�

�

:

Given a functor F : mod 2 ¡ ! A, F must take the commutativ e square (¤) in
mod 2 to a commutativ e square in A. Conversely, given a commutativ e square
in A, we want a functor F . It is clear how to de¯ne F on P1, P2, P3 and P4.
This de¯nitio n extendsby additivit y to direct summands of direct sums of the
Pi 's, that is to all projectives. Finally, to de¯ne F on an arbitr ary object X ,
choosea projective presentation for X

P ¡¡ ¡ ¡ ! Q ¡¡ ¡ ¡ ! X ¡¡ ¡ ¡ ! 0;

and F (X ) is de¯ned to be the cokernel of F (P) ¡ ! F (Q). 2
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Taking the left derived functor of the F in Lemma 3.8, we have that any com-
mutativ e square in A yields a functor D b(2 ) ¡ ! D b(A), where we abbreviate
D b(mod 2 ) to D b(2 ).

Remark 3.9. For much more detail see[10], [8], [11].

T heorem 3.10. The relations which hold in D b(2 ) are universal. The same
diagram of trian gles wil l exist in any trian gulated category T with a decent
tensor product.

Pr oof : The commutativ e square, which we saw in Verdier's construction of
the diagram, will give rise to a tr iangulated functor D b(2 ) ¡ ! D b(A). The
decencyof the tensor product givesa tr iangulated functor D b(A) ¡ ! T. The
composite takesthe diagram of tr iangles in D b(2 ) to T. 2

Remark 3.11. The word \ universal" is appearing here in an extended,some-
what unusual way. We are not asserting that the category D b(2 ) has a decent
tensor product. As far as we know it has no tensor product at all; there does
not seemto be a Hopf algebra structure on the quiver algebra.
All we say is the following. Let T be a tr iangulated category with a decent
tensor product. Then tr iangles appearing in D b(2 ) will always be re°ected
in the tensor product of two distinguished tr iangles in T. As we have already
said, the tensor product in T plays a minor role in the proof, and the category
D b(2 ) doesnot seemto have a tensor product at all.

The real use of Theorem 3.10 is that Happel studied the category D b(2 ) in
great detail, in the casewhere the ground ring k is a ¯eld. By appealing to his
resultswe can obtain a great deal of information, at least in the caseof k-linear
tr iangulated categories over ¯elds k. In principle, it should not be particularly
di± cult to generalise Happel's work to the casewhere k = Z. In this article we
chosenot to do so. We chose to highlight the idea, not to pursue it to obtain
the sharpest results. The main reason is that we wanted to keep the article
reasonably brief.
In the next two sections, we will show how the di®erent approaches can yield
new results.
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4. Consequenc es of t he oc t ahedral axiom

First we establish some notation. Consider the diagram

x ��

��

�

� �

�

�

�

�

�

y ��

��

�

� �

�

�

��

��

�

�

��

��

�

z

��

��

�

� �

�

�

�

�

�

�

�

�

�

�

�

§ x

��

§ ¡ 1z0 ��

��

�

� �

�

�

�

�

�

x0 ��

��

�

�

�

�

�

�

�

�

�

�

�

�

�

�

y0 ��

��

�

� �

�

�

�

�

�

�

�

�

�

�

z0 ��

��

§ x0

��

§ ¡ 1y00 ��

��

�

�
�

�

�

�

�

�

�

§ ¡ 1z00 ��

��

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

x00 ��

��

�

� �

�

�

�

�

�

�

�

�

�

�

y00 ��

��

z00 ��

��

§ x00

��

y �� z �� § x �� § y �� § z ��

§ 2x

The axiom (T C3) assigns a common mapping cone w to the thr ee broken
arrows. Applying (T C3) to rotations of the tr iangles, we expect a common
mapping cone § u to the curly arrows, and a common mapping cone § v to the
plain arrows. Needlessto say, u, v and w should be related. May found one
relation. We will usethe di®erent approachesto obtain more.
In this section we will, following Verdier's approach, seewhat the octahedral
lemma buys us. We have:

T heorem 4.1. May's axiom (T C4) is a formal consequence of (T C3) and the
octahedral axiom. The proof wil l give us yet another distin guished trian gle. It
is a trian gle May missed, whose existence also follows formal ly from (T C3) and
the octahedral axiom.

Pr oof : Recall that the octahedra de¯ning w give a homotopy pushout square

y ��

��

z

��

y0 �� w

The mapping cone on the diagonal y ¡ ! w is just the sum of the mapping
coneson the horizontal and vertical maps, that is y00© § x. The tr iangle

§ ¡ 1z0 ¡ ! x00¡ ! w ¡ ! z0

givesus a map w ¡ ! z0, and hencea commutativ e square

y ��

��

z

��

y0 �� z0
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The object § u is the mapping cone of the diagonal map y ¡ ! z0 in this square.
In other words, § u is the mapping cone on a composite

y ¡ ! w ¡ ! z0:

We now complete to an octahedron. We know all the objects of the octahedron.
In the standard notation, where d stands for a distinguished tr iangle, + for a
commutativ e one and (1) for an arrow of degreeone, we draw the octahedron.
The top pyramid is

y ��

�

� �

�

�

�

�

�

�

�

�

�

�

�

�

z0

��

w

� ��

�

�

�

�

�

�

�

�

�

�

��

�

�

�

�

�

�

�

�

�

�

�

�

+

+

dd

y00© § x

(1)

� �

§ x00

(1)

��

�

�

�

�

�

�

�

�

�

�

�

(1)
��

The botto m pyramid is

y �� z0

��

� 	


































§ u

(1)

��

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�
�

�

�

�

�

�

�

�

�

�

�

d

d

++

y00© § x


 ��

�

�

�

�

�

�

�

�

�

�

�

(1)

� �

§ x00
(1)

��

From this octahedron we deduce two homotopy pushout squares. There are
therefore distinguished tr iangles

w ¡ ! z0© y00© § x ¡ ! § u ¡ ! § w

and
u ¡ ! y © x00¡ ! w ¡ ! § u

The ¯r st of these tr iangles is axiom (T C4) of May's [12]. The second is new.
2

In the next section we will seehow to better organise all the tr iangles above,
and more.

5. T he rela t ion wit h Happel 's work

As we saw in Theorem 3.10, the problem reducesto understanding the category
D b(2 ). It helps to intr oduce an equivalent derived category. We de¯ne
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Definit ion 5.1. Let D4 be the quiver( =orie nted graph)

(1)

2

1
¸

�� 5

¹

 ��

�

�

�

�

�

º �

� �

�

�

�

�

�

:

3

Let Y be the k-category presented by the quiver D 4. Let mod Y be the category
of k-lin ear functors Yop ¡ ! mod k. We denote the bounded derived category
D b(mod Y) by D b(Y).

The interest in this de¯nitio n comesfrom the well-known

Lemma 5.2. The derived categories D b(2 ) and D b(Y) are equivalent, as k-
linear trian gulated categories.

Pr oof : Recall that 2 is the category presented by the quiver

2
°

�

� �

�

�

�

�

1

® � �

�

�

�

�

�

¯
�

� �

�

�

�

�

4 with the relation ° ® = ±¯

3
±

� �

�

�

�

�

�

and D b(2 ) the bounded derived category of the category mod 2 of k-linear
functors 2 op ¡ ! mod k. The categories mod Y and mod 2 are related by
a natur al pair L; R of adjoint functors: If M is in mod 2 , we complete the
corresponding diagram of k-modules into

M 2
M ®

��

M ¹
��

M 1 M 5
M ¸

�� M 4

M °
��

�

�

�

�

�

�

�

M ±
��






















M 3

M º
��

M ¯

��

;

where M 5 is the pushout of M ° and M ±. We de¯ne the object LM 2 mod Y
as the full subdiagram on M 1; M 2; M 3; M 5. Similarly, if N is in mod Y, we
complete the corresponding diagram by de¯ning N 4 as the pullback of N ¹ and
N º , and wede¯ne RN to be the full subdiagram on N 1; N 2; N 3; N 4. Note that
the functors L and R are not equivalences(they take some non zero objects to
zero). But the left derived functor of L is easily computed to be quasi-inverse
to the right derived functor of R, giving an equivalence between D b(2 ) and
D b(Y). 2

Remark 5.3. The experts will note that the fact that L and R induce equiv-
alencesof derived categories is a special case [1] of tilting theory (cf. e.g. [9],
[7], [2]).
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Theorem 3.10 tells us that we are reducedto understanding the distinguished
tr iangles in the category D b(2 ) = D b(Y). The proof of Theorem 3.10, more
speci¯cally Lemma 3.8, tells us that in the category mod 2 ½ D b(2 ) we have
a commutativ e square

P2
° ¤

�

� �

�

�

�

�

P1

®¤
	 


�

�

�

�

�

¯ ¤
�

� �

�

�

�

�

P4

P3

±¤

	 


�

�

�

�

�

and everything reducesto understanding the distinguished tr iangles in which
it lies. The equivalenceD b(2 ) = D b(Y) is explicit enough to be able to work
out the image of this commutativ e square in D b(Y).

5.1. Happel 's descript ion of D b(Y). From now on, we assume k is a ¯eld.
We will describe D b(Y) as a k-linear category, following Happel [9]. This de-
scriptio n will alsoyield a great deal of information on the distinguishedtr iangles
of D b(Y). Note that Happel built on previous work by many researchers, no-
tably Ringel [14], Riedtmann [13], Gabriel [6]. For more information, we refer
to the books [15], [2], [7].
Each object of the category D b(Y) decomposesinto a ¯nite sum of indecompos-
able objects with local endomorphism rings and this decomposition is unique
up to permutation and isomorphism. To describe D b(Y) as a k-linear category,
it su± cestherefore to describe the full subcategory formed by the indecompos-
able objects.
We will give a presentation of the category of indecomposables in D b(Y). Let
us ¯r st describe its objects: The category mod Y is the k-category of represen-
tations of a quiver without relations. Therefore, it is an abelian category of
global dimension · 1. This entails that in its derived category D b(Y), each ob-
ject is (non canonically) isomorphic to the direct sum of its homologies placed
in their respective degrees.Each indecomposable of D b(Y) is therefore concen-
tr ated in one degree, i.e. it is a shift of some indecomposable module. Now
D4 is a quiver whose underlying graph is a Dynkin diagram. So by Gabriel's
theorem [5], there are only ¯nitely many (isomorphism classesof) indecompos-
able modules; moreover, the indecomposables are in bijection with the twelve
positive roots of the corresponding root system (the orientation of the quiver
determines the positive cone). The bijection is given by sendingeach indecom-
posable M to its dimension vector dim M , i.e. to the function i 7! dim M i .
For example, the dimension vector of the module P2 : i 7! HomY(i; 2) is given
by

1
11

0
:

Note that, by de¯nitio n of Pi , we have

M i = HomY(Pi ; M ) ; M 2 mod Y :
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Thus the i -component of the dimension vector of M is the dimension of the
space of morphisms from Pi to M . The map M 7! dim M inducesan isomor-
phism

K 0(mod Y) ¡ ! Z4:

The simple modules correspond to the vectors of the standard basis.

Caut ion 5.4. In what follows, we make frequent reference to ¯g ure 1 and
¯g ure 2. For the reader's convenience,both ¯g ures have been placed on the
last page, after the bibliography.

Let us summarize the above: The indecomposable objects of D b(Y) are the
shifts of the indecomposable modules; the indecomposable modules are deter-
mined by their dimension vectors. Thepositivedimension vectors in ¯g ure1 are
preciselythe dimension vectors of indecomposable objects of Y. The negativ e
vectors in the ¯g ure correspond to shifted indecomposable modules.
We now describe the morphisms between indecomposable objects of D b(Y).
Let U and V be indecomposable. A radical morphism from U to V is a non
invertible morphism f : U ¡ ! V . Denote by rad(U; V ) the space of radical
morphisms from U to V . Clearly, rad is an ideal of the category of indecom-
posables. Denote its square by rad2. Thus a morphism f : U ¡ ! V belongs to
rad2(U; V ) i® it is reducible, i.e. we have

f =
nX

i = 1

gi hi

for some n and for radical morphisms hi : U ¡ ! Wi and gi : Wi ¡ ! V . A
morphism is irr educible if it is not reducible. The Auslander-Reiten quiver of
D b(Y) is the quiver whose vertices are the isomorphism classes[U] of inde-
composable objects and which has dim rad(U; V )=rad2(U; V ) arrows from the
vertex [U] to the vertex [V ].
Happel's theorem [9, Cor. 4.5] yields as a special case that the Auslander-
Reiten quiver of D b(Y) is the quiver R of ¯g ure 1.
We will obtain the required presentation of the category of indecomposables
of D b(Y) by dividing the free k-category on the Auslander-Reiten quiver by
suitable relations, which we now describe. To do so, we intr oduce the auto-
morphism ¿ : R ¡ ! R which is the shift by two units to the left. It is called
the Auslander-Reiten translation. For example, we have

¿(
0

01
1

) =
1

11
0

; ¿(
1

12
1

) =
0

11
0

:

The mesh relation associated to a vertex x of R is the relation
X

®¯ = 0 ;

where the sum rangesover all subquivers

¿(x)
¯

�� y ®
�� x:
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T heorem 5.5 (Happel [9]). There is an equivalence © from the k-category pre-
sented by the Auslander-Reiten quiver R of ¯ gure 1 subject to all mesh relations
to the category of indecomposables of D b(Y). It can be chosen so that for each
vertex x of R, dim ©(x) is the dimension vector associated with x and that for
each arrow ® : x ¡ ! y of R, ©(®) is an irr educible morphism from ©(x) to
©(y). Moreover, for each vertex x of R, there is a canonical trian gle (called
the Auslander-Reiten tr iangle)

©(¿(x)) ¡ !
M

©(y) ¡ ! ©(x) ¡ ! § ©(¿(x)) ;

where the sum ranges over all subquivers

¿(x)
¯

�� y ®
�� x:

Remark 5.6. Under the equivalenceof the theorem, the suspension U 7! § U
corresponds to ¿¡ 3.

Remark 5.7. The group S3 £ Z acts on the quiver R: The factor Z acts via ¿;

the factor S3 ¯xes the ¿-orbit of
0

11
0

and simultaneously permutes the vertices

¿i (
1

11
0

) ; ¿i (
0

01
0

) ; ¿i (
0

11
1

)

for each i 2 Z. By Happel's theorem, we obtain an action on D b(Y). The
autoequivalencesof D b(Y) which occur are tr iangulated functors.

Remark 5.8. Lemma 5.2 givesan equivalenceD b(2 ) ¡ ! D b(Y). The natur al
commutativ e square in mod 2 maps via the composite

mod 2 ¡ ! D b(2 ) ¡ ! D b(Y)

to the square formed by the vertices labeled

0
10

0
;

1
11

0
;

0
11

1
;

1
11

1
:

Remark 5.9. Supposethat x is a vertex of R corresponding to a representable
functor Pi and y an arbitr ary vertex. Then we have

dim Hom(©(x); ©(y)) = dim Hom(Pi ; ©(y)) = (dim ©(y)) i :

For an arbitr ary vertex x, there is always an i 2 Z so that ¿i x corresponds to
a representable. This allows us to compute

dim Hom(©(x); ©(y)) = dim Hom(©(¿i x); ©(¿i y))

very easily by inspecting ¯g ure 1.

Remark 5.10. Happel's theorem allows us to exhibit many tr ianglesproduced
by short exact sequencesof the module category mod Y. It is clear that a
sequenceof modules

0 ¡ ! L ¡ ! M ¡ ! N ¡ ! 0
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is exact i® it is a complex, the left arrow is a monomorphism, the right arrow
an epimorphism and we have dim M = dim L + dim N . Theseconditio ns are
easy to check with the help of the Auslander-Reiten quiver. Using the action
of S3 £ Z of Remark 5.7 we obtain further tr iangles.

5.2. Applic at ion: Or ganis ing t he t riangles . Suppose that we have a
commutativ e square

x ��

��

y

��

x0 �� y0

in a k-linear tr iangulated category T. Suppose that, as in Theorem 3.10, we
also have a tr iangulated functor

F : D b(2 ) = D b(Y) ¡ ! T

extending the square. If we compose F with the isomorphism © of Happel's
theorem, we obtain the mapping suggested by superposing ¯g ures 1 and 2.
Here we usethe notations of Sections 3 and 4, as well as some of the tr iangles
of D b(2 ) = D b(Y) obtained from Remark 5.10.
Note that, miraculously, the twelve objects of Section 3 and 4 correspond to
the twelve orbits of indecomposable Y-modules under the action of the group
§ Z generated by § and that the `interesting' objects u, v, w are in the same
orbit under the action of the group ¿Z generated by ¿.

Remark 5.11. Perhaps the miracle deservesa small comment. The objects x,
x0, y and y0 in the commutativ e square

x ¡¡ ¡ ¡ ! y
?
?
y

?
?
y

x0 ¡ ¡ ¡ ¡ ! y0

correspond, in D b(2 ), to P1, P2, P3 and P4, all of which are (projective)
indecomposables in 2 ½ D b(2 ). Being indecomposable in D b(2 ), they must
remain indecomposable under the equivalenceD b(2 ) ' D b(Y) of Lemma 5.2.
This much is not surprising.
The miracle, which the authors do not understand, is why the other natur ally
arising eight objects correspond precisely, up to suspension, to the other classes
of indecomposables.

Let us call two tr iangles equivalent if they are obtained from one another by
rotations and the action of S3 £ Z. Then the tr ianglesconstructed in Sections 3
and 4 belong to the (distinct) equivalenceclassesof the following seven tr iangles
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(thosemarked with (¤) are rotations of Auslander-Reiten tr iangles)

x �� u ��

§ ¡ 1z00 �� § x (¤)

x �� y �� z �� § x

x �� v �� z © x00 �� § x

x �� y0 �� w �� § x (¤)

u �� x00 �� § x © y00 �� § u

u �� w �� § x © y00© z0 �� § u (¤)

u �� v �� x00© z0 �� § u ;

where the last tr iangle is equivalent to the new tr iangle constructed at the
end of Section 4. Note that the morphism space Hom(u; v) is 2-dimensional
so that the morphism u ¡ ! v is not even unique up to a scalar multiple.
The morphism u ¡ ! v occurring in the last tr iangle is de¯ned to be the
composition u ¡ ! y ¡ ! v. Note that up to the action of S3 £ Z this is the
only 2-dimensional morphism space betweenindecomposables.
Let us construct some more tr iangles: The plane Hom(u; v) contains thr ee
distinguished lines given by the morphisms factoring respectively thr ough x0,
y and § ¡ 1z00. The mapping cone tr iangle over a morphism lying in one of the
lines is equivalent to the last tr iangle of the list above. However, if we choose
a morphism f outside of the thr eelines, we obtain a new tr iangle

u
f

�� v
g

�� w
" ( f ;g)

�� u

by looking at the corresponding short exact sequenceof Y-modules. Thus, we
obtain a whole new family of isomorphism classesof tr iangles,parametrized by
the projective line over k punctured at 3 points.
We claim that this is the list of all equivalence classesof non-split tr iangles
with two indecomposable vertices. To check this, one proceedsin two steps:
(1) classify morphisms between indecomposables of D b(Y) up to conjugacy
under the the group S3 £ Z; (2) inspect all mapping cone tr iangles over the
morphisms obtained in (1) and eliminate duplicates. We leave the details to
the interestedreader.
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