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In the previous paper [1], a ¯ltration by rami¯cation groups and its logari thmic
version are de¯ned on the absolute Galois groupGK of a complete discrete
valuation ¯eld K without assuming that the residue ¯eld is perfect. In this
paper, we study the graded pieces of these ¯ltrations and show that they are
abelian except possibly in the absolutely unrami¯ed and non-logarithmic case.
Let Gj

K (j > 0; 2 Q) denote the decreasing ¯ltration by rami¯cation groups

and Gj
K; log (j > 0; 2 Q) be its logarithmic variant. We put Gj +

K =
S

j 0>j Gj 0

K

and Gj +
K; log =

S
j 0>j Gj 0

K; log . In [1], we show that the wild inertia subgroup
P ½ GK is equal to G1+

K = G0+
K; log . The main result is the following.
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6 Ahmed Abbes and Takeshi Saito

Theorem 1 Let K be a complete discrete valuation ¯eld.
1. (see Theorem 2.15)Assume eitherK has equal characteristicsp > 0 or K
has mixed characteristic andp is not a prime element. Then, for a rational
number j > 1, the graded pieceGr j GK = Gj

K =Gj +
K is abelian and is a subgroup

of the center of the pro-p-group G1+
K =Gj +

K .
2. (see Theorem 5.12)For a rational number j > 0, the graded pieceGr j

log GK =

Gj
K; log =Gj +

K; log is abelian and is a subgroup of the center of the pro-p-group

G0+
K; log =Gj +

K; log .

The idea of the proof of 1 is the following. Under some ¯niteness assumption,
denoted by (F), we de¯ne a functor ¹X j from the category of ¯nite ¶etale K -
algebras with rami¯cation bounded by j + to the category of ¯nite ¶etale schemes
over a certain tangent space £j with continuous semi-linear action of GK . For
a ¯nite Galois extension L of K with rami¯cation bounded by j +, the image
¹X j (L ) has two mutually commuting actions of G = Gal( L=K ) and GK . The

arithmetic action of GK comes from the de¯nition of the functor ¹X j and the
geometric action of G is de¯ned by functoriality. Using these two commuting
actions, we prove the assertion. The assumption thatp is not a prime element
is necessary in the construction of the functor ¹X j .
In Section 1, for a rational number j > 0 and a smooth embedding of a ¯nite
°at OK -algebra, we de¯ne itsj -th tubular neighborhood as an a±noid variety.
We also de¯ne its j -th twisted reduced normal cone.
We recall the de¯nition of the ¯ltration by rami¯cation groups in Section 2.1
using the notions introduced in Section 1. In the equal characteristic case,
under the assumption (F), we de¯ne a functor ¹X j mentioned above in Section
2.2 usingj -th tubular neighborhoods. In the mixed characteristic case, we give
a similar but subtler construction using the twisted normal cones, assuming
further that the residue characteristic p is not a prime element ofK in Section
2.3. Then, we prove Theorem 2.15 in Section 2.4. We also de¯ne a canonical
surjection ¼ab

1 (£ j ) ! Gr j GK under the assumption (F).
After some preparations on generalities of log structures in Section 3, we study
a logarithmic analogue in Sections 4 and 5. We de¯ne a canonical surjection
¼ab

1 (£ j
log ) ! Gr j

log GK under the assumption (F) and prove the logarithmic
part, Theorem 5.12, of the main result in Section 5.2. Among other results,
we compare the construction with the logarithmic construction given in [1]
in Lemma 4.10. We also prove in Corollary 4.12 a logarithmic version of [1]
Theorem 7.2 (see also Corollary 1.16).
In Section 6, assuming the residue ¯eld is perfect, we show that the surjection
¼ab

1 (£ j
log ) ! Gr j

log GK induces an isomorphism¼ab;gp
1 (£ j

log ) ! Gr j
log GK where

¼ab;gp
1 (£ j

log ) denotes the quotient classifying the ¶etale isogenies to £jlog regarded
as an algebraic group.
When one of the authors (T.S.) started studing mathematics, Kazuya Kato,
who was his adviser, suggested to read [13] and to study how to generalize it
when the residue ¯eld is no longer assumed perfect. This paper is a partial
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Ramification of Local Fields 7

answer to his suggestion. The authors are very happy to dedicate this paper
to him for his 51st anniversary.

Notation. Let K be a complete discrete valuation ¯eld,OK be its valuation
ring and F be its residue ¯eld of characteristic p > 0. Let ¹K be a separable
closure of K , O ¹K be the integral closure ofOK in ¹K , ¹F be the residue ¯eld
of O ¹K , and GK = Gal( ¹K=K ) be the Galois group of ¹K over K . Let ¼ be a
uniformizer of OK and ord be the valuation of K normalized by ord¼= 1. We
denote also by ord the unique extension of ord to¹K .

1 Tubular neighborhoods for finite flat algebras

For a semi-local ring R, let mR denote the radical of R. We say that an OK -
algebra R is formally of ¯nite type over OK if R is semi-local, mR -adically
complete, Noetherian and the quotientR=mR is ¯nite over F . An OK -algebra
R formally of ¯nite type over OK is formally smooth over OK if and only if its
factors are formally smooth. We say that anOK -algebra R is topologically of
¯nite type over OK if R is ¼-adically complete, Noetherian and the quotient
R=¼Ris of ¯nite type over F . For an OK -algebraR formally of ¯nite type over
OK , we put ­̂ R=O K = limÃ¡ n

­ (R= mn
R )=OK . For an OK -algebra R topologically

of ¯nite type over OK , we put ­̂ R=O K = limÃ¡ n
­ (R=¼n R )=OK . Here and in

the following, ­ denotes the module of di®erential 1-forms. For a surjection
R ! R0 of rings, its formal completion is de¯ned to be the projective limit
R^ = limÃ¡ n

R=(Ker( R ! R0))n .
In this section, A will denote a ¯nite °at OK -algebra.

1.1 Embeddings of finite flat algebras

Definition 1.1 1. Let A be a ¯nite °at OK -algebra andA be anOK -algebra
formally of ¯nite type and formally smooth over OK . We say that a surjection
A ! A of OK -algebras is an embedding if it induces an isomorphismA =mA !
A=mA .
2. We de¯ne EmbOK to be the category whose objects and morphisms are as
follows. An object of EmbOK is a triple (A ! A) where:

² A is a ¯nite °at OK -algebra.

² A is an OK -algebra formally of ¯nite type and formally smooth overOK .

² A ! A is an embedding.

A morphism (f; f ) : (A ! A) ! (B ! B ) of EmbOK is a pair of OK -
homomorphismsf : A ! B and f : A ! B such that the diagram

A ¡¡¡¡! A

f

?
?
y

?
?
y f

B ¡¡¡¡! B
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8 Ahmed Abbes and Takeshi Saito

is commutative.
3. For a ¯nite °at OK -algebraA, let EmbOK (A) be the subcategory ofEmbOK

whose objects are of the form(A ! A) and morphisms are of the form(idA ; f ).
4. We say that a morphism (f; f ) : (A ! A) ! (B ! B ) of EmbOK is
¯nite °at if f : A ! B is ¯nite and °at and if the map B ­ A A ! B is an
isomorphism.

If ( A ! A) is an embedding, theA -module ­̂ A =OK is locally free of ¯nite rank.

Lemma 1.2 1. For a ¯nite °at OK -algebraA, the categoryEmbOK (A) is non-
empty.
2. For a morphism f : A ! B of ¯nite °at OK -algebras and for embeddings
(A ! A) and (B ! B ), there exists a morphism(f; f ) : (A ! A) ! (B ! B )
lifting f .
3. For a morphism f : A ! B of ¯nite °at OK -algebras, the following condi-
tions are equivalent.
(1) The map f : A ! B is °at and locally of complete intersection.
(2) Their exists a ¯nite °at morphism (f; f ) : (A ! A) ! (B ! B ) of
embeddings.

Proof. 1. Take a ¯nite system of generators t1; : : : ; tn of A over
OK and de¯ne a surjection OK [T1; : : : ; Tn ] ! A by Ti 7! t i . Then
the formal completion A ! A of OK [T1; : : : ; Tn ] ! A, where A =
limÃ¡ m

OK [T1; : : : ; Tn ]=(Ker( OK [T1; : : : ; Tn ] ! A))m , is an embedding.
2. SinceA is formally smooth overOK and B = limÃ¡ n

B =I n whereI = Ker( B !
B ), the assertion follows.
3. (1)) (2). We may assumeA and B are local. By 1 and 2, there exists a
morphism (f; f ) : (A ! A) ! (B ! B ) lifting f . Replacing B ! B by the
projective limit limÃ¡ n

(A =mn
A ­ OK B =mn

B )^ ! B=mn
B of the formal completion

(A =mn
A ­ OK B =mn

B )^ ! B=mn
B of the surjectionsA =mn

A ­ OK B =mn
B ! B=mn

B ,
we may assume that the mapA ! B is formally smooth. Since A ! B is
locally of complete intersection, the kernel of the surjectionB ­ A A ! B is
generated by a regular sequence (t1; : : : ; tn ). Take a lifting ( ~t1; : : : ~tn ) in B and
de¯ne a map A [[T1; : : : ; Tn ]] ! B by Ti 7! t i . We consider an embedding
A [[T1; : : : ; Tn ]] ! A de¯ned by the composition A [[T1; : : : ; Tn ]] ! A ! A
sending Ti to 0. Replacing A by A [[T1; : : : ; Tn ]], we obtain a map (A !
A) ! (B ! B ) such that the map B ­ A A ! B is an isomorphism and
dim A = dim B . By Nakayama's lemma, the mapA ! B is ¯nite. Hence the
map A ! B is °at by EGA Chap 0 IV Corollaire (17.3.5) (ii).
(2)) (1). Since A and B are regular, B is locally of complete intersection over
A . Since B is °at over A , B is also °at and locally of complete intersection
over A. 2
The base change of an embedding by an extension of complete discrete valuation
¯elds is de¯ned as follows.
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Ramification of Local Fields 9

Lemma 1.3 Let K 0 be a complete discrete valuation ¯eld andK ! K 0 be a
morphism of ¯elds inducing a local homomorphismOK ! OK 0. Let (A !
A) be an object ofEmbOK . We de¯ne A ­̂ OK OK 0 to be the projective limit
limÃ¡ n

(A =mn
A ­ OK OK 0). Then the OK 0-algebraA ­̂ OK OK 0 is formally of ¯nite

type and formally smooth overOK 0. The natural surjection A ­̂ OK OK 0 !
A­̂ OK OK 0 de¯nes an object(A ­̂ OK OK 0 ! A ­ OK OK 0) of EmbOK 0 .

Proof. The OK -algebraA is ¯nite over the power series ringOK [[T1; : : : ; Tn ]] for
somen ¸ 0. Hence theOK 0-algebra A ­̂ OK OK 0 is ¯nite over OK 0[[T1; : : : ; Tn ]]
and is formally of ¯nite type over OK 0. The formal smoothness is clear from
the de¯nition. The rest is clear. 2 .
For an object (A ! A) of EmbOK , we let the object (A ­̂ OK OK 0 ! A ­ OK OK 0)
of EmbOK 0 de¯ned in Lemma 1.3 denoted by (A ! A)­̂ OK OK 0. By sending
(A ! A) to ( A ! A)­̂ OK OK 0, we obtain a functor ­̂ OK OK 0 : EmbOK !
EmbOK 0 . If K 0 is a ¯nite extension of K , we haveA ­̂ OK OK 0 = A ­ OK OK 0.

1.2 Tubular neighborhoods for embbedings

Let (A ! A) be an object of EmbOK and I be the kernel of the surjection
A ! A. Mimicing [3] Chapter 7, for a pair of positive integers m; n > 0,
we de¯ne an OK -algebra A m=n topologically of ¯nite type as follows. Let
A [I n =¼m ] be the subring ofA ­ OK K generated byA and the elementsf=¼m

for f 2 I n and let A m=n be its ¼-adic completion. For two pairs of positive
integers m; n and m0; n0, if m0 is a multiple of m and if m0=n0 · m=n, we have
an inclusion A [I n 0

=¼m 0
] ½ A [I n =¼m ]. It induces a continuous homomorphism

A m 0=n 0
! A m=n . Then we have the following.

Lemma 1.4 Let (A ! A) be an object ofEmbOK and m; n > 0 be a pair of
positive integers. Then,
1. The OK -algebra A m=n is topologically of ¯nite type over OK . The tensor
product A m=n

K = A m=n ­ OK K is an a±noid algebra over K .
2. The map A ! A m=n is continuous with respect to themA -adic topology on
A and the ¼-adic topology onA m=n .
3. Let m0; n0 be another pair of positive integers and assume thatm0 is a mul-
tiple of m and j 0 = m0=n0 · j = m=n. Then, by the mapX m=n = Sp A m=n

K !

X m 0=n 0
= Sp A m 0=n 0

K induced by the inclusionA [I n 0
=¼m 0

] ½ A [I n =¼m ], the
a±noid variety X m=n is identi¯ed with a rational subdomain of X m 0=n 0

.
4. The a±noid variety X m=n = Sp A m=n

K depends only on the ratioj = m=n.

The proof is similar to that of [3] Lemma 7.1.2.
Proof. 1. Since the OK -algebra A m=n is ¼-adically complete, it is su±cient
to show that the quotient A [I n =¼m ]=(¼) is of ¯nite type over F . Since it is
¯nitely generated over A =(¼; In ) and A =(¼; I) = A=(¼) is ¯nite over F , the
assertion follows.
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10 Ahmed Abbes and Takeshi Saito

2. SinceA=¼= A =(¼; I) is of ¯nite length, a power of mA is in (¼m ; I n ). Since
the image of (¼m ; I n ) in A m=n is in ¼m A m=n , the assertion follows.
3. Take a system of generatorsf 1; : : : ; f N of I n and de¯ne a surjection
A [I n 0

=¼m 0
][T1; : : : ; TN ]=(¼m Ti ¡ f i ) ! A [I n =¼m ] by sendingTi to f i =¼m . Since

it induces an isomorphism after tensoring with K , its kernel is annihilated by
a power of ¼. Hence it induces an isomorphismA m 0=n 0

K hT1; : : : ; TN i =(¼m Ti ¡
f i ; i = 1 ; : : : ; N ) ! A m=n

K :
4. Further assume m=n = m0=n0 and put k = m0=m. Let f 1; : : : ; f N 2 I n

be a system of generators ofI n as above. ThenA [I n =¼m ] is generated by
(f 1=¼m )k1 ¢ ¢ ¢(f N =¼m )kN ; 0 · ki < k as an A [I n 0

=¼m 0
]-module. Hence the

cokernel of the inclusionA m 0=n 0
! A m=n is annihilated by a power of ¼ and

the assertion follows. 2
If A = OK [[T1; : : : ; TN ]] and I = ( T1; : : : ; TN ), the ring A m= 1 is isomor-
phic to the ¼-adic completion of OK [T1=¼m ; : : : ; TN =¼m ] and is denoted by
OK hT1=¼m ; : : : ; TN =¼m i . By Lemma 1.4.4, the integral closureA j of A m=n in
the a±noid algebra A m=n ­ OK K depends only onj = m=n.

Definition 1.5 Let (A ! A) be an object ofEmbOK and j > 0 be a rational
number. We de¯ne A j to be the integral closure ofA m=n for j = m=n in the
a±noid algebra A m=n ­ OK K and de¯ne the j -th tubular neighborhoodX j (A !
A) to be the a±noid variety Sp A j

K .

In the case A = OK [[T1; : : : ; Tn ]] and the map A ! A = OK is de¯ned by
sendingTi to 0, the a±noid variety X j (A ! A) is the n-dimensional polydisk
D(0; ¼j )n of center 0 and of radius¼j . For each positive rational number j > 0,
the construction attaching the j -th tubular neighboorhood X j (A ! A) to an
object (A ! A) of EmbOK de¯nes a functor

X j : EmbOK ! (A±noid =K )

to the category of a±noid varieties over K . For j 0 · j , we have a natural
morphism X j ! X j 0

of functors. A ¯nite °at morphism of embeddings induces
a ¯nite °at morphism of a±noid varieties.

Lemma 1.6 Let j > 0 be a positive rational number and(A ! A) ! (B ! B )
be a ¯nite and °at morphism in EmbOK . Then, the induced mapf j : X j (B !
B ) ! X j (A ! A) is a ¯nite °at map of a±noid varieties.

Proof. Let I and J = IB be the kernels of the surjectionsA ! A and B ! B .
Since the map A ! B is °at, it induces isomorphisms B ­ A A [I n =¼m ] !
B [J n =¼m ] and B ­ A A j

K ! B j
K . The assertion follows from this immediately.

2
For an extensionK 0 of complete discrete valuation ¯eld K , the construction of
j -th tubular neighborhoods commutes with the base change. More precisely, we
have the following. Let K 0 be a complete discrete valuation ¯eld andK ! K 0

be a morphism of ¯elds inducing a local homomorphismOK ! OK 0. Then by
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Ramification of Local Fields 11

sending an a±noid variety Sp A K over K to the a±noid variety Sp A K ­̂ K K 0

over K 0, we obtain a functor ­̂ K K 0 : (A±noid =K ) ! (A±noid =K 0) (see [2]
9.3.6). Let e be the rami¯cation index eK 0=K and j > 0 be a positive rational
number. Then the canonical map A ! A ­̂ OK OK 0 induces an isomorphism
X j (A ! A)­̂ K K 0 ! X ej ((A ! A)­̂ OK OK 0) of a±noid varieties over K 0. In
other words, we have a commutative diagram of functors

X j : EmbOK ¡¡¡¡! (A±noid =K )

­̂ O K
OK 0

?
?
y

?
?
y ­̂ K K 0

X ej : EmbOK ¡¡¡¡! (A±noid =K 0):

Lemma 1.7 For a rational number j > 0, the a±noid algebra A j
K is smooth

over K .

Proof. By the commutative diagram above, it is su±cient to show that there
is a ¯nite separable extensionK 0 of K such that the base changeX j (A !
A) ­ K K 0 = X j (A ­ OK OK 0 ! A ­ OK OK 0) is smooth over K 0. Replacing K
by K 0 and separating the factors ofA, we may assumeA=mA = F . Then we
also haveA =mA = F and an isomorphismOK [[T1; : : : ; Tn ]] ! A . We de¯ne an
object (A ! OK ) of EmbOK by sendingTi 2 A to 0. Let I and I 0 be the kernel
of A ! A and A ! OK respectively and put j = m=n. Since A =(¼m ; I n ) is
of ¯nite length, there is an integer n0 > 0 such that I 0n 0

½ (¼m ; I n ). Then we
have an inclusionA [I 0n 0

=¼m ] ! A [I n =¼m ] and hence a mapX m=n (A ! A) !
X m=n 0

(A ! OK ). By the similar argument as in the proof of Lemma 1.4.3,
the a±noid variety X m=n (A ! A) is identi¯ed with a rational subdomain of
X m=n 0

(A ! OK ). Since the a±noid variety X m=n 0
(A ! OK ) is a polydisk,

the assertion follows. 2
By Lemma 1.7, the j -th tubular neighborhoods in fact de¯ne a functor

X j : EmbOK ¡¡¡¡! (smoooth A±noid =K )

to the category of smooth a±noid varieties over K . Also by Lemma 1.7,
­̂ A j =OK

­ K is a locally freeA j
K -module.

An idea behind the de¯nition of the j -th tubular neighborhood is the fol-
lowing description of the valued points. Let (A ! A) be an object of
EmbOK and j > 0 be a rational number. Let A j

K be the a±noid alge-
bra de¯ning the a±noid variety X j (A ! A) and let X j (A ! A)( ¹K ) be
the set of ¹K -valued points. Since a continuous homomorphismA j

K ! ¹K
is determined by the induced map A ! O ¹K , we have a natural injection
X j (A ! A)( ¹K ) ! Homcont :O K -alg (A ; O ¹K ). The surjection A ! A induces an
injection

(1:8:0) HomOK -alg (A; O ¹K ) ¡¡¡¡! X j (A ! A)( ¹K ):

For a rational number j > 0, let mj denote the idealmj = f x 2 ¹K ; ordx ¸ j g:
We naturally identify the set HomOK -alg (A; O ¹K =mj ) of OK -algebra homomor-
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phisms with a subset of the setHomcont. OK -alg (A ; O ¹K =mj ) of continuous OK -
algebra homomorphisms.

Lemma 1.8 Let (A ! A) be an object ofEmbOK and j > 0 be a rational
number. Then by the injection X j (A ! A)( ¹K ) ! Homcont :O K -alg (A ; O ¹K )
above, the setX j (A ! A)( ¹K ) is identi¯ed with the inverse image of the
subset HomOK -alg (A; O ¹K =mj ) by the projection Homcont. OK -alg (A ; O ¹K ) !
Homcont. OK -alg (A ; O ¹K =mj ). In other words, we have a cartesian diagram

(1:8:1)

X j (A ! A)( ¹K ) ¡¡¡¡! Homcont :O K -alg (A ; O ¹K )
?
?
y

?
?
y

HomOK -alg (A; O ¹K =mj ) ¡¡¡¡! Homcont :O K -alg (A ; O ¹K =mj ):

The arrows are compatible with the naturalGK -action.

Proof. Let j = m=n. By the de¯nition of A m=n , a continuous morphism
A ! O ¹K is extended to A j

K ! ¹K , if and only if the image of I n is contained
in the ideal (¼m ). Hence the assertion follows. 2
For an a±noid variety X over K , let ¼0(X ¹K ) denote the set limÃ¡ K 0=K

¼0(X K 0)

of geometric connected components, whereK 0 runs over ¯nite extensions ofK
in ¹K . The set ¼0(X ¹K ) is ¯nite and carries a natural continuous right action of
the absolute Galois groupGK . To get a left action, we let ¾2 GK act on X ¹K
by ¾¡ 1. The natural map X j (A ! A)( ¹K ) ! ¼0(X ¹K ) is compatible with this
left GK -action. Let GK -(Finite Sets) denote the category of ¯nite sets with a
continuous left action of GK and let (Finite Flat =OK ) be the category of ¯nite
°at OK -algebras. Then, for a rational number j > 0, we obtain a sequence of
functors

(Finite Flat =OK ) Ã¡¡¡¡ E mbOK

X j

¡¡¡¡!

(smooth A±noid =K )
X 7! ¼0 (X ¹K )

¡¡¡¡¡¡¡¡! GK -(Finite Sets):

We show that the composition EmbOK ! GK -(Finite Sets) induces a functor
(Finite Flat =OK ) ! GK -(Finite Sets).

Lemma 1.9 Let j > 0 be a positive rational number.
1. Let (A ! A) be an embedding. Then, the mapX j (A ! A)( ¹K ) !
HomOK -alg (A; O ¹K =mj ) (1.8.1) induces a surjection

(1:9:1) HomOK -alg (A; O ¹K =mj ) ¡¡¡¡! ¼0(X j (A ! A) ¹K ):

2. Let (A ! A) and (A 0 ! A) be embeddings. Then, there exists a unique
bijection ¼0(X j (A ! A) ¹K ) ! ¼0(X j (A 0 ! A) ¹K ) such that the diagram

(1:9:2)

HomOK -alg (A; O ¹K =mj ) ¡¡¡¡! ¼0(X j (A ! A) ¹K )
°
°
°

?
?
y

HomOK -alg (A; O ¹K =mj ) ¡¡¡¡! ¼0(X j (A 0 ! A) ¹K )
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is commutative.
3. Let (f; f ) : (A ! A) ! (B ! B ) be a morphism ofEmbOK . Then, the
induced map¼0(X j (B ! B ) ¹K ) ! ¼0(X j (A ! A) ¹K ) depends only onf .
4. Let (f; f ) : (A ! OK ) ! (B ! B ) be a ¯nite °at morphism of EmbOK .
Then the map(1.8.0) induces a surjection

(1:9:3) HomOK -alg (B; O ¹K ) ¡¡¡¡! ¼0(X j (B ! B ) ¹K ):

Proof. 1. The ¯bers of the map Homcont. OK -alg (A ; O ¹K ) !
Homcont. OK -alg (A ; O ¹K =mj ) are ¹K -valued points of polydisks. Hence the
surjection X j (A ! A)( ¹K ) ! Homcont. OK -alg (A; O ¹K =mj ) induces a surjection
Homcont. OK -alg (A; O ¹K =mj ) ! ¼0(X j (A ! A) ¹K ) by Lemma 1.8.
2. By 1 and Lemma 1.2.2, there exists a unique surjection¼0(X j (A ! A) ¹K ) !
¼0(X j (A 0 ! A) ¹K ) such that the diagram (1.9.2) is commutative. Switching
A ! A and A 0 ! A, we obtain the assertion.
3. In the commutative diagram

Homcont. OK -alg (B; O ¹K =mj ) ¡¡¡¡! ¼0(X j (B ! B ) ¹K )

f ¤

?
?
y

?
?
y

Homcont. OK -alg (A; O ¹K =mj ) ¡¡¡¡! ¼0(X j (A ! A) ¹K );

the horizontal arrows are surjective by 1. Hence the assertion follows.
4. The map f j : X j (B ! B ) ! X j (A ! OK ) is ¯nite and °at by Lemma 1.6.
Let y : X j (A ! OK )( ¹K ) be the point corresponding to the map A ! OK .
Then the ¯ber ( f j )¡ 1(y) is identi¯ed with the set HomOK -alg (B; O ¹K ). Since
X j (A ! OK ) ¹K is isomorphic to a disk and is connected, the assertion follows.
2
For a rational number j > 0 and a ¯nite °at OK -algebra A, we put

ª j (A) = limÃ¡
(A ! A )2E mb O K (A )

¼0(X j (A ! A) ¹K ):

By Lemmas 1.2.1 and 1.9.2, the projective system in the right is constant.
Further by Lemma 1.9.3, we obtain a functor

ª j : (Finite Flat =OK ) ¡¡¡¡! GK -(Finite Sets)

sending a ¯nite °at OK -algebra A to ª j (A). Let ª : (Finite Flat =OK ) !
GK -(Finite Sets) be the functor de¯ned by ª( A) = HomOK -alg (A; ¹K ). Then,
the map (1.9.1) induces a map ª ! ª j of functors.

1.3 Stable normalized integral models and their closed fibers

We brie°y recall the stable normalized integral model of an a±noid variety
and its closed ¯ber (cf. [1] Section 4). It is based on the ¯niteness theorem of
Grauert-Remmert.

Documenta Mathematica ¢Extra Volume Kato (2003) 5{72



14 Ahmed Abbes and Takeshi Saito

Theorem 1.10 (Finiteness theorem of Grauert-Remmert, [1] Theorem 4.2)
Let A be an OK -algebra topologically of ¯nite type. Assume that the generic
¯ber A K = A ­ OK K is geometrically reduced. Then,
1. There exists a ¯nite separable extensionK 0 of K such that the geometric
closed ¯ber A OK 0 ­ OK 0

¹F of the integral closure A OK 0 of A in A ­ OK K 0 is
reduced.
2. Assume further that A is °at over OK and that the geometric closed ¯ber
A­ OK

¹F is reduced. LetK 0 be an extension of complete discrete valuation ¯eld
over K and ¼0 be a prime element ofK 0. Then the ¼0-adic completion of the
base changeA ­ OK OK 0 is integrally closed in A ­ OK K 0.

Let A be anOK -algebra topologically of ¯nite type such that A K is smooth. If
a ¯nite separable extensionK 0 satis¯es the condition in Theorem 1.10.1, we say
that the integral closure A OK 0 of A in A K 0 is a stable normalized integral model
of the a±noid variety X K = Sp A K and that the stable normalized integral
model is de¯ned overK 0. The geometric closed ¯ber ¹X = Spec A OK 0 ­ OK 0

¹F of
a stable normalized integral model is independent of the choice of an extension
K 0 over which a stable normalized integral model is de¯ned, by Theorem 1.10.2.
Hence, the scheme¹X carries a natural continuous action of the absolute Galois
group GK = Gal( ¹K=K ) compatible with its action on ¹F .
The construction above de¯nes a functor as follows. LetGK -(A®= ¹F ) denote
the category of a±ne schemes of ¯nite type over¹F with a semi-linear continuous
action of the absolute Galois groupGK . More precisely, an object is an a±ne
schemeY over ¹F with an action of GK compatible with the action of GK on
¹F satisfying the following property: There exist a ¯nite Galois extension K 0

of K in ¹K , an a±ne schemeYK 0 of ¯nite type over the residue ¯eld F 0 of K 0,
an action of Gal(K 0=K ) on YK 0 compatible with the action of Gal( K 0=K ) on
F 0 and a GK -equivariant isomorphism YK 0 ­ F 0 ¹F ! Y . Then Theorem 1.10
implies that the geometric closed ¯ber of a stable normalized integral model
de¯nes a functor

(smooth A±noid =K ) ! GK -(A®= ¹F ) : X 7! ¹X:

Corollary 1.11 Let A be anOK -algebra topologically of ¯nite type such that
the generic ¯ber A K is geometrically reduced as in Theorem 1.10. LetX K =
Sp A K be the a±noid variety and X ¹F be the geometric closed ¯ber of the
stable normalized integral model. Then the natural map¼0(X ¹F ) ! ¼0(X ¹K ) is
a bijection.

Proof. Replacing A by its image in A K , we may assumeA is °at over OK .
Let K 0 be a ¯nite separable extension ofK in ¹K such that the stable normal-
ized integral model A OK 0 is de¯ned over K 0. Then since A OK 0 is ¼-adically
complete, the canonical maps¼0(SpecA OK 0) ! ¼0(Spec(A OK 0 ­ OK 0 F 0)) is
bijective. Since the idempotents of A K 0 are in A OK 0 , the canonical maps
¼0(SpecA OK 0) ! ¼0(SpecA K 0) is also bijective. By taking the limit, we obtain
the assertion. 2
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By Corollary 1.11, the functor (smooth A±noid =K ) ! GK -(Finite Sets) send-
ing a smooth a±noid variety X to ¼0(X ¹K ) may be also regarded as the com-
position of the functors

(smooth A±noid =K ) X 7! ¹X¡¡¡¡! GK -(A®= ¹F )
¼0¡¡¡¡! GK -(Finite Sets):

Lemma 1.12 Let j > 0 be a positive rational number and(f; f ) : (A ! OK ) !
(B ! B ) be a ¯nite °at morphism of EmbOK . Let f j : X j (B ! B ) !
X j (A ! OK ) be the induced map and¹f j : ¹X j (B ! B ) ! ¹X j (A ! OK )
be its reduction. Let y 2 X j (A ! OK )( ¹K ) be the point corresponding to
A ! A = OK ! ¹K and ¹y 2 ¹X j (A ! OK ) be its specialization. Then the
surjections (f j )¡ 1(y) = HomOK -alg (B; O ¹K ) ! ¼0(X j 0

(B ! B ) ¹K ) (1.9.3) and
the specialization map(f j )¡ 1(y) ! ( ¹f j )¡ 1(¹y) induces a bijection

(1:12:1) lim¡! j 0>j
¼0(X j 0

(B ! B ) ¹K ) ¡¡¡¡! ( ¹f j )¡ 1(¹y):

Proof. The map (f j )¡ 1(y) ! ¼0(X j 0
(B ! B ) ¹K ) is a surjection of ¯nite sets

by Lemma 1.9.4. Hence there exists a rational numberj 0 > j such that the
surjection ¼0(X j 0

(B ! B ) ¹K ) ! lim¡! j 00>j
¼0(X j 00

(B ! B ) ¹K ) is a bijection.

Let K 0 be a ¯nite separable extension such that the surjection¼0(X j 0
(B !

B ) ¹K ) ! ¼0(X j 0
(B ! B )K 0) is a bijection and that the stable normalized

integral modelsBj
OK 0

of X j (B ! B ) is de¯ned over K 0. Enlarging K 0 further if
necessary, we assume thate0j is an integer wheree0 = eK 0=K is the rami¯cation
index. Then the integral model A j

OK 0
of X j (A ! OK ) is also de¯ned overK 0.

If OK [[T1; : : : ; Tn ]] ! A is an isomorphism such that the kernel ofA ! OK

is generated by T1; : : : ; Tn and ¼0 is a prime element of K 0, it induces an
isomorphism OK 0hT1=¼0e0j ; : : : ; Tn =¼0e0j i ! A j

OK 0
. Let A j

OK 0
! OK 0 be the

map induced by A ! OK and A j
OK 0

be the formal completion respect to

the surjection A j
OK 0

! OK 0. If OK [[T1; : : : ; Tn ]] ! A is an isomorphism as

above, it induces an isomorphismOK 0[[T1=¼0e0j ; : : : ; Tn =¼0e0j ]] ! A j
OK 0

. We

put B j
OK 0

= Bj
OK 0

­ A j
O K 0

A j
OK 0

. The ring B j
OK 0

is ¯nite over A j
OK 0

sinceBj
OK 0

is ¯nite over A j
OK 0

. Enlarging K 0 further if necessary, we assume that the

canonical map (¹f j )¡ 1(¹y) ! ¼0(SpecB j
OK 0

) is a bijection.

We show that the surjection ¼0(X j 0
(B ! B )K 0) ! ¼0(SpecB j

OK 0
) is a bijec-

tion. For a rational number j 0 > 0, let A j 0

K and Bj 0

K denote the a±noid K -

algebras de¯ning X j 0
(A ! OK ) and X j 0

(B ! B ). We have Bj 0

K = B ­ A A j 0

K .
Since ¼0(X j 0

(B ! B ) ¹K ) ! lim¡! j 00>j
¼0(X j 00

(B ! B ) ¹K ) is a bijection, the in-

jection Bj 00

¹K ! B j 0

¹K induce a bijection of idempotents for j < j 00 < j 0. Since
¼0(X j 0

(B ! B ) ¹K ) ! ¼0(X j 0
(B ! B )K 0) is a bijection, the idempotents of

Bj 0

¹K are in Bj 0

K 0. Hence, for j < j 00 < j 0, the map Bj 00

K 0 ! B j 0

K 0 induces a bi-

jection of idempotents for j < j 00 < j 0. Therefore, the map B j
OK 0

! B j 0

K 0
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16 Ahmed Abbes and Takeshi Saito

induces a bijection of idempotents by [3] 7.3.6 Proposition. Thus, the map
¼0(X j 0

(B ! B )K 0) ! ¼0(SpecB j
OK 0

) is a bijection as required. 2

For later use in the proof of the commutativity in the logarithmic case, we give a
more formal description of the functor (smooth A±noid =K ) ! GK -(A®= ¹F ) :
X 7! ¹X . For this purpose, we introduce a category lim¡! K 0=K

(A®=F0) and

an equivalence lim¡! K 0=K
(A®=F0) ! GK -(A®= ¹F ) of categories. More gener-

ally, we de¯ne a category lim¡! K 0=K
V(K 0) in the following setting. Suppose we

are given a categoryV(K 0) for each ¯nite separable extensionK 0 of K and
a functor f ¤ : V(K 00) ! V (K 0) for each morphism f : K 0 ! K 00 of ¯nite
separable extension ofK satisfying (f ± g)¤ = g¤ ± f ¤ and id¤

K 0 = id V(K 0) .
In the application here, we will take V(K 0) to be (A®=F0) for the residue
¯eld F 0. In Section 4, we will take V(K 0) to be EmbOK 0 . We say that a
full subcategory C of the category (Ext=K ) of ¯nite separable extensions in
¹K is co¯nal if C is non empty and a ¯nite extension K 00 of an extensionK 0

in C is also in C. We de¯ne lim¡! K 0=K
V(K 0) to be the category whose ob-

jects and morphisms are as follows. An object of lim¡! K 0=K
V(K 0) is a sys-

tem ((X K 0)K 02 ob(C) ; (' f )f :K 0! K 002 mor (C) ) where C is some co¯nal full sub-
category of (Ext=K ), X K 0 is an object of V(K 0) for each object K 0 in C
and ' f : X K 00 ! f ¤(X K 0) is an isomorphism in V(K 00) for each morphism
f : K 0 ! K 00in C satisfying ' f ±f 0 = f ¤(' f 0) ±' f for morphisms f 0 : K 0 ! K 00

and f : K 00! K 000in C. For objects X = (( X K 0)K 02 ob(C) ; (' f )f :K 0! K 002 mor (C) )
and Y = (( YK 0)K 02 ob(C0) ; (Ãf )f :K 0! K 002 mor (C0) ) of the category lim¡! K 0=K

V(K 0),

a morphism g : X ! Y is a system (gK 0)K 02 ob(C00) , where C00 is some co¯nal
full subcategory of C \ C0 and gK 0 : X K 0 ! YK 0 is a morphism in V(K0) such
that the diagram

X K 00
gK 0

¡¡¡¡! YK 00

' f

?
?
y

?
?
y Ã f

f ¤X K 0
gK 00

¡¡¡¡! f ¤YK 0

is commutative for each morphismf : K 0 ! K 00in C00.
Applying the general construction above, we de¯ne a category
lim¡! K 0=K

(A®=F0). An equivalence lim¡! K 0=K
(A®=F0) ! GK -(A®= ¹F )

of categories is de¯ned as follows. Let X = (( X K 0)K 02 ob(C) ;
(f ¤)f :K 0! K 002 mor (C) ) be an object of lim¡! K 0=K

(A®=F0). Let C¹K be the category

of ¯nite extensions of K in ¹K which are in C. Then, X ¹K = limÃ¡ K 02C ¹K
X K 0

is an a±ne scheme over ¹F and has a natural continuous semi-linear ac-
tion of the Galois group GK . By sending X to X ¹K , we obtain a functor
lim¡! K 0=K

(A®=F0) ! GK -(A®= ¹F ). We can easily verify that this functor gives
an equivalence of categories.
The reduced geometic closed ¯ber de¯nes a functor (smooth A±noid=K ) !
lim¡! K 0=K

(A®=F0) as follows. Let X be a smooth a±noid variety over K . Let CX
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be the full subcategory of (Ext=K ) consisting of ¯nite extensionsK 0 such that a
stable normalized integral modelA OK 0 is de¯ned over K 0. By Theorem 1.10.1,
the subcategory CX is co¯nal. Further, by Theorem 1.10.2, the system ¹X =
(SpecA OK 0 ­ OK 0 F 0)K 02 obCX de¯nes an object of lim¡! K 0=K

(A®=F0). Thus, by

sendingX to ¹X , we obtain a functor (smooth A±noid =K ) ! lim¡! K 0=K
(A®= ¹F 0).

By taking the composition with the equivalence of categories, we recover the
functor (smooth A±noid =K ) ! GK -(A®= ¹F ).

1.4 Twisted normal cones

Let (A ! A) be an object in EmbOK and j > 0 be a positive rational number.
We de¯ne ¹X j (A ! A) to be the geometric closed ¯ber of the stable normalized
integral model of X j (A ! A). We will also de¯ne a twisted normal cone
¹C j (A ! A) as a scheme overA ¹F ; red = ( A ­ OK

¹F )red and a canonical map
¹X j (A ! A) ! ¹C j (A ! A).

Let I be the kernel of the surjection A ! A. Then the normal cone CA= A

of SpecA in Spec A is de¯ned to be the spectrum of the gradedA-algebraL 1
n =0 I n =I n +1 . We say that a surjection R ! R0 of Noetherian rings is regular

if the immersion SpecR0 ! SpecR is a regular immersion. If the surjection
A ! A is regular, the conormal sheafNA= A = I=I 2 is locally free and the
normal coneCA= A is equal to the normal bundle, namely the covariant vector
bundle over SpecA de¯ned by the locally free A-module HomA (NA= A ; A).
For a rational number j , let mj be the fractional ideal mj = f x 2 O ¹K ; ord(x) ¸
j g and put N j = mj ­ O ¹K

¹F .

Definition 1.13 Let (A ! A) be an object ofEmbOK and j > 0 be a rational
number. We de¯ne the j -th twisted normal cone ¹C j (A ! A) to be the reduced
part

Ã

Spec
1M

n =0

(I n =I n +1 ­ OK N ¡ jn )

!

red

of the spectrum of theA ­ OK
¹F -algebra

L 1
n =0 (I n =I n +1 ­ OK N ¡ jn ).

It is a reduced a±ne scheme over SpecA ¹F ;red non-canonically isomorphic to
the reduced part of the base changeCA= A ­ OK

¹F . It has a natural continuous
semi-linear action of GK via N ¡ jn . The restriction to the wild inertia sub-
group P is trivial and the GK -action induces an action of the tame quotient
Gtame

K = GK =P. If the surjection A ! A is regular, the scheme¹C j (A ! A)
is the covariant vector bundle over SpecA ¹F ;red de¯ned by the A ¹F ;red -module
(HomA (I=I 2; A) ­ OK N j ) ­ A ­ O K

¹F A ¹F ;red .

A canonical map ¹X j (A ! A) ! ¹C j (A ! A) is de¯ned as follows. LetK 0 be a
¯nite separable extension ofK such that the stable normalized integral model
A j

OK 0
is de¯ned over K 0 and that the product je with the rami¯cation index
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18 Ahmed Abbes and Takeshi Saito

e = eK 0=K is an integer. Then, we have a natural ring homomorphism

M

n ¸ 0

I n ­ OK m¡ jen
K 0 ¡! A j

OK 0
: f ­ a 7! af:

Since I A j
OK 0

½ mje
K 0A j

OK 0
, it induces a map

L
n I n =I n +1 ­ OK m¡ jen

K 0 !

A j
OK 0

=mK 0A j
OK 0

. Let F 0 be the residue ¯eld of K 0. Then by extending the

scalar, we obtain a map
L 1

n =0 (I n =I n +1 ­ OK N ¡ jn ) ! A j
OK 0

=mK 0A j
OK 0

­ F 0 ¹F .

By the assumption that A j
OK 0

is a stable normalized integral model, we have
¹X j (A ! A) = Spec (A j

OK 0
=mK 0A j

OK 0
­ F 0 ¹F ). Since ¹X j (A ! A) is a reduced

scheme over¹F , we obtain a map ¹X j (A ! A) ! ¹C j (A ! A) of schemes over
¹F .
For a positive rational number j > 0, the constructions above de¯ne a functor
¹C j : EmbOK ! GK -(A®= ¹F ) and a morphism of functors ¹X j ! ¹C j .

Lemma 1.14 Let (A ! A) be an object ofEmbOK and j > 0 be a rational
number. Then, we have the following.
1. The canonical map ¹X j (A ! A) ! ¹C j (A ! A) is ¯nite.
2. Let (A ! A) ! (B ! B ) be a morphism in EmbOK . Then, the canonical
maps form a commutative diagram

¹X j (B ! B ) ¡¡¡¡! ¹C j (B ! B ) ¡¡¡¡! SpecB ¹F ;red
?
?
y

?
?
y

?
?
y

¹X j (A ! A) ¡¡¡¡! ¹C j (A ! A) ¡¡¡¡! SpecA ¹F ;red :

If the morphism (A ! A) ! (B ! B ) is ¯nite °at, then the right square in
the commutative diagram is cartesian.
3. AssumeA = OK . Then the surjection A ! A is regular and the canonical
map NA= A ! ­̂ A =OK ­ A A is an isomorphism. The twisted normal cone
¹C j (A ! A) is equal to the ¹F -vector spaceHom ¹F (­̂ A =OK ­ A ¹F ; N j ). The
canonical map ¹X j (A ! A) ! ¹C j (A ! A) is an isomorphism.

Proof. 1. Let K 0 be a ¯nite extension such that the stable normalized integral
model A j

OK 0
is de¯ned. Let A 0 denote the ¼0-adic completion of the image of

the map
L

n ¸ 0 I n ­ OK m¡ jen
K 0 ! A ­ OK K 0. Then by the de¯nition and by

Lemma 1.3,A j
OK 0

is the integral closure ofA 0 in A 0
K . HenceA j

OK 0
=mK 0A j

OK 0

is ¯nite over
L

n I n =I n +1 ­ OK m¡ jen
K 0 . Thus the assertion follows.

2. Clear from the de¯nitions.
3. If A = OK , there is an isomorphismOK [[T1; : : : ; Tn ]] ! A for somen such
that the composition OK [[T1; : : : ; Tn ]] ! A maps Ti to 0. Then the assertions
are clear. 2
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1.5 ¶Etale covering of tubular neighborhoods

Let A and B be the integer rings of ¯nite ¶etale K -algebras. For a ¯nite °at
morphism (A ! A) ! (B ! B ) of embeddings, we study conditions for the
induced ¯nite morphism X j (A ! A) ! X j (B ! B ) to be ¶etale.
Let X = Sp BK and Y = Sp A K be geometrically reduced a±noid varieties
and A and B be the maximum integral models. Then a ¯nite map f : X ! Y
of a±noid varieties is uniquelly extended to a ¯nite map A ! B of integral
models.

Proposition 1.15 Let A and B = OL be the integer rings of ¯nite separable
extensions of K and (A ! A) ! (B ! B ) be a ¯nite °at morphism of
embeddings. Letj > 1 be a rational number, ¼L a prime element of L and
e = ord ¼L be the rami¯cation index.
1. ([1] Proposition 7.3) Assume A = OK . Suppose that, for eachj 0 > j ,
there exists a ¯nite separable extensionK 0 of K such that the base change
X j 0

(B ! B )K 0 is isomorphic to the disjoint union of ¯nitely many copies of
X j 0

(A ! A)K 0 as an a±noid variety over X j 0
(A ! A). Then there is an

integer 0 · n < ej such that ¼n
L annihilates ­ B=A .

2. ([1] Proposition 7.5) If there is an integer 0 · n < ej such that ¼n
L annihi-

lates ­ B=A , then the ¯nite °at map X j (B ! B ) ! X j (A ! A) is ¶etale.

Corollary 1.16 ([1] Theorem 7.2) Let A = OK and let B be the integer ring
of a ¯nite ¶etale K -algebra. Let (A ! A) ! (B ! B ) be a ¯nite °at morphism
of embeddings. Letj > 1 be a rational number. Suppose that, for eachj 0 > j ,
there exists a ¯nite separable extensionK 0 of K such that the base change
X j 0

(B ! B )K 0 is isomorphic to the disjoint union of ¯nitely many copies of
X j 0

(A ! A)K 0 as in Proposition 1.15.1. Let I be the kernel of the surjection
B ! B and let NB= B be theB -module I=I 2. Then, we have the following.
1. The ¯nite map X j (B ! B ) ! X j (A ! A) is ¶etale and is extended to a
¯nite ¶etale map of stable normalized integral models.
2. The ¯nite map ¹X j (B ! B ) ! ¹X j (A ! A) is ¶etale.
3. The twisted normal cone ¹C j (B ! B ) is canonically isomorphic to the
covariant vector bundle de¯ned by theB ¹F ; red -module (HomB (NB= B ; B ) ­ OK

N j ) ­ B ¹F
B ¹F ;red and the ¯nite map ¹X j (B ! B ) ! ¹C j (B ! B ) is ¶etale.

Though these statements except Corollary 1.16.3 are proved in [1] Section 7,
we present here slightly modi¯ed proofs in order to compare with the proofs of
the corresponding statements in the logarithmic setting given in Section 4.3.
To prove Proposition 1.15, we use the following.

Lemma 1.17 Let A = OL be the integer ring of a ¯nite separable extensionL ,
A ! A be an embedding and letM be an A -module of ¯nite type. Let j > 1
be a rational number andK 0 be a ¯nite separable extension ofK such that the
stable normalized integral modelA j

OK 0
of X j (A ! A) is de¯ned over K 0. Let

e and e0 be the rami¯cation indices of L and of K 0 over K and ¼L and ¼0 be
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prime elements ofL and K 0. Assume thate0=e and e0j are integers. Then, the
following conditions are equivalent.
(1) There exists an integer 0 · n < ej such that theA-module M = M ­ A A
is annihilated by ¼n

L .
(2) The A j

OK 0
-module M j = M ­ A A j

OK 0
is annihilated by ¼0e0j ¡ 1.

Proof of Lemma 1.17. The image of an element in the kernelI of the surjection
A ! A in A j

OK 0
is divisible by ¼0e0j . Hence we have a commutative diagram

A ¡¡¡¡! A j
OK 0?

?
y

?
?
y

A ¡¡¡¡! A j
OK 0

=(¼0e0j ):

We show that the ideals of A j
OK 0

=(¼0e0j ) generated by the image of¼L 2 A

and by the image of¼0e0=e 2 A j
OK 0

are equal. Take a lifting a 2 A of ¼L 2 A.

Then, the image of ae is a unit times ¼ and hence is a unit times ¼0e0
in

A j
OK 0

=(¼0e0j ). Since A j
OK 0

is ¼0-adically complete, we haveae = u¼0e0
+ v¼0e0j

for some u 2 A j £
OK 0

and v 2 A j
OK 0

. Since j > 1 and A j
OK 0

is ¼0-adically

complete, we have (a=¼0e0=e)e = u + v¼0e0( j ¡ 1) is a unit in A j
OK 0

. Since A j
OK 0

is normal, we havea=¼0e0=e 2 A j £
OK 0

and the claim follows.
Assume that the A-module M is isomorphic to A r ©

L s
i =1 A=(¼n i

L ) for in-
tegers 0 < n 1 · : : : · ns. Then, by the commutative diagram above and
by the equality (¼L ) = ( ¼0e0=e) of the ideals of A j

OK 0
=(¼0e0j ) proved above,

the A j
OK 0

=(¼0e0j )-module M j =¼0e0j M j is isomorphic to (A j
OK 0

=(¼0e0j )) r ©
L s

i =1 A j
OK 0

=(¼0min( e0j;e 0n i =e) ). The condition (1) is clearly equivalent to that
r = 0 and ns < ej . We see that the condition (2) is also equivalent to this con-
dition by taking the localization at a prime ideal A j

OK 0
of height 1 containing

¼0. 2
Proof of Proposition 1.15. 1. Since A = OK , there is an isomorphism
OK [[T1; : : : ; Tn ]] ! A such that the composition OK [[T1; : : : ; Tn ]] ! A maps
Ti to 0. For j > 0, the a±noid variety X j (A ! A) is a polydisk. By
the proof of Lemma 1.7, there exist a ¯nite separable extensionK 0 of K
of rami¯cation index e0, an embedding (B ­ OK OK 0 ! B 0) in EmbOK 0 iso-
morphic to the embbedding (OK 0[[S1; : : : ; Sn ]]N ! ON

K 0) sending Si to 0 for
some N > 0, a positive rational number ² < j and an open immersion
X j (B ! B ) ­ K K 0 ! X e0² (B ­ OK OK 0 ! B 0) as a rational subdomain.
The a±noid variety X e0² (B ­ OK OK 0 ! B 0) is the disjoint union of ¯nitely
many copies of polydisks. EnlargingK 0 if necessary, we may assume thate0j
and e0² are integers. We may further assume that there is a rational number
j < j 0 < j + ² such that e0j 0 is an integer, that the stable normalized integral
models Bj 0

OK 0
and B0e0²

OK 0
of X j 0

(B ! B ) and of X e0² (B ­ OK OK 0 ! B 0) are
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de¯ned over K 0 and that X j 0
(B ! B )K 0 is isomorphic to the disjoint union

of copies ofX j 0
(A ! A)K 0. Since e0j 0 is an integer, the stable normalized

integral model A j 0

OK 0
of X j 0

(A ! A) is also de¯ned overK 0. Then we have a
commutative diagram

A ¡¡¡¡! A j 0

OK 0?
?
y

?
?
y

B ¡¡¡¡! B 0e0²
OK 0

¡¡¡¡! B j 0

OK 0
:

We consider the modules ­̂ A =OK = limÃ¡ n
­ (A =mn

A )=OK ) ; ­̂
A j 0

O K 0
=OK 0

=

limÃ¡ n
­

(A j 0
O K 0

=¼0n A j 0
O K 0

)=OK 0
etc as de¯ned in the beginning of Section 1.1.

By Lemma 1.4.2, we have a commutative diagram

Bj 0

OK 0
­ A ­̂ A =OK ¡¡¡¡! B j 0

OK 0
­

A j 0
O K 0

­̂
A j 0

O K 0
=OK 0

?
?
y

?
?
y

Bj 0

OK 0
­ B ­̂ B =OK ¡¡¡¡! B j 0

OK 0
­ B0e0²

O K 0
­̂ B0e0²

O K 0
=OK 0

¡¡¡¡! ­̂
B j 0

O K 0
=OK 0

:

We show that the ¯ve Bj 0

OK 0
-modules are free of rankn and that the ¯ve

maps are injective. We also show that by identifying the modules with
their images in ­̂

B j 0
O K 0

=OK 0
, we have an inclusion ¼0e0j 0

Bj 0

OK 0
­ B ­̂ B =OK ½

¼0e0² Bj 0

OK 0
­ A ­̂ A =OK of submodules of ­̂

B j 0
O K 0

=OK 0
. By the assumption on

the covering X j 0
(B ! B )K 0 ! X j 0

(A ! A)K 0, the A j 0

OK 0
-algebra Bj 0

OK 0

is isomorphic to the product of ¯nitely many copies of A j 0

OK 0
. Hence the

right vertical map Bj 0

OK 0
­

A j 0
O K 0

­̂
A j 0

O K 0
=OK 0

! ­̂
B j 0

O K 0
=OK 0

is an isomorphism.

The isomorphism OK [[T1; : : : ; Tn ]] ! A in the beginning of the proof induces
an isomorphism OK 0hT1=¼0e0j ; : : : ; Tn =¼0e0j i ! A j 0

OK 0
and we see that theA -

module ­̂ A =OK and the A j 0

OK 0
-module ­̂

A j 0
O K 0

=OK 0
are free of rank n. Hence

­̂
B j 0

O K 0
=OK 0

is also a freeBj 0

OK 0
-module of rank n. Further by the canonical maps

A j 0

OK 0
­ A ­̂ A =OK ! ­̂

A j 0

O K 0
=OK 0

, the module A j 0

OK 0
­ A ­̂ A =OK is identi¯ed with

the submodule¼0e0j 0
­̂

A j 0
O K 0

=OK 0
. Similarly, the B -module ­̂ B =OK and the B0e0²

OK 0
-

module ­̂ B0e0²
O K 0

=OK 0
are free of rankn and B0e0²

OK 0
­ B ­̂ B =OK is identi¯ed with the

submodule¼0e0² ­̂ B0e0²
O K 0

=OK 0
. SinceX j (B ! B ) ­ K K 0 is a rational subdomain

of X e0² (B ­ OK OK 0 ! B 0), the map Bj 0

OK 0
­ B0e0²

O K 0
­̂ B0e0²

O K 0
=OK 0

! ­̂
B j 0

O K 0
=OK 0

is an
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injection. Thus, we obtain an inclusion ¼0e0j 0
Bj 0

OK 0
­ B ­̂ B =OK ½ ¼0e0² Bj 0

OK 0
­ A

­̂ A =OK as submodules of̂­
B j 0

O K 0
=OK 0

.

Thus the Bj 0

OK 0
-module Bj 0

OK 0
­ B ­ B =A = Coker( Bj 0

OK 0
­ A ­̂ A =OK ! B j 0

OK 0
­ B

­̂ B =OK ) is annihilated by ¼0e0( j 0¡ ² ) . Since 0< j ¡ ² < j 0 ¡ ² < j , it su±ces to
apply Lemma 1.17 (2)) (1).
2. Let K 0 be a ¯nite separable extension such thate0j is an integer and the
stable normalized integral modelsA j

OK 0
and Bj

OK 0
are de¯ned overK 0. By the

proof of Lemma 1.9.2, we haveBj
OK 0

­ OK 0 K 0 = B ­ A A j
OK 0

­ OK 0 K 0 and the

map A j
OK 0

­ OK 0 K 0 ! B j
OK 0

­ OK 0 K 0 is ¯nite °at. By Lemma 1.17 (1) ) (2), the

Bj
OK 0

-module Bj
OK 0

­ B ­ B =A is annihilated by ¼0n 0
for an integer 0 · n0 < e0j .

Hence the mapA j
OK 0

­ OK 0 K 0 ! B j
OK 0

­ OK 0 K 0 is ¶etale. 2
Proof of Corollary 1.16. 1. It follows from Proposition 1.15 that the map
X j (B ! B ) ! X j (A ! A) is ¯nite ¶etale. By Lemma 1.12, the ¯ber ( ¹f j )¡ 1(¹y)
has the same cardinality as the degree of the mapX j (B ! B ) ! X j (A ! A)
in the notation there. Hence the ¯nite map X j (B ! B )OK 0 ! X j (A ! A)OK 0

of the normalized integral models is ¶etale at a point ofX j (A ! A)OK 0 in the
closed ¯ber. SinceX j (A ! A)OK 0 is a regular Noetherian scheme, the assertion
follows by the purity of branch locus.
2. Clear from 1.
3. Since the surjectionB ! B is regular, the twisted normal cone ¹C j (B ! B )
is canonically isomorphic to the covariant vector bundle de¯ned by theB ¹F ; red -
module (HomB (I=I 2; B ) ­ OK N j ) ­ B ¹F

B ¹F ; red . We consider the commutative
diagram

¹X j (B ! B ) ¡¡¡¡! ¹C j (B ! B ) ¡¡¡¡! SpecB ¹F ; red
?
?
y

?
?
y

?
?
y

¹X j (A ! OK ) ¡¡¡¡! ¹C j (A ! OK ) ¡¡¡¡! Spec ¹F

in Lemma 1.14.2. Since the map (A ! A) ! (B ! B ) is ¯nite and °at,
the right square is cartesian. Hence the middle vertical arrow is ¶etale. Since
A = OK , the lower left horizontal arrow is an isomorphism by Lemma 1.14.3.
By 2, the left vertial arrow is ¯nite ¶etale. Thus the assertion is proved. 2

2 Filtration by ramification groups: the non-logarithmic ca se

2.1 Construction

In this subsection, we rephrase the de¯nition of the ¯ltration by rami¯cation
groups given in the previous paper [1] by using the construction in Section 1.
The main purpose is to emphasize the parallelism between the non-logarithmic
construction recalled here and the logarithmic construction to be recalled in
Section 5.1.
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Let © : (Finite ¶Etale=K ) ! GK -(Finite Sets) denote the ¯ber functor send-
ing a ¯nite ¶etale K -algebra L to the ¯nite set ©( L) = HomK -alg (L; ¹K ) with
the continuous GK -action. For a rational number j > 0, we de¯ne a functor
©j : (Finite ¶Etale=K ) ! GK -(Finite Sets) as the composition of the functor
(Finite ¶Etale=K ) ! (Finite Flat =OK ) sending a ¯nite ¶etale K -algebra L to
the integral closure OL of OK in L and the functor ª j : (Finite Flat =OK ) !
GK -(Finite Sets) de¯ned at the end of Section 1.2. The map (1.9.3) de¯nes a
surjection © ! ©j of functors. In [1], we de¯ne the ¯ltration by rami¯cation
groups on GK by using the family of surjections (© ! ©j ) j> 0;2 Q of functors.
The ¯ltration by the rami¯cation groups Gj

K ½ GK ; j > 0; 2 Q is characterized
by the condition that the canonical map ©(L) ! ©j (L ) induces a bijection
©(L)=Gj

K ! ©j (L ) for each ¯nite ¶etale algebra L over K .
The functor © j is de¯ned by the commutativity of the diagram

(Finite ¶Etale=K )
© j

//

²²

GK -(Finite Sets)

(Finite Flat =OK )
ª j

55kkkkkkkkkkkkkkk
GK -(A®= ¹F )

¼0

OO

EmbOK
X j

//

OO

(smooth A±noid =K )

X 7! ¹X

OO

We brie°y recall how the other arrows in the diagram are de¯ned. The for-
getful functor EmbOK ! (Finite Flat =OK ) sends (A ! A) to A. The functor
X j : EmbOK ! (smooth A±noid =K ) is de¯ned by the j -th tubular neigh-
borhood. The functor (smooth A±noid =K ) ! GK -(A®= ¹F ) sends X to the
geometric closed ¯ber ¹X of the stable normalized integral model. The functor
¼0 : GK -(A®= ¹F ) ! GK -(Finite Sets) is de¯ned by the set of connected com-
ponents. They induce a functor ª j : (Finite Flat =OK ) ! GK -(Finite Sets)
by Lemma 1.9. The functor ©j is de¯ned as the composition of ª j with the
functor (Finite ¶Etale=K ) ! (Finite Flat =OK ) sending a ¯nite ¶etale algebraL
over K to the integral closure OL in L of OK . More concretely, we have

©j (L ) = limÃ¡
(A ! OL )2E mb O K (OL )

¼0( ¹X j (A ! OL ))

for a ¯nite ¶etale K -algebra L .
For a rational number j ¸ 0, we de¯ne a functor ©j + : (Finite ¶Etale=K ) !!
GK -(Finite Sets) by © j + (L ) = lim¡! j 0>j

©j 0
(L ) for a ¯nite ¶etale K -algebraL . We

de¯ne a closed normal subgroupGj +
K to be [ j 0>j Gj 0

K . Then we have ©j + (L ) =
©(L)=Gj +

K . The ¯nite set © j + (L ) has the following geometric description.

Lemma 2.1 Let B be the integer ring of a ¯nite ¶etale algebraL over K and
j > 0 be a rational number. Let (f; f ) : (A ! OK ) ! (B ! B ) be a ¯nite
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°at morphism of embeddings. Letf j : X j (B ! B ) ! X j (A ! OK ) and ¹f j :
¹X j (B ! B ) ! ¹X j (A ! OK ) be the canonical maps. Let0 2 X j (A ! OK )

be the point corresponding to the mapA ! OK and ¹0 2 ¹X j (A ! OK ) be its
specialization. Then the maps(1.8.0), (1.12.1) and the specialization map form
a commutative diagram

(2:1:1)

©(L) ¡¡¡¡! ©j + (L ) ¡¡¡¡! ©j (L )
?
?
y

?
?
y

?
?
y

(f j )¡ 1(0) ¡¡¡¡! ( ¹f j )¡ 1(0) ¡¡¡¡! ¼0( ¹X j (B ! B ))

and the vertical arrows are bijections.

Proof. Since the map (A ! OK ) ! (B ! B ) is ¯nite °at, the map B ! B
induces an isomorphismBj

K ­ A j
K

K ! L . Hence we obtain a bijection ©(L) =

HomK -alg (L; ¹K ) ! (f j )¡ 1(0). By Lemma 1.12 and the de¯nition of ©j + (L ),
we have a bijection ©j + (L ) ! ( ¹f j )¡ 1(0). The bijection © j (L ) ! ¼0( ¹X j (B !
B )) is clear from the de¯nition of © j (L ). The commutativity is clear. 2
For a ¯nite ¶etale algebra L over K and a rational number j > 0, we say that
the rami¯cation of L is bounded by j if the canonical map ©(L) ! ©j (L )
is a bijection. Let A = OK and let B = OL be the integer ring of a ¯nite
¶etale K -algebra L and (A ! A) ! (B ! B ) be a ¯nite °at morphism of
embeddings. Then, since the mapX j (B ! B ) ! X j (A ! A) is ¯nite °at of
degree [L : K ], the rami¯cation of L is bounded byj if and only if there exists a
¯nite separable extensionK 0 of K such that the a±noid variety X j (B ! B )K 0

is isomorphic to the disjoint union of ¯nitely many copies of X j (A ! A)K 0

over X j (A ! A)K 0. We say that the rami¯cation of L is bounded byj + if the
rami¯cation of L is bounded by every rational numberj 0 > j . The rami¯cation
of L is bounded by j + if and only if the canonical map ©( L) ! ©j + (L ) is a
bijection.

Lemma 2.2 Let K ! K 0 be a map of complete discrete valuation ¯elds induc-
ing a local homomorphismOK ! OK 0 of integer rings. Assume that a prime
element of K goes to a prime element ofK 0 and that the residue ¯eld F 0 of
K 0 is a separable extension of the residue ¯eldF of K . Then, for a rational
number j > 0, the map GK 0 ! GK induces a surjection Gj

K 0 ! Gj
K .

Proof. Let A be the integer ring of a ¯nite ¶etale K -algebra L and (A ! A)
be an object of EmbOK . By the assumption, the tensor product A ­ OK OK 0

is the integer ring of L ­ K K 0. By the isomorphism X j (A ! A)­̂ K K 0 !
X j (A ­̂ OK OK 0 ! A ­ OK OK 0) in Section 1.2 and Theorem 1.10, the natural
map ©j (L ­ K K 0) ! ©j (L ) is a bijection. Hence the assertion follows. 2

Example. Let K = Fp(x; y)(( ¼)) and put L = K [t]=(tp ¡ t ¡ x
¼p 2 ); M =

L[t1; t2]=(tp
1 ¡ t1 ¡ x

¼p 3 ; tp
2 ¡ t2 ¡ y

¼p 3 ) and G = Gal( M=K ) ' F3
p. Then we

have Gj = G for j · p2, Gj = H = Gal( M=L ) ' F2
p for p2 < j · p3 and

Gj = 1 for p3 < j .
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We put z = ¼pt. Then we have OL = OK [z]=(zp ¡ ¼p(p¡ 1) z ¡ x) and L =
Fp(z; y)(( ¼)). By putting s = t1 ¡ z

¼p 2 , we also haveM = L[s; t2]=(sp ¡ s ¡
z( ¡ 1+ ¼p ( p ¡ 1) 2

)
¼p ( p 2 ¡ p +1) ; tp

2 ¡ t2 ¡ x
¼p 3 ). We put M 1 = L(s) ½ M . Then we haveH j = H

for j · p(p2 ¡ p + 1), H j = Gal( M=M 1) ' Fp for p(p2 ¡ p + 1) < j · p3 and
H j = 1 for p3 < j .
This example shows that the ¯ltration on the subgroup H induced from the ¯l-
tration by rami¯cation groups on G is not the ¯ltration by rami¯cation groups
on H even after renumbering. It also shows that the \lower numbering" ¯l-
tration is not equal to the upper numbering ¯ltration de¯ned here even after
renumbering.

2.2 Functoriality of the closed fibers of tubular neighbor-
hoods: An equal characteristic case

For a positive rational number j > 0, let (Finite ¶Etale=K )· j + denote the full
subcategory of (Finite ¶Etale=K ) consisting of ¶etaleK -algebras whose rami¯-
cation is bounded by j +. In this subsection and the following one, we assume
the following condition (F) is satis¯ed.

(F) There exists a perfect sub¯eld F0 of F such that F is ¯nitely generated
over F0.

Further assuming that p is not a uniformizer of K , we will de¯ne a twisted
tangent space £j and show that the functor ¹X j : EmbOK ! GK -(A®= ¹F )
induces a functor

¹X j : (Finite ¶Etale=K )· j + ! GK -(Finite ¶Etale=£ j ):

In this subsection, we study the easier case whereK is of characteristic p.
Let F0 be a perfect sub¯eld ofF such that F is ¯nitely generated over F0. We
assumeK is of characteristic p. Then, F0 is naturally identi¯ed with a sub¯eld
of K . We ¯rst de¯ne a functor

(Finite ¶Etale=K ) ! E mbOK :

In this subsection, A denotes the integer ring of a ¯nite ¶etaleK -algebra.

Lemma 2.3 Let A be the integer ring of a ¯nite ¶etale K -algebra.
1. Let (A=mn

A ­ F0 OK )^ denote the formal completion ofA=mn
A ­ F0 OK of the

surjection A=mn
A ­ F0 OK ! A=mn

A sending a ­ b to ab. Then the projective
limit

(A­̂ F0 OK )^ = limÃ¡
n

(A=mn
A ­ F0 OK )^

is an OK -algebra formally of ¯nite type and formally smooth overOK .
2. Let (A­̂ F0 OK )^ ! A be the limit of the surjections (A=mn

A ­ F0 OK )^ !
A=mn

A . Then ((A­̂ F0 OK )^ ! A) is an object of EmbOK .
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3. Let A ! B be a morphism of the integer rings of ¯nite ¶etaleK -algebras.
Then it induces a ¯nite °at morphism ((A­̂ F0 OK )^ ! A) ! ((B ­̂ F0 OK )^ !
B ) of EmbOK .

Proof. 1. We may assumeA is local. Let E be the residue ¯eld ofA and take a
transcendental basis (¹t1; : : : ; ¹tm ) of E over the perfect sub¯eld F0 such that E is
a ¯nite separable extension ofF0(¹t1; : : : ; ¹tm ). Take a lifting ( t1; : : : ; tm ) in A of
(¹t1; : : : ; ¹tm ) and a prime elementt0 2 A. We de¯ne a map F0[T0; : : : ; Tm ] ! A
by sendingTi to t i . Then A is ¯nite ¶etale over the completion of the local ring
of F0[T0; : : : ; Tm ] at the prime ideal (T0). Hence there exist an ¶etale schemeX
over Am +1

F0
, a point » of X above (T0) and an F0-isomorphism ' : ÔX;» ! A.

Let i : SpecA ! X ­ F0 OK be the map de¯ned by ' and OK ! A. Then
(A­̂ F0 OK )^ is isomorphic to the coordinate ring of the formal completion
of X ­ F0 OK along the closed immersioni : Spec A ! X ­ F0 OK . Hence
(A­̂ F0 OK )^ is formally of ¯nite type and formally smooth over OK .
2. Since the map (A­̂ F0 OK )^ ! A is surjective, the assertion follows from 1.
3. Since (B ­̂ F0 OK )^ = B ­ A (A­̂ F0 OK )^ , the assertion follows. 2
Thus, we obtain a functor (Finite ¶Etale=K ) ! E mbOK sending a ¯nite ¶etale
K -algebra L to (( OL ­̂ F0 OK )^ ! OL ). For a rational number j > 0, we have
a sequence of functors

(Finite ¶Etale=K ) ¡¡¡¡! E mbOK ¡¡¡¡!
(smooth A±noid =K ) ¡¡¡¡! GK -(A®= ¹F ):

We also let ¹X j denote the composite functor (Finite ¶Etale=K ) ! GK -(A®= ¹F ).
For a ¯nite ¶etale K -algebra L , we have

¹X j (L ) = ¹X j ((OL ­̂ F0 OK )^ ! OL ):

We de¯ne an object £ j of GK -(A®= ¹F ) to be the ¹F -vector space £j =
HomF (­̂ OK =F0 ­ OK F; N j ) regarded as an a±ne scheme over¹F with a natural
GK -action. Let GK -(Finite ¶Etale=£ j ) denote the subcategory ofGK -(A®= ¹F )
whose objects are ¯nite ¶etale schemes over £j and morphisms are over £j .

Lemma 2.4 For a rational number j > 1, the functor ¹X j : (Finite ¶Etale=K ) !
GK -(A®= ¹F ) induces a functor ¹X j : (Finite ¶Etale=K )· j + !
GK -(Finite ¶Etale=£ j ).

Proof. The canonical map ­̂ OK =F0 ­ OK (OK ­̂ F0 OK )^ ! ­̂ (OK ­̂ F 0 OK ) ^ =OK
is

an isomorphism by the de¯nition of (OK ­̂ F0 OK )^ . Hence, we obtain isomor-
phisms ¹X j (K ) ! ¹C j ((OK ­̂ F0 OK )^ ! OK ) ! £ j by Lemma 1.14.3. We
identify ¹X j (K ) with £ j by this isomorphism. Let L be a ¯nite ¶etale K -
algebras whose rami¯cation is bounded byj +. Then, by Corollary 1.16, the
map ¹X j (L ) ! ¹X j (K ) = £ j is ¯nite and ¶etale. Thus the assertion is proved.
2
The construction in this subsection is independent of the choice of perfect
sub¯eld F0 ½ F by the following Lemma.
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Lemma 2.5 Let K be a complete discrete valuation ¯eld of characteristicp > 0
satisfying the condition (F). Let F0 and F 0

0 be perfect sub¯elds ofF such that
F is ¯nitely generated over F0 and F 0

0.
1. There exists a perfect sub¯eldF 00

0 of F containing F0 and F 0
0.

2. AssumeF0 ½ F 0
0. Then F 0

0 is a ¯nite separable extension ofF0. For the in-
teger ring A of a ¯nite ¶etale algebra overK , the canonical map(A­̂ F0 OK )^ !
(A­̂ F 0

0
OK )^ is an isomorphism.

Proof. 1. The maximum perfect sub¯eld
T

n F pn
of F contains F0 and F 0

0 as
sub¯elds.
2. Since F 0

0 is a perfect sub¯eld of a ¯nitely generated ¯eld F over F0,
it is a ¯nite extension of F0. Since the canonical map (A­̂ F0 OK )^ !
(A­̂ F 0

0
OK )^ is ¯nite ¶etale and the induced map (A­̂ F0 OK )^ =m(A ­̂ F 0 OK ) ^ !

(A­̂ F 0
0
OK )^ =m(A ­̂ F 0

0
OK ) ^ is an isomorphism, the assertion follows. 2

2.3 Functoriality of the closed fibers of tubular neighborhood s:
A mixed characteristic case

In this subsection, we keep the assumption:

(F) There exists a perfect sub¯eld F0 of F such that F is ¯nitely generated
over F0.

We do not assume that the characterisic ofK is p. Under the assumption (F),
there exists a sub¯eldK 0 of K such that OK 0 = OK \ K 0 is a complete discrete
valuation ring with residue ¯eld F0. If K is of characteristic 0, the fraction ¯eld
K 0 of the ring of the Witt vectors W (F0) = OK 0 regarded as a sub¯eld ofK
satis¯es the conditions. If K is of characteristic p, we naturally identify F0

as a sub¯eld of K and the sub¯eld F0(( t)) for any non-zero element t 2 mK

satis¯es the conditions. In this subsection, we take a sub¯eldK 0 of K such
that OK 0 = OK \ K 0 is a complete discrete valuation ring with residue ¯eld
F0. Here, we donot de¯ne a functor (Finite ¶Etale=K ) ! E mbOK . Instead, we
introduce a new categoryEmbK;O K 0

and a functor

EmbK;O K 0
! E mbOK :

In this subsection, A denotes the integer ring of a ¯nite ¶etaleK -algebra and¼0

denotes a prime element of the sub¯eldK 0 ½ K . For a complete Noetherian
local OK 0 -algebraR formally smooth over OK 0 , we de¯ne its relative dimension
over OK 0 to be the sum tr:deg(E=k)+dim E mR =(¼0; m2

R ) of the transcendental
degree ofE = R=mR over k and the dimension dimE mR =(¼0; m2

R ).

Definition 2.6 Let K be a complete discrete valuation ¯eld andK 0 be a sub-
¯eld of K such that OK 0 = OK \ K 0 is a complete discrete valuation ring with
perfect residue ¯eld F0 and that F is ¯nitely generated over F0.
1. We de¯ne EmbK;O K 0

to be the category whose objects and morphisms are
as follows. An object ofEmbK;O K 0

is a triple (A 0 ! A) where:
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² A is the integer ring of a ¯nite ¶etale K -algebra.

² A 0 is a complete semi-local NoetherianOK 0 -algebra formally smooth of
relative dimension tr :deg(F=F0) + 1 over OK 0 .

² A 0 ! A is a regular surjection of codimension 1 ofOK 0 -algebras inducing
an isomorphism A 0=mA 0 ! A=mA .

A morphism (f; f ) : (A 0 ! A) ! (B 0 ! B ) is a pair of an OK -homomorphism
f : A ! B and an OK 0 -homomorphism f : A 0 ! B 0 such that the diagram

A 0 ¡¡¡¡! A

f

?
?
y

?
?
y f

B 0 ¡¡¡¡! B

is commutative.
2. For the integer ring A of a ¯nite ¶etale K -algebra, we de¯neEmbK;O K 0

(A)
to be the subcategory ofEmbK;O K 0

whose objects are of the form(A 0 ! A) and
morphisms are of the form(idA ; f ).
3. We say that a morphism(A 0 ! A) ! (B 0 ! B ) is ¯nite °at if A 0 ! B 0

is ¯nite °at and the map B 0 ­ A 0 A ! B is an isomorphism.

Lemma 2.7 1. If A is the integer ring of a ¯nite ¶etale K -algebra, then the
category EmbK;O K 0

(A) is non-empty.
2. Let (A 0 ! A) and (B 0 ! B ) be objects ofEmbK;O K 0

and A ! B be anOK -
homomorphism. Then there exists a homomorphism(A 0 ! A) ! (B 0 ! B )
in EmbK;O K 0

extending A ! B .
3. Let (A 0 ! A) ! (B 0 ! B ) be a morphism ofEmbK;O K 0

. If a prime
element ¼0 of K 0 is not a prime element of any factor of A, then the map
(A 0 ! A) ! (B 0 ! B ) is ¯nite and °at.

Proof. 1. We may assumeA is local. Take a transcendental basis (¹t1; : : : ; ¹tm )
of the residue ¯eld E of A over k such that E is a ¯nite separable extension
of k(¹t1; : : : ; ¹tm ). Take a lifting ( t1; : : : ; tm ) in OK of (¹t1; : : : ; ¹tm ) and a prime
element t0 of A. Then A is unrami¯ed over the completion of the local ring of
OK 0 [T0; : : : ; Tm ] at the prime ideal (¼0; T0) by the map sendingTi to t i . Hence
there are an ¶etale schemeX over Am +1

OK 0
, a point » of X above (¼0; T0) and a

regular surjection ' : ÔX;» ! A of codimension 1. LetA 0 be the OK 0 -algebra
ÔX;» . Then (A 0 ! A) is an object of EmbK;O K 0

.
2. SinceA 0 is formally smooth over OK 0 , it follows from that B 0 is the formal
completion of itself with respect to the surjection B 0 ! B .
3. We may assumeA and B are local. We show that the mapB 0 ­ A 0 A ! B
is an isomorphism. Let f be a generator of the kernel ofA 0 ! A and con-
sider the class off in mA 0 =m2

A 0
. We show that the image of the class of

f in mB 0 =m2
B 0

is not 0. Let t0 2 A 0 and t0
0 2 B 0 be liftings of prime
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elements of A and B respectively. By the assumption that ¼0 is not a
prime element, the surjection ­̂ A 0 =OK 0

! ­̂ A=O K 0
induces an isomorphism

­̂ A 0 =OK 0
­ A 0 A=mA ! ­̂ A=O K 0

­ A A=mA . Hence the image ofdt0 is a basis of

the kernel of ­̂ A 0 =OK 0
­ A 0 A=mA ! ­ (A= mA )=k . Therefore, (¼0; t0) is a basis

of mA 0 =m2
A 0

. Further, by the assumption that ¼0 is not a prime element, the
kernel of the map mA 0 =m2

A 0
! mA =m2

A is generated by the class of¼0. Hence
the class off is a non-zero multiplie of the class of¼0. Similarly ( ¼0; t0

0) is a
basis ofmB 0 =m2

B 0
. Thus the image of f in mB 0 =m2

B 0
is not zero as is claimed.

Hence the kernel ofB 0 ! B is also generated by the image off and the map
B 0 ­ A 0 A ! B is an isomorphism. SinceB is ¯nite over A, B 0 is also ¯nite
over A 0 by Nakayama's lemma. Since dimA 0 = dim B 0 = 2, the assertion
follows by EGA Chap 0IV Corollaire (17.3.5) (ii). 2

Corollary 2.8 Let A be the integer ring of a ¯nite ¶etale K -algebra. If a
prime element ¼0 of K 0 is not a prime element of any factor ofA, then every
morphism of EmbK;O K 0

(A) is an isomorphism.

Proof. If ( A 0 ! A) ! (A 0
0 ! A) is a map, the map A 0 ! A 0

0 is ¯nite °at of
degree 1 by Lemma 2.7.3. Hence it is an isomorphism. 2
We de¯ne a functor EmbK;O K 0

! E mbOK .

Lemma 2.9 Let (A 0 ! A) be an object ofEmbK;O K 0
.

1. Let (A 0=mn
A 0

­ OK 0
OK )^ denote the formal completion ofA 0=mn

A 0
­ OK 0

OK

of the surjection A 0=mn
A 0

­ OK 0
OK ! A=mn

A sending a ­ b to ab. Then the
projective limit

(A 0 ­̂ OK 0
OK )^ = limÃ¡

n

(A 0=mn
A 0

­ OK 0
OK )^

is an OK -algebra formally of ¯nite type and formally smooth overOK .
2. Let (A 0 ­̂ OK 0

OK )^ ! A be the limit of the surjections (A 0=mn
A 0

­ OK 0

OK )^ ! A=mn
A . Then ((A 0 ­̂ OK 0

OK )^ ! A) is an object of EmbOK .
3. Let (A 0 ! A) ! (B 0 ! B ) be a morphism ofEmbK;O K 0

. Then it induces
a morphism ((A 0 ­̂ OK 0

OK )^ ! A) ! ((B 0 ­̂ OK 0
OK )^ ! B ) of EmbOK .

Proof. 1. We may assumeA and henceA 0 are local. Let E be the residue ¯eld
of A and take a transcendental basis (¹t1; : : : ; ¹tm ) of E over k such that E is a
¯nite separable extension ofk(¹t1; : : : ; ¹tm ). Take a lifting ( t1; : : : ; tm ) in A 0 of
(¹t1; : : : ; ¹tm ). By our assumption, the quotient ring A 0=¼0A 0 is a regular local
ring of dimension 1 and hence is a discrete valuation ring. Take a liftingt0 2 A 0

of a prime element ofA 0=¼0A 0. We de¯ne a map OK 0 [T0; : : : ; Tm ] ! A 0 by
sendingTi to t i . Then A 0 is ¯nite ¶etale over the completion of the local ring of
OK 0 [T0; : : : ; Tm ] at the prime ideal (T0; ¼0). Hence there exist an ¶etale scheme
X over Am +1

OK 0
, a point » of X above (T0; ¼0) and a OK 0 -isomorphism' : ÔX;» !

A 0. Let i : SpecA ! X ­ OK 0
OK be the map de¯ned by ' and OK ! A. Then

(A 0 ­̂ OK 0
OK )^ is isomorphic to the coordinate ring of the formal completion
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of X ­ OK 0
OK along the closed immersioni : SpecA ! X ­ OK 0

OK . Hence
(A 0 ­̂ OK 0

OK )^ is formally of ¯nite type and formally smooth over OK .
2. Since the map (A 0 ­̂ OK 0

OK )^ ! A is surjective, the assertion follows from
1.
3. Clear. 2
In the rest of this subsection, we putA = ( A 0 ­̂ OK 0

OK )^ for an object (A 0 !
A) of EmbK;O K 0

. By Lemma 2.9, we obtain a functor EmbK;O K 0
! E mbOK

sending (A 0 ! A) to ( A ! A). For a rational number j > 0, we have a
sequence of functors

EmbK;O K 0
¡¡¡¡! E mbOK

X j

¡¡¡¡! (smooth A±noid =K ) ¡¡¡¡! GK -(A®= ¹F ):

We also let ¹X j denote the composite functorEmbK;O K 0
! GK -(A®= ¹F ). For an

object (A 0 ! A) of EmbK;O K 0
, we have ¹X j (A 0 ! A) = ¹X j ((A 0 ­̂ OK 0

OK )^ !
A):
We study the dependence of the construction on the choice of a sub¯eldK 0 ½
K , assuming the characteristic ofK is 0.

Lemma 2.10 Let K be a complete discrete valuation ¯eld of mixed character-
istic satisfying the condition (F). Let K 0 and K 0

0 be sub¯elds ofK such that
OK 0 = OK \ K 0 and OK 0

0
= OK \ K 0

0 are complete discrete valuation rings with
perfect residue ¯eld F0 and F 0

0 and that F is ¯nitely generated over F0 and F 0
0.

1. There exists a sub¯eldK 00
0 of K such that OK 00

0
= OK \ K 00

0 is a complete
discrete valuation ring with perfect residue ¯eld and thatK 00

0 contains K 0 and
K 0

0 as sub¯elds.
2. Assume K 0 ½ K 0

0. Then K 0
0 is a ¯nite extension of K 0. For an object

(A 0 ! A) of EmbK;O K 0
, the formal completion A 0

0 ! A of the surjection
A 0 ­ OK 0

OK 0
0

! A de¯nes an object(A 0
0 ! A) of EmbK;O K 0

0
. Further, we have

a canonical isomorphism ((A 0
0 ­̂ OK 0

0
OK )^ ! A) ! ((A 0 ­̂ OK 0

OK )^ ! A) in
EmbOK .

Proof. 1. By Lemma 2.5, we may assume the residue ¯eldsF0 and F 0
0 are the

maximum perfect sub¯elds of F . Then both of K 0 and K 0
0 are ¯nite over the

fraction ¯eld of W (F0) regarded as a sub¯eld ofK . Hence it is su±cient to
take the composition ¯eld.
2. By Lemma 2.5.2, the extensionK 0

0 is ¯nite over K 0. The rest is clear from
the construction. 2
If K is of characteristic p, the construction in this subsection is related to
that in the last subsection as follows. Let K 0 be a sub¯eld of K such that
OK 0 = OK \ K 0 is a complete discrete valuation ring with perfect residue
¯eld F0 and that F is ¯nitely generated over F0. Then, if ¼0 is a prime ele-
ment of K 0, we have an isomorphismF0(( t)) ! K 0 sending t to ¼0. For the
integer ring A of a ¯nite ¶etale algebra over K , let (A­̂ F0 OK 0 )^ denote the
projective limit of the formal completions ( A=mn

A ­ F0 OK 0 )^ of the surjections
A=mn

A ­ F0 OK 0 ! A=mn
A . The surjection (A­̂ F0 OK 0 )^ ! A de¯nes an object
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((A­̂ F0 OK 0 )^ ! A) of EmbK;O K 0
. Further, we have a canonical isomorphism

((A­̂ F0 OK 0 )^ ­̂ OK 0
OK )^ ! A) ! ((A­̂ F0 OK )^ ! A) in EmbOK .

In order to de¯ne a functor similar to the functor (Finite ¶Etale=K )· j + !
(Finite ¶Etale=£ j ) in Section 2.2, we assume that¼0 is not a prime element of
K in the rest of this subsection. Note that if p is not a prime element ofK and
if the condition (F) is satis¯ed, there exists a sub¯eld K 0 ½ K with residue
¯eld F0 such that a prime element ofK 0 is not a prime element ofK .
We compute the twisted normal cone ¹C j ((A 0 ­̂ OK 0

OK )^ ! A) for an object
(A 0 ! A) of EmbK;O K 0

. Let NA= A = I=I 2 be the conormal module whereI is

the kernel of the surjection A ! A. We put ­̂ OK =OK 0
= limÃ¡ n

­ (OK =mn
K )=OK 0

and let ~­ F be the F -vector space­̂ OK =OK 0
­ OK F . Similarly, we put ­̂ A =A 0 =

limÃ¡ n
­ (A =mn

A )=A 0 . We also consider the canonical mapsNA= A ! ­̂ A =A 0 ­ A A

and ­̂ OK =OK 0
­ OK A ! ­̂ A =A 0 ­ A A.

Lemma 2.11 Assume ¼0 is not a prime element of K and let m be the tran-
scendental dimension ofF over k. Let (A 0 ! A) be an object ofEmbK;O K 0

.
Then,
1. The dimension of theF -vector space~­ F is m + 1 .
2. The map NA= A ! ­̂ A =A 0 ­ A A is a surjection and the map­̂ OK =OK 0

­ OK

A ! ­̂ A =A 0 ­ A A is an isomorphism. They induce an isomorphismNA= A ­ A

A=mA ! ~­ F ­ F A=mA :
3. Let (A 0 ! A) ! (B 0 ! B ) be a morphism ofEmbK;O K 0

and put B =
(B 0 ­̂ OK 0

OK )^ . Then, the diagram

NA= A ­ A A=mA ¡¡¡¡! ~­ F ­ F A=mA
?
?
y

?
?
y

NB= B ­ B B=mB ¡¡¡¡! ~­ F ­ F B=mB

is commutative.

Proof. 1. By the assumption that ¼0 is not a prime element ofK , we have an
exact sequence 0! mK =m2

K ! ~­ F ! ­ F=k ! 0. Since theF -vector space
­ F=k is of dimensionm, the assertion follows.
2. Since the cokernel of the mapNA= A ! ­̂ A =A 0 ­ A A is ­ A= A 0 = 0, it is
a surjection. By the de¯nition of A , the map ­̂ OK =OK 0

­ OK A ! ­ A =A 0 is

an isomorphism. Hence the map­̂ OK =OK 0
­ OK A ! ­̂ A =A 0 ­ A A is also an

isomorphism. Then the codimension of the regular surjectionA ! A is m + 1
and henceNA= A is free of rankm+1. Since the induced mapNA= A ­ A A=mA !
~­ F ­ F A=mA is a surjection of free A=mA -modules of rank m + 1, it is an
isomorphism.
3. By the assumption that ¼0 is not a prime element of K , every map in
EmbK;O K 0

is ¯nite °at by Lemma 2.7.3. Hence the assertion follows. 2

Documenta Mathematica ¢Extra Volume Kato (2003) 5{72



32 Ahmed Abbes and Takeshi Saito

For a rational number j > 0, let £ j be the ¹F -vector space £j = HomF ( ~­ F ; N j )
regarded as an a±ne scheme over¹F .

Corollary 2.12 Assume that¼0 is not a prime element ofK . Let (A 0 ! A)
be an object ofEmbK;O K 0

and let (A ! A) be the image inEmbK;O K 0
. Let

j > 0 be a rational number.
1. The isomorphism in Lemma 2.11.2 induces an isomorphism¹C j (A ! A) !
£ j ­ ¹F A ¹F ;red .
2. Let (A 0 ! A) ! (B 0 ! B ) be a morphism ofEmbK;O K 0

. Then the diagram

¹X j (B ! B ) ¡¡¡¡! ¹C j (B ! B ) ¡¡¡¡! £ j ­ ¹F B ¹F ; red
?
?
y

?
?
y

?
?
y

¹X j (A ! A) ¡¡¡¡! ¹C j (A ! A) ¡¡¡¡! £ j ­ ¹F A ¹F ; red

is commutative.
3. If the rami¯cation of A ­ OK K is bounded byj + and j > 1, then the
composition ¹X j (A ! A) ! ¹C j (A ! A) ! £ j ­ ¹F A ¹F ; red ! £ j is ¯nite and
¶etale.

Proof. 1. Since the surjectionA ! A is regular, the assertion follows from the
isomorphism in Lemma 2.11.2.
2. The left square is commutative by the construction. The commutativity of
the right square is a consequence of Lemma 2.11.3.
3. By Lemma 2.7, there exist an embedding (A 0

0 ! OK ) in EmbK;O K 0
(OK )

and a ¯nite °at morphism ( A 0
0 ! OK ) ! (A 0 ! A). Since the rami¯cation

is bounded by j +, the ¯nite map ¹X j (A ! A) ! ¹C j (A ! A) is ¶etale by
Corollary 1.16.3. SinceA ¹F ;red is ¶etale over ¹F , the assertion follows from 1 and
2. 2 .
For a rational number j > 0, we regard £j as an object ofGK -(A®= ¹F ) with
the natural GK -action. Let GK -(Finite ¶Etale=£ j ) denote the subcategory of
GK -(A®= ¹F ) whose objects are ¯nite ¶etale schemes over £j and morphisms are
over £ j . Let Emb· j +

K;O K 0
denote the full subcategory ofEmbK;O K 0

consisting of
the objects (A 0 ! A) such that the rami¯cations of A ­ OK K are bounded by
j +. By Corollary 2.12, the functor ¹X j : EmbK;O K 0

! GK -(A®= ¹F ) induces a

functor ¹X j : Emb· j +
K;O K 0

! GK -(Finite ¶Etale=£ j ).

We show that the functor ¹X j : Emb· j +
K;O K 0

! GK -(Finite ¶Etale=£ j ) further

induces a functor (Finite ¶Etale=K )· j + ! GK -(Finite ¶Etale=£ j ).

Lemma 2.13 Assume¼0 is not a prime element ofK . Let (f; f ); (g;g) : (A 0 !
A) ! (B 0 ! B ) be maps inEmbK;O K 0

and j > 1 be a rational number. If the
rami¯cations of A ­ OK K and B ­ OK K are bounded byj + and if f = g, then
the induced maps

(f; f )¤; (g;g)¤ : ¹X j (A 0 ! A) ¡¡¡¡! ¹X j (B 0 ! B )

are equal.
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Proof. By Corollary 2.12, the schemes ¹X j (A 0 ! A) and ¹X j (B 0 ! B ) are ¯-
nite ¶etale over £j and the maps (f; f )¤; (g;g)¤ : ¹X j (A 0 ! A) ! ¹X j (B 0 ! B )
are maps over £j . Hence they are determined by the restrictions on the inverse
images of a point. The inverse images of the origin 02 £ j are canonically iden-
ti¯ed with the sets HomOK (A; ¹K ) and HomOK (B; ¹K ) respectively by Lemma
2.1. Hence the assertion follows. 2

Corollary 2.14 Assume ¼0 is not a prime element of K . Let j > 1 be a
rational number.
1. Let L be a ¯nite ¶etale K -algebra with rami¯cation bounded by j + . Then
the system ¹X j (A 0 ! OL ) parametrized by the objects(A 0 ! OL ) of
EmbK;O K 0

(OL ) is constant and the limit

¹X j (L ) = limÃ¡
(A 0 ! OL )2E mb K;O K 0

(OL )

¹X j (A 0 ! OL )

is a ¯nite ¶etale scheme over£ j .
2. The functor ¹X j : Emb· j +

K;O K 0
! GK -(Finite ¶Etale=£ j ) induces a functor

¹X j : (Finite ¶Etale=K )· j + ¡¡¡¡! GK -(Finite ¶Etale=£ j ):

Proof. 1. By Corollary 2.8 and by the assumption that ¼0 is not a prime
element, every map in EmbK;O K 0

(OL ) induces an isomorphism. By Lemma
2.7.1, the category EmbK;O K 0

(OL ) is connected. To see that the system is
constant, it su±ces to apply Lemma 2.13 for f = g = id OL . The map ¹X j (L ) !
£ j is ¯nite ¶etale by Corollary 2.12.3.
2. It is also an immediate consequence of Lemma 2.13. 2
By Lemma 2.10 and the canonical isomorphism ­̂ OK =OK 0

­ OK

F ! ­̂ OK =OK 0
0

­ OK F , the functor ¹X j : (Finite ¶Etale=K )· j + !

GK -(Finite ¶Etale=£ j ) is independent of the choice of sub¯eld K 0 if the
characteristic of K is 0. If the characteristic of K is p, it is the same as that
de¯ned in Section 2.2.

2.4 Proof of commutativity

Now we are ready to prove the main result. For an integerm prime to p, let
I m be the unique open subgroup of the inertia subgroupI ½ GK of index m.

Theorem 2.15 Let K be a complete discrete valuation ¯eld. Letj > 1 be a
rational number and m be the prime-to-p part of the denominator of j . Assume
either K has equal characteristicsp > 0 or K has mixed characteristic andp
is not a prime element. Then we have the following.
1. The graded pieceGr j GK = Gj

K =Gj +
K is abelian.

2. The commutator [I m ; Gj
K ] is a subgroup ofGj +

K . In particular, Gr j GK is a
subgroup of the center of the pro-p-group G1+

K =Gj +
K .
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Proof. We ¯rst prove the case where the condition
(F) There exists a perfect sub¯eld F0 of F such that F is ¯nitely generated
over F0.
is satis¯ed. We use the functor ¹X j : (Finite ¶Etale=K )· j + !
GK -(Finite ¶Etale=£ j ) de¯ned in Sections 2.2 and 2.3.
Let L be a ¯nite Galois extension ofK of rami¯cation bounded by j + and put
G = Gal( L=K ). To prove 1, it is su±cient to show that Gj is commutative. By
the de¯nition of the functor, the image ¹X j (L ) is a ¯nite ¶etale covering of £ j

with a left action of GK . We call this action of GK on ¹X j (L ) the arithmetic
action. On the other hand, by functoriality, we have a right action of G on
¹X j (L ), which commutes with the arithmetic action of GK . We call this action

of G on ¹X j (L ) the geometric action. We identify the inverse image in ¹X j (L ) of
the origin of £ j with ©( L) as in Lemma 2.1. The arithmetic action of ¾2 GK

on ©(L) = HomK (L; ¹K ) is given by f 7! ¾± f and the geometric action of
¿ 2 G is given by f 7! f ± ¿. Hence ©(L) is a G-torsor and the ¶etale covering
¹X j (L ) is also aG-torsor over £ j .

The stabilizer in GK of each connected component of¹X j (L ) with respect to
the arithmeric action is equal to Gj

K since ©j (L ) is identi¯ed with ¼0( ¹X j (L )).
Take a connected component ¹X j (L )0 of ¹X j (L ). Then, the stabilizer of the
intersection ¹X j (L )0 \ ©(L ) in G, with respect to the geometric action, is equal
to Gj . Hence the stabilizer of the component ¹X j (L )0 in G, with respect to the
geometric action, is also equal toGj and ¹X j (L )0 is a connectedGj -torsor over
£ j . Therefore the map Gj ! Aut( ¹X j (L )0=£ j ) is an isomorphism.
On the other hand, by the assumption that j > 1, the group Gj

K is a subgroup
of the wild inertia subgroup G1+

K = P. Hence the restriction to Gj
K of the

arithmetic action on £ j is trivial and we get a map Gj
K ! Aut( ¹X j (L )0=£ j ).

SinceGj
K acts on the intersection ¹X j (L )0 \ ©(L ) transitively, the map Gj

K !
Aut( ¹X j (L )0=£ j ) is surjective. Since the geometric action ofGj and the arith-
metic action of Gj

K on ¹X j (L )0 are commutative to each other, the group
Gj ' Aut( ¹X j (L )0=£ j ) is commutative. Thus assertion 1 is proved in this
case.
We prove assertion 2 assuming the condition (F). We de¯ne a canonical
map ¼ab

1 (£ j ) ! Gr j GK as follows. By 1, the image of the functor ¹X j :
(Finite ¶Etale=K )· j + ! GK -(Finite ¶Etale=£ j ) is in the full subcategory con-
sisting of abelian coverings. Taking the Galois groups, we obtain a map
¼ab

1 (£ j ) ! GK =Gj +
K inducing a surjection

¼ab
1 (£ j ) ¡¡¡¡! Gr j GK :

The canonical map¼ab
1 (£ j ) ! Gr j GK is compatible with the actions of GK .

The action of GK on ¼ab
1 (£ j ) is induced by that on £ j and the action onGr j GK

is by conjugation. Since the subgroupI m acts trivially on £ j , it also acts
trivially on ¼ab

1 (£ j ). Hence, assertion 2 follows in this case by the compatibility
of the surjection ¼ab

1 (£ j ) ! Gr j GK with the GK -action.
To reduce the general case to the special case proved above, we show the
following Lemma.
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Lemma 2.16 Let K be a complete discrete valuation ¯eld andK 0 be a sub¯eld
of K such that OK 0 = OK \ K is a complete discrete valuation ring with
perfect residue ¯eld F0. Then there exist a ¯ltered family of subextensions
K ¹ ½ K; ¹ 2 M of K 0 satisfying the following conditions:
For each ¹ 2 M , the intersection OK ¹ = OK \ K ¹ is a complete discrete
valuation ring and the residue ¯eld F¹ is ¯nitely generated over F0, the residue
¯eld F is a separable extension ofF¹ and a prime element ofK ¹ is a prime
element ofK . The residue ¯eld F is equal to the unionlim¡! ¹ 2 M

F¹ .

Proof. Let ¼0 be a prime element ofK 0. Take a transcendental basis (¹t ¸ )¸ 2 ¤

of F over F0 such that F is separable overF0(¹t ¸ ; ¸ 2 ¤). We take liftings
t ¸ 2 OK ; ¸ 2 ¤ of ¹t ¸ . For a ¯nite subset ¾ ½ ¤, let K 0;¾ be the fraction
¯eld of the completion of the local ring at the prime ideal (¼0) of the ring
OK 0 [T¸ ; ¸ 2 ¾] and regard it as a sub¯eld of K . Let K 0;¹ ½ K; ¹ 2 M 0 be
the family of ¯nite unrami¯ed subextensions of K 0;¾; ¾ ½ ¤. Let K 0

0 be the
completion of the union lim¡! ¹ 2 M 0

K 0;¹ . Then K is a ¯nite totally rami¯ed

extension ofK 0
0. Hence there is an index¹ 0 2 M 0 and a ¯nite totally rami¯ed

extension K ¹ 0 of K 0;¹ 0 such that K is the composite ofK ¹ 0 and K 0
0. We put

M = f ¹ 2 M 0 : K 0;¹ 0 ½ K 0;¹ g. Then the family K ¹ = K ¹ 0 K 0;¹ ; ¹ 2 M
satis¯es the conditions. 2
We complete the proof of Theorem. It is su±cient to show assertion 2. Let
F0 =

T
n F pn

be the maximum perfect sub¯eld of the residue ¯eld F . If the
characteristic of K is positive, we take a element¼0 2 m2

K ; 6= 0 of K and put
K 0 = F0((¼0)) ½ K . If the characteristic of K is 0, let K 0 be the fraction
¯eld of W (F0) and regard it as a sub¯eld of K . By the assumption that p is
not a prime element ofK , a prime element ofK 0 is not a prime element ofK .
Let K ¹ ; ¹ 2 M be a family of sub¯elds of K as in Lemma 2.16. SinceK 0 is a
sub¯eld of K ¹ satisfying the condition (F) and a prime element of K 0 is not a
prime element of K ¹ , we have [I m;K ¹ ; Gj

K ¹
] ½ Gj +

K ¹
for ¹ 2 M .

Since K 0 = limÃ¡ ¹ 2 M
K ¹ is a Henselian discrete valuation ¯eld andK is the

completion of K 0, the canonical mapsGK ! GK 0 ! limÃ¡ ¹ 2 M
GK ¹ are isomor-

phisms. It induces an isomorphismI m;K ! limÃ¡ ¹
I m:K ¹ . By Lemma 2.2 and

by the assumption that the residue ¯eld F is separable overF¹ and a prime
element of K ¹ is a prime element of K , the map Gj

K ! Gj
K ¹

is surjective.

Hence we have isomorphismsGj
K ! limÃ¡ ¹ 2 M

Gj
K ¹

and Gj +
K ! limÃ¡ ¹ 2 M

Gj +
K ¹

.

By taking the limit of [ I m;K ¹ ; Gj
K ¹

] ½ Gj +
K ¹

, we obtain [I m;K ; Gj
K ] ½ Gj +

K . 2

3 Some generalities on log structures

To study the logarithmic ¯ltration in later sections, we recall and establis h
some generalities on log structures. More systematic account of a part is given
in [10] Section 4. For the basic de¯nitions on log schemes, we refer to [6]. In
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this paper, a log structure M X ! OX on a schemeX means a Zariski fs-log
structure.
We prepare some basic terminologies on log schemes. We call a pair (X; P ) of
a log schemeX and a chart P on X a charted log scheme. For charted log
schemes (X; P ) and (S; N ), we call a pair (f; ' ) of a map f : X ! S of log
schemes and a mapN ! P of fs-monoid a map (X; P ) ! (S; N ) of charted
log schemes if the diagram

N ¡¡¡¡! ¡( S; MS )
?
?
y

?
?
y

P ¡¡¡¡! ¡( X; M X )

(1)

is commutative.
For an fs-monoidP, we regard SpecZ[P] as a log scheme with the log structure
de¯ned by the chart P ! Z[P]. For maps X ! S and Y ! S of log schemes,
let X £ log

S Y denote the ¯bered product in the category of fs-log schemes. If
S = Spec A, X = Spec B and Y = Spec C are a±ne, N ! A; P ! B and
Q ! C are charts and if (f; ' ) : (X; P ) ! (S; N ) and (g; Ã) : (Y; Q) ! (S; N )
are morphisms of charted log schemes, we haveX £ log

S Y = Spec B ­ log
A C where

B ­ log
A C = ( B ­ A C) ­ Z[P + Q] ­ Z[P + sat

N Q] and P + sat
N Q is the saturation of

the image of P + Q in the ¯bered sum Pgp ©N gp Qgp = Coker( ' ¡ Ã : N gp !
Pgp © Qgp ).

Definition 3.1 Let X ! S be a morphism of log schemes.
1. (cf. [7], [11] Theorem 4.6 (iv)) We say thatX ! S is log °at if the following
conditions are satis¯ed:
For each x, there exist a commutative diagram

U ¡¡¡¡! V
?
?
y

?
?
y

X ¡¡¡¡! S

of log schemes, chartsP on U and N on V and morphism (U; P) ! (V; N) of
charted log schemes such that the underlying mapU ! X is a °at surjection to
an open neighborhood ofx, the underlying mapV ! S is °at, the map N ! P
is injective and the underlying mapU ! V ­ Z[N ] Z[P] is °at.
2. We say that X ! S is log locally of complete intersection if the following
conditions are satis¯ed:
For each x, there exist a commutative diagram

U ¡¡¡¡! V
?
?
y

?
?
y

X ¡¡¡¡! S
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of log schemes such thatU is an open neighborhood ofx, the map V ! S is
log smooth andU ! V is an exact and regular immersion.
3. We say thatX ! S is log syntomic if it is log °at and log locally of complete
intersection.

For the log syntomic morphisms, the de¯nition here is slightly di®erent from
that in [9] (2.5). We introduce the new de¯nition because it is a special case
of the general de¯nition due to Illusie and Olsson [5], [11] De¯nition 4.1 by
Lemma 3.3 below. An equivalent statement of Lemma 3.2 in the resp. cases
is proved in [6], and in the log °at case in [11] Theorem 4.6. Another proof is
given in [10] Section 4.4.

Lemma 3.2 (cf. [11] Theorem 4.6) For a morphism X ! S of log schemes,
the following conditions are equivalent.
(1) The map X ! S is log °at (resp. log smooth, log ¶etale).
(2) Let

X 0 ¡¡¡¡! S0

?
?
y

?
?
y

X ¡¡¡¡! S

be a commutative diagram of log schemes such thatX 0 ! X £ log
S S0 is log ¶etale

and X 0 ! S0 is strict. Then the underlying map X 0 ! S0 is °at (resp. smooth,
¶etale).

Lemma 3.3 For a morphism X ! S of log schemes, the following conditions
are equivalent.
(1) The map X ! S is log syntomic.
(2) Let

X 0 ¡¡¡¡! S0

?
?
y

?
?
y

X ¡¡¡¡! S

be a commutative diagram of log schemes such thatX 0 ! X £ log
S S0 is log ¶etale

and X 0 ! S0 is strict. Then the underlying map X 0 ! S0 is °at and locally of
complete intersection.

To deduce Lemma 3.3 from Lemma 3.2, we introduce some basic constructions
on log schemes.

Lemma 3.4 Let f : X ! S be a morphism of log schemes andx 2 X . Then
there exist charts P and N on open neighborhoodsU of x and V ¾ f (U) of
s = f (x) and a morphism (U; P) ! (V; N) of charted log schemes such that
the map SpecZ[P] ! SpecZ[N ] is log smooth.
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Proof. We put ¹M S = M S=O£
S , ¹M X = M X =O£

X , N = ¹M S;s , P0 = ¹M X;x and let
N ! P0 be the canonical map. We take chartsN ! ¡( V; MV ), P0 ! ¡( U; MU )
on open neighborhoods lifting the identities. We de¯ne an fs-monoidP to be
the inverse image ofP0 by the map Pgp

0 ©N gp ! Pgp
0 sending (m; n) to m+ f (n).

Then, shrinking U if necessary, we ¯nd a unique mapP ! ¡( U; MX ) extending
the composition P0 + N ! ¡( X; M X ) + ¡( S; MS ) ! ¡( X; M X ). Thus, we
obtain a morphism (U; P) ! (V; N) of charted log schemes. Since the map
N gp ! Pgp is an isomorphism to a direct summand, the map SpecZ[P] !
SpecZ[N ] is log smooth. 2
For a morphism f : N ! P of fs-monoids, we de¯ne an fs-monoid (P + N P)»

to be the inverse image ofP by the map Pgp ©N gp Pgp ! Pgp sending (m; m0)
to m + m0.

Lemma 3.5 Let N ! P be a map of fs-monoids and let(P + N P)» ½ Pgp ©N gp

Pgp be as above. Then,
1. The map P £ (Pgp=Ngp ) ! (P + N P)» sending (m; m0) to (m + m0; ¡ m0)
is an isomorphism.
2. The ring homomorphism Z[P] ! Z[(P + N P)» ] induced by the mapP !
(P + N P)» of monoids sendingm to (m; 0) is faithfully °at.
3. The map P + P + ( Pgp=Ngp ) ! (P + N P)» sending (m; m0; m00) !
(m + m00; m0¡ m00) induces an isomorphismZ[P £ P £ (Pgp=Ngp )]=((m; 0; 0) ¡
(0; m; m); m 2 P) ! Z[(P + N P)» ] of rings.

Proof. 1. The inverse (P + N P)» ! P £ (Pgp=Ngp ) is given by (m; m0) !
(m + m0; ¡ m0).
2 and 3. Clear from 1. 2

Corollary 3.6 Let (X; P ) ! (S; N ) be a morphism of charted log schemes
and put S0 = S ­ Z[N ] Z[P] and X 0 = X ­ Z[P ] Z[(P + N P)» ]. Then the map
X 0 ! S0 is strict, the map X 0 ! X £ log

S S0 is log ¶etale andX 0 ! X is faithfully
°at.

Proof. The map X 0 ! X £ log
S S0 is log ¶etale by the de¯nition of (P + N P)» .

The map X 0 ! S0 is strict by Lemma 3.5.1. The map X 0 ! X is faithfully
°at by Lemma 3.5.2. 2
Proof of Lemma 3.3. Since the assertion is local onX , we may assume there
exist a log smooth schemeY over S, an exact closed immersionX ! Y over S
and a morphism (Y; P) ! (S; N ) of charted log schemes as in Lemma 3.4. We
put S1 = S ­ log

Z[N ] Z[P]; Y1 = Y ­ log
Z[P ] Z[(P + N P)» ] and X 1 = X £ log

Y Y1.
We show (1)) (2). We assumeX ! S is log syntomic. We consider the
diagram in (2). Since the question is local onX 0, we may assume there exist
a log ¶etale schemeY 0 over Y £ S S0 and an isomorphism X 0 ! X £ log

Y Y 0.
Shrinking Y 0, we may assume that the mapY 0 ! S0 is strict. Hence by
Lemma 3.2, the underlying map Y 0 ! S0 is smooth. It is su±cient to show
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that the closed immersion X 0 ! Y 0 is a regular immersion. We consider a
commutative diagram

X 0
1

ssggggggggggggggggggggggggggggggg //

²²

Y 0
1

ssgggggggggggggggggggggggggggggggg

²² ""EE
EE

EE
EE

E

X 0 //

²²

Y 0

²² !!CC
CC

CC
CC

C X 1 £ log
S S0

ssgggggggggggggggggggggggg
//

²²

Y1 £ log
S S0

ssggggggggggggggggggggggggg
//

²²

S0
1

ssgggggggggggggggggggggggggggggggg

²²
X £ log

S S0 //

²²

Y £ log
S S0 //

²²

S0

²²

X 1

ssggggggggggggggggggggggggggggggg //Y1

ssgggggggggggggggggggggggggggggggg //S1

ssf f f f f f f f f f f f f f f f f f f f f f f f f f f f f f f f

X //Y //S

by putting S0
1 = S1 £ log

S S0; Y 0
1 = Y1 £ log

Y Y 0 and X 0
1 = X 1 £ log

X X 0.
SinceY ! S is log smooth,Y1 ! S1 is strict and Y1 ! Y £ log

S S1 is log ¶etale,
the underlying map Y1 ! S1 is smooth by Lemma 3.2. Similarly, sinceX ! S
is log °at, X 1 ! S1 is strict and X 1 ! X £ log

S S1 is log ¶etale, the underlying
map X 1 ! S1 is °at by Lemma 3.2. SinceY1 ! Y is °at by Lemma 3.5.2 and
X ! Y is a regular immersion, the immersionX 1 ! Y1 is a regular immersion.
Thus X 1 ! S1 is °at and locally of complete intersection. Since the maps
X 1 ! Y1 ! S1 are strict, the underlying map X 1 £ log

S S0 ! S0
1 is °at and

locally of complete intersection and the immersionX 1 £ log
S S0 ! Y1 £ log

S S0 is
a regular immersion by EGA IV Propositions (19.3.9)(ii) and (19.3.7). Since
Y 0

1 ! Y1 £ log
S S0 is a base change ofY 0 ! Y £ log

S S0, the map Y 0
1 ! Y1 £ log

S S0

is log ¶etale. Since it is strict, the underlying map Y 0
1 ! Y1 £ log

S S0 is ¶etale
by Lemma 3.2. SinceX 0

1 ! Y 0
1 is the base change of the regular immersion

X 1 £ log
S S0 ! Y1 £ log

S S0 by the ¶etale map Y 0
1 ! Y1 £ log

S S0, it is also a regular
immersion. Since the regular immersionX 0

1 ! Y 0
1 is also the base change of

the immersion X 0 ! Y 0 by the faithfully °at and strict map Y1 ! Y , the
immersion X 0 ! Y 0 is a regular immersion as required.
We show (2)) (1). We assume the condition (2) is satis¯ed. It is su±cient
to show that the exact closed immersionX ! Y is a regular immersion. By
(2), the underlying map X 1 ! S1 is °at and locally of complete intersection
and the underlying map Y1 ! S1 is smooth. Hence the immersionX 1 ! Y1

is a regular immersion by EGA IV Proposition (19.3.7). Since the regular
immersion X 1 ! Y1 is the base change of the immersionX ! Y by the strict
and faithfully °at map Y1 ! Y , the immersion X ! Y is a regular immersion
as required. 2

Corollary 3.7 (cf. [11] Corollary 4.12) Let f : X ! S and S0 ! S be
morphisms of log schemes and letf 0 : X 0 = X £ log

S S0 ! S0 be the log base
change. Then, if f : X ! S is log °at (resp. log syntomic), the base change
f 0 : X 0 ! S0 is also log °at (resp. log syntomic).
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Proof. Clear from Lemmas 3.2 and 3.3. 2

Lemma 3.8 Let X ! S be a log scheme overS log locally of complete inter-
section, Y ! S be a log smooth log scheme overS and X ! Y be an exact
closed immersion overS. Then,
1. The immersion X ! Y is a regular immersion.
2. Let Y 0 ! S be another log smooth log scheme overS and X ! Y 0 be an exact
closed regular immersion overS. Let n and n0 be the relative dimensions ofY
and of Y 0 over S and r and r 0 be the codimensions of the regular immersions
X ! Y and of X ! Y 0 respectively. Then we haven ¡ r = n0 ¡ r 0.

Proof. 1. Since the assertion is local, we may assume there is an exact regular
closed immersionX ! Y 0 into a log smooth schemeY 0 over S. By the same
argument as in the proof of Lemma 3.4, we may assume that there exist a
commutative diagram

(X; P ) ¡¡¡¡! (Y; P)
?
?
y

?
?
y

(Y 0; P) ¡¡¡¡! (S; N )

of charted log schemes. We de¯ne an fs-monoid (P + N P)» ½ Pgp ©N gp Pgp as
above and put Y 00= ( Y £ log

S Y 0) ­ log
Z[P + P ] Z[(P + N P)» ]. Then the projections

Y 00! Y and Y 00! Y 0 are log smooth and strict and hence are smooth. Since
the immersion X ! Y 0 is a regular immersion, the immersionX ! Y 00 is
a regular immersion. Since the mapY 00 ! Y is also smooth, the immersion
X ! Y is also a regular immersion by EGA IV Proposition (19.1.5)(iv)b)) a)
applied to the immersionsX £ log

Y Y 00! Y 00and X ! X £ log
Y Y 00and by loc.cit

(ii). Hence the assertion follows.
2. In the notation above, the relative dimensions ofY 00over Y and Y 0 are n0

and n respectively. Hence the assertion follows. 2
If X ! Y is an exact regular immersion of codimensionr , and Y is log smooth
over S of relative dimension n, we say that X ! S is of relative dimension
n ¡ r .

Lemma 3.9 Let X and S be log regular schemes andf : X ! S be a morphism
of ¯nite type. Then f : X ! S is log locally of complete intersection.

Proof. Since the assertion is local, we may assume there is a morphism
(X; P ) ! (S; N ) of charted log schemes as in Lemma 3.4. The mapS0 =
S ­ log

Z[N ] Z[P] ! S is log smooth and the map X ! S is factorized as
X ! S0 ! S where X ! S0 is strict. Hence by replacing S by S0, we
may assumeX ! S is strict. Further replacing S by a smooth scheme overS,
we may assumeX ! S is an exact immersion. It is su±cient to show that the
immersion X ! S is a regular immersion.
Since the question is local, we may assumeS = Spec A and X = Spec B
are local. We put P = ¹M S;s and take a chart ® : P = ¹M S;s ! A. We
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put ¹A = A=®(P ¡ f 1g) and ¹B = B ­ A ¹A. Since ¹A ! ¹B is a surjection of
regular local rings, the kernel is generated by a regular sequence (¹t1; : : : ; ¹t r )
of ¹A. We take a lifting ( t1; : : : ; t r ) in the maximal ideal mA . We show that
A i = A=(t1; : : : ; t i ) is log regular of dimension dimA ¡ i and that ( t1; : : : ; t i )
is a regular sequence. By induction oni = 1 ; : : : ; r , it is su±cient to show the
casei = 1. Since t1 6= 0 and A is normal, we have dimA1 = dim A ¡ 1. On the
other hand, we have dim ¹A1 + rank Pgp = dim ¹A ¡ 1 + rank Pgp . Hence, we
have dimA1 = dim ¹A1 + rank Pgp and A1 is log regular. Thus by induction,
A r is log regular of dimension dimA ¡ r and (t1; : : : ; t r ) is a regular sequence.
Since dimB = dim ¹B + rank Pgp = dim ¹A ¡ r + rank Pgp = dim A r and A r

is normal, the surjection A r ! B is an isomorphism. Hence the immersion
X ! S is a regular immersion of codimensionr . 2
Let f : X ! S be a map of log schemes such that the map of underlying schemes
is locally of ¯nite presentation and x 2 X . We put s = f (x), X s = X ­ · (s) · (x)
and de¯ne

dim log
x f ¡ 1(f (x)) =

= dim OX s ;x =(®(M X;x ¡ O£
X;x )) + tr :deg · (x)=· (s) + rank ¹M gp

X;x = ¹M gp
S;s :

Lemma 3.10 Let f : X ! S be a morphism of log schemes such that the map
of underlying schemes is of ¯nite presentation.
1. Let (X; P ) ! (S; N ) be a morphism of charted log schemes and letx 2 X .
Regard x as a log scheme with the log structure de¯ned by the chartP. We put
X 0

x = ( X £ S x) ­ Z[P + P ] Z[(P + N P)» ] and let x ! X 0
x be the section de¯ned

by x ! X and the map(P + N P)» ! P ! · (x). Then, we have an equality

dim log
x f ¡ 1(f (x)) = dim OX 0

x ;x :

2. If X ! S is log °at, the function dim log
x f ¡ 1(f (x)) is a locally constant

function of x 2 X .
3. AssumeX ! S is log locally of complete intersection of relative dimension
d. If we have an equalitydim log

x f ¡ 1(f (x)) = d for all x 2 X , the map X ! S
is log °at and hence log syntomic.

Proof. 1. By Lemma 3.5.3,X 0
x is the closed subscheme of (X s ­ · (s) · (x)) ­ Z

Z[P0gp=Ngp ] de¯ned by the ideal I generated by (®(m) ­ 1) ¡ (1 ­ ®x (m)) ¢(m)
for m 2 P. The ideal I is generated by®(m) ­ 1 for m 2 PnKer(P ! ¹M X;x )
and (m) ¡ (1 ­ ®x (m)) ¡ 1(®(m) ­ 1) for m 2 Ker(P ! ¹M X;x ). HenceX 0

x is the
closed subscheme of (X s ­ · (s) · (x)) ­ Z Z[ ¹M gp

X;x = ¹M gp
S;s ] de¯ned by the ideal J

generated by®(m) ­ 1 for m 2 PnKer(P ! ¹M X;x ). Thus the assertion follows.
2. Let S0 = S ­ log

Z[N ] Z[P]; X 0 = X ­ log
Z[P ] Z[(P + N P)» ] and f 0 : X 0 ! S0

be the map. Since the mapX 0 ! X £ log
S S0 is log ¶etale, and the compo-

sition X 0 ! S0 is strict, the underlying map X 0 ! S0 is °at. Hence the
function dim x 0 f 0¡ 1(f 0(x0)) = dim OX 0

f 0( x 0)
;x 0 is locally constant on x0 2 X 0.

The function dim log
x f ¡ 1(f (x)) is the pull-back of the locally constant function
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dimx 0 f 0¡ 1(f 0(x0)) by the section X ! X 0 induced by the map (P + N P)» ! P .
Thus the assertion is proved.
3. Since the question is local, we may further assume that there is an exact
regular immersion X ! Y to a log schemeY log smooth over S. Let n be
the relative dimension of Y over S and r = n ¡ d be the codimension of the
regular immersion X ! Y . We put Y 0 = Y ­ log

Z[P 0] Z[(P0 + N P0)» ]. Then we

have X 0 = X £ log
Y Y 0. Since X 0 ! X is faithfully °at by Lemma 3.5.2, it is

su±cient to show that the map X 0 ! S0 is °at. Since Y 0 ! Y is °at, the
immersion X 0 ! Y 0 is regular of codimensionr . The map Y 0 ! S0 is smooth
of relative dimension n. Hence the strict map X 0 ! S0 is locally of complete
intersection of relative dimension d. By the assumption and the computation
above, each ¯ber ofX 0 ! S0 has dimensiond. Hence by EGA IV Th¶eorµeme
(11.3.8) d)) a), X 0 ! S0 is °at.

Corollary 3.11 Let f : X ! S be a ¯nite morphism of log regular schemes.
Assumedim X = dim S and f ¤ ¹M gp

S ­ Q ! ¹M gp
X ­ Q is surjective. Then X is

log °at and hence log syntomic overS.

Proof. By Lemma 3.9, the map f : X ! S is log locally of complete intersec-
tion. Further, by the assumption that X ! S is ¯nite and dim X = dim S,
the map X ! S has relative dimension 0. Since dimlog

x f ¡ 1(f (x)) = 0 for all
x 2 X , it is su±cient to apply Lemma 3.10 2

For a ring A, we call a Zariski fs-log structure onX = Spec A a log structure
on A. We call a ring with a log structure a log ring. If A is a local ring, a log
structure on A is de¯ned by a chart P ! A. We say that a map A ! B of log
rings is a surjection if the underlying ring homomorphism A ! B is surjective
and the map f ¤M Y ! M X is surjective wheref : X = Spec B ! Y = Spec A
denotes the corresponding map of log schemes andM X and M Y denote the log
structures. We say that a surjection A ! B of log rings is an exact surjection
if the log structure M X is the pull-back log structure of M Y . We say that
a surjection A ! B is regular if the immersion SpecB ! Spec A of the
underlying schemes is a regular immersion. For a mapA ! B of log rings, let
­ B=A (log =log) denote the module of logarithmic di®erential forms, denoted by
! B=A in [6]. If A and B are local and N and P denote the stalks of the log
structures at the closed points, we have

­ B=A (log =log) =
¡
­ B=A © (B ­ Z (Pgp=Ngp ))

¢
=(dm ¡ m ­ m : m 2 P):

We study formally log smooth maps of complete local Noetherian log rings.

Definition 3.12 (cf. [11] De¯nition 4.4) Let A and B be complete local
Noetherian rings with log structures andf : A ! B a morphism of log rings
such that the underlying ring homomorphism is local.
1. We say f : A ! B is formally log smooth (resp. formally log ¶etale) if, for a
nilpotent exact surjection R ! R0 of discrete logA-algebras and a continuous
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homomorphism B ! R0 of log A-algebras, there exists a (resp. a unique)
continuous homomorphismB ! R of log A-algebras lifting B ! R0.
2. We put ­̂ B=A (log =log) = limÃ¡ n

­ (B= mn
B )=A (log =log).

Lemma 3.13 Let A and B be complete local Noetherian rings with log struc-
tures and f : A ! B a morphism of log rings such that the underlying ring
homomorphism is local. Assume that the residue ¯eld ofB is ¯nitely generated
over the residue ¯eld ofA. Then, the following conditions are equivalent.
(1) B is formally log smooth overA.
(2) There exist a log smooth schemeX over A, a point x of X over the closed
point of SpecA and an ¶etale local homomorphismB ! ÔX;x over A.

Proof. It is clear that (2) implies (1). The implication (1) ) (2) is proved
similarly as in the proof of [6] (3.5.1)) (3.5.2). 2

Corollary 3.14 Let A ! B be as in Lemma and assumeA ! B is log
smooth.
1. The B -module ­̂ B=A (log =log) is free of ¯nite rank.
2. If A is log regular (cf. [8] De¯nition (2.1)) , then B is also log regular.

Proof. 1. It follows from Lemma 3.13 (1)) (2) and [6] Proposition (3.10).
2. It follows from Lemma 3.13 (1)) (2) and [8] Theorem (8.2). 2

4 Tubular neighborhoods for finite flat and log flat log alge-
bras

In the rest of the paper, the integer ring OK is considered as a log ring with
its canonical log structure de¯ned by the chart N ! OK sending 12 N to a
prime element. The letter A denotes a ¯nite °at and log °at log OK -algebra
such that the log structure on AK is trivial. For a ¯nite ¶etale algebra L over
K , its integer ring OL is considered as a logOK -algebra with its canonical log
structure de¯ned by taking the product of the canononical log structures on its
factors. The log OK -algebra OL is log °at by Corollary 3.11. Hence it is ¯nite
°at and log °at and the log structure on L is trivial.

4.1 Log embeddings

Definition 4.1 1. Let A be a ¯nite °at and log °at log OK -algebra such
that the log structure on AK is trivial. Let A be a logOK -algebra formally of
¯nite type and formally log smooth over OK . We say that an exact surjection
A ! A of log OK -algebras is a log embedding if it induces an isomorphism
A =mA ! A=mA .
2. We de¯ne Emblog

OK
to be the category whose objects and morphisms are as

follows. An object of Emblog
OK

is a triple (A ! A) where:

² A is a ¯nite °at and log °at log OK -algebra such that the log structure
on AK is trivial.
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² A is a logOK -algebra formally of ¯nite type and formally log smooth over
OK .

² A ! A is a log embedding.

A morphism (f; f ) : (A ! A) ! (B ! B ) is a pair of homomorphisms
f : A ! B and f : A ! B of log OK -algebras such that the diagram

A ¡¡¡¡! A

f

?
?
y

?
?
y f

B ¡¡¡¡! B

of log OK -algebra homomorphisms is commutative.
3. For a ¯nite °at and log °at log OK -algebraA such that the log structure on
AK is trivial, let Emblog

OK
(A) be the subcategory ofEmblog

OK
whose objects are of

the form (A ! A) and morphisms are of the form(idA ; f ).
4. We say that a morphism(f; f ) : (A ! A) ! (B ! B ) of EmbOK is ¯nite
°at and log °at if A ! B is ¯nite °at and log °at and the map B ­ log

A A ! B
is an isomorphism of logOK -algebras.
5. We say that a log embeddingA ! A is strict if the maps OK ! A and
OK ! A of log rings are strict.

For a complete semi-local Noetherian logOK -algebraR such that R=mR is ¯nite
over F , we put ­̂ R=O K (log =log) = limÃ¡ n

­ (R= mn
R )=OK (log =log). If ( A ! A) is

a log embedding, theA -module ­̂ A =OK (log =log) is locally free of ¯nite rank.
If ( A ! A) is a strict object of Emblog

OK
, by forgetting the log structures, we

obtain an object (A ! A)± of EmbOK . For an object (A ! A) of EmbOK , by
putting the pull-back log structures on A and A from that on OK , we obtain
an object (A ! A) log of Emblog

OK
. Thus, we obtain an equivalence of categories

betweenEmbOK and the full subcategory ofEmblog
OK

consisting of strict objects.

Lemma 4.2 Let A be a ¯nite °at and log °at log OK -algebra such that the log
structure on AK is trivial. We put X = Spec A and S = Spec OK .
1. For a closed point x of X = Spec A, the stalk ¹M X;x of the sheaf ¹M X =
M X =O£

X is isomorphic to N and the map ¹M S;s = N ! ¹M X;x = N is the
multiplication by an integer ex ¸ 1.
2. Let (A ! A) be a log embedding. Then, the ringA is regular and the
reduced closed ¯ber(A ­ OK F )red is a regular divisor. The log ring A is log
regular and the log structure is de¯ned by the reduced closed̄ber (A ­ OK F )red .
3. A log embedding(A ! A) is strict if and only if the map OK ! A is strict.

Proof. 1. Clear from Lemma 3.10.1.
2. We may assumeA is local and the log structure is de¯ned by a chartN ! A .
SinceA is formally log smooth over OK , it is log regular by Corollary 3.14.2.
Since the stalks of ¹M are either N or 0, the ring A is regular and the image

Documenta Mathematica ¢Extra Volume Kato (2003) 5{72



Ramification of Local Fields 45

t 2 A of 1 2 N de¯nes a regular divisor. Since¼=tex 2 A £ , the assertion
follows.
3. We may assumeA is local. Assume the mapOK ! A is strict. Then, in
the notation of the proof of 2, we haveex = 1 and ¼=t2 A £ . Hence the map
OK ! A is strict. The only if part is obvious. 2
To prove the logarithmic version Lemma 4.5 below of Lemma 1.2, we make
another de¯nition.

Definition 4.3 1. Let A be a ¯nite °at and log °at log OK -algebra such
that the log structure on AK is trivial. Let A be a logOK -algebra formally of
¯nite type, formally smooth and formally log smooth overOK . We say that
a surjection A ! A of log OK -algebra is a log pre-embedding if it induces an
isomorphism A =mA ! A=mA of underlying F -algebras.
2. We de¯ne preEmblog

OK
to be the category whose objects and morphisms are

as follows. An object ofEmblog
OK

is a triple (A ! A) where:

² A is a ¯nite °at and log °at log OK -algebra such that the log structure
on AK is trivial.

² A is a log OK -algebra formally of ¯nite type, formally smooth and for-
mally log smooth overOK .

² A ! A is a log pre-embedding.

A morphism (f; f ) : (A ! A) ! (B ! B ) is a pair of log OK -homomorphism
f : A ! B and f : A ! B such that the diagram

A ¡¡¡¡! A

f

?
?
y

?
?
y f

B ¡¡¡¡! B

is commutative.
3. For a ¯nite °at and log °at log OK -algebraA such that the log structure on
AK is trivial, let preEmblog

OK
(A) be the subcategory ofpreEmblog

OK
whose objects

are of the form (A ! A) and morphisms are of the form(idA ; f ).

A log pre-embedding (A ! A) is an embedding together with log structures on
A and on A such that the log ring A is formally log smooth, that the log ring
A is log °at and the log structure on AK is trivial and that the map A ! A
is a surjection of logOK -algebras. Hence, by forgetting the log structures, we
obtain a functor preEmblog

OK
! E mbOK .

We also de¯ne a functor preEmblog
OK

! E mblog
OK

. For an object (A ! A) of

preEmblog
OK

, we attach a log embedding (A » ! A) as follows. First, we consider
the case whereA is local. Assume the log structure ofA is de¯ned by a chart
P ! A . Let P ! N be the map P ! ¹M X;x = N where x is the closed point of
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X = Spec A and we identify ¹M X;x = N by the unique isomorphism. Let P»

be the inverse image ofN by the induced map Pgp ! ¹M gp
X;x = Z. The map

P ! A ! A is extended uniquely to a mapP» ! A. We de¯ne A » to be the
formal completion of the surjection A ­ Z[P ] Z[P» ] ! A induced by P» ! A.
Let A » ! A be the canonical map. The log ringA » and the homomorphism
A » ! A are independent of the choice of the chartP ! A upto a unique
isomorphism. In general, we de¯neA » and A » ! A by taking the product.
By the construction, the canonical map A ! A » is formally log ¶etale.

Lemma 4.4 Let A be a ¯nite °at and log °at log OK -algebra such that the log
structure on AK is trivial.
1. The categorypreEmblog

OK
(A) is non-empty.

2. Let (A ! A) be an object ofpreEmblog
OK

and de¯ne A » and A » ! A as

above. Then(A » ! A) is an object of Emblog
OK

.

Proof. 1. We may assumeA is local. Take a system of generatorst1; : : : ; tn of
A over OK and a chart N ! A. Let t0 2 A be the image of 12 N. We de¯ne
a surjection OK [T0; : : : ; Tn ] ! A by sending Ti to t i and a log structure on
OK [T0; : : : ; Tn ] by the chart N2 ! OK [T0; : : : ; Tn ] sending (1; 0) and (0; 1) 2 N2

to T0 and ¼. Then its formal completion A ! A is a log pre-embedding.
2. By the de¯nition, the OK -algebraA » is formally of ¯nite type over OK and
the surjection A » ! A is exact. Since the mapA ! A » is formally log ¶etale,
the log OK -algebra A » is formally log smooth over OK . Hence the assertion
follows. 2
By Lemma 4.4.2, we obtain a functorpreEmblog

OK
! E mblog

OK
.

Lemma 4.5 1. For a ¯nite °at and log °at log OK -algebraA such that the log
structure on AK is trivial, the category Emblog

OK
(A) is non-empty.

2. For a morphism f : A ! B of ¯nite °at and log °at log OK -algebras such
that the log structures onAK and BK are trivial and for objects (A ! A) and
(B ! B ) of Emblog

OK
, there exists a morphism(f; f ) : (A ! A) ! (B ! B )

lifting f .
3. For a morphism f : A ! B of ¯nite °at and log °at log OK -algebras such
that the log structures onAK and BK are trivial, the following conditions are
equivalent.
(1) The map f : A ! B is log syntomic.
(2) Their exists a ¯nite °at and log °at morphism (f; f ) : (A ! A) ! (B ! B )
of log embeddings.

Proof. 1. Clear from Lemma 4.4.
2. SinceA is formally log smooth, B = limÃ¡ n

B =I n where I = Ker( B ! B )
and the surjection B =I n ! B is exact, the assertion follows.
3. (1)) (2). We may assumeA and B are local. We take log embeddings
A ! A and B ! B . We de¯ne a log embeddingB 0 ! B by applying an
argument similar to the proof of Lemma 4.4.2 to limÃ¡ n

(A =mn
A ­ log

OK
B =mn

B )^ !
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B . Replacing B ! B by B 0 ! B , we may assume that there is a map
(A ! A) ! (B ! B ) such that A ! B is formally log smooth. SinceA ! B
is log syntomic, the exact surjectionB ­ log

A A ! B is regular by Lemma 3.8.1
and the kernel is generated by a regular sequence (t1; : : : ; tn ). Take a lifting
(~t1; : : : ~tn ) in B and de¯ne a map A [[T1; : : : ; Tn ]] ! B by sending Ti to t i . We
consider A [[T1; : : : ; Tn ]] as a log ring with the pull-back log structure by the
map A ! A [[T1; : : : ; Tn ]]. Then the composition A [[T1; : : : ; Tn ]] ! A ! A
sending Ti to 0 de¯nes a log embedding. ReplacingA by A [[T1; : : : ; Tn ]], we
obtain a map (A ! A) ! (B ! B ) such that the map B ­ log

A A ! B is
an isomorphism and that dimA = dim B . By Nakayama's lemma, the map
A ! B is ¯nite. Since A and B are regular, the mapA ! B is °at by EGA
Chap 0IV Corollaire (17.3.5) (ii). Further by Corollary 3.11, it is log s yntomic.
(2)) (1). Since A and B are log regular and have the same dimension,B is
log syntomic over A by Corollary 3.11. HenceB is also log syntomic overA
by Lemma 3.7.2. 2
The base change of a log embedding by an extension of complete discrete val-
uation ¯elds is de¯ned as follows.

Lemma 4.6 Let K 0 be a complete discrete valuation ¯eld andK ! K 0 be
a morphism of ¯elds inducing a local homomorphismOK ! OK 0. Let
(A ! A) be an object ofEmblog

OK
. We de¯ne A ­̂

log
OK

OK 0 to be the projec-

tive limit limÃ¡ n
(A =mn

A ­ log
OK

OK 0). Then the log OK 0-algebraA ­̂
log
OK

OK 0 is for-
mally of ¯nite type and formally log smooth overOK 0. The natural surjection
A ­̂

log
OK

OK 0 ! A­̂
log
OK

OK 0 de¯nes an object (A ­̂
log
OK

OK 0 ! A ­ log
OK

OK 0) of

Emblog
OK 0

.

Proof. Since A ­̂
log
OK

OK 0 is ¯nite over A ­̂ OK OK 0, it is formally of ¯nite type
over OK 0. The formal log smoothness is clear from the de¯nition. The rest is
clear. 2 .
Thus we obtain a functor ­̂

log
OK

OK 0 : Emblog
OK

! E mblog
OK 0

. If K 00 is an exten-

sion of complete discrete valuation ¯elds ofK 0, the composition Emblog
OK

!

Emblog
OK 0

! E mblog
OK 00

is the same as­̂
log
OK

OK 00 : Emblog
OK

! E mblog
OK 00

. If K 0 is a

¯nite extension, we have A ­ log
OK

OK 0 = A ­̂
log
OK

OK 0. If ( A ! A) is strict, we

have (A ! A) ­ log
OK

OK 0 = (( A ! A)± ­ OK OK 0) log .
Similarly as for lim¡! K 0=K

(A®=F0) de¯ned in Section 1.3, we de¯ne a category

lim¡! K 0=K
EmbOK 0 . We de¯ne a functor Emblog

OK
! lim¡! K 0=K

EmbOK 0 as follows.

Lemma 4.7 Let A be a ¯nite °at and log °at log OK -algebra. Let e = eA=O K

denote the least common multiple ofex in Lemma 4.2.1 for the closed points
x in X = Spec A. Let K 0 be a ¯nite separable extension ofK of rami¯cation
index eK 0=K . If eK 0=K is divisible byeA=O K , then the log tensor productAOK 0 =
A ­ log

OK
OK 0 is strict over OK 0.
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Proof. We may assumeA is local. We put P = N 0 = N £ Z and de¯ne maps
N ! P and N ! N 0 by sending 1 2 N to (eA=O K ; 1) and to (eOK 0=OK ; 1)
respectively. There exist morphisms of charts (N ! OK ) ! (P ! A) and
(N ! OK ) ! (N 0 ! OK 0). Since eA=O K divides eOK 0=OK , the saturation
P + sat

N N 0 is isomorphic to N £ (Z=eA=O K Z) £ Z2 and the composition N ½
N 0 ! P + sat

N N 0 ! N is the identity. Hence A ­ log
OK

OK 0 is strict over OK 0. 2

Let (A ! A) be an object of Emblog
OK

and de¯ne e = eA=K as in Lemma
4.7. Let Ce be the full subcategory of the category (Ext=K ) of ¯nite separable
extensions ofK consisting of the extensions with rami¯cation index divisible
by e. If K 0 is a ¯nite separable extension inCe, then by Lemmas 4.7 and 4.2.3,
the base change (A ­ log

OK
OK 0 ! A ­ log

OK
OK 0) is strict and de¯nes an object

(A ­ log
OK

OK 0 ! A ­ log
OK

OK 0)± of EmbOK 0 . We consider a system consisting

of (A ­ log
OK

OK 0 ! A ­ log
OK

OK 0)± for extensions K 0 in Ce and isomorphisms

(A ­ log
OK

OK 0 ! A ­ log
OK

OK 0)± ­ OK 0 OK 00 ! (A ­ log
OK

OK 00 ! A ­ log
OK

OK 00)±

for K -morphisms K 0 ! K 00of extensions inCe. Then it de¯nes an object of
lim¡! K 0=K

EmbOK 0 . Thus we obtain a functor Emblog
OK 0

! lim¡! K 0=K
EmbOK 0 .

4.2 Tubular neighborhoods for log embeddings

For a rational number j > 0, a functor X j : lim¡! K 0=K
EmbOK 0 !

lim¡! K 0=K
(smooth A±noid =K 0) is de¯ned as the limit of the functors X je K 0=K :

EmbOK 0 ! (smooth A±noid =K 0) de¯ned in Section 1.2. We de¯ne a functor
lim¡! K 0=K

(smooth A±noid =K 0) ! lim¡! K 0=K
(A®=F0) as follows. Let (X K 0)K 02 obC

be an object of (smooth A±noid=K 0). Then the extensions K 0 in C such
that the stable normalized integral model A OK 0 is de¯ned over K 0 form
a co¯nal full subcategory C0 by Theorem 1.10. For an extensionK 0 in
C0, let ¹X F 0 denote the a±ne schemeA OK 0 ­ OK 0 F 0 over the residue ¯eld
F 0 of K 0. By sending (X K 0)K 02 obC to ( ¹X F 0)K 02 obC0, we obtain a functor
lim¡! K 0=K

(smooth A±noid =K 0) ! lim¡! K 0=K
(A®=F0). Thus, we have a sequence

of functors

Emblog
OK

¡¡¡¡! lim¡! K 0=K
EmbOK ¡¡¡¡! lim¡! K 0=K

(smooth A±noid =K 0)

¡¡¡¡! lim¡! K 0=K
(A®=F0) ¡¡¡¡! GK -(A®= ¹F ):

The compositions X j
log : Emblog

OK
! lim¡! K 0=K

(smooth A±noid =K 0) and ¹X j
log :

Emblog
OK

! GK -(A®= ¹F ) are more concretely described as follows. For an object

(A ! A) of Emblog
OK

and a ¯nite separable extensionK 0 such that the rami¯ca-
tion index e0 = eK 0=K is divisible by the integer eA=O K in Lemma 4.7, the base

change (A ­̂
log
OK

OK 0 ! A ­ log
OK

OK 0) is strict and we de¯ne an a±noid variety
X j

log (A ! A)K 0 over K 0 by

X j
log (A ! A)K 0 = X e0j ((A ­̂

log
OK

OK 0 ! A ­ log
OK

OK 0)±):
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The composite functorsX j
log : Emblog

OK
! lim¡! K 0=K

(smooth A±noid =K 0) sends

an object (A ! A) of Emblog
OK

to the system X j
log (A ! A) = ( X j

log (A !
A)K 0)K 0 whereK 0 runs over ¯nite separable extensions such that the rami¯ca-
tion index e0 = eK 0=K is divisible by the integer eA=O K .
By Lemma 1.8 and the universality of ­ log , we obtain a cartesian diagram

X j
log (A ! A)( ¹K ) ¡¡¡¡! Homcont.log OK -alg (A ; O ¹K )

?
?
y

?
?
y

Hom log OK -alg (A; O ¹K =mj ) ¡¡¡¡! Homcont.log OK -alg (A ; O ¹K =mj ):

HereO ¹K =mj denotes the limit OK 0=mje K 0=K of fs-log rings whereK 0 runs ¯nite
extensions in ¹K such that jeK 0=K is an integer. Similarly as in Section 1.2, the
surjection X j

log (A ! A)( ¹K ) ! ¼0(X j
log (A ! A)) ¹K induces a surjection

(4:2:1) Homcont.log OK -alg (A ; O ¹K =mj ) ¡¡¡¡! ¼0(X j
log (A ! A)) ¹K :

The map A ! A also induces a map

(4:2:2) Hom log OK -alg (A; O ¹K ) ¡¡¡¡! X j
log (A ! A)( ¹K ):

Similarly as Lemma 1.9.4, if (f; f ) : (A ! OK ) ! (B ! B ) is a ¯nite °at and
log °at morphism of Emblog

OK
, the map (4.2.2) induces a surjection

(4:2:3) Hom log OK -alg (B; O ¹K ) ¡¡¡¡! ¼0(X j
log (B ! B ) ¹K ):

Let (Finite Flat and Log Flat =OK ) denote the category of ¯nite °at and log °at
log OK -algebrasA such that the log structure on A ­ OK K is trivial. We de¯ne
functors ª log and ª j

log : (Finite Flat and Log Flat =OK ) ! GK -(Finite Sets)
for a rational number j > 0 as in Section 1.2 by sending a ¯nite °at and
log °at log OK -algebra A such that the log structure on A ­ OK K to the set
ª log (A) = Hom log

OK
(A; O ¹K ) and to the set

ª j
log (A) = limÃ¡

(A ! A )2E mb log
O K

(A )

¼0(X j
log (A ! A) ¹K )

respectively. As in Section 1.2, the surjection (4.2.1) implies that the projective
system in the right hand side is constant. Further it induces a map ª log ! ª j

log
of functors.
Similarly, for an object ( A ! A) of Emblog

OK
and a ¯nite separable extension

K 0 such that the rami¯cation index e0 = eK 0=K is divisible by the integer
eA=O K and that a stable normalized integral model A j

OK 0
of X j

log (A ! A)K 0

is de¯ned over K 0, an a±ne scheme ¹X j
log (A ! A)K 0 over the residue ¯eld

F 0 of K 0 is de¯ned as the closed ¯ber Spec(A j
OK 0

­ OK 0 F 0). The system
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¹X j
log (A ! A) = ( ¹X j

log (A ! A)K 0)K 0 de¯nes an object of lim¡! K 0=K
(A®=F0).

By identifying the category lim¡! K 0=K
(A®=F0) with GK -(A®= ¹F ), we obtain the

composite functor ¹X j
log : Emblog

OK
! GK -(A®= ¹F ). For j > 0, the functor

ª j
log : (Finite Flat and Log Flat =OK ) ! GK -(Finite Sets) is induced by the

composition of the functors

Emblog
OK

¹X j
log¡¡¡¡! GK -(A®= ¹F ) ¼0¡¡¡¡! GK -(Finite Sets):

We also have a functor ¹C j
log : Emblog

OK
! GK -(A®= ¹F ) and a map of functors

¹X j
log ! ¹C j

log . Let (A ! A) be an object of Emblog
OK

and j > 0 be a rational
number. Let K 0 be a ¯nite separable extension ofK such that the rami¯cation
index e0 = eK 0=K is divisible by eA=O K and by the denominator of j and that
((A ­ log

OK
O0

K ) ­ OK 0 F 0)red is ¶etale overF 0. Let I be the kernel ofA ­ log
OK

O0
K !

A ­ log
OK

O0
K and we put

¹C j
log (A ! A)K 0 = Spec

Ã
1M

n =0

I n =I n +1 ­ OK 0 me0jn
K 0 =me0jn +1

K 0

!

red :

Then the system (¹C j
log (A ! A)K 0)K 0 de¯nes an object lim¡! K 0=K

(A®=F0) and

hence an object ¹C j
log (A ! A) of GK -(A®= ¹F ). It is a scheme over ((A ­ log

OK

OK 0) ­ OK 0
¹F )red for K 0 as above. In the following, we putA log ¹F ; red = (( A ­ log

OK

OK 0) ­ OK 0
¹F )red = ( A ­ log

OK
¹F )red . In the right hand side, ¹F is regarded as

the limit of an fs-log ring with the chart Q¸ 0 ! ¹F sending positive rational
numbers to 0.
We study relations betweenX j and X j

log . Let (A ! A) be an object ofEmbOK

and (B ! B ) be an object ofEmblog
OK

. Let (A ! A) log be the object ofEmblog
OK

de¯ned by the pull-back log structures. An OK -algebra homomorphismA ! B
can be lifted to a morphism (A ! A) log ! (B ! B ) of Emblog

OK
by Lemma 4.2.

For a rational number j > 0, a morphism (A ! A) log ! (B ! B ) of Emblog
OK

induces a morphismX j
log (B ! B ) ! X j

log ((A ! A) log ) = X j (A ! A) of
a±noid varieties.
Let (A ! A) be a log pre-embedding. We have an embedding (A ! A)±, a
log embedding (A » ! A) and a canonical map ((A ! A)±) log ! (A » ! A)
of log embeddings by the construction in Lemma 4.4.2. For a rational number
j > 0, we have a±noid varietiesX j ((A ! A)±) and X j

log (A » ! A) and a map

of a±noid varieties X j
log (A » ! A) ! X j ((A ! A)±).

Lemma 4.8 Let (A ! A) be an object ofpreEmblog
OK

and j > 0 be a positive
integers.
1. The canonical mapX j

log (A » ! A) ! X j ((A ! A)±) is an open immersion

and X j
log (A » ! A) is identi¯ed with a rational subdomain.
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2. AssumeA is local and put S = Spec OK ; X = Spec A and X = Spec A and
let s and x be the closed points ofS and of X . We put P = ¹M X ;x and identify
¹M X;x and ¹M S;s with N. Let e = eA=O K be the image of1 2 ¹M S;s = N by the

composition ¹M S;s ! ¹M X ;x ! ¹M X;x = N as in Lemma 4.7. Let m1; : : : ; mn

be a system of generators of the monoidP and e1; : : : ; en be their images by
P ! N = ¹M X;x . Let j 0 ¸ j + max i ei =e be a rational number strictly greater
than 1. Then we have an open immersionX j 0

((A ! A)±) ! X j
log (A » ! A)

of rational subdomainsX j ((A ! A)±).

Proof. 1. We may assumeA is local. We use the notation in 2. Let I be the
kernel of the surjection A ! A and J be the kernel of the surjectionA » ! A.
By renumbering the indices if necessary, we may assumee1 = 1. We take a chart
' : P ! A and put t i = ' (mi ) 2 A . We de¯ne a monoidP» as in Lemma 4.4.2
and ~' : P» ! A » be the extension. The monoidP» is generated byP and
(mi m

¡ ei
1 )§ 1; i = 2 ; : : : ; n. Hence the ring A » is the completion of the subring

generated by ~' (mi m
¡ ei
1 )§ 1 over A . For i = 2 ; : : : ; n, take liftings ui 2 A £ of

the image of ~' (mi m
¡ ei
1 ) in A£ . Then, the ideal J is generated by the image

of I and ~' (mi m
¡ ei
1 ) ¡ ui ; i = 2 ; : : : ; n. Hence X j

log (A » ! A) is the rational
subdomain X j ((A ! A)±) de¯ned by the conditions ord(t i t

¡ ei
1 ¡ ui ) ¸ j for

i = 2 ; : : : ; n.
2. Similarly as in the proof of Lemma 1.17, we have ordt1 = 1=eon X j 0

((A !
A)±) by the assumption j 0 > 1. Sincet i ¡ ui t

¡ ei
1 2 I for i = 2 ; : : : ; n, we have

ord(t i ¡ ui t
ei
1 ) ¸ j 0 ¸ j + ei =e on X j 0

((A ! A)±). Hence the assertion follows.
2

Corollary 4.9 Let (A ! A) be a log pre-embedding constucted in the proof
of Lemma 4.4.1. Then, for a rational number j > 0, we have open immersions

X j +1 ((A ! A)±) ¡¡¡¡! X j
log (A » ! A) ¡¡¡¡! X j ((A ! A)±)

of rational subdomains.

Proof. The log structure on A is de¯ned by a chart N2 ! A and we havee1 = 1
and e2 = eL=K for m1 = (1 ; 0) and m2 = (0 ; 1) in the notation of Lemma 4.8.2.
Hence the assertion follows. 2
The a±noid varieties X j

log (A ! A) and Y j
Z;P de¯ned in [1] Section 3.2 are

related as follows. LetL be a ¯nite separable extension ofK and A = OL be
the integer ring. Let Z = ( zi ) i 2 I be a ¯nite system of generators ofOL over
OK and P ½ I be a subset such thatzi is a prime element ofOL for somei 2 P
and zi is not zero for any i 2 P. We recall a description ofY j

Z;P for a rational
number j > 0. We put ei = ord L zi and e = eL=K and let ¼be a prime element
of K . Let I Z be the kernel of the surjectionOK [Ti ; i 2 I ] ! A sendingTi to zi

and (f 1; : : : ; f m ) be a ¯nite set of generators ofI Z . For i 2 P and (i; j ) 2 P2,
we take polynomials gi ; hi;j 2 OK [Ti ; i 2 I ] such that the images in OL are
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ui = ze
i =¼ei and ui;j = zei

j =zej
i . If z¶ is a prime element for¶2 P, then we have

Y j
Z;P ( ¹K ) =

8
<

:
(x i ) i 2 I 2 OI

¹K

¯
¯
¯
¯
¯
¯

ordf l (x i ) ¸ j for 1 · l · m
ord(xe

¶=¼e¶ ¡ g¶(x i )) ¸ j
ord(xe¶

k =xek
¶ ¡ hk;¶(x i )) ¸ j for k 2 P

9
=

;

by [1] Lemma 3.9 (2). Furthermore, for (x i ) i 2 I 2 Y j
Z;P ( ¹K ), we have x i =xei

¶ 2
O£

¹K for i 2 P.
We de¯ne a log structure on OK [Ti ; i 2 I ] by the chart M = N £ NP !
OK [Ti ; i 2 I ] sending (1; 0) to ¼ and (0; f i ) to Ti where f i 2 NP is the i -th
standard basis. Let A be the formal completion of the surjection OK [Ti ; i 2
I ] ! A sendingTi to zi .

Lemma 4.10 Let the notation be as above. Then(A ! A) is a log pre-
embedding and the a±noid variety X j

log (A » ! A) ¹K de¯ned by the log em-

bedding(A » ! A) is the same asY j
Z;P de¯ned in [1] Section 3.2.

Proof. It is clear that ( A ! A) is a log pre-embedding. We describe the log
OK -algebra A » . As in Lemma 4.4.2, let P» ½ Pgp = Z £ ZP be the inverse
image ofN by the map Z £ ZP ! Z sendingT0 = (1 ; 0) to e and the standard
basis Ti of ZP to ei for i 2 P. We consider a chart N ! OK and a map of
monoids N ! P» sending 12 N to a prime element ¼2 OK and to T0 2 P» .
We put A I;P = OK ­ Z[N] Z[P» ][Ti ; i 2 I ¡ P] and de¯ne a log structure by the
chart P» ! A I;P . Then, A » is identi¯ed with the formal completion of the
natural surjection A I;P ! A.
Let K 0 be a ¯nite separable extension ofK containing L as a sub¯eld. We
compute the log tensor product A I;P ­ log

OK
OK 0. By choosing a numbering,

we assumeP = f 1; : : : ; r g ½ I = f 1; : : : ; mg and zr is a prime element. Let
Ti ; i = 0 ; : : : ; r be the standard basis ofP = N £ NP and put Ui = Ti T ¡ ei

r
for i = 1 ; : : : ; r ¡ 1 and U0 = T0T ¡ e

r . Then the monoid P» is generated by
U§ 1

i ; i = 0 ; : : : ; r ¡ 1 and Tr and is isomorphic to Zr £ N. Let N 0 be the
monoid N £ Z with the map N ! N £ Z sending 12 N to (e0; 1). Let ¼0 be
a prime element of K 0 and e0 = eK 0=K be the rami¯cation index and de¯ne
a unit u0 of OK 0 by ¼ = u0¼0e0

. We consider a chart N 0 ! OK 0 sending
U0 = (0 ; 1) to u0 and T0 = (1 ; 0) to ¼0. By the assumption L ½ K 0, ¹e =
e0=e is an integer and the saturation P» + sat

N N 0 is generated by U§ 1
i ; i =

1; : : : ; r ¡ 1; V § 1; U0§1 and T0 whereV = Tr T0¡ ¹e and is isomorphic toZr +1 £ N.
HenceA I;P ­ log

OK
OK 0 = OK 0 ­ Z[N 0] Z[P» + sat

N N 0][Tr +1 ; : : : ; Tm ] is isomorphic
to OK 0[U§ 1

1 ; : : : ; U§ 1
r ¡ 1; Tr +1 ; : : : ; Tm ; V § 1]. The log structure is the pull-back

of that on OK 0.
The base changeA ­̂

log
OK

OK 0 is the formal completion of the surjectionA I;P ­ log
OK

OK 0 ! OL ­ log
OK

OK 0. We claim that the kernel of the surjection A I;P ­ log
OK

OK 0 ! OL ­ log
OK

OK 0 is generated byI Z and U0 ¡ ¼=zer ; Ui ¡ zi =zei
r ; i = 1 ; : : : ; r .

The kernel Ker(A ­̂
log
OK

OK 0 ! OL ­ log
OK

OK 0) is generated by Ker(A I;P ! OL )
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since the surjection A I;P ! OL is exact. SinceP» is generated by U0 =
T0T ¡ e

r ; U1; : : : ; Ur ¡ 1 and P, the ring A I;P is also generated byU0; U1; : : : ; Ur ¡ 1

over OK [T1; : : : ; Tm ]. Hence, Ker(A I;P ! OL ) is generated by I Z and U0 ¡
¼=zer ; Ui ¡ zi =zei

r ; i = 1 ; : : : ; r and the claim is proved.
For an element (u1; : : : ; ur ¡ 1; v; xr +1 ; : : : ; xm ) 2 O£ r

¹K £ Om ¡ r
¹K , we put x r = v¼0¹e

and x i = ui xei
r for i = 1 ; : : : ; r ¡ 1. Then, the underlying set ofX j

log (A ! A) ¹K
is

8
<

:
(u1; : : : ; ur ¡ 1; v; xr +1 ; : : : ; xm )

2 O£ r
¹K £ Om ¡ r

¹K

¯
¯
¯
¯
¯
¯

ordf l (x i ) ¸ j for 1 · l · m
ord(ve=u0 ¡ gr (x i )) ¸ j

ord(uk ¡ hk (x i )) ¸ j for k = 1 ; : : : ; r

9
=

;
:

Hence the mapX j
log (A ! A) ¹K ! Y j

Z;P sending (u1; : : : ; ur ¡ 1; v; xr +1 ; : : : ; xm )
to (x1; : : : ; xm ) is an isomorphism. 2

4.3 ¶Etale covering of log tubular neighborhoods

Let A and B be the integer rings of ¯nite ¶etale K -algebras. For a ¯nite °at
and log °at morphism (A ! A) ! (B ! B ) of log embeddings, we study
conditions for the induced ¯nite morphism X j

log (A ! A) ! X j
log (B ! B ) to

be ¶etale.

Proposition 4.11 Let A and B = OL be the integer rings of ¯nite separable
extensions ofK and (A ! A) ! (B ! B ) be a ¯nite °at and log °at morphism
of log embeddings. Letj > 0 be a rational number, ¼L a prime element of L
and e = ord ¼L be the rami¯cation index.
1. Assume A = OK . Suppose that, for eachj 0 > j , there exists a ¯nite
separable extensionK 0 of K such that X j 0

log (B ! B )K 0 is isomorphic to the

disjoint union of ¯nitely many copies of X j 0

log (A ! A)K 0 as an a±noid variety

over X j 0

log (A ! A)K 0. Then there is an integer 0 · n < ej such that ¼n
L

annihilates ­ B=A (log =log).
2. If there is an integer 0 · n < ej such that ¼n

L annihilates ­ B=A (log =log),
then the ¯nite °at map X j

log (B ! B ) ! X j
log (A ! A) is ¶etale.

Corollary 4.12 Let A = OK and let B be the integer ring of a ¯nite ¶etale
K -algebra and(A ! A) ! (B ! B ) be a ¯nite °at and log °at morphism of
log embeddings. Letj > 0 be a rational number. Suppose that, for eachj 0 > j ,
there exists a ¯nite separable extensionK 0 of K such that X j 0

log (B ! B )K 0 is

isomorphic to the disjoint union of ¯nitely many copies of X j 0

log (A ! A)K 0 as
in Proposition 4.11.1. Let I be the kernel of the surjectionB ! B and let
NB= B be theB -module I=I 2. Then we have the following.
1. The ¯nite map X j

log (B ! B ) ! X j
log (A ! A) is ¶etale and is extended to a

¯nite ¶etale map of stable normalized integral models.
2. The ¯nite map ¹X j

log (B ! B ) ! ¹X j
log (A ! A) is ¶etale.
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3. The twisted normal cone ¹C j
log (B ! B ) is canonically isomorphic to the

covariant vector bundle de¯ned by theB ¹F ;red -module (HomB (NB= B ; B ) ­ OK

N j ) ­ B ¹F
B log ¹F ; red and the ¯nite map ¹X j

log (B ! B ) ! ¹C j
log (B ! B ) is ¶etale.

To prove Proposition 4.11, we use the following.

Lemma 4.13 Let A = OL be the integer ring of a ¯nite separable extensionL ,
A ! A be a log embedding and letM be anA -module of ¯nite type. Let j > 0
be a rational number andK 0 be a ¯nite separable extension ofK such that the
map OK 0 ! A ­ log

OK
OK 0 is strict and the stable normalized integral modelA j

OK 0

of X j
log (A ! A) is de¯ned over K 0. Let e and e0 be the rami¯cation indices of

L and of K 0 over K and ¼L and ¼0 be prime elements ofL and K 0. Assume
that e0=e and e0j are integers. Then the following conditions are equivalent.
(1) There exists an integer 0 · n < ej such that theA-module M = M ­ A A
is annihilated by ¼n

L .
(2) The A j

OK 0
-module M j = M ­ A A j

OK 0
is annihilated by ¼0e0j ¡ 1.

Proof of Lemma 4.13. The proof is similar to that of Lemma 1.17. The image
of an element in the kernel I of the surjection A ­ log

OK
OK 0 ! A ­ log

OK
OK 0 in

A j
OK 0

is divisible by ¼0e0j . Hence we have a commutative diagram

A ¡¡¡¡! A j
OK 0?

?
y

?
?
y

A ¡¡¡¡! A j
OK 0

=(¼0e0j )

of log rings. The image of¼L 2 A is a unit times ¼0e0=e in A j
OK 0

=(¼0e0j ). The
rest of the proof is the same as that of Lemma 1.17.

Proof of Proposition 4.11. Proof is similar to that of Proposition 1.15.
1. For j > 0, the a±noid variety X j

log (A ! A) is a polydisk. By the proof
of Lemma 1.7, there exist a ¯nite separable extensionK 0 of K of rami¯ca-
tion index e0, an embedding (B ­ log

OK
OK 0 ! B 0) in EmbOK 0 isomorphic to

(OK 0[[T1; : : : ; Tn ]]N ! ON
K 0) for some N > 0, a positive rational number ² < j

and an open immersionX j
log (B ! B )K 0 ! X e0² ((B ­ log

OK
OK 0 ! B 0)±) as a

rational subdomain. The a±noid variety X e0² ((B ­ log
OK

OK 0 ! B 0)±) is the
disjoint union of ¯nitely many copies of polydisks. Enlarging K 0 if necessary,
we may assume thate0j and e0² are integers. We may further assume that
there is a rational number j < j 0 < j + ² such that e0j 0 is an integer, that
the stable normalized integral modelsBj 0

OK 0
and B0e0²

OK 0
of X j 0

log (B ! B )K 0 and

of X e0² ((B ­ log
OK

OK 0 ! B 0)±)K 0 are de¯ned over K 0 and X j 0

log (B ! B )K 0 is

isomorphic to the disjoint union of copies ofX j 0

log (A ! A)K 0. Sincee0j 0 is an

integer, the stable normalized integral modelA j 0

OK 0
of X j 0

log (A ! A) is also
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de¯ned over K 0. We have a commutative diagram

A ¡¡¡¡! A j 0

OK 0?
?
y

?
?
y

B ¡¡¡¡! B 0e0²
OK 0

¡¡¡¡! B j 0

OK 0
:

We consider the modules
­̂ A =OK (log =log) = limÃ¡ n

­ (A =mn
A )=OK ) (log =log); ­̂

A j 0
O K 0

=OK 0
= limÃ¡ n

­
(A j 0

O K 0
=¼0n A j 0

O K 0
)=OK 0

etc. Since A is strict over OK and B ­ log
OK

OK 0

is strict over OK 0, the canonical maps ­̂ A =OK (log =log) ! ­̂ A =OK and
(B ­ log

OK
OK 0) ­ B ­̂ B =OK (log =log) ! ­̂ (B ­ log

O K
OK 0)=OK 0

are isomorphisms.

Thus, as in the proof of Proposition 1.15, we have a commutative diagram

Bj 0

OK 0
­ A ­̂ A =OK (log =log)

²²

// Bj 0

OK 0
­

A j 0

O K 0

­̂
A j 0

O K 0
=OK 0

²²

Bj 0

OK 0
­ B ­̂ B =OK (log =log) //Bj 0

OK 0
­ B0e0²

O K 0
­̂ B0e0²

O K 0
=OK 0

//̂­
B j 0

O K 0
=OK 0

:

We show that the modules are freeBj 0

OK 0
-modules of rank n, the maps are

injective and that we have an inclusion ¼0e0j 0
Bj 0

OK 0
­ B ­̂ B =OK (log =log) ½

¼0e0² Bj 0

OK 0
­ A ­̂ A =OK (log =log) as submodules of­̂

B j 0

O K 0
=OK 0

. By the as-

sumption on the covering X j 0

log (B ! B )K 0 ! X j 0

log (A ! A)K 0, the A j 0

OK 0
-

algebra Bj 0

OK 0
is isomorphic to the product of ¯nitely many copies of A j 0

OK 0
.

Hence the right vertical map Bj 0

OK 0
­

A j 0
O K 0

­̂
A j 0

O K 0
=OK 0

! ­̂
B j 0

O K 0
=OK 0

is an

isomorphism. Similarly as in the proof of Proposition 1.15.1, by the canon-
ical map A j 0

OK 0
­ A ­̂ A =OK (log =log) ! ­̂

A j 0
O K 0

=OK 0
, the module A j 0

OK 0
­ A

­̂ A =OK (log =log) is identi¯ed with the submodules ¼0e0j 0
­̂

A j 0
O K 0

=OK 0
of the

free module ­̂
A j 0

O K 0
=OK 0

. Also by B0e0²
OK 0

­ B ­̂ B =OK (log =log) ! ­̂ B0e0²
O K 0

=OK 0
,

the module B0e0²
OK 0

­ B ­̂ B =OK (log =log) is identi¯ed with the submodule

¼0e0² ­̂ B0e0²
O K 0

=OK 0
of the free module ­̂ B0e0²

O K 0
=OK 0

. Hence we obtain an inclusion

¼0e0j 0
Bj 0

OK 0
­ B ­̂ B =OK (log =log) ½ ¼0e0² Bj 0

OK 0
­ A ­̂ A =OK (log =log) as submodules

of ­̂
B j 0

O K 0
=OK 0

.

Thus the Bj 0

OK 0
-module Bj 0

OK 0
­ B ­ B =A (log =log) = Coker( Bj 0

OK 0
­ A

­̂ A =OK (log =log) ! B j 0

OK 0
­ B ­̂ B =OK (log =log)) is annihilated by ¼0e0( j 0¡ ² ) .

Documenta Mathematica ¢Extra Volume Kato (2003) 5{72



56 Ahmed Abbes and Takeshi Saito

Since 0< j ¡ ² < j 0 ¡ ² < j , applying Lemma 4.13 (2)) (1), the assertion is
proved.
2. Let K 0 be a ¯nite separable extension such thate0j is an integer, that
B ­ log

OK
OK 0 is strict over OK 0 and that the stable normalized integral models

A j
OK 0

and Bj
OK 0

are de¯ned over K 0. By Lemma 4.13 (1)) (2), the Bj
OK 0

-

module Bj
OK 0

­ B ­ B =A (log =log) is annihilated by ¼0n 0
for an integer n0 < e0j .

The rest of proof is the same as that of Proposition 1.15.2. 2
Proof of Corollary 4.12. The same as that of Corollary 1.16. 2

5 Filtration by ramification groups: the logarithmic case

5.1 Construction

In this subsection, we rephrase the de¯nition of the logarithmic ¯ltration by
rami¯cation groups given in the previous paper [1] by using the preceeding
constructions.
Let © : (Finite ¶Etale=K ) ! GK -(Finite Sets) be the ¯ber functor as in
Section 2.1. For a rational number j > 0, we de¯ne a functor ©j

log :

(Finite ¶Etale=K ) ! GK -(Finite Sets) as the composition of the functor
(Finite ¶Etale=K ) ! (Finite Flat and log Flat =OK ) sending a ¯nite ¶etale K -
algebra L to the integral closure OL of OK in L with the standard log struc-
ture and the functor ª j

log : (Finite Flat and log Flat =OK ) ! GK -(Finite Sets)

de¯ned in Section 4.2. The map (4.2.3) de¯nes a surjection ©! ©j
log of func-

tors. In [1], we de¯ne the logarithmic ¯ltration by rami¯cation groups on GK

by using the family of surjections (© ! ©j
log ) j> 0;2 Q of functors. The ¯ltra-

tion by the log rami¯cation groups Gj
K; log ½ GK ; j > 0; 2 Q is characterized

by the condition that the canonical map ©(L) ! ©j
log (L ) induces a bijection

©(L)=Gj
K; log ! ©j

log (L ) for each ¯nite ¶etale algebra L over K .

The functor © j
log is de¯ned by the commutativity of the diagram

(Finite ¶Etale=K )
© j

log //

²²

GK -(Finite Sets)

(Finite Flat and Log Flat =OK )
ª j

log

33ggggggggggggggggggggg
GK -(A®= ¹F )

¼0

OO

Emblog
OK

( ­ log OK 0)K 0

²²

OO

lim
¡! K 0=K

(A®=F0)

OO

lim
¡! K 0=K

EmbOK 0

(X
eK 0=K j

)K 0

//lim
¡! K 0=K

(smooth A±noid =K 0)

(X K 0)K 07! ( ¹X F 0)K 0

OO
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We brie°y recall how the other arrows in the diagram are de¯ned. The
forgetful functor Emblog

OK
! (Finite Flat and Log Flat =OK ) sends (A ! A)

to A. The functor Emblog
OK

! lim¡! K 0=K
EmbOK 0 sends a log embedding

to the system of strict base changes. The functor lim¡! K 0=K
EmbOK !

lim¡! K 0=K
(smooth A±noid =K 0) is de¯ned by the system of tubular neighbor-

hoods. The functor lim¡! K 0=K
(smooth A±noid =K 0) ! lim¡! K 0=K

(A®=F0) is de-
¯ned by the closed ¯ber of the stable normalized integral models. The functor
lim¡! K 0=K

(A®=F0) ! GK -(A®= ¹F ) is the equivalence of category de¯ned in Sec-
tion 1.3. The functor ¼0 is de¯ned by the set of connecteds components. They
induce a functor ª j

log : (Finite Flat and log °at =OK ) ! GK -(Finite Sets). The

functor © j
log is de¯ned as the composition of ª j

log with the functor sending a
¯nite ¶etale algebra L to the integral closure OL in L of OK with the canonical
log structure. More concretely, we have

©j
log (L ) =

limÃ¡
(A ! OL )2E mb log

O K
(OL )

¼0( lim¡!
K 0=K

¹X eK 0=K j ((A ­ log
OK

OK 0 ! OL ­ log
OK

OK 0)±))

for a ¯nite ¶etale K -algebra L . This de¯nition agrees with that given in [1] by
Lemma 4.10.
For a rational number j ¸ 0, we de¯ne a functor ©j +

log : (Finite ¶Etale=K ) !!

GK -(Finite Sets) by © j +
log (L ) = lim¡! j 0>j

©j 0

log (L ) for a ¯nite ¶etale K -algebra L .

We de¯ne a closed normal subgroupGj +
K; log to be [ j 0>j Gj 0

K . Then we have

©j +
log (L ) = ©( L)=Gj +

K; log . Similarly as Lemma 2.1, the ¯nite set ©j +
log (L ) has the

following geometric description.

Lemma 5.1 Let B be the integer ring with the standard log structure of a ¯nite
¶etale algebraL over K and j > 0 be a rational number. Let (f; f ) : (A !
OK ) ! (B ! B ) be a ¯nite °at and log °at morphism of embeddings. Let
f j : X j

log (B ! B ) ! X j
log (A ! OK ) and ¹f j : ¹X j

log (B ! B ) ! ¹X j
log (A ! OK )

be the canonical maps. Let0 2 X j
log (A ! OK ) be the point corresponding to

the mapA ! OK and ¹0 2 ¹X j
log (A ! OK ) be its specialization. Then the maps

(1.8.0), (1.12.1) and the specialization map form a commutative diagram

(5:1:1)

©(L) ¡¡¡¡! ©j +
log (L ) ¡¡¡¡! ©j

log (L )
?
?
y

?
?
y

?
?
y

(f j )¡ 1(0) ¡¡¡¡! ( ¹f j )¡ 1(0) ¡¡¡¡! ¼0( ¹X j
log (B ! B ))

and the vertical arrows are bijections.

For a ¯nite ¶etale algebra L over K and a rational number j > 0, we say that
the log rami¯cation of L is bounded byj if the canonical map ©(L) ! ©j

log (L )
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is a bijection. Let A = OK and let B = OL be the integer ring of a ¯nite ¶etale
K -algebra L and (A ! A) ! (B ! B ) be a ¯nite °at and log °at morphism
of log embeddings. Then, since the mapX j

log (B ! B ) ! X j
log (A ! A) is

¯nite °at of degree [L : K ], the rami¯cation of L is bounded by j if and only if
there exists a ¯nite separable extensionK 0 of K such that the a±noid variety
X j

log (B ! B )K 0 is isomorphic to the disjoint union of ¯nitely many copies of

X j
log (A ! A)K 0 over X j

log (A ! A)K 0. We say that the log rami¯cation of
L is bounded by j + if the log rami¯cation of L is bounded by every rational
number j 0 > j . The log rami¯cation of L is bounded by j + if and only if the
canonical map ©(L) ! ©j +

log (L ) is a bijection.

Lemma 5.2 Let K ! K 0 be a map of complete discrete valuation ¯elds in-
ducing a local homomorphismOK ! OK 0 of integer rings. Assume that the
rami¯cation index e = eK 0=K is prime to p and that the residue ¯eldF 0 of K 0 is
a separable extension of the residue ¯eldF of K . Then, for a rational number
j > 0, the map GK 0 ! GK induces a surjection Gej

log ;K 0 ! Gj
log ;K .

Proof. Let A be the integer ring of a ¯nite ¶etale K -algebra L and (A ! A) be
an object of EmbOK . By the assumption, the log tensor productA ­ log

OK
OK 0 is

the integer ring of L ­ K K 0. The rest is the same as the proof of Lemma 2.2.
2
The two ¯ltrations by rami¯cation groups are related as follows.

Lemma 5.3 Let K be a complete discrete valuation ¯eld andj > 0 be a rational
number. Then, we have inclusionsGj

K ¾ Gj
K; log ¾ Gj +1

K .

Proof. By Corollary 4.9, there are natural morphisms ©j +1 ! ©j
log ! ©j of

functors. Hence the assertion follows. 2

5.2 Functoriality of the closed fibers of log tubular neighbor-
hoods

For a positive rational number j > 0, let (Finite ¶Etale=K )· j +
log denote the

full subcategory of (Finite ¶Etale=K ) consisting of ¶etaleK -algebras whose log
rami¯cation is bounded by j +. At the end of the section, we prove Theorem
5.12. As in the proof of Theorem 2.15, we reduce it to the case where the
condition

(F) There exists a perfect sub¯eld F0 of F such that F is ¯nitely generated
over F0.

is satis¯ed. Assuming the condition (F), we de¯ne a twisted tangent space £j
log

and show that the functor ¹X j
log : Emblog

OK
! GK -(A®= ¹F ) induces a functor

¹X j
log : (Finite ¶Etale=K )· j +

log ! GK -(Finite ¶Etale=£ j
log ):
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In this subsection, L denotes a ¯nite ¶etaleK -algebra andA = OL denotes the
integer ring with the canonical log structure.
We assume that the condition (F) is satis¯ed. Let K 0 be a sub¯eld of K
such that OK 0 = OK \ K 0 is a complete discrete valuation ring with perfect
residue ¯eld F0 and F is ¯nitely generated over F0 as in Section 2.3. Let
¼0 denote a prime element ofOK 0 . We consider OK 0 as a log ring with the
trivial log structure. We introduce a new categoryEmblog

K;O K 0
and a functor

Emblog
K;O K 0

! E mblog
OK

similarly as in Section 2.3.

Definition 5.4 Let K be a complete discrete valuation ¯eld andK 0 be a sub-
¯eld of K such that OK 0 = OK \ K 0 is a complete discrete valuation ring
with perfect residue ¯eld F0 and that F is ¯nitely generated over F0. We put
m = tr :deg(F=F0). We considerOK 0 as a log ring with thetrivial log structure.
1. We de¯ne Emblog

K;O K 0
to be the category whose objects and morphisms are

as follows. An object ofEmblog
K;O K 0

is a triple (A 0 ! A) where:

² A is the integer ring of a ¯nite ¶etale K -algebra with the canonical log
structure.

² A 0 is a complete semi-local Noetherian logOK 0 -algebras formally smooth
and formally log smooth of relative dimensionm + 1 = tr :deg(F=F0) + 1
over OK 0 .

² A 0 ! A is an exact and regular surjection of codimension 1 of logOK 0 -
algebras and induces an isomorphismA 0=mA 0 ! A=mA of underlying
F0-algebras.

A morphism (f; f ) : (A 0 ! A) ! (B 0 ! B ) is a pair of a log OK -
homomorphism f : A ! B and a log OK 0 -homomorphism f : A 0 ! B 0 such
that the diagram

A 0 ¡¡¡¡! A

f

?
?
y

?
?
y f

B 0 ¡¡¡¡! B
is commutative.
2. For the integer ring A of a ¯nite ¶etale K -algebra, we de¯neEmblog

K;O K 0
(A)

to be the subcategory ofEmblog
K;O K 0

whose objects are of the form(A 0 ! A) and
morphisms are of the form(idA ; f ).
3. We say that a morphism(A 0 ! A) ! (B 0 ! B ) is ¯nite °at and log °at
if A 0 ! B 0 is ¯nite °at and log °at and the canonical map B 0 ­ log

A 0
A ! B is

an isomorphism.

An object (A 0 ! A) of Emblog
K;O K 0

is an object (A 0 ! A) of EmbK;O K 0
together

with a log strucure on A 0 such that the log ring A 0 is formally log smooth over
OK 0 and that the surjection A 0 ! A is exact.
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Lemma 5.5 1. Let A be the integer ring of a ¯nite ¶etale K -algebra with the
canonical log structure. Then, the categoryEmblog

K;O K 0
(A) is non-empty.

2. Let (A 0 ! A) and (B 0 ! B ) be objects ofEmblog
K;O K 0

and A ! B be anOK -
homomorphism. Then there exists a homomorphism(A 0 ! A) ! (B 0 ! B )
in Emblog

K;O K 0
extending A ! B .

3. Every morphism in Emblog
K;O K 0

is ¯nite °at and log °at.

Proof. 1. We may assumeA is local. Take a transcendental basis (¹t1; : : : ; ¹tm )
of the residue ¯eld E of A over F0 such that E is a ¯nite separable extension
of F0(¹t1; : : : ; ¹tm ). Take a lifting ( t1; : : : ; tm ) in A of (¹t1; : : : ; ¹tm ) and prime
elementst0 of A and ¼0 of OK 0 . Then A is unrami¯ed over the completion of
the local ring of OK 0 [T0; : : : ; Tm ] at the prime ideal (¼0; T0) by the map de¯ned
by sending Ti to t i . Hence there are an ¶etale schemeX over Am +1

OK 0
, a point »

of X above (¼0; T0) and a regular immersion ' : ÔX;» ! A of codimension 1.
Let A 0 be the OK 0 -algebra ÔX;» with the log structure de¯ned by the chart
N ! A 0 sending 12 N to T0. Then (A 0 ! A) is an object of Emblog

K;O K 0
.

2. SinceA 0 is formally log smooth over OK 0 , it follows from that B 0 is the
formal completion of itself with respect to the surjection B 0 ! B .
3. We may assumeA and B are local. We show that the mapB 0 ­ log

A 0
A ! B is

an isomorphism. Let f be a generator of the kernel ofA 0 ! A. It is su±cient
to show that the image of f in mB 0 =m2

B 0
is not 0. We take charts N ! A 0

and N ! B 0 and let t0 2 A 0 and t0
0 2 B 0 be the images of 12 N. The charts

N ! A 0 and N ! B 0 induces isomorphismsN ! M Y ;y and N ! M X ;x wherey
and x are the closed points of the log schemesY = Spec A 0 and X = Spec X 0.
The map N = M Y ;y ! N = M X ;x is the multiplication by the rami¯cation
index e of B ­ OK K over A ­ OK K .
Sincedt0 is in the kernel of the surjection ­̂ A 0 =OK 0

­ A 0 A=mA ! ­ (A= mA )=F0

and is non-zero, (¼0; t0) is a basis of mA 0 =m2
A 0

. We put f = a¼0 + bt0 in
mA 0 =m2

A 0
for some elementa; b in the residue ¯eld E of A. Since the surjection

A 0 ! A is regular of codimension 1, either ofa and b is not 0. Since the image
of t0 is a basis ofmA =m2

A and the image of f is 0, we havea 6= 0. Similarly
(¼0; t0

0) is a basis ofmB 0 =m2
B 0

. Since the mapN = M Y ;y ! N = M X ;x is the
multiplication by the rami¯cation index e, the image of t0 is a unit times t0e

0 .
Hence the image off in mB 0 =m2

B 0
is not zero. Thus the mapB 0 ­ log

A 0
A ! B

is an isomorphism. SinceB is ¯nite over A, B 0 is also ¯nite over A 0 by
Nakayama's lemma. Since dimA 0 = dim B 0 = 2 the assertion follows by
Corollary 3.11. 2

Corollary 5.6 Every morphism in Emblog
K;O K 0

(A) is an isomorphism.

Proof. If ( A 0 ! A) ! (A 0
0 ! A) is a map, the map A 0 ! A 0

0 is ¯nite °at of
degree 1 and is an isomorphism. 2
We de¯ne a functor Emblog

K;O K 0
! E mblog

OK
as follows. Let (A 0 ! A) be an

object of Emblog
K;O K 0

. We de¯ne an embedding ((A 0 ­̂ OK 0
OK )^ ! A) by
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regarding (A 0 ! A) as an object of EmbK;O K 0
. Since the underlying ring

of A =mn
A ­ log

OK 0
OK =mn

K is A =mn
A ­ OK 0

OK =mn
K , we de¯ne a log structure

on (A 0 ­̂ OK 0
OK )^ as the limit of those on A =mn

A ­ log
OK 0

OK =mn
K . We let

(A 0 ­̂
log
OK 0

OK )^ denote the log ring (A 0 ­̂ OK 0
OK )^ with this log structure.

Lemma 5.7 Let (A 0 ! A) be an object of Emblog
K;O K 0

. Then,

((A 0 ­̂
log
OK 0

OK )^ ! A) is a log pre-embedding and hence((A 0 ­̂
log
OK 0

OK )^» !
A) is a log embedding.

Proof. By the construction, the log OK -algebra (A 0 ­̂
log
OK 0

OK )^ is formally log

smooth and ((A 0 ­̂
log
OK 0

OK )^ ! A) is a log pre-embedding. The rest follows
from Lemma 4.4.2. 2
In the following, we put A = ( A 0 ­̂ OK 0

OK )^» . We obtain a functor

Emblog
K;O K 0

! E mblog
OK

sending (A 0 ! A) to ( A ! A) = (( A 0 ­̂ OK 0
OK )^» !

A) by Lemma 5.7. For a rational number j > 0, we have a sequence of functors

Emblog
K;O K 0

¡¡¡¡! E mblog
OK

X j
log¡¡¡¡!

lim¡! K 0=K
(smooth A±noid =K 0) ¡¡¡¡! GK -(A®= ¹F ):

We also let ¹X j
log denote the composite functor Emblog

K;O K 0
! GK -(A®= ¹F ).

Thus, for an object (A 0 ! A) of Emblog
K;O K 0

, we have ¹X j
log (A 0 ! A) =

¹X j
log ((A 0 ­̂ OK 0

OK )^» ! A):
For a rational number j > 0, the composition

Emblog
K;O K 0

¡¡¡¡! E mblog
OK

¹C j
log¡¡¡¡! GK -(A®= ¹F ):

de¯nes a functor ¹C j
log : Emblog

K;O K 0
! GK -(A®= ¹F ). We compute the twisted

normal cone ¹C j
log (A ! A) for an object (A 0 ! A) of Emblog

K;O K 0
and A =

(A 0 ­̂ OK 0
OK )^» . It is a scheme over (A log ¹F )red = ( A ­ log

OK
¹F )red . Let NA= A =

I=I 2 be the conormal module whereI is the kernel of the surjection A ! A.
We put ­̂ OK =OK 0

(log) = limÃ¡ n
­ (OK =mn

K )=OK 0
(log) with respect to the canonical

log structure on OK and the trivial log structure on OK 0 . Similarly, we put
­̂ A =A 0 (log =log) = limÃ¡ n

­ (A =mn
A )=A 0 (log =log). Since the map A ! A 0 is

strict, we have ­̂ A =A 0 (log =log) = ­̂ A =A 0 . Let ­ F (log) be the F -vector space
­ F=F 0 (log) with respect to the trivial log structure on F0 and the log structure
on F de¯ned by the chart N ! F sending 1 2 N to 0. The canonical map
­̂ OK =OK 0

(log)­ OK F ! ­ F (log) is an isomorphism. We have an exact sequence

0 ! ­ F=F 0 ! ­ F=F 0 (log) res! F ! 0. We have canonical mapsNA= A !
­̂ A =A 0 ­ A A and ­̂ OK =OK 0

(log) ­ OK A ! ­̂ A =A 0 (log =log) ­ A A. Similarly as
Lemma 2.11, we have the following.
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Lemma 5.8 Let (A 0 ! A) be an object ofEmblog
K;O K 0

.
1. If m is the transcendental dimension ofF over F0, the dimension of the
F -vector space­ F (log) is m + 1 .
2. The map NA= A ! ­ A =A 0 ­ A A is a surjection and the map
­ OK =OK 0

(log) ­ OK A ! ­ A =A 0 ­ A A is an isomorphism. They induce an
isomorphism NA= A ­ A A=mA ! ­ F (log) ­ F A=mA :
3. Let (A 0 ! A) ! (B 0 ! B ) be a morphism ofEmblog

K;O K 0
and put B =

(B 0 ­̂ OK 0
OK )^» . Then, the diagram

NA= A ­ A A=mA ¡¡¡¡! ­ F (log) ­ F A=mA
?
?
y

?
?
y

NB= B ­ B B=mB ¡¡¡¡! ­ F (log) ­ F B=mB

is commutative.

For a rational number j > 0, let £ j
log be the ¹F -vector space

HomF (­ F (log); N j ) regarded as an a±ne scheme over¹F . Similarly as
Corollary 2.12, we have the following.

Corollary 5.9 Let (A 0 ! A) be an object ofEmblog
K;O K 0

and let (A ! A) be

its image in Emblog
OK 0

. Let j > 0 be a rational number.

1. Let ¹C j
log (A ! A) be the twisted normal cone. The isomorphism in Lemma

5.8.2 induces an isomorphism¹C j
log (A ! A) ! £ j

log ­ ¹F (A log ¹F )red .

2. Let (A 0 ! A) ! (B 0 ! B ) be a morphism ofEmblog
K;O K 0

. Then the diagram

¹X j
log (B ! B ) ¡¡¡¡! ¹C j

log (B ! B ) ¡¡¡¡! £ j
log ­ ¹F (B log ¹F )red

?
?
y

?
?
y

?
?
y

¹X j
log (A ! A) ¡¡¡¡! ¹C j

log (A ! A) ¡¡¡¡! £ j
log ­ ¹F (A log ¹F )red

is commutative.
3. If the rami¯cation of A ­ OK K is bounded byj + , then the composition
¹X j

log (A ! A) ! ¹C j
log (A ! A) ! £ j

log is ¯nite and ¶etale.

For a rational number j > 0, we regard £j
log as an object ofGK -(A®= ¹F ) with

the natural GK -action. Let GK -(Finite ¶Etale=£ j
log ) denote the subcategory of

GK -(A®= ¹F ) whose objects are ¯nite ¶etale schemes over £jlog and morphisms are

over £ j
log . Let Emblog ;· j +

K;O K 0
denote the full subcategory ofEmblog

K;O K 0
consisting

of the objects (A 0 ! A) such that the log rami¯cations of A­ OK K are bounded
by j +. By Corollary 5.9, the functor ¹X j

log : Emblog
K;O K 0

! GK -(A®= ¹F ) induces

a functor ¹X j
log : Emblog ;· j +

K;O K 0
! GK -(Finite ¶Etale=£ j

log ).

Documenta Mathematica ¢Extra Volume Kato (2003) 5{72



Ramification of Local Fields 63

The functor ¹X j
log : Emblog ;· j +

K;O K 0
! GK -(Finite ¶Etale=£ j

log ) further induces a

functor ¹X j
log : (Finite ¶Etale=K )· j +

log ! GK -(Finite ¶Etale=Tj
log ). In fact, simi-

larly as Lemma 2.13 and Corollary 2.14, we have the following.

Lemma 5.10 Let f : A ! B be a map overOK and let (f; f ); (g;g) : (A 0 !
A) ! (B 0 ! B ) be maps inEmblog

K;O K 0
. If f = g, then the induced maps

(f; f )¤; (g;g)¤ : ¹X j
log (A 0 ! A) ¡¡¡¡! ¹X j

log (B 0 ! B )

are equal.

Corollary 5.11 Let j > 0 be a rational number.
1. Let L be a ¯nite ¶etaleK -algebraL such that the log rami¯cation is bounded by
j + . Then the system ¹X j

log (A 0 ! OL ) parametrized by the objects(A 0 ! OL )

of Emblog
K;O K 0

(OL ) is constant and the limit

¹X j
log (L ) = limÃ¡

(A 0 ! OL )2E mb log
K;O K 0

(OL )

¹X j
log (A 0 ! OL )

is a ¯nite ¶etale scheme over£ j
log .

2. The functor ¹X j
log : Emblog ;· j +

K;O K 0
! GK -(Finite ¶Etale=£ j

log ) induces a functor

¹X j
log : (Finite ¶Etale=K )· j +

log ! GK -(Finite ¶Etale=£ j
log ):

Using the functor ¹X j
log : (Finite ¶Etale=K )· j + ! GK -(Finite ¶Etale=£ j ) de¯ned

under the condition (F), we obtain the following theorem by the same argument
as the proof of Theorem 2.15.

Theorem 5.12 Let K be a complete discrete valuation ¯eld and letj > 0 be
a rational number. Let m be the prime-to-p part of the denominator of j and
I m be the subgroup of the inertia groupI ½ GK of index m. Then we have the
following.
1. The graded pieceGr j GK = Gj

K; log =Gj +
K; log is abelian.

2. The commutator [I m ; Gj
K; log ] is a subgroup ofGj +

K; log . In particular, Gr j
log GK

is a subgroup of the center of the pro-p-group G0+
K; log =Gj +

K; log .

Similarly as in the proof of Theorem 2.15, assuming the condition (F), we
obtain a canonical surjection

(5:12:1) ¼ab
1 (£ j

log ) ¡¡¡¡! Gr j
log GK :

The canonical surjections¼ab
1 (£ j

log ) ! Gr j
log GK and ¼ab

1 (£ j ) ! Gr j GK are

related as follows. The exact sequences 0! N ! ~­ F ! ­ F ! 0 and 0 !
­ F ! ­ F (log) ! F ! 0 induces canonical maps £jlog ! £ j and £ j +1 ! £ j

log .
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Lemma 5.13 Assume that the condition (F) is satis¯ed and that p is not a
prime element ofK . Then, for a rational number j > 0, we have a commutative
diagram

¼ab
1 (£ j +1 ) ¡¡¡¡! ¼ab

1 (£ j
log ) ¡¡¡¡! ¼ab

1 (£ j )
?
?
y

?
?
y

?
?
y

Gr j +1 GK ¡¡¡¡! Gr j
log GK ¡¡¡¡! Gr j GK :

Proof. We show the commutativity of the left square. Let L be a ¯nite separable
extension ofK such that the log rami¯cation is bounded by j + and A be the
integer ring of L . By Lemma 5.3, the rami¯cation of L is bounded by (j +1)+.
Let (A 0 ! A) be an object of Emblog

K;O K 0
. By Lemma 5.7, the surjection

A = A 0 ­ log
OK 0

OK ! A de¯nes a log pre-embedding (A 0 ­ log
OK 0

OK ! A). By
forgetting the log structure, we obtain an embedding (A ! A)±. By applying
Lemma 4.4, we obtain a log embedding (A » ! A). Then, by Lemma 4.8
we have an open immersionX j +1 ((A ! A)±) ! X j

log (A » ! A) of a±noid

subdomains ofX j ((A ! A)±). It induces a map ¹X j +1 (L ) ! ¹X j
log (L ). By the

functoriality, we obtain a commutative diagram

¹X j +1 (L ) ¡¡¡¡! ¹X j
log (L )

?
?
y

?
?
y

£ j +1 = ¹X j +1 (K ) ¡¡¡¡! £ j
log = ¹X j

log (K ):

From this diagram, we deduce the commutativity of the left square. The proof
for the right square is similar and omitted. 2

6 The perfect residue field case

6.1 The Newton polygon of a polynomial

We recall the notion of Newton polygons and establish some properties. We
say that a function l : [0; n] ! R [ f1g is convex if for every 0· x · y · n,
the graph of l is below the line segment connecting (x; l (x)) and (y; l(y)). If at
least one ofl(x) and l(y) is 1 , we de¯ne the line segment connecting (x; l (x))
and (y; l(y)) to be the union f (z;1 )jx < z < y g [ f (x; l (x)) ; (y; l(y))g. For a
polynomial h(T) =

P n
i =0 bi Tn ¡ i 2 ¹K [T] of degree· n, we de¯ne its Newton

polygon to be the graph of the maximum convex functionlh : [0; n] ! R [ f1g
satisfying lh (i ) · ord bi .
If b0 = 1, the Newton polygon of h and the solutions of the equation
h(T) = 0 are related as follows. Let z1; : : : ; zn be the solution of h(T) =Q n

i =1 (T ¡ zi ) = 0 and assume ordzi is increasing in i . Then, since bi =
(¡ 1)i P

1· k1 <:::<k i · n zk1 ¢ ¢ ¢zk i , the slope oflh on the interval ( i ¡ 1; i ) is equal
to ordzi . If l (x) = 1 , we de¯ne the slope ofl at x to be 1 .
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Lemma 6.1 Let f (T) =
P n

i =0 ai Tn ¡ i 2 OK [T ] be a polynomial of degreen and
z be an element of ¹K £ such that ordz = 1

n . We assumea0 = 1 and ordai ¸ 1
for 1 · i < n . We put

h(T) =
f (z(T + 1)) ¡ f (z)

zn =
n ¡ 1X

i =0

bi Tn ¡ i 2 ¹K [T]

and let lh : [0; n] ! R [ f1g be the function de¯ning the Newton polygon
of h(T). Then, for an integer 0 < i < n , the equality lh (i ) = ord bi implies
i = n ¡ pk for some integerk ¸ 0.

Proof. For an integer 0 · r · n, we put f r (T) = an ¡ r T r , hr (T) = ( f r (z(T +
1)) ¡ f r (z))=zn = an ¡ r z¡ (n ¡ r ) ((T + 1) r ¡ 1) and let l r : [0; n] ! R [ f1g
denote the function de¯ning the Newton polygon of hr (T). We have

h(T) =
nX

r =1

hr (T) =
nX

i =1

Ã
nX

r = i

an ¡ r z¡ (n ¡ r )
µ

r
i

¶ !

T i :

Since ordz = 1
n , we have ordbn ¡ i = min i · r · n (ord an ¡ r z¡ (n ¡ r )

¡ r
i

¢
). Hence lh

is the maximum convex function satisfying lh · l r for 1 · r · n.
We compute the function l r for 1 · r · n. We have hr (T) =
an ¡ r z¡ (n ¡ r ) P r

i =1

¡ r
i

¢
T i . For an integer 0 < i · pk jr , we have

ord
µ

r
i

¶
= ord

r
i

+
i ¡ 1X

j =1

ord
r ¡ j

j
= ord

r
i

¸ ord
r
pk :

The equality holds only for i = pk . Hence,l r is the maximum convex function
satisfying

l r (i ) = (ord an ¡ r ¡ 1)+
r
n

+

8
<

:

0 if i = n ¡ r

ord
r
pk if i = n ¡ pk for an integer 0 · k · ordpr:

Thus, for an integer i satisfying n ¡ pord p r · i · n, the equality lh (i ) = l r (i )
implies i = n ¡ pk for an integer 1 · k · ordpr . It also follows that we have
0 = lh (0) < l r (n ¡ r ) = l r (n ¡ pord p r ) for 1 · r < n . Hence the equality
lh (i ) = l r (i ) implies i ¸ n ¡ pord p r . Thus the assertion is proved. 2
For a polynomial h(T) 2 ¹K [T]; 6= 0, let ord h(T) denote the minimum of
the valuations of the coe±cients. For a rational number u, let ¼u denote an
element of ¹K £ satisfying ord¼u = u. We de¯ne a function ' h : [0; 1 ) ! [0; 1 )
by ' h (u) = ord h(¼u T). The function ' h is continuous, convex and piecewise
linear.

Lemma 6.2 Let h(T) =
P n

i =0 bi Tn ¡ i =
Q n

i =1 (T ¡ zi ) 2 ¹K [T] be a monic
polynomial of degreen. Let lh : [0; n] ! R [ f1g be the function de¯ning the
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Newton polygon ofh(T) and ' h : [0; 1 ) ! [0; 1 ) be the function ' h (u) =
ord h(¼u T) de¯ned above. Then,
1. The minimum value of the function lh (t) + ( n ¡ t)u on t 2 [0; n] is equal to
' h (u).
2. We have an equality

' h (u) =
nX

i =1

min(u; ord zi ):

3. If the coe±cient of T r in
µ

h(¼u T)
¼' h (u )

¶
2 ¹F [T] is not zero, then the function

lh (t) + ( n ¡ t)u attains the minimum value at t = r and we havelh (r ) = ord br .

Proof. 1. Since the function lh (t) + ( n ¡ t)u de¯nes the Newton polygon of
h(¼u T), the assertion follows.
2. We put si = ord zi . Let t0 2 [0; n] be the minimum where the function
lh (t) + ( n ¡ t)u takes the minimum value. Then t0 is the maximum such that
the function lh (t) + ( n ¡ t)u is strictly decreasing on [0; t0]. Hence t0 is the
cardinality of the set f i jsi < u g and the minimum value of lh (t) + ( n ¡ t)u is
given by

lh (t0) + ( n ¡ t0)u =
X

si <u

si +
X

si ¸ u

u =
nX

i =1

min(si ; u):

Thus the assertion follows from 1.
3. The coe±cient of T r in h(¼u T)=¼' h (u ) 2 ¹F [T] is not zero if and only if the
value of the function de¯ning the Newton polygon of h(¼u T)=¼' h (u ) at r is
zero andlh (r ) = ord br . Hence the assertion follows from 1. 2

6.2 The structure of graded pieces

In this subsection, we assume that the residue ¯eldF is perfect. Since the
residue map ­F (log) ! F is an isomorphism in this case, we have an isomor-
phism £ j

log ! N j of ¹F -vector spaces of dimension 1. Let¼ab;gp
1 (N j ) denote

the quotient of ¼ab
1 (N j ) classifying the ¶etale isogenies to the algebraic group

N j .

Proposition 6.3 Let K be a complete discrete valuation ¯eld with perfect
residue ¯eld and j > 0 be a positive rational number. Then,
1. ([1] Propositions 3.7 (3) and 3.15 (4))We haveGj

log ;K = Gj +1
K . If p is not a

prime element of K , the horizontal arrows in the diagram of Lemma 5.13 are
isomorphism.
2. The canonical surjection ¼ab

1 (N j ) ! Gr j
log GK (5.12.1) induces an isomor-

phism ¼ab;gp
1 (N j ) ! Gr j

log GK .
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Contrary to the proof given in [12], we give a proof without using the \lower
numbering" ¯ltration or local class ¯eld theory.
Before starting proof, we introduce some notations. LetL be a ¯nite separable
extension ofK and ¼L be a prime element ofL . Let K 1 be the maximum un-
rami¯ed extension of K in L and let f (T) 2 OK 1 [T ] be the minimal polynomial
of ¼L over K 1. Since,L is totally rami¯ed over K 1, the polynomial f (T) is an
Eisenstein polynomial. We put n = [ L : K 1] = deg f .

We put A = OL and K 0 = K and de¯ne an object (A ! A) of Emblog
K;O K 0

as follows. We de¯ne a log structure onOK 1 [T ] by the chart N ! OK 1 [T ]
sending 1 to T. We de¯ne a log OK 0 -algebra A = OK 1 [[T ]] to be the formal
completion of the surjectionOK 1 [T ] ! OL sendingT to ¼L with the induced log
structure. Then the surjection A ! A de¯nes an object (A ! A) of Emblog

K;O K 0
.

By Lemma 5.7, it de¯nes a log pre-embedding (A ­ log
OK 0

OK ! A). The log

ring A ­ log
OK 0

OK is the ring A itself with the log structure de¯ned by the chart

N2 ! A sending (1; 0) to T and (0; 1) to a prime element¼of OK . By forgetting
the log structure, we obtain an embedding (A ! A)±. By applying Lemma
4.4, we obtain a log embedding (A » ! A). The log ring A » is identi¯ed
with the formal completion of the surjection OK [T; U§ 1]=(Tn ¡ U¼) ! A of
log OK -algebras sendingT to ¼L and U to ¼n

L =¼ 2 A£ with log structure
de¯ned by the chart N ! OK 1 [T; U§ 1]=(Tn ¡ U¼) sending 1 toT. Let K 0 be a
¯nite separable extension ofK containing the conjugates ofK 1 over K and an
elementz of ord z = 1=n. Then, the log tensor product A » ­ log

OK
OK 0 is further

identi¯ed with the formal completion of the surjection OK 1 ­ OK OK 0[W § 1] =Q
¾:K 1 ! K 0 OK 0[W § 1] ! A ­ log

OK
OK 0 of strict log OK 0-algebras sendingW to

(¼L ­ 1)=(1­ z). With this identi¯cation, the canonical map A » ! A » ­ log
OK

OK 0

sendsT to (1­ z)W and U to ((1 ­ z)n =¼)¢W n . Further, we identify the a±noid
variety X j

log (A » ! A)K 0 as an a±noid subdomain of
`

¾:K 1 ! K 0 SpK 0hW § 1i .
Similarly as for (A ! A), by taking a prime element ¼ of OK , we de¯ne an
object (B ! OK ) of Emblog

K;O K 0
as the formal completion of the surjection

OK 0 [S] ! OK sending S to ¼. By Lemma 4.4, the log ring B » is identi¯ed
with the formal completion of the surjection OK [V § 1] ! A of strict log OK -
algebras sendingV to 1. With this identi¯cation, the canonical map B ! B »

sendsS to ¼V. Further, we identify the a±noid variety X j
log (B » ! OK )K

with the subdisk D(1; ¼j ) ½ SpK hV § 1i .

We de¯ne a map (B ! OK ) ! (A ! A) of Emblog
K;O K 0

as follows. Sincef (T)
is an Eisenstein polynomial of degreen, g(T) = ( Tn ¡ f (T))=¼is in OK 1 [T ]
and its image is invertible in A . By sending S to Tn g(T)¡ 1, we obtain a map
(B ! OK ) ! (A ! A) of Emblog

K;O K 0
.

The Herbrand functions ' and Ã : [0; 1 ) ! [0; 1 ) are de¯ned as follows (cf. [4]
Appendix). We put h(T) = f (¼L (T +1)) =¼n

L and de¯ne ' to be the function ' h

in Lemma 6.2. The function ' is strictly increasing, continuous and piecewise
linear. We de¯ne Ã : [0; 1 ) ! [0; 1 ) to be the inverse ' ¡ 1: The function Ã is
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also strictly increasing, continuous and piecewise linear.
For an embedding¾: K 1 ! ¹K over K , let f ¾(T) 2 O ¹K [T ] denote the image
of f (T) by ¾. For w 2 ¹K and a rational number u > 0, let D (w; ¼u ) denote
the disk with center w and radius ¼u .

Lemma 6.4 Let the notation be as above.
1. The open immersion X j +1 ((A ! A)±) ½ X j

log (A » ! A) in Corollary 4.9
is an isomorphism.
2. As a±noid subdomains of

`
¾:K 1 ! K 0 SpK 0hW § 1i , we have an equality

X j
log (A » ! A) =

a

¾:K 1 ! K 0

[

f ¾(z¾
i )=0

D(
z¾

i

z
; ¼Ã( j ) ): (2)

The log rami¯cation of L is bounded byj if and only if Ã(j ) is larger than the
slopesn ¡ 1 of the Newton polygon ofh on the interval (n ¡ 2; n ¡ 1).
3. Let ¾: K 1 ! ¹K be an embedding andz¾

i 2 O ¹K be a solution off ¾(T) = 0 .
We put

h¾
i (T) = ¡

f ¾(z(¼Ã( j ) T + z¾
i
z ))

¼j f ¾(0)
:

Then we haveh¾
i 2 O ¹K [T ]. Let ¹h¾

i 2 ¹F [T] be the reduction and let ¹h¾
i :

A1 ! A1 be the map de¯ned by the polynomial¹h¾
i . Then the isomorphisms

£ ¼Ã( j ) + z¾
i
z : D (0; 1) ! D ( z¾

i
z ; ¼Ã( j ) ) ½ X j

log (A » ! A) and £ ¼j +1 : D(0; 1) !
D (1; ¼j ) induce a commutative diagrams

A1 ¡¡¡¡! D ( z¾
i
z ; ¼Ã( j ) ) ½ ¹X j

log (A » ! A)

¹h¾
i

?
?
y

?
?
y

A1 ¡¡¡¡! D (1; ¼j ) = ¹X j
log (B » ! OK )= N j :

Proof. 1. As in Lemma 4.8, we identify X j
log (A » ! A) and X j +1 ((A !

A)±) as a±noid subdomains of X j ((A ! A)±). The kernels of the surjections
A ! A and A » ! A are generated by f (T) and U ¡ 1 ¡ g(T) = f (T)=¼
respectively. Hence, the a±noid subdomainsX j

log (A » ! A) and X j +1 ((A !
A)±) of X j ((A ! A)±) are de¯ned by the conditions ord f (x)=¼¸ j and by
ord f (x) ¸ j + 1 respectively. Hence the assertion follows.
2. Since the kernel of surjectionA » ! A is generated byf (T)=¼, the kernel
of surjection A » ­ log

OK
OK 0 ! A ­ log

OK
OK 0 is generated by (zn =¼) ¢(f (zW)=z).

Hence we have

X j
log (A » ! A)( ¹K ) =

a

¾:K 1 ! K 0

f w 2 O ¹K jord f ¾(zw)=zn ¸ j g

We ¯x an embedding ¾: K 1 ! ¹K and drop ¾in the notation. For i = 1 ; : : : ; n,
we put Ui = f wjord(w ¡ zi =z) ¸ ord(w ¡ zk =z) for k = 1 ; : : : ; ng. By the
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equality above, to prove (2), it is su±cient to show

f w 2 O ¹K jord f (zw)=zn ¸ j g \ Ui ½

D(zi =z; ¼Ã( j ) ) ½ f w 2 O ¹K jord f (zw)=zn ¸ j g

for each i . Let w 2 O ¹K . We put I 1 = f k : ord(w ¡ zi =z) > ord(w ¡ zk =z)g and
I 2 = f k : ord(w ¡ zi =z) · ord(w ¡ zk =z)g. For i 2 I 1, we have ord(w ¡ zk =z) =
ord(zk ¡ zi )=z < ord(w ¡ zi =z) and, for i 2 I 2, we have ord(w ¡ zk =z) ¸
ord(w ¡ zi =z) with the equality if x 2 Ui . Sincef (zW)=zn =

Q n
k=1 (W ¡ zk =z),

we have an inequality

ord
f (zw)

zn =
nX

k=1

ord(w ¡
zk

z
) ¸

¸
X

k2 I 1

ord(
zk

z
¡

zi

z
) +

X

k2 I 2

ord(w ¡
zi

z
) = ' (ord(w ¡

zi

z
)) :

We have an equality if x 2 Ui . Thus the equality (2) is proved. The last
assertion follows from the equality (2) andsn ¡ 1 = max i6= k ord (zi =z ¡ zk =z).
3. We show h¾

i (T) 2 O ¹K [T ]. We extend ¾ : K 1 ! ¹K to ¾i : L ! ¹K by
sending¼L to z¾

i and put u = Ã(j ). Then we have h¾
i (T) = ¡ h¾i (¼u ¢(z=zi ) ¢

T)=¼' (u ) f (0). Since z=zi and f (0)=zn are units, we haveh¾
i (T) 2 O ¹K [T ] by

the de¯nition of ' (u).
We show the commutativity of the diagram. Since B ! A sends S to
Tn g(T)¡ 1, the induced map B » ! A » ­ log

OK
OK 0 sendsV to

Tn

¼¢g(T)
=

f (T)
¼¢g(T)

+ 1 =
f ((1 ­ z)W )

¼¢g((1 ­ z)W )
+ 1 :

We ¯x ¾ : K 1 ! K and we drop ¾ in the notation. We de¯ne a map
D(zi =z; ¼Ã( j ) ) ! D (1; ¼j ) by sending w to ( f (zw)=(¼g(zw))) + 1. Then, we
have a commutative diagram

D( zi
z ; ¼Ã( j ) ) ½¡¡¡¡! X j

log (A » ! A)
?
?
y

?
?
y

D(1; ¼j ) X j
log (B » ! OK ):

The polynomial g(zW) is congruent to the constant ¡ f (0)=¼modulo the max-
imal ideal. Hence, by substituting W = ¼Ã( j ) T + zi =z, we get the assertion.
2
Proof of Proposition 6.3. 1. The equality Gj

K; log = Gj +1
K follows from Lemma

6.4.1. The rest is clear.
2. First we show that the map ¼ab

1 (N j ) ! Gr j
log GK factors the quotient

¼ab;gp
1 (N j ). By Lemma 6.4.3, it is su±cient to show that the map ¹h¾

i : A1 ! A1

is an isogeny. In other words, it is enough to show that if the coe±cient ofT r
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in ¹h¾
i is non-zero, then r is a power of p. Since h¾

i (T) = ¡ h¾i (¼u ¢(z=zi ) ¢
T)=¼' (u ) f (0) and z=zi and f (0)=zn are units, the coe±cient of T r in ¹h¾

i is
non-zero if and only if the coe±cient of T r in h(¼u T)=¼' (u ) is non-zero. Let
lh be the function de¯ning the Newton polygon of h. We apply Lemma 6.2
to h(T) = f (¼L (T + 1)) =¼n

L =
P n ¡ 1

i =0 bi Tn ¡ i . Then, if the coe±cient of T r in
h(¼u T)=¼' (u ) is non-zero, we havelh (r ) = ord br . Since ordz = 1=n, we may
apply Lemma 6.1 to the polynomial h(T). Thus the equality lh (r ) = ord br

implies that r is a power ofp as required.
We show that the surjection ¼ab;gp

1 (N j ) ! Gr j
log GK is an isomorphism. By

Lemma 5.2, we may replaceK by the completion of a maximum unrami¯ed
extension and assume the residue ¯eldF is algebraically closed. To show the
isomorphism, it is su±cient to construct every ¶etale isogeny of degreep to
N j from a ¯nite separable extension ofK . Recall that every ¶etale isogeny of
degreep to N j is obtained by pulling-back the isogenyA1 ! A1 de¯ned by the
polynomial Tp ¡ T by an isomorphism N j ! A1.
We show the following Lemma.

Lemma 6.5 Let n; m; l ¸ 1 be integers such thatm · n and pl · n, m and
l are prime to p and that p2jn. Let ¼ be a prime element ofOK and a; b be
element ofOK . We put m0 = n ¢ord a + m and l0 = n ¢ord b+ pl and assume
pl0 < m 0 < pl 0 + n ¢ord p and pl0 < n ¢ord p ¢ordp(n=p2). Let f (T) be the
Eisenstein polynomial

f (T) = Tn ¡ ¼(aTm ¡ bTpl + 1)

and let z = ¼L be the image ofT in L = K [T]=f (T). We put

j =
p

p ¡ 1
¢

m0 ¡ l0

n
and ¼j = mazm

µ
mazm

bzpl

¶ 1
p ¡ 1

:

Then,
1. The log rami¯cation of the extension L = K [T]=(f (T)) is bounded byj + .
2. We de¯ne a map (B » ! OK ) ! (A » ! OL ) as above and consider
X j

log (A » ! A)L as an a±noid subdomain ofSpOL hW i by takingK 0 = L and z
to be the image ofT. Let A1 ! A1 be the map de¯ned by the polynomialTp ¡ T .
Then, D(1; ¼Ã( j ) ) is a connected component ofX j

log (A » ! A). Further, the
isomorphism £ ¼j + 1 : D(0; 1) ! D (1; ¼j ) induce a commutative diagram

A1 ¡¡¡¡! D (1; ¼Ã( j ) ) ½ ¹X j
log (A » ! A)

?
?
y

?
?
y

A1 ¡¡¡¡! D (1; ¼j ) = ¹X j
log (B » ! OK )= N j :

Proof. 1. We put h(T) = f (z(T + 1)) =zn and let lh : [0; n] ! R [ f1g
be the function de¯ning the Newton polygon of h(T). Let l1 : [0; n] ! R [
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f1g be the linear function characterized by l1(n ¡ 1) = m0=n and l1(n ¡
p) = pl0=n. We claim that we have an equality lh = l1 on and only on the
interval ( n ¡ p; n ¡ 1). By Lemma 6.1, it is su±cient to show lh (n ¡ 1) =
m0=n; lh (n ¡ p) = pl0=n and lh (n ¡ p2) > l 1(n ¡ p2). By the proof of Lemma
6.1, we have lh (n ¡ 1) = min(ord n; ord mazm ; ord plbzpl ) = min(ord p ¢
ordpn; m0=n;ord p + pl0=n). By the assumptions, we havem0 < n ¢ord p +
pl0 < n ¢ord p ¢ordpn and lh (n ¡ 1) = m0=n. Similarly, we have lh (n ¡ p) =
min(ord

¡ n
p

¢
; m0=n;ord

¡ pl
p

¢
bzpl ) = min(ord p ¢ordp(n=p); m0=n; pl0=n) = pl0=n

and lh (n ¡ p2) ¸ min(ord
¡ n

p2

¢
; m0=n; pl0=n) = pl0=n ¸ l1(n ¡ p) > l 1(n ¡ p2).

Thus the claim is proved.
By Lemma 6.4.2, it is su±cient to show that the slope sn ¡ 1 of lh on the interval
(n ¡ 2; n ¡ 1) is Ã(j ). By the claim above, we havesn ¡ 1 = ( lh (n ¡ 1) ¡ lh (n ¡
p))=(p¡ 1) and ' (sn ¡ 1) = lh (n ¡ 1)+ sn ¡ 1 = ( p¢lh (n ¡ 1) ¡ lh (n ¡ p))=(p¡ 1) =
p(m0 ¡ l0)=(p ¡ 1)n = j . Thus the assertion follows.

2. In Lemma 6.4.3, we put¼Ã( j ) = ( mazm =bzpl )
1=(p¡ 1)

and ¼j = mazm ¼Ã( j ) .
Then we have

¡
f (z(¼Ã( j ) T + 1))

¼j f (0)
´ ¡

¡
¡ pl

p

¢
bzpl ¼pÃ ( j ) Tp + mazm ¼Ã( j ) T

¼j ´ Tp ¡ T:

Hence the assertion follows. 2
We complete the proof of Proposition 6.3.2. By Lemma 6.5, it is su±cient
to show the following: For every rational number j > 0, there exist integers
n; m0; l0 > 0 satisfying the conditions in Lemma 6.5 and, for every non-zero
element x of N j , there exist a; b 2 OK such that ord a is the integral part of
m0=n, ord b is the integral part of pl0=n and x ´ mazm (mazm =bzpl )1=(p¡ 1) .
First, we prove the claim for j . Assumep is odd (resp. even). Letn > 0 be an
integer such that n(p ¡ 1)j=p (resp. n(p ¡ 1)j=2p) and n=p2 are integers and
(p¡ 1)j=p 2 [(p+ 1) =n; (p¡ 1)n=p2 ¢ord p¢ordp(n=p2) ¡ (p+ 1) =n]. Then there
exist integers l0; m0 such that (p ¡ 1)j=p = ( m0 ¡ l0)=n, l0 and m0 are prime to
p, pl0 < m 0 < pl 0 + n ¢ord p and pl0 < n ¢ord p ¢ordp(n=p2). Thus the claim
is proved for j . Since we may multiply a an arbitrary unit, the claim for x is
clear. Hence the assertion is proved. 2
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