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Abstract. Just as the function ring case we expect the existence
of the coezcient "eld for the integer ring. Using the notion of one
element “eld in place of such a coetcient "eld, we calculate abso-
lute derivations of arithmetic rings. Notable examples are the matrix
rings over the integer ring, where we obtain some absolute rigidity.
Knitting up prime numbers via absolute derivations we speculate the
arithmetic landscape. Our result is only a trial to a proper foundation
of arithmetic.
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Kronecker and many excellent arithmeticians attempted to study the arithmetic
geometry by looking at the intimate analogy betweenZ and Fy[T]. Although
these two objects are similar in some respects, there exists a quite clear @®
ence: the non-existence (or \invisibility") of the constant (coexcient) "eld of

Z. Zeta functions suggest to compare

_det(Rj (si 3))
- s(si 1)

S (s)
and
1 .
@i pis)Li p D)’
where? denotes the \completed zeta function”; in the latter case we know good
cohomologies with dimH °(F,[T]) = 1, dim H(Fp[T]) =0, dim H2(F,[T]) =1

é\Fp[T](S) =

Documenta Mathematica CExtra Volume Kato (2003) 565{584



566 N. Kurokawa, H. Ochiai, and M. Wakayama

and H'(Fp[T]) = 0 for i > 2. Up to now, we have not come across a coho-
mology theory such as dimH%(Z) =1, dim H1(Z) = 1 with a skew-hermitian
operator R : HY(Z) ! H(Z), dmH?(Z) =1 and H'(Z) = 0 for i > 2.
Yet we can try to gure out the nature of the \constant eld" F; of Z
(Manin [§], Deninger [}], Kurokawa [B]). As a st little step we calculate Fi-
derivations (in other words, \absolute derivations") of Z and allied objects here.

The authors thank Professor Kazuya Kato for his patient listening to our prim-
itive tales in old days.

[One of our friends indicates the appearance of KAZUYA by looking at the
leading alphabets of sentences in the introduction: the readers are welcome to
“nd such an accidental coincidence.]

1 Absolute derivations

We de ne an absolute derivation of a ringR as a mapD : R! R satisfying
the condition (Leibniz rule)

D(ab = D(a)b+ aD(b) forall a;b2 R:
If an absolute derivation D satis es moreover the additivity property
D(a+ b= D(a)+ D(b);

it is called a derivation of R. Here the word \absolute" indicates objects over
\the one element "eld F,". Elements of the absolute mathematics are brie°y
described inx 2 below. We denote by Deg, (R) the set of all absolute deriva-
tions of R, and by Derz (R) the set of all derivations of R.

11

We “rst determine the absolute derivations of the most simple but the funda-
mental caseR = Z. For each prime p, de ne a map @@p: Z! Zby

@@éx) = % ¢ordp(x):

Here ord,(x) denotes thep-order of x 2 Z, that is, the integer ~ such that x is
divisible by p but is not divisible by p **. Namely we have

( .
D= e 1 em
@ pitem ifx=p em(C, 1,p-m)
and put @@p(O) =0. Itis easy to see that @@p satis es the Leibniz rule;

@@ngy) - @@ng)y + x@@rgy);
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Absolute Derivations and Zeta Functions 567

Whence 2 Derg,(Z). In fact, since ord,(xy) = ord p(x) + ord ,(y), we see
that

@p(xy) Q’ Y- ¢ordp(xy)

= 3L (ordy(x) + ord p(y))

= x ¢ordp(x) y+ x ¥ ¢ordp(y)
= (x)y+ X2 (y)

The following theorem shows these@'s (p: prime numbers) span the set of the
absolute derivations ofZ.

Theorem 1 We have the following direct product decomposition:

M nXx ©

p:prime p

where Endg, (Z) = Map( Z; Z).

Derg,(2) =

Proof: Note “rst that the in"nite sum o cp@ (x) 2 H L @p is well-de ned

since for eachx 2 Z, @(x) = 0 except the "nite number of p. It is also easy
to see that such an expressmn is unique. The fact that the sum of absolute
derivations is also an absolute derivation, shows clearly that

M@

Derg, (Z) ¥ —
Fl( ) 4 @p

p

It is therefore enough to prove that any D 2 Derg, (Z) can be written as

X @
D= D=
o (p)@p

In order to see this we show that the absolute derivationD is completely
determined by its valuesD (p) on prime numbersp=2;3;5;:::. By successive
use of the Leibniz rule it is obvious to see that

D(p)="p ' 'D(p):
Remark also that D(0) = D(1) = D(j 1) = 0. Actually, the Leibniz rule shows

D(0)= D(0¢0)= D(0) ¢0+0 ¢D(0)=0;
D(1)= D(1¢1) = D(1) ¢1+1 ¢D(1) = 2D(1);

whence it follows that D (1) = 0. Further,
0=D(1)=D(( e 1) = DG 1) )+ (i 1)DG 1) =i 2D(i 1)

Since any non-zerox 2 Z can be written asx = § pif piz2 ¢¢|¢" by primes
p; , using the Leibniz rule again the assertion follows, that is,D is completely
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568 N. Kurokawa, H. Ochiai, and M. Wakayama

determined once the valuesD(p) are giveng To con rmy the relation D =

»D(p) @@p holds it su+ces to showD(q) = »D(p) @@p (g) for each prime
g. Since (
@._ 1 (p=0
@™ o (e a;

it is actually immediate to have

X @’ X @
D(p)—= = D(p)—=(qg) = D(0):
: () @p (a) : (p) @ng) (@)
This completes the proof. O

Remark 1 It is easy to see thatDerz(Z) = 0. In fact, since D(0) = D(1) =
D(j 1) =0 as above, the additivity assertdD(m) =0 for m 2 Z.

Remark 2 We have for primesp;q

h i
@
@p! T
where g in the left-hand side is regarded as a multiplication operatn since
h i
@ @ @
—:q(X) = —(@xX)i g=(x
@pq() 3@'5(”' q@Fg),

glsq)x + qgéx) i q@@éx) = @@SQ)X = Hpq OX:

1.2

We have the similar statement forZ[i]pe\ﬂFp[T].

Let Z[i]= fm+ ni; m;n 2 Zg (i = i 1) be the ring of Gaussian integers.
Let f¥g be a complete set of representatives of the prime elements i#[i].

Dene the map &,2 Endg, (Z[i]) by

@@1%) = i(74¢ord1/4(x):

Then similar to the theorem above we obtain the following:

Theorem 2 We have

i

: L@ :
Derg, (Z[i]) = Z[i] =, 72 Endg, (Z[i]):
" Ya @ 7 "

Moreover, for prime elements¥s; Yhwe have

h i
@. ]/‘(‘) = B!

@
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Absolute Derivations and Zeta Functions 569

Now we consider the casdk = F[T], the polynomial ring over the nite eld
Fp. Any f 2 F,[T] can be factorized uniquely as

f = c¢hSt ¢hS ¢ ¢S ;

where ¢ 2 Fp, €& 2 Z o and hy;hy;:::;h are monic irreducible polynomials,
that is, the prime elements in F o[T]. We de ne the order ordy(f ) in an obvi-
ous way; ord, (f) = . Quite similarly as Theorem 1 we have the following
theorem.

Theorem 3 For a monic irreducible polynomial h 2 Fy[T], de ne a map @@h:
Fo[T]! Fp[T] by

(T) = E ; ¢ordy (f):
Then we have
\M
Dere, (Fp[T]) = [T]

h:monic irred :

@h

Remark 3 We notice that -8 @ is di®erent from the usual derivation. For ex-
ample, @—T(TZ) =2T and g% @(T2+1)=0 here.

13

For some general unique factorization domains, we have the following result:

Theorem 4 Let R be a commutative unique factorization domain whose unit
group R% is a nitely generated abelian group. Fix a set of representive Py(R)
of irreducible elements ofR n(R® [f 0g) modulo Rf, and a set of generators
P1(R) of R moduloRE, , where R, is the subgroup of torsion elements. Put
P(R) = Po(R) [ P1(R). Each elementa2 R nfOg can be uniquely written as

Y
a=u 1/57](1/4)7
Y2 P (R)

wherem(¥) 2 Z ¢ if Y42 Po(R), m(¥) 2 Z if ¥2 P1(R), and u 2 RE . We

de ne
= 1 —
@1;a) (s,
and @
@ =0
Then
M e
Derg, (R) = R_ly
Y2 P (R) @Y
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570 N. Kurokawa, H. Ochiai, and M. Wakayama
Proof. Eacha 2 R nf0g is uniquely written as

Y
a=u° v (4
Y2 Pg(R)

with u®2 RE . SinceR® =RE | is a free abelian group, we can write

Y 1
u=u v (7
V2P, (R)

with u 2 Rfor En_iguely, where P1(R) is a nite set. It is clear that g/AZ
Derg, (R) by de nition.
Now, take any X 2 Derg, (R). We show

@

— X 1

Y2 P (R)

Take ana2 Rnf0g. Express it as

Y 1
a=u (4
V2P (R)

with u 2 Rﬁjr. Then, using X (u) = 0 we have

X X
X@= " meaxm= " xm

Y2 P (R) Y2 P (R)
Hence, X
@
X = X = O
Y2 P (R) @Y
_ P _ P
Example 1 (1) If R=2Z[ 2],then Pi(R)= f1+ 2g.

14

We note on a special subset of Der, (R) for R = Z and Z[i].

Theorem 5 Let p be a prime. Theng, = Z@@p is closed under the Lie bracket
de ned by the commutator[¢ 4 of Endg,(Z). Similarly, for a prime element ¥4
in ZJi], the subsetg,, = Z[i]g/aof Derg, (Z]i]) is closed under the commutator

of Ende, (Z[i]).
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Absolute Derivations and Zeta Functions 571

Proof: The rst assertion is easily con rmed by using the relations

T+ mj 1_@.
@p

The assertion for Z[i] can be proved similarly. O

@m@ — N
[p@pp @é = (mj )p

Remark 4 Dene H = p@; E= | p?’@; F= @with @= @@p. Then the formula
above implies the following commutation relations

HE]=E [HF]=iF [EF]=2H:

These commutation relations coincide with those of standat generators
fH; E; F g of the simple Lie algebrasl,. Hence, the operatorC := 2H? +
EF + FE can be considered as an \absolute" Casimir operator (cf. m7)]. This
elementC commutes with eachH; E; F , and moreover it is not hard to see that
C vanishes under the mam, ! Endr,(Z). It would be interesting to study the

\absolute Virasoro algebra” extendingg, with its physical implications.

15

Let R be a (non-commutative) ring. For an elementa 2 R, we de ne an inner
derivation D, by D,(b) = abj ba It is easy to see thatD, 2 Derz(R). We
denote the set of all inner derivations by InnDer; (R). We have

InnDerz (R) ¥ Derz (R) ¥ Derg, (R):
The main result of this subsection is the following:
Theorem 6 Derg, (M2(Z)) = InnDer z(M2(Z2)).
Let D be an absolute derivation ofM,(Z).
Lemma 1 D(0)= D(l2)= D(j 12)=0.

Proof: Actually, D(0) = D(0) = 0, D(l2) = D(l2l2) = 2D(l2), 0 =

D((i 12)(i 12))=i 22D 12). O
H 1 H 1 H il
_ 0 1 _ 10 0 _ 00
Let N = 00 ° H = 0 i1 ° N® = 10 - These elements

satisfy the following relations HN = N, NH
NOH = NO, NN0= Elly NON = E22.

i N,H2 =1, HN®= j NO

Lemma 2 (i) There exist a;b2 Z such thatD(N) = aH + bN.

(i) There exist a%©°2 Z such thatD(N9 = a%H + "NC
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572 N. Kurokawa, H. Ochiai, and M. Wakayama

Proof: 0= D(0) = D(N?)= D(N)N + ND(N). Then (i) follows easily. The
argument for N @ is the same. O

Lemma 3 D(H) = j 2a0N j 2aN°®

Proof: D(N) = D(HN) = HD(N)+ D(H)N. Then D(H)N = a(H j 1,).
Also,
i DIN)=D(j N)= D(NH)= D(N)H + ND (H):

Then ND (H) = j a(H + I,). By these two conditions, the diagonal entries of
D(H) are both zero, and the (2 1)-entry of D(H) is | 2a.

By D(HN9 = D(j N9, we haveD(H)N°= j al + H). Then the (1;2)-entry
of D(H) is j 2a° O

Lemma 4 There existsq2 Z such that for allc2 Z

D(H+cN) = D(H)+ c(aH + gN);
D(lo+ cN) = c(aH + gN):

Proof: Let Ac:= H + cN for c2 Z. Since
D(N)= D(AcN) = AcD(N)+ D(A)N

and (i) of Lemma E we haveD (A.)N = acN + a(H j 13). Also,

i D(N)=D(i N)= D(NA¢) = D(N)Ac+ ND (Ac):
Then ND (A.) = j a(H+15)j acN. By these two conditions, we haveD (A.) =
N + acH j 2aN® By setting ¢ = 0, we have D(H) = N j 2aN®% Then
=i 2a°
Notice

D(I2+(c% ON) = D(AcAw)
AcD(Ac) + D(Ac)Aco
(i c)aH + (o i G)N:

Then geosci G = Goj Q. ThismeansthatZ 3 c7! g.i g 2 Z is an additive
map. We setq= o1 i O, then ¢ = cq+ . This proves the lemma. O

Lemma 5 We have

D(H + cN9
D(I,+ cN9

D(H)+ c(@®H j gN9;
c(@™ j gN9:
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Absolute Derivations and Zeta Functions 573

Proof: By a similar argument, there exists®2 Z, independent ofc, such that

DH+cNY = D(H)+ c(@a™H + gNO9;
D(l,+cN9Y = c(@H + N

forall c2 Z. In fact, let Al:= H + cN°for c2 Z. Since
D(i N9= D(AN9 = ADD(N%)+ D(A)N®
and (i) of Lemma I, we haveD (A9N %= j a%N°; aAH + I,). Also,
D(N%Y= D(N%= D(N°AY) = D(NYA2+ ND(AY):
ThenND (A9 = a%H j I,)+ a%NP° By these two conditions, we haveD (AQ) =
N9+ a%H | 2a°N. By setting ¢ =0, we have D(H) = gdN°j 2a°N. Then
@ = i 2a. The remaining is similar to the previous lemma.
Now we put B = (I, + N)(Ioj N9. Then, det(B) =1 and tr( B) = 1 show
that B3 = i I,. Hence
0=D(B®% = D(B)B?+ BD(B)B + B?D(B):
By multiplying j B from the left, we have
BD(B)Bi '+ B !D(B)B + D(B)=0:
Taking the trace, 3tr(D(B)) = 0. On the other hand, calculate as

D(B) = D(2+N)(I2i NY+(I+ N)D(l2i N9
= (aH+gN)(1 i N9 (I +N)@H + dNO;

thentr(D(B))= i o°i g Thus o®=j q. O

Proof of Theorem 6 |:|: We use the notation above, especiallya;a%q 2 Z.
LetY = a™N j aN®+ gE1; 2 M»(Z). We note that

[Y;H]=j 2aN j 2aN?©
[Y;N]= aH + gN;
[Y;N9=2aM gN©

We consider the corresponding inner derivationDy 2 InnDerz (M2(Z)). Then
DH)=Dvy(H),D(Io+cN)= Dy(Io+cN)and D(I,+ CNO) = Dy(l2+ CNO)
for all c2 Z. Recall the fact that the group GL (2;Z) is generated byfH; I , +
cN; 12+ cN%j c2 Zg. Then we know that D(A) = Dy (A) forall A 2 GL(2;2).
Weput Z := Dj Dy 2 Derg, (M2(Z)). Then we have proved that Z (A) = 0O for
all A2 GL(2;Z), Z(N) = bN for someb2 Z. We setKk = N+ N°2 GL(2;2).
Then NKN = N implies that

Z(N)KN + NKZ (N) = Z(N):
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This showsbN =0 and so b= 0.
Now we take a non-zero integer, 2 Z. Consider a matrix A 2 GL(2;Z) with
(2;1)-entry of A is divisible by , . We de'ne A°2 GL(2;Z) by
(Exx + ,E 22)A = AYEp + E 2):

Then

Z(Eu+ E 22)A
(B + ,E2) 'Z(En + E2)A

A°Z(Eq + E 2);
A(Ew+ E ) 'Z(Ew + .E 2)

for all A as above. Such arA is so many, this equality holds for allA 2 M,(Z).
This means that (E1; + ,E 2) 1Z(E1; + E ) is a scalar matrix since it
commutes with all the right multiplication. Therefore, there exists ¢(,) 2 Z
such that

Z(Eun+ E22)= ¢(,)(Ewr+ E 22):

On the other hand, we have E€;; + ,E 22)N = N. SinceZ(N) = 0, we have
Z(Ei11 + ,E 22)N = 0. This shows that ¢(,) = 0. We have proved Z(E;; +
,E 22) = 0 for all non-zero , 2 Z. By consideringK (E1; + ,E 22)K, we know
that Z(,E 11 + E») = 0. This proves that Z(A) =0 for all A 2 M,(Z) with
det(A) 6 0.

For any matrix C in M»(Z) of rank one, there exist A;A® 2 M,(Z) with
detA 6 0, det A° 8 0 such that C = ANAPC This shows that Z(C) = 0.
Finally we have Z(0) = 0. O

This result would suggest a kind of rigidity or semi-simplicity of M,(Z) as an
absolute algebra, but it is not quite sure, at this moment, that such a notion can
be formulated rigorously. We also remark that some argument can be extended
to other non-commutative algebras. For example, the following result is proved
in [ld]: Let R 3 1 be a ring contained in the algebraic closured. Then for
eachn , 2,

Derg,(Mn(R)) =InnDer z(M,(R)) = fDyja2 My (R)g:

1.6 Absolute Hochschild cohomology

Theorem [§ can be stated as

HE, (M2(Z);M(2)) = 0;
where the left-hand side indicates the absolute Hochschild cohomology in the
following sense. LetR be a ring and M be an R-bimodule. Let CE1 =M,

Ct = Map(R;M), CZ = Map(R£ R;M), C! = Map(R";M). We de'ne a
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derivation £ : C | CP™ by

(£*m)(a)
(' )(a1; @)

ami ma;
agf (az) | f(awap) + f(ar)ay;

~~
I+
=
-
N
=
QD
ol
o]
=)
+
AN
N
1
QD
ey
n
~~
&
+
[\N
-
+
-
[EEN
~.
—
—
Q
ol
Q
o
+
[\
QD
=)
+
=
N—r

Then (£°;C¢ ) is a chain complex of abelian groups. We call the cohomology
groups HE (R;M) = Ker +"=Im#"i 1 of this chain complex by the absolute
Hochschild cohomology (cf. [[B]). In particular,

H2 (R;R)=Ker = fb2 Rjba= abfor all a2 Rg;

the center of R, and

HE (R;R) = Derg, (R)=InnDerz (R):
For example, Theoremﬂ says
M
Hél(Z;Z):\ 2 @
p:prime @p

2 Absolute mathematics

We explain the background material of absolute mathematics, i.e., the math-
ematics overF;. As noted in Manin [E] the rst appearance of F; seems to
be in GL,(F1) = S, where S, is the symmetric group of ordern. This might
be a folklore, but a much precise reference was supplied by Sou@[ll] citing a
paper ] by Tits. There it seems that Tits conjectured G(F1) = W(G) for
each algebraic groupG, where W (G) is the Weyl group; in the caseG = GL
we getGL,(F1) = W(GL,) = S, again.

We consider that GL , (F1) = S, suggests to identify the categoryMod (F1) of
F1-modules with the category Set of sets. Let denote the freeF;-module over
a setX by F(1><)_ Then the more precise expectation is as follows: for objects
X and Y of Set, the corresponding objects ofMod (F,) are F(lx) and F(lY)
respectively with the corresponding morphisms

Homser (X; Y ) 2 HoMyod (¢, (F{* i F{™):
Hence, especially forX = f1;2;:::;ng it would hold that
Mn(F1) = End mog (r)(F1) = End set (f1,2;:::;nQ)

and
GLn(F1) = Aut mog (F,)(F1) = Aut set (f1,2;:::,n0) = Sp;
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which give #M,(F1) = n" and # GL,(F1) = n!. For example

Y, ¥,
) = W 1ﬂ_u1 oﬂ_“o 1ﬂ_uo 0114
2= 00 '01 ' 10 ' 11

and 1 3,

A TRy T
GLZ(FI)_ 0 1 ' 1 0 _SZ-

(Here we may omit O's respectingF; = f1g.)
Furthermore we identify the category Alg (F1) of F-algebras with the category
Monoid of monoids according to the following picture:

0 1 0 . 1
Alg (2) Ring

. & . &
Mod (2) Alg (F1) &= = Ab Monoid
& . & .

Mod (F1) Set
under the forgetful functors
(R £;+)

Ri+) (R:£)
& i
R:

Then, the absolute derivations Del, (R) of a ring R studied in x1 would be
understood by looking at the multiplicative monoid structure of the ring R.

(Actually we do not forget completely the additive structure.) Now we state

a problem to which the absolute mathematics may be applicable. LetX be
a (projective smooth) scheme of Tnite type over SpecZ). The Hasse zeta
function is de ned as

Y . .
x (s) = (Li NP o)
X2 Xo

where x runs over the set X, of closed points (0-dimensional points) ofX
and N (x) is the cardinality of the residue "eld at x. It is expected that
there exists the so-called gamma factor i (s) and that the completed zeta
function ¥y (s) = 3x (9)i x (s) is meromorphic in s 2 C with the functional
equation s $ dim(X) j s. For our purpose it is convenient to formulate the
following conjecture (cf. Kurokawa [H], Deninger [:}2]): There would exist co-
homologiesH™ (X ) for m = 0;1;:::;2dim(X) with skew-hermitian operators
R™:HM™(X)! HM™(X) satisfying
2dip( X) 3 Topym
Se=  det R (si )T

m=0
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We refer to Deninger D], [12] for various investigations. For example, in he case
X = Spec(Z), we expect
det(R*i (si 3)).

s(si 1) '

fs) = 294 =2i( ) =

where we consider thatH °(Spec@)) and H?(Spec@)) are one dimensional
with the trivial R® and R2. Of courseH (Spec@)) should be in nite dimen-
sional.

Problem Can such a cohomologyH ™ (X ) and an operator R™ : H™(X) !
H™(X) be constructed via the absolute mathematics ? IsH ™ (X)) interpreted
as a cohomology of the associated absolute schetXeé®®s |  Specf 1) ?

Some trials will be made inx3 and x4 below.

3 Zeta functions for absolute derivations

3.1

Foramap X : Z ! C, we dene the zeta function attached to X by the
Dirichlet series:

b3
s X) = X(?)
n=1 n
Lemma 6
3(5;@ = S(Si 1)
@ PSip
Proof: We start with
_@ n) = n ¢ordy(n) .
@,S p

Then
3(S' _@ = }X ord (n)ni (si ).
‘@b Py '

We expressn = pm with (p;m) =1, and k , 0.

3(3;@@3 - 1 X mi i gpi ki D
P m:(p;m)=1 k=0
— 1 3 . . i (sil) pi (si 1)
= 5 £3(si @i p ) E m
1
= 3(sj DE :
G DE
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578 N. Kurokawa, H. Ochiai, and M. Wakayama

Theorem 7 For an X 2 Derg,(Z) of nite type, i.e., X(p) = 0 for all but
“nitely many primes p,

XXy, X X .
ns (si 1) m

n=1 p:primes
This can be extended to a meromorphic function on the whole omplex plane.
The special value ats = 0 is given by

1 X X(p
3 . - = .
0:%) 12 o Pi 1
X @
Proof: It follows directly from Lemma ﬂand X = X (p) @p O

3.2 Quantum noncommutativity

We introduce the noncommutativity of primes as \3(0; [@@' @@ )"
First we give a rather explicit formula of the zeta of the commutator of absolte
derivations.

Lemma 7 -
A

1
3(31 1) (i g l)) Dk
!

q p*(si 1)

(sil EICEE

@al”
p q“(si 1)

i (si1 K
i (Lip ) q(l,plQ(Sll))z

Proof: We start with

@é@én)) = nq (ordg(n)ordy(n) + ord g(n)ordy(ordg(n))) :

Then

@p@&(n) = (ordq(n)ordp(ordq(n)) i ordp(n)ordg(ordp(n))) :

We setn = g¢m with (q;~m) =1,and k, 0. Then
A !

1 R o
3(s; = ordg(n)ord,(ordg(n))ni Gi D j¢ee
( [@b@y 5 . q(n)ordp(ordg(n)) i 1
1 X o R e
= —@ mi 1D Kordy(K)gf <G Y jee A
qum:(q;m):l k=1 |

b
= L @i g 1) Kordy(kg KD jcee
pPg k=1
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We setk = p'm®with (p;m9=1and | , 0. Then

e X X o
k ord,(K)qf k(si 1) = plmqql p'm7(si 1))
k=1 =1 m°:(£;m 0)=1 |
X X . | Ofa- X . I +1 Ofa- .
- |p| m0q| p'm=(si 1) i (pmo)ql p mi(si 1)
=1 Am[’:l mO0=1 |
| g PsiD g Py
- P @ ogrey! Pap grr ey
" g P(siD X o g Pesiy
- - P (L g P'(siD)2 : =0 P (Lj g P (siD)2
~ Lq p'(si 1)

I=1 P (Li g P2

This proves the lemma. O

Remark 5 Notice a partial functional equation unders$ 2 s.

R

Remark 6 Let Ay(z) = ordy(n)z": Then the Mellin transform of A, is
n=1

p3(s+1; @F), and the series in the lemma above is obtained as

b3 g PGiD ® » -
plf = pI e —
SP@areny T Paia,
@X i
= = oo
@ZI=1_ 1' zP z=qi (si D

— AO - .
- Z'Ab(z) z=qi (si D -

Now we give a rigorous de nition of the quantum noncommutativity motivated
by the lemma above.

Definition  The quantum noncommutativity, abbreviated as QNC, of p and q
is de ned by
A !
NC(b: 1 .1)4 k qipk . .1X K piqk
Q (p’Q)_l—qu gi )k:lpml (Pi )kzqu

Numerically,
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QNC(2;3) = 0:00220482;
QNC(2;5) = 0:00172077;
QNC(2;7) = 0:00124803;
QNC(3;5) = 0:00031155:

Note that QNC( p; p) = 0 and it seems that QNC(p;q > 0 for p <q.
We remark that QNC(p; g has a neat expression using the Jackson integral
(g-integral). We recall the following standard notions in g-analysis @;] For an
appropriate function f (x), we de ne the Jackson integral
fO)dgx == (ai g M (o)

k=1
with a base g. For a real number x, we de ne the corresponding g-number

=2 . i Xx=2
Xl := %:
=i qgq
Then the quantum noncommutativity is expressed as
!
1 R g x pi o
NC ; = . 1 k - . . 1 k -
QNC(p; 9 —12qu(QI )k=1p @ gy P )k=1q @ p )y
_ 1 (@i X 1 iy * 1
1209 (o2 g =92, " [P (p2i pi 792 [T
_ 1 Hea dpX Tt dgx

120 D@i 1) , XB' 1 K2

Question (A) Let R = (Tpq)pgeprimes With rpg =\ 3(0;[&; &1)"= QNC( p; q).

Then does it hold that

det(Li R(si 3))
s(si 1)

% (s) = ?

Here we may recall that

@

@p

(B) For a sheaf (automorphic or Galois) %20f Z, let Ry, = (rpq(%3) with

M1 1 uﬂ
= ARTATT

HE (Z:Z)c = &,C

where %4q)” is the adjoint of £p). Then does it hold that

det(li Ru(si 3))

C(S;]/): Sm(%(Si 1)m(1/9

where m(%} is the multiplicity of the trivial representation in  %¥2?
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Remark 7 Let P be a set of \generalized primes" with the zeta function

Y . .
()= (1i N(p)' o)
p

whose conjectual functional equation iss 7! d(P)j s. Let R :V ! V be
a linear operator on a complex vector spacd/. Assume that there is a basis
fvpjp2 PgofV indexed byP. Let fex j1 2 SpectR)g be anR-eigen basis
of V with Re: = e.. Thus

©:.Ce =V = ©,Cvp:

Take a suitable test functionW such that W(R) has a trace. Then we have
(under a suitable condition) a so-called \trace formula"

X X
W)= M(p)
! p

whereM (p) = M (p; p) is given by

X
W(R)vp = M (q; PIVg:
q

When .
W()=log(* i (si S0))
and
M (B =log(1 i N(B) *)' )

we would obtain the determinant expression

Y . .
%(s) = (1i N(p)i®)t
p
«
= e si B2
= Det(Rij (si LZP))):

By this way we would have the analytic continuation of the zatfunctions and
the L-functions.

4 Towards absolute schemes

We try to set up the rst step to F;-schemes. Recall that the usual scheme is
coming from the atxne scheme Speg(A) = Spec(A) for a (commutative) ring
A, where Speg(A) is the set of the prime ideals ofA with the Zariski (Stone-
Jacobson-Gelfand) topology. Since we consider aR;-algebra as a monoid, we
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de ne SpecM ) for a monoid M. A typical example is the caseM = (A; £)
for aring A.

Generalizing a bit, let X be an algebraic system having an associative multi-
plication with the identity element 1. We assume that X has the zero element
0 (satisfying 0¢x = x ¢0 =0 for all x 2 X). An equivalence relation ® on X
is called a congruence if® is compatible with the algebraic operations onX .
For example, ifx = x%andy”~ y° mod®, then xy ©~ x%° mod ®. In other
words, such an® is associated to the residue (quotient) algebraic systenX=®.
We denote by Cong{X ) the set of all congruences orX .

Example 2 A congruence on a (not necessary commutative) ring correspuds
to a two-sided ideal.

Example 3 A congruence on a group corresponds to a normal subgroup.

We say that a congruence® on X is a prime congruence ifX=® is integral in
the sense thatX=® has no (non-zero) zero divisors: ik 6°0,y 60 mod®,
then xy 60 mod ®. We denote by SpecK ) the set of the prime congruences
on X with the following topology: the closed subsets are

V()= f®- ~j®is aprime congruencg

for — 2 Cong(X). Here ® - ~ means thatx ~ 0 mod™  impliesx =~ 0
mod ®. As in the usual case, it is checked that suchV (7)'s satisfy the needed
conditions for closed sets by

V(id)= X; V(triv)= ;;

\\/(_1)[¢¢¢[Vgn)= V(ireeeny);
vV )=Vv( "))
,28

P _
where X=triv = flg, X=id = X, and o denotes the congruence generated
by s
For a ring A, we de ne
(Speg (A))™ = Spece, (A) = Spec((A; £)):

[Notice that Spec((A; £)) is not the set of usual \ideals" of (A; £).] Then we
have the natural map

Speg (A) i Speg, (A)
since each congruence on the ring induces a congruence on the multiplicative
monoid (A; £). The \local-global” map

Y
A (A=®)
®2 Specg . (A)
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re nes the usual local global map

Y
Al (A=°):
°2Spec, (A)

Y
For example, Speeg, (Z) and (Z=®) are both big and unusual.
®2 Specpl(z)

Remark 8 The absolute fundamental grougzs (Speg,(Z)) would be interest-
ing from the view point of the Langlands conjecture since foreach unrami ed
automorphic representation ¥sof GL,(A) (A being the adele ring ofQ) we
may have ann-dimensional representation (local system)

Yo Ya(Speg:, (2)) ! GLq(C)
satisfying &)= L(s:%
s;¥)= L(s;%:

Now we notice on theF;-tensor product. We de ne the F;-tensor product of
rings A and B as
A-g, B=(A£)a(B£)

the free product of monoids under the identi cation
1pn =1g =1and 0p =0 =0:
Theorem 8
Speg, (A - F, B) = Specg,(A) £ Speg, (B):

Proof: We show

SpecM aN) 2 SpecM ) £ SpecN)
by sending®=" to (®; ), where M and N are multiplicative monoids having
1 and 0. Here®= s the natural congruence onM &N coming from ® and
~. Since it is easy to see that®= ™~ is a prime congruence orM aN if ® and
~ are prime congruences oM and N respectively by

(M aN)=(®=a ) 2 (M=®) o (N=");

it is suxcient to show that the map is surjective. Let ° be a prime congruence
on M oN. Then we obtain a congruence® on M and a congruence on N by
restricting ° to M and N respectively, and it holds that ° = ®o ™. Since

(M aN)=°2 (M=®) a(N=");
we know that ® (resp. ) is a prime congruence onM (resp. N). O
Thus we have
Speg, (Z - ¢, Z) = Specg, (Z) £ Speg, (2)
whereZ - ¢, Z = Z o Z, as expected in [BK{[f] and [P].
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