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1. Introduction

Iwasawa's theory for elliptic curves with complex multiplication was initi ated
by J. Coates in the 1970s in a series of papers (for example, [CW] and [CW1]
and it is now well developed (by the e ort of a handful of number-theorists)
into a solid theory for abelian varieties of CM type (or one may call it
Iwasawa's theory for CM elds). In this paper, we prove many cases of the
anticyclotomic main conjecture for general CM elds with p-ordinary CM type.

Let M be a CM eld with maximal real subeld F. The eld F is totally real,
and M is a totally imaginary quadratic extension of F (inside a xed algebraic
closureF of F). We x a prime p > 3 unramied in M=Q. We assume to have
a p{ordinary CM type of M. Thus, xing an embedding i, : Q ! Q,, the
embeddingsip for 2 induce exactly a half |, of the p{adic places of
M. We identify |, with a subset of prime factors ofp in M . For the generator
¢ of Gal(M=F), the disjoint union  pt 5 gives the total set of prime factors
of pin M. For a multi-index e = Pjpe(P)P 27Z[ pt §l, we write P®
for Pip Pe(P). We choose a complete discrete valuation ringV inside Qp

nite at and unramied over Z,. A Hecke character :M nM, ! C s
called anticyclotomic if (x¢) = (x) 1. We call has split conductor if the
conductor of is divisible only by primes split in M=F. We x a continuous
anticyclotomic character : Gal(F=M)! W of nite order. It is an easy
consequence of class eld theory(see (7.18) and [HMI] Lemma 5.31) that we
can always nd another Hecke character' : M, =M M; ! C such that
(x)=" (x)=" 1(x)' (x°. Regarding' and as Galois characters, this
is equivalent to () = ' () (cc 1) for any complex conjugation c in
Gal(F=F). We assume the following four conditions:

(1) The character has order prime to p with exact conductor cP€ for ¢
prime to p.

(2) The conductor cis a product of primes split in M=F .

(3) The local character p is non-trivial for all P 2

(4) The restriction of to Gal(F=M [p pD forp =( 1P D2pis
non-trivial.
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Anticyclotomic Main Conjectures 467

We study arithmetic of the unique Z%F:Q]{extension M; of M (unramied
outsidepand 1 )onwhichcc *= lforall 2 ,, =Gal(M; =M). The
extension M; =M s called the anticyclotomic tower over M. Let M ( )=M
be the class eld with  inducing the isomorphism GalM ( )=M) = Im( ).
Let Ly =M; M () be the maximal p{abelian extension unrami ed outside .
Each 2 Gal(L; =M) acts on the normal subgroupX = Gal(L; =M; M ( ))
continuously by conjugation, and by the commutativity of X, this ac-
tion factors through Gal(M( )M; =M). We have a canonical splitting
Ga(M( M, =M) = Gior ( ) for the maximal torsion subgroup
Giwr () = Im( ). Since s of order prime to p, it factors through the
maximal torsion subgroup G ( ). Then we look into the , {module:
X[ ]: X Zp[Gror (s W.

As is well known, X[ ]is a W[[ ,, ]J{module of nite type, and it is a tor-
sion module by a result of Fujiwara (cf. [HOO] Corollary 5.4 and [HMI] The-
orem 5.33) generalizing the fundamental work of Wiles [W] and Taylor-Wiles
[TW]. Thus we can think of the characteristic elementF ( ) 2 W][ ,,]] of the
module X[ ]. As we have seen in [HT1] and [HT2], we have the anticyclotomic
p{adic Hecke L{function L, ( )2 WI[ 1] (constructed by Katz), where W is
the completed p{adic integer ring of the maximal unrami ed extension of Q,
inside Q,. We regardW  W. Then we prove

Theorem. We have the identity: F ()= L, ( ) uptoaunitin W[ 11

The condition p > 3 is necessary because at one point we need to choose a prime
ideal g of F with Np-o(g) 6 1 mod p. By implementing our idea more care-
fully, we might be able to include the prime p = 3, but there is no hope (without

a new idea) of includingp = 2. The condition (1) is probably inessential, and

it could be avoided by using the nearly ordinary Galois deformation with xed
p{power order nearly ordinary characters instead of the minimal one we used,
although some of our argument has to be done more carefully to incorporatp{
power order characters. In such a generalization, we probably need to assume
(2-4) replacing by the Teichmuller lift of mod my, for the maximal ideal
my of W. The condition (2) is imposed to guarantee the local representation
at the prime | given by Ind,f,,'I ' | is reducible; otherwise, we possibly need to
work with quaternionic modular forms coming from a quaternion algebra ram-
ifying at an inert or rami ed prime ljc, adding further technicality, though we
hope that the obstacle is surmountable. The condition (3) is a rigidity condi-
tion for nearly ordinary Galois deformation of Ind,\':,I ', assuring the existence
of the \universal" (not \versal") deformation ring. To remove this, we need t o
somehow invent a reasonable requirement to rigidify the deformation problem.
The condition (4) is a technical assumption in order to form a Taylor-Wiles
system to identify the deformation ring with an appropriate Hecke algebra (see
[TW], [Fu] and [HMI] Sections 3.2{3).
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468 Haruzo Hida

The type of the assertion (in the theorem) is called the anticyclotomic man con-
jecture for CM elds. The main conjecture for imaginary quadratic elds (in-
cluding the cyclotomic Zp{extension) and its anticyclotomic version for imag-
inary quadratic elds have been proved by K. Rubin [R] and [R1] re ning
Kolyvagin's method of Euler systems, and basically at the same time, the an-
ticyclotomic conjecture was treated by J. Tilouine (and B. Mazur) [Ti] and
[MT] (for imaginary quadratic cases) by a method similar to the one exploted
here combined with the class number formula of the ring class elds. A partial
result towards the general conjecture was studied in [HT1], [HT2] and [HO5d].

The present idea of the proof is a re nement of those exploited in [HT1], [HT2]
and [HO5d] Theorem 5.1, where we have proverh, ( )jF ( ) in W[ 1
One of the main ingredients of the proof is the congruence power serié$( ) 2
WI[ 1] of the CM {component of the universal nearly ordinary Hecke algebra
h for GL(2)-r. In the joint works with Tilouine, we took h of (outside p)
level Ny= (C)d(M=F) for the conductor C of ' and the relative discriminant
d(M=F) of M=F . In this paper, as in [HO5d] Section 2.10, we take the Hecke
algebra of levelN ( ) which is a product of ¢\ F and d(M=F ) (introducing a new
type of Neben character determined by’ with ="' ). Fujiwara formulated
his results in [Fu] using such level groups. Another important ingredient is the
divisibility proven in [HO5d] Corollary 5.5:

L (h(M)=h(F)L, () H( )in W[ 1.

Here h(M) (resp. h(F)) is the class number ofM (resp. F). On the other
hand, Fujiwara's result already quoted implies (see [Fu], [HT2], [HOO] and [H\I]
Sections 3.2{3 and 5.3):

(F) H( )=(h(M)=h(F))F ( )uptounitsin W[[ 1.
Thus we need to prove:
(R) H( () (h(M)=h(F))L,( )()in W

for a (single) weight specialization, where ( ) is the value of a power series
2W[[ ywllat 2 SpecW][[ ,1)(W). By (L) and Nakayama's lemma, the
reverse divisibility (R) (specialized at ) implies the theorem. In the ( nite
dimensional) spaceS™°® (N( )p! ;" ;W) of nearly p{ordinary cusp forms
of weight  with coe cients in W and with suitable Neben character” , we
have a CM Hecke eigenfornf () of a Hecke character of weight (regarded
as a Galois character) such that  factors through Gal(M ( )M; =M) and
jew () = - We write N( ) (N( )jN( )pt ) for the level of f (). This
form studied in [H91] is of minimal level (possibly of level smaller than hat of
the primitive form). Since the CM local ring R of h is a Gorenstein ring (see
[Fu], [HOO] Corollary 5.3 (3) and [HMI] Proposition 1.53 and Theorem 3.59),
the number H( )( ) is the maximal denominator of the numbers %
in W asf running through all elements of S (N( );" ;W) (see again [HOQ]
Corollary 5.3 (1) and [H86] Proposition 3.9), where (; ) is the Petersson
inner product of level N( ). As seen in [HT1] Theorem 7.1 and [HO5d]
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Proposition 5.6, we have * 2* (f( );f( )) = co(h(M)=h(F))L(1; ) for
an innocuous constantc; 2 W (for the constant c;, see (7.17)). The quotient
1L P XTI s then the value (h(M)=h(F))L, ( )( ) 2 W (up
to units in W). Here Wy( ) is the local Gauss sum of at p, is the
Neron period of the abelian variety of CM type (de ned over Q\ W), and
the exponent ; 2 is determined by the weight . Since H( )( ) is the

maximal denominator of % what we need to show (to prove (R))

is the W{integrality of — 2 Wel JTOM) gor a1l £ 2 5 (N( );" ;W)
This we will show by a detailed analysis of the residue formulas of general-
ized Eisenstein series, which we call Shimura series, on orthogonal groups of
signature (n; 2). The series have been introduced in [Sh1] and [Sh2], and we
take those associated with a theta series dfl and the determinant (quadratic
form) of M,(F). The validity of the ¢f{expansion principle is very important

to show the W{integrality, because we write the Petersson inner product as
a value of a modular form (with integral g{expansion) at a CM point of (the
product of two copies of) the Hilbert modular variety. This modular form

is obtained as the residue of a Shimura series. However in the split case,
the orthogonal similitude group of signature (2 2) over F is isogenous to the
product GL(2) GL(2)=¢; so, basically we are dealing with Hilbert modular
forms, and the g{expansion principle is known by a work of Ribet (see [PAF]
Theorem 4.21).

Another important point is to write down every W {integral Hilbert cusp form

as aW/{integral linear combination of theta series of the de nite quaternion
algebra unrami ed at every nite (henselian) place. Such a problem overQ
was rst studied by Eichler (his basis problem) and then generalized to the
Hilbert modular case by Shimizu and Jacquet-Langlands in di erent manners.
We scrutinize the integrality of the Jacquet-Langlands-Shimizu correspondence
(mainly using duality between Hecke algebras and their spaces of cusp forms;
see [HO5b]). At the last step of nalizing the W {integral correspondence, we
again need a result of Fujiwara: Freeness theorem in [Fu] of quaternionic coho-
mology groups as Hecke modules, which is valid again under the assumptions
(2-4) for cusp forms with complex multiplication (see [HMI] Corollary 3.42).
The everywhere unrami ed de nite quaternion algebra exists only when the
degree F : Q] is even; so, we will at the end reduce, by a base-change
argument, the case of odd degree to the case of even degree.

The identity: (h(M)=h(F))L,( ) = H( ) resulted from our proof of the
theorem is the one (implicitly) conjectured at the end of [H86] (after Theorem
7.2) in the elliptic modular case. A similar conjecture made there for Eisenstein
congruences has now also been proven by [O] under some mild assumptions.
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470 Haruzo Hida

2. Siegel's theta series for GL(2) GL(2)

Since the Shimura series has an integral presentation as a Rankin-Selberg con-
volution of Siegel's theta series and a Hilbert modular form, we recall here the
de nition and some properties of the theta series we need later.

2.1. Symmetric Domain of  O(n; 2). We describe the symmetric domain as-
sociated to an orthogonal group of signature §; 2), following [Sh1] Section 2.
Let V be an +2{dimensional space overR. We consider a symmetric bilinear
foorm S:V V! R of signature (n;2) with n> 0. We de ne an orthogonal
similitude group G by

(2.1) G(R)= 2 Endr(V) S(x;y )= ()S(xy) with ( )2 R

We would like to make explicit the symmetric hermitian domain G(R)* =R C
for a maximal compact subgroupC  G(R)* for the identity connected com-
ponent G(R)* of G(R). We start with the following complex submanifold of
Ve=V C:

Y(S)= v2Vc=V RCS[v]=S(v;v)=0; S(v;v) <0 :

Since S is inde nite over C, the spaceY (S) is always non-empty. Obviously
g2 G(R) with (g) > 0 acts onY(S) by v 7! gv.

Take v 2 Y (S),, and write W for the subspace spanned oveR by v + v and
iv ivfori=" 1. Then we have

S(v+V;v+V)=2S(v;V) < 0
S(iv iv;iv iV)=2S(v;V) < 0
S(v+v;iv iv)= i S(v;V)+ i S(v;v)=0:

This shows that Sjy is negative de nite. Let W? = w2V S(w;W)=0 .
Then we have an orthogonal decompositionV = W W? and Sj,, - is positive
de nite. We then de ne a positive de nite bilinear form

Pv(x;y) =  S(Xwi:yw)+ S(Xw? ;Yw?)

for the orthogonal projections xy to W and x,y-» to W? of x. The bilinear
form P, is called the positive majorant of S indexed byv 2 Y (S). If g2 G(R)
xes v 2 Y(S), g xes by de nition the positive de nite form P,. Thus g
has to be in the compact subgroupO(P,) made up of orthogonal matrices
preserving Py. Thus G(R)*=O(P,) ! Y (S). If we have two v;w 2 Y (S),
then by Sylvester's theorem, we nd g 2 G(R)* such that gv= w, and hence
G(R)* =O(Py) = Y(9).
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Anticyclotomic Main Conjectures 471

Writing Py[x] = Py(x;Xx) for x = cv+ tv+ z with c2 Candz2 W~ , we see

(2.2)
Pv[X] S[x]=Py(cv+Tv+ z;cv+ T+ 2) S(cv+ T+ z;cv+ TV + 2)

=  2¢°S[v] 26S[v] 4jg®S(v;V)+ S[z] SI[z]
=4j¢?S(v;V) = 4S(v;v) 1jS(x;v)j? O
We now make explicit the domainY (S) as a hermitian bounded matrix domain.
Proposition 2.1 We have aCf{linear isomorphism A : V¢ = C"*? such that
S(x;y) = '(Ax) RAy; S(X;y) = '(Ax) QAy;

where R and Q are real symmetric matrices given by
1, 0 O

— . — 1, O

R= 000 Q= % 1
Progf. Choose a baser;;:::;vh+2 Of V over R, identify V with R"*? by send-
ing in:+12 XiVi 7! Y(X1;::1;Xn+2) 2 R"™2 and use the same symboB for the

symmetric matrix (S(vi;Vj))ij . Then S(x;y) = 'x Sy for x;y 2 V = R"*2
By a theorem of Sylvester,S is equivalent (in GL,+, (R)) to Q; so, we nd an
invertible matrix X 2 GL,+2 (R) with X SX = Q.

ChooseB = diag[ln;pi ' L1 1. Then by computation ‘B QB = Q and
'‘BQB = R. Then x 7! Ax for A = (XB) ! = B X ! does the desired
job.

By our choice of A, the map 7! AA ! gives an isomorphism of Lie groups:
(2.3) :G(R) = G(Q:R)
= 2GLp2(C)' R = ()R;'" g = ()Q with 2R ;
and the map: v 7! Av gives an isomorphism of complex manifolds:
(2.4) i:Y(S)=Y(QR)= u2C"? 'y Ru=0;'" Qu< 0 :
These two maps are equivariant:
(W= j(v):

We are going to show that Y(Q;R) has two connected components. Write

u; 2Un+1 Unsz = ‘U RU=0;

X

juij? < juns1j® + jups2j®, 'O Qu< 0
i=1
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472 Haruzo Hida

Assumejun+1 ] = jnp+2 j towards contradiction. Then we see
jupjc U] = 2JUn+1 Un+2 | = JUn+1 ] + jUns2 ]

j=1 j=1
a contradiction; hence we have eithejun+1 j > jun+2j Of jup+1j < jun+2j. These
two cases split the domainY (Q; R) into two pieces of connected components.
To see each component is connected, we may assume that,+» j > jup+1j by
interchanging indices if necessary; sojn+> 6 0. Put zj = Uj=uUy+ for j n,
and de ne a column vector z = Y(z1;25;:::;2,). Then W = Up+1 =Upsn =
tz z=2, and de ning

(2.5) Z=2Z,= z2C"'z z< 1+%j‘z zit< 2 ;

C Zisisomorphic to the connected component off (Q; R) given by jun+2j >
jupsajvia(;z) 7" P(z), where

(2.6) P(2)= "(z;('z 2)=2;1):

From this expression, it is plain that Y (Q;R) has two connected components.
We de ne the action of 2 G(R) on Z and a factor of automorphy ( ;2z)
(z2 2) by

(2.7) ()P@=P((2) (;2):

V=" XjVj. We take the dual basev; so that S(v; ;v;) = j for the Kronecker
symbol j and de ne a second-degree homogeneous di erential operator by
X @
= S(Vi V) =——:

i N ')@x@x
A polynomial function :V ! C is called a spherical function if = 0.
Writing S = (S(vi;V;)), we see that this de nition does not depend on the
choice of the basev;, because = '@S'@for @= '(&;:::; &), Since

@'wSx) = Sw for a constant vectorw = (wy;:::;Wg), we nd that, for k 2
( 'wSx) = K'@s sw)(twsSx)X = k(k 1)(*wSw)(‘wSx)k 2:

Thus the polynomial function x 7! S(w;x)X for k 2 is spherical if and only
if S[w] := S(w;w) = 0. All homogeneous spherical functions of degre&k 2
are linear combination of S(w; x)¥ for a nite set of spherical vectors w with
S[w] = 0. In particular, for v 2 Y (S), the function x 7! S(v;x)* is a spherical
function.

Note here that for v 2 Y (S), S[v] = 0 and S(v;x) = Py(v;x), because
P(v;x) = P(v;xw)+ P(v;xw?)|3 S(V;xw)= S(v;x). Dene @=¢e¢ @

i V- Then we have, by computation,
(2.8) @SI[x] =2S(v;x); @Py[x]=2Py(v;x)= S(v;X):
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We de ne a Schwartz function on V foreach = +i 2Handv2Y(S)
by
1 . . .
( viw) = e(5(Sw] + iPyiw] )) =exp( i (S[w] + iPyv[w] )):
We see by computation using (2.8)

(2.9) @) sviw) =@ DH*CSvw)* ( viw):

2.2. SL(2) SL(2) as an orthogonal group. We realize the product as
an orthogonal group of signature (22), and hence this group gives a special
case of the orthogonal groups treated in the previous subsection.

Let V = M,(R), and consider the symmetric bilinear formS :Vv V! R
given by S(x;y) = Tr( xy ), whereyy =y y=det(y) for2 2 matricesy. We
let (a;b 2 GL2(R) GL2(R)actonV by x 7! axb. Then

S(axb ;ayb) =Tr( axb by a ) =det( bTr(axy a )
=det(b)Tr( xy a a) = det( a) det(b)S(x;y):
Thus we have an isomorphism
(GL2(R) GL2(R))=f (1;1)g! G(R)

with  (a;b) = det( a) det(b). Since the symmetric space of5(R) has dimension
2 over C, the above isomorphism has to be onto on the identity connected
component. SinceG(R) has four connected components (becaus¥(S) has
two), the above morphism has to be a surjective isomorphism becaugeL ,(R)
GL2(R) has four connected components:

(2.10) (GL2(R) GL2(R) = (1;1)g= G(R):

Since the symmetric domain of GL,(R) GL2(R) is isomorphic to H H for
the upper half complex planeH = fz 2 Cjim(z) > Og, we ndthat Z=H H.

We are going to make this isomorphism:Z = H H more explicit. We study
Y = Y(S) more closely. SinceVc = M,(C), writing v = 38 2 M,(C), we

have from the de nition:
n 0]

Y= 2ab 2M,C)ad=bc;a tc+da cb<O :

Pick v= 2% 2Y, and suppose thatc = 0. Then by the de ning equation

C
of Y,ad=0) 0= ad+ da < 0, which is a contradiction. Thus c 6 0; so,

we de ne for v as above,z= 2 andw = 2. Then zw= 2, and hence (see
[Sh2] 11 (4.6))

(2.12) v=cpz;w) with p(z;w)= 2 W2 = Yz;1)(w;1)"

where" = 9 1 . Again by the equation de ning Y,

(212)  S(p(z;w);p(z;wW)) =(W W)z 2Z)= zZW+2zw Zw+ ZW< O
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474 Haruzo Hida

From this, it is clear that Y = C H2t H . By this isomorphism, for 2

G(R), we cande neitsaction (z;w) 2 H?t H® and afactor (;zzw)2C
of automorphy by

p(z;w) = p( (z;wW) ( ;zZ;w):
By a direct computation, writing j (v;z) = cz+dforv= 28 andv(z)= "g:g,
we have, for (; )2 GL2(R) GL2(R),

(2.13) p(z;w) =p( (2); W)j(;z)j(;w):
Thus

G Nzw)=( (2; (W) and ((; )i(zw)=]j(;z)i(;w):
We de ne a spherical function

(2.14) v 7! [v;z; W€ = S(v; p(z; W)X

for a positive integer k > 0. This function is spherical becauseS[p(z;w)] =
2detp(z;w) = 0, and we have

(2.15) v szwl=j( 52 swlv;  Yz2);  Hw):

2.3. Growth of theta series. Let F be a totally real eld with integer
ring O and B be a quaternion algebra over-. The algebraB can be M, (F).
Let x 7! x be the main involution of B; so,xx = N(x) and x + x = Tr( x)
for the reduced normN : B ! F and the reduced trace Tr :B ! F. We
consider the symmetric bilinear formS : B B ! F given by S(x;y) = Tr( xy ).

Writing | for the set of all archimedean places of, we split | = Igt IB so
that B . R= My(R), 2lg. Thusfor 218,
n o]
B r R=H= %Y ab2cC

We identify B = B . R with My(R) or H for each 2 |I. Thus G(Q) =

(B B )=f (1;1)g is the orthogonal group of B;S). SinceSat 218 is

positive de nite, G(R) = (GL2(R) GL»(R)'s (H H )'°=f (1;1)g. For

eachb2 B; = B R, writing b=(b ) for {componentb 2 B , we de ne
X

Y
(2.16) bzwk= [b;z;w] (k= k 2Z[s));
21g 2l

where b ;z ;w ] is as in (2.14) dened for B = My(R). For 2 1B, we
pick admmogeneous sphqf,ical polynomial :B ! C of degree , and put
b= o8 and = 2 Z[I®B]. We dene an additive character
er :Fc=F oC! C byer(z)=exp2i Z)(z=(z) 2) identifying

Fc with C' as C{algebras. Writing Tr : Fc ! C for the trace map, we have
er (z) = e(Tr(2)).

Documenta Mathematica Extra Volume Coates (2006) 465{532



Anticyclotomic Main Conjectures 475

We consider Siegel's theta series dened for 0 k 2 Z[Ig] and a Schwartz-
Bruhat function :Baa,! C:

X
@17 ' kCizmwvit )= izl )(‘)eF(%(S[‘HiPp(z;w)[‘]))

2B |

X © X 2
= Lz OGS e 5 e
2B 2lg

where = +i 2H, '()= Q and the last equality follows from
(2.12). Since the majorantP,,., is positive de nite, the theta series is rapidly
decreasing with respect to towards the cusp1 , as long as' (0)[0;z;w]* =0
(in other words, as long ask + > 0). Since the in nity type k+ does not
change under the transformation 7! () for 2 SLy(F), the theta series is
rapidly decreasing towards any given cusp ik + > 0. Otherwise it is slowly
increasing (see below Proposition 2.3).

2.4. Partial Fourier transform. We are going to compute in the following
subsection the Fourier expansion of the theta series (introduced in the earlier
subsections) with respect to ¢;w) when B = M,(F). This is non-trivial,
because is de ned by its Fourier expansion with respect to the variable . A
key idea is to compute the partial Fourier transform of each term of the theta
series and to resort to the Poisson summation formula. In this subsection, &
describe the computation of the partial Fourier transform.

The Schwartz function onB; = B g R = M2(F1 ) which gives rise to the
theta series o( ;z;w; ) is given by

u7! o(u)= 'er(det(u) +ﬁj[U;z;W]jz)

for = +i,z=x+yiandw=r+ti with ;x;r 2F; and ;y;t 2 F; ..
Here F, , is the identity connected component ofF; . We de ne

Y X
(2.18)  «(u) = . u)© k= k 22z[]) and

ilu sz ;w Ji%):

k. (U)= Xu;z ;w ¢ e(det[u ] +i2yt

We write the variable u = ( ) for two row vectors u; and write individually
u; = (a;b and u, = (c¢;d). The partial Fourier transform of is given by
z

(2.19) ab = 0 e (alf  bef)dadd;

F?
whereatd b= 3S &% andda’®=  da° for the Lebesgue measurela®
on the {component R of F; . By applying complex conjugation, we have
(2.20) T ab = T a b
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We compute rst the partial Fourier transform to the action of U(F; )
GL2(F1 ), where U(X) is made up of upper unipotent matrices with right
shoulder entry in X. We rst deal with (1 ; ) with 2 GL»(Fy ):

( (L) §3=Zm '8 ep( (%) (a;b)dat
(@01 @ (det( )] 1ZF2 @ o ( () "(a;b)da’dl
=mwa(nliz 8 ep( (%K) "t (a;b)dal
;
=jN (det( )j * Saei( ) - 25

We now compute ( (; 1)) for 2U(Fy):
Z
( (3% ah = a’xeb®xd e (alf  bef)da’dl

F?

04 yorb O | (4010
(27 xeb )7 (2709 @8 o (alf ba)daldfer ( x(ad bg)
F?

= er( x(ad bg) 2%
Summarizing the above computation, we get for (¢ %);1) 2 U(F1 ) SL2(F1)

(2.21) (31 ) (u=es( xdet(w) (1 *)(u):

By (2.15), for (; )2 SLa(F1) SLa(F1 ), we have

[u sziwl=S(u p(zw)= S(u; *p(z;w) )
=[u; (2 W L2iC Lo
To compute the partial Fourier transform of ¢, we may therefore assume that

r = x = 0. Then the computation for  is reduced to, writing u®= 2’
(and omitting the subscript ),

Z
(2.22) 0. (UWe(ad ba)da’d’ =
3 02 !
i 2
e detu’+ I—(ta— + ﬁ LY ytc?) e(al bd)da%dt’
R2 2y yt t

We then invoke the following formula:
Z, 2
exp( za Oz)e(aoo)dao =z 1=2 exp( 7),
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wherez2 C R (R : the negative real line) andz =2 is the branch of the
square root which is positive real ifz is positive real. Then (2.22) is equal to
(2.23)

y exp( !

r—*‘\<

d bB2+ytc a)? e i?()t/—d2+ytcz)

=yep  Y(lid  +tc  ap)
By computation, we have
(2.24) tic a’+tld B2=t Yu; ;it]j2+2 det(u):
Thus we get

Y
o(u) = o(u)= o, (U);
- ab —_ y 1. .2 . .2
(2.25) o (W= o T4 =y exp —(~jd BHT+tjc a7
_ Y w2
=y exp 2y det(u) —tj[u, it )

In order to compute the partial Fourier transform of , we consider the fol-
lowing di erential operator

226) @=5S p( w);

opge

Spge
®

®
Q|
o4
Q|

(@]

®

[oF

Since we have, fou= 2’9 |

@ o
@ae(abo bd)=2i be@d bd)
w %g(ab‘) bd)=2iw a%(ad bd)

Geo W=( 2% wzlz W Iz Lz iw]) o ()
w gd o; (u)
= Qia’w y7t(WZ[u;z;W]+W7[u;z;W])) 0; (u):

Taking the factthat w w =2it ,z =iy and

@(u;z ;w )= @(S (u;p(z ;w )= S (p( ;w );p(z ;w ))=0
into account, we have
(2.27) @( ; (we@? bd)=2 .. (ue@d bd

for all integersj 0.
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To complete the computation, we need to compute@ j, (u). We have, noting
that we are restricting ourselves tow =it :

gao: w= LY @+ € a) o W

oo W)=
@

ERNCE YLl a+ @ a) o

t 2= it @ Bro@ b o

From this we get, taking the fact:
it (c a+d b=[u; ;it ]

iY( (@ B+ @ b o (U

into account, we have
@ o (W=2y [u it ] o (u):
Since@([u; ;w]) =0, we again obtain, whenz = iy and w = it,
(2.28) @(C j; Nu=2 jua(u);
where . (u)=y'*1[u; ;w] o (u). By (2.27) and (2.28) combined, we get,
at this moment for z = iy and w = it,
(2.29) () (W= (u);
where (u) = k. (u)and ¢(u)= k. (u).

We are going to compute the partial Fourier transform for general ¢;w) and
show that (2.29) is valid in general under a suitable description of for general
(z;w): To do this, we write

FY(uy= M uz sw Pe det(u) +i2yt jlu;z ;w Ji?
Since ; (z); W)i(;z)j(;w)=[ *u ;z;w]by (2.13) and (2.14)

combined, we have

zw o iy it 1 x 1 r
ji i 01 o0 1
Then by (2.21),
51 o1 (u) = e(x det(u)) L5,
and applying thisto 7 ™ *, we get from (2.29)
W — iy it
o (u) = e(x det(u)) ;/ us !

where
YW=l it Pyttep 2y detw) ol it P
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De ne
(2.30)

Y
k= " (u)= w0 (u) for

iy
2t

Using this de nition, (2.29) is valid for general (z;w; ) 2 H'  H' H'. In
other words, we have the reciprocal formula:

(2.31) o= M and (M) = M)
By (2.20) (and (2.15)), we also have

2

pw= M (= Yyt sw Pe det(u)z + jlu; sw ]

(2.32) ZW ()

Y y
= vy u s —w K e det(u ) + 5 ‘W ]2

ju;

2.5. Fourier expansion of theta series. Write V = M,(F). We choose
onFau)=F g 9(1 ) the standard additive Haar measureda so that

Y
da=1 for ®=0 ZQ(Q: Zp):
6 P
At in nity, we choose the Lebesgue measure da onF; = = ,, R. Then
we take the tensor product measuredu = da db dc ddforu= 238 2 V,.

Let Q: Va = My(Fa) ! C be a Schwartz-Bruhat function, and assume that

=, vfor v:V Qy! C. We dene the partial Fourier transform of

for :Va! C bythe same fzormula as in (2.19):

(2.33) ab = a0’ ga(alf  be)dadd;
FR
where ey : FA=F ! C s the additive charact_er with ea(X1 ) = ep(Xy)
for x1 2 Fy . We further assume that ; = " studied in the previous
subsection. Then we de ne X
(2.34) ()= ():
2V

Writing (1) for the nite partof  and regarding it as a functiononV ~ V,u y,
we nd

R 0 ()= “«(izw, D)
Since . . da= " Dj for the discriminant D of F, the measurejDj 'da’d{’
has volume 1 for the quotientF2=F2. Thus jDj ! gives the partial Fourier
transform with respect to volume 1 measurgiDj 'da’dtf. The Poisson summa-
tion formula (with respect to the discrete subgroup F2  F2) is valid for the
volume 1 measure (cf. [LFE] Section 8.4), we have the following result:
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Proposition 2.2 We have ( )= jDj *( ). Interms of , we have
“kCiziwy )= D) Y @w; )

We could say that the right-hand-side of this formula gives the Fourier expan-
sion of the theta series in terms of the variablez.

Proposition 2.3, Let
()=1 2sL(F)i “(uy= () “ug
)=10 )2SL(FY? B(u H= w5 ) Bue
for characters : ()!" € and ,w : *Y()! C Suppose that
1= ¢ .Thenfor (;; )2 () #W(),we have
() C) @5 (w)
=( )zw) () PG ) UG ) MiGz) NGw)
More generally, for general 2 SL,(F), we have
() (xzwi(; )< =jbj *( )= ()

where (W= (u)and 3% =( ) @ P . Simiary, for
(; )2 SLy(F), we have

()CzwiGz)SGw) = o)
where  (; Yu)= (u ).
Proof. Since the argument is similar, we prove the formula in details for the

action on . Write = (). We use the expression ( )= jDj *( ).
By (2.15), we have

iCrs w it il )sw iR, R S N
(S) - ( (S)) ’ [ ’ 1W] _[ ’ ( ),W]J(, ) .
Then, up to y**'er (det(*)z) (independent of ), ( ) is the sum of the

following terms over* 2 nM,(F)and 2 :
() OY OGS

- Py it w2
where Y-( ) =["; ;w]“exp( {—ﬁ) Thus we need to prove the

automorphic property with res);(aect to for

f()= OY-CONIC S
2 = .
where - is the stabilizer of . We see
X
fC ()= OY-C (DiC: (K
2 =
= OYC (ONIC: NGO & O)¥OiG ) &
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This shows the rst assertion for . As for the assertion with respect to (z; w),
we argue similarly looking into the terms of ( ).

For the action of general , the argument is similar for (). To return to
(), we need to use the Fourier inversion formula ( ) 28 = 2 db .
We leave the details to the attentive readers.

3. g{Expansion of Shimura series

The Shimura series forGL(2) GL(2)isdenedforO<k 2 Z[IJand0 m 2
Z[1]in [Sh2] Il (4.11) by

(81) H(Zw;s) = Him (z;w;s; 4)51)

=[U] @)(a( det( );f)jdet( ™ iz;wl Kil ;zwlj >
08 2M(F)=U

for (z;w) 2 H' H'. When m =0, we simply write Hy for Hy.o. The positivity
of k means thatk O andk > O foratleastgne 2 1. Heref is a Hilbert
modular form given by the Foulger expansion: - a(;f)es( )for 2 H
of weight ~ (e ( ) = exp(2 i )) with a(;f ) =0 if < 0 for some

2 1, U is a subgroup of nite index of the group O, of all totally positive
units for which each term of the above sum is invariant, J] = [O, : U] !
and (1) :M,(Fau))! Cis alocally constant compactly supported function
(a Schwartz-Bruhat function). To have invariance of the terms under the unit
group U, we need to assume

X
B2 k ° 2m=[k ~ 2m]l (I = ) for aninteger [k ~ 2m].
21

The series (3.1) converges absolutely and locally uniformly with respect to &l
variables s; z; w if

(3.3) Re(s)>n +2+2 (f) [k ~ 2m]

as was shown in [Sh2] | Proposition 5.1 and Theorem 5.2, where
(f) = 1 whenf is a constant, and otherwise, (f) = 3 with
ja(:f) 7% = O(N()j) for the norm map N = Ne-g. This series is a
generalization of Eisenstein series, because if we take = 1 (so ~ = 0 and

m = 0), the series gives an Eisenstein series faBL (2) GL(2) over F.

We are going to compute the Fourier expansion of the Shimura series. We sum-
marize here how we proceed. We have already computed the Fourier expansion
of ( )( ;z;w) with respect to z, and it is equal to jDj 1 ( )(z; ;w) for
the partial Fourier transform of . By the integral expression of the series
given in [Sh2] | Section 7, the series (actually its complex conjugate) is the
Rankin-Selberg convolution product of () and f with respect to the variable
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. Since integration with respect to preserves Fourier expansion of ( ) with
respect to z, what weZ need to compute is

( Nz sw)f ()E(;0)d ()
nH!

for the invariant measure d ( ) for a suitable holomorphic Eisenstein series
E( ;0). This has been actually done, though without referring the result as
the Fourier expansion of the serieH(z; w; 0), in [Sh2] Il Proposition 5.1 (re-
placing f (w) and variable w there by E( ;0)f ( ) and ). We recall the integral
expression in Subsection 3.1 and the computation of Proposition 5.1 in [Sh2] |
in Subsection 3.2. We shall do this to formulate our result in a manner optimal
for our later use.

3.1. Integral expression. Let be a congruence subgroup ofSL,(F) which
leaves «( ;z;w; (t))andf xed; thus, (). The stabilizer ; of the
in nity cusp has the following canonical exact sequence:

0! a ! 1 ! util
(3.4) a 7' (§3)
(o0 %) 7

for a fractional ideal a and a subgroupU O of nite index. By shrinking

a little, we may assume that U O, . We recall the integral expression of
the Shimura series involving Siegel's theta series given in [Sh2] | (7.2) and Il
(6.5b):

z z !

(3.5)  [UIN(a) 1pﬁ ' ( )dmf()d ¢ Yd
F, ,=U2 Fi =a
m_Q 1 @ " — (L) (1)) zZw; ;
where d™ = T , (u) = (u=)y ™ (up)andd s the
multiplicative Haar measure given by  ( 'd ). We rst compute the inner
integral: if Re(s)Z 0

p—
N@) * jDj ' (i) =
WY OyaE )i " izwFexp( 2+ Paw( ) ) e g
2V; 2F

because forC = N (a) P jDj '

z (
1 ifdet( )= ,
C er ((det( )+ d = .=

Fi1 =a r((det( ) )) det 0 otherwise.
To compute the outer integral, when det( ) = , we note from (2.2) that
Powl 1= S[ 1+ LM for S[ ] =2det( ) and that

i[5z w]j?

exp( (2 +Piw( ) )=exp( (2det( ) Pru( ) )=exp( % ):
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Here we have integrated term wise (with respect to) the summation of and
the Fourier expansion off , which can be justi ed by the locally uniform and
absolute convergence of the Fourier expansions of andf as long as the
resulting series is absolutely convergent (Lebesgue's term wise integratiorhé-
orem). The convergence of {he serie§ is guaranteed by (3.3) if R&(is large.
Again spreading the integral F,L=U7  2U ("2)d to the whole F, , for

() =-exp( %) we see that (as long as the latter integral is abso-

lutely convergent) the integral (3.5) is equal to

(3.6)
U] W) a( det( );f)jdet( )im[ ;z;w]
2v=U 7
H S i2
eXp( -I—r(][ 121W]] )) k+S|d
F, . yt
We know
z S . i2
[ ;Z;W]k eXp( J[ 121W]J ) k+s|d
i yt
:21 [F:Q] k sl F(k+ S|)yk+sl tk+S|[ ;Z;W]kj[ ;Z;W]j 2s 2k
=2t Qs g (ke sy S S W) K sz
where ¢ (k) = Q ( k), and as for the factor 2 [F:Ql see [LFE] page 271.

Thus we conclude

2t PO kst g (k+ sl)yk+ t;+SIHk;mZ(Z;W;§;7(1);fc)

=[uNG@ v i) ( ydmi() ¢ Ddd

Fl *_:U2 F, =a

wheref (z) = f( Z). In other words, by taking complex conjugation, we have,
—(1)
for €= 1,

(B7) 28 9 (ko sy S Hi (zwis: @)

=[UIN(a) 1pﬁ ! ( &df() © Vdd

F1 +:UZ F1 =a

The above formula (3.7) is only valid for s satisfying (3.3). However, by Rankin-
Selberg convolution, we can analytically continue the functionH to a mero-
morphic function on the whole s{plane (see [Sh2] | Section 7). We recall the
process. We rst assume thatm = 0. Since ; nH' = (F, ,=U?) (F; =a),
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we can rewrite the above integral as
ol [FQ ksl F (K +ZS| )yk+sl tk+ sl Hi(z;w;s; (1 );f)

pf T A
=[UN(a) ' jDj o) M O)
z
p X _
B8 - N@ D)t () d ()
nH' 2 .n

p— 1Z —

=N@ T p] T (OB ()

whered ( ) is the invariant measure 2 dd onH', and by Proposition 2.3,
X N )
(3.9) E(;s)= Ex -(;9)= * PG MG P
2 1 n
In general, if m 6 0, we use the formula (see [Sh2] | (1.16a)):
dm = X m M(gf Yomie
o m b FCHI)

for ()= A —1—+ & and
, Y
'Oy=  C +2) 2 C +2 (C):

The binomial coecients 7 is the product of individual ones ™  over

2 1. Since (") preserves automorphy (but not holomorphy), we can
write d™f. as a linear combination of Yf., which is an automorphic form
of weight * +2u on the same , and therefore the above computation still works.

The integral (3.8) (in general for m  0) is convergent for alls 2 C except for
s giving rise to a singularity of the Eisenstein series, because () for k > 0
does not have constant term at any cusp; so, it is rapidly decreasing. Thus
the integral of (3.8) converges absolutely for any slowly increasing autoior-
phic form f () as long asE( ;s) is nite. This is the proof of the analytic
continuation given in [Sh1] Section 13. This proof works well even whelk =0
for cusp formsf .

3.2. Computation of  ¢fexpansion. MVe assume thatm = 0. We are going
to compute the Fourier expansion of ., ( )g( )d () for an eigenform

g( ) of Laplacian : g=(s? %)g (s 2C)forall 21, where =

2 8, + @, . Weassume that (( )g)( () =(( )g)()foral 2 .
By (2.2), ( )= jDj *(( ) ) isthe sum of the following terms:
VUL w e det )z 4 0l o w P
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By (2.15), we have, for 2 ,

log(Y ( )= —ilC )i iw I
= =il MW B 5P
_ y P . :2.
—ml[ CN sw A
This shows
(3.10)
y (b ( Jg()d ()
nH!
z X
= er (det( )z) () [ (hwlg( ( )Y ( ()d
2 nM,(F) Z”H' 2 n
= er (det( )z) A)() [ 5wy ()g( )d;
2 nMy(F) nH!
where =f 2 j = gand¥Y(2) = Q e(Y(z)). If det( ) 6 0O, then
= flg.

R
We rst compute the general term: [ ; swlkY( )g( )d ( ): For that, we
recall [Sh2] Lemma 5.2 and the discussion after the lemma:
P . .
Lemma 3.1 Let 2 GLo(F). Let P(;w)=exp( o il 5w Jj?) for
;w 2 H' with 0<u 2 R. Assume that the integral w PCiw)g( )d () is
convergent. If g=(s? %)g and det( ) is totally positive, we have

4
(3.11) . P(sw)a( )d ()

X
= FQR(det( Ju )'"2exp( 2 det( )u K (det( )u;s)gix (W)

for the modi ed Bessel function:

Y £1
K (u;s) = exp( u (x +x Hx* tdx ;
0

where gj, (w) = det( )* 'g( (w))j(:z) ¥. If det( ) is not totally positive
and g is holomorphic, the integral (3.11) vanishes, as long as it converges.

By the above lemma, takingg= f (so,g= f is holomorphic), only non-trivial
case is when det() is totally negative, and noting the fact that K (u;1) =
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P
[F:Q=2y 1=2exp( 2 u ), we have

Za X
cenl T il W I Wi Od ()
A X
O e T Yl COW IR O ()d ()
" O
z X .
@2 axp( JdEt((i))tJyj[l:* ;W 1i%)
H!

[Lowldet( ) (; ™) *f( (;))d ()
TR0 )FQAC 20Ky Texp( 4 jdet( iy )i (W):

If 60 anddet( )=0, then isequalto \ U(F) !for 2 GL,(F).

By a variable change, we may assume that = ( $3). Then = \U (F),
and we have an isomorphism:a = bya3a7! (3%), whereais a fractional
ideal of F. In this case, [ ; ;w]= w. We then have
VA
(3.12) LoawlY(O)f ()d ()
nH 7 b
= [awlY() f(+i)d ?d
p Fl " Z Fi1 =a
=N(@ PjaOif)  (wien(  iwi?) *d
1+ Z X
7 : P — . K y .
= N(a jDja0:f)( w) i exp( — iwid
1+

= N@' Dai)( WS ¥
wheref () = P >epa(:fles( ).

Thus we obtain the following version of [Sh2] Il Proposition 5.1 forB = My (F):

Theorem 3.2 Suppose thatf is a holomorphic cusp form of weightk > O.
Let be a congruence subgroup &L,(F) xing f( )( )( ). Then we have
z

( 1HF9jpj ( ) ;zzwi()d ()

nH!
ivkiky Kk X (1) SA\f -
=( 2)'t%y ( e (det( )D)f ji (W);
2 nMa(F)det( ) O

wherefj (W) =det( ) 'f( (W)j(; W) kK for 2 My(F) with totally nega-
tive determinant.

Taking complex conjugate of the above expansion and replacing the pair (f )
in the above theorem by (€ = —) 1 ;fcE(w;0)), we get
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Corollary 3.3. We have, iff is a holomorphic cusp form of weight with

k "~ =[k "]l foraninteger [k ']> 0,
s e (1), [F:Q 11 i11im;: 3=2 1(20)F
Hy(z;w;0; fy=2" [U]iDj N (a) B
F
X
@ er (det( )2)(FEk -(w;0)jk (W);
2 nMy(F)det( ) O
where = 19 .

We can apply the a%ove theorem to the following integral:

., ( &(s 1Ek (;9f()d ()

nH!

at s=1 when k = °, becauseE ( ;s) has a simple pole ats = 1 whose residue
is a constantc 6 0 (independent of ). We then have

Corollary 3.4. We have, iff is a holomorphic cusp form of weight,

Res-1 H(z;w;s; @);f)= ¢ ( i)F 92 [U]iDj *N(a) l(z(ik)f;)
X F
y 't T er (det( )2)fj (w);

2 nM,(F)det( ) O
wherec = Ress=; E(W;S).

For the exact value of the constantc 6 0, see [H99] (RES3) page 173.

4. Evaluation at CM points

We follow [Sh2] | Sections 5 and 8 to write down the evaluation of the Shimura
series at some special CM points in terms of Rankin-Selbery{functions.

4.1. CM points. We x the \identity" embedding ( o :F ! Q) 2. Let
(z0; Wo) be a point in H' such that M = F[zo, ,] and L = F[wo, ,] are totally
imaginary quadratic extensions ofF (so, CM elds). Let Y = M ¢ L, and
we embedY into M,(F) ¢ Mo(F)= M4(F) by (a;b 7! v () L (b) with

(3= m@(%F) and *® = (BT
We see easily that y(a) = yw (@ and (b = L (b) for complex conjuga-

tion c. We regardV = M,(F) as aY {module for the multiplicative semi-group
Y via um L; in other words, (a;bv=n (a)v (D).

We have four distinct Y {eigenvectors p(zo. ;Wo: ), P(Zo: ;Wo: ), P(Zo: ;Wo: )
and p(Zo. ;Wo: ) in M2(C) = V g C, whose eigenvalues ofg b) are (a®b® ),
(a®b®), (a® b*) and (a® b®), respectively, for an extensione of to the com-
posite LM . SinceV (. CisfreeofrankloverY =Y g C,V = My(F)is
free of rank 1 overY (becauseC is faithfully at over F). Thuswe nd v2 V
such that V = Yv. Then Sy : (y;y9 7! S(yv;y%) gives a non-degenerate
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symmetric F{bilinear form on Y with Sy (yy%y% = Sy (y%y°y%, and we can
write Sy (X;y)=Tr y=p(xy ¢ for 2Y with ©=

Suppose now thatL = M. ThenY = M Yg with Yo = M, the rst projection
to M is given bya b 7! alf and the second toYy is given bya b 7! ab
Sincec is an automorphism ofM , p(z; w) and p(Zo. ;Wo. ) belongs toMv .

C Y v= V. The vectors p(zo. ;wo. ) and p(Zo. ;Wo. ) are orthogonal to
Yo r C. In other words,

Yo= y2Y e(ly)=ce(y)=0 forall 21

Thus = - e gives rise to a CM type ofM (with t cgiving all complex
embeddings ofM). This shows: writing V. 3 = av bvwith a2 M and
b2 Yy

[ 520, sWo; 1= S( ;p(zo; ;Wow,)) = S(av ;p(zo; ; Wow,))
(4.1) = S(v ;a°p(zo; ;Wow,)) = a®[v ;zo; ;Wo; I;

[ i20iwo] Mi[ Zoiwoli *' = C * jC | ®a * N(a)
where C = [V ;2o pWo; ]and N (a) is thg, absolute norm ofa 2 M. Here we
have written k = o  k eandck = s K e.

Sincep(zo. ;Wo: ) and p(Zo. ;Wo. ) span (by the de nition of Y(S) in Subsec-
tion 2.1) a scalar extension toC of a subspace on whiclts is negative de nite,
S is totally positive de nite on W = Yyv, because every vector inW is orthog-
onal to p(zp. ;Wo. ) and p(Zo. ;Wo. ). We write Sy, for the restriction of S to
W. By this fact, writing = M ofor m 2M and o2 Yy, then y isa
totally positive element of F; so, we may assume that y = % by changing v
if necessary. Similarly, we may chooseq = %

4.2. Special values of Shimura series. As we have explained already, we
choosev as in previous subsection so that

(4.2) Sy ((ai); (@) = STrue ( ad® + bt
We see, supposing

(4.3) Oluy= m o

for functions u :Mv ! Cand ¢:Yov! C,

ck jc jZSHk(ZO;WQQS; t):f)

X
=[U] m(Vv) o(v)a( °© Sf) FON()
2M=U 2Yo=U
where C is as in (4.1). We now dene ( o) = 2v, ol V)er( €z). Then
forfqz)= (o)f(2)= ¢ a(;f Yer(z), we have
X
a(;f 9= a( ) o(v);
2Y0:U
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which is a nite sum becausefx 2 Yo ¢ Rjx x¢ < 8 gis a compact set.
Thus we have, under (4.2) and (4.3)

ck jc jZSHk(zO;WQ;s; A

(4.4) =[U] m(v)a( Sf9 * N() S
2M=U

In general, (1)jdet™j is a constant linear combination of the functions sat-

isfying (4.3); so, H (zo; Wo;s) is a linear combination of the series of the above

type. The series (4.4) is the Rankin convolution off ® and the theta series
( km ) of the norm form of M for «m ( )= X wm (V) (see (4.9)).

4.3. An explicit formula of Petersson inner product. For a given
theta series v ( ) of weight k+ | of a CM eld M=F, we are going to write
down the inner product h y ( );f3 for a special value of a modular form on
GL(2) GL(2), taking f%=f \ ( 9 for another theta series y ( 9 of weight
I of M. HerefJz) = f9 2z); so, fQis a holomorphic modular form whose
Fourier coe cients (at the in nity) are the complex conjugate of those of f°
The modular form is given by, up to an explicit constant,

Res-i Hy(z;w;s; @ ():f):

We will later in Section 7 deduce from this the integrality of % for
the period of the Neron di erential of the abelian variety of CM-type si tting
at the evaluation point (zg; Wp).

Let f5and g be Hilbert modular fggms on SL,(F) with Fourier expansion
f= >rpa(;fles( )andg= ora(;g)es( )for z2 H'. We take the
ideala F andtheunitgroup U O, asin (3.4). Let” and be the weights
of f and g respectively. We suppose that one of and g is a cusp form so that
fg is rapidly decreasing.

Welet 2UactonH by 7! 2. Thenf(?2)= f()andg(?)=
g( ). Then the function fg( ) (* )72 is U{invariant. We then consider
(4.5) o 1Z Z
D(s;f;g) =[U’IN(a) * [Dj f()g() >+ )2dd
2

Fl =a F1 + =U

We now assume that

(4.6) : mod 2Z[I ]+ ZI:
Thus we nd m 2 Z[I] such that ° 2m 2 ZI. Replacing by
n 0

2 (fg ©* 7 H)()=(fg " IPONGOIG )G )
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if necessary, we have

p Py
4.7) [U%] ZlN(a) jDjD(s;f;g)

= TOR)  "Er e Cis+1 B B (),
H!

n

where

X iGH "

2 1n

Enm (58) =

When m = 0, we write simply E, for En. o (n 2 Z). Since En.m ( ;S) has
meromorphic continuation on the whole s{plane as a slowly increasing function
(outside its singularity), the above integral gives an analytic continuation of
D(s;f;g) to the whole complex s{plane. In particular if ~ = |, the L{function

D (s;f;g) can have a pole ats = 0 because in that case, we can choosa =0

and Eq( ;s) has a simple pole ats = 1 with a constant residue.

By the same calculation as in Subsection 3.1, we have
2[F :Q] 1(4 )SI +(+ ):2D(S; f, gg<

48)  =[U?] e(sl + (" + )=2) a(;f) =2a(;g) =2N() S
0 2F =u2

if Re(s) > (f)+ (g)+1for (f)asin Section 3.
Let us recall the theta series de ned below (4.4):

X
(km)= kv (a)er (aa’ )
a2Mm

for «m (@)= a wu(a)asin (4.4). We computeD(s;f% ( «m )) for a cusp
form f © of weight ~ + |

(4 )sl + T+ k+21)=2

JIF Q] 1 ST k+2|):2)D(s;fC°; ( km))

=[U?] a(;t9) "D%a(; (m)) CUTN() G
0 _2F =u2

=[u?] w(a( &9 k(o) kenEN() e
24 =u

=[U2] M( )a( C,fO) k ( k ke )N( ) s 1+(k 7)=2
24 =u

=[u? w(a( Gf9 ke N() s e =2
2M =U
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From this, we get under the notation and the assumption of (4.4)

2t FRIck jC 24 ) & ¥ (sl + K)Hk(zoiwos; ;)
(4.9 kK
=tusuipes 1+ Ko dre G
where * is the weight of f (so, weight of {0 is * + 1). Note here that
[U:Uu?]=2FQ 1

SinceEg( ;s) has a simple pole ats = 1 with constant residue ¢ 60, if k="
and X)) =y o, we have from (4.7)

4 FQck jC 24 ) ' r(k+ 1)Res; Hi(zo;wo;s; 4 );F)
(4.10) =Ress=1D(s  Lfg (km))

Z[UAN(a) D] e h (e )if Y

where 7

hgifi = g()T() “d ()

nH

Let ¢(z;w) be the modular from on GL(2) GL(2) given by the Fourier
expansion:
X
((z;w) = I Yee (det( ))fje (w)
2 nMa(F);det( ) O

as in Corollary 3.4. Then taking su ciently small and combining Corol-
lary 3.4 and (4.10), we get the following explicit formula:

Theorem 4.1 Let f be a Hilbert modular cusp form of weightk. Then we
have

h(m)ifd =2 2jDj *C* jC j%ikIm(zo) ' Im(wo) 't (20iWo)
under the notation of (4.4).

This type of results enabled Shimura to get a rationality result of the Petersson
inner product of quaternionic cusp forms of CM type with respect to CM
periods (for example, see [Sh2] Il Section 3).

5. Jacquet-Langlands-Shimizu correspondence

It is a well known result of Jacquet-Langlands and Shimizu that if we choose
level appropriately, the space of quaternionic automorphic forms can be embed-
ded into the space of Hilbert modular forms keeping the Hecke operator action.
We are going to recall the result, scrutinizing integrality of the correspondence.
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5.1. Hilbert modular forms and Hecke algebras. Let us recall the
de nition of the adelic Hilbert modular forms and their Hecke ring of level N
for an integral ideal N of F (cf. [H96] Sections 2.2-4).

We rst recall formal Hecke rings of double cosets. We consider the following
open compact subgroup ofGL2(Fai)):

n 0

(5.1) Up(N)= 2B 2GLy(®)c 0 modN® ;

where®@= 0 ,2andb= Q« Z-. Then we introduce the following semi-group
n 0

(52) o(N)= 25 2GLy(Fau))\ Ma(®)c 0 modN®;dy 2 0Oy ;

where dy is the projection of d 2 ® to Qle O, for prime ideals|. Writing Tg

for the maximal diagonal torus of GL (2)-o and putting
n 0
(5.3) Do= (§3)2 To(Fau )\ Ma(®) dy =1 ;

we have (e.g. [MFG] 3.1.6)
(5.4) 0(N) = Uo(N)DoUo(N):

Formal nite linear combinations P ¢ Up(N) Uo(N) of double cosets otUp(N)
in  o(N) form a ring R(Ug(N); o(N)) under convolution product (see [IAT]
Chapter 3 or [MFG] 3.1.6). The algebra is commutative and is isomorphic tathe
polynomial ring with variables f T(1); T(l;1)g;, T(l) for primes | corresponding to
the double cosetUy(N) $0' 9 Uo(N) and T(I;1) for primes | - N corresponding
to Up(N)$ |Uo(N), where $ is a prime element ofO.

The double coset ringR(Ug(N); o(N)) naturally acts on the space of adelic
modular forms whose de nition we now recall. SinceTo(O=N9 is canonically
a quotient of Ug(N9), a character" : To(O=N9 ! C can be considered as a
character of Up(N9. Writing " (39) = "1(a)"2(d), if &= "1",* factors through
O=N for NjN° then we can extend the character" of Uy(N% to Up(N) by
putting "(u) = "p(det(u))¥a) for u= 28 2 Up(N). Writing " =& 1, "(u)
has another expressiori' (u) = "i1(det(u))" (d), because they induce the same
character on Up(N9 and on Up(N) \ SLZ(@). Hereafter we use the expression
"(u) = "1(det(u))" (d) (although "(u) = ",(det(u))&a) is used in [Fu] and
[HMI]; we note that ( 1; 2) in this paper corresponds to ( 2; 1) in [HMI] and
[PAF]). We x an arithmetic character ". :F,=F ! C with ";jg ="1"2
and "; (x) = x (1* 2 1) We use the symbol" for the triple ("1;"2;"+);
thus, we may regard” as a character ofUp(N)F, by "(uz) = "(u)". (z) for
z2 F, andu 2 Ug(N). If we replace ", by its p{adic avatar ., we get a
p{adic character b of Ug(N)F, .

We identify the group of algebraic charactersX ~(To) of To with Z[I]? so that
=( 1 2)2Z[IPsends §y tox ty 2= , ((x) ¥ (y) %) To
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each 2 X (Ty), we associate a factor of automorphy:
(55) J(g; )=det(g) 2 'j(g; ) 2*' forg2 GL,(F;)and 2 H'.

Then we dene S (N;";C) to be the space of functionsf : GL,(Fa) ! C
satisfying the following conditions (e.g. [H96] Section 2.2):

(S1) We havef (xuz ) = "+ (2)"(u)f (x)J (up ;i) * forall 2 GL(F),
Zp2 Fa arbd u 2 Up(N)C; for the stabilizer C; in GL; (F; ) of i =
( L:::;;  1)2z=H', whereGLj; (Fy ) is the identity connected
component of GL,(F1 );

(S2) Choosingu 2 GL,(F1 ) with u(i)= foreach 2 H', dene fy( )=
f(xuy )J (uy ;i) for eachx 2 GLy(Fa)). Then fy is a holomorphic
function on Z for all x;

(S3) fx( ) is rapidly decreasing towards the cuspl .

If we replace the word: \rapidly decreasing” in (S3) by \slowly increasing",
we get the de nition of the space of modular formsM (N;";C). It is easy to
check (e.g. [MFG] 3.1.5 and [HMI] 2.3.5) that the function f« in (S2) satis es
the classical automorphy condition:

(5.6) FCCN="(x tx) H()I (; ) forall 2 ox(N),
where ox(N) = xUp(N)x IGLj (F1 )\ GL,(F), and GL; (Fy ) is the sub-
group of GL »(F; ) made up of matrices with totally positive determinant. Also
by (S3), f« is rapidly decreasing towards all cusps of x (e.g. [MFG] (3.22)).
Itis well knownthat M =0unless 1+ ,=[ 1+ ]l for[ 1+ ]2 Z. We
write simply [ Jfor[ 1+ ]2 Zif M 60. In [H88a] Section 2, the spaceS
is written as Sk fork= 1 >+ |l andw =1 », and the action of Hecke
operators is the same as speci ed in [H88a] (2.9e), which we recall now.
In order to de ne the Hecke operator action on the space of automorphic forms,
we x a prime element $, of the [{adic completion O, of O for each prime ideal
| of F. We extend” :® ! C to Fro)! C justbyputting " ($")=1
for m 2 Z. This is possible becausd~, = O, ${ for ${7 = f$"jm 2 Zg.
Similarly, we extend ", to F,,,. Then we de ne "(u) = "1(det(u))" (d) for
u= 28 2 ((N). Let U be the unipotent algebraic subgroup ofGL (2)-¢
de ned by
UA)= (33) a2 A
For each Ug(N)yUp(N) 2 R(Ug(N); o(N)();, we can decompose
Uo(N)yUo(N) = utUo(N)
t2To(FS* ))u2u (®)
for nitely many u andt (see [IAT] Chapter 3 or [MFG] 3.1.6). We de ne
X

(5.7) fjlUo(N)yUo(N)I(x) = "(t) *f (xut):

tu
It is easy to check that this operator preserves the spaceM (N;";C) and
S (N;";C) by verifying (S1-3) for f j[lUo(N)yUo(N)]. This action for y with
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yn = 1 is independent of the choice of the extension of' to To(Fa). When

yn 6 1, we may assume thatyy 2 Do  To(Fa), and in this case, t can be
chosen so thatty = yy (soty is independent of single right cosets in the double
coset). If we extend" to T(F,ﬁ1 )) by choosing another prime element$ ? and

write the extension as"? then we have

"(tn)[Uo(N)YUo(N)] = "Utn )[Uo(N)yUo(N)I

where the operator on the right-hand-side is de ned with respect to"% Thus
the sole di erence is the root of unity "(ty)="%ty) 2 IM("jro(0=n))- Since it
depends on the choice of |, we make the choice once and for all, and writd (I)
for [Uo(N) $0' (1’ Uo(N)] (if IjN). By linearity, these action of double cosets
extends to the ring action of the double coset ringR(Ug(N); o(N)).

To introduce rationality structure on the space of modular forms, we recall
Fourier expansion andg{expansion of modular forms (cf. [H96] Sections 2.3{4
and [HMI] Proposition 2.26, where the order of ; (j = 1,;2) is reversed; so,
( 1; 2) here corresponds to (2; 1) in [HMI]). We x an embedding i1 : Q|
C once and for all and identify Q with the sub eld of all algebraic numbers
in C. We also choose a dierental ideled 2 F, with trivial prime-to{ d part:
d® =1. Thus d® = d® for the absolute dierent d of F. Each memberf of
M (N;";C) has Fourier expansion of the following form:
(5.8) ) 9

< X =
f(3%)= ivia. ao(yd:;f)juis? + a(yd;f)(y1) er(iys)ea(x). :

0 2F ’

Herey 7! a(y;f) and ag(y;f) are functions de ned ony 2 F, only depending

on its nite part y(). The function a(y;f) is supported by the set @
Fi1 )\ F,. Whenf 2 S (N;";C), ag(y;f) = 0; so, we just ignore the constant

term ap(y;f). When , is notin ZI, we haveS = M ; so, we ignore the
constant term if [ 2] 2 Z is not well de ned. Let F[ ] be the eld xed by
f 2 Gal(Q=F)j = g, which is the eld of rationality of the character

2 X (Tp). Write Of ] for the integer ring of F[ ]. We also dene O[;" ]
for the integer ring of the eld F[;" ] generated by the values of' (on nite
ideles) overF[ ]. We call an ideley 2 F, integral if y(1 ) 2 &. Then for any
F[;" Nalgebra A inside C, we de ne

(5.9)

M (N;";A)= f2M (N;";C) ap(y;f);a(y;f) 2 A as long asy is integral
S (N;";A)=M (N;";A)\ S (N;*;C):

Using rationality of (the canonical models of) the Hilbert modular vari-
ety (studied by Shimura and others), we can interpret S (N;";A) (resp.

M (N;";A)) as the space ofA{rational global sections of a line bundle of
the variety de ned over A; so, we have, by the at base-change theorem (e.g.
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[GME] Lemma 1.10.2),
(5.10) M (N;";A) AC=M (N;";C) and S (N;";A) aC=S (N;";C)

Since Hecke operators are induced by algebraic correspondences on the prod-
uct of two Hilbert modular varieties de ned over A (e.g. [GME] 4.2.1 and
[PAF] 4.2.5), the action of the Hecke operatorsT(l) and T(l;1) preserves the
A{rational space of modular forms (see below (5.15) for a more concrete ar-
gument showing the Hecke operator stability). We de ne the Hecke algebra

h (N;";A)  Enda(S (N;";A)) by the A{subalgebra generated by the Hecke
operators T(l) and T (I;1) for all prime ideals | (here we agree to putT(l;1) =0

if jN). In the same manner, we deneH (N;";A) Enda(M (N;";A)).

5.2. o{Expansion of  pfintegral modular forms. We recall the rational
prime p and the embeddingi, : Q ! Q,. Then for any Q.{algebras A, we
de ne
(5.11)

M (N;";A)= M (N;";Q) g; AandS (N;";A)=S (N;";Q) g; A
By linearity, y 7! a(y;f) and ag(y;f) extend to functionsonF, M (N;";A)
with valuesin A. LetN : F, =F ! Qp be the p{cyclotomic character de ned
by N (y) = y,'jy* )j,*. Then we de ne the cfexpansion coe cients (at p) of
f2M (N;";A) by
(5.12) ap(y;if) =y, 2aly;f) and agp(y;f)= N(yd Hl 2ag(y;f):
Here we note thatag(y;f) = 0 unless [ ;2] 2 Z is well de ned. We now de ne
fgr any p{adically complete O[ ;" ]{algebra A in Qp (the p{adic completion of
Qp)

(5.13) n o
M (N;";A)= f2M (N;";Qp) ao;p(y;f);ap(y;f) 2 A for integral y

S (N;";A)= M (N;";A)\ S (N;";80,):

These spaces have geometric meaning as the spaceddintegral global sections
of a line bundle of the Hilbert modular variety of level N (e.g. [HT1] 1.3 and
[HMI] 4.3.7).

The formal o{expansion off has values in the space of functions of,, , with
values in the formal monoid algebraA[[q ]] 2¢, of the multiplicative semi-group
F. made up of totally positiv% elements, which is given by

< X =

(5.14) f=N *. apydi)+  a(ydif)a.
. ;

idele class groupF nF, =0 F,,. Leta = &0O. Wrte t; = ai% 12 and
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because

C]
GL2(Fa)=  GL2(F)tiUo(N)GL; (F1 )

i=1
by the approximation theorem. Then as observed in [H88a] Section 4 (and
[PAF] 4.2.10), f (a;d 1) gives the g{expansion over A of f; at the Tate abelian
variety with a Ofpolarization Tate , 1.,(d) as in [HT1] 1.7. Thus by the of
expansion principle ([HT1] 1.7 andI[HMI] 4.2.8), the ofexpansion: y 7! f (y)
determines f uniquely (for any algebra A for which the space ofA{integral
modular forms is well de ned).

We write T(y) for the Hecke operator acting onM (N;"; A) corresponding to
the double coset decomposir'%ion of

(0]
T(y)= x2 oN) det(x)® = yd

fory 2 6\ Faa ). We renormalize T(y) to create a new operator T(y) by
T(y) =Y, 2T(y). Since this only a ects T(y) with y, 6 1, T(I)= T($,) = T(l)
if | -p. HoweverT(p) 6 T(p) for primes pjp. This renormalization is optimal to
have the stability of the A{integral spaces under Hecke operators. We de ne
Hi = N(DT(I;I) for | - N. This new action also preserves the integrality as
longas[] O (cf. [H96] Section 2.2 and [HMI] Theorem 2.28). We have the
following formula of the action of T(l) and T(l;1) (e.g. [H96] Section 2.4):

ap(y$i;f)+ ap(y$, Hfjhi) if I-N
ap(y$;f) if 1jN.
From this, it is plain that T(I) preserves the spaces (N;";A) if either pjN

or[] O, becauseay(y$, ;fjhli) = $|;p2 N(D)"+ (Dap(y;f). We hereafter
assume

(5.16) Either pjlN or[ ] Oand ; 2 .

We dene h (N;";A) again by the A{subalgebra of Enda (S (N;";A)) gen-
erated by T(l) and Hi over A for all primes | (for a p{adically complete
O[ ;" {algebra A).

(5.15) ap(y; fiT(l) =

We can think of the subgroup U(N) of Up(N) made of matricesu 2 Up(N)
whose reduction moduloN are upper unipotent. Then for any subgroup U
with U(N) U  Up(N), we can think of the space of cusp formss (U;";C)
made up of cusp forms satisfying (S1-3) fotJ in place of Up(N). We have Hecke
operators T(y) corresponding to (U DoU)\T (y) actingon S (U;";A). Then
in the same manner ofS (N;";A), we de ne S (U;";A) and the Hecke algebra
h (U;";A) as the A{subalgebra of Enda (S (U;";A)) generated by T(y) and
Hi.

Proposition 5.1 Let A be an O[;" ){algebra for which the space of cusp
forms S (N;";A) is well de ned (by (5.9) or (5.11) or (5.13)). Write H =
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h (N;";A) and S = S (N;";A). Let V be anH{module and V° be an A{
module of nite type with an A{bilinear product h; i :V V%l A. Then we
have:

(1) The formal g{expansion for v 28V andw 2 V%
< x =
f(v w)(y)=N(y) . hjT(yd);wiq
S ;
gives a unique element of.

(2) The mapv w7!f(v w) gives anA{linear map of V. 5 V%into S
with f ((VjT(y)) w)= f(v w)jT(y). If further V°%is an H{module
and hvjh; wi = hv;wjhi forall v2 V, w2 V%and h 2 H, then the map
f induces anH {linear map: V. 4 VO S (N;";A).

(3) Suppose thatR is an Af{algebra direct summand of H, and put
V(R) = RV and S(R) = RS. If V(R) is R{free of nite rank and
Homa (V (R); A) is embedded intoV° by the pairing h; i, then the map
f :V(R) a VO S(R) is surjective.

The formulation of this proposition is suggested by the expression of theheta
correspondence given in [Sh2] I, Theorem 3.1.

Proof. We have an isomorphism : Homa (H;A) = S given by ay(y; ( )) =
(T(y)) (see [H88a] Theorem 5.11, [H91] Theorem 3.1 and [H96] Section 2.6),
which is an H{linear map (that is, ( h) = ( )jh). Since V is an H{
module, h 7! hvjh; wi gives an element of Hom (H; A) and hence an element
in S. The element has the expression as in (1) by the above explicit form of
. The assertion (2) is then clear from (1). As for (3), by the isomorphism
Homa (V(R);A) | VO each element of HomR; A) = S(R) is a nite Af{linear
combination of h 7! hvjh;wi for v 2 V(R) and w 2 V% so, the surjectivity
follows.

5.3. Integral correspondence. In order to create a proto-typical example
of the module V in Proposition 5.1, we study here cohomology groups on
quaternionic Shimura varieties. See [H94] and [H88a] for more details of such
cohomology groups.

Let B be a quaternion algebra overF. We write G for the algebraic group
de ned over Q such that G(A) = (B gA) for eachQ{algebra A. Let d(B)?
be the discriminant of B. We assume thatp - d(B) and that

Ma(R) if 21g

5.17 B r R=
(.17) E H if 21 Ig=18,

where H is the Hamilton quaternion algebra overR.
We x once and for all an extension of :F ! Qto :F = Q foran
algebraic closureF=F. We take a quadratic extensionK=F inside F so that

K r R=R RasF{algebrasfor 21g,K ¢Fp=F, Fpforprimespjp
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andB F K = M,(K). We can always choose such a quadratic extensiok as
long asp - d(B). These condition automatically impliesKk R = Cfor 2 1B,

We identify B ¢ K with M,(K) by the above isomorphism. We x maximal
orders Og and Ok of B and K, respectively, and we suppose that

(5.18) O 00Ok M2(Ok):
We x an isomorphism Og:| = M»(O)) so that for the p{adic place pjp induced
by ip , this isomorphism coincides with the one: Og | M(Ok)'! v

M2(Op). For an integral ideal Ng of F prime to d(B), putting N = Nod(B),
we de ne

5.19 UB(NY= x2G(A) xy, = 2B with ¢2 NgOy,
0 0 cd 0

where Oy, = ~ |y, Or. Similarly we dene §(N) B qA{®) so that it
is the product of local components | which coincide with the local compo-
nents of o(N) as long asl - d(B) and | = Og. if Ijd(B). Again we can
think of the double coset ring R(UE (N); B (N)). We have T(l) and T(l;1) in
R(US (N); B(N)) for | -d(B), because the local component at of §(N) is
identical to that of o(N). For ljd(B), we take | 2 Og.| so that its reduced
norm generateslO;. Then we dene T(I) = UZ(N) U&(N) for ljd(B), and
we have

(5.20) R(Uo(N); o(N)) = R(UG (N); §(N)):

The above isomorphism bringsT (1) and T (I; 1) to the corresponding elements
in the right-hand-side.

For a given ring A, we consider the following moduleL( ;A) over the multi-

plicative semi-groupM,(A): Letn= 1 » | 2 Z[I]. We suppose thatn 0

(implying n 0 for all 2 1), and we consider polynomials with coe cients

in A of (X ;Y ) 2, homogeneous of degree for each pairs X ;Y ). The

e)llection of all such polynomials forms anA{free module L( ;A) of rank
(n +1).

Suppose that A is a closedOk [ ;" ]-algebra (via ip) of Qp. Then ip( ( p))
(which we write simply ( ,)) for 2 G(A) can be regarded as an element in
M,(A). We let §(N) acton L( ;A) as follows:

(5.21) Yoo=tONCO) (X%

Here N( ) is the reduced norm ofB. We also letz 2 F, act on L( ;A)
through scalar multiplication by b, (z) = "+ (2)z, * 2*1 (the p{adic avatar of
",). We write L(" ;A) for the module L( ;A) with this B (N)F, {action. By
the condition: 1+ 2 ZI,if U UF(N) is su ciently small open compact
subgroup, central elements in , = xUx '\ G(Q) acts trivially on L(" ;A).

We let g 2 G(R) with N(g) 0 act on H's (by the linear fractional trans-
formation) component-wise viag = (g) 2 GL2(K k. R) = GL2(R). We
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put C . for the stabilizer of pT in the identity connected component of
(B r R) anddene

Y Y
C_‘]_+ = C + (B F; R) .
2lg 218
Thus we haveH's = G(R)*=C; + by g(i) $ g (i :(pT;:::;pT)Z H's)

for the identity connected component G(R)* of G(R). For any open compact
subgroup U U (N), we think of the complex manifold associated to the
Shimura variety:

Y(U) = G(Q)NG(A)=F, U C; .:
We write simply YE (N) for Y (U8 (N)).

If U is su ciently small so that the image yx of ux = xUx G (R)\ G(Q)
in G(R)=F, acts freely onH'e for all x 2 G(A()), and the action of 4 on
L(" ;A) factors through yx. Then we can de ne anetale space overY (U):

L(";A)= G(Qn(G(A) L(";A)=F, U Cy+;

where (x; ) uz=( xuz;u B (z))for u2U Cy.+,z22F, and 2 G(Q).
This etale space gives rise to the sheaflL (" ;A)-y ) of locally constant
sections. We consider the sheaf cohomology groug (Y (U);L(" ;A)).

SinceY (U) = t x xnH'® for nitely many x with x, =1, we have a canonical
isomorphism (cf. [H94] page 470):
(5.22) HICY(U);L("5A) = HICux:L(" 5 A));

X

where the right-hand-side is the direct sum of the group cohomology of the
“w{module L(" ;A). The kernel E =Ker( ux ! ux) is a subgroup of units
O . Since 1+ ,2 Zl,theactionof 2 EonL(" ;A)isthe multiplication by
B (N =1, Even if ~ux does not act freely on the moduleL (" ;A),
we still have Y(U) = , xnH'® for nitely many x with x, = 1, we can
de ne the left-hand-side of (5.22) by the right hand side of (5.22).

We chooseU su ciently small as above so that [U§ (N) : U] is prime to p (this
is a condition on p). Then we have the trace map Tr (that is, the transfer map
in group cohomology) and the restriction map Res:

Tro HICYB(U)L(" SA) T HI(YE (N);L(™ 5 A))
Res :HI(Yg (N);L(" ;A)) ! HA(YE(U);L(";A):
Since Tr Res is the multiplication by [Up(N) : U], we have
(5.23) HI(YE(N);L(" ;A)) = HIYB(U);L(" ;A))=Ker(Tr) = Im(Res) :

We can always choose a multipleN®= Nq (by a prime q) of N so that .x (N9
acts freely onH's .
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As de ned in [H88a] Section 7 and [H94] Section 4, wher& (" ; A) is written
asL(n;v;";A)forv= ,andn= 1 2 |, we have a natural action of
the ring R(UZ (N); B (N)) on the cohomology group HA(YE (N);L(" ;A)).
For our later use, we recall the de nition of the action when g = 0: In this
case, we may regard each cohomology class as a global section B, !
L(";A) with f(xu ):Fu f(x)for 2B andu2 U8 (N)B, . Decomposing
UB(N) %2 UB(N)= " ¢ $UE(N), we have

X

(5.24) fiTy =y, *  $f (x$ )
$

Let W be a valuation ring as in the introduction. We assume thath (N;"; W)

is well de ned and Ok [ ;" ] is embedded intoW via i,. Let V be the image of
HI(YE (N);L(" ;W))in HI(YB(N);L(" ;W zQ)). By the Eichler-Shimura
isomorphism (between the space of cusp forms o6(A) and the cohomology
group; e.g. [H94] Proposition 3.1 and (10.4)) combined with the Jacquet-
Langlands-Shimizu correspondence (e.g. [H88a] Theorem 2.1, Proposition 2.3
and [H81] 2.12), the above cohomology group and its compactly supported
version (denoted by HI(YZ (N); )) are the module over the Hecke algebra
H (N;";W 2zQ). Since

H (N;" W zQ)=h (N;";W zQ) E

as an algebra direct sum for the Eisenstein parg, for the idempotent 1, of the
cuspidal part h (N;";W 7z Q), we can de ne the cuspidal cohomology groups

by

Hiep (Yo (N)iL(" ;W 2 Q) = LhHI(YS (N);L(" ;W 2z Q)):
The natural map from compactly supported cohomology group into the coho-
mology group without support condition actually induces an isomorphism

I HA(YE (N);L(" W 2 Q) = Hlgp (Yo (N);L(" W 2 Q)):
We then put
(5.25)  Helgp (Yo (N);L(" 5 W)) = Hp (Yo (N);L(" ;W 2 Q) \ Im(i)
for the natural morphism
T HAYE (N)IL(" s W) b HA(YE (N)L(™ s W 2 Q)):

We consider the duality pairing [ ; JonL(" ;A) (for Q{algebra A) introduced

in [H94] Section 5:
2 3
1

X o X - X n
(5.26) 4 X" Iyl aXxX"lyl5=" ( 1y j bhoja 2 A
0j n 0j n i

n Q
!

wheren= 1 , | =" ] andforexampIer:Q o X1 As

Uo(N)F, -modules, this pairing satis es:
(5.27) uz ;uz 9= "2(U)b (2)°Np=r (Up) ** 2 '[ 5 %
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whereNg_ :B ! F is the reduced norm map.
Dene =( 51 and" =" 1 Thus[ ] 1, [] O. Thenthe
pairing [ ; ] inducesUy(N)F, {equivariant pairing
[ T:L(":A) LC " A A

We now chooseq = jlgj = dim ¢ H'® . Then the cup product pairing induces
([H94] (5.3)) a non-degenerate pairing:

()i Hsp (Yo (N);L(" ;W) Hep (YO (N);L(C " 5W) P W 2 Q:
Thus we obtain from Proposition 5.1 the following result:
Proposition 5.2 LetV = ngsp(YoB(N);L(" yW)). Let V be the dualW{
lattice of V in Hgg, (YBE(N);L( " ;W zQ)) under the Poincae duality:

(1) Hesp (Y& (NL(" W) HEgp (Y (N)L ("Wt W 2 Q:
Then we have ah (N;"; W){linear map

f:V wV I S(N;";W)

de ned by the ¢{expansion:

X
f(v.o w=N(@y) ' (vT(yd);wa;
0

where we regardV  w V as anh (N;"; W){module through the left factorV.

A similar fact for the matrix coe cients of T(y) in place of (ViT(y);w)
has been proven in [Sh2] Theorem 3.1 by analytic means without using the
Jacquet-Langlands-Shimizu correspondence.

We have Hds, (Yo' (N);L(" ;W) = HI(YS (N);L(" ;W)) under the follow-
ing two conditions:

(V1) The character " : To(®) ! W does not factor through the reduced
norm map N : To(GA(B))) 1 G(BWEE)) 1 (BUEE)) | In particular,
if 16 ,,this condition is satis ed.

(V2) The quaternion algebra B is a division algebra. In particular, this
condition is satised if jlgj < [F : Q].

6. Ordinary cohomology groups

We are going to prove that the morphismf : V(R) w V(R) ! S(R) in
Proposition 5.1 for V in Proposition 5.2 is surjective for the nearly ordinary
local ring R (associated to a modp irreducible Galois representation), when
B is unramied at every nite place and q = jlgj 1. A key to the proof
is the R{freeness ofV (R) proven by Fujiwara [Fu] (see [HMI] Corollary 3.42).
Another important ingredient of the proof is the self duality of V(R) over W.
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6.1. Freeness as Hecke modules. We recall here a special case of Fuji-
wara's result in [Fu] \Freeness Theorem" of the componentV (R) for a local
ring R of the Hecke algebrah (N;"; W) (see also [HMI] Corollary 3.42). To
state the result, we need to have a good description of the modular nearly or-
dinary Galois representation; so, we recall the description. We call a local ring
R of h (N;"; W) nearly ordinary if the projection of T(p) to R is a unit. We
hereafter always assume

(ord) R is nearly ordinary with ; 2 |, thatis, ;. 2: 1 for all

(unr) F=Q is unramied at Q.
We write N°for the product of primes | - p for which one of"; and ", rami es;
so,N°® N ForaW/{algebra homomorphism :h (N;";W)! W factoring
through R (such a is called nearly ordinary), we have a Galois representation
= :Gal(F=F)! GL3(W) (e.g. [H96] 2.8 and [MFG] 5.6.1) such that
(G1) is continuous and is absolutely irreducible overW 7 Q;
(G2) is unrami ed outside N%;
(G3) For primes | outside N%, we have

det(l, (Frob)X)=1 (T()X + (Hi)X?;

(G4) For the decomposition group D,  Gal(F=F) at each prime pjp, we
have an exact sequence oDp{modules: 0! ! jp, ! ! O
with one dimensional character , satisfying ,([y;Fpl) = (T(y)) for
the local Artin symbol [y;Fp] of y 2 F,, .

Writing F for the residue eld of W, the semi-simpli cation = = — of the
reduction of modulo the maximal ideal my of W is independent of by
(G2-3) (cf. [MFG] Corollary 2.8 combined with the Chebotarev density). In
particular, if ~ is irreducible, the isomorphism class of mod my for the

maximal ideal my is unique, and always we have ( mod my ) = —.

We shall recall some terminology from (formal) deformation theory of Galois
representations. See [MFG] Section 2.3 for basics of formal deformation thepr
of representations. LetH be a subgroup of GalF=F). We call a representation
:H ! GL,(A) for a local proartinian W{algebra A with residue eld F a
deformation over H of ~ if “ju modma. Let =det( )=NI[! for the
p{adic cyclotomic character N. Then is of nite order. For any character

"Dy ! A ,let C(') denote the conductor of' ; thus, C(" ) = 1 if ' is

unramied, and C(") = I™ if y 7! ' ([y; F]) factors through F, =(1 + I™O))

but not F, =1+ I™ 0O)) for m > 0. We assume the following four conditions
on :

(H1) is of order prime to p.

(H2) For primes IjNp, write D, for the decomposition group atl. Then we
have jp, = o , with ([y;F])= (T(y)). This condition actually
follows for ljp from near ordinarity of as already remarked in (G4).

(H3) If a prime IjN but | - p, then the restriction of | and | to the inertia
subgroup |, of D, is of order prime to p.
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(H4) If pN mod my on I, for a prime pjp, the following ve condi-
tions have to be met: (i) the character  is of order prime to p, (ii)
= (1;0), (i) i, is associated to ap{divisible group over an un-
rami ed extension of Op, (iv) p- N, and (v) , , Yy)y ' =1 for all
y20,.
We write | =( | modmy)and 7 =( ; modmy). We assume the following
two local conditions on .

(H5) For all pjp, p 6 .
(H6) For IjN and | - p, the I{primary part of N coincides with C(7 | 1).

Thus ~ could ramify at a prime | - N, and by (H3), N° gives the product
of primes (outside p) at which ~— ramies. We assume the following global
condition on ~:

(H7) — is absolutely irreducible over Gal(f:F[p pDforp =( 1) D32p,
We choose a quaternion algebradB_r so that d(B) = 1 and rami ed at most
in nite places (that is | B is as large as possible). This implies:

(6.1) lg =f 10 if[F:Q]isodd, and Ig = ; if [F :Q]is even.

We now quote the following special case of \Freeness Theorem" in Section 0 in
[Fu] (see [HMI] Corollary 3.42 for a proof of this Fujiwara's result):

Theorem 6.1 Suppose the conditions(6.1), (ord), (unr), (H1-7) and p > 3.
Then V(R) for V.= HI(YE(N);L(" ;W)) (q= jlg]j) is free of rank 29 over
the local ring R. Even if we ease the condition(H4) to allow the case where
the p{primary part of N is equal top for primes pjp, the same assertion holds
as long as[F : Q] is even.

This is a special case of Fujiwara's result. In particular, we do not need to
assume unrami edness ofp in F, but we use the assumption (unr) anyway in
our later application; so, we have imposed it.

Proof. Here is a brief account of how to deduce the above theorem either from
[HMI] Corollary 3.42 or from [Fu], because the set of the assumptions impsed
in these works appears di erent. In [HMI] Corollary 3.42, the theorem is proven
under the assumptions:

(A) [F : Q] is even;

B =(1;0)

(C) the assumptions (H1{3) and (H5{7);

(D) the milder condition than (H4) as stated in the theorem.
As can be easily seen, the conditions (A{D) implies the assumptions actu-
ally stated in Corollary 3.42 of [HMI]: the absolute irreducibility of — over
F[ p] (written as (aig [ p]) in [HMI]) which follows from (H7), the conditions
(h1{4) in [HMI] 3.2.1, (dsg) which is (H5) and (H6), and the conditions
(Q1{6) (for Q = ;) in [HMI] Section 3.2.1. These conditions exhaust all the
assumptions of Corollary 3.42 of [HMI] except for the condition (sm1). The
condition: p > 3 and the unrami edness ofp in F=Q implies [F[ p]: F]> 2,
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which is the last assumption (sml) in Corollary 3.42 of [HMI]. We amly
use this theorem under the four conditions (A{D); so, logically, for the proof
of the main theorem of this paper, it is su cient to quote [HMI] Corollary 3 .42.

For the sake of completeness, we now reduce the theorem in the case not covered
under (A{D) to [Fu] (the version of 1999). Recall that N°is the product of all
primes qutside p) at which ~ rami es. We consider an open compact subgroup
UM = ",U() Uo(N)anda character | of U (") with valuesin W de ned

as follows:

(1) U ()= GL2(O)in B, ifI-Np, and  is the trivial character,
(2) Suppose thatljN% If 7 6 | onl,, then IjN,

U()= 28 2Uy(N)ya 1 modl;(d mod]l)is of p{power order

and -(u)= ([det(u);F].1f 7= jonl;, U()= GL(O))(sol-N)
and ((u)= ([det(u);F]).

(3) For pjp, dene p(u) = p([det(u); Fp])(det(u)) 2 for u 2 GL2(Op),
which is a nite order character and can be regarded as a character
with valuesin W . If 7, 8 T onl, for " =(N mod my), then pjN
and

Up(M) = gg 2 Ug(p)p @ 1 modp;(d mod p) is of p{power order :

If =5 = dfp on |y, then U, = GL2(Op) (and p-N).
Let U = Ker( ~, 1 : U(") ! W ). Since the restriction of operators of
h (U;";W) to S (N;";W) induces a surjective algebra homomorphism
h (U;"; W) h (N;"; W), we have a unique local ringRy of h (U;"; W)
through which factors. Then Ry is nearly ordinary. For a smaller open
compact subgroupU® with U(Ngq) U°® U for a suitable prime g outside
N%, it is proven in [Fu] that

(1) Forall x 2 G(A()), "oy is torsion-free and acts onH's freely;

(2) The action of yox on L(" ;A) factors through oy for all x 2
G(APL))y:

(3) The Hecke algebrah (U%";W) has a local ring R® with R®= R as
W {algebras;

(4) Let Vy = HI(YB(U);L) and V0= HI(YB(UY;L) for L = L(" ;W))
and g = jlgj. Then the restriction map Res : HI(YZ (N);L) !
HY(YB(U);L) composed with the multiplication by the idempotent
of RY induces a W{linear map: Vy(Ry) = VIYRY which is T(y){
equivariant as long asyq = 1;

(5) Ry is generated byT(y) with yq =1,

(6) VARY = RY for somer.

In [Fu], U%and U are written as Kp., and Kp, respectively. This is enough to
conclude thatV (Ry) is Ry{free. On the other hand, for the Sylow p{subgroup
S of Ug(N)=U, Ry is W[S]{free of nite rank. Then R= Ry ws;» W, where
" is the algebra homomorphismW[S] ! W induced by the character" of S.
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This fact follows from the freeness of the Hecke algebra over the group algebra
(under (unr) and p > 2), for example, [H02] Corollary 4.3, [HO5a] Corollary 9.3
or [PAF] 4.2.11{12. In the above papers, the symboIN is used for the prime-
to-p{part of the present level N. Similarly, Vy is W[S]{free of nite rank by
[H89] Theorem 3.8. Thus we have

V(R)= W(R) wisi» W= (Ry wisjr W)' =R’

for a suitable integerr. Actually r =29 2, becauseV  Q is of rank 29 over
the (rational) Hecke algebra.

As for the easing of tae condition (H4) onN, it follows from the same argument,
replacing N by N\ p2p P, because this is the case where the deformation is
unrestricted at p 2 P, which has been dealt with in [Fu] assuming that, for
example, F : Q] is even (see [HMI] Section 3.2).

By the theory of p{adic analytic families of nearly ordinary cusp forms (see
[H89], [H96] Section 2.7 and [HMI] 3.2.8, 3.3.4 and 4.3.9), we can aaslightly
the conditions necessary to have freeness & (R) over R. We shall describe
this generalization for our later use. LetG = G(N9 = CIF(N%!) (Op
O=N°(p)) , where CIE (N%") is the strict ray class group modulo N%" of F,
and

CIF (N% ) =lim CIF (N%") = F, =F Up (NOPF, ,
n

with Ug (N9 = (I 1+ NO@). We have a natural homomorphism : To(Op) !
G sending @;bto (a ;a 'b). Eachelement z;y) 2 G actsonf 2 S (U;";A)
by fj(z;y)(x) = fjT(y)(xz) (for U Uy(N9). Let ( be the maximal torsion-
free quotient of G (which is independent of N® up to isomorphisms), and x
asplitting G = ¢ Gy . We consider the Iwasawa algebraV|[[ o]]. For an
integral domain | nite at over W][ ¢]], we de ne

A(l)= P 2 Homy (I;Q,) P with ;  , land[] O ;

where' if* = locally on To(Op) (in other words, ' *is of nite order).
For eachP 2 A(l), we write (P) and "p for the corresponding algebraic
character of To and the character of

9=(29)22To(0p (O=N®P)F,  GL,(Fa)

given by G 3 g 7! P(T(ab )P (hbz)" o (g), Where "y, is the restriction of
" to the torsion part Gy; (regarded as a character ofG). Thus we can form
a triple ("p:1;"p:2;"p+) out of "p so that "p(g) = "p.1(a)"p:2(D)"p+ (2). For
a given nearly ordinary Hecke eigenformf 2 S (N;"; W) with 2 1,
decomposingG into a product o for a nite subgroup , we write  "(P) =
"p"j . Thus for a suitable P 2 Specd)(ép)whose weightis ,we nd "(P) = ".
Then there exist Iy ,; as above and a unique family of Hecke eigenforms

ffpgpoa 1y containing f and satisfying the following two conditions:
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(1) fp 2 S (py(Np;"(P); W["p]) for the conductor Np of the character
"(P) ,whereW["p]is a subring ofép generated overW by the values
of "p;

(2) There exists a functiona : F, ! | such that ay(y;fp) = a(y)(P) for
aly2F, andallP 2A(l).

Corollary 6.2 Let ffpgpoa () be the family of nearly p{ordinary Hecke
eigenforms as above. WriteRp be the local ring ofh (py(Np;"(P); W["p])
through which the algebra homomorphism p of the Hecke algebra given
by fpjT(y) = p(T(y))fp factors. If one memberf 2 S (N;";W) sat-
is es the assumptions (H1-7), V(Rp) is Rp{free of rank 29, where V =
HI(Yg (Np);L( (P)"(P); W['p])) and q=0;1 by (6.1).

Proof. We chooseU" as in the proof of Theorem 6.1 and writeUJ(N9 = U°\
Uo(N9. We consider the limit V ={im HZ o (YB(U\ U(P");L(" W) 2,
Qp=Zp), where H? , = eH?Y for the idempotent e = lim o1  T(p)™. The
module V is naturally a module over G(N9 and hence overW|[ o]]. Then in
the same manner in [H89] Corollary 3.5 and Theorem 3.8, we can prove that

for the Pontryagin dual V° of V,
VPV 2= HY g (Y2 (US(NR));L( (P)"(P); W['p]))

as Hecke modules and thatv %is W[[ o]]{free module of nite rank. We write
V{ for the Hecke module of the right-hand-side of the above formula. Then
we dene h®  Endw ,;(V9 by the W[[ o]l{subalgebra generated byT(y)
for all integral ideles y. As proved under (unr) and p > 3 in [PAF] Corollaries
4.31{32 or [HO2] Corollary 4.3 (where the assumption i > 2 and N denotes
the prime-to{ p part of the present N9, h®is W[[ o]){algebra free of nite rank,
whose rank is equal to ranky -, 1 h3 for hg = h"gS (US(Npe)); " (P); W['p]).
Since they have the same generator3 (y)'s, h®=Ph° surjects down to h$. By
comparing their rank over W["p], we nd h%Ph®= h§$ canonically sending
T(y) to T(y). Since R is the direct summand of h} h (N;";W), by
Hensel's lemma (cf. [BCM] 111.4.6), h© has a unique local ringR®  h° with
R%=PyR%= R% We put VAR9 = RW° which is W[[ ¢]J{free module of nite
rank. Since VY(R9Y=PyVIRY = VIYRY, which is a free of nite rank over
RO= R%=PyR? we choose a liftfv;:::;v,gin VO of a base ofv(R9 gver R,
Then the R%linear map : R% I VYR given by (hy;:::h) 70 hyy;
is surjective by Nakayama's lemma applied toR° and ideal Py. By comparing
the rank over W[[ o]}, we nd that is an isomorphism. ThusV qRY) is free
of rank r =29 over R®.

We dene R by RS = R=PR  h%. Then RY = Rp canonically, and
VR(RE) = Ve (Rp) for Vb = H/ .y (U(Np);L( (P)"(P); W["p]) in the same
manner as in the proof of Theorem 6.1. This nishes the proof.

6.2. Induced representations. We are going to verify the assumption of
the freeness theorem: Theorem 6.1 for induced representations from CM elds.
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We rstrecall a cusp form f on GL »(Fa) with complex multiplication by a CM
eld M. Let M=F be a CM eld with integer ring R and choose a CM type :

Im =Homeq (M; Q)= t ¢C

for complex conjugation c. To assure the assumption (ord), we need to assume
that the CM type is p{ordinary, that is, the set , of p{adic places induced
by ip for 2 s disjoint from  ,c (its conjugate by the generator ¢ of
Gal(M=F)). The existence of such an ordinary CM type implies }pat all prime
factors of pin F splitin M=F . For eachk 2 Z[I ], we write k = L

We choose ; > ,with ;+ 5 =[ ]l for aninteger [ ]. We then choose a
Hecke character of conductor CP€ (C prime to p) such that

(= 1*°¢2 for 2M with 1 modCP®,

c P
where P¢ = sz o PePIpe®D) fore= " ,, . eP)P. We also

decomposeC = | L®U) for prime ideals L of M. We extend to a p{adic
idele characterD : Mya=M M, ! Gp so that b(a) = (a0)a, * °2 . By
class eld theory, we may regardb as a character of Galf=M). Any character
' of Gal(F=M) of the form b as above is called \of weight ". For a prime ideal
L of M outside p, we write | for the restriction of P to M, .ForP 2 ,, we
dene p(x)= b(x)x t forx 2 My and pe(X) = b(x)xC 2 for x 2 Mg..
Then  for all prime ideals L is a continuous character ofM, with values in
Q whose restriction to R, is of nite order. By the condition > », b cannot
be of the form b = Nm=¢ for an idele character :F, =F F, , ! 6p .

We de ne a function F, 3y 7! ay(y; ( )) supported by integral ideles by

X
(6.2) apy; ()= b(x) if y is integral.
X2M , xx e=yx =1

wherex runs over elements inM , , ):(Ii?(PCCC)) satisfying the following three
conditions: (i) xR is an integral ideal of M, (ii) Ny=¢ (x) = y and (jii) xo =1
for primes Q in  , and QjC. The g{expansion determined by the coe cients
ap(y; () gives a unique element ( ) 2 S (N%"%;Q) ([HT1] Theorem 6.1),
whereN%= Ny-¢ (CP®)d(M=F) for the discriminant d(M=F ) of M=F and "°
is a suitable \Neben" character.

We decomposeC = FF°l so that FF, is a product of split primes and| for the
product of inert or rami ed primes, F+ F, = RandF F.. Weputf=F\ F
andi= 1\ F. Assuming that has split conductor, we describe the Neben
character" of the minimal form f ( ) in the automorphic representation ( )
generated by ( ). The character " is possibly di erent from "° and is given
as follows:
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(1) For ljf, we identify To(O)) = O, O, with R . R, with this order for
the prime ideal Lj(IR\ F). We de ne " .| by the restriction of [ |
to To(O|).

(2) For pjp, identify To(Op) with Rpc Ry for Pjpin ,, wedene" .,
by the restriction of p« p to To(Op).

(3) For ljid(M=F), we choose a character | : F, ! C suchthat | =

i Nwm, =, (this is possible because has split conductor). Then

wedene". (@)= jand".(d= Y (d), wherelL is the

prime factor of | in M and % is the quadratic residue symbol
for M =F.
(4) The central character " . is given by the product of the restriction of
to F, and the quadratic character Y= of the CM eld M=F.

We now give an explicit description off ( ) without assuming that has split
conductor. Let p be the set of prime factorsl of N°= d(M=F )Ny (CP®)
where | is principal. If has split conductor, , is the full set of prime
factors of NO Otherwise, | 2 pr if and only if either Ijf or lji and

(6.3) L(x)= (xx®) foracharacter |:F, ! C .
Forl2 , taking a prime Ljl in M, we have
(
(Les L) if 1jf and LjF,
6.4 = -
64 O (mem
We split N%into a product N;N, of co-prime ideals so thatN; is made up of
primes in . Writing ()= (; D for characters |; 2:F, ! C , we
write C; for the conductor of , ! °. De ne the minimal level of ( ) by
Y
N( ): N2 C:
12 o

We write = fLjL FP ;L N¢( )gfor primesL of M and de ne

(p
xxesyx =1 bix)xs + 2 if y is integral,

(65) )= 0 otherwise,

wherex runs over (R\ M, . ,=(RO ) with x, =1for L 2 . The value b(x)
is well de ned modulo (RO ) as long asx =1 for the following reason: For
primes I[jN( ) non-split in M=F, by the condition xx¢ = y, x is determined
up to a unit u with uu® = 1. Since (u) = |(uu®) =1, the value | (x.)is
well dened. For L 2 , by imposing x,. = 1, the condition xx°¢ = y implies
XLe = Y; so, the value | (X)) is again well de ned. As for a split prime
I'- N( ) but [jNy=r (C), we have Ljo = Lejo » SO L(UL) re(ue) =1
becauseuu® = 1 implies u_ = uLc1 identifying R and R« with O,. As for pjp
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with p-N( ), if (uu®) =1, we have
buyut+ 2 =y + c2*C 12 = () 2=1:

So again,b(x)xé 12 s well-de ned modulo such local units.

For a principal series representation ( % ) of GL,(F)), if jOI = ‘iol , we
have (% ) = ( *%1)and ( ! ®1)is spherical; thus we have a
unique spherical vectorv 6 0in  ( * %1)with viT()=(1+ 1 4$)))v. The
corresponding vectorv®= v in (% ) has minimal level xed by SL»(O))
with V4T (y) = ( (y)+ Uy))VvC Ifthe conductor C, of ! Cis non-trivial, again
by the same argument, we ndv®60in |( ) such that v4T(y)= (y)v°and
viu = "(U)VO (u 2 Up(Cy)i), where"(u) = (det(u))( * ¥a)) for u= 23h 2
Uo(C)),. This shows that f ( ) is a classical modular form inM (N( );" ;Q)
if has split conductor. The form f () is a common eigenform of Hecke
operators T(y). The p{adic Galois representation  associated tof ( ) is the
induced representation Incf,I b, regarding b as a character of GalfF=M) by
class eld theory. By regularity: 1> ,,P(cc )6 B( )for 2 Gal(F=M),
is absolutely irreducible by Mackey's theorem, and ( ) is a cusp form.

We take the coe cient ring W to be free of nite rank over Z,. Assuming that
has split conductor (, () is principal at every nite place), we shall study
when f () satis es the conditions (H1-7) of Theorem 6.1. We take a character
' of Gal(F=M) of order prime to psuch that® 1 1 modmy and dene
="' . Suppose that and' coincides onR _ if L - p. Then the conditions
(2) and (3) on in the introduction are an interpretation of principality of
() at every nite place. To interpret the four conditions (1-4) on in the

introduction in terms of ' , let G(C) = M, =M Uy (O)(PM1 , where

n (0]
Un(O® = x2R x,=1;x 1 modCR :

The rst conditions (1) on  can be stated in terms of' as follows:
(hl) ' bhas order prime to p with exact conductor CP€ for C prime to p.

Thus ' factors through the maximal prime-to-p quotient of G(C) which can be
regarded canonically as a subgroup o&(C), becauseG(C) is almost p{pro nite.
The conditions (2-4) in the introduction imply the following three assertions:
(h2) For all prime factors Ljl," | = | Npy=¢ for a character | :F, !
W .
(h3) 'p 6 ' pcforall P2 ,.
(h4) Over Gal(F=M[ p]), we have' . 6 ', where' ¢( )="(cc ).
We write Gy (C) for the maximal torsion subgroup of G(C).

Theorem 6.3, Assume (6.1) and the four conditions (h1-4). Let  :

G(O) ! Gp be an arithmetic Galoischaracter of weightk; + ck, (kj 2
Z[I]) such that k; > kz and «jg,, (cy = - Then for the local ring R
of hg(N( «);" ;W[ «]) corresponding tof ( ), the R{component V(R) of
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V = HICYE(N( «);L(k" ;W[ «]) is R{free of rank 29, where W[ ] is the
complete discrete valuation ring insider generated by the values of x over
W andq=jlgj 1

Proof. We take a su ciently large with ;> ,and 1+ , =[] for
0 []2Zsothat :* €2 =1forall 2R and 0 mod (Q 1)Z[I]
for Q = jFj. Then we can nd a Hecke character with the following properties:
(1) We have (( ))= * €2 "*'(()) forall 2M primeto CPS
(2) " mod my .
We are going to show forf ( ) the assumptions (H1-7) except for (H4) of
Theorem 6.1. Thus if (H4) is not applicable to Indf,I b we get the result
for f ( k) by Corollary 6.2, becausef ( ) is a member of the p{adic family of
modular forms determined by f ( k). Otherwise, we modify the choice of .

We verify condition (H1-3) and (H5-7) one by one. We always have a character
1 of conductor 1 with 4(( )) = 1t*¢2 foral 2 M and ; 1
mod my by our choice of ;so, = ; ' modmy. We may assume that
= 1= '

By the above choice of 1, we havedet , = N1 M¥  anddet =

Nlle M where'eis the Galois character corresponding to the pull

back of' as a Hecke character oM, to F, . Then in (H1) is given
by ‘e M=F_ which has order prime to p becausep > 2. This shows
(H1).
By (h2), we have for [jN( )p,
8
_ < Zeoc fl=LL(L&L)inM,
Jo, = . e 0 . .. . .
0 e (M) if | is inert or rami ed in M=F.

We can choosel; to corresponds to bo. for P 2 p With Pjlif ljp.
Then by construction (or the de nition of ), we have | = b, .. This

shows (H2).

Since 1 is of conductor 1, we nd that bj“ = 'ji,, which is of order
prime to p. This shows (H3).

SinceP ' mod my, (h3) implies that , 6 *;; so, (H5) follows from
(h3).

The condition (H6) follows from the de nition of N( ) and (hl), be-
causeC(" | l) is equal to C("; | 1 by (H3) already veri ed. By our
de nition of N( ), its | part coincides with C(" | b.

The condition (H7) follows from (h4) by Mackey's theorem.

Thus as long asb 6 BN mod my on Ip for every pjp, we have veried the
theorem.
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Now assume that o

n
P = pjpb bCN mod my onl,

is non-empty. Let R (resp. O ) be the p{adic closure of R (resp. O ) in
R, for Rp= R zZ,. SinceM cannot have p{th root of unity (by ordinarity

of and unramiedness of pin F=Q), [R : O ]is prime to p; so, R =0

has order prime to p. We consider the characterx 7! x of R, ! W
which has values in a complete valuation subringA of W unramied and

nite over Z,. Let A, be the maximal p{pro nite subgroup of A , which
is canonically a direct factor of A , becauseA is unramied over Z,. Let
X 7! hxi be the projection of x 2 A to A,. Thus hxi 1 modmy for
all x 2 A and hi =1 for all roots of unity in A. Thus x 7! hx i is a
character of R, =R , which is a subgroup of nite index of G(1). We can
extend this character to a characterb of G(1) sothat b 1 mod my on G(1).
This is possible for the following reason: We rst extend the character to a
character °:G(1)! W , which is always possible, replacingV by its nite

extension if necessary. Then we take a Teichmuller lift" of the reduction ( °©
mod my ). Then b= " ! Cgives the desired extension. By our constructionp
is the p{adic avatar of an arithmetic Hecke character whose in nity type is .

We now take the Teichmuller lift By of (P mod my ), which is a p{adic avatar
of a nite order character o : G(C) ! W . Then %= s of in-
nite type and satises © " modmy. For x 2 Rp, we write
L(x) = lim oy xRPRI" 2 R, for x 2 R,. Sincep is unramied in M=Q,
the Teichmuller lift of ( x* mod my ) for k 2 Z[ [ ] is given by ! (x)¥ (in
other words, the operationsk and ! commute). Thus, at the placep 2 P,
by the above process of construction, © (Xp) = N 1(xp) for xp 2 Rp \ Fp
(P 2 , with Pjp), and the level N( 9 of f ( 9 is prime to all p2 P. Thus
f (9 has weight (I; 0) and its Galois representation satis es (H4). Then the
theorem follows from Corollary 6.2, sincef ( ) comes from the same local ring
of the universal nearly ordinary Hecke algebrah as the local ring of the p{adic
family of Hecke eigenforms determined byf ( ) or f ( 9).

For our later use, we shall compute theg{expansion of classical modular forms
associated tof ( ). Pick y 2 F, with y, = y1 = 1. Then by the de nition of

b and (6.5), we get the following formula of the complex Fourier coe cients:
X

a(yd;f ()= (xR);

xx°¢= yd;x =1

wherexR = F\ xR and x runs over (R\ M,.,)=R0O for asin (6.5). This
shows that for f giagy: 17 In (S2),

X
fdiagry;17( ) = N(Y) ! (A) 2 (5A);
A;AAC yd
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where A runs over a complete representative set for ideal classes & with
AA® = yd(y= y@\ F) for a totally positive 2 F and
X

(6.6) (;A)= (4 9 g

2A 1= (M)

c

Here we regard as an idele character : M, =M by putting
(x)= (R)x; * °2

and runs over elements inA ! such that A is outside for as in (6.5).
As a locally constant function on R 1, the p{componentof ¢: 71 ( O )is
given by ' restricted to A,* by the following reason: § is the characteristic

function of A, ! for | outside the conductor C( ), and taking 2 A ! with
1 modCP( ), weseethat ()= (O)= (M= (,) L

The modular form ( ;A) is of weight " on
o(N( );y)= 38 2SLy(F)ad20; b2y; c2N( )y *

6.3. Self-duality. Let L (" ;W) be the dual lattice of L( ;W) un-
der the pairing [ ; ] introduced in Subsection 5.3. Then by de nition,
L (";W) L(";W) and the quotient L(" ;W)=L (" ;W) is spanned by
X" iyl foro<j<n .

Since

G
Uo(Np),, diag[p; 1]Uo(Np), = (61) Uo(NP)p;
u  mod pO,

the action of (5 5)onL(" ;W)=L (" ;W) (even after dividing by p 2) is nilpo-

tent. Thus the projector e=1lim 1  T(p) Kills the cohomology group:
HY(Y;L(" sW)=L ("5 W) (Y = Y5 (N))

forany r 0, and hence by cohomology sequence, we get a canonical isomor-

phism for Y = YB (N):

(6-7) Hr;n:ord (Y;L (" ’W)) = Hr;n:ord (Y;L( " ;W));

whereH" is either compactly supported or usual cohomology group. We de ne

the action of Hecke operatorsT(y) and Hi on H"(Y;L ( " ;W)) via the ad-

joint action under [; ] of the semi-group o(N). Then the operator is integral
if either pflN or[ ] 1, [ ] 0. Thus in the same way, we get

(6.8) Hr;n:ord (Y;L( " W)) = Hr;n:ord (Y;L (" W)):

As we have seen in [H88a] Theorem 10.1H"(Y;L(" ;W) (Qp=Zp)) is pf
divisible if jlgj 1. Then by looking into the cohomology sequence attached
to the short exact sequence:

0L L(";W)! L(";W Q! L(":W) (QZp)! O
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H"(Y;L(" ;W)) is free of nite rank over W, and we get a perfect pairing:
(i )w THiog (YSLC" W) HE g (YO " W) D W

n:ord c;n:ord

of W{free modules. For the moment, assume thatF 6 Q. Then YB(U) is

compact; S0,Hqspnora = Hpord = Henora » @nd we have the perfect duality
pairing
(6'9) ( ; )W :ngsp;nzord (Y;L( " 'W)) ngsp;n:ord (Y;L( i 'W)) ! w

As already veri ed in [H88b] Theorem 3.1 for F = Q, the assertion (6.9) holds
even forF = Q; so, we do not need to assum& 6 Q anymore. We thus have

Corollary 6.4. Under the assumptions and notations ofCorollary 6.2,
the map (v;w) 7! f(v w) induces a surjective linear map: V(Rp) R,
VYRp) S(Rp) for all P 2 A(l), where S = S p)(N;"(P),W["'p]),
Vo= HYY;L( (P)"(PY;W['e]), VO = HIY;L( (P) "(P) ;W["'p]). If
g=jlgj=0, f is an isomorphism: V(Rp) &, VARp) = S(Rp).

7. Proof of the theorem

We shall prove the theorem in the introduction under the assumptions (h1-4)
on' , which are equivalent to the assumptions (1-4) in the introduction once we
have chosen with ="' . We rst recall integrality results due to Shimura
[ACM] Section 32 and Katz [K] Il on the values of modular forms and then
prepare preliminary results on integral decomposition of quaternionic quadraic
spaces. After that, we prove the theorem in the case where the degre€ [ Q]

is even. The odd degree case will be reduced to the even degree case.

7.1. Integrality of values of modular forms. By the approximation
theorem,
GLo(F)NGL(FS" )=Us(N) = F nF,, ,=det(Uo(N)) = Clg viay 7! det(y)

for the class groupClg of F. From this, f 2 S (N;";W) is determined by
the ofexpansions ff (y)gy. Writing y = y@\ F for the ideal corresponding
to the idele y and setting ¢ = {)2 , T(y) is the g{expansion at the Tate

AVRM Tate y ;0(0q) (in [K] 1.1) of the classical modular form f, (of (S2) in

Subsection 5.1) of weightk = ;  ,+ | on the following congruence subgroup:
(7.1) o(N;y)= 2B 2SL,(F)ad20; b2y, c2y N

Herey =y 1d ! for the absolute dierent d of F.

A classical modular form with g{expansion coe cients in W on a slightly
smaller ;{type congruence subgroup:

(7.2) (N;y)= 3B 2 o(N;y)a d 1 modN

has a moduli theoretic interpretation, which we recall in the following para-
graph. We write Sc(( N;y); A) for the space of the classical cusp forms on
( N;y) of weight k with g{expansion coe cients in A.
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Let A be a valuation ring with residual characteristic p. An abelian scheme
X -po0 over an A{algebra Alis called an abelian variety with real multiplication
by O (AVRM) if it has an embedding: O ! End(X-a0) of algebras such
that HO(X; x-0)=(0O zA9! for a nowhere vanishing di erential ! . Here
we have used the unrami edness of at p (otherwise, we need to formulate
this condition as HO(X; x-0)=(d * 2z A%!). Each Hilbert modular form
f 2 Sc(( N;y); A) can be regarded as a function of quintuples: X; ;i;!;A 9
made up of anAf{algebra A% an AVRM X over A% a polarization ~ whose
polarization ideal is given byy , an embeddingi : N ! X of group schemes
over A®and a di erential ! as above (see, for more details of AVRM's, [K] 1.0
and [PAF] Section 4.1). Here \ is the group scheme made up oN{torsion
points of G, d !, thatis, N(A)=f 2 G, d !(A)jN =0g, regarding
Gn d (A) as an additive group. Every ingredient of the quintuple has to

be de ned over A% As a function of (X; ;i;! )-ao, f satis es the following
conditions (see [HMI] 4.2.7):

(M1) (X% %i%1 9= (f(X;;i;! ) if :A% CisanA{algebra homo-

morphismand (X% %i%!19_c = (X; ;i;! ) ao C. Here\="implies:

:X A C= XS as AVRM's, ! 0 = a0 C, i i%and

10=1,
(M2) f vanishes at all cusps, that is, theg{expansion of f at every Tate

quintuple vanishes atq = 0.
(M3) f(X; ;i1 )= KX it Yfor 2 (A° ,0) .

The \Neben" character " : Ug(N) ! Q restricted to UZ(N) = Ug(N)\ SL»(®)
factors through UE(N)=UX(N) for UX(N) = U(N)\ SL,(®) (the conductor
of * is N), because"(u) = "y(det(u))" (d) for u= 28 . Thus to evaluate
f 2S (N;";A) atan AVRM X of CM type, we only need to specify y ! X.

Let M=F be the CM quadratic extension in the introduction. Recall the
decomposition: C= FF¢l of the conductor of the Hecke character such that
F+ F. = Rwith F F¢andl is made up of primes non-split inM=F. By
(h2) (for ' = ), the prime factors of N( ) are either split or rami ed over
F.IfIjlN( )and | = LL (with L 6 L) in M, we may choose. so that L F.
The exponent of | in N( ) is less than or equal to that of L in F. Thus to
evaluate f ( ) at a CM point, we need to specify the level structure for the
level d(M=F)f (f = F\ F). Actually we later need the level structure at other
primes non-split in M=F ; so, we rst specify level structure for split primes
and then extend the de nition to non-split primes. We shall do this rst for
an abelian variety of CM type with multiplication by R. Hereafter F is an
integral ideal of R with F+ F® = R and prime to p (because we need to be
more careful for primes dividing p).

Let W be as in the introduction. Dene W = i,*(W)  Q, which is a
valuation ring unrami ed over Z, with algebraically closed residue eld F.
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We consider X (R)-c to be the algebraization of the complex torusC =R ,

whereR =f(a) 2 ja2 RgandC =R zR. SinceX (R) has complex
multiplication, it can be de ned over Q and hence over a number eld (see
[ACM] 12.4). By the main theorem of complex multiplication (see [ACM]

18.6), X (R) and its “{divisible group for any prime ~ outside p are actually

de ned over an in nite extension K of Q unrami ed at p. By the criterion of

good reduction by unrami edness of {power torsion points (see [ST]), we nd

a model X (R)=y of X (R)= -

By choosing 2 M withim( ( )) > Ofor 2 , we have a polarization pairing
(x;y) 7! Try=o( xc(y)). This pairing identies R “o R with y for a suitable
choice of a fractional idealy F (prime to p) and induces ay {polarization

= (R). Thus we have the CM-triple (X (R); (R);i(R);! (R))=w , choosing
I'(R) so that HO(X (R); xr)=w)=(0O zW)!(R).

SinceW has algebraically closed residue eld, for any integem prime to p, we
have X (R)[m] = fx 2 X (R)(W)jmx =0g= (Z=mz)M:Q and , = Z=mZ as
group schemes oveW. Thus we de ne the level f{structure to be

¢ = 0=f = X (R)[F] = fx 2 X (R)(W)jFx = 0g:

Since the Frobenius map ofF, acts by multiplication by p (times a unit) on
X (R)=W" the p{divisible group X (R)[P! Jo.w for P 2 | is connected. Since

the residue eld of W is algebraically closed, we see thalX (R)[P€] = pe

overW (for e=(e&(P))p2 ,), Which gives rise to the levelp®{structure we need.

SinceR” R =y, we can choose a base; and w, of R so that R = Ow; + yw,.

For any integral ideal q prime to p, we choose a generato$ 4 of qOq. Fixing

an isomorphism O=q = y=g, we embedO=q = y=g=y | q Rq=R, = X (R)[q]

by sendingx to $ Ixw, 2 Mq=Rq, which gives the levelgfstructure on X (R).

We choose the basev = (w1;w;) so that the level p*f{structure we have chosen
coincides with the one forq if p*f + q is non-trivial. We may always choose
w so that wo = wi=w, 2 H'. Therefore choosing the basew;;w-) is almost
equivalent to the choice of a pointwy 2 H' modulo ( N;y) for N = g\ fpe.

We write the level structure asi(R): n ! X (R)[N].

The above de nition of the quadruple x(R) = ( X(R); ( R);i(R);! (R))=w
can be generalized to ideals of arD{order of R. Let m be an integral ideal
of F prime to pf. Let R®= O+ mR be the O{order of M of conductor m.
We take a proper fractional ideal A of R® prime to pfqd(M=F). A fractional
RYideal A is called RYproper if fx 2 MjxA  Ag = R% The polarization
pairing on R (so on M) induces the polarization ( A) on A. We identify
A~ A with a fractional ideal y(A) of F under this pairing. It is easy to
verify y(A) = y(R)mNy= (A). Then we can choose a bas& of A so that
A = Ow; + y(A)w, and wo(A) = wi=w, 2 H'. This choice w gives rise to the
level structure i(A) : n ! X(A)[N]. We can always nd anetale constant
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subgroup C = O=c (c prime to fqd(M=F)p) in X (R) such that the etale

guotient X (A) = X (R)=C over W (e.g. [GME] 1.8.3) gives a model ovew
of C =A . Sincec s prime to pf, the level structure i(R) and the di erential

! (R) induce a unique level structure and a unique di erential ! (A) on X (A).
We make a choicew so that the two level structures (one coming fromi(R) and
another from the basew) coincide at primes where the two are well de ned.
Thus we have a unique pointwg(A) 2 H'= (N;y). Having w is equivalent to
having the quadruple x(A) = ( X (A); ( A);i(A);! (A)) over C.

Supposing that f 2 Sg(( N;y); W) (and regarding f as a complex modular
form), we may interpret the value f (x(A)) in terms of evaluation at a CM

point wo(A) 2 H'. For eachz = (z1;2,) with zo := 2= 2 H', we consider
the lattice L, = LY =2 i (0zy + yz) Fc=F oC. We dene a pairing

h;i:Fc Fc! Rbyhi(az;+ bz);2i (czyx+dz)i = ad bg which induces
a y {polarization , = ¥ on the complex torus X, = X¥ = F¢=L,. Thus

we can algebraizeX, to an abelian variety X,-c. We have a canonical level
N{structure i, : (d * O=N) = 2i (yzz O=N) X,(C) as long asy is prime
to N. Then the analytic value of f at z is given by

(7.3) 2, ((z0:1)) = T (2) = () for x} = (Xzi :iz;du),

where u is the variable (u ) »; with u 2 C identifying Fc with C' as
C{algebras.

De ning the canonical period 2 F. =(C ) by

(7.4) I'(R)= du

and choosingy sothat R=(2 i) lL ,we nd x(A) = x¥*) and
ik

(7.5) f (x(A)) = M 2W up to units in W,

because! (A)=! (R) 2 (O z zﬁ/) (see [ACM] Section 32 and [K] II). Here
writing = ( )2 C ,

Since W{integral modular forms f (z;w) of weight (k; k) for the product of
congruence subgroups: (N;y) ( N%y9 classify the pairs of test objects:
(xg;ng), the same formula is valid (by the same proof given in [K]): up to
units in W,

(2 )%f (z;w) |

(7.6) f(x(A);x(B)) = 7

7.2. Error terms of integral decomposition. Let B be a quaternion
algebra overF. Let M=F be a CM eld with integer ring R. We are going
to compute error terms of O{integral decomposition of an O{lattice of B as
an integral quadratic space into a direct sum of twoO{lattices of M with its
norm form.
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We x a maximal order Og of B. For an embeddingi : R ! B of Ofalgebras,
since i is an embedding of O{algebras, we have Tr((a)) = Tr y=r (a) for
the reduced trace Tr of B and i(a)i(a) = Npy= (@) = aa®. This shows
i(a) = i(a) for the main involution of B.

Let L be anOf{lattice in B. We consider the two orders:
(7.7) O =fx2BjxL Lg and Of = fx2 BjLx Lg:

We suppose to have two embeddind : R} B andr : R ! B. Thus L
becomes anR;, o R;{module by (a b)" = I(a)r (b), where R, = | *(I(R)\
Ol)and R, = r (r(R)\ O]). SinceK™ K" = Mp n(K), we nd that
Mn k Mp(K) = Mm, (K) as K{algebras. By extending scalars toM, we
nd B M = M,(M), and the above argument applied to the extended
algebra M,(M) shows that the embeddingl r : R, o Ry ! Endo(L) is
injective. Therefore B is a freeM ¢ M {module of rank 1. When we regardB
as anM {vector space, we agree to use right multiplication by 2 M given by
b =Dbr( ). ThereforeM ¢ M isidentiedwith M M bya b7! (ab;e&h)
for the generatorc of Gal(M=F ). Thenwedene L =(1;0)L andL? = (0;1)L
for the idempotents (1;0);(0;1)2 M M. SinceLM = L' L? L, wecan
denelL; =L\ L. ThenLy =L; L, L. Since (30)B is the eigenspace
of M M Kkilled by the right factor M, we have

Lo= x2LS(Ly;x)=0

because multiplication by units in (M ¢ M) preserves the inner product
S(x;y) = Tr( xy ) up to scalar similitude. By S, we have the orthogonal
projection ; of B to ML, and , to ML,. Then we may have de ned
LM = (L) 2(L). Indeed, ; (resp. ») is given by the multiplication

by (1;0) (resp. (0;1)2 M ¢ M). We want to determine primes dividing the
index [LM : Ly ]. Here is the result:

Lemma 7.1. Let d(R,;=0) (resp. d(R,=0)) be the relative discriminant of R;=O
(resp. of R,=0). Then we haved(R;=0)d(R,=0)LM L.

Proof. The process constructingL™ and Ly can be done at each localization
B, for primes p of O. Then L, = L\ MyL; and (Lp) = j(L)p. Ifa
prime p of O is unramied in R; and R;, we haveR, o, R;p = Rp Ry,
and henceL,’g" = Lwm;p by de nition. More generally, by the de nition of the
discriminant, we have

dR=O)d(R,=O)(R R) R, R, M M
This shows the desired assertion.

For a prime | outside the discriminant of B=F, identifying B with M, (F/), we
de ne the Eichler order of level I™ by

(M) = 2b 2My(R)c21MO
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Here @O(I°)| is the xed maximal order onB| We then put for jdeals N
outside the discriminant of B=F, &5(N) = =, G(1°"), where N = = 1¢) is
the prime decomposition ofN (for | - N, we agree to pute(l) = 0).

We identify B with M(Fp) so that r and | both bring (x;y) 2 My =M

M . onto 63 in Mx(Fp). For ljf = F\ O, we take the factor Ljl so that

LjF, and we identify B; with M,(Fy) bringing (x;y) 2 M; = M M to
63 in Mx(F)). For IjD(M=F), we embedM, by r = | into the O,{order

of M,(F)) generated by the scalar inO, and E (1), that is the Eichler order

(D (M=F)), of level D(M=F),.

Proposition 7.2, Suppose the following three conditions:
(@) pN is prime to D = d(R,=0)d(R,=0); Q
(b) Ltp= Oo(fp®)r, By for the conductor pe = oip PP Of "2;
(c) "1p is trivial on Oy and =(I;0).
letv2 L(";W)=Wandw?2L( ";W)=W. Then :L! W given
by ()=[ v;w]is aWf{integral linear combination of functions of the form
1 » for functions ; : Li ' W such that

(D) 109 = 1p(xp) PxP) (resp. 2(x) = 2p(xp) P (x(P)), where
we embedk 2 M into M, M ® byx 71 (x,;x(P) and for a Z{module
X B, X® =X B0 wih kP =" 7

(2) 2p & ="2(d)if & 2 O3 and vanishes outsided, O

(3) 1, is the characteristic function of Lg = 0Op p°Op;

(4) J-(p) (j =1;2) factors through the nite quotient LI =fDLI of L+ (P);

(5) the function | is supported onL! and has values inW.

2 -1 2.
p Op_ LP’

Proof. We regard as a function ofBﬁ\l ) = B, B,&pl ) supported on P so
that (b= (k) P (EP)for ,= js, and ® = j ;i) We identify By
A
with
R ¢ R ¢

p P

Then , 3B = "y(a)"z(d)v;w]if 238 2 Bo(p®),. This shows the desired
assertion for .

As for the component outsidep, we only need to prove that the characteris-
tic Lunction L Of L) is a nite W{linear combination of tensor products
of W{integral locally constant functions. Note that any additive character

LM=Ly ! W is a tensor product of W{integral valued additive characters

of LM=Ly = LM =L pecause [M : L] is a product of primes djyiding
the dlscrlmmant D by the proposition. We then have | =[LM :L] ? ,

where  running through all additive characters of LM (P =L(P) Note that
= 3 2 with locally constant additive characters of  : L w .
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Thus we may take 1(Xp;x®) = 15(xp) 1(XP)" P (x®yand H(yp;yP) =
2:0(Yp) 1l(y(p))."(1p) (y®) for (x;y) 2 Lll le. Since ;| (resp. "j(p)) factors

through L!=DL! by Lemma 7.1 (resp.L! =fL' by de nition), we conclude that
j(p) factors through LI =fDLJ .

Let B = M,(F). We choose two fractional idealsB; and B, of M. Then
we decomposeA = Oz; + az, and B = Ow; + bw, with zg = z;=2 2 H
and wg = wi=w, 2 H'. The regular representation| of R on B, given by
I( )(%)=(?% ) gives an embedding ofR into

O = 2ab ad20;b2ac2a’
Similarly we de ne an embeddingr : R} O] replacing zo by wp, where

O = 2% ad20;b2b;c2b?

We consider the tensor product:B; o BoandL = [(B1)v r(B2) My(F)
for a suitable v 2 My (F).

We want to determine the factors of Ly, and LM . SinceL? is the projection
of L to the rst factor M of M M = M M, writing the projection to the
rst factor as (a b) 7! a®b (so the projection to the second factor is given by
(a b 7! akF), we havelL! = B$B, and L? = BSBS.

SinceR o R can be identi ed with

(k2R Ra b moddM=F)

insidkeR R M ¢ M for the relative dierent d(M=F) for M=F, we see
that Ly = B§Bd(M=F) and L, = B${BSd(M=F).

Remark 7.1. We analyze the choice oW locally at primes pjp of F whenBj;, , =

Rp for j =1;2. Since the prime idealp is splitinto PP ¢ with P 2 ,in M, by

choosing the base¢;; e;) for e; = (1;0);e, =(0;1) of Ry = Rpc  Rp over Oy,

we may assume thatl( )=r( )= , © . Then we choosev to be b= ( }1).
By computation, we have
(br(9= 4°b ,% = = "7

This shows that I(Rp)b r(Rp) = M2(0Op), and regarding M»(Op) as an Rp{
module via x = I( )x, we nd

R R
MZ(Op) - RPPC Rppc

Take Op basisw = (wq;Wo) and z = (z1;22) of Rp in M sothatw  z  (e;; )
mod p™ for m  e(p) for e(p) as in Proposition 7.2.

We de ne p(z;w) = zow,p(zo; Wp) and [u;z;w] = S(u; p(z;w)) (the homoge-
neous form of [1; zg;wo]). Thenwe nd [bz;w]=(z; z2)(we, w;) and that
[b; z; w] is a p{adic unit.
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7.3. Proof. We rst suppose that [F : Q] is even. Then we have a de nite
quaternion algebraB_g with d(B=F) =1 and Ig = ;. We write G_q for the
algebraic group associated tB

We x a maximal order Og and identify @B with Mz(@) once and for all. Thus
@O(N) ®g is an open compact subring. We haveJ§ (N) = @o(N) . We x

a.np=a =landZ (F,)NPL) for Clg = F, =F & F, . We consider

78) iz (N)=a z §(N)a\ B;Oj (N)=a z G(N)aj\ B (z22)
and p(N) = GYQ)\ aU§ (N)a *G(R);

where G1(A) = fg 2 G(A)jgg = 1g. Thus gz (N) Ojiz (N). Note

here that fajzjz 2 Zg-1..n gives a complete representative set for

G(QNG(A)=U§ (N)G(R).
Let 2 HO(YE(N);L(" ;W)); so, we may regard :G(A)! L(" ;W) with

(xu) = u (x)for u2 UB(N)F, G(R)F, and 2 G(Q). Similarly, we
choose 2 HO(YZ(N);L( " ;W)). Then

X
G dw= [ @) @)

i=1

Pick y 2 F, with y, = y; =1. Supposing yd is integral, we considerT( yd)

for O 2 F. By (unr), we have d, = 1. We choose a decomposition
G
UF(N) % ¢ UF(N)=  SUG(N):
$
Here we can choos& so that $$ = yd, because

Unu %9 U=U= UF(N)NUS(N) %9 UG (N)=UF(N)
writing U = fu 2 UP (N)juu =1g. Thus $,$,= . Then
X
jT(yd)(x)= > $pn (X8 )

$
Since a$ 2 t;G(Q)az UE(N)G(R), we can write &$ = jauz
for ; 2 jz(N)and ui 2 UF(N)G(R). Thus we have, writing & =

Ngr (&)O\ F andy = yO\ F, gydZ = N(; Ha z= z®\ F; in other
words, y 'd 'aa 'z 2 is generated by a totally positive element i, 2 F
prime to pN. Thus we have

iz i1 up to totally positive units :

Then we see, up to totally positive units,
X X
jT(yd)(@)= *  $pn @$ )= 4,7 Ne=x(i)? (&)
$ i
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Here, extending” : Up(N) ! Q to " :Ug(N)F, ! Q, by the pfadic avatar
b, :F,=F ! Q, of the central character"., we have

Ne=s ()25 (@)="(C;) @) (9%
which is p{integral if (&) isin L(" ;W).

SinceB is totally denite ( jlgj 1 andjlgj [F :Q] mod2) Ig = ;),
To(N)= i(N)=O isa nite group. We then put & = j o(N)j. De ning
1

iz (Viw) = Q

Ne=r () ?*[viw]g ™
2 iz (N)\ Supp (")

for v 2 HO( L(N);L(" ;W)) and w 2 HO( i)(N);L( " ;W)) (and rewriting
i as ),we ndfor y2F, withy,=1

X
(7.9) f( )y)= N(y) * iz 2 iz ( (&) (&));

iz saia 1z 2 yd

where a b indicates that the two ideals belong to the same strict class
in F. Here j; is a theta series of theOflattice  j, (N) and is a Hilbert
modular form of weight " on o(N;y) fory=F\ y@. Since the pairing: [; ]
is p{integral valued on L(" ;W) L( " ;W)and j, is prime to pN, the
theta series hasp{integral Fourier coe cients (except possibly for the constant
term). The constant term does not show up if 2 H,?:ord (YE(N);L(" ;W)
Hsp (Yo (N); L(" ;W)). Thus restricting  to the ordinary part, f ( ) has
to be cuspidal (cf. [H88a] Theorem 6.2) and hence, the constant term vanishes.
We may forget about the integrality problem stemming from the denominator:

ee.

We choose an idealA of M with Ny=¢ (A) y. We choose 0 with
y 1d Ny=r (A) =( ). Then we consider the theta series de ned in (6.6):
X [
(A= () ) ‘a
2A 1
for a Hecke character of conductor C with () = 1t o2 Cf 1

mod C. Strictly speaking, we need to divide the above series by (M)j (see
(6.6)), but j (M)j is prime to p by the unrami edness of p in M=Q. So we
forget aboutj (M)j. Here we have freedom of choosing in its ideal class (by
changing 0 suitably).

We de ne the reversed Petersson inner productf;g) = hg;fi = H;gi to make
it linear with respect to the right variable g. By the variable changez 7! Z,
we have

(7.10) (f;9)= K¢ gl for fe(z)= f( 2).
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Unless the following condition is met:
(7.11) =(1;0) and () (P 1 modmy forsomeP 2 ,

we have proven in [HO5d] Proposition 5.6 the following equality up to unts in
W:

(2i)2Cr W )EC)F(O)n

b \— W
(MT) Lp((g )= ) 2W,
whereW,( )= "5, pW( p) and
|
e(P) e(P) X
W(p)=N(P ) ($p ) P (U)ewm W
u2 (R=Pe(P)) P

if P) > 0andW( p) =1 otherwise. We would like to show (choosing in
the p{adic analytic family so that (7.11) does not hold)

@iV W A (@) @) o
2( 1 2)

for = o(N( );y) and the optimal CM period de ned in (7.4), as long as
2V(R)and 2V (R)for R= Rp asin Corollary 6.4 for P associated to

(GL)

We write O;(N) for Oji; (N) with z = 1. We choose an embeddindo : M ,! B.
We may then realizeB as

B= &5 ab2Mm

a

with Og containing £ & if a;b2 R. We dene ij(a) = a9 2 B.
For primes | split in M=F, we assume that our identi cation B, = M(F)
is induced by completing L{adically the above expression of B choosing
one prime factor Ljl in M. Taking a; = 1, we nd that i1(R) Oi(N) if
N is made of primes split in M=F. Suppose now thatN contains primes
non-split in M=F. For a given nite set S of primes, we can conjugate the
embeddingi; by a norm 1 elementu; (I 2 S) so thabuilu 1(Rs) O1(N)s
(O1(N)s = O1(N) o Os for the localization Os = |, 5 O;). By the strong
approximation theorem, choosing one primeq of F, we can writeu = u °with

2 G(Q) and u®2 U (N)B, . Thus changingi; by i1 *, we may assume
that for any given N that i;(R;) O3(N) for an Of{order R; R of g{power
conductor. We identify M, with the image in G(A) under i;.

representative set forF nF, =0 (F, )?. By the reduced norm map: Ng=¢ :
G(A)! F,,,we have a surjection:
G(QING(A)=UE (N)G(R)F,  F, nF,,=0 (F,)%

Thus we can choosda = bskg= flhg f skg so that Ng_¢ (sx) = 1. Then
again by the strong approximation theorem, we can write sy = Uk with
Uk 2 UOB(N)Bq and ¢ 2 G(Q). Sincely commutes with i;(R1), conjugation
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by b does not alteri;. Then dening i; : M ! B by i1 , 1 and putting
R; to be the inverse image underi; of ij(M)\ O;(N), we nd that R; is an
O{order of M of g{power conductor.

Suppose now thatd(M=F) = 1. In this case, the image of M, in the class

group F, nF,, =0 F, .+ under the norm map is of index two; so, we need to
add one more element® 2 G(Fq) with Ny=¢ (b) generating qOq4, choosing the
prime g to be inertin M=F . Then the representativesa; can be chosen a$ sk
or h by for sy 2 SLy(Fgq) and j 2 M, . Thus, by the same argument as
above, we nd again an O{order R; of g{power conductor and an embedding
ij :Rj ! Oj(N). We have now proven:

Lemma 7.3. Let the notation be as above. By choosing a prime idea] of F
outside any given nite set of primes, we can embed the orde® + "R M
of gfpower conductor into O; (N) for all j =1;2;:::;h, if the conductor g™ is
su ciently deep.

We write R; for Oj(N)\ R. By the above lemma, we assume thatR; is
of conductor "), We choose laterq in a way optimal to our proof. We
regard Lj; = Oj; (N) as Ri o R; module by ii: (; )b= b . Since
M M =M M, writing 1, (resp. 1) the idempotent of left and right
factors, we split Oz (N) LY, =1/Lj; LLj, . Theindex [L}) :Lj; ]isa
product of a power of g and primes ramifying in M=F , which we can choose to
be prime to p. Then as studied in Subsection 7.2, we can write j;, of level N
as ap{integral linear combination of ( 1) ( 2) of theta series ofLj;, =1Lj;
and L}jz = 1,Lj; , respectively. The functions  (k = 1;2) can be chosen to
be p{integral.

We now bound the level of ( ). To make the argument simple, rst assume
that i,(R) O1(N), & = bo and a = bo, and we choose thatho so that
bioy = 1 for all primes IjNp d(M=F)q. Note that boz Og(N)bo' = zho byo'
asR o R{modules for bjo = (holi?\ M), we nd from the discussion at the
end of the previous section thatL{, = zlifib, o and LE, = zlfobyo°. Thus we
nd that yd= a ‘g 7* = Ny=¢ (L}, ) = Ny=r L7, .

As explained in the introduction, we take ' with ="' . We may assume
that the weight of f (" ) is (I; 0). We than take a weight memberf ( ) of the
p{adic family (associated with ' : bijr (c) = ') with complex multiplication

by M. To avoid (7.11) (, (MT)), we choose " so that it is non-trivial at all

pip. Replacing' by ' for a nite order character :Gal(Q=F)! W does
not alter the anticyclotomic part ' . By a theorem of Chevalley ([Ch]), we
can choose sothat | = ! on the inertia group at | for every prime | in any
given nite set of prime ideals. Thus we may assume

(7.12) has conductor prime to ,c.
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Write N = N( ). Under this assumption, = ," =" Yand [v;w]= vw by
identifying L(" ;W) = W (on which o(N) acts via multiplication by ") and
L( " ;W)= W. Then

[ &) (@)]="() (&) (a):

Regarding the character " : B(N);, ! W as a function "j; of
B o A®) supported on by, (N) = az 6 (N)a, by "iz (X) = "(xsp)
(Piz (N)ip = §(N)gp), the function , = 70 "()[ (a); (a)]is the
function "jj; multiplied qy the p{integral constant: (&) (a). Write down
iz as asum j; = L, 1 o for nitely many p{integral locally
constant functions 1 : L%Z I W and »: Lﬁz I W. By Proposition 7.2,
2p(Xp) = ,(x ,J)onR ¢ R andissupportedby R ,c R ) Lo

(and 1, is the characteristic function ofLﬁz;p =R ¢ P°R ).

By the proof of Proposition 7.2, we nd that (kp) (k = 1;2) factors through
L, =d(M=F)fLk, . Thus ( &) is at least automorphic with respect to the
congruence subgroup o(N( );y)\ ( d(M=F)?2;y), where

(N;y)= 2B 2 g(N;y)a d 1 modN

This follows from the fact that ¢ as above is a linear combination off{integral
functions of the lattice (zq%biollg modulo (zkfobiold(M:F)) for a su ciently
large m and the factthat ( )= om (g ° has the level as described
above.

More generally, whena; = bos and & = bos®for s or s’ with norm 1 in B,
R; and R; could have conductor a power ofg; so, the same argument yields
that ( x)ison = o(N( );y)\ ( d(M=F)2g™;y) for a su ciently large m.

As seen ip (6.6), they{component of f ( ) is given by a p{integral nite sum
i M)j 1 o (A) (;A) of theta series of the form:

X c
(:A)= (a5

2A 1
where AA® = yd (with 0 in F). Here the sum P A (A) (;A)is over
ideal classes oM whose norm isequivalent toyd. By choosingv 2 M,(F) and
(zo;wo) 2 H'  H' as in Section 4, we identifyM,(F) with M M. Then
we choosel = A 1 LZ%, as anOflattice of M»(F). Since we have freedom
of changing A in its ideal class, we may assume that thep{adic completion
Lp =L zZpisequal toMz(Op) in Ma(Fp) = By, becauseLf, = O, O.
ThenL'=A *andL?=L{, . Wetake ?:L'! Wsothat ( 9)= ( ;A).
Then ()= (('))and 2 = pl( ,),and 9. . is the characteristic
function of R ..
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We choose two idealsB; and B, of M and v 2 M,(F) very close p{adically
to b=(11) 2 M,(Fp) as in Remark 7.1 so thatL = [(B1)v r(Bz) L with
L=L killed by a power of d(M=F)q. Here we need to introduce another prime
g, becauseL? is stable only by an O{order in M of g{power conductor. We
choose the basd® ; = Oz; + yz, and B, = Ow; + yw, again as in Remark 7.1.
Let z=(2z1;2) and w = (wz;W>5). Thus zo = z;=2 and wg = w;=w, are both
in H'. Thus we have from Theorem 4.1 and (7.10) that:

((D (D) (2) =h( D (1 2 =C(zZwW)
for a constant C 2 W and a congruence subgroup

= o(N( )iy)\ (d(M=F)*q";y) (m O
Here ( z;w) is the homogeneous version of the modular form:

X 1
(7.13) ( zo;Wo) = S Yer(det( )z0) ( 1)is (o)
0 2 nM3(F)

for the partial Fourier transform of = 72 C 2, because ( )¢(2) =

() 2= ( c©). The constant C is prime to p (that is, i,(C) 2 W )
because of the following reason: Since is of weight ;1 ), the homogeneous
form is given by Zbw) ( z;w) = ( zp; Wo). Sincev is very closep{adically to b,
we may assume thatv = b. Then by Theorem 4.1 and p;z;w] =(z1  z2)(ws>
wi), we have

C = zywy Im(zo) ' Im(wo) ' [b; zo; Wo]' j[b; Zo; Wolj*

_ (@ z)(we wi)j(z zp) (W wy)j?
(2172 7122)(W1W2 W1W2)

whose image underi,, is easily seen to be irW  (by our choice of the basez
and w as in Remark 7.1).

The local partial Fourier transform preservesp{integral Schwartz-Bruhat func-

tions on M(F|) as long asl - p. SinceMp, =M | M ., we nd

M e M ¢
Ma(Fp)= Mp Mp= """

The rst column is the factor M carrying 7(1)1, c. The function AI;p cis
supported onRp. Since complex conjugation interchanges and ¢ (see Propo-
sition 7.2), we see from (6.6) that d;p 0(%)= ,(a) (because we have as-
sumed that has conductor prime to  §: (7.12)). Similarly, 2 b= . (d)
forb2 R candd2 R . Thus p(a;b) equalsto (a;b) (a) for the char-
acteristic function of Rp = O,  Op. The partial Fourier transform is with

respect to the variables \(a(P; bP))" keeps pfintegrality by the Fourier inver-
sion formula. Thus we may concentrate on thep{component. De ne for each
P2, (x) to be equal to p (x) if x 2 R, and 0 outside R, . Then the

Fourier transform of is given by W( p) p($ S(P)) —($ f_f,(P)x) (see [BNT]
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Proposition 13 in VI1.7). Thus we need to proveW ( o)W ( p) ($57)) 2 W,
This can be done as follows: writinge= e¢(P)and $ = $p,

(714) W(p) $OW(p)= NP %) (3% (3 ©)G( »))G( p)
= (DB ®) GINEP O

P
where G( ) = | ,gr=pe (U)em ($“—e) for the conductor P¢ of . Note here

that the in nity type of is ,and hence ($°)is up to unitequalto $ ¢
which is equal to N (P ®) up to units in W. This shows the desired integrality.

Since the partial Fourier transform with respect to the character ex(al’  bd)
interchanges @;b), the support of 7p is contained in

Op$ °0, _ 1 Op Op .
o, O, - p°Op O, Ma(Fp):

where = % g
The function 1, is the characteristic function of R . p°R . Since
normalizes Uy(p®)p, we can choose complete representative s& for

0, O
Uo(p®)pn peopp o: GL2(Fae1))

such that 2 R can be written as ! with p{component , is upper tri-
angular (e.g. [MFG] 3.1.6) with p{adic unit at the lower bottom corner. The
Hecke operatorUxU for x 2 R preserves thep{integral structure of S (; W)
(the space of cusp forms on with W {integral Fourier coe cients). This fact
follows, for example, [H88a] Theorem 4.11, and actually, ik 2 GL,(F) has
upper triangular p{component with p{adic unit at the lower bottom corner,
the action of 7! jix on modular forms preservesp{integrality since it is
basically given by (z) 7! (az) for totally positive a. Thus the action of
(Djr *7' (1)j1 ' in(7.13) preserves thep{integrality (see Theorem
4.9in [H88a]), and ( 1)j1 ! haspf{integral g{expansion with respect to the
variable w if ( 1)j ! is p{integral. Thus we need to prove that ( )j; !
has pfintegral ofexpansion coe cients, in order to show ( z;w) in (7.13)
has p{integral c{expansion. Since ( )j °for °= 2 ! is given by (b))
for the Fourier transform bl of 1 regarding it as a function on Ms. The
p{integrality only depends on the p{part 1, of 1. By computation, bl;p is
N(p ©) times the characteristic function of R . p °®R . Taking $ € in
O,we ndthat ( 1)j lisequalto (P)j; 0gle (W)=8$° (P1)($ °w) up
to a p{adic unit. Since $ N (p €) is a p{adic unit, we get the desired integrality.

By the g{expansion principle, we conclude from (7.6)

(7.15) (20 )% Wo(_ X CA): () ()
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This shows

[ o(N( hy): 1]

Write ( ( ;A);f) for the inner product ( ( ;A);fy) for the y{component f,
off 2 S (N;";W). Since anyf 2 S (N( );";W) is a W{linear combination
of ., by Corollary 6.4, we conclude

[*O(N( )’y) . T (2i )2 Wp( )( ( ;A);ZS (N( );";W)) o(N( )y) WZ

Since [ o(N( );y) : ]is a factor of

92" =
Ne=o(N 1T
o Ne=o()?

for NO= d(M=F)2g™, if p-(N(I) 1) for all primes ljd(M=F )qg, we get

(20 )% Wo( ) (GA)S (NC)"W)) v i)
2

(21 )% Wo( )CCHA) iz) oNOy) o o
p i iz) o(NCEY) 5 g7

W:

(7.16)

We can choose (by unrami edness of pin F=Q and p 5) so that
p-(Nm=r (@ 1)

Thus if p- (Nw=¢ (1) 1) for all primes ljd(M=F ), we concludeH (' )i 1L (')
as we explained in the introduction. HereH (' ) is the congruence power series
with respect to the nearly ordinary Hecke algebrah(N (' );": ; W) interpolating
hmord (N( );" ;W) (for all " 2 A(l)). Thus H(') divides thecongruence
power seriesH in [HT1] but could be smaller if C\ C° contains non-trivial
prime factor. In [HT1], we had an extra factor ( M=F ;C) which is equal
to the product of the Euler factors of L(s; )L(s;' ') for primes outside
p in C\ C°. This comes from the formula of the inner product of ( ) in
[HT1] Theorem 7.1. After doing the same computation forf ( ) of smaller
level instead of ( ) and writing k= ;1 >+ | (see [HO5d] (5.5)), we get the
exact formula, if has split conductor:

(7.27) () FC) N
=D Ne=g(N( )2 2t (D g (k+ 1L(LAd(F ()

under the terminology of [HT1] Section 7 without any error terms. HereD =
N (d) is the discriminant of F=Q.

Here is how to remove the condition: p - (Ny=r (I) 1) for primes | in the
discriminant d(M=F). The idea is to make quadratic base-change (and then
descent). As a target of the base-change, we can nd a totally real qua-
dratic extension F%F unramied at p such that d(M °%=F9 for the composite
M %= MF °does not contain prime factors as above. Then foM %=F% we get
the assertion. We later chooseF° more carefully so that we can e ectively
descend back toF again. Let be the character GalfF =F) = f 1g restricted
to Gal(Q=M). Suppose that we nd a character of Gal(Q=M) of conductor
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Csuch that ¢ 1=

We can always assume that is of order prime to p by taking the Teichmualler
lift of ( mod my). Let y be as in the introduction and we consider the
universal character'e : G(C) ! W][ wm]] with branch character ' . Put
Gal(F=F) ! GL(l) be the induced Galois representation In(f,I 'e. Then we

have
M=F

Ad() = Indf, (&) for =

Thus

Ad() = Indf, (f M ):
By Fujiwara's \ R = T" theorem [Fu] (actually its I{adic version: [HMI] The-
orem 3.59), under the assumption (h1-4), the congruence power serig¢$(' )
gives the characteristic power series of the Selmer group

Sel(Ad()) =Hom( Cl ;Qp=Z,) zI Sel();
whereCl = Cly =Clg for the class groupsCly (resp. Clg) of M (resp. F).

We need to argue more for the charactef , because’ may not satisfy the
condition (h2). We chooseF°so that F°= M for all j2pd(M=F) and F%F
rami es outside 2d(M=F) only at primes which split in M=F . This is posa|ble
for the following reason: We take an element 2 O so that M = ]
Then we take a high powera = (2 pd(M=F))™ so that any elementu 2 F
with u 1 mod a is a square inF, for all 1j2pd(M=F). Then for the in nite
set = f" 2 Qj" mod a; " 0g, we can nd an |rbn|te set of primes
q=(" 1) which splits in M=F . Then we de ne F°= F[ ™]. By our choice,
(") = q( ), and hence if a prime outside 2(M=F) ramies in F%F, it has to
be g, which splits in M=F.

We shall show that for the above choice oF %' satis es (h2). In fact, suppose
that | remains prime inM=F . Thenif [ 1= ,61,then |hasto ramify, and
henceF %=F rami es at |. By our choice of F° | splits in M=F , a contradiction.
If | ramies in M, | restricted in Gal(M=M,) is trivial because F? = M.
This shows that ' | | is c{invariant, and hence by local class eld theory, it is
a pull-back of a character ofF, by the norm. Thus ' satis es (h2), and the
congruence power seriebl (' ) still gives the exact characteristic power series
of Seldd( 9), where °=Ind [, f . This is the beauty of taking level N(' )
(not the deeper level: Ny= (C)d(M=F) taken in [HT1] and [HT2]). Writing
the congruence power series fob ="' Npyooy asH ('b), by the base change
(cf. [HOO] Proposition 2.4), we have (byp > 2),

Seldd(Iindf,v'e)) = Sel(Ad())  Seldd()  );

which implies
h(M® .
h(M)

H(b)=HC)H( )
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where M % is the third (and unique) CM quadratic extension of F inside
M%= MF®.

If = 1 ¢for aHecke character of M, is again anti-cyclotomic. We
have shown in [HO5d] Corollary 5.5:
(h(M)=h(F))L ( )H( ) and (h(M)=h(F))L ( )H( );
which is enough to conclude the equality for each (by Nakayama's lemma):
(h(M)=h(F))L ()= H() and (h(M)=h(F))L ( )=H( )
from (h(M 9)=h(F9)L (D)= H(b) we have already proven.

We now prove the anticyclotomy of : = ¢ 1 Let :M,=M !f 1g
be the quadratic idele character corresponding toM =M. We want to have
a nite order Hecke character : M, ! Ny such that ¢ 1 = | where

°(x) = (c(x)) for x 2 M, .

Let k be a number eld. By class eld theory, any continuous character of
Gal(Q=K) can be regarded as a continuous idele characteiCy = k,=k ! T,
where

T= z2Cjzj=1
A given continuous character ofCy is of nite order if and only if it is trivial on
the identity component of the in nite part k; of k, (cf. [MFG] Proposition
2.2). By Artin reciprocity, any continuous character of Cy trivial on the
identity component of k; k, can be viewed as a ( nite order) character of
Gal(Q=k) canonically.

Looking at the exact sequence:
ir' M ! M, ! Cu! 1

by Hilbert's theorem 90 applied to M and Gal(M=F) = hci, we nd
H%(Gal(M=F);Cy ) = C¢;

and the kernel ofc  1:x 7! x¢ Yis given byCr. Acharacter :Cy ! Tisof

theform = ¢ lifandonlyif istrivialon Cg. Since GalM =F) = (2=22)2,
we nd a quadratic character of Cg such that = Nm=k . This shows
that (x)= (xx¢) = (x?)=1for x 2 Ce. Thus we can write = ¢ 1 for

a character :Cy ! T.

To have factor through the Galois group of the maximal abelian extension
of M, we need to show that can be chosen so that its restriction toM, is
trivial. Since = ¢ listrivialon M, , istrivialon (M; )¢ ! =Ker( Ny :
M, ! Fp). Thus j, factors through Ny :M; ! F; .. Replacing
by ( Npm= ) for a Hecke character of F, we may assume that is trivial
on M, . This nishes the proof for even degree eld.
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We now assume thatF has odd degree. The above trick of taking totally real
quadratic extensionsF %=F reduces the proof to the even degree case bf =F¢
so, we get the theorem.

As we have seen that = ' if and only if is trivial on Cg. |If is
anticyclotomic, then (x¢) = (x Y (, =1on Ny= (M,)). Thus jc.
is either the character of M=F or trivial. Since is a Hecke character oM ,
of nite order, its in nity type is trivial; so, has to be trivial on Cg. This
shows

(7.18) If s anticyclotomic, then ="' for a Hecke character' of M.

We leave the reader to show that we can také to be of nite order (see [HMI]
Lemma 5.31).
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