DOCUMENTA MATHEMATICA

JOURNAL DER
DEUTSCHEN MATHEMATIKER-VEREINIGUNG

GEGRUNDET 1996

BanD 14 - 2009



DOCUMENTA MATHEMATICA, Journal der Deutschen Mathematiker-Vereinigung,
verd [edtlicht Forschungsarbeiten aus allen mathematischen Gebieten und wird in
traditioneller Weise referiert. Es wird indiziert durch Mathematical Reviews, Science
Citation Index Expanded, Zentralblatt fiir Mathematik.

Artikel konnen als TeX-Dateien per E-Mail bei einem der Herausgeber eingereicht
werden. Hinweise flr die Vorbereitung der Artikel kdnnen unter der unten angegebe-
nen WWW-Adresse gefunden werden.

DOCUMENTA MATHEMATICA, Journal der Deutschen Mathematiker-Vereinigung,
publishes research manuscripts out of all mathematical fields and is refereed in the
traditional manner. It is indexed in Mathematical Reviews, Science Citation Index
Expanded, Zentralblatt flir Mathematik.

Manuscripts should be submitted as TEX -files by e-mail to one of the editors. Hints
for manuscript preparation can be found under the following web address.

http://ww.math.uni-bielefeld.de/documenta
GESCHAFTSFUHRENDE HERAUSGEBER / MANAGING EDITORS:

Alfred K. Louis, Saarbriicken louis@num.uni-sb.de

Ulf Rehmann (techn.), Bielefeld rehmann@math.uni-bielefeld.de
Peter Schneider, Muinster pschnei@math.uni-muenster.de
HERAUSGEBER / EDITORS:

Don Blasius, Los Angeles blasius@math.ucla.edu

Joachim Cuntz, Muinster cuntz@math.uni-muenster.de
Patrick Delorme, Marseille delorme@iml.univ-mrs.fr

Gavril Farkas, Berlin (HU) farkas@math.hu-berlin.de
Edward Frenkel, Berkeley frenkel@math.berkeley.edu
Friedrich Gotze, Bielefeld goetze@math.uni-bielefeld.de
Ursula Hamenstadt, Bonn ursula@math.uni-bonn.de

Lars Hesselholt, Cambridge, MA (MIT) larsh@math.mit.edu

Max Karoubi, Paris karoubi@math.jussieu.fr

Stephen Lichtenbaum Stephen_Lichtenbaum@brown.edu
Eckhard Meinrenken, Toronto mein@math.toronto.edu
Alexander S. Merkurjev, Los Angeles merkurev@math.ucla.edu

Anil Nerode, Ithaca anil@math.cornell.edu

Thomas Peternell, Bayreuth Thomas.Peternell@uni-bayreuth.de
Eric Todd Quinto, Medford Todd.Quinto@tufts.edu

Takeshi Saito, Tokyo t-saito@ms.u-tokyo.ac.jp

Stefan Schwede, Bonn schwede@math.uni-bonn.de
Heinz Siedentop, Miinchen (LMU) h.s@Imu.de

Wolfgang Soergel, Freiburg soergel@mathematik.uni-freiburg.de

ISSN 1431-0635 (Print), ISSN 1431-0643 (Internet)

the Scholarly Publishing and Academic Resource Coalition of the As-
sociation of Research Libraries (ARL), Washington DC, USA.

Address of Technical Managing Editor: UIf Rehmann, Fakultat fiir Mathematik, Universitat
Bielefeld, Postfach 100131, D-33501 Bielefeld, Copyright € 2009 for Layout: UIf Rehmann.
Typesetting in TEX.

Y SPARC DOCUMENTA MATHEMATICA is a Leading Edge Partner of SPARC,
LEADING EDGE



DOCUMENTA MATHEMATICA
BanD 14, 2009

Jaya NN IYER, STEFAN MULLER—STACH
CHOW-KUNNETH DECOMPOSITION
FOR SOME MODULI SPACES

DENNIS GAITSGORY AND DAVID NADLER
HECKE OPERATORS ON (QUASIMAPS
INTO HOROSPHERICAL VARIETIES

MARK L. MACDONALD
PRrROJECTIVE HOMOGENEOUS VARIETIES
BIRATIONAL TO QUADRICS

19-46

47-66






DOCUMENTA MATH.

CHOW—KUNNETH DECOMPOSITION

FOR SOME MODULI SPACES?
JAaya NN IYER, STEFAN MULLER—STACH

Received: February 2, 2008
Revised: July 7, 2008

Communicated by Thomas Peternell

ABSTRACT. In this paper we investigate Murre’s conjecture on the
Chow-Kiinneth decomposition for universal families of smooth curves
over spaces which dominate the moduli space Mg, in genus at most 8
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in the setting of equivariant cohomology and equivariant Chow groups
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2 J. N. IYER, S. MULLER—STACH

1. INTRODUCTION

Suppose X is a nonsingular projective variety defined over the complex num-
bers. We consider the rational Chow group CH'(X)q = CH'(X) ® Q of
algebraic cycles of codimension ¢ on X. The conjectures of S. Bloch and A.
Beilinson predict a finite descending filtration { FICH'(X)q} on CH'(X)o and
satisfying certain compatibility conditions. A candidate for such a filtration has
been proposed by J. Murre and he has made the following conjecture [Mu2],
MURRE’S CONJECTURE: The motive (X, A) of X has a Chow-Kiinneth decom-
position:

2d

A=) "meCH(X xX)®Q

i=0
such that w; are orthogonal projectors, lifting the Kiinneth projectors in
H?97{(X) @ H'(X). Furthermore, these algebraic projectors act trivially on
the rational Chow groups in a certain range.
These projectors give a candidate for a filtration of the rational Chow groups,
see §2.1.
This conjecture is known to be true for curves, surfaces and a product of a curve
and surface [Mul], [Mu3]. A variety X is known to have a Chow-Kiinneth de-
composition if X is an abelian variety/scheme [Sh],[De-Mu], a uniruled three-
fold [dA-Mu1], universal families over modular varieties [Go-Mu], [GHMZ2] and
the universal family over one Picard modular surface [MMWYK], where a par-
tial set of projectors are found. Finite group quotients (maybe singular) of
an abelian variety also satisfy the above conjecture [Ak-Jo]. Furthermore, for
some varieties with a nef tangent bundle, Murre’s conjecture is proved in [ly].
A criterion for existence of such a decomposition is also given in [Sa]. Some
other examples are also listed in [Gu-Pe].
Gordon-Murre-Hanamura [GHMZ2], [Go-Mu] obtained Chow-Kiinneth projec-
tors for universal families over modular varieties. Hence it is natural to ask if
the universal families over the moduli space of curves of higher genus also admit
a Chow-Kiinneth decomposition. In this paper, we investigate the existence of
Chow-Kiinneth decomposition for families of smooth curves over spaces which
closely approximate the moduli spaces of curves Mg of genus at most 8, see
§5.
In this example, we take into account the non-trivial action of a linear algebraic
group G acting on the spaces. This gives rise to the equivariant cohomology
and equivariant Chow groups, which were introduced and studied by Borel, To-
taro, Edidin-Graham [Bo], [To], [Ed-Gr]. Hence it seems natural to formulate
Murre’s conjecture with respect to the cycle class maps between the rational
equivariant Chow groups and the rational equivariant cohomology, see §4.5.
Since in concrete examples, good quotients of non-compact varieties exist, it
became necessary to extend Murre’s conjecture for non-compact smooth va-
rieties, by taking only the bottom weight cohomology Wi H'(X,Q) (see [D]),
into consideration. This is weaker than the formulation done in [BE]. For
our purpose though, it su [ced to look at this weaker formulation. We then
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CHOW-KUNNETH DECOMPOSITIONS 3

construct a category of equivariant Chow motives, fixing an algebraic group G
(see [dB-Az], [Ak-Jo], for a category of motives of quotient varieties, under a
finite group action).

With this formalism, we show (see §5.2);

THEOREM 1.1. The equivariant Chow motive of a universal family of smooth
curves X — U over spaces U which dominate the moduli space of curves Mg,
for g < 8, admits an equivariant Chow—Kinneth decomposition, for a suitable
linear algebraic group G acting non-trivially on X .

Whenever smooth good quotients exist under the action of G, then the equi-
variant Chow-Kiinneth projectors actually correspond to the absolute Chow-
Kiinneth projectors for the quotient varieties. In this way, we get orthogonal
projectors for universal families over spaces which closely approximate the mod-
uli spaces Mgy, when g is at most 8.

One would like to try to prove a Chow-Kiinneth decomposition for My and
Mg,n (which parametrizes curves with marked points) and we consider our
work a step forward. However since we only work on an open set U one has to
refine projectors after taking closures a bit in a way we don’t yet know.
Other examples that admit a Chow-Kiinneth decomposition are Fano vari-
eties of r-dimensional planes contained in a general complete intersection in a
projective space, see Corollary 5.3.

The proofs involve classification of curves in genus at most 8 by Mukai
[Muk],[Muk?2] with respect to embeddings as complete intersections in homoge-
neous spaces. This allows us to use Lefschetz theorem and construct orthogonal
projectors.

ACKNOWLEDGEMENTS: The first named author thanks the Math Department of Mainz,
for its hospitality during the visits in 2007 and 2008, when this work was carried out. We
also thank a referee for a useful remark concerning our definition of the weight filtration.

2. PRELIMINARIES

The category of nonsingular projective varieties over C will be denoted by V.
Let CH'(X)o = CH'(X) ® Q denote the rational Chow group of codimension
1 algebraic cycles modulo rational equivalence.
Suppose X,Y € Ob(V) and X = UX; be a decomposition into connected
components X; and d; = dim Xj. Then Corr"(X,Y) = @iCH%*"(X; x Yo
is called a space of correspondences of degree » from X to Y.
A category M of Chow motives is constructed in [Mu2]. Suppose X is a
nonsingular projective variety over C of dimension d. Let A C X x X be the
diagonal. Consider the Kiinneth decomposition of the class of A in the Betti
Cohomology:

[A] = &iZom ™™
where ©1'°™M ¢ H2471(X, Q) ® H'(X, Q).

DEFINITION 2.1. The motive of X is said to have Kunneth decomposition if

each of the classes w'°™ is algebraic, i.e., 7'°™ is the image of an algebraic
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4 J. N. IYER, S. MULLER—STACH

cycle mi under the cycle class map from the rational Chow groups to the Betti
cohomology.

DEFINITION 2.2. The motive of X is said to have a Chow—Kiinneth decomposi-
tion if each of the classes 7Tih°m is algebraic and they are orthogonal projectors,
i.e., T o mj = 6ijTi.

LEMMA 2.3. If X and Y have a Chow-Kiinneth decomposition then X XY also
has a Chow—Kiinneth decomposition.

Proof. If 7 and «) are the Chow-Kiinneth components for A(X) and h(Y)
respectively then

oY = Z T xmy € CHYX xY x X xY)q
p+o=i

are the Chow-Kiunneth components for X x Y. Here the product wff X wg is

taken after identifying X x Y x X x Y ~ X x X xY x Y. 1

2.1. MURRE’S CONJECTURES. J. Murre [Mu2], [Mu3] has made the following
conjectures for any smooth projective variety X.
(A) The motive h(X) = (X, Ax) of X has a Chow-Kiuinneth decomposition:

2n
Ax =) meCH"(X x X)®Q
i=0
such that 7 are orthogonal projectors. )
(B) The correspondences mq, 71, ..., Tj—1, T2j+1, ---, T2n act as zeroon CHI (X)®

Q.
(C) Suppose

F'CHI(X) ® Q = Kermpj N Kermj—1 N ... N Kermj—r+1.

Then the filtration F~ of CHI(X) ® Q is independent of the choice of the
projectors ;.

(D) Further, FICH'(X) ® Q = (CH'(X) ® Q)nom, the cycles which are ho-
mologous to zero.

In §4, we will extend (A) in the setting of equivariant Chow groups.

3. EQUIVARIANT CHOW GROUPS AND EQUIVARIANT CHOW MOTIVES

In this section, we recall some preliminary facts on the equivariant groups to
formulate Murre’s conjectures for a smooth variety X of dimension d, which
is equipped with an action by a linear reductive algebraic group G. The equi-
variant groups and their properties that we recall below were defined by Borel,
Totaro, Edidin-Graham, Fulton [Bo],[To],[Ed-Gr], [Fu2].

DOCUMENTA MATHEMATICA 14 (2009) 1-18



CHOW-KUNNETH DECOMPOSITIONS 5

3.1. EQUIVARIANT COHOMOLOGY HK(X,Z) oF X. Suppose X is a variety
with an action on the left by an algebraic group G. Borel defined the equivariant
cohomology H5(X) as follows. There is a contractible space EG on which G
acts freely (on the right) with quotient BG := EG/G. Then form the space

EG xg X := EG x X/(e.g,x) ~ (e, g.x).
In other words, EG xg X represents the (topological) quotient stack [X/G].
DEFINITION 3.1. The equivariant cohomology of X with respect to G is the
ordinary singular cohomology of EG Xg X :
HL(X) = H'(EG xg X).
For the special case when X is a point, we have
HL (point) = H'(BG)
For any X, the map X — point induces a pullback map H'(BG) — HL(X).

Hence the equivariant cohomology of X has the structure of a H'(BG)-algebra,
at least when H'(BG) = 0 for odd .

3.2. EQuIVARIANT CHOW GROUPS CHE(X) oF X. [Ed-Gr]

As in the previous subsection, let X be a smooth variety of dimension n,
equipped with a left G-action. Here G is an a [nellgebraic group of dimension
g. Choose an [-dimensional representation V' of G such that V' has an open
subset U on which G acts freely and whose complement has codimension more
than n —i. The diagonal action on X x U is also free, so there is a quotient in
the category of algebraic spaces. Denote this quotient by Xg := (X x U)/G.

DEFINITION 3.2. The i-th equivariant Chow group CHE(X) is the usual Chow
group CHivi—g(Xg). The codimension i equivariant Chow group CHE(X) is
the usual codimension i Chow group CH'(Xg).

Note that if X has pure dimension n then
CHL(X) = CH'(Xe)
= C’Hn+l—g—i(XG)
= CHZ (X).

PROPOSITION 3.3. The equivariant Chow group C HE(X) is independent of the
representation V, as long as V — U has codimension more than n — 1.

Proof. See [Ed-Gr, Definition-Proposition 1]. 1

If Y ¢ X is an m-dimensional subvariety which is invariant under the G-
action, and compatible with the G-action on X, then it has a G-equivariant
fundamental class [Y]e € CHS(X). Indeed, we can consider the product
(Y xU) ¢ XxU, where U is as above and the corresponding quotient (Y xU)/G
canonically embeds into Xg. The fundamental class of (Y x U)/G defines the
class [Y]e € CHE(X). More generally, if V is an I-dimensional representation
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6 J. N. IYER, S. MULLER—STACH

of G and S C X x V is an m + [-dimensional subvariety which is invariant
under the G-action, then the quotient (S N (X x U))/G C (X x U)/G defines
the G-equivariant fundamental class [S]g € CHS(X) of S.

PROPOSITION 3.4. If o € CHS(X) then there exists a representation V. such
that a = 3 ai[Sila, for some G-invariant subvarieties Si of X x V.

Proof. See [Ed-Gr, Proposition 1]. 1

3.3. FUNCTORIALITY PROPERTIES. Suppose f : X — Y is a G-equivariant
morphism. Let S be one of the following properties of schemes or algebraic
spaces: proper, flat, smooth, regular embedding or I.c.i.

ProrosiTioN 3.5. If f : X — Y has property S, then the induced map fc :
Xc — Yc also has property S.

Proof. See [Ed-Gr, Proposition 2]. 1

PROPOSITION 3.6. Equivariant Chow groups have the same functoriality as
ordinary Chow groups for equivariant morphisms with property S.

Proof. See [Ed-Gr, Proposition 3]. 1

If X and Y have G-actions then there are exterior products
CHE(X) ® CHE(Y) — CHS,;(X x Y).

In particular, if X is smooth then there is an intersection product on the
equivariant Chow groups which makes @; CHJ-G(X) into a graded ring.

3.4. CYCLE CLASS MAPS. [Ed-Gr, §2.8]
Suppose X is a complex algebraic variety and G is a complex algebraic group.
The equivariant Borel-Moore homology HS), ;(X) is the Borel-Moore homol-
ogy Hem. i(Xc), for Xg = X xg U. This is independent of the representation
as long as V — U has su [ciehtly large codimension. This gives a cycle class
map,

cli : CHE(X) — HSw 2i (X, Z)
compatible with usual operations on equivariant Chow groups. Suppose X is
smooth of dimension d then Xg is also smooth. In this case the Borel-Moore
cohomology HS\, »i (X, Z) is dual to H27(Xg) = H** /(X xg U).
This gives the cycle class maps

[€)) d': CHL(X) — HE (X, 7).

There are also maps from the equivariant groups to the usual groups:
() HE(X,Z) — H\(X,7Z)

and

®3) CHE(X) — CH'(X).

DOCUMENTA MATHEMATICA 14 (2009) 1-18



CHOW-KUNNETH DECOMPOSITIONS 7

3.5. WEIGHT FILTRATION W. ON HKL(X,Z). In this paper, we assign only the
bottom weight W; of the equivariant cohomology in the simplest situation.
Consider a smooth variety X equipped with a left G action as above.
We can define ) ]

WiHE(X,Q) = WiH'(X x U)/G,Q),
for U C V an open subset with a free G-action, where codim V' — U is at least
n—a=1.

LEmMA 3.7. The group WiHiG(X, Q) is independent of the choice of the G-
representation V as long as codim V — U is at least n — 1.

Proof. The proof of independence of V' in the case of equivariant Chow groups
[Ed-Gr, Definition-Proposition 1] applies directly in the case of the bottom
weight equivariant cohomology. 1

3.6. EQUIVARIANT CHOW MOTIVES AND THE CATEGORY OF EQUIVARIANT
CHow MOTIVES. When G is a finite group then a category of Chow motives
for (maybe singular) quotients of varieties under the G-action was constructed
in [dB-Az], [Ak-Jo]. More generally, we consider the following situation, taking
into account the equivariant cohomology and the equivariant rational Chow
groups, which does not seem to have been considered before.

Fix an a [nekomplex algebraic group G. Let Vg be the category whose objects
are complex smooth projective varieties with a G-action and the morphisms
are G-equivariant morphisms.

For any XY, Z € Ob(Vs), consider the projections

XxYxZ2% X xY,
XxYxZ™yxz,
XxYx2Z24 X x 2.

which are G-equivariant.
Let d be the dimension of X. The group of correspondences from X to Y of
degree r is defined as

Corrg(X x V) := CHE™(X x Y).

Every G-equivariant morphism X — Y defines an element in Corr%(X xY),
by taking the graph cycle.
For any f € Corrg(X,Y) and g € Corrg(Y, Z) define their composition

go feCorrg™(X, Z)
by the prescription

go [ =pxzipxy ())-pyz(9))-
This gives a linear action of correspondences on the equivariant Chow groups

Corrg(X,Y) x CHE(X)g — CHS™S(Y)o

(v, @) = pv px )
for the projections px : X xY — X, py : X xY — Y.

DOCUMENTA MATHEMATICA 14 (2009) 1-18



8 J. N. IYER, S. MULLER—STACH

The category of pure equivariant G-motives with rational coe Lciehts is denoted
by Mg. The objects of Mg are triples (X,p,m)g, for X € Ob(Vg), p €
Corr%(X, X) is a projector, i.e., pop = p and m € Z. The morphisms between
the objects (X, p, m)g, (Y, q,n)c in Mg are given by the correspondences f €
Corrg ™(X,Y) such that fop = go f = f. The composition of the morphisms
is the composition of correspondences. This category is pseudoabelian and
Q-linear [Mu2]. Furthermore, it is a tensor category defined by

(Xapvm)G ® (Y7Qan)G = (X X Yap®Qam+n)G-

The object (Spec C, id, 0)g is the unit object and the Lefschetz motive L is the
object (SpecC,id, —1)c. Here SpecC is taken with a trivial G-action. The
Tate twist of a G-motive M is M(r) :== M @ L™ = (X, p,m + r)c.

DEFINITION 3.8. The theory of equivariant Chow motives ([SC]) provides a
functor

h: Ve — Mg
For each X € Ob(Vg) the object h(X) = (X, 0)g is called the equivariant
Chow motive of X. Here A\ is the class of the diagonal in CHYX x X)o,

which is G-invariant for the diagonal action on X x X and hence lies in
Corrd (X, X) = CHE(X x X)q.

4, MURRE’S CONJECTURES FOR THE EQUIVARIANT CHOW MOTIVES

Suppose X is a complex smooth variety of dimension d, equipped with a G-
action. Consider the product variety X x X together with the diagonal action
of the group G.

The cycle class map

) d: CHY(X x X)g — H* (X x X,Q).

actually maps to the weight 2d piece Woq H?%(X x X, Q) of the ordinary coho-
mology group.

Applying this to the spaces X x U, for open subset U C V as in §3.2, (4) holds
for the equivariant groups as well and there are cycle class maps:

5) cdf: CHI(X x X)g — WagHE(X x X, Q).

LEMMA 4.1. The image of the diagonal cycle [Ax] under the cycle class map
cl9 lies in the subspace

@ Wad—i HRX7H(X) ® Wi HE(X)

of Waa HE(X x X, Q).

Proof. First we prove the assertion for the ordinary cohomology of non-compact
smooth varieties and next apply it to the product spaces X x U, which is
equipped with a free G-action and the quotient space Xg.
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CHOW-KUNNETH DECOMPOSITIONS 9

If X is a compact smooth variety then we notice that the weight 2d piece
coincides with the cohomology group H?4(X x X,Q) and by the Kiinneth
formula for products the statement follows in the usual cohomology. Suppose
X is not compact. Using (4), notice that the image of the diagonal cycle [Ax]
lies in WogH?4(X x X,Q). Choose a smooth compactification X of X and
consider the commutative diagram:

Pr @ en® 5THYE <X.Q)
! !
@Wzd—iHZd_i(X)®WiHi(X) X WaaH?(X x X,Q).

The vertical arrows are surjective maps, defined by the localization. Hence
the map % is surjective. The injectivity follows because this is the Kiinneth
product map, restricted to the bottom weight cohomology. This shows that &

is an isomorphism.

In particular, the isomorphism k can be applied to the bottom weights of the
ordinary cohomology groups of the smooth variety X x U, for any open subset

U c V of large complementary codimension and V' is a G-representation. But
this is essentially the bottom weight of the equivariant cohomology group of X.
To conclude, we need to observe that the diagonal cycle [Ax] is G-invariant.

1

Denote the decomposition of the G-invariant diagonal cycle
6) Dx = 20718 € WoaHE(X x X, Q)

such that 7€ lies in the space Waq—i HZ3 ' (X) ® Wi HL (X).

We defined the equivariant Chow motive of a smooth projective variety with a
G-action in §3.6. We extend the notion of orthogonal projectors on a smooth
variety equipped with a G-action, as follows.

DEFINITION 4.2. Suppose X is a smooth variety equipped with a G-
action. The equivariant Chow motive (X,Ax)c of X is said to have an
EQUIVARIANT KUNNETH DECOMPOSITION if the classes mC are algebraic, i.e.,
they have a lift in the equivariant Chow group C’Hg(X x X)q. Furthermore, if
X admits a smooth compactification X C X such that the action of G extends
on X and the Kiinneth projectors extend to orthogonal projectors on X then

we say that X has an EQUIVARIANT CHOW—KUNNETH DECOMPOSITION.

REMARK 4.3. When G is a linear algebraic group, using the results of Sumihiro
[Sul, Bierstone-Milman [Bi-Mi, Theorem 13.2], Reichstein-Youssin [Re-Y0],
one can always choose a smooth compactification X O X such that action
of G extends to X. Since any affine algebraic group is linear, we can always
find smooth G-equivariant compactifications in our set-up.

Suppose X is a smooth variety with a free G-action so that we can form the
quotient variety Y := X/G. Using [Ed-Gr], we have the identification of the
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10 J. N. IYER, S. MULLER—STACH

rational Chow groups
CHYY)g = CH5(X)g
and
CH"Y xY)q = CHEEX x X)g.
Furthermore, these identifications respect the ring structure on the above ratio-
nal Chow groups. A similar identification also holds for the rational cohomology
groups. In view of this, we make the following definition.

DEFINITION 4.4. Suppose X is a smooth variety with a G-action and G acts
freely on X. Denote the quotient space Y = X/G. The absolute Chow-
Kinneth decomposition of Y is defined to be the equivariant Chow-Kinneth
decomposition of X .

We can now extend Murre’s conjecture to smooth varieties with a G-action, as
follows.

CONJECTURE 4.5. Suppose X is a smooth variety with a G-action. Then X
has an equivariant Chow-Kinneth decomposition.

In particular, if the action of G is trivial then we can extend Murre’s conjec-
ture to a (not necessarily compact) smooth variety, by taking only the bottom
weight cohomology W; H'(X) of the ordinary conomology. This is weaker than
obtaining projectors for the ordinary cohomology. We remark a projector m;
in the case of quasi—projective varieties has been constructed by Bloch and
Esnault [BE].

5. FAMILIES OF CURVES

Our goal in this paper is to find an (explicit) absolute Chow-Kiinneth decom-
position for the universal families of curves over close approximations of the
moduli space of smooth curves of small genus. We begin with the following
situation which motivates the statements on universal curves.

LEMMA 5.1. Any smooth hypersurface X C P" of degree d has an absolute
Chow-Kiinneth decomposition. If L C X is any line, then the blow-up X5— X
also has a Chow-Kunneth decomposition.

Proof. Notice that the cohomology of X is algebraic except in the middle di-
mension H"~1(X, Q). By the Lefschetz Hyperplane section theorem, the alge-
braic cohomology H% (X, Q), j # n— 1, is generated by the hyperplane section
HI . So the projectors are simply
e 1= E.H”_l_r x H" ¢ CH" (X x X)qg

for r # n— 1. We can now take mn—1 := Ax — > a4 Tr. This gives a com-
plete set of orthogonal projectors and a Chow-Kiinneth decomposition for X.
Since X" X is a blow-up along a line, the new cohomology is again algebraic,
by the blow-up formula. Similarly we get a Chow-Kiinneth decomposition for

X H(see also [dA-Mii2, Lemma 2] for blow-ups). 1
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CHOW-KUNNETH DECOMPOSITIONS 11

The above lemma can be generalized to the following situation.

LEMMA 5.2. Suppose Y is a smooth projective variety of dimension r over C
which has only algebraic cohomology groups H'(Y") for all 0 < i < m for some
m < r. Then we can construct orthogonal projectors

TO, Ly «-es Ty T2r—m; T2r—m+1, .-+, T2r
in the usual Chow group CH"(Y x Y)q, and where i acts as Sip on H?P(Y)
and mi—1 = 0. Moreover, if there is an affine complex algebraic group G

acting on Y, then we can lift the above projectors in the equivariant Chow
group CHE(Y x Y)q as orthogonal projectors.

Proof. See also [dA-Miil, dA-Mii2]. Let H?P(Y) be generated by cohomology
classes of cycles C1, . ..,Cs and H?"~2P(Y") be generated by cohomology classes
of cycles D1, ..., Ds. We denote by M the intersection matrix with entries

M;; = Ci - Dy € Z.
After base change and passing to Q—coe Lciehts we may assume that M is diag-

onal, since the cup—-product H?°(Y, Q) ® H?'~2P(Y,Q) — Q is non-degenerate.
We define the projector mp, as

It is easy to check that mop ((Ck) = Dk. Define mor—pp as the adjoint, i.e.,
transpose of m2,. Via the Gram-Schmidt process from linear algebra we can
successively make all projectors orthogonal. 1

Suppose X C P" is a smooth complete intersection of multidegree d; < dp <
... <ds. Let Fr(X) be the variety of r-dimensional planes contained in X. Let
§:=min{(r+1)(n—r)— (*I"),n —2r — s}.

COROLLARY 5.3. If X is general then Fy(X) is a smooth projective variety of
dimension 6 and it has an absolute Chow-Kiinneth decomposition.

Proof. The first assertion on the smoothness of the variety Fy(X) is well-
known, see [Al-KI], [ELV], [De-Ma]. For the second assertion, notice that F,(X)
is a subvariety of the Grassmanian G(r,P") and is the zero set of a section of
a vector bundle. Indeed, let S be the tautological bundle on G(r,P"). Then
a section of @§_, Sym% H°(P", O(1)) induces a section of the vector bundle
®5_; Sym% S=én G(r,P"). Thus, F,(X) is the zero locus of the section of the
@iszl Sym% S =induced by the equations defining the complete intersection X.
A Lefschetz theorem is proved in [De-Ma, Theorem 3.4]:

H'(G(r,P"),Q) — H'(Fr(X),Q)
is bijective, for + < § — 1. We can apply Lemma 5.2 to get the orthogonal
projectors in all degrees except in the middle dimension. The projector cor-

responding to the middle dimension can be gotten by subtracting the sum of
these projectors from the diagonal class.

DOCUMENTA MATHEMATICA 14 (2009) 1-18



12 J. N. IYER, S. MULLER—STACH

1

COROLLARY 5.4. Suppose X C P" is a smooth projective variety of dimension
d. Let r =2d —n. Then we can construct orthogonal projectors

T, T1y -+ Try T2d—r, T2d—r+1, -+, 7T2d-

Proof. Barth [Ba] has proved a Lefschetz theorem for higher codimensional
subvarieties in projective spaces:

H'(P",Q) — H'(X,Q)

is bijective if i < 2d —n and is injective if i = 2d —n+ 1. The claim now follows
from Lemma 5.2. 1

REMARK 5.5. The above corollary says that if we can embed a variety X in a
low dimensional projective space then we get at least a partial set of orthogonal
projectors. A conjecture of Hartshorne’s says that any codimension two subva-
riety of P for n > 6 is a complete intersection. This gives more examples for
subvarieties with several algebraic cohomology groups.

5.1. CHOW-KUNNETH DECOMPOSITION FOR THE UNIVERSAL PLANE CURVE.
We want to find explicit equivariant Chow-Kiuinneth projectors for the universal
plane curve of degree d. Let d > 1 and consider the linear system P = |Op2(d)|
and the universal plane curve

C C P?xP

l
P.

Furthermore, we notice that the general linear group G := G'L3(C) acts on P?
and hence acts on the projective space P = |Opz2(d)|. This gives an action on
the product space P2 x P and leaves the universal smooth plane curve C C P2 xP
invariant under the G-action.

LEMMA 5.6. The variety C has an absolute Chow—Kiinneth decomposition and
an absolute equivariant Chow—Kiinneth decomposition.

Proof. We observe that C C P? x P is a smooth hypersurface of bi-degree
(d,1) with variables in P? whose coe [ciehts are polynomial functions on P.
Notice that P2 x P has a Chow-Kiinneth decomposition and Lefschetz theorems
hold for the embedding C c P? x P, since O(d,1) is very ample. Now we
can repeat the arguments from Lemma 5.2 to get an absolute Chow—Kiinneth
decomposition and absolute equivariant Chow-Kiinneth decomposition, for the
variety C. 1
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5.2. FAMILIES OF CURVES CONTAINED IN HOMOGENEOUS SPACES. We notice
that when d = 3 in the previous subsection, the family of plane cubics restricted
to the loci of stable curves is a complete family of genus one stable curves. If
d > 4, then the above family of plane curves is no longer a complete family
of genus g curves. Hence to find families which closely approximate over the
moduli spaces of stable curves, we need to look for curves embedded as complete
intersections in other simpler looking varieties. For this purpose, we look at
the curves embedded in special Fano varieties of small genus g < 8, which was
studied by S. Mukai [Muk], [Muk?2], [Muk3], [Muk5] and Ide-Mukai [IdMuk].
We recall the main result that we need.

THEOREM 5.7. Suppose C' is a generic curve of genus g < 8. Then C is a
complete intersection in a smooth projective variety which has only algebraic
cohomology.

Proof. This is proved in [Muk], [Muk?2], [Muk3], [IdMuk] and [Muk5]. The
below classification is for the generic curve.
When g <5 then it is well-known that the generic curve is a linear section of
a Grassmanian.
When g = 6 then a curve has finitely many g3 if and only if it is a complete
intersection of a Grassmanian and a smooth quadric , see [Muk3, Theorem 5.2].
When ¢g = 7 then a curve is a linear section of a 10-dimensional spinor variety
X c P* if and only if it is non-tetragonal, see [Muk3, Main theorem].
When g = 8 then it is classically known that the generic curve is a linear section
of the grassmanian G(2,6) in its Pliicker embedding.

—1

Suppose P(g) is the parameter space of linear sections of a Grassmanian or of a
spinor variety, which depends on the genus, as in the proof of above Theorem
5.7. P(g) is a product of projective spaces on which an algebraic group G
(copies of PGLy) acts. Generic curves are isomorphic, if they are in the same
orbit of G.

ProPOSITION 5.8. Suppose P(g) is as above, for g < 8. Then there is a uni-
versal curve

Cg — P(9)

such that the classifying (rational) map P(g) — My is dominant. The smooth
projective variety Cyg has an absolute Chow—Kiinneth decomposition and an ab-
solute equivariant Chow-Kiinneth decomposition for the natural G—-action men-
tioned above.

Proof. The first assertion follows from Theorem 5.7. For the second assertion
notice that the universal curve, when g < 8, is a complete intersection in P(g) x
V where V is either a Grassmanian or a spinor variety, which are homogeneous
varieties. In other words, Cy is a complete intersection in a space which has
only algebraic cohomology. Hence, by Lemma 5.2, Cq has orthogonal projectors
05 M1, «oos T, T2r—m, T2r—m+1, ---, T2r, Where r := dimCy and m = dimCy — 1,
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using Lefschetz hyplerplane section theorem. Taking mm+1 = Ac, —> izm+1 Tis
gives an absolute Chow-Kiinneth decomposition for Cg. Now a homogeneous
variety looks like V' = G/P where G is an (linear) algebraic group and P is a
parabolic subgroup. Hence the group G acts on the variety V. This induces
an action on the linear system P(g) and hence G acts on the ambient variety
P(g) x V and leaves the universal curve Cy invariant. Hence we can again apply
Lemma 5.2 to obtain absolute equivariant Chow—Kiinneth decomposition for
Cy. —1

Consider the universal family of curves Cg — P(g) as obtained above, which
are equipped with an action of a linear algebraic group G.

Suppose there is an open subset Uy C P(g), with the universal family Cy, — Uy,
on which G acts freely to form a good quotient family

}/g = CUg/G*) Sg = Ug/G
Notice that the classifying map Sy — Mg is dominant.

COROLLARY 5.9. The smooth variety Yy has an absolute Chow-Kiinneth de-
composition.

Proof. Consider the localization sequence, for the embedding j : Cy, x Cy, —
Cy x Cy,

CHE(Cy x Cg)q 1> CHE(Cu, x Cu,)q — 0.
Here d is the dimension of Cg. Then the map j™s an equivariant ring ho-

momorphism and transforms orthogonal projectors to orthogonal projectors.
Similarly there is a commuting diagram between the equivariant cohomologies:

P HE T (Cy) @ HE(Cy) —  HE(Cy. Q)

i
! !
P Waa—i HE 7 (Cu,) ® WiHE(Cu,) ' WaaHE(Cu, . Q)
i

The vertical arrows are surjective maps mapping onto the bottom weights of
the equivariant cohomology groups. By Proposition 5.8, the variety Cq has an
absolute equivariant Chow-Kiinneth decomposition. Hence the images of the
equivariant Chow-Kiinneth projectors for the complete smooth variety Cq, un-
der the morphism j “dive equivariant Chow-Kiinneth projectors for the smooth
variety Cy, .
Using [Ed-Gr], we have the identification of the rational Chow groups
CH"Yg)o = CHg(Cu,)o

and

CH"Yy x Yg)o = CH5(Cu, x Cu,)o-
Furthermore, this respects the ring structure on the above rational Chow

groups. A similar identification also holds for the rational cohomology groups.
This means that the equivariant Chow-Kiinneth projectors for the variety Cy,

DOCUMENTA MATHEMATICA 14 (2009) 1-18



CHOW-KUNNETH DECOMPOSITIONS 15

correspond to a complete set of absolute Chow-Kiinneth projectors for the
quotient variety Yj. 1

REMARK 5.10. Since Mukai has a similar classification for the mon-generic
curves in genus < 8, one can obtain absolute equivariant Chow—Kinneth de-
composition for these special families of smooth curves, by applying the proof
of Proposition 5.8. There is also a classification for K3-surfaces and in many
cases the generic K3-surface is obtained as a linear section of a Grassmanian
[MuK]. Hence we can apply the above results to families of K3-surfaces over
spaces which dominate the moduli space of K3-surfaces.
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ABSTRACT. Let G be a connected reductive complex algebraic group.
This paper and its companion [GN] are devoted to the space Z of
meromorphic quasimaps from a curve into an a [nelspherical G-
variety X. The space Z may be thought of as an algebraic model
for the loop space of X. The theory we develop associates to X a
connected reductive complex algebraic subgroup H of the dual group
G. The construction of H is via Tannakian formalism: we identify
a certain tensor category Q(Z) of perverse sheaves on Z with the
category of finite-dimensional representations of H.

In this paper, we focus on horospherical varieties, a class of varieties
closely related to flag varieties. For an a [nelhorospherical G-variety
Xnoro, the category Q(Znoro) is equivalent to a category of vector
spaces graded by a lattice. Thus the associated subgroup Hnoro i
a torus. The case of horospherical varieties may be thought of as a
simple example, but it also plays a central role in the general theory.
To an arbitrary a [nelspherical G-variety X, one may associate a
horospherical variety Xnoro. Its associated subgroup Hnoro turns out
to be a maximal torus in the subgroup H associated to X.
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1. INTRODUCTION

Let G be a connected reductive complex algebraic group. In this paper and
its companion [GN], we study the space Z of meromorphic quasimaps from a
curve into an a Cnekpherical G-variety X. A G-variety X is said to be spherical
if a Borel subgroup of G acts on X with a dense orbit. Examples include
flag varieties, symmetric spaces, and toric varieties. A meromorphic quasimap
consists of a point of the curve, a G-bundle on the curve, and a meromorphic
section of the associated X-bundle with a pole only at the distinguished point.
The space Z may be thought of as an algebraic model for the loop space of X.
The theory we develop identifies a certain tensor category Q(Z) of perverse
sheaves on Z with the category of finite-dimensional representations of a con-
nected reductive complex algebraic subgroup H of the dual group G. Our
method is to use Tannakian formalism: we endow Q(Z) with a tensor product,
a fiber functor to vector spaces, and the necessary compatibility constraints so
that it must be equivalent to the category of representations of such a group.
Under this equivalence, the fiber functor corresponds to the forgetful functor
which assigns to a representation of H its underlying vector space. In the pa-
per [GN], we define the category Q(Z), and endow it with a tensor product
and fiber functor. This paper provides a key technical result needed for the
construction of the fiber functor.

Horospherical G-varieties form a special class of G-varieties closely related to
flag varieties. A subgroup S C G is said to be horospherical if it contains
the unipotent radical of a Borel subgroup of G. A G-variety X is said to be
horospherical if for each point = € X, its stabilizer Sx C G'_is horospherical.
When X is an a [nelhorospherical G-variety, the subgroup H we associate to
it turns out to be a torus. To see this, we explicitly calculate the functor which
corresponds to the restriction of representations from G. Representations of G
naturally act on the category Q(Z) via the geometric Satake correspondence.
The restriction of representations is given by applying this action to the object
of Q(Z) corresponding to the trivial representation of H. The main result of
this paper describes this action in the horospherical case. The statement does
not mention Q(Z), but rather what is needed in [GN] where we define and
study Q(2).

In the remainder of the introduction, we first describe a piece of the theory
of geometric Eisenstein series which the main result of this paper generalizes.
This may give the reader some context from which to approach the space Z
and our main result. \WWe then define Z and state our main result. Finally, we
collect notation and preliminary results needed in what follows. Throughout
the introduction, we use the term space for objects which are strictly speaking
stacks and ind-stacks.

1.1. BACKGROUND. One way to approach the results of this paper is to in-
terpret them as a generalization of a theorem of Braverman-Gaitsgory [BG,
Theorem 3.1.4] from the theory of geometric Eisenstein series. Let C be a
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smooth complete complex algebraic curve. The primary aim of the geomet-
ric Langlands program is to construct sheaves on the moduli space Bung of
G-bundles on C which are eigensheaves for Hecke operators. These are the
operators which result from modifying G-bundles at prescribed points of the
curve C. Roughly speaking, the theory of geometric Eisenstein series constructs
sheaves on Bung starting with local systems on the moduli space Bunt, where
T is the universal Cartan of G. When the original local system is su Lciehtly
generic, the resulting sheaf is an eigensheaf for the Hecke operators.

At first glance, the link between Bunt and Bung should be the moduli stack
Bung of B-bundles on C, where B C G is a Borel subgroup with unipotent rad-
ical U C B and reductive quotient 7' = B/U. Unfortunately, naively working
with the natural diagram

Bung — Bung

!

Bunt

leads to di Cculties: the fibers of the horizontal map are not compact. The
eventual successful construction depends on V. Drinfeld’s relative compactifi-
cation of Bung along the fibers of the map to Bung. The starting point for
the compactification is the observation that Bung also classifies data
G
(PG € Bung,Pt € Bunt,0 : Pt — PGXG/U)

where o is a T-equivariant bundle map to the Pg-twist of G/U. From this
perspective, it is natural to be less restrictive and allow maps into the Pg-twist
of the fundamental a Cnelspace

G/U = Spec(C[G]V).

Here C[G] denotes the ring of regular functions on G, and C[G]Y c C[G] the
(right) U-invariants. Following V. Drinfeld, we define the compactification
Bung to be that classifying quasimaps

G—

(PG € Bung,Pt € Bunt,0: Pt — PGXG/U)
where ¢ is a T-equivariant bundle map which factors

G G—

olco: Pr|co— PegxG/Ulco— PexG/U|cy

for some open curve CYc C. Of course, the quasimaps that satisfy
G
o:.Pt — Pg XG/U

form a subspace canonically isomorphic to Bung.

Since the Hecke operators on Bung do not lift to Bung, it is useful to introduce
a version of Bung on which they do. Following [BG, Section 4], we define the
space -Bung to be that classifying meromorphic quasimaps

G
(C € C,Pg € Bung,Pt € Bunt,0: PT|C\C — PGXG/Ulc\c)
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where ¢ is a T-equivariant bundle map which factors

G G——
U|CU: PT|C‘—‘—> PGXG/U|C|_1—> PGXG/U|CL,J

for some open curve CYc C'\ c. We call ¢ € C the pole point of the quasimap.
Given a meromorphic quasimap with G-bundle Pg and pole point ¢ € C, we
may modify Pg at ¢ and obtain a new meromorphic quasimap. In this way,
the Hecke operators on Bung lift to o.Bung.

Now the result we seek to generalize [BG, Theorem 3.1.4] describes how the
Hecke operators act on a distinguished object of the category P(.Bung) of
perverse sheaves with C-coe [Cights on ..Bung. Let Ag = Hom(C>,T) be the
coweight lattice, and let AS C A be the semigroup of dominant coweights of
G. For A € A&, we have the Hecke operator

H} : P(oBung) — P(-Bung)

given by convolving with the simple spherical modification of coweight A. (See
[BG, Section 4] or Section 5 below for more details.) For u € Ag, we have the
locally closed subspace «.BUNg C Bung that classifies data for which the
map
o G———
Pr(i-d)lene = PexG/Ulcne
extends to a holomorphic map

o C—re
PT(M~C) — PGXG/U
which factors
o G G
Pr(u-c¢) > PexG/U — PgxG/U.
We write ooBun?l C «Bung for the closure of c>°Bun';.l C «Bung, and

|cjﬁ3 € P(c-Bung)

for the intersection cohomology sheaf of ooBunE“ C «Bung.

THEOREM 1.1.1. [BG, Theorem 3.1.4] For A\ € NS, there is a canonical iso-
morphism
A =0 ~ =u (VY A
H3(1CT 5 ) =~ > IC=s, ® Homz (VE, VE)
HIAF

Here we write VGi‘ for the irreducible representation of the dual group G with
highest weight X\ € A, and V' for the irreducible representation of the dual
torus 7' of weight u € Ac.
In the same paper of Braverman-Gaitsgory [BG, Section 4], there is a general-
ization [BG, Theorem 4.1.5] of this theorem from the Borel subgroup B C G

to other parabolic subgroups P C G. We recall and use this generalization in
Section 5 below. It is the starting point for the results of this paper.
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1.2. MAIN RESULT. The main result of this paper is a version of [BG, Theorem
3:3.1.4] for X an arbitrary a IEIhorosphericaIOG-variety with a dense G-orbit
X C X. For any point in the dense G-orbit X C X, we refer to its stabilizer
S C G as the generic stabilizer of X. All such subgroups are conjugate to each
other. By choosing such a point, we obtain an identification X ~ G/S.

To state our main theorem, we first introduce some more notation. Satz 2.1
of [Kn] states that the normalizer of a horospherical subgroup S C G is a
parabolic subgroup P C G with the same derived group [P, P] = [S,S]. We
write A for the quotient torus P/S, and Aa = Hom(C™, A) for its coweight
lattice. Similarly, for the identity component S° c S, we write Aq for the
quotient torus P/Sy, and Aa, = Hom(C™, Ap) for its coweight lattice. The
natural maps T'— Ao — A induce maps of coweight lattices

Ar 3 Apy — Aa,
where ¢ is a surjection, and i is an injection. For a conjugate of .S, the associated
tori are canonically isomorphic to those associated to S. Thus when S is the
generic stabilizer of a horospherical G-variety X, the above tori, lattices and
maps are canonically associated to X. -
For an a [nelhorospherical G-variety X with dense G-orbit X C X, we define

the space Z to be that classifying mermorphic quasimaps into X. Such a
quasimap consists of data

G
(ce C,Pg €Bung,o:C\ c— PegxX|c\e)
where ¢ is a section which factors

0 G o G
0‘|CV_|: C—— Pg Xchl_\—> Pc Xchl_,\

for some open curve C2c C'\ c.
Given a meromorphic quasimap into X with G-bundle Pg and pole point ¢ € C,
we may modify Pg at ¢ and obtain a new meromorphic quasimap. But in this
context the resulting Hecke operators on Z do not in general preserve the
category of perverse sheaves. Instead, we must consider the bounded derived
category Sh(Z) of sheaves of C-modules on Z. For A € A, we have the Hecke
operator

H} : sh(Z) — Sh(2)
given by convolving with the simple spherical modification of coweight A. (See
Section 5 below for more details.) For « € Aa,, we have a locally closed
subspace Z¥ C Z consisting of meromorphic quasimaps that factor

Go G
0:C\c— PexX|c\e — PexX]c\e

and have a singularity of type x at ¢ € C. (See Section 3.5 below for more
details.) We write Z=X C Z for the closure of Z* C Z, and

ICZ" € Sh(2)
for its intersection cohomology sheaf.
Our main result is the following.
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THEOREM 1.2.1. For A € A§, there is an isomorphism

HY(ICZ%) ~ > > IcT @ Homg (VE, V)(2m., )]
KA p[AF,q(R)=K

Here the torus Ao and its coweight lattice Aa, are those associated to the
generic stabilizer S ¢ G. We write M for the Levi quotient of the normalizer
P C G of the generic stabilizer S C G, and 2pm for the sum of the positive
roots of M.

In the context of the companion paper [GN], the theorem translates into
the following fundamental statement. The tensor category Q(Z) associated
to X is the category of semisimple perverse sheaves with simple summands
IC§", for k € Aa,, and the dual subgroup H associated to X is the subtorus
SpecC[Ap,] C T

1.3. NotaTioN. Throughout this paper, let G be a connected reductive com-
plex algebraic group, let B C G be a Borel subgroup with unipotent radical
U(B), and let T'= B/U(B) be the abstract Cartan.

Let Ag denote the weight lattice Hom(T', (Cx) and A C Ag the semigroup of
dominant weights. For A € /\G, we write V2 for the |rredUC|bIe representation
of G of highest weight \.

Let Ag denote the coweight lattice Hom(C>, T'), and A& C Ag the semigroup of
dominant coweights. For A € Ag, let Vé‘ denote the irreducible representation
of the dual group G of highest weight A

Let AR C Ag denote the semigroup of cowelghts in Ag Which are non-negative
on /\g, and let RE>® C AR denote the semigroup of positive coroots.

Let P C G be a parabollc subgroup with unipotent radical U(P), and let M
be the Levi factor P/U(P).

We have the natural map

7 Amzmmg — Ao
of weights, and the dual map

r.Ng — AM/[M,M]

of cowelghts -

Let ASp C Amsmmy denote the inverse image 7~ 1(AZ). Let AR C
AM,[M,M] denote the semigroup of coweights in Ay m; Which are non-
negative on A% . Let R, < AR’ denote the image r(RpOS)

Let Wy, denote the Weyl group of M, and let WM/\ C Ag denote the union
of the translates of AS by Wy. Let ARG C Ay, denote the semigroup of
dominant coweights of A/ which are nonnegative on Wy /\G. _
Finally, let (-,-) : Ac x A — Z denote the natural pairing, and let pjm € N
denote half the sum of the positive roots of M.
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1.4. BUNDLES AND HECKE CORRESPONDENCES. Let C' be a smooth complete
complex algebraic curve.

For a connected complex algebraic group H, let Buny be the moduli stack of
H-bundles on C. Objects of Buny will be denoted by Py .

Let Hy be the Hecke ind-stack that classifies data

(c € C,PL, P2, € Buny, a : PLlcve — P2 lere)

where « is an isomorphism of H-bundles. We have the maps

hi hg
Buny << Hy -2 Buny

defined by
hii (e, Ph,Ph,o) =Ph  hyi(e, Py, PR, a) = P,
and the map
m.:Hy —=C
defined by

(e, Py, Ph,0) = c.

It is useful to have another description of the Hecke ind-stack Hy for which we
introduce some more notation. Let O be the ring of formal power series C[[¢]],
let K be the field of formal Laurent series C((¢)), and let D be the formal disk
Spec(0). For a point ¢ € C, let O; be the completed local ring of C at ¢,
and let D. be the formal disk Spec(O.). Let Aut(O) be the group-scheme of
automorphisms of the ring O. Let H(O) be the group of O-valued points of H,
and let H(K) be the group of K-valued points of H. Let Gry be the a[nel
Grassmannian of H. It is an ind-scheme whose set of C-points is the quotient
H(K)/H(O).

Now consider the (H(O) x Aut(O))-torsor

Bung xC — Buny xC
that classifies data
(ce C,Py € Buny,3: D x H—%Hbcﬁ :D —%C)

where (3 is an isomorphism of H-bundles, and ~ is an identification of formal
disks. We have an identification

(H(O)xAut(0))
X

Hy ~ Buny xC ry

such that the projection h5 corresponds to the obvious projection from the
twisted product to Buny.

For H reductive, the (H(O) x Aut(O))-orbits Grﬁ| C Gry are indexed by
A e N, For A€ A, we write HY C Hy for the substack

)\ _——  (H(O)xAut(0)) N
H{, ~ Buny xC X Gry .
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For a parabolic subgroup P C H, the connected components Sp ¢ C Grp are
indexed by 0 € Ap /Ajp,pjs<, Where [P, P]3¢ denotes the simply connected cover
of [P, P]. For 0 € N\p /N\jp pj-c, We write Sp g C Hp for the ind-substack

_— (P(O)xAut(0))
Spye ~ Bunp xC X Sp’e.

For 6 € Ap /A\p pysc, and A € A}, we write S} o C Hp for the ind-substack

N —— _ (PO)xAUKO))
Spg =~ Bunp xC X Sp o

where S3 4 denotes the intersection Sp g N Gr},.
For any ind-stack Z over Buny xC, we have the (H(O) x Aut(O))-torsor

zZ-Z
obtained by pulling back the (H(O) x Aut(O))-torsor
Bmc — Buny xC.

We also have the Cartesian diagram

h=
HH X Z X Z
Bung <C
! !
ha
Hu = Buny

and an identification

~ (H(O)xAut(0))
Hy x Z~Z X

Bungy <C

MH

such that the projection h corresponds to the obvious projection from the
twisted product to Z. For F € Sh(Z), and P € P0yxaut0))(Grn), we may
form the twisted product

(FIBY € Sh(Hy x  2).

Bung <C

with respect to the map h5. In particular, for A € A/, we may take P to

be the intersection cohomology sheaf A} of the closure @ﬁ, C Gry of the
(H(0) x Aut(0O))-orbit Gr} C Gry.

2. AFFINE HOROSPHERICAL (G-VARIETIES

A subgroup S C G is said to be horospherical if it contains the unipotent
radical of a Borel subgroup of G. A G-variety X is said to be horospherical if
for each point = € X, its stabilizer Sx C G is horospherical. A G-variety X
is said to be spherical if a Borel subgroup of G acts on X with a dense orbit.
Note that a horospherical G-variety contains a dense G-orbit if and only if it
is spherical.
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Let X be an a [nelG-variety. As a representation of GG, the ring of regular
functions C[X] decomposes into isotypic components

C[X]~ Y  C[X]
ATAY
We say that C[X] is graded if
CIXIAC[X]u C C[X x4+,

forall \, u € 7\5. We say that C[X] is simple if the irreducible representatjon
V2 of highest weight A occurs in C[X]x with multiplicity 0 or 1, for all X € NG

ProprosITION 2.0.1. Let X be an affine G-variety.

(1) [Pop, Proposition 8, (3)] X is horospherical if and only if C[X] is graded.
(2) [Pop, Theorem 1] X is spherical if and only if C[X] is simple.

We see by the proposition that a [nelhorospherical G-varieties containing a

dense G-orbit are classified by finitely-generated subsemigroups of AS. To
such a variety X, one associates the subsemigroup

Ay C A
of dominant weights A with dim C[X]) > 0.
2.1. STRUCTURE OF GENERIC STABILIZER.

THEOREM 2.1.1. [Kn, Satz 2.2] If X is an irreducible horospherical G-variety,
then there is an open G-invariant subset W C X, and a G-equivariant isomor-
phism W ~ G/S xY, where S C G is a horospherical subgroup, and Y is a
variety on which G acts trivially.

Note that for any two such open subsets W < X and isomorphisms W o~
G/S x Y, the subgroups S C G are conjugate. We refer to such a subgroup
S C G as the generic stabilizer of X.

LEMMA 2.1.2. [Kn, Satz 2.1] If S C G is a horospherical subgroup, then its
normalizer is a parabolic subgroup P C G with the same derived group [P, P] =
[S, S] and unipotent radical U(P) = U(S).
Note that the identity component S° C S is also horospherical with the same
derived group [S°, S°] =[S, S] and unipotent radical U(S%) = U(S).
Let S C G be a horospherical subgroup with identity component S° ¢ S, and
normali