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Abstract.  We show how to use elementary methods to compute the
volume of Sk R=Slk Z. We compute the volumes of certain unbounded
regions in Euclidean space by counting lattice points and then appeal
to the machinery of Dirichlet series to get estimates of the growth rate
of the number of lattice points appearing in the region as the lattice
spacing decreases. We also present a proof of the closely related result
that the Tamagawa number is 1.
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Introduction

In this paper we show how to use elementary methods to prove that the vol-
ume of Sk R=Sl Z is 3(2)3(3) ¢ ¢¥k)=k; see Corollary 3.16. Using a version of
reduction theory presented in this paper, we can compute the volumes of cer-
tain unbounded regions in Euclidean space by counting lattice points and then
appeal to the machinery of Dirichlet series to get estimates of the growth rag¢
of the number of lattice points appearing in the region as the lattice spacing
decreases.

In section 4 we present a proof of the closely related result that the Tama-
gawa number of S}.q is 1 that is somewhat simpler and more arithmetic than
Weil's in [37]. His proof proceeds by induction onk and appeals to the Pois-
son summation formula, whereas the proof here brings to the forefront local
versions (5) of the formula, one for each primep, which help to illuminate the
appearance of values of zeta functions in formulas for volumes.

The volume computation above is known; see, for example, [26] (with impor-
tant corrections in [30]), formula (24) in [29], and Theorem 10.4 in [22. The
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426 Henri Gillet and Daniel R. Grayson

methods used in the computation of the volume of SYR=SI Z in the book
[31, Lecture XV] have a di®erent °avor from ours and do not involve counting
lattice points. One positive point about the proof there is that it proceeds
by induction on k, making clear how the factor 3 (k) enters in at k-th stage.
See also [36x14.12, formula (2)]. The proof o®ered there seems to have a
gap which consists of assuming that a certain region (denoted byl there) is
bounded, thereby allowing the application of [36,x14.4, Theorem 3}. The re-
gion in Example 2.7 below shows that Tling the gap is not easy, hence if we
want to compute the volume by counting lattice points, something like our use
of reduction theory in Section 3 is needed.

An almost equivalent result was proved by Minkowski in formula (85.) of
[16], where he computed the volume oSO(k)nSl R=Sl, Z. The relationship
between the two volume computations is made clear in the proof of [36x14.12,
Theorem 2].

Some of the techniques we use were known to Siegel, who used similar meth-
ods in his investigation of representability of integers by quadratic foms in
[24, 25, 27]. See especially [25, Hilfssatz 6, p. 242], which is anabog to our
Lemma 2.5 and the reduction theory of Section 3, where we show how to com-
pute the volume of certain unbounded domains in Euclidean space by counting
lattice points; see also the computations in [24 x9], which have the same gen-
eral °avor as ours. See also [28, p. 581] where Siegel omits the laborious study
using reduction theory, of points at in nity; it is those details that concern us
here.

We thank Harold Diamond for useful information about Dirichlet series and
UIf Rehmann for useful suggestions, advice related to Tamagawa numbers, and
clari cations of Siegel's work. We also thank the National Science Foundation
for support provided by NSF grants DMS 01-00587 and 05-00762 (Gillet), ad
99-70085 and 03-11378 (Grayson).

1 Counting with zeta functions

As in [8] we de ne the zeta function of a groupG by summing over the sub-
groupsH in G of nite index.

X .
3(G;s) = [G:H]*® 1)
HpG

Evidently, 3(Z;s) = 3(s) and the series converges fos > 1. For good groupsG
the number of subgroups of index at mostT grows slowly enough as a function
of T that 3(G;s) will converge for s suxciently large.

Let's pick k , 0 and compute3(ZX;s). Any subgroup H of ZK of Tnite
index is isomorphic to Z¥; choosing such an isomorphism amounts to nding
a matrix A : ZX ! Z¥ whose determinant is nonzero and whose image i .

Lcalled Dirichlet's Principle in [3, 5.1, Theorem 3]
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Volumes of Symmetric Spaces via Lattice Points 427

Any two matrices A, A° with the same imageH are related by an equation
A%= AS whereS 2 Gl Z.

Thus the terms in the sum de ning 3(Z¥;s) correspond to the orbits for the
action of Gl Z via column operations on the set ofk £ k-matrices with integer
entries and nonzero determinant. A unique representative from each orbit is
provided by the matrices A that are in Hermite normal form (see [4, p. 66] or
[19, 11.6]), i.e., those matricesA with Aj; =0 for i>j , A; > O for all i, and
0- Aij <Aii fOI’i<j .

Let HNF be the set of integerk £ k matrices in Hermite normal form. Given
for all i. The number of matrices in it is n§ *nk' >¢ ¢4}, |n?. Using that, we
compute formally as follows.

X
3(Z%9) = [ZK:H]i®
Hsl(Zk |
= (detA)i ®

A2 HNF
X

= (n¥i tnki Ze ey, nP)(ng ¢ Cy) S
ni> 00N >0 2)

- ki 1j s\ki 2i s 1li Shi S
= ny n, ¢ el TNy

X
— ki 1j s ki 2j s 1j s is
= n; ns ¢ce N 1 ng
ni>0 n,>0 ng; 1>0 ng>0

=3(si k+1)3(si k+2) ¢esj 1)3(s)

The result 3(sj k+1)3(sj k+2) ¢¢¥(si 1)3(s) is a product of Dirichlet
series with positive coexcients that converge fors > k, and thus 3 (ZK;s) also
converges fors > k. This computation is old, and appears in various guises.
See, for example: proof 2 of Proposition 1.1 in [8]; Lemma 10 in [15]; fmula
(1.2) in [32]; page 64 in [23]; formula (5) and the lines following it h [26],
where the counting argument is attributed to Eisenstein, and its generalization
to number rings is attributed to Hurwitz; and pages 37{38 in [37].

Lemma 1.1 #fH p ZXj[ZX:H]- Tg» 3(2)3(3) ¢ ¢¥k)Tk=k for k , 1.

The right hand side is interpreted as T when k = 1. The notation f (T) »
g(T) means that limt,y,  f(T)=o(T) = 1.

Proof. We give two proofs.

The “rst one is moge elementary, and was told topus by Harold Diamond.
Writing 3(si k+1) = nki ni S andletting B(T)= . ; n*i ! be the corre-
sponding coezxcient summatory function we see thatB (T) = TK=k+ O(TXi 1).
If k, 3 we may apply Theorem A.2 to show that the coexcient summatory
function for the Dirichlet series 3(s)3(sj k+1) behaves as? (k) Tk=k+ O(Tki 1),
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428 Henri Gillet and Daniel R. Grayson

Applying it several more times shows that the coexcient summatory function
for the Dirichlet series 3(s)3(sj 1)¢¢¥sj k+ 3)3(sj k+ 1) behaves as
3(k)3(kj 1)¢¢;3)Tk=k+ O(Tki 1). Applying it one more time we see that
the coexcient summatory function for 3(ZK;s) = 3(s) ¢ ¢¥(sj k + 1) behaves
as3(k)3(kj 1)¢e¢2)Tk=k+ O(T*i LlogT), which in turn implies the result.
The second proof is less elementary, since it uses a Tauberian theorem. From

(2) we know that the rightmost (simple) pole of 3(ZK;s) occurs ats = k, that

the residue there is the product3(2)3(3) ¢ ¢¥(k), and that Theorem A.4 can
be applied to get the result. O

Now we point out a weaker version of lemma 1.1 whose proof is even more
elementary.

Lemma 1.2 If T>Othen#fH p zZXj[zX:H]- Tg- TX
Proof. As above, we obtain the following formula.
#fH p ZKj[ZX:H]- Tg=# foz HNF j detA - Tg
= ni *nki 2 ¢ e, (nd
hi> OsEn >0

npceeea - T

We use it to prove the desired inequality by induction on k, the casek = 0
being clear.

xre X
#fH W ZCj[Z“:H]- Tg=  nfi! n§i 2¢ ¢l yng
ni=1 np>0;n >0
npt¢thy - T=n 1
%’c
= niTTe#fH p ZNEjZK T H] - Teng
n;=1
ya'c
ni 1(T=n) *  [by induction on K]
ny=1

= TKil=preerkil. TK

2 Volumes

Recall that a bounded subsetU of Euclidean spaceR is said to have Jordan
content if its volume can be approximated arbitrarily well by unions of boxes
contained in it or by unions of boxes containing it, or in other words, that the
the characteristic function Ay is Riemann integrable. Equivalently, the bound-
ary @Uof U has (Lebesgue) measure zero (see [21, Theorem 105.2, Lemma
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Volumes of Symmetric Spaces via Lattice Points 429

105.2, and the discussion above it]). IfU is a possibly unbounded subset of
R whose boundary has measure zero, its intersection with any ball will have
Jordan content.

Now let's consider the Lie groupG = Slk R as a subspace of the Euclidean
spaceMR of k £ k matrices. Siegel de nes a Haar measure oG as follows
(see page 341 of [29]). LeE be a subset ofG. Letting | =[0;1] be the unit
interval and considering a numberT > 0, we may consider the following cones.

| ¢E=ft¢BjB2E;0- t- 1g
T¢l ¢E=ft¢BjB2E;0- t- Tg
R* ¢E = ft¢B jB 2 E;0- tg

Observe thatif B 2 T ¢l ¢E, then 0- detB - Tk,

Definition 2.1, We say thatE is measurable ifl ¢E is, and in that case we
denet; (E)=vol(l ¢E)2[0;1].

The Jacobian of left or right multiplication by a matrix ° on MR is (det B)¥,
so for® 2 Sl R volume is preserved. Thus the measure is invariant unde(G,
by multiplication on either side. According to Siegel, the introduction of such
invariant measures on Lie groups goes back to Hurwitz (see [10, p. 546] {9]).

Let F 4 G be the fundamental domain for the action of j = Sl Z on
the right of G presented in [15, section 7]; it's an elementary construction of
a fundamental domain which is a Borel set without resorting to Minkowski's
reduction theory. In each orbit they choose the element which is closest to the
identity matrix in the standard Euclidean norm on MR 2 sz, and ties are
broken by ordering MR lexicographically. This set F is the union of an open
subset of G (consisting of those matrices with no ties) and a countable number
of sets of measure zero.

The intersection of T ¢l ¢F with a ball has Jordan content. To establish
that, it is enough to show that the measure of the boundary @Fin G is zero.
Supposeg 2 @F Then it is a limit of points g 62, each of which has another
point g h; in its orbit which is at least as close to 1. Hereh; is in Slk(Z) and is
not 1. The sequence 7! gh; is bounded, and thus so is the sequends, ; since
Sk(Z) is discrete, that implies that h; takes only a nite number of values. So
we may assumeh; = h is independent ofi, and is not 1. By continuity, gh is
at least as close to 1 agy is. Now g is also a limit of points f; in F, each of
which hasf;h not closer to 1 thanf; is. Hencegh is not closer to 1 thang is,
by continuity. Combining, we see that gh and g are equidistant from 1. The
locus of pointsg in Sl (R) such that gh and g are equidistant from 1 is given by
the vanishing of a nonzero quadratic polynomial, hence has measure zero. The
boundary @Fis contained in a countable number of such sets, because &)
is countable, hence has measure zero, too.

We remark that HNF contains a unique representative for each orbit of the
action of Sk Z on fA 2 MZ j detA > 0Og. The same is true forR* ¢F.
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430 Henri Gillet and Daniel R. Grayson

Restricting our attention to matrices B with det B - Tk we see that #(T ¢l ¢
F\ MyZ)=# fA 2 HNF j detA - Tkg.
Warning: HNF is not cantainedﬂin R* ¢F. To convince yourself of this,

consider the matrix A = g 158 of determinant 49. Column operations
M49 18ﬂ

with integer coezxcients reduce it to B = 1 but (1=7)A is closer to

0
the identity matrix than (1 =7)B is, soB 2 HNF , but B 62R* ¢F.

We want to approximate the volume of T ¢ ¢F by counting the lattice points
it contains, i.e., by using the number #(T ¢l ¢F \ M Z), at least when T is
large. Alternatively, we may use #(I ¢F \ r ¢MZ), whenr is small.

Definition 2.2, SupposeU is a subset ofR". Let
N (U)=r"e#fuU\ r¢z"g

and let
1,(U)= IirlnoNr(U);
r!

if the limit exists, possibly equal to+1 . An equation involving * z(U) is to be
regarded as true only if the limit exists.

Lemma 2.3. 1z(l ¢F) = 3(2)3(3) ¢ ¢¥(k)=k
Proof. We replacer above with 1=T:
12(1 ¢F) = T“lT Ti K CH(T ¢l ¢CF\ My2)

= lim Ti kK ¢#fA 2 HNF j detA - Tkg

fim T Ko fH p ZXj[Z5 1 H]- TXg

3(2)3(3) ¢ c(k)=k [using lemma 1.1]
O

Lemma 2.4. If U is a bounded subset dR" with Jordan content, then! z(U) =
vol U.

Proof. Subdivide R" into cubes of width r (and of volume r") centered at the
points of rZ". The number #fU\ r ¢Z"g lies between the number of cubes
contained in U and the number of cubes meetingd, sor" ¢#fU\ r ¢Z"g is
captured between the total volume of the cubes contained inJ and the total
volume of the cubes meetingU, hence approaches the same limit those two
quantities do, namely volU. O

Lemma 2.5. Let B be the ball of radiusR > 0 centered at the origin, and let
U be a subset oR" whose boundary has measure zero.
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Volumes of Symmetric Spaces via Lattice Points 431

1. For all R, the quantity * z(U) exists if and only ift (U Bgr) exists, and
in that case,* z(U)=vol( U\ Bgr)+ tz(Uj Bg).

2. 1f1 z(U) exists then? Z(U) = VO|( U) +limgy 1 Z(U i BR)
3. Ifvol(U)=+1,thentz(U)=+ 1.
4. If limgn limsup,, ¢N;(Uj Bgr) =0, thentz(U) =vol( U).

Proof. Writing U=(U\ Bg)[ (Ui Bgr) we have
Nr(U)= N (U\ Br)+ N (Uj Bg):

For eachR > 0, the setU\ Bg is a bounded set with Jordan content, and thus
lemma 2.4 applies to it. We deduce that

Iimir(')lf N (U) =vol( U\ BR)+Iimin0f N:(Uj Bgr)
r! r!

and
limsupN;(U) =vol( U\ Br)+limsup N;(Uj BRr);
rt 0 rt 0

from which we can deduce (1), because vdl{\ Br) < 1 . We deduce (2) from
(1) by taking limits. Letting R !1 in the equalities above we see that

Iirrr?igf N (U) =vol( U) + FI{i!rP Iirrr?igf N/ (Ui Bgr)
and

limsupN;(U) =vol(U)+ Ilim limsupN;(U i Bgr);
rt o RI1 rl o

in which some of the terms might be +1 . Now (3) follows from
liminf ., o N;(U), vol(U), and (4) follows because if

lim limsupN,(Uj Br)=0;
RI1 rt o
then
RI;{n Iu:r!mgf N;(Uij Br)=0
also. O

Lemma 2.6. If U is a subset ofR" whose boundary has measure zero, and
12(U)=vol( U), then vol(T ¢U) » #( TCU\ Z") asT!1

Proof. The statement follows immediately from the de nitions. O

Care is required in trying to compute the volume of | ¢F byu:ountianIattice

points in it, for it is not a bounded set (even for k = 2, because g 12a 2 F).
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Example 2.7. It's easy to construct an unbounded region where counting lat-
tice points does not determine the volume, by concentrating in nitely many
very thin spikes along rays of rational slope with small numerator and denm-
inator. Consider, for example, a bounded regiorB in R? with Jordan content
and nonzero areav = vol B, for which (by Lemma 2.4) 1 ;B =vol B. Start by
replacing B by its intersection B° with the lines through the origin of rational
(or innite) slope { this doesn't change the value of * 7, because every lattice
point is contained in a line of rational slope, but now the boundary @B does
not have measure zero. To repair that, we enumerate the linedM;M,;:::
through the origin of rational slope, and for eachi = 1;2;3;::: we replace
Ri = B\ M, by a suitably scaled and rotated versionL; of it contained in the
line N; of slopei through the origin, with scaling factor chosen precisely sd_;
intersects eachr ¢Z2 in the same number of points as doe®;, for everyr > 0.
The scaling factor is the ratio of theslengths of the shortest lattice pointsin
the linesM; and N;. TheunionL = L hast;L =1,B = v 60, butitand
its boundary have measure zero.

3 Reduction Theory

In this section we apply reduction theory to show that the volume of | ¢F can
be computed by counting lattice points.

We introduce a few basic notions about lattices. For a more leisurely intro-
duction see [7].

Definition 3.1 A lattice is a free abelian groupL of "nite rank equipped with
an inner product on the vector spacel - R.

We will regard Z¥ or one of its subgroups as a lattice by endowing it with
the standard inner product on RK.

Definition 3.2 If L is a lattice, then a sublatticeL°u L is a subgroup with
the induced inner product. The quotientL=L0 if it's torsion free, is made into
a lattice by equipping it with the inner product on the orthognal complement
of LC.

There's a way to handle lattices with torsion, but we won't need them.

Definition 3.3. If L is a lattice, then covolL denotes the volume of a funda-
mental domain for L actingonL - R.

The covolume can be computed agdet(uvi; ¢ ¢ uv)j, wherep:L- R! RK

matrix whose i-th column is pv. We have the identity covol(L) = covol(L9 ¢
covol(L=L 9 when L=LYis torsion free.
If L is a subgroup ofzk of Tnite index, then covol L =[ZK : L].

Definition 3.4. If L is a nonzero lattice, then min L denotes the smallest
length of a nonzero vector inL.
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Volumes of Symmetric Spaces via Lattice Points 433

If L is a lattice of rank 1, then minL = covol L.

Proposition 3.5, For any natural number k > 0, there is a constantc such
that for any S, 1 and for any T > 0 the following inequality holds.

¢S KTK | #fLp Z%j[Z:L]- T and minL - T=Sg;

Proof. For k = 1 we may take c = 2, so assumek , 2. Letting N be the
number of these latticesL, we bound N by picking within each L a nonzero
vector v of minimal length, and counting the pairs (v;L) instead. For eachv
occurring in such pair we write v in the form v = nyv; wheren; 2 N and vq is

of ZK. We count the lattices L occurring in such pairs with v by putting a
basis C for L into Hermite normal form with respect to B, i.e., it will have

ni > 0and 0- Aj <n;. Notice that n; has been determined in the previous
step by the choice ofv. The number of vectorsv 2 Z* satisfying kvk - T=S'is
bounded by a number of the formg(T=S)¥; for ¢ we may take a large enough
multiple of the volume of the unit ball. With notation as above, and counting
the bases forC in Hermite normal form as before, we see that

X X ki 1,ki 2 1 0
N - ny' "Ny’ “ e e, 1Ny
kvk- T=S n2>0:zn (>0
npeeqn, - TK
X ki 1 ki 2 1 0
— i i
= ny ny' < ¢ ey, 1Ny
kvk: T=S np>03n | >0
X npceh - TK=n,

= nkilesgfH pz<tjzkit:H]. Tk=nyg

nki }(Tk=n))ki 1 [by Lemma 1.2]

kvk: T=S
(T=g)* Tk D
= ¢S kT

Corollary 3.6. The following equality holds.

0= lim limsupT! K e#fLp Z%j[z:L]- T% and minL - T=Sg
! T

The following two lemmas are standard facts. Compare them, for example,
with [2, 1.4 and 1.5].
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Lemma 3.7. Let L be a lattice and letv 2 L be a primitive vector. Let L =
L=Zv, let W 2 L be any vector, and letw 2 L be a vector of minimal length
among all those that project tow. Then kwk? - k Wk? + (1 =4)kvk?.

Proof. The vectorsw and w § v project to W, sokwk? - k w § vk? = kwk? +
kvk? & 2hw;vi, and thus jhw;vij - (1=2)kvk®. We see then that

hw; vi
2 . ’ 2
kwk< = kw j k2 vk
hw; vi 2

- 2. ’
= kwk i —ka2

1
ko wk? 21kvkz:
O

Lemma 3.8. Let L be a lattice of rank2 with a nonzero \Segtorv 2 L of minimal
length. Let L9= Zv and L%= L=L° Then covolL%, (* 3=2)covolL®

Proof. Let w 2 L%be a nonzero vector of minimal length, and lift it to a
vector w 2 L of minimal length among possible liftings. By lemma 3.7kwk? -

ka2+(]p:4)kvk2. Corgbining that with kvk? - k wk? we deduce that covol %°=
kwk . ( 3=2)kvk = (= 3=2) covolL® O

Definition  3.9. If L is a lattice, then minbasisL denotes the smallest value

Proposition 3.10 Givenk 2 Nand S, 1, forall RA 0, forall T > 0,
and for all lattices L of rank k with covolL - Tk, if minbasisL , RT then
minL - T=S

Proof. We show instead the contrapositive: provided covoL - TK, if min L >
T=S then minbasisL < RT . There is an obvious procedure for producing an
economical basis of a latticeL, namely: we let v; be a nonzero vector inL
of minimal length; we let v, be a vector in L of minimal length among those
projecting onto a nonzero vector inL=(Zv;) of minimal length; we let v3 be a
vector in L of minimal length among those projecting onto a vector inL=(Zv;)
of minimal length among those projecting onto a nonzero vector inL=(Zv; +
Zv,) of minimal length; and so on. A vector of minimal length is primitive,
so one can show by induction that the quotient groupL=(Zv; + ¢ ¢ & Zv;) is
torsion free; the case whera = k tells us that L = Zv, + ¢C€¢ Zv,. Let L; =
Zvi+ CCEZv;, and let & = covol(L;=L;; 1), sothat ® = kvik=min L >T=S.
Applyingd_gmma 3.8 to the rank 2 lattice L;=L;; » shows that® , A®; 1,
where A = = 3=2, and repeated application of Lemma 3.7 shows thakv;k? -
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@ +(1=4)(®? | + ¢ ¢€ @), so of coursekvik? - (1=4)(®F + ¢ C€ @7 )+ @ +
(1=4)(® , + ¢ ¢ ¢ @). We deduce that

XK ) M k+3 X =2
minbasisL - (  kv;k?)2 . I ®& ©))
i=1
Going a bit further, we see that
Tk . covolL
= @ ¢C@

A0+1+2+ Cee( i 2)®i1i 1 ¢AO+1+2+ cee( ki i)®|ki i+1

> C]_(T:S)ii l@(i i+1
wherec; is some constant depending oi$ which we may take to be independent
of i. Dividing through by T'i 1 we get T*i *1 > c,®7 ™ from which we
deduce that T > c3®, where ¢, and c3 are new constants (depending only
on S), Combining these latter inequalities for eachi, we "nd that ((( k +
3)=4) @®@%)'2 < RT, where R is a new constant (depending only onS);
combining that with (3) yields the result. O

Corollary 3.11 The following equality holds.

0= lim limsupTi K ¢#fL p z%j[ZX:L]- T* and minbasisL , RTg
: T

Proof. Combine (3.6) and (3.10). O

If in the de nition of our fundamental domain F we had taken the smallest
element of each orbit, rather than the one nearest to 1, we would have been
almost done now. The next lemma takes care of that discrepancy.

Definition  3.12 If L is a (discrete) lattice of rank k in R¥, then sizeL denotes

Lemma 3.13 For any (discrete) lattice L p R¥ of rank k the inequalities

. . . . . p— -
minbasisL - sizeL - minbasisL +2  k(covolL )

hold.

Proof. Let fvq;:::;vg be the basis envisaged in the de nition of minbasis.,
let fwy;:::;wkg be the basis ofL envisaged the de nition of sizel, and let
U = (covol L)k = (det( va;:::;v)) K = (det( wq;:::;wi)) . The following
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Corollary 3.14. The following equality holds.

0= QIilrln limsupTi % e#fL p Z¥j[z*:L]- T* and sizeL ., QTg
: T!1

Proof., It follows from (3.13) that given R > 0, for all Q A 0 (namely Q ,

R+2 Kk)ifcovolL - TX and sizeL , QT then minbasisL , RT. Now apply

(3.12). O

Theorem 3.15 vol(l ¢F) = (I ¢F).

Proof. Observe that #fL p ZX j covolL - TK and sizeL , QTg=#(( T ¢l ¢
Fi Bor)\ MZ)=#(( 1 6Fj Bg)\ Ti IMZ), so replacing =T by r, Corollary
3.14 implies that limgi;  limsup,, ¢N,(I ¢F | Bg) = 0, which allows us to
apply Lemma 2.5 (4). O

The theorem allows us to compute the volume of= arithmetically, simulta-
neously showing it's "nite.

Corollary 3.16. 11 (G5) = 3(2)3(3) ¢ceyk)=k
Proof. Combine the theorem with lemma 2.3 as follows.
11 (G=)= 1 (F)=vol(1 0F) = 12(1 OF) = 2(2)°(3) ¢ 6(k)=k
O

Remark 3.17. ,Theorem 10.4 in [22] states that the volume ofG=j is
3(2)3(3) ¢ ¢¥k) k. The di®erencepalises from a di®erent choice of Haar mea-
sure on G. Theirs assigns volume Kk to slk(R)=slk(Z), whereas ours assigns
volume 1=k to it, as we see in formula (14) below. The ambiguity is unava-
able, because there is no canonical choice of Haar measureTHe Tamagawa
number resolves that ambiguity.)

4 p-adic volumes

In this section we reformulate the computation of the volume of G=j to yield
a natural and informative computation of the Tamagawa number of Sk. We
are interested in the form of the proof, not its length, so we incorporate the
proofs of (3.16) and (2) rather than their statements. The standard source fo
information about p-adic measures and Tamagawa measures is Chapter Il of
[37], and the proof we simplify occurs there in sections 3.1 through 3.4. See
also [11] and [20].

We let ! , denote the standard translation invariant measure onQ, normal-
ized so that* ,(Zp) = 1. Let !, also denote the product measure on the ring
of k by k matrices, M (Qp). Observe that * ,(M(Z,)) = 1.
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For x 2 Qp, let jxj, denote the standard valuation normalized so thatjpj, =
1=p

If A2 My(Qp) and U p QF, then 1 ,(A ¢U) = jdetAj, ¢ ,(U). (To prove
this, rst diagonalize A using row and column operations, and then assume that
U is a cube.) It follows that if V p M (Qp), then * ,(A¢V) = jdetAj',; ¢ p(V).

Consider Gk (Z,) as an open subset oM (Z). The following computation
occurs on page 31 of [37].

15(Glk(Zp)) = #(GI «(Fp))=p’
=(p"i 1< peeeti pih=p @
=L p i ptyeei pit)

Weil considers the open seM(Zp)" = fA 2 M (Z,) j detA 6 0g.
Lemma 4.1. 1 ,(M(Z,)%) =1

Proof. Let Z = My(Z,) nMy(Zp)" be the set of singular matrices. IfA 2 Z,
then one of the columns ofA is a linear combination of the others. (This
depends onZ, being a discrete valuation ring { take any linear dependency with
coexcients in Qp, and multiply the coexcients by a suitable power of p to put
all of them in Z,, with at least one of them being invertible.) For eachn ; 0we
can get an upper bound for the number of equivalence classes of elementszof
modulo p” by enumerating the possibly dependent columns, the possible vectors
in the other columns, and the possible coezxcients in the linear combination:
1p(Z) - liman ke T e(pn)ki I(p)< = lim py kepi " =0. O

We call rank k submodulesJ of Z'g lattices. To each A 2 My(Z,)" we

associate the latticeJ = AZ‘F(, ol Z‘;,. This sets up a bijection between the
lattices J and the orbits of Glx(Zp) acting on M (Z,)°. The measure of the
orbit corresponding to J is 1 ,(A ¢GI(Zp)) = jdetAjs ¢ ,(Gl(Zp)) = [ Z5 :
J] ket p(Glk(Zp)). Now we sum over the orbits.

1= 2p(Me(Z)) ,

[Z§ 3T * ¢t (Gl (Zp))
SJX k i k,
[Z 13T ¢t p(Gli(Zp))
J

©)

An alternative way to pieve (5) would be to use the local analogue of (2)which
holds and asserts that ;[Z§ : J] 5= (1 pkitis)id(1; pri2is)ilee@;
pi 8)i 1: we could substitute k for s and compare with the number in (4). The
approach via lemma 4.1 and (5) is preferable becaudd  (Z,)® provides natural
glue that makes the computation seem more natural.
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The product Qp L p(Glk(Zp)) doesn't converge becauser(li pi 1) doesn't
converge, so consider the following formula instead.

3 x 7 3 7
1= @i ph [Z5:31F ¢ (@i p ) p(Gh(Zp)
J

Now we can multiply these formulas together.

3Y . X . ’ Y 3 . . ’
1= @iph (Zg:F ¢ (@i P Gk(Z)  (6)
p J p

We've parenthesized the formula above so it has one factor for each place @,
and now we connect each of them with a volume involving Gl at that place.

We use the Haar measure on &(Z,) normalized to have total volume
#Sl (Fp)=g"™mS' v

The normalization anticipates (13), which shows how a gauge form could be
used to construct the measure, or alternatively, it ensures that the exact se-
quence 1! Sk(Zp) ! Glk(Zp) ! Zg I 1 of groups leads to the desired
assertion® (Gl (Zp)) = * p(Z‘g) ¢! ,(Slk(Zp)) about multiplicativity of mea-
sures. We rewrite the factor of the right hand side of (6) corresponding to the
prime p as follows.

(Li p' 1) 1 p(GIk(Zp)) = p(Z5) * €2 p(Glk(Zp)

7
= 1 p(Slk(Zp)): ")

To evaluate the left hand factor of the right hand side of (6), we insert the
complex variables. Because the ringZ is a principal ideal domain, any nitely
generated subZ-module H p Z¥ is free. Hence a latticeH p Z* is determined
freely by its localizations Hy = H - z Z, p Z¥ (where H, = Z§ for all but
“nitely many p), and its index is given by the formula

k Y k
[Z° :H]= [Z, : Hpl; (8)
P
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in which only a nite number of terms are not equal to 1.

ress- 3 (2" s)

=ress-x  [ZX:H]S  [by ()]
H

X
= lim 3(si k+1)ite  [Z°:H]
) H
M i XY ol
= Im 3(si k+1)i [Zp :Hpl' ® [by (8)]
s Huzk p 9
H Y ol
= lm 3(si k+1) ! [z : 3] ° [positive terms]
sl k+ - pXJuZ'g ¢
= lim LiopsthaYy T zkiare
sl k+

% kg
@iph  (zZp:d)
p J

Starting again we get the following chain of equalities.

ress=x3(sj k+1)3(sj k+2) ¢¢¥(si 1)3(s)
2(2)eewki 1)(k)
k ¢ lim TikgfH pu zXj[Zz*:H]- Tg [by 1.1]

res-k *(Z%;s)

. P k2 k k . i k
k¢TI!|{nT #fH U Z°j[2° :H]- T%g (20)

k¢ lim T K#fA 2 HNF j detA - Tg

k¢tz(l ¢F) [by de nition 2.2]
= k ¢ ; (Slk(R)=Sk(2)) [by 3.15 and 2.1]

Combining (9) and (10) we get the following equation.
X
@i ph)  [Z5:3T = ket (Sk(R)=Sk(2)) (11)
p J
We combine (6), (7) and (11) to obtain the following equation.
Y
1=key (Sk(R)=Sk(Z)) ¢ *p(Sk(Zp)) (12)
P

To relate this to the Tamagawa number we have to introduce a gauge form
on the algebraic group S over Q, invariant by left translations, as in sections
2.2.2 and 2.4 of [37]. We can even get gauge forms ov&r Let X be a generic
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element of Gk. The entries of the matrix X i *dX provide a basis for the 1-

forms invariant by left translation on Gl . On Sl we see that tr(X i *dX) =

d(det X) = 0, so omitting the element in the (n;n) spot will provide a basis of

the invariant forms on Sl,. We let ! be the exterior product of these forms.

Just as in the proof of Theorem 2.2.5 in [37] we obtain the following equatly.
Z

L'p = 1p(Sk(Zp)) (13)
Sl (Zp)

The measure!  is de ned in [37, 2.2.1] in a neighborhood of a pointP by
writing ! = fdx "¢ ¢¢Hx, and setting ! , = jf (P)jg(dx1)p :::(dXn)p, Where
(dx;), is the Haar measure onQ, normalized so that 2, (dxi)p =1, and jcjp is
the p-adic valuation normalized so that d(cx)p = jcjp(dX)p.

Now we want to determine the constant that relates our original Haar mea-
suret!; on Sk(R) to the one determined by! ; . For this purpose, it will sutce
to evaluate both measures on the in nitesimal parallelepipedB in Sl (R) cen-
tered at the identity matrix and spanned by the tangent vectors "e; fori 6 j
and "(ej | ew) for i <k. Here" is an in nitesimal number, and g; is the
matrix with a 1 in position ( i;j ) and zeroes elsewhere. For the purpose of this
computation, we may even take" = 1. We remark that B is a fundamental
gomain for slc(Z) acting on the Lie algebraslk(R). We compute easily that

g!1 =1and

1, (B)=wvol(1 ¢B) X

=(1=Kk?) ¢jdet(er1 i ex:;CC0eq 1ki1i &k; &)
=(1=K?) ¢jdet(er1 i ew;Ceeq 1k 11 €k Kew)i (14)
= (1=K?) ¢ [det(er1; ¢ ¢ Pex; 1x; 1; Kek )]
=1=k
We obtain the following equation.
Z
1
1 (Shk(R)=Sk(2)) = ' (15)
Sl (R)=Slk (2)

See [36,x14.12, (3)] for an essentially equivalent proof of this equation. We
may now rewrite (12) as follows.

z v Z
1= I, ¢ I (16)
Sl (R)=Slk (2) p Slk (Zp)

(If done earlier, this computation would have justi ed normalizing *; di®er-
ently.)

The Tamagawa number ¢(Slk.q) = Sl (Ag)=Sk (Q) I is the same as the right
hand side of (16) becauser £ b Sk(Zp) is a fundamental domain for the
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action of Sk (Q) on Slk(Ag). Thus ¢(Sl.q) = 1. This was originally proved by
Weil in Theorem 3.3.1 of [37]. See also [14], [12], and [3814.11, Corollary to
Langlands' Theorem].

See also [33x8] for an explanation that Siegel's measure formula amounts
to the “rst determination that ¢(SO) = 2.

A Dirichlet series

Theorem A.1l. Suppose we are given a Digchlet serie§ (s) := P ﬁzl apni s
with nonnegatig,e coexcients. Let A(T) := | tan. If A(T) = O(TK) as
T'!1 |, then ,11:T anni = O(TXis)asT !'1 , and thusf(s) converges
for all complex numberss with Res > k..

Proof. Write 3= Re s and assume¥ > k. We estimate the tail of the series as
follows.

X 21
a,ni = xi S dA(x)
— T
n=T o z L
=X SA(X) i A(x) d(xi ®)
Dl 1
=xIPAX) ; +s xISTTA(x) dx
ZT
_ Ki ¥ 1 L s ek
=0O(X"' ) +s X! SH2O(x¢) dx
z,"

O(Tki #+s  O(xKi % 1) dx
T

O(Tki %)

Theorem A.2. Suppose we are given two Dirichlet series

s _ R A
f(s):= a,ni s g(s) := byni 3

n=1 n=1

with nonnegative coezxcients and corresponding coexcient surmatory func-
tions X X
A(T) = an B(T):= b,
n- T n-T
Assume that A(T) =pO(T') and B(T) = cT* + O(T}b), wherei - j <k . Let
h(s) := f(s)g(s) = Ll c,ni s, and let C(T) .= . tCi. Then C(T) =
cf(K)TK+ O(Ti logT) if i = j, and C(T) = cf (K)TK+ O(TI) if i<j .
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Proof. The basic idea for this proof was told to us by Harold Diamond.

Observe that Theorem A.1 ensures thatf (k) converges. Let's "x the nota-
tion ~(T) = O(°(T)) to mean that there is a constant C so thatj (T)j- C°(T)
forall T 2 [1;1 ), and simultaneously replaceO(T! logT) in the statement by
O(T! (1 +log T)) in order to avoid the zero of logT at T = 1. We will use the
notation in an in nite sum only with a uniform value of the implicit constant
C.

We examine C(T) as follows.

X X X X

C(T)= Ch = aphy = aphy

n, T n- T pg=n pg- n
X X X

= ap by = 3B (T=p
g-(T q T=p p- T
= afcT=p*+ O(T=p')g
p- T
k ik i X i
=cT app' “ + O(T!) app'
p- T p- T
= cTHFf (k) + O(T' ¥)g+ O(T!)  a,p'!
p- T
= cf (K)T*+ O(T)+ O(T')  a,p'’
p- T

P _
Ifi<j then , ;ap! - f(j)= O(1). Alternatively, if i=j, then

app' ! = app' ' = p' ' d(A(p))
p- T p- T Li
. o Zr .
=p 'Ap) 4 i . A(p)d(p' ")
=THAM+i  A(p ' tdp
z .M

o)+ O( p tdp)= Ol +log T)

1
In both cases the result follows. O

The proof of the following \Abelian" theorem for generalized Dirichlet series
is elementary.

Theorem A.3. Suppose we are given numbe®, k, 1, and1- ;- ,2-
¢¢¢!1. Suppose that
X Tk
N(T) = 1=(R+o(1))? (T11 )
s N’ T
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for some numberR. Then the generalized Dirichlet seriesA(s) := kb
converges for all real numberss >k, and lims; «+ (si k)A(s)= R

Proof. In the caseR 6 0, the proof can be obtained by adapting the argument
in the last part of the proof of [3, Chapter 5, Section 1, Theorem 3]: roughly,
one reduces to the case wherk = 1 bylg simple change of vari@bles, shows
. n » N=R, uses that to compare a tail of | °toatailof 3(s)= ni=s, and
then uses limy 1+ (si 1)3(s)=1

Alternatively, one can refer to [34, Theorem 10, p. 114] for the statement
about convergence, and then to [34, Theorem 2, p. 219] for the statement about
the limit. Actuallysthose two theorems are concerned with Dirichlet series of
the forrp F(s) = apni S, but the “rst step there is to consider the groyvth
rate of | ,a, asx!1 . Essentially the same proof works forF (s) = A(s)
by considering the growth rate of N (x) instead.

The result also follows from the following estimate, provided to us by Haold
Diamond. Assumes > K.

A(s) = h°
Z,
= xS dN (x)
1 Z,
= X NGO XN G dx
Z;
z !
= w xiSitkdx (s k+)
1
_ s(R+ o(1))
ke G

Notice tEe sh|E in ﬁge meaning of o(1) from one line to the next, veri ed by
writing | = oy bl and IettlngRb goto1 ; it turns out tl]gt for suzciently

. 1 1
small 2 the major contribution to  * xi i * dx comes from p X Litdx. 0O

The following Wiener-lkehara \Tauberian" theorem is a converse to the
previous theorem, but the proof is much harder.

Theorem A.4. Suppose we are given numbe|1§ >0k>0,1- ,7+ ,2-
¢ee!ly and nonnegative numbers;; ay;:::. Suppose that the Dirichlet series
A(s)=  a,, S converges for all complex numbers witliRes >k, and that the
function A(s) i R=(si k) can be extended to a function de ned and continuous
for Res, k. Then X
a, » RT*=k:
oo T
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Proof. Replacings by ks allows us to reduce to the case wherk = 1, which can

be deduced directly from the Landau-lkehara Theorem in [1], from Theorem
2.2 on p. 93 of [35], from Theorem 1 on p. 464 of [17], or from Theorem 1 on
p. 534 of [18]. See also Theorem 17 on p. 130 of [40] for the case whefe= n,
which suzces for our purposes. A weaker prototype of this theorem was rst
proved by Landau in 1909 [13,x241]. Other relevant papers include [39], [6],
and [5]. See also Bateman's discussion in [13, Appendix, page 931] and the
good exposition of Abelian and Tauberian theorems in chapter 5 of [38]. [
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