Documenta Math. 51

Variations on the Bloch-Ogus Theorem
Ivan Panin, Kirill Zainoulline

Received: March 24, 2003

Communicated by UIf Rehmann

Abstract. Let R be a semi-local regular ring of geometric type
over a eld k. Let U = SpecR be the semi-local scheme. Consider a
smooth proper morphismp:Y U . Let Y, be the ber over the
generic point of a subvarietyu of U. We prove that the Gersten-type
complex for §tale cohomology

a )
0! Hg(Y;C)! Hg(Ykw):C)! He' *(Yiquy: C(i 1)) !
u2U @

is exact, whereC is a locally constant sheaf with "nite stalks of Z=nZ-
modules onYe; and n is an integer prime to char(k).
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1 Introduction

The history of the subject of the present paper starts with the famous paper
of D. Quillen [14] where he proves the geometric case of the Gersten's conjec-
ture for K -functor. One may ask whether the similar result holds for §tale
cohomology.

The rst answer on this question was given by S. Bloch and A. Ogus in [2]. They
proved the analog of Gersten's conjecture for §tale cohomology with coexcients
in the twisted sheaf 1! of n-th roots of unity. More precisely, let X be a

a nite subset of points. We denote by U = SpecOx.x the semi-local scheme
at x. Consider the sheaft ,, of n-th roots of unity on the small §tale site X,
with n prime to char(k). Then the main result of [2] (see Theorem 4.2 and
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52 Ivan Panin, Kirill Zainoulline

Example 2.1) implies that the Gersten-type complex for §tale cohomology wh

supports

. a . a .
0! HIU;L; iy HI(U;1, ) ! HI Ut hteee ()
u2u © u2u @

is exact for alli 2 Z and q, 0, where U() denotes the set of all points of
codimensionp in U.

The next step was done by O. Gabber in [8]. He proved that the complexy)

is exact for cohomology with coezcients in any torsion sheafC on X that
comes from the base “eldk, i.e., C = p*C°for some sheafC®on (Speck); and
the structural morphism p: X ! Speck.

It turned out that the proof of Gabber can be applied to any cohomology
theory with supports that satis es the same formalism as §tale cohomolgy do.
This idea was realized in the paper [4] by J.-L. Colliot-Th§lgne, R. Hoobler
and B. Kahn. Namely, they proved that a cohomology theory with support h®
which satis es some set of axioms [4, Section 5.1] is e®aceable [4, De nition
2.1.1]. Then the exactness of \f) follows immediately by trivial reasons [4,
Proposition 2.1.2]. In particular, one gets the exactness ofy) for the case
when U is replaced by the productU £y T, where T is a smooth variety overk

[4, Theorem 8.1.1]. It was also proven [4, Remark 8.1.2.(3), Cordaly B.3.3] the
complex (y) is exact for the case when dinJ = 1 and the sheaf of coexcients
1-1 is replaced by a bounded below complex of sheaves, whose cohomology
sheaves are locally constant constructible, torsion prime to chai{). The goal

of the present paper is to prove the latter case for any dimension of the scheme
U. Namely, we want to prove the following

1.1 Theorem. Let X be a smooth quasi-projective variety over a "eldk. Let

semi-local scheme atx. Let C be a bounded below complex of locally constant
constructible sheaves oZ=nZ-modules onX¢; with n prime to char(k), Then
the E*-terms of the coniveau spectral sequence yield an exact corapl

a a
0! HY(U;O! H3(U; O ! HIM(U;Q!lcee
u2u @ u2uU @
of §tale hypercohomology with supports.
1.2 Remark. For the de nition of a constructible sheaf we refer to [1, IX] or

[9, V.1.8]. Observe that a locally constant sheaf with nite stalks providesan
example of a locally constant constructible sheaf (see [1, 1X.2.13]).

1.3 Corollary. Let R be a semi-local regular ring of geometric type over
a "eld k. We denote byU = SpecR the respective semi-local atne scheme.
Let C be a bounded below complex of locally constant construcgbsheaves of
Z=nZ-modules onUg with n prime to char(k), Then the complex

a
0! HI(U;O! HA(Speck(U);C) ! He' '(Speck(u); (i 1)) !¢ ¢¢
u2u @
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Variations on the Bloch-Ogus Theorem 53

is exact, wherek(U) is the function eld of U, k(u) is the residue eld ofu and
qi)=C- ;.
Proof. Follows by purity for §tale cohomology (see the proof of [4, 1.4]). O

1.4 Corollary. Let R be a semi-local regular ring of geometric type over a
“eld k. Let p: Y U be a smooth proper morphism, wheré&J = SpecR. Let C
be a locally constant constructible sheaf oZ=nZ-modules onYg with n prime
to char(k). Then the complex

a )
0! HI(Y;C)! HI(Ykwy:C)! HI (Yo CGi 1) Leee
u2u @

is exact, whereYy ) = Speck(u) £y Y.

Proof. The cohomology of Y with coexcients in C coincide with the hyper-
cohomology ofU with coezcients in the total direct image Rp.C [9, VI.4.2].
Observe that the bounded complexRp.C has locally constant constructible
cohomology sheaves. Now by the main result of paper [12], a bounded complex
of sheaves onJg; with locally constant constructible cohomology sheaves is in
the derived category isomorphic to a bounded complex of locally constant con-
structible sheaves. Hence, there exists a bounded compléxof locally constant
constructible sheaves that is quasi-isomorphic to the complexRp.C. Replace
Rp=C by Cand apply the previous corollary. O

1.5 Remark. The assumptions on the sheafC are essential. As it was shown
in [7] for the casek = C and C = Z there are examples of extension¥ =U for
which the map HZz (Y) ! H{g (Yk(u)) is not injective.

1.6 Remark. The injectivity part of Theorem 1.1 (i.e., the exactness at the
“rst term) has been proven recently in [15] by extending the arguments of
Voevodsky [16].

The structure of the proof of Theorem 1.1 is the following. First, we give ®me
general formalism (sections 2, 3 and 4). Namely, we prove that any functoF
that satis es some set of axioms (homotopy invariance, transfers, nite non-
odromy) is e®aceable (Theorem 4.7). Then we apply this formalism to §tale
cohomology (section 5). More precisely, we check that the §tale cohomology
functor F(X;Z) = HZ(X; O satis es all the axioms and, hence, is e®aceable.
It implies Theorem 1.1 immediately.

We would like to stress that our axioms for the functor F are di®erent from
those in [4]. The key point of the proof is that we use Geometric Presentatin
Lemma of Ojanguren and Panin (see Lemma 3.5) instead of Gabber's. This
fact together with the notion of a functor with "nite monodromy allows us to
apply the techniques developed in [10], [11] and [17].

Acknowledgments This paper is based on ideas of an earlier unpublished
manuscript of the “rst author. Both authors want to thank INTAS project
99-00817 and TMR network ERB FMRX CT-97-0107 for "nancial support.
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54 Ivan Panin, Kirill Zainoulline
2 Definitions and Notations

2.1 Notation.  In the present paper all schemes are assumed to be Noetherian
and separated. Byk we denote a xed ground eld. A variety over k is an
integral scheme of "nite type over k. To simplify the notation sometimes we
will write k instead of the scheme Spec. We will write X 1 £ X, for the "bered
product X1 £ ( X, of two k-schemes. ByJ we denote a regular semi-local scheme
of geometric type overk, i.e., U = SpecOx.x for a smooth atne variety X over

curve over U (see 3.1.(I)). By Z and Y we denote closed subsets of . By Z
and Z° we denote closed subsets dfi. Observe that X and U are essentially
smooth overk and all schemesX, Z, Y, Z, Z%are of nite type over U.

2.2 Notation. Let U be a k-scheme. Denote byCp(U) a category whose
objects are couples X; Z ) consisting of anU-schemeX of nite type over U and

a closed subseZ of the schemeX (we assume the empty set is a closed subset
of X). Morphisms from (X;Z ) to (X % z9 are those morphismsf : X ! X0 of
U-schemes that satisfy the propertyf i (2% % Z. The composite off and g
isgzxf.

2.3 Notation. Denote by F : Cp(U) ! Ab a contravariant additive functor
from the category of couplesCp(U) to the category of (graded) abelian groups.
Recall that F is additive if one has an isomorphism

F(X19 X2;Z19 Z3) 2 F(X1;Z1) ©F (X2, Z2):

Sometimes we shall writeFz (X)) for F (X;Z ) having in mind the notation used
for cohomology with supports.

Now notions of a homotopy invariant functor, a functor with transfers and a
functor that satis es vanishing property will be given.

2.4 Definition. A contravariant functor F : Cp(U) ! Ab is said to be ho-
motopy invariant if for each U-schemeX smooth or essentially smooth ovelk
and for each closed subseZ of X the map Fz (X)! Fz¢ (X £ A?) induced
by the projection X £ Al ! X is an isomorphism.

2.5 Definition.  One says a contravariant functor F : Cp(U) ! Ab satis es
vanishing property if for each U-schemeX one hasF (X; ;) =0.

2.6 Definition. A contravariant functor F : Cp(U) ! Ab is said to be en-
dowed with transfers if for each Tnite °at morphism ¥: X°! X of U-schemes
and for each closed subsef Y2 X it is given a homomorphism of abelian groups
X" Fy, 1z)(X9 1 Fz(X) and the family T} g satises the following
properties:
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Variations on the Bloch-Ogus Theorem 55

(i) for each bered product diagram of U-schemes with a nite °at morphism

1, .
0xf 0
SIS
5 5
vy y7a
X A ' X1

and for each closed subse %2 X the diagram

F(f1)

FZD,SXO) il Fzg,gxf)

02 ? x 9

Ty yTryt
F(f

Fz(X) i ) Fz,(X1)

is commutative, where Z°= ¥4 1(Z), Z; = fi 1(Z) and Z9 = ¥} *(Z,);

(i) if va:X2q X9! X is a "nite °at morphism of U-schemes, then for each
closed subseZ % X the diagram

\+"
Fzo(X9q X —/F79(X9) ©Fzo(X9)

is commutative, where 2= ¥4 1(z), z9= X\ z%and 29 = X9\ z©%

@iii) if Ya: (X%Z9 1 (X;Z)is an isomorphism inCp(U), then two maps Tr§<(O
and F (¥) are inverses of each other, i.e.

F+Trl=Tr X +F () =id:

3 The Specialization Lemma

The following de nition is inspired by the notion of a good triple used by
Voevodsky in [16].

3.1 Definition.  Let U be a regular semi-local scheme of geometric type over
the "eld k. A triple ( X;%;f) consisting of an U-schemep : X ! U , a section
+: U !' X of the morphism p and a regular function f 2 j( X;Ox) is called a
perfect triple over U if X, = and f satisfy the following conditions:

(i) the morphism p can be factorized asp : X !il“ Al£U U | where¥
is a nite surjective morphism and pr is the canonical projection on the
second factor;

(i) the vanishing locus of the function f is "nite over U;
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56 Ivan Panin, Kirill Zainoulline

(i) the scheme X is essentially smooth overk and the morphism p is smooth
along £(U);

(iv) the scheme X is irreducible.

3.2 Remark. The property (i) says that X is an atne curve overU. The
property (i) implies that X is a regular scheme. SinceX and A' £U are
regular schemes by [6, 18.17] the morphisrii: X | A*£U from (i) is a nite
°at morphism.

The following lemma will be used in the proof of Theorems 4.2 and 4.7.

3.3 Lemma. Let U be a regular semi-local scheme of geometric type over an
innite eld k. Let (p: X U ;£:U ! X ;f2 j(X;0x)) be a perfect
triple over U. Let F : Cp(U) ! Ab be a homotopy invariant functor endowed
with transfers which satis es vanishing property (see 2.42.6 and 2.5). Then
for each closed subseZ of the vanishing locus off the following composite

vanishes

) idy)

F(+ E(
Fz(X) Fiivzy(V) il Foz)(U)

3.4 Remark. The mentioned composite is the map induced by the morphism
+:(U;p(Z)) ! (X;Z)in the category Cp(U). Observe that we have+ 1(Z) %
p(Z), where p(Z) is closed by (ii) of 3.1.

Proof. Consider the commutative diagram in the categoryCp(U)
(X;Y) i
%

+? ?+

(X;2)
X

Uz9 4 (U2

whereZ = + 1(Z), z%= p(z) and Y = pi 1(Z9. It gives the relation F(idy) =
F(+) = F(2) £F (idx). Thus to prove the theorem it suxces to check that the
following composite vanishes

Fz (X)) F2o(U) )

By Lemma 3.5 below applied to the perfect triple (X; +;f) we can choose the
“nite surjective morphism ¥: X ! AY£U from (i) of 3.1 in such a way that
it's "bers at the points 0 and 1 of A! look as follows:

F (1)
Fy(X) |

(@) ¥4 Y(fog£U) = +U) gD g (scheme-theoretically) andDg ¥z Xs;
(b) ¥ L(f1g£U) = D; and D1 ¥ X;.

Observe that Y = % YA £ Z29. Let 20 = YA Y(fOg £ Z9\D 4 and Z¥ =
Yi 1(f1g £ 29 be the closed subsets of. By de nition Z§, Z? are the closed
subsets ofDg and D; respectively. SinceZ is contained in the vanishing locus
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Variations on the Bloch-Ogus Theorem 57

of f and Dg, D1 ¥2 X we haveZ \D o= Z\D ; = ;. The latter means that
there are two commutative diagrams in the categoryCp(U)

oY) @' (X:2) x:Y) i (x;2)
X % %

1o? ?1, and 1.7 21,

Do Dy

id
(Dos3) (D1;ZY) i (D1:3)
wherel, |1 are the closed embedding®y ! X and D; ! X respectively.
By vanishing property 2.5 we haveF (Dy;;) = F(D1;;) =0. Then applying F
to the diagrams we immediately get

id
(Do; Z9) it

F(lp) xF(idx)=0and F(l1) *F(idx)=0: Q)

Let ip, i1 : U} Al £U be the closed embeddings which correspond to the
points 0 and 1 ofA! respectively. The homotopy invariance property 2.4 implies
that

F(io) = F(i1): Faie zo(ATEU) I Fzo(U): (2)

The base change property 2.6.(i) applied to the "bered product diagram
x;Y) A" (DyZY)
v B
2 ?
1/4y y1/4
(ALEU;AYEZ9 K" (U;Z9

gives the relation
F(ie) £Triigy =Tr Ot 2F(14); (3)

where Traig,  Fy(X) ! Faigzo(A*£U) and Trj)* 1 Fz9(D1) | Fzo(U) are
the transfer maps for the "nite °at morphism %and ¥jp, respectively.
Consider the commutative diagram

Fr(X) 9 g (x) —FOFUR, o o(U Do) Y IE,o(U) © F75(Do)

|
1L
TrX T ||I
AL Lz (o) ' Lz ud IIIid+Tr oo
Faie zo(AL£U) ——JF70(U)

(4)
where the central square commutes by 2.6.(i) and the right triangle commutes
by 2.6.(ii). In the diagram we identify U with +(U) by means of the isomorphism
+:U ! HU) and use the property 2.6.(iii) to identify Tr E(U) with F ().

The following chain of relations shows that the composite ) vanishes and we
“nish the proof of the lemma.

F(®)#F (idx) @ (d+Tr 5°)£(F (2); F (10)) #F (idx ) €@ F(i0)#Tr Kipy +F (idx ) @
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58 Ivan Panin, Kirill Zainoulline

F(in) £Tr kg £F(idx) @ Tr B £F (1) £F(idx) £ 0

O

The following lemma is the semi-local version of Geometric Presentation
Lemma [10, 10.1]

3.5 Lemma. Let R be a semi-local essentially smooth algebra over an in nite
“eld k and A an essentially smoottk-algebra, which is "nite over the polynomial
algebraR|[t]. Suppose thate: A! R is an R-augmentation and letl = ker e.
Assume that A is smooth overR at every prime containing 1. Given f 2 A
such that A=Af is "nite over R we can nd ans2 A such that

1. A is nite over R][s].
2. A=As = A=l £ A=J for some idealJ of A.
3. J+ Af = A.
4. A(s-1)+Af=A.
Proof. In the proof of [10, 10.1] replace the reduction modulo maximal ideal

by the reduction modulo radical of the semi-local ring. O

4 The Effacement Theorem

We start with the following de nition which is a slightly modi ed version of [4,
2.1.1].

4.1 Definition.  Let X be a smooth atne variety over a eld k. Let x =

local scheme atx. A contravariant functor F : Cp(X) ! Ab is e®aceable ak
if the following condition satis ed:

Given m , 1, for any closed subseZ % X of codimensionm, there exist a
closed subseiz®% U such that

(1) z°%z\U and codimy(Z9, mj 1;
F(dy)

(2) the composite Fz (X) iF 0 Fzw (V) il Fzo(U) vanishes, where
j :U! X is the canonical embedding andz \U = ji 1(Z).

4.2 Theorem. Let X be a smooth atne variety over an in nite eld k and
X ¥%2 X be a nite set of points. Let G : Cp(k) ! Ab be a homotopy invariant
functor endowed with transfers which satis es vanishing mperty (see 2.4, 2.6
and 2.5). Let F = p°G denote the restriction of G to Cp(X) by means of the
structural morphisms p: X ! Speck. Then F is e®aceable ak.
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Variations on the Bloch-Ogus Theorem 59

Proof. We may assumex \ Z in non-empty. Indeed, if x\ Z = ; then the

theorem follows by the vanishing property of F (see 2.5).

Let f 6 O be a regular function on X such that Z is a closed subset of the
vanishing locus off. By Quillen's trick [14, 5.12], [13, 1.2] we can nd a
morphismq: X ! A" 1 wheren =dim X, such that

(@) gif=o :ff =0g! A" lis a nite morphism;
(b) gis smooth at the points x;

(c) gcan be factorized asg= pr =}, where |: X ! A" is a nite surjective
morphism and pr : A" I A" 1 s a linear projection.

Consider the base change diagram for the morphisng by means of the com-
positer : U = SpecOxy ] X!i7 ANl

XL/&(

-

2
U ——pni 1

So we haveX = U £,0: 1 X and p, rx denote the canonical projections onU,
X respectively. Let+: U ! X = U £, X be the diagonal embedding. Clearly
*is a section ofp. Setf = rg (f). Take instead of X it's irreducible component
containing #(U) and instead of f it's restriction to this irreducible component
(sincex\ Z is non-empty the vanishing locus off on the component containing
+U) is non-empty as well).

Now assuming the triple (p: X ' U ;%;f) is a perfect triple over U (see 3.1 for
the de nition) we complete the proof as follows:

Let Z = r§<1(Z) be the closed subset of the vanishing locus df Let Z°= p(Z)
be a closed subset of). Sincery ++=j we have+ (Z)=ji(zZ)= Z\U . By
Specialization Lemma 3.3 applied to the perfect triple K ; £;f) and the functor
j°F : Cp(U) ! Ab the composite

F (£ F (id
F200F ® Faw (Wi Fzo)
vanishes. In particular, the composite
F(i E (id
Fz00 1" Fau 0T Fzo(u) (9)

vanishes as well. Clearlyz®%Z\U . By 3.1.(i) we have dimX =dim U+1. On
the other hand the morphismry : X ! X is °at (even essentially smooth) and,
thus, codimy (Z) = codimx Z. Therefore, we have coding (Z9 = codim x (Z)j

1=mj 1L O

Hence, it remains to prove the following:
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4.3 Lemma. The triple (p: X 'U ;;f) is perfect overU.

Proof. By the property (c) one hasq= pr %} with a "nite surjective morphism
': X ! A" and a linear projection pr : A" | A"l Taking the base
change of | by means ofr : U! A" ! one gets a "nite surjective U-morphism
Ya: X I AYE£U. This checks (i) of 3.1. Since the closed subsdtf = 0g of
X is “nite over A"i ! the closed subsetff = 0g of X is “nite over U and we
get 3.1.(ii). Since qis smooth at x the morphismr : U ! A" ! is essentially
smooth. Thus the morphismryx : X I X is essentially smooth as the base
change of the morphismr. The variety X is smooth overk implies that X is
essentially smooth overk as well. Sinceq is smooth at x the morphism p is
smooth at each pointy 2 X with rx (y) 2 x. In particular p is smooth at the
points £(x;) (x; 2 U). Since U is semi-local+(U) is semi-local andp is smooth
along +(U). This checks (iii) of 3.1. SinceX is irreducible 3.1.(iv) holds. And
we have proved the lemma and the theorem. O

To prove Theorem 4.2 in the case wherF is de ned over some smooth atne
variety we have to put an additional condition on F. In order to formulate this
condition we introduce some notations.

4.4 Notation. Let%: Y ! X £ X be a nite ®tale morphism together with

a sections : X ! Y over the diagonal embedding ¢ : X ! X £ X, i.e,

Yxs=¢. Let prq, pro: X £ X 1 X be the canonical projections. We denote
p1, p2: Y ! X to be the compositepr; £%; pr, £%respectively.

For a contravariant functor F : Cp(X) ! Ab consider it's pull-backs pjF and

p5F : Cp(Y)! Ab by means ofp; and p, respectively. From this point on we

denote F; = piF and F, = p;F. By de nition we have

Fi(Y%! Y;2)= E(Y°! Y§ X;Z):

4.5 Remark. In general case the functord; and F, are not equivalent. More-
over, the functors priF and pr3F are di®erent. But in the case wherF comes
from the base “eldk, i.e., F = p°G wherep: X ! Sped is the structural mor-

phism and G : Cp(k) ! Ab is a contravariant functor, these functors coincide
with each other.

4.6 Definition.  We say a contravariant functor F : Cp(X) ! Ab has a nite

monodromy of the type (*2: Y ! X £ X;s : X | Y), where Yis a "nite

®tale morphism ands is a section of%over the diagonal, if there exists an
isomorphism © : F; ! F, of functors on Cp(Y). A functor F : Cp(X)! Ab
is said to be a functor with "nite monodromy if F has a nite monodromy of
some type.

4.7 Theorem. Let X be a smooth atne variety over an in nite "eld k and
X % X be a Tnite set of points. Let F : Cp(X)! Ab be a homotopy invariant
functor endowed with transfers which satis es vanishing mperty (see 2.4, 2.6
and 2.5). If F is a functor with "nite monodromy then F is e®aceable ak.
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Variations on the Bloch-Ogus Theorem 61

Proof. Similar to the proof of Theorem 4.2 letf 6 O be a regular function on
X such that Z is a closed subset of the vanishing locus df. We may assume
x\ Z is non-empty. Consider the "bered product diagram from the proof of
Theorem 4.2

XL/&(

Lk

2
U—r/{Ani 1

We have the projectionp: X = U£a;+ X U , the sectionx: U !X ofp
and the regular function f = ry (f).

SinceF is the functor with "nite monodromy there is a "nite §tale morphism
%B:Y ! X £ X, asections: X ! Y of over the diagonal embedding
and a functor isomorphism © :F; ! F, as in 4.4 and 4.6. Consider the base
change diagram for the morphism%2: Y ! X £ X by means of the composite

g: x ¥ X 9 x £ x

X“LW

2 2
X —2 Ik £ X

Then %*is a nite §tale morphism and there is the section¥: U ! X of the
compositep-= pt%: X' ! U such that %+ £ = + (¥ is the base change of the
morphisms: X ! Y by means ofg= X! Y). Sett= % 1(f). As in the proof
of 4.2 we replaceX by it's irreducible component containing ¥ U) and T by it's
restriction to this component. By Lemma 4.8 below the triple (p: X!'U ;%7
is perfect.

Let Z = ri*(Z) and Z = % 1(Z). Set Z°= p(Z). Observe that p(Z) = Z°
The commutative diagram

Fz(x) — gy ) = Eze(V)
F (i) L SsSS
* 2 SSSS

Fz (X) — 2k, (x)

F(3)

shows that to prove the relation F(idy) £F(j) = 0 (compare with ( ©) of the
proof of 4.2) it sutces to check the relation F (idy) +F (¥) = 0.

Consider the pull-backs of the functorsF;, F, and the functor isomorphism ©
by means of the morphismg= X! Y. We shall use the same notationF,, F,
and © for these pull-backs till the end of this proof. So we have~; = g°(piF)

and F, = g°(p3F). The isomorphism © : F; .i2 F, of functors over Cp(X)
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provides us with the following commutative diagram

(F1)~(X) Fl—(f)/(Fl)Z\u (U)FM(FDZO(U)
© |2 © |2 21O

(F2),0) —UE) 00 () 2R, (L)

where the structure of an X™-scheme onU is given by £

Sincerx *%= p, +g we have*2(ry F) = F,. Thus to check the relation
F (idy)£F (¥) = 0 for the functor F we have to verify the same relationF,(idy)
F2(¥) = 0 for the functor F,. Then by commutativity of the diagram it suxces
to prove the relation F,(idy) £ F1(%) = 0 for the functor Fj.

Sincej tp= przgwe havep®(j°F) = F1: Cp(X) ! Ab. Thereby it sutces to
prove the relation G(idy) = G(F) = 0 for the functor G = j°F : Cp(U) ! Ab.
This relation follows immediately from Theorem 3.3 applied to the functor G,
the triple (p: X' !'U ;Z;f) and the closed subsetZ % X. O

4.8 Lemma. The triple (X; ;) is perfect over U.

Proof. Observe that the triple (p: X ' U ;*;f) is perfect by Lemma 4.3, the
morphism %: X' ! X is "nite §tale and %+ ¥ = = for the section¥: U ! X
of the morphism p-: X! U . For the Tnite surjective morphism of U-schemes
Ya: X ! AL£U the composite X! X 1" ALEU is a nite surjective morphism
of U-schemes as well. This proves 3.1.(i). Sinck&is nite and the vanishing
locus off is "nite over U the vanishing locus of the functionf is nite over U as
well. This proves 3.1.(ii). Since%tE = +, Yis §tale andp is smooth along+(U)
the morphism p-is smooth along¥U). Since the schemeX is essentially smooth
over k and %is %tale the schemeX is essentially smooth overk. This proves
3.1.(iii). Since X is irreducible we have 3.1.(iv). And the lemma is proven. O

5 Applications to fitale Cohomology

5.1 Definition. Let X be a smooth atne variety over a "eld k, n an integer

prime to char(k) and C a bounded below complex of locally constant con-
structible sheaves ofZ=nZ-modules onX¢;. Since §tale cohomology commute
with inductive limits, we may suppose the complex C is also bounded from

above. We consider the functorF : Cp(X) ! Ab which is given by

FIYH XZ)= HE(Y;1°0);

where the object on the right hand side are §tale hypercohomology. Since a
locally constant constructible sheaf ofZ=nZ-modules onXy¢; is representable
by a "nite §tale scheme overX, we may assume that the hypercohomology are
taken on the big §tale site ofX [9, V.1]. Hence, we have a well-de ned functor.
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5.2 Lemma. The $tale cohomology functor=(X;Z) = H;(X; O is a functor
endowed with transfers (2.6).

Proof. Let ¥4: Y ! X be a nite °at morphism of schemes. For anX -scheme
X 0setY%= X O£ Y and denote the projectionY®! X ®by ¥4, If X %9 XOis
an X -scheme morphism then sety = X %% y Y and denote by¥4°: Y1 X 00
the projection on X ®and by gy : Y% YO%the morphism g£ idy. If Z %X
is a closed subset then we se® = ¥4 1(Z), Z%= X%£y z, 2%9= X%, Z,
S0= ()1 1(Z9), S%= (9 1(2%.

If Y°=Yq Y; (disjoint union) then set ¥f = Yy, ¥,%°= gi, *(¥,9), S’= Y,A S,
S%=Y,%% S%and dene gy; : Y;%! Y,°to be the restriction of gy .

Let C be a sheaf on the big $§tale sit&et=X . If Z %2 X is a closed subset then
for an X -schemeX ° we denote jzo(X%C) = ker(j( X%C) ! (X% z%C))
and if Y°= Y q Y, we denote jso(Y;% C) =ker(i( Y5C)! (Y S%C)).
Deligne in [5] constructed trace maps for nite °at morphisms. In particular,
for a X -schemeX © and for every presentation of the schemey? in the form
Y%= YPq Y7 there are certain trace maps Tip : j so(Y;%C) ! jzo(X5C).
These maps satisfy the following properties

(i) (base change) the diagram
se(4C) A (3% 0)
"o T
26X %C) A i 2e(XC)
commutes;
(i) (additivity) the diagram
1so(Y%C) i i sy(YEC) Qi s3(YSC)
? ?
Tr oy VALERZ BT
i zo(X%C) i " i 20(X%C)
commutes;

(iii) (normalization) if %4 : Y?! XO%is an isomorphism then the composite
map

yPy® Tr %9
i 2oX%C) i is(YEC)E T ize(X5C)
is the identity;

(iv) maps Try, are functorial with respect to sheavesC on Et=X .
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Now let0! C! 1° be an injective resolution of the sheafC on Et=X . Then
for a closed subseZ ¥ X and for a presentationY°= Y q Y one has

Hgio(YiO; C) = HP(i so(Y%17)), HEo(X S C) = HP( 2o(X%17)):

Thereby the property (iv) shows that the trace maps Tryp : j Slo(YiO;I !

i zo(X%1") determine a morphism of complexes go(Y,%17) ! i zo(X517).
Thus one gets the induced map which we will denote byHP(Tryy)
Hglo(YiO; C)! HJy(X%C). And these trace maps satisfy the following proper-
ties (the same as in De nition 2.6):

(i) the base changing property;
(ii) the additivity property;
(i) the normalization property;
(iv) the functorality with respect to sheaves on Et=X .
O

5.3 Lemma. The §tale cohomology functor-(X;Z) = H; (X; ©) is a functor
with "nite monodromy (4.6).

Proof. According to De nition 4.6 we have to show that there exist a "nite
ftale morphism%: Y | X £ X together with a sections : X ! Y of ¥
over the diagonal and a functor isomorphism © :F; ! F, on Cp(Y), where
Fi= Y2 +priF and F, = ¥ £prF.

To produce Y we use the following explicit construction suggested by H. Esnault
(we follow [15]):

Let X be a nite Galois covering with Galois group G such that the pull-
back of Cto X is a complex of constant sheaves. Consider the §tale covering
X £, X 1 X £¢ X with Galois group G £ G. Let X', X = (X £, X)g
be the unique intermediate covering associated with the diagonal subgroup
G =(g;9 2 G£ G. The diagonal map X ! X £, X induces a maps :

X I X"£, X which is a section to the projectionX £, X ! X £ X over the
diagonalX 2 ¢ x %2 X £¢ X . Let Y be the connected component oK = im(s)

in X*£ X. Then Y! il/z X £ X is a connected Galois covering having a section
sover ¢ .

To check that there is the functor isomorphism © we refer to the end of section
4 of [15]. O

We also need the following technical lemma that is a slightly modi ed version
of Proposition 2.1.2, [4]

5.4 Lemma. Let U be a semi-local regular scheme of geometric type over a
“eld k, i.e., U = SpecOxx for some smooth atne variety X and a nite
set of points x

|
-y
X
°
x
=]
(o]
o
=
X
n
e
i=]
°
(o]
(%]
D
—
>
(¢]
pazd
—+
=
D
Q
[©]
>
o
3
=)
o
«Q
<
—y
c
>
(@]
—
o
=
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F(Y;Z) = HZ(Y;O from Theorem 1.1 is e®aceable ak. Then, in the exact
couple [4, 1.1] de ning the coniveau spectral sequence f@tJ; C), the mapiPd is
identically O for all p > 0. In particular, we have EY'9 = H9(U; Q) if p=0 and
EYY =0 if p> 0. And the Cousin complex [4, 1.3] yields the exact complex
from Theorem 1.1.

Proof. Consider the commutative diagram

H2(X; O ——H3\, (U;0 ——H2(U; 0

. . L

HR () (X; © —H] ) (U —H] 4 (U0
The composition of arrows in the rst row is identically O for any n. There-
fore the compositionsH7 (X; Q! H{,,(U;Q ! H{u,, 4, (U;C) are 0. Pass-
ing to the limit over Z, this gives that the compositions Hy (.., (X; C) !

Him (U;Q ! H{m, 1 (U;CQ are 0. Passing to the limit over open neigh-
borhoods ofx, we get that the map i™" 1 ™ : HT ., (U;Q ! H., (U; Qs
itself O for any m | 1. O

Now we are ready to prove the main result of this paper stated in the Intro-
duction.

Proof of Theorem 1.1. Assume the ground eld k is in nite. In this case, ob-
serve that the §tale cohomology functorF (X;Z ) = HZ (X; C) satis es all the
hypotheses of Theorem 4.7. Indeed, it is homotopy invariant according to [4,
7.3.(1)]. It satis es vanishing property by the very de nition. It has transfer
maps by Lemma 5.2 and it is a functor with "nite monodromy by Lemma 5.3.
So that by Theorem 4.7 the functor F is e®aceable. Now Theorem 1.1 follows
immediately from Lemma 5.4.

To "nish the proof, i.e., to treat the case of a "nite ground "eld, we apply the
standard arguments with transfers for "nite “eld extensions (see the proof of
[4, 6.2.5]). O

5.5 Remark. If the complex C comes from the base “eldk, i.e., each sheaf
in C can be represented ap”CP for some sheafC® on (Spedk)e;, where p :
X 1 Sped is the structural morphism. Then the §tale cohomology functorF
satis’es all the hypotheses of Theorem 4.2. Hence, Theorem 1.1 holds without
assuming that F is a functor with "nite monodromy.
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