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194 Gonsalo Tabuada

1. Introduction

In this article, we propose a description of a class of Calabi-Yau categoriassing
the formalism of DG-categories and the notion of “stabilization', as useddr the
description of triangulated orbit categories in section 7 of [21]. Ford , 2,letC
be an algebraicd-Calabi-Yau triangulated category endowed with a d-cluster
tilting subcategory T, cf. [23] [18] [19], see also [3] [13] [14]. Such categories
occur for example,

- in the representation-theoretic approach to Fomin-Zelevinsky's cluster
algebras [12],cf. [6] [9] [15] and the references given there,

- in the study of Cohen-Macaulay modules over certain isolated singu-
larities, cf. [17] [23] [16], and the study of non commutative crepant
resolutions [36],cf. [17].

From Cand T we construct an exact dg categoryB, which is perfectly (d+ 1)-
Calabi-Yau, and a non-degenerate aisléJ, cf. [25], in H°(B) whose heart has
enough projectives. We prove, in theorem 7.1, how to recover the categorg
from B and U using a general procedure of stabilization de ned in section 7.
This extends previous results of [24] to a more general framework.

It follows from [30] that for d = 2, up to derived equivalence, the category
B only depends onC (with its enhancement) and not on the choice of T. In
the appendix, we show how to naturally extend at-structure, cf. [2], on the
compact objects of a triangulated category to the whole category.

Example Let k be a "eld, A a nite-dimensional hereditary k-algebra andC =
G the cluster category ofA, see [7] [8], i.e. the quotient of the bounded derived
category of nitely generated modules overA by the functor F = ¢i [1], where
¢, denotes the AR-translation and [1] denotes the shift functor.

Then B is given by the dg algebra, see section 7 of [21],

B = A©(DA)[j 3]
and theorem 7.1 reduces to the equivalence
D°(B)=per(B) i'C A
of section 71 of [21].
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3. Preliminaries

Let k be a "eld. Let E be ak-linear Frobenius category with split idempotents.
Suppose that its stable categoryC = E, with suspension functor S, has "nite-
dimensional Hom-spaces and admits a Serre functor §, see [4]. Let, 2 be
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On The Structure of Calabi-Yau Categories 195

an integer. We suppose thatC is Calabi-Yau of CY-dimensiond, i.e. [27] there
is an isomorphism of triangle functors

sir g
We "x such an isomorphism once and for all. See section 4 of [23] for several

examples of the above situation.
For X;Y 2Candn 2 Z, we put

Ext"(X;Y)=Homc(X;S"Y):
We suppose thatCis endowed with ad-cluster tilting subcategory T % G i.e.

a) T is ak-linear subcategory,
b) T is functorially "nite in C, i.e. the functors Homc(?; X)jT and
Homc(X; ?)jT are nitely generated for all X 2 C,
c) we have Ext(T;T9)=0forall T;T°2T andall0O<i<d and
d) if X 2 C satises Ext'(T;X)=0forall0 <i<d andall T 2T, then
T belongs toT.
Let M %2 E be the preimage ofT under the projection functor. In particular,
M contains the subcategoryP of the projective-injective objects in M . Note
that T equals the quotientM_of M by the ideal of morphisms factoring through
a projective-injective.
We dispose of the following commutative square:

ML/E

b

T JE=cC:

We use the notations of [20]. In particular, for an additive category A, we de-
note by C(A) (resp. G (A), C°(A), :::) the category of unbounded (resp. right
bounded, resp. bounded, ::) complexes overA and by H(A) (resp. Hi (A),
HP(A), :::) its quotient modulo the ideal of nullhomotopic morphisms. By [26],
cf. also [31], the projection functorE ! E_ extends to a canonical triangle func-
tor H®(E)=HP(P) ! E_. This induces a triangle functor H®(M )=H®(P) | E_.
It is shown in [30] that this functor is a localization functor. Moreover, the
projection functor H®(M ) ' H °(M )=HP(P) induces an equivalence from the
subcategoryH2_,.(M ) of bounded E-acyclic complexes with components irM
onto its kernel. Thus, we have a short exact sequence of triangulated categories

OfH 2..(M){H PM)=H>P){C} 0:

Let B be the dg (=di®erential graded) subcategory of the categoryC’(M )dg

of bounded complexes oveM whose objects are theE-acyclic complexes. We
denote by G : Hi (M) ! D (B°P)°P the functor which takes a right bounded
complex X over M to the dg module

B 7! Hom,, (X;B);
whereB is in B.
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196 Gonsalo Tabuada

Remark 3.1 By construction, the functor G restricted to H2_,.(M ) establishes
an equivalence

G:HR .. (M) {1 per(B%®):
Recall that if P is a right bounded complex of projectives andA is an acyclic
complex, then each morphism fromP to A is nullhomotopic. In particular, the

complex Hom, (P;A) is nullhomotopic for each P in Hi (P). Thus G takes
Hi (P) to zero, and induces a well de ned functor (still denoted by G)

G:HP(M)=H®(P) { D (B°P)°P:

4. Embedding
Proposition 4.1 The functor G is fully faithful.

For the proof, we need a number of lemmas.
It is well-known that the category Hi (E) admits a semiorthogonal decompo-
sition, cf. [5], formed by Hi (P) and its right orthogonal HL_. (E), the full

E-ac
subcategory of the right bounded E-acyclic complexes. ForX in Hi (E), we
write

pX 1 X1 aX ! SpX

for the corresponding triangle, wherepX is in Hi (P) and apX isin HE_, (E).
If X liesin Hi (M), then clearly a,X lies in HL_,.(M ) so that we have an
induced semiorthogonal decomposition oH! (M ).

Lemma 4.1 The functor “: H®(M )=HP(P) i H L_,.(M) which takesX to
apX is fully faithful.

Proof. By the semiorthogonal decomposition oH' (M ), the functor X 7! a,X
induces a right adjoint of the localization functor

Hi (M) EH T (M)=H! (P)

and an equivalence of the quotient category with the right orthogonal
HL c(M).

X6
.
T Rt

(M
.|'é%()

) LZL |")1

% H

i (M)=Hi (P)

= H(P)?

HE(M )=H(P)

Moreover, it is easy to see that the canonical functor
HP(M )=H°(P) i H (M )=H' (P)
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On The Structure of Calabi-Yau Categories 197

is fully faithful so that we obtain a fully faithful functor
HP(M)=H"(P) I H  {c(M)

E-ac

taking X to apX. P
Remark 4.1. Since the functor G is triangulated and takesHi (P) to zero, for
X in HP(M ), the adjunction morphism X ! apX yields an isomorphism

G(X) 1" G(apX)= G(" X):

Let D}, (M) be the full subcategory of the derived categoryD(M ) formed by
the right bounded complexes whose homology modules lie in the subcategory
ModM of ModM . The Yoneda functor M! ModM , M 7! M", induces a
full embedding

a; (M)!D y (M):

E ac

We write V for its essential image. Under &, the category HE2. ac(M ) is identi-
“ed with per, (M ). Let©: D}, (M) !D (B"p)0p be the functor which takes
X to the dg module o

B 7! Hom" (X¢;3( B));
where B is in H2__ (M) and X is a co brant replacement of X for the pro-
jective model structure on C(M ). Since for each right bounded complexM
with components in M , the complexM " is co brant in C(M ), it is clear that
the functor G : H(M )=H®(P) I D (B°P)°P is isomorphic to the composition
©+2 +". We dispose of the following commutative diagram

—ﬁ/ (BRI
%gﬁi‘

2o (M) ———MIpen, (M) —>MIper(BoP)®

HO(M )%(P)'&—W AL

Lemma 4.2 Let Y be an object ofD}, (M ).
a) Y lies in pery (M) i® HP(Y) is a nitely presented M -module for all
p 2 Z and vanishes for all but nitely many p.
b) Y lies in V i® HP(Y) is a nitely presented M -module for all p 2 Z
and vanishes for allp A 0.

Proof. a) Clearly the condition is necessary. For the converse, suppose rst
that Y is a nitely presented M -module. Then, as anM -module, Y admits a
resolution of length d + 1 by "nitely generated projective modules by theorem
5:4 b) of [23]. It follows that Y belongs to peg, (M ). Since peg, (M) is
triangulated, it also contains all shifts of nitely presented M -modules and all
extensions of shifts. This proves the converse.
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198 Gonsalo Tabuada

b) Clearly the condition is necessary. For the converse, we can suppose without
loss of generality that Y" =0, for all n, 1 and that Y" belongs to projM ,
for n - 0. We now construct a sequence

ce¢c!Pylcece! P! Po

of complexes of "nitely generated projectiveM -modules such thatP, is quasi-
isomorphic to ¢; Y for eachn and that, for each p 2 Z, the sequence oM -

modulesP® becomes stationary. By our assumptions, we have, oY P HO(Y).

Since H(Y) belongs to modM , we know by theorem 54 c) of [23] that it

belongs to perM ) as an M -module. We de ne Py to be a "nite resolution of

HP(Y) by Tnitely generated M -modules. For the induction step, consider the
following truncation triangle associated with Y

STHUTNY)E ¢ Y ! g YD STPHIT(Y);

dispose of a quasi-isomorphisnP; r éi iY. Let Qi1 be a nite resolution
of S'*2 Hi 1i 1(Y) by Tnitely presented projective M -modules. We dispose of a
morphism f; : P; ! Qj+1 and we de ne Pj+; as the cylinder off;. We de ne
P as the limit of the P; in the category of complexes. We remark thatY Ij)s
quasi-isomorphic toP and that P belongs toV. This proves the converse.

Let X beinHL_,.(M).

Remark 4.2. Lemma 4.2 shows that the naturalt-structure of D(M ) restricts
to a t-structure on V. This allows us to express (X ) as

a( X) {7 hoilim &i 1A X);
where¢; ¥ X) is in pery (M ).
Lemma 4.3. We dispose of the following isomorphism
©(( X)) = ©(holim ¢; *( X)) i holim ©(¢,; i3( X)) :

Proof. It is enough to show that the canonical morphism induces a quasi-
isomorphism when evaluated at any objectB of B. We have

©(hoilim & i X)(B)= Homz(ho!im & i3 X);B);
but since B is a bounded complex, for eacn 2 Z, the sequence
i 7 Hom"(¢; i3( X);B)
stabilizes asi goes to innity. This implies that
Hom’ (ho!im &i i X);B)A hoilim ©(¢; 13 X))(B):

Lemma 4.4. The functor © restricted to the categoryV is fully faithful.
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On The Structure of Calabi-Yau Categories 199

Proof. Let X;Y be inHL_,.(M ). The following are canonically isomorphic :

HomD(Bop)op (@a X; ©2 Y)
Homp (gor ) (©2 Y;©2 X))
(4.1) Homp (gor ) (hocolim©¢,; 2 Y;hocolim®©g,; ;2 X)
[ i

holim HOmD(Bop)(©Qi i2 Y;hOC.O"m©(;,i Ja X)
i J
(4.2) holim hocolimHomp gy (©¢,; 12 Y;©¢; 2 X)
l J

holim hocolimHomper, (M) (i 12 Xié i?Y)
i j v

(43) hOIIm Homv(ho_lim X ja X; e @ Y)
! i
Homy (3( X );3( Y)):

Here (41) is by the lemma 4.3 seen irD(BP), (4:2) is by the factthat © ¢,; ;@ Eg
is compact and (43) is by the fact that ¢,; # Y is bounded.

It is clear now that lemmas 4.1, 4.3 and 4.4 imply the proposition 4.1.

5. Determination of the image of G

Let Ly,:Di (M) !D |, (M) be the restriction functor induced by the projec-
tion functor M! M __. L., admits a left adjoint L : D{, (M) !D (M) which
takesY to Y - §; M. Let Bi be the dg subcategory ofC (Mod M )4q formed
by the objects of D}, (M) that are in the essential image of the restriction
of 2to HE__.(M). Let B®be the DG quotient, cf. [11], of Bi by its quasi-
isomorphisms. It is clear that the dg categoriesB® and B are quasi-equivalent,
cf. [22], and that the natural dg functor M! C i (Mod M )qg4 factors through
Bi . Let R2: D(B°)° I D (M °P)° pe the restriction functor induced by the
dg functor M !B © Let©°: D}, (M) !D (B®")° be the functor which takes
X to the dg module o

B°7! Hom’ (X¢;BY;

where B% is in B® and X is a co brant replacement of X for the projective
model structure on C(Mod M ). Finally let j : D(M) ! D (M °P)°P be the
functor that sends Y to

M 7! Hom' (Ye; M (% M) ;

where Y, is a co brant replacement of Y for the projective model structure on
CModM)and M isin M .
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200 Gonsalo Tabuada

We dispose of the following diagram :

riifelel B

©rrrrrr L

) rrrro » ,

Ho(M Y=HEP) R L (M) bl M) b= By
Lk

DI () ——bm )y M

Lemma 5.1. The following square

, 5

Djy (M) Lolb(Btbp)op B30
DI (M) —/bM?)® M

is commutative.

Proof. By denition ( R®+ ©@)(X)(M) equals Hom (X¢;M (?2;M)). Since
M (?;M) identi'es with LM " and by adjunction, we have

Hom' (X¢;M (M) 7 Hom' (X¢;LyM ™) 7 Hom' (LX )¢; M (M) ;
where the last member equals (j=L)(X)(M).
Lemma 5.2 The functor L re°ects isomorphisms.

Proof. Sincel is a triangulated functor, it is enough to show that if L(Y) =0,
then Y = 0. Let Y be in D{, (M) such that L(Y) = 0. We can suppose,
without loss of generality, that HP(Y) = 0 for all p > 0. Let us show that
HO(Y) = 0. Indeed, since H(Y) is an M_-module, we have H(Y) 2 LOHO(Y),
where L° : ModM !  ModM is the left adjoint of the inclusion Mod M !
Mod M . Since H(Y) vanishes in degreep > 0, we have

LOH(Y) =HO(LY):

By induction, one concludes that H’(Y) =0 forall p- O. P

Proposition  5.1. An object Y of D,i\,li(M ) lies in the essential image of the
functor @ +7: HP(M )=H"(P)!D }, (M) i® ¢; Y isin peny (M), for all
n2 Z and L(Y) belongs toper(M).

Proof. Let X be in H’(M )=HP(P). By lemma 4.2 a), ¢; »( X) is in

pery (M), for all n 2 Z. Since X is a bounded complex, there exists an
s ¢ 0 such that for all m < s the m-components of "(X) are in P, which

implies that L& ( X) belongs to perM ).

Conversely, suppose thatY is an object of D}, (M ) which satis’es the condi-

tions. By lemma 4.2, Y belongs toV. Thus we haveY =2( Y9 for some Y?°
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On The Structure of Calabi-Yau Categories 201

in HL__.(M ). We now considerY? as an object ofHi (M) and also write 2
for the functor Hi (M) ! D i (M) induced by the Yoneda functor. We can
expressY % as

YOR hocolim%- Yo
where the %; ; are the naive truncauons By our assumptions onY °, Ya, YO
belongs tpo(M )=HP(P), forall i 2 Z. The functors 2and L clearly commute
with the naive truncations %; ; and so we have

L(Y)=L@YY K hocolimL(¥%; i#Y9 " hocolim¥% L(EYY:
| I

By our hypotheses,L (Y) belongs to perM ) and so there exists anm A 0 such
that
LOY)= LEYYR % nl@Y9= L(¥% m?Y9:

By lemma 5.2, the inclusion

(¥ mY)=% YO A(Y)=Y
is an isomorphism. But since¥s; mY°belongs toHP(M )=H®(P), Y identi_eﬁ
with 3( %, mY9.
Remark 5.1 It is clear that if X belongs to perfM ), then j( X) belongs to
per(M °P)°. We also have the following partial converse.

Lemma 5.3 Let X be in D} 4y (M) such thatj( X) belongs toper(M_°?)°.
Then X is in per(M).
Proof. By lemma 4.2 b) we can suppose, without loss of generality, thaiX is
a right bounded complex with “nitely generated projective components. Ap-
plying i, we get a perfect complex j( X). In particular j( X) is homotopic to
zero in high degrees. But since j is an equivalence

projM_i#"  (proj M_*")°°;

it follows that X is already homotopic to zero in high degrees. P

Remark 5.2. The natural right aisle on D(M ) is the full subcategory of the
objects X such that H"(X) = 0 for all n < 0. The associated truncation
functor ¢ o takes per, (M) to itself. Therefore, the natural right aisle on
D(M ) restricts to a natural right aisle U° on per, (M ).

Definition 5.1 Let U be the natural left aisle inper,, (M )° associated with
uor., o

Lemma 5.4. The natural left aisle U on pery (M )% " per(B°P) satises the
conditions of proposition A.1 b).

Proof. Clearly the natural left aisle U in pery (M )° is non-degenerate. We
need to show that for eachC 2 pery (M ), there is an integerN such that
Hom(C; SN U) = 0 for each U 2 U. We dispose of the following isomorphism

HomperL(M )op (C; SN U) !» HomperMi(M )(Si N UOp; C);
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202 Gonsalo Tabuada

where U° denotes the natural right aisle on peg, (M ). Since by theorem 54

c) of [23] an M -module admits a projective resolution of lengthd + 1 as an

M -module and C is a bounded complex, we conclude that folN A 0
Homper, (v (ST NU®;C)=0:

This proves the lemma. P

We denote by ¢, n and ¢, n, N 2 Z, the associated truncation functors on
D(B°P)°P.

Lemma 5.5. The functor ©: D}, (M) ! D (B°P)°P restricted to the categoryV
is exact with respect to the givert-structures.

Proof. We TTst prove that ©( V. ) %2 D(B°P),. Let X be in V. . We need to
show that ©(X ) belongs to D(B°)%,. The following have the same classes of
objects :

D(B™)%,
D(B°")s ¢
(5.2) (per(B*). o)’
(52) ? (per(B®)*)s o'

where in (5:1) we consider the right orthogonal in D(B°?) and in (5:2) we
consider the left orthogonal in D(B°P)°. These isomorphisms show us that
©(X) belongs to D(BP)) i®

HomD(Bop)op (©(X ),©(P)) =0 X

forall P 2 pery (M )so. Now, by lemma 4.4 the functor © is fully faithful and
SO
Homp (gop yor (O(X ); ©(P)) #” Homper, m)(X;P):

Since X belongs toV. o and P belongs to pef, (M )s o, we conclude that
HomperL(M )(X; P)=0;
which implies that ©(X ) 2 D (B°)%",. Let us now considerX in V. We dispose
of the truncation triangle
e oX L X1 &oX 1 S¢ oX:
The functor © is triangulated and so we dispose of the triangle
©¢ oX ! X ©ioX ! SO oX;
where €, oX belongs toD(B°)%,. Since © induces an equivalence between
pery (M) and per(B°)°P and Hom(P; ¢- 0X) = 0, forall P in V. o, we concluge
that © ¢> X belongs toD(B)2,. This implies the lemma.

Definiton 5.2 Let D(B°){" denote the full triangulated subcategory of
D(B°P)°P formed by the objectsY such that¢,; »Y is in per(B°P)°P, for all
n2 Z, and R(Y) belongs toper(M °P)°p,
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On The Structure of Calabi-Yau Categories 203

Proposition 5.2, An object Y of D(B°P)° lies in the essential image of the
functor G : HP(M )=H®(P) I D (B°)° i® it belongs toD(B°P);".

Proof. Let X be in HP(M )=H®(P). It is clear that the ¢, nG(X) are in
per(B°P)°P for all n 2 Z. By proposition 5.1 we know that L#'( X ) belongs
to per(M). By lemma 5.1 and remark 5.1 we conclude thatRG(X ) belongs
to per(M_°°)°P. Let now Y be in D(B°P){". We can express it, by the dual of
lemma A.2 as the homotopy limit of the following diagram
CCele; ni1Y! ¢ nY! ¢ naaY!CCC;

where ¢,; nY belongs to per@°P)°, for all n 2 Z. But since © induces an
equivalence between pgj (M ) and per(B°°)°P, this last diagram corresponds
to a diagram o

CECIM, ni 1! M n! M, lCCC
in pery, (M). Let p2 Z. The relations among the truncation functors imply
that the image of the above diagram under each homology functor B, p 2 Z,
is stationary as n goes to +1 . This implies that

thorl]imMi n it Ii[r1n HPM, o 2 HPM; ;
for all j <p . We dispose of the following commutative diagram
hoI|mMl n 4/hollm<,, iM.n 2 M

Lz kkkk
Gi i horllim M; n

which implies that

i ihor!imM] nill Mg
forall i 2 Z. Since h(r)1limMi n belongs toV, lemma 4.3 allows us to conclude
that ©(houm M; n) 2 Y. We now show that honlimMi n satis es the conditions
of proposition 5.1. We know that ¢; | hor!im M; n belongs to pef, (M), for
alli 2 Z. By lemma 5.1 (j tL)(hoLim M; n) identi es with R(Y), which is in
per(M °P)°P . Since hoIimMi n belongs toV, its homologies lie in modM_and
so we are in the condmons of lemma 5.1, which implies thatL(hohm M; n)
belongs to pef, (M ). This nishes the proof.

6. Alternative description

In this section, we present another characterization of the image o6, which was
identi'ed as D(B°P){* in proposition 5.2. Let M denote an object ofV and also
the naturally associated complex inH?(M ). Since the categoryH®(M )=H®(P)
is generated by the objectsM 2 M and the functor G is fully faithful, we re-
mark that D(B°P)?P equals the triangulated subcategory ofD(B°P)° generated
by the objects G(M ), M 2 M . The rest of this section is concerned with the
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204 Gonsalo Tabuada

problem of characterizing the objectsG(M), M 2 M . We denote by Py the
projective M -module M (?; M) associated withM 2 M and by X, the image
of M under 2 ",

Lemma 6.1 We dispose of the following isomorphism
Homg, (v y(Xm;Y) A HoMmod m (Pw i HO(Y)) ;

forall Y 2Dy (M).
Proof. Clearly Xy belongs toDym (M ). ¢ and is of the form

N

¢ceeIP, 1¢¢e! P) ! Pyl MY O;

whereP, 2P, n, 0. Now Yoneda's lemma and the fact that H" (Y )(P,) = %
foral m2 Z,n, O, imply the lemma.

Remark 6.1. Since the functor © restricted to V is fully faithful and exact, we
have

Homp (gos yor (G(M ); ©(Y)) A HoMper(gor yoo (O(Pw ); HA(©(Y))) ;
foral Y 2V.

We now characterize the objectsG(M) =©( Xy ), M 2 M , in the triangulated
category D(B°P). More precisely, we give a description of the functor

Rm = Hompw)(?,©(Xy)) : D(B®)® ! Modk

using an idea of M. Van den Bergh,cf. lemma 213 of [10]. Consider the
following functor

FM = Hom per(BOP)(HO(?);©(PM )) : per( Bop)op ' modk:

Remark 6.2 Remark 6.1 shows that the functor Ry when restricted to
per(B°P) coincides with Fy; .

Let DFy be the composition of Fy with the duality functor D = Hom(?; k).
Note that DF), is homological.

Lemma 6.2 We dispose of the following isomorphism of functors omper(B°P)
DFm 7 Homp gy (©(Xm );?[d+1]) :
Proof. The following functors are canonically isomorphic toDF © :
D HoMper(gor y (HOO(?); ©(Pw ))

(6.1) D HoMper(gor y (OH®(?); ©(Pw ))
(6.2) DHoMper, (v )(Pu i HO(?))

(6.3) DHomD&A wmy(Xm:?)

(6.4) Homp, () (7l di 1} Xwm)

(6.5) Homp (goryor (©(?)[j dj 1], ©(Xm ))
(6.6) Homp (goryor (©(X'm ); ©(?)[d + 1)
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On The Structure of Calabi-Yau Categories 205

Step (6:1) follows from the fact that © is exact. Step (6:2) follows from the fact
that © is fully faithful and we are considering the opposite category. Step (63)

is a consequence of lemma 6.1. Step:@ follows from the (d + 1)-Calabi-Yau
property and remark 4.2. Step (65) is a consequence of © being fully faithful
and step (6:6) is a consequence of working in the opposite category. Since the
functor ©°P establish an equivalence between pgr(M )° and per(B°?) the
lemma is proven. o P

Now, since the category Modk is cocomplete, we can consider the left Kan
extension, cf. [28], Ey of DFy along the inclusion per@°?) ! D (B°F). We
dispose of the following commutative square :

per(8®) ———/mogik
. 2
] .

For each X of D(B°P), the comma-category of morphismsP ! X from a
perfect object P to X is Ttered. Therefore, the functor Ey, is homological.
Moreover, it preserves coproducts and s®E y, is cohomological and transforms
coproducts into products. SinceD(B°P) is a compactly generated triangulated
category, the Brown representability theorem, cf. [29], implies that there is a
Zy 2 D(B°) such that

DEm #7 Hompgor)(?;Zm):
Remark 6.3. Since the duality functor D establishes and anti-equivalence in
modk, the functor DE y restricted to per(B°P) is isomorphic to Fy, .
Theorem 6.1. We dispose of an isomorphism
GM) " Zwu:

Proof. We now construct a morphism of functors fromRy to DEy . Since
Rwm is representable, by Yoneda's lemma it is enough to construct an element
in DEy (©(Xnm)). Let C be the category per@°) # ©(Xy ), whose objects
are the morphismsY?%! ©(Xy ) and let C°be the categoryXy # pery, (M),
whose objects are the morphismsXy ! XO The following are canonically
isomorphic :

DEwm (©(Xwm))

(6.7) D colimHomp ger) (O(Xm ); Y 9d + 1))

(6.8) D colimHomp, (X Tidi 1 Xwu)

(6.9) Dcoilim HomD&L(M )((g,)i iXvIli di 11 Xwm)
lim DHomp,; (& iXm)li di 1 Xwm)

(6.10) IiEn HomE,ihL(,\,I y(Xnmséi iXwm)
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Step (6:7) is a consequence of the de nition of the left Kan extension and
lemma 6.2. Step (68) is obtained by considering the opposite category. Step
(6:9) follows from the fact that the system (¢,; i Xwm )i2z forms a co nal system
for the index system of the colimit. Step (6:10) follows from the (d+ 1)-Calabi-
Yau property. Now, the image of the identity by the canonical morphism

Homp, () (XmiXn) # limHomy, ) (Xmié iXm):

gives us an element of DE y )(©( X u )) and so a morphism of functors fromRy
to DE y . We remark that this morphism is an isomorphism when evaluated at
the objects of per@°P). Since both functors Ry, and DE\ are cohomological,
transform coproducts into products and D(B°P) is compactly generated, we
conclude that we dispose of an isomorphism

GM) {1 Zw:

7. The main theorem
Consider the following commutative square as in section 3:

VR

.k

T _JE=cC:

In the previous sections we have constructed, from the above data, a dg category
B and a left aisleU ¥2H%(B), see [25], satisfying the following conditions :

- Bis an exact dg category ovek such that H°(B) has nite-dimensional
Hom-spaces and is Calabi-Yau of CY-dimensiord + 1,
- U % H9(B) is a non-degenerate left aisle such that :
-for al B 2 B, there is an integer N such that
Homyo gy (B; SN U) =0 for each U 2 U,
- the heart H of the t-structure on H°(B) associated with U has
enough projectives.
Let now A be a dg category andW % HO(A) a left aisle satisfying the above
conditions. We can consider the following general construction : LeQQ denote
the category of projectives of the heartH of the t-structure on H°(A) associated
with W. We claim that the following inclusion

Q!H ! HYA);
lifts to a morphism Q VA in the homotopy category of small dg categories,
cf. [20] [32] [33] [34] [35]. Indeed, recall the following argument from sectio?

of [22]: Let @ be the full dg subcategory of A whose objects are the same as
those of Q. Let ¢ (@ denote the dg category obtained from@ by applying
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the truncation functor ¢, o of complexes to each Hom-space. We dispose of the
following diagram in the category of small dg categories

R
o

¢ 0@

.
Q=—=H%Q)
Let X, Y be objects ofQ. SinceX and Y belong to the heart of at-structure
in H(A), we have
Homyoa)y(X; Y [{ N]) =0 ;
for n, 1. The dg categoryA is exact, which implies that
HI "Homg, (X;Y) #” Homyo(a) (X; Y [i n]) =0 ;

forn, 1. This shows that the dg functor¢, ¢@! H%(Q) is a quasi-equivalence

and so we dispose of a morphisn@ A in the homotopy category of small
dg categories. We dispose of a triangle functoj” : D(A) ! D (Q) given by
restriction. By proposition A.1, the left aisle W ¥ HO(A) admits a smallest
extension to a left aisleD(A°P)°%, on D(A°P)P. Let D(A)® denote the full
triangulated subcategory of D (A °P)°P formed by the objectsY suchthat¢,; nY
is in per(A°P)°P forall n2 Z, and j°(Y) belongs to per(@°F)°P.

Definition 7.1 The stable category ofA with respect to W is the triangle
quotient
stab(A; W) = D(A%)P=per(A°)°:

We are now able to formulate the main theorem. LetB be the dg category and
U %HO(B) the left aisle constructed in sections 1 to 5.

Theorem 7.1 The functor G induces an equivalence of categories
G:C{” stab(B;U):

Proof. We dispose of the following commutative diagram :

©o- — — » — — — 5tabE)

HE (M )FE(P) ————/D(BY)

HE'aC(M ) » ber(BOp)op :
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The functor G is an equivalence since it is fully faithful by proposition 4.1 and
essentially surjective by proposition 5.2. Since we dispose of an equieaice
HE ..(M) " per(B°)° by construction of B and the columns of the above
diagram are short exact sequences of triangulated categories, the theoreﬁn is
proved.

Appendix A. Extension of t-structures

Let T be a compactly generated triangulated category with suspension functor
S. We denote by T, the full triangulated sub-category of T formed by the
compact objects, see [29]. We use the terminology of [25]. L&l u T, be a left
aisle onTg, i.e. a full additive subcategory U of T, which satis es:

a) SU 2 U,

b) U is stable under extensions, i.e. for each triangle

X1yl z! SX

of T¢, we haveY 2 U wheneverX;Z 2 U and
¢) the inclusion functor U ! T . admits a right adjoint.

As shown in [25], the concept of aisle is equivalent to that ot-structure.

Proposition  A.1. a) The left aisle U admits a smallest extension to a
leftaisle T.gon T.
b) If U u T, is non-degenerate (.e., f : X ! Y is invertible i® HP(f)
is invertible for all p 2 Z) and for each X 2 T, there is an integer
N such that Hom(X;SNU) = 0 for each U 2 U, then T.  is also
non-degenerate.

Proof. a) Let T. 3 be the smallest full subcategory ofT that contains U and is
stable under in"nite sums and extensions. It is clear thatT. ¢ is stable by S
sinceU is. We need to show that the inclusion functorT. o | T admits a right
adjoint. For completeness, we include the following proof, which is a variantof
the “small object argument’, cf. also [1]. We dispose of the following recursive
procedure. Let X = X, be an object in T. For the initial step consider all
morphisms from any object P in U to Xo. This forms a setlg since T is
compactly generated and so we dispose of the following triangle

P Ik, Ik, lddd/ P:

f2|o f2|0

For the induction step consider the above construction withX,, n, 1, in the
place of X, 1 and I, in the place ofl,; 1. We dispose of the following diagram

Koo ﬁ(@o koo e e—Iko
44
A
P

T
P
f2lg f2l1, f2l, f2ls
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where X ° denotes the homotopy colimit of the diagram (X;)i»z. Consider now
the following triangle
SiixX0r X% x 1 X9
where the morphismX ! X 9is the trans nite composition in our diagram.
Let P be in U. We remark that since P is compact, Hom; (P; X9 = 0. This
also implies, by construction of T. o, that Homt (R; X% =0, for all R in T. 0.
The long exact sequence obtained by applying the functor Hom(R; ?) to the
triangle above shows that
Hom(R; X% #” Hom(R;X):
1, be an object as in the following triangle
X =Xo!l Xp! X1 S(X):

A recursive application of the octahedron axiom implies thatX 2%, belongs to
S(T. o), forall n, 1. We dispose of the isomorphism

hocnolimxr?? 117 S(X9%:

Let X20,,n

B

Since hocolimX 29, belongs to S(T. o), we conclude that X ®belongs toT. o.

This shows that the functor that sends X to X %is the right adjoint of the
inclusion functor T. o ! T . This proves that T. ¢ is a left aisle onT. We now
show that the t-structure associated toT. o, cf. [25], extends, fromT. to T, the
one associated withU. Let X be in T;. We dispose of the following truncation
triangle associated with U

Xy! X1 XY 1 sxy:

Clearly X belongs toT. o. We remark that U? = T?,, and soX"" belongs
to Tso = T-?O'

We now show that T. o is the smallest extension of the left aisleU. Let V be
an aisle containing U. The inclusion functor V | T commutes with sums,
because it admits a right adjoint. Since V is stable under extensions and
suspensions, it containsT. .

b) Let X be in T. We need to show thatX =0 i® HP(X) =0 for all p2 Z.

Clearly the condition is necessary. For the converse, suppose thattX) =0

forall p2 Z. Let n be an integer. Consider the following truncation triangle
H™ 1 (X) 1 eon X1 gansr X 1 SH™H(X):

Since H'*! (X)) = 0 we conclude that
\
én X 2 Tom

m2Z

forall n 2 Z. Now, let C be a compact object of T. We know that there is a
k 2 Z such that C 2 T. . This implies that

Homt (C; én X) =0
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for all n 2 Z, since ¢>n X belongs to (T. )?. The category T is compactly
generated and so we conclude thats, X =0, for all n 2 Z. The following
truncation triangle
X X1 en X1 S¢ nX;
implies that ¢, X is isomorphic to X for all n 2 Z. This can be rephrased as
saying that \
X 2 T n:
n2N

Now by our hypothesis there is an integerN such that

Homr (C;U,; n)=0:
SinceC is compact and by construction of T, n, we have

Homt (C;T; n)=0:

This implies that Hom+ (C; X ) = 0, for all compact objects C of T. SinceT Ij)s
compactly generated, we conclude thatX = 0. This proves the converse.

Lemma A.1. Let (Yp)p2z be in T. We dispose of the following isomorphism
a a
H" ( Yp) A Hn(Yp) ;
p P
foralln2 Z.
Proof. By de niton H" := ¢, ¢ n;n 2 Z. Sincey¢, » admits a right adjoint,

it is enough to show that ¢, , commute with in"nite sums. We consider the

following triangle
a a a a
&nYp! Yp ! n Yol SO ¢ aYp):
. p P p p
Here ¢ .Y, belongstoT. , sinceT. , is stable under in nite sums. Let P

P
be an object of S"U. SinceP is compact, we have
a

a
Homr (P, én Yp) A Homy (P; én Yp) =0
p . p
SinceT. , is generated byS" U, e Y belongs toTs, . Since the truncation

|
triangle of Y, is unique, this implies the following isomorphism
P

a 5 a
EaYpdm en( Yp):
p p

This proves the lemma. P

Proposition  A.2. Let X be an object ofT. Suppose that we are in the con-
ditions of proposition A.1 b). We dispose of the following ismorphism

hocolime¢, (X {7 X:
I
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Proof. We need only show that
H“(hociolim(', X)) HY(X);
for all n 2 Z. We dispose of the following triangle,cf. [29],
2 ¢ pX! 2 ¢ gX ! hociolim(; i X! S(a ¢ pX):
P q P

Since the functor H' is homological, for alln 2 Z and it commutes with in nite
sums by lemma A.1, we obtain a long exact sequence
a a

cee!  H"(¢ pX)! H" (¢ ¢X) ! H" (hocolimg¢, iX) !
P q '
a a
! H" S(¢ pX) ! H" S(¢, ¢X)!tce
P q .
We remark that the morphism  H" S(¢, ,X) ! H" S(¢, ¢X) is a split
P g

monomorphism and so we obtain
H"(X) = colim H"(¢, i X) 1~ H"(hocolim¢, iX):
I ]
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