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Introduction. Let GQ be the absolute Galois group Gal(Q=Q) of the
rational number ¯eld Q, and Fp an algebraic closure of the prime ¯eldFp of p
elements. In this paper, we are motivated by Serre's conjecture [19] to prove
that there exists no continuous irreducible representation½: GQ ! GL2(Fp)
unrami¯ed outside p for p · 31 and with small Serre weightk. This extends
the previous works by Tate [21], Serre [18], Brueggeman [1], Fontaine [5], Joshi
[6] and Moon [11], [12]. Our main result is:

Theorem 1. There exists no continuous irreducible representation½: GQ !
GL2(Fp) which is unrami¯ed outside p and of reduced Serre weightk (cf. Sect.
1) in the following cases marked with£ , and the same is true if we assume
the Generalized Riemann Hypothesis (GRH) in the following cases marked with
£ R :

1The ¯rst author was supported by the JSPS Postdoctoral Fello wship for Foreign Re-
searchers.
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knp 2 3 5 7 11 13 17 19 23 29 31
2 £ £ £ £ £ £ £ £ £ R £ R £ R

3 £ £ £ £ £ £ £ £ f f f
4 £ £ £ £ R £ R £ R £ R £ R fR fR
5 £ £ £ £ £ £ f f f
6 £ R £ R £ R £ R fR fR ? ? ?
7 £ £ £ £ £ f f fR

8 ? ? ? ? ? ? ? ?
9 £ R £ R £ R £ R fR fR fR
10 ? ? ? ? ? ? ?
11 £ R £ R £ R £ R fR fR fR
12 9 9 9 9 ? 9 9
13 fR £ R £ R fR fR fR
14 ? ? ? ? ? ?
15 fR fR fR fR fR
16 9 9 9 9 ?
17 ? ? ? fR fR
18 9 9 9 9 9
19 ? ? ? ?
20 9 9 9 9

In this table, an f(resp. fR ) means that, unconditionally (resp. under the GRH),
there exist only ¯nitely many ½in that case, and an 9 means that there does
exist an irreducible representation in that case. A ? means that the non-
existence/¯niteness is unknown (at present) in that case.

Note that the reduced Serre weight takes values 1· k · p + 1; the table can
be continued further down to k = 32 in an obvious manner (with many ?'s
and some9's). The casek = 1 of the Theorem is trivial since k = 1 means
that ½is unrami¯ed at p. In the above table, the casesp = 2 ; 3; 5 are proved
respectively in [21], [18], [1]. The case wherep = 7 and ½is even (i.e.k is odd)
is proved in [12]. For k = 2 and p · 17, Fontaine [5] proved the non-existence
of certain types of ¯nite °at group schemes (not just of two-dimensional Galois
representations). Joshi [6] proved the non-existence of½for p · 13 and of
Hodge-Tate weight 1; 2 (instead of Serre weight 2; 3; presumably, one hask ¡ 1
= the Hodge-Tate weight in the sense of Joshi if the Serre weightk satis¯es
1 · k · p¡ 1). The representations marked with9 are provided by cusp forms
(mod p) of weight 12, 16, 18, 20 and level 1 (cf. [16],x3.3{3.5).
As a corollary, it follows from this theorem that, under the GRH and for
3 · p · 31, (i) any ¯nite °at group scheme over Z of type (p; p) is the direct sum
of two group schemes which are isomorphic toZ=pZ or ¹ p (cf. [19], Th¶eorµeme
3); and (ii) any p-divisible group over Z of height 2 is the direct sum of two
p-divisible groups which are either constant or multiplicative (cf. [5], Th¶eorµeme
4 and its Corollaries).
Our strategy in the proof is basically the same as in the above cited works;
to deduce contradiction by comparing two kinds of inequalities of the opposite
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Non-existence of mod p Galois representations 643

direction for the discriminant of the ¯eld corresponding to the kernel of ½| one
from above (the Tate bound), and the other from below (the Odlyzko bound).
The novelty in this paper is in the re¯nement of the Tate bound (Theorem 3),
which gives the precise value of the discriminant in terms of the reduced Serre
weight ~k(½) of ½. This is done in Section 1. In Section 2, we compare this with
the Odlyzko bound ([14] and [15]) to prove the above Theorem. To deal with
the case where½is odd and has solvable image, we use the fact that Serre's
conjecture is true for such½if p ¸ 3 ([7]).
Another interesting case to consider is where the representation½has Serre
weight 1 (i.e. unrami¯ed at p) and non-trivial Artin conductor outside p. Al-
though a mod p modular form in Katz' sense lifts to a classical one of the same
weight in most cases if the weight is¸ 2, this may not be the case for weight
1 forms (Lemma 1.9 of [4]). If this is the case and Serre's conjecture is true,
then an odd and irreducible ½of Serre weight 1 is put under a severe restraint
on its image. Indeed, if ½comes from a modp eigenform f which lifts to a
classical eigenformF of weight 1, then ½has also to lift to an Artin represen-
tation ½F : GQ ! GL2(C) associated toF ([2]). In particular, in such a case,
an irreducible ½cannot have image of order divisible byp (or equivalently, its
projective image cannot contain a subgroup isomorphic to PSL2(Fp)) if p ¸ 5.
Conversely, if there are no such representations½: GQ ! GL2(Fp) and if the
Artin conjecture is true, then any mod p eigenform of weight 1 lifts, at least
\outside the level", to a classical eigenform of weight 1. In this vein, we prove:

Theorem 2. Assume the GRH. Then for each prime p ¸ 5, there ex-
ists a positive integer Np such that there exists no continuous representation
½: GQ ! GL2(Fp) with reduced Serre weight 1,N (½) · Np and projective im-
age containing a subgroup isomorphic toPSL2(Fp). The Np can be computed
explicitly; for large enoughp (say, p ¸ 1000003), we can takeNp = 44, and for
some smallp, we can takeN5 = 20, N7 = 24, N11 = 29, ..., N31 = 34, ....

This is just a simple application of the Odlyzko bound. One can give also
an unconditional version of this theorem. Theorem 2, together with some
extensions of Theorem 1 to the case of non-trivial Artin conductors, is proved
in Section 3.
In this paper, we follow the de¯nitions, notations and conventions in [4] for, e.g.,
the Serre weightk(½), the notion of mod p modular forms, and the formulation
of Serre's conjecture. There are slight di®erences (cf. [4],x1) between these and
those of Serre's original ones in [19].
It is our pleasure to dedicate this paper to Professor Kazuya Kato on the
occasion of his ¯ftieth birthday. The second named author got interested in
Serre's conjecture when he read the paper [19] as a graduate student under
the direction of Professor Kato, and a decade later his continued interest was
conveyed to the ¯rst named author.

1. Refinement of the Tate bound. In this section, we re¯ne Tate's
discriminant bound [21] for the ¯nite Galois extension K=Qp corresponding to
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the kernel of a continuous representation½: GQp ! GL2(Fp) of the absolute
Galois group GQp of the p-adic number ¯eld Qp. Namely, we give a formula
which gives the valuation of the di®erentDK= Qp of K=Qp in terms of the reduced
Serre weight (de¯ned below) of½.
Let k(½) be the Serre weight of½, and Â the mod p cyclotomic character. Then
by the de¯nition of k(½), there exists an integer ® (mod (p ¡ 1)) such that
k(Â¡ ® ­ ½) · p+ 1. It will be convenient for our purpose to de¯ne the reduced
Serre weight~k(½) of ½by

~k(½) := k(Â¡ ® ­ ½)

with the ® which minimizes the value ofk(Â¡ ® ­ ½). This ® (mod (p ¡ 1)) is
unique unless the restriction of½to an inertia group at p is the direct sum of
two di®erent powers ofÂ.
If ½is tamely rami¯ed, then we have vp(DK= Qp ) < 1, where vp denotes the
valuation of K normalized by vp(p) = 1. So we assume from now on that½
is wildly rami¯ed. Let us recall the de¯nition of the Serre weight k(½) in this
case. A wildly rami¯ed representation ½, restricted to an inertia group I p at p,
has the following form:

(1.1) ½jI p »
µ

Â¯ ¤
0 Â®

¶
with ¤ 6= 0 ;

where » denotes the equivalence relation of representations ofI p. Take the
integers ® and ¯ (uniquely) so that 0 · ® · p ¡ 2 and 1 · ¯ · p ¡ 1. We set
a = min( ®; ¯ ), b = max( ®; ¯ ), and de¯ne

k(½) :=

(
1 + pa + b+ p ¡ 1 if ¯ ¡ ® = 1 and Â¡ ® ­ ½is not ¯nite,
1 + pa + b otherwise.

Thus, if we write

½jI p » Â®
µ

Âk ¡ 1 ¤
0 1

¶

with 2 · k · p, then we have

~k(½) =

(
p + 1 if k = 2 and Â¡ ® ­ ½is not ¯nite,
k otherwise:

We shall prove

Theorem 3. Suppose½: GQp ! GL2(Fp) is wildly rami¯ed, with ®, ¯ as in
(1.1). Let ~k = ~k(½) be the reduced Serre weight of½. Put d := ( ®; ¯; p ¡ 1) =
(®;~k ¡ 1; p¡ 1). Let pm be the wild rami¯cation index of K=Qp. Then we have

vp(DK= Qp ) =

(
1 +

~k¡ 1
p¡ 1 ¡

~k¡ 1+ d
(p¡ 1)pm if 2 · ~k · p,

2 + 1
(p¡ 1)p ¡ 2

(p¡ 1)pm if ~k = p + 1 .
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Remarks. (1) The value of vp(DK= Qp ) is the largest in the last case, so we
have in general

vp(DK= Qp ) · 2 +
1

(p ¡ 1)p
¡

2
(p ¡ 1)pm :

This bound coincides with Tate's one ([21], Remark 1 on p. 155) ifm = 1 or
p = 2, and is smaller if m > 1 and p > 2.

(2) The case of ~k = 2 is comparable to (the n = 1 case of) the bound of
Fontaine ([5], Th¶eorµeme 1); the main term 1 + 1=(p ¡ 1) is the same. We have
the correction term ¡ 2=(p ¡ 1)pm .

(3) Suppose 2< ~k · p. If d0 := ( ~k ¡ 1; p ¡ 1) ¸ 2, then the value of d =
(®;~k ¡ 1; p ¡ 1) may vary if ½is twisted by a power of Â. The largest value
d0 is attained by Â¡ ® ­ ½. So the minimum value of vp(DK= Qp ), with K=Qp

corresponding to Ker(Âi ­ ½) for various i , is 1 +
~k¡ 1
p¡ 1 ¡

~k¡ 1+ d0
(p¡ 1)pm .

Proof. Let K 0=Qp (resp. K 1=Qp) be the maximal unrami¯ed (resp. maximal
tamely rami¯ed) subextension of K=Qp (so K 1=K0 is cut out by the represen-
tation Â® © Â¯ and K=K 1 by the representation (10

¤
1)). Then K 1 is a sub¯eld

of K 0(³p), where ³p is a primitive pth root of unity, and K 1=K0 has degree
(and rami¯cation index) e := ( p ¡ 1)=d. The extension K=K 1 has degree (and
rami¯cation index) pm . Set ¢ = Gal( K 1=K0) and H = Gal( K=K 1). Then ¢
may be identi¯ed with a quotient of Gal( K 0(³p)=K0) ' (Z=pZ)£ . In fact, we
have ¢ ' ((Z=pZ)£ )d ' Z=eZ, and its character group b¢ is generated by Âd.
The group ¢ acts on the Fp-module H by conjugation and, in view of (1.1),
this action is via Â¯ ¡ ® = Â~k¡ 1;

µ
Â¯ (¾) b(¾)

0 Â®(¾)

¶ µ
1 ¤
0 1

¶ µ
Â¯ (¾) b(¾)

0 Â®(¾)

¶ ¡ 1

=
µ

1 Â¯ ¡ ®(¾)¤
0 1

¶

for ¾2 I p. Thus we haveH = H (Â~k ¡ 1) if we denote by H(Âi ) the Âi -part (=
the part on which ¾2 ¢ acts by multiplication by Âi (¾)) of any Fp[¢]-module
H .
Now setU = (1+ ¼O)£ =(1+ ¼O)p, where¼(resp. O) is a uniformizer (resp. the
integer ring) of K 1. Here and elsewhere, we denote by (1 +¼O)p the subgroup
of pth powers in (1 + ¼O)£ . By local class ¯eld theory, we have the reciprocity
map

r : U ³ H:

The Galois group ¢ acts naturally on U, soU decomposes asU = ©e
i =1 U(Âdi ).

Since the mapr is compatible with the actions of ¢ on U and H , only U(Â~k¡ 1)
is mapped ontoH and the other parts go to 0;

(1.2) r (U(Âdi )) =

(
0 if di 6´ ~k ¡ 1 (mod p ¡ 1);
H if di ´ ~k ¡ 1 (mod p ¡ 1):

Next we shall examineU(Âi ) more closely. Any element ofU can be represented
by an element 1 + u1¼+ u2¼2 + : : : of (1 + ¼O)£ , where ui are units of K 0.
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Claim. For any ¾2 ¢, a unit u of K 0, and i ¸ 1, one has

¾(1 + u¼i ) ´ (1 + u¼i )Âdi (¾) (mod ¼i +1 ):

Proof. By considering K 1 as a sub¯eld of K 0(³p), we may reduce this to the
case ofK 1 = K 0(³p) and d = 1. Also the validity of the Claim is independent
of the choice of a uniformizer¼. So it is enough to show

¾(1 + u¼i ) ´ (1 + u¼i )Âi (¾) (mod ¼i +1 )

assuming that ¼= ³p ¡ 1. Since¾(³p) = ³ Â(¾)
p , we have¾(¼) ´ Â(¾)¼ (mod

¼2), hence ifu is a unit of K 0 then ¾(u¼i ) ´ Âi (¾)u¼i (mod ¼i +1 ). This implies
the above congruence. ¤

Let U ( i ) be the image of (1 +¼i O)£ in U. Note that (1 + p¼2O)£ ½ (1 + ¼O)p

(i.e. U (e+2) = U (p+1) = 0) if d = 1, and (1 + p¼O)£ ½ (1 + ¼O)p (i.e.
U (e+1) = 0) if d ¸ 2. By the above Claim, we have

(1.3)

(
U(Âdi ) »! U ( i ) =U( i +1) if d ¸ 2 or 2 · i · e,
U(Â) »! U (1) =U(2) © U (p) if d = i = 1.

This shows that, if d ¸ 2 or ~k 6= 2 ; p + 1, then by (1.2) we have

(1.4) r (U ( i ) ) =

(
0 if i >

~k¡ 1
d ,

H if i ·
~k¡ 1

d .

If d = 1 and ~k = 2 ; p + 1, we claim that r (U (p) ) = 0 if and only if ~k = 2, so
that (1.4) is valid also in this case. Indeed, it is proved in x2.8 of [19] that
~k = 2 (i.e. ( Â¡ ® ­ ½)jI p is ¯nite) if and only if K=K 1 is \peu rami¯¶ee", i.e., K
is obtained by adjoining pth roots of units of K 1 (actually, this was his original
de¯nition of the Serre weight's being 2). Suppose~k = 2 or p + 1. By (1.3),
a non-trivial cyclic subextension K 1(»1=p)=K1 has conductor (¼2) or (¼p+1 ),
and accordingly has di®erent (¼2) or (¼p+1 ). But the di®erent is easily seen to
divide (p) if » is a unit. Thus K=K 1 is peu rami¯¶ee if and only if r (U (p) ) = 0.
To calculate the value ofvp(DK= Qp ), we now distinguish the two cases, 2· ~k ·
p and ~k = p + 1.

Case 2 · ~k · p: By (1.4), any non-trivial character Ã 2 bH := Hom( H; C£ )
has conductor (¼( ~k ¡ 1)=d+1 ). By the FÄuhrerdiskriminantenproduktformel, we
have

vp(DK=K 1 ) =
1

[K : K 1]
vp(dK=K 1 )

=
pm ¡ 1

pm

Ã
~k ¡ 1

d
+ 1

!

vp(¼) =

Ã
~k ¡ 1
p ¡ 1

+
1
e

! µ
1 ¡

1
pm

¶
:

Combining this with the tame part

vp(DK 1 =K 0 ) =
1

[K 1 : K 0]
vp(dK 1 =K 0 ) = 1 ¡

1
e

;
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we have

vp(DK= Qp ) = 1 +
~k ¡ 1
p ¡ 1

¡
~k ¡ 1 + d
(p ¡ 1)pm :

Case ~k = p + 1: We have d = 1 in this case, and (1.4) shows that non-trivial
charactersÃ 2 bH have conductor either (¼2) or (¼p+1 ). In fact, exactly one pth
of all the characters have conductor dividing (¼2) and the rest have conductor
(¼p+1 ) (this is remarked in Remarque (2) in x2.4 of [19], and a similar fact had
been noticed already in the proof of the Lemma in [21]). We reproduce here the
proof given in [10], Lemma 3.5.4. This follows from the fact that the subgroup
(1 + ¼O)p has indexp in (1 + ¼pO)£ . To show this, consider the commutative
diagram

(1 + ¼O)p=(1 + ¼2pO)£ ½¡¡¡¡! (1 + ¼pO)£ =(1 + ¼2pO)£

o

?
?
y

?
?
y o

} (F) ¡¡¡¡!
½

F;

whereF is (the additive group of) the residue ¯eld of K 1, } (F) is the subgroup
f x + ( ¼p¡ 1=p)xp; x 2 Fg of F, and the right vertical arrow is the map 1 +
¼px(mod ¼2p) 7! x(mod ¼). This map induces the map (1+¼x)p(mod ¼2p) 7!
x + ( ¼p¡ 1=p)xp(mod ¼) on the left-hand side. We claim that } (F) has index p
in F. This is equivalent to that the map

} : F ! F

x 7! x + uxp;

whereu := ¼p¡ 1=p (mod ¼), has kernel of dimension 1 overFp. The dimension
depends only on the class ofu in F£ =(F£ )p¡ 1, which is independent of the
choice of a uniformizer¼ of K 1. Since K 1 = K 0(³p) = K 0(( ¡ p)1=(p¡ 1) ) now,
we may take¼so that ¼p¡ 1=p = ¡ 1, in which case the kernel has dimension 1.
Now again by the FÄuhrerdiskriminantenproduktformel, we have

vp(DK=K 1 ) =
1

[K : K 1]
vp(dK=K 1 )

=
1

pm ((pm ¡ pm ¡ 1)(p + 1) + ( pm ¡ 1 ¡ 1)2)vp(¼)

= 1 +
2

p ¡ 1
¡

1
p

¡
2

(p ¡ 1)pm :

Combining this with the tame part

vp(DK 1 =K 0 ) = 1 ¡
1

p ¡ 1
;

we obtain

vp(DK= Qp ) = 2 +
1

(p ¡ 1)p
¡

2
(p ¡ 1)pm :
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2. Proof of Theorem 1. In this section, we prove Theorem 1. As in [21],
the proof splits into two cases, according asG = Im( ½) is solvable or not. We
assumep ¸ 5 since the casesp = 2 and 3 are done respectively in [21] and [18]
(cf. also [1] and [12] for the cases ofp = 5 ; 7).
(1) Solvable case. SupposeG is solvable. To deal with the casesp · 19, we
proceed as follows: According to [20], a maximal irreducible solvable subgroup
G of GL2(Fp) has the following structure: either

(i) Imprimitive case: G is isomorphic to the wreath product F
£
p o(Z=2Z), or

(ii) Primitive case: one has exact sequences

1 ! A ! G ! G ! 1; with G ' SL2(F2) ' S3;

1 ! F
£
p ! A ! A ! 1; with A ' F© 2

2 :

Note that, in either case, a ¯nite subgroup of G has order prime top. So, when
p · 19, we are done if we show the following lemma, since thepth cyclotomic
¯eld Q(³p) has class number 1 forp · 19.
Lemma 1. If Q(³p) has class number 1, then there exists no non-abelian
solvable extension ofQ which is unrami¯ed outside p and of degree prime to
p.
Proof. It is enough to show that there exists no non-trivial abelian extension
of Q(³p) which is unrami¯ed outside p and of degree prime top. Let Op be the
p-adic completion of the integer ring of Q(³p). By class ¯eld theory (together
with the assumption \class number 1"), the Galois group of the maximal such
extension is isomorphic to the quotient of O£

p =(1 + ( ³p ¡ 1)Op)£ ' F£
p by

the image of the global units. This group is trivial since we have at least the
cyclotomic units (³ i

p ¡ 1)=(³p ¡ 1) ´ i (mod ³p ¡ 1), 1 · i · p ¡ 1. ¤
To deal with the odd cases with p ¸ 23, we appeal to the solvable case of
Serre's conjecture:

Theorem 4 (cf. [7]). Let p ¸ 3. Let ½ : GQ ! GL2(Fp) be an odd and
irreducible representation with solvable image. Then½is modular of the type
predicted by Serre.

Proof. If ½is irreducible and G := Im( ½) is solvable, then as we saw above,
either G has order prime to p (if p ¸ 5) or p = 3 and G is an extension
of a subgroup of the symmetric groupS3 by a ¯nite solvable group of order
prime to 3. By Fong-Swan's theorem (Th. 38 of [17]), there is an odd and
irreducible lifting ½̂: GQ ! GL2(O) of ½to some ring O of algebraic integers.
By Langlands-Tunnell ([8], [22]), ½̂, and hence½, is modular of weight 1. By the
"-conjecture ([4], Th. 1.12), ½is modular of the type predicted by Serre. ¤
By this theorem, we can exclude the possibility of the existence of½ with
solvable image, unrami¯ed outsidep, and with even Serre weightk(½) · 10.
(2) Non-solvable case. SupposeG = Im( ½) is non-solvable. In this case, we
compare the discriminant bound in Section 1 and the Odlyzko bound ([14],
[15]) to deduce contradictions. We distinguish the two cases where½is odd
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and even. If ½is even, then the complex conjugation is mapped by½to § (1
0

0
1),

so the ¯eld Q
Ker( ½)

cut out by ½is totally real or CM. Note that the Odlyzko
bound is much better (i.e. gives larger values) for totally real ¯elds. Let K be

either Q
Ker( ½)

or its maximal real sub¯eld according as ½is odd or even. Let
n := [ K : Q] (so n = jGj or jGj=2 according as½is odd or even), and letd1=n

K
denote the root discriminant of K .
For the Odlyzko bound to work for our purpose, the degreen = [ K : Q] has
to be large to a certain extent. Set G1 := G \ SL2(Fp). We have an exact
sequence

1 ! G1 ! G ! det(G) ! 1:

Since det½= Âk ¡ 1, we have det(G) = ( F£
p )k ¡ 1 ' Z=eZ if we put e := ( p ¡

1)=(k ¡ 1; p¡ 1). If G is non-solvable, so is the imageG1 of G1 in PSL2(Fp), and
hence we havejG1j ¸ 60. Furthermore, Brueggeman makes a nice observation
after the proof of Lemma 3.1 of [1] as follows: SinceG1 is non-solvable, it
contains an element of order 2, which must be¡ (1

0
0
1) as it is the only element

of order 2 of SL2(Fp) if p 6= 2. Thus we have jGj ¸ 120e.
If ½is at most tamely rami¯ed, then we have d1=n

K < p . On the other hand,
if n ¸ 120e, by the Odlyzko bound [14], we haved1=n

K > p in all the cases we
need (assuming the GRH forp = 23; 29; 31). Thus we may assume½is wildly
rami¯ed.
If pm divides the order of G (hence ofG1) and ½is irreducible, then by xx251{
253 of [3], the imageG1 of G1 in PGL 2(Fp) coincides with a conjugate of
PSL2(Fpm ). Thus we have n = jGj ¸ 2e£ j PSL2(Fpm )j = e(p2m ¡ 1)pm if ½is
odd, and n = jGj=2 ¸ e £ j PSL2(Fpm )j = e(p2m ¡ 1)pm =2 if ½is even. Let us
denote these values byn(pm ; k);

n(pm ; k) :=

(
e(p2m ¡ 1)pm if k is even,
e(p2m ¡ 1)pm =2 if k is odd.

To show the non-existence of a½, it is enough to show the non-existence of a
twist Â¡ ® ­ ½of it. So in what follows, we may assume that½has Serre weight
k · p + 1 (hence d = ( k ¡ 1; p ¡ 1) in the notation of Theorem 3) for our ½;
this minimizes the bound of Theorem 3 (see Remark (3) after Theorem 3).
We compare inequalities implied by Odlyzko and Tate bounds for each (p; k; m)
to deduce contradictions proving the non-existence of½, the Odlyzko bound
being calculated with n ¸ n(pm ; k) by using either [14] or [15] (Eqn. (10)
(assuming the GRH) and (16) of loc. cit. ). In general, under the GRH and for
not too large n, the values from [14] are better, and otherwise we use [15]. In
most cases, it is enough to compare then ¸ n(p1; k) case of the Odlyzko bound
and the m = 1 case of the Tate bound. Sometimes, however, it happens that
we have to look at the casesm = 1 and m ¸ 2 separately.
Also, to prove the ¯niteness of ½'s, we only need to have the contradictions
for su±ciently large n, because if the degreen is bounded, by the Hermite-
Minkowski theorem, there exist only ¯nitely many extensions K=Q which are
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unrami¯ed outside a given ¯nite set of primes and of degree· n. Thus we only
need to compare the Tate bound with m = 1 and the asymptotic Odlyzko
bound, which says that, for su±ciently large n = [ K : Q], one has

d1=n
K >

8
>>><

>>>:

22:381 for any K;
60:839 for totally real K;
44:763 under GRH, for any K;
215:332 under GRH, for totally real K:

The comparison for proving the ¯niteness is easily done, so in the following we
focus on the proof of the non-existence. As typical cases, we present here only
the proof of the cases ofp = 11 and 23.

Case p = 11: For k = 2 ; :::; 12, we have respectivelyn(11; k) = 13200, 3300,
13200, 3300, 2640, 3300, 13200, 3300, 13200, 660, 13200. Ifn ¸ n(11; k), the
Odlyzko bound implies

(2.1) d1=n
K >

8
>>>>>>>>>>>>><

>>>>>>>>>>>>>:

22:108 for k = 2 ; 4; 8; 10; 12;
58:598 for k = 3 ; 5; 7; 9;
21:592 for k = 6 ;
54:517 for k = 11;
34:768 under GRH, for k = 2 ; 4; 8; 10; 12;
122:112 under GRH, for k = 3 ; 5; 7; 9;
31:645 under GRH, for k = 6 ;
97:979 under GRH, for k = 11:

On the other hand, the Tate bound (m = 1 ) implies

(2.2) d1=n
K ·

8
>>>>>>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>>>>>>:

13:981 if k = 2 ;
17:770 if k = 3 ;
22:585 if k = 4 ;
28:705 if k = 5 ;
36:483 if k = 6 ;
46:370 if k = 7 ;
58:935 if k = 8 ;
74:905 if k = 9 ;
95:203 if k = 10;
121 if k = 11;
123:667 if k = 12:

Comparing (2.1) and (2.2), we obtain contradictions for k = 2 ; 3; 5; 7, and also
for k = 4 ; 9 assuming the GRH. Fork = 6 ; 11, we look at the casesm = 1 and
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m ¸ 2 separately. If m = 1, the Tate bound implies

(2.3) d1=n
K <

(
29:338 if k = 6 ;
78:243 if k = 11:

Comparing (2.1) and (2.3), we obtain contradictions for k = 6 ; 11 assuming
the GRH. For m = 2 and k = 6 ; 11, we haven(112; k) = 3542880; 885720. If
n ¸ n(112; k), the Odlyzko bound implies

(2.4) d1=n
K >

(
40:458 under GRH, for k = 6 ;
168:971 under GRH, for k = 11:

Comparing (2.2) and (2.4), we obtain contradictions for k = 6 ; 11 assuming the
GRH.

Case p = 23 : For p = 23; 29; 31, we rely on Theorem 4 in the solvable image
case, so we can prove the non-existence at most in the odd case (i.e. whenk is
even). Let p = 23. We have n(23; k) = 267168 for k = 2 ; 4; 6. If n is greater
than or equal to this value, the Odlyzko bound implies

(2.5) d1=n
K > 37:994 under GRH:

On the other hand, the Tate bound implies

(2.6) d1=n
K <

8
><

>:

26:524 if k = 2 ;
35:272 if k = 4 ;
46:905 if k = 6 :

Comparing (2.5) and (2.6), we obtain contradictions for k = 2 ; 4.

3. Representations with non-trivial Artin conductor. In this sec-
tion, we prove Theorem 2 and extend Theorem 1 to some other cases where
the representations½have non-trivial Artin conductors outside p. We present
in x3.1 (resp.x3.2) the cases where we can prove the non-existence (resp. ¯nite-
ness) of ½ : GQ ! GL2(Fp). We denote by N (½) the Artin conductor of ½
outside p. In both cases, we use:

Lemma 2. Let K=Q be the extension which corresponds to the kernel of½, and
n = [ K : Q]. Let d0

K be the prime-to-p part of the discriminant of K . Then if
jd0

K j > 1, we have
jd0

K j1=n < N (½):

Proof. This is Lemma 3.2, (ii) of [13]. Note that, in the proof there, one has
i E=F > 0 if the extension E=F is rami¯ed, whence the strict inequality in the
above lemma. ¤

3.1. Non-existence. We ¯rst prove Theorem 2. Let K=Q be the extension
corresponding to the kernel of the representation½. If for example p ¸ 1000003,
then for n ¸ 2 £ j PSL2(Fp)j ¸ 4000036000104000096, the Odlyzko bound
implies, under the GRH, that the root discriminant of K is > 44:17:::. Noticing
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Lemma 2, we conclude that there is no½which is unrami¯ed at p, with N (½) ·
44, and has projective image containing PSL2(Fp).
To extend Theorem 1, we consider as in Section 2 the solvable and non-solvable
cases separately. We shall consider only the odd cases. In the solvable case,
by Theorem 4, we only need to calculate the dimension of theC-vector space
Sk (¡ 1(N )) of cusp forms of weight k with respect to the congruence subgroup
¡ 1(N ). This is done by using, e.g., Chapters 2 and 3 of [9]. IfN ¸ 2, the
values of (N; k ) for which Sk (¡ 1(N )) = 0 are:
(N; k ) = (2 ; 2); (2; 4); (2; 6); (2; odd);
(N; k ) = (3 ; 2); (3; 3); (3; 4); (3; 5); (4; 2); (4; 3); (4; 4); (5; 2); (5; 3); (6; 2); (6; 3);
and
(N; 2) for N = 7 ; 8; 9; 10; 12.
The non-solvable case is also done in a similar way to that in Section 2 by com-
paring various discriminant bounds, except that we take the Artin conductor
into account. Combining with the solvable case, we obtain:

Theorem 5. There exists no odd and irreducible representation½ : GQ !
GL2(Fp) of reduced Serre weightk and Artin conductor N outside p in the
following cases:
CaseN = 2 : (p; k) = (3 ; 2); (3; 3); (3; 4); (5; 2); (7; 2).
CaseN = 3 : (p; k) = (2 ; 2); (2; 3).
CaseN = 4 : (p; k) = (3 ; 2).
CaseN = 5 : (p; k) = (2 ; 2).
Assuming the GRH, we obtain the non-existence of½, besides the above cases,
in the following cases:
CaseN = 2 : (p; k) = (5 ; 3); (7; 3); (11; 2); (13; 2).
CaseN = 3 : (p; k) = (5 ; 2); (7; 2).
CaseN = 4 : (p; k) = (3 ; 3).
CaseN = 5 : (p; k) = (3 ; 2).

3.2. Finiteness. To prove the ¯niteness of the set of isomorphism classes of
semisimple representations½: GQ ! GL2(Fp) with bounded Artin conductor
N (½), we only need to compare the lower bound of the discriminants by Odlyzko
and the upper bound obtained as the product of the one in Theorem 3 with
m = 1 and the one in Lemma 2. Here we give only the results for odd
representations under the assumption of the GRH. Other cases (even and/or
unconditional) can be obtained similarly.

Theorem 6. Assume the GRH. Then there exist only ¯nitely many isomor-
phism classes of odd and semisimple representations½: GQ ! GL2(Fp) with
reduced Serre weightk and Artin conductor N outside p in the following cases:
(1) k = 1 , any p, and N · 44.
(2) p = 2 : (k = 2 and N · 11), ( k = 3 and N · 7).
(3) p = 3 : (k = 2 and N · 8), ( k = 3 and N · 4), ( k = 4 and N · 4).
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(4) For other p and k > 1;
N = 2 and (p; k) = (5 ; 2); (5; 4); (7; 2); (7; 4); (11; 2); (13; 2).
(Note that, when N = 2 , the representation ½is odd if and only if k is even.)
N = 3 and (p; k) = (5 ; 2); (5; 3); (7; 2); (7; 3); (11; 2).
N = 4 and (p; k) = (5 ; 2); (7; 2).

To keep the table compact, we classi¯ed the cases in an unsystematic manner.
We hope to give a more convenient table on a suitable web site.
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