Documenta Math. 761

A Bound for the Torsion in the K -Theory
of Algebraic Integers

Christophe Soul &

Received: November 6, 2002
Revised: May 30, 2003

A Kazuya Kato, qui
marche sous la lune.

Abstract.  Let m be an integer bigger than oneA a ring of algebraic
integers, F its fraction eld, and K, (A) the m-th Quillen K -group
of A. We give a (huge) explicit bound for the order of the torsion
subgroup of K, (A) (up to small primes), in terms of m, the degree
of F over Q, and its absolute discriminant.

Let F be a number "eld, A its ring of integers and K, (A) the m-th Quillen
K -group of A. It was shown by Quillen that K, (A) is "nitely generated. In
this paper we shall give a (huge) explicit bound for the order of the torsion
subgroup of K (A) (up to small primes), in terms of m, the degree ofF over
Q, and its absolute discriminant.

Our method is similar to the one developed in [13] forF = Q. Namely, we
reduce the problem to a bound on the torsion in the homology of the general
linear group GLy (A). Thanks to a result of Gabber, such a bound can be
obtained by estimating the number of cells of given dimension in any complex
of free abelian groups computing the homology of Gk (A). Such a complex is
derived from a contractible CW-compIexW on which GLy (A) with compact
quotient. We shall use the construction of v given by Ash in [1] . It consists
of those hermitian metrics h on AN which have minimum equal to one and
are such that their set M (h) of minimal vectors has rank equal toN in FN .
To count cells in W=GLy (A), one will exhibit an explicit compact subset of
AN - 7 R which, for every h 2 v, contains a translate ofM (h) by some matrix
of GLy (A) (Proposition 2). The proof of this result relies on several arguments
from the geometry of numbers using, among other things, the number "eld
analog of Hermite's constant [4].
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762 Christophe Soul &

The bound on the K -theory of A implies a similar upper bound for the §tale
cohomology of SpecA[1=p]) with coexcients in the positive Tate twists of Zp,
for any (big enough) prime number p.

However, this bound is quite large since it is doubly exponential both inm
and, in general, the discriminant of F. We expect the correct answer to be
polynomial in the discriminant and exponential in m (see 5.1).

The paper is organized as follows. In Section 1 we prove a few facts on the
geometry of numbers forA, including a result about the image of A” by the
regulator map (Lemma 3), which was shown to us by H. Lenstra. Using these,
we study in Section 2 hermitian lattices over A, and we get a bound onM (h)
when h lies in . The cell structure of W is described in Section 3. The main
Theorems are proved in Section 4. Finally, we discuss these results in Section 5,
where we notice that, because of the Lichtenbaum conjectures, a lower bound
for higher regulators of number "elds would probably provide much better
upper bounds for the §tale cohomology of Spe@&(1=p]). We conclude with the
example ofKg(Z) and its relation to the Vandiver conjecture.

1 Geometry of algebraic numbers

11

Let F be a number "eld, and A its ring of integers. We denote byr =[F : Q]
the degree ofF over Q and by D = jdisc (K=Q)j the absolute value of the
discriminant of F over Q. Let ry (resp. ry) be the number of real (resp.
complex) places ofF. We haver = r; +2r,. We let 8§ = Hom( F; C) be the
set of complex embeddings of . These notations will be used throughout.
Given a nite set X we let #( X ) denote its cardinal.

1.2

We “rst need a few facts from the geometry of numbers applied toA and A®.
The “rst one is the following classical result of Minkowski:

Lemma 1. Let L be a rank one torsion-freeA-module. There exists a non zero
elementx 2 L such that the submodule spanned by in L has index

#(L=Ax) - Cyp;
where
rt o P=
Ci= o ¢4'294 "2 D
in general, and C; =1 whenA is principal.
Proof. The A-module L is isomorphic to an ideall in A. According to [7], V
x4, p. 119, Minkowski's “rst theorem implies that there exists x 2 | the norm

of which satis es
IN(X)j - CoN(l):
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Here jN (x)j = #( A=Ax) and N (1) =#( A=l), therefore #(1=Ax) - C;. The
case whereA is principal is clear. g.e.d.
1.3

The family of complex embeddings¥: F ! C, %2 §, gives rise to a canonical
isomorphism of real vector spaces of dimension

F-qoR=(C%";

where (@* denotes the subspace invariant under complex conjugation. Given
®2 F we shall write sometimesj®js, instead of j¥(®);.

Lemma 2. Given any elementx = (xs) 2 F - o R, there existsa 2 A such
that X
X%i ¥(a@)j- Cz;

Y2 8§
with 412 p
CZ = m D
in general, and
C,=1= if F=0Q:

Proof. DeneanormonF - g R by the formula

X
kxk = Xy
Y28
The additive group A is a lattice in F - o R, and we let1,;:::;%, be its
successive minima. In particular, there existay;:::;a 2 A suchthatkak = 1,
1. i- r,andfay;:::;a g are linearly independent overZ. Any x2 F - g R
can be written
X
X = R T 2R:
i=1
Let nj 2 Z be such thatjn; j ,ij- 1=2,foralli=1;:::;r, and
X
a= n; a
i=1
Clearly
X . 1 r
kx i ak - i nijkak: S+ cCe) . St (1)

i=1
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764 Christophe Soul &

On the other hand, we know from the product formula that, given any a 2
Aif Og,
Y . .
Ha)j, 1 @)

Y28

By the inequality between arithmetic and geometric means this implies
X
kak= " j¥%a)j, r;

Y28

hence

i forall i=1;:::;r: 3)

B

Minkowski's second theorem tells us that
N o
1y, . 22W2i"2° D 4

([7], Lemma 2, p. 115), whereW is the euclidearb\Qlume of the unit ball for
k¢kin F - o R. (Note that the covolume of A is D.) The volume W is the
euclidean volume of those elementsx{;z) 2 R"™ £ C"2 such that

Xl . . XZ . .
Xij+2 izjj- 1:
i=1 j=1
One nds ([7], Lemma 3, p. 117)
W =2"1 4 "2(2y3"2=r!; (5)
From (3) and (4) we get
1. 2pr52ifzri(ril): (6)
The lemma follows from (1), (5) and (6). g.e.d.

1.4

We also need a multiplicative analog of Lemma 2. LetR(F) be the regulator
of F,asdenedin[7]V,x1, p. 109. Lets=r;+r,j 1.

Lemma 3. Let (,), %2 8§ be a family of positive real numbers such that
.7 = , v When%is the complex conjugate of¥s There exists a unitu 2 A"
such that x
A .
. . Y
Sup(, »jujz) - Cs 2 ;
V28 28
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with
Cs =exp(s(4r (log3r)3)si 1 22i LR(F)):

Proof. We follow an argument of H. Lenstra. LetH % R":*"2 be the s-

are the real embeddings of 8 and¥% 6 % if i 6 j. Given , = (, w)wes asin
the lemma, we let

If u2 A% isaunit, and , = (jujs), we have’4,) 2 H. We get this way a lattice
L = f%jujs); u2 A%g

in H.
De ne a norm k ¢ kon H by the formula

k(Xi)k:SUp(lS_Up Xijy ~ Sup  xij=2):

Jiery Fitle Q- Ti4rs
It is enough to show that, for any vector x 2 H there existsa 2 L such that
kxj ak- log(Cs):
According to [14], Cor. 2, p. 84, we have (wherr | 2)
kak , "

where
"=rit(log(3r)) *;

forany a2 L jf 0g. Therefore, using Minkowski's second theorem as in the
proof of Lemma 2 we get that, for anyx 2 H there existsa 2 L with

kx i ak - s25 1"l SwW ol (H=L);

where W is the euclidean volume of the unit ball fork ¢ k where we identify H
with RS by projecting on the st s coordinates. ClearlyW - 25*'2i 1 when,
by de nition (loc.cit.), vol ( H=L) is equal to R(F). The lemma follows.

15

We now give an upper bound for the constantCs; of Lemma 3.
Lemma 4. The following inequality holds
p— .
R- 11r?2 Dlog(D)"i*:
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Proof. Let - be the residue ats = 1 of the zeta function of F. According to
[11], Cor. 3, p. 333, we have

i 2I‘+l Daali r

whenever O<a - 1. Taking a=log(D)! ! we get

. e2* log(D)"i t: (7)
On the other hand
_oriponprs NF)R(F) |
2" (2% WE) D (8

where h(F) is the class number ofF and w(F) the number of roots of unity in
F ([7], Prop. 13, p. 300). Sinceh(F), 1 we get

. . P— .
R(F) - w(F)2 (2141221 " D log(D)" *:

Since the degree oveQ of Q( P 1) is' (n), where' is the Euler function, we
must have

C(w(F)) -

When n = p! is an odd prime power we have
LE)=(pi e, PR

Therefore
w(F) - 2r2:

Since H Zﬂrz
i (ri+ry) yjregr = = 1
Ya

and 4e - 11, the lemma follows.

2 Hermitian lattices

2.1

An hermitian lattice M = (M;h) is a torsion free A-module M of Tnite rank,
equipped with an hermitian scalar product h on M - z C which is invariant
under complex conjugation. In other words, if we letMs, = M - o C be the
complex vector space obtained fromM by extension of scalars via%.2 §, his
given by a collection of hermitian scalar productshy, on M3, %2 §, such that
h(X;y) = hs(x;y) wheneverx andy are in M .
We shall also write

hy,(X) = hy(X; X)
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and p
kxks, = = hs(X):

Lemma 5. Let M be an hermitian lattice of rank N. Assume thatM contains

N vectors e;;:::; ey which are F-linearly independent in M - o F and such
that

kek- 1
forall i =1;:::;N. Then there exist a direct sum decomposition

M=L0¢¢¢@y
where eachL; has rank one and contains a vectof; such that
#(Li=Af) - Cy

and .
kfik- (ij 1)C,Co+ C; ' Cg:

Here Cy; C,; C3 are the constants de ned in Lemmas 1, 2, 3 respectively.

Proof. We proceed by induction onN. When N =1, Lemma 1 tells us that
L1 = M contains x; such that

#( L_‘]_:AX]_) - Cq:

Let us write
X1= ®¢g
with ®2 F®. Using Lemma 3, we can choose 2 A" such that
A I e
. . Y P = 1= 1=r
%U§DJU®J%' Cs 185, = C3N(®)™ - C3Cy

¥

The lemma follows with f1 = uxj.
Assume now thatN , 2, andletL; = M\ Fein M - o F. As above, we
choosef; = aj; ¢ in Ly with [Ly: Af;]- C; and

Supjayjy - CsCi™
Y28

The quotient M% = L=L, is torsion free of rank N j 1. We equip M © with
the quotient metric induced by h, we letp: M | MO be the projection, and

keXk - 1
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We assume by induction that M ° can be written
MP=LIoc¢cce @Y
and that L? contains a vectorf ? such that
ni =#( L=AfY . C;
with

o= aj €; 9)

a; 2 F, and, for all %2 §,
jajju- CiCy if2- j<i - N;
and B
jaijn- Ci"Cs;2- i N:
Let s: M%! M be any section of the projectionp. From (9) it follows that
there exists!; 2 F such that
s(f9 i aj g =1e:
2. j<i
Applying Lemma 2, we can choosdy 2 A such that
X Z1i b:
—— - Cy:
vos M ¥

Denet:M% M by the formulae
t(x) = s(x)i a(x)h e

wheneverx 2 L?, hence
nix = a(x)f2;

for somea(x) 2 A, 2- i- N. If we take f; = t(f 9, we get
X
fi=s(f)i nibhe = aj § +(ii nib)e
2. j<i

and, for all 342 §,
jYii niBjs- nCy- Ci1Cy:

We deneaj;=1ij nihandL; = t(LY. Then
M=L©0¢cCc@y
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satis es our induction hypothesis:
#(Li=Af;)) - C;
X
fi = aj g ;
-
jajju- C1Co whenj <i;

and B
jaiju- Ci ' Ca; forall %2 §;i=1;:::;N:

Since

kek- 1 foralli=1;:::;N;
this implies

kfik - (ii 1)CLCo+ C ' Cs:

g.e.d.

2.2

Lemma 6. Let | ¥ A be a nontrivial ideal. There exists a set of representatives
R %2 A of A modulo| such that, for any x in R,
X Hrval
iXj: Co —7= N(1);
¥25§

whereN (1) =#( A=l) and C; is the constant in Lemma 2.

Proof.  According to the proof of Lemma 2, the Z-module A contains a basis

X 2
&y tro Fczi

Ya
Therefore, by Lemma 5 applied to the eld Q, in which caseC; = C3 =1 and
C, = 1=2, there exists a basis{;j) of A over Z such that,

X oo My T
ifijsr —Co ——+1
r 2
Y2 §
Since the integern = N(I) belongs tol, the map A=l ! A=nA s injective
and we can choosdr among those
X
X = Xj fi

i=1
such that x; 2 Z and jxjj - n=2. In that case, if x 2 R, we have
X — nX r+3
My 5 dfijss nCz——
28§ Yaii

g.e.d.
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2.3

Lemma 7. Let M be an hermitian lattice and assume thatM = L; © L, is
the direct sum of two lattices of rank one. Letf; 2 L; be a non zero vector,
and n; = #( Lij=Af;), i = 1;2. Then there exists a vectore; 2 M, and an
isomorphism

A:Ae;OL! M

such thatL contains a vector e, with
#(L=Aez) - niny;

u 1
2r+3 r .
ketk - n2Cokfrk+ 1+ CE==ni Kkfok;

and
r+3

KA(e2)k - nzkfsk+ Co —

n} kfk:

Proof. = The algebraic content of this lemma is [9], Lemma 1.7, p. 12. To
control the norms in this proof we rst de'ne an isomorphism

ui Ly !
wherel; is an ideal of A. If x 2 Lj, uj(x) 2 A is the unique element such that
nx = ui(x)f;; i=1;2:

In particular n; = u;(f;).
Next, we choose an ideall; in the class ofl; which is prime to | ,. According
to [9], proof of Lemma 1.8, we can choose

Xo
Ji1= — 11
1a01

where ag is any element ofl; jf 0g and xo belongs to a set of representatives
of A modulo1,J, wherel{J = agA.
According to Lemma 6 we can assume that
X MoLs f S|
ojsir C2 —,= N(l1J)= C2 —— N(ao):
Y258

The composite isomorphism
viiLbe! Jg0 14

mapsfi to ny Xg=ay. We chooseay = ni, hencevi(f1) = xo and
X H r +3'IT ;
Xojw - C2 — M
Y28
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The direct sum of the inverses ofvy and u, is an isomorphism

»

! J]_©|2|| L1©L,=M:

SinceJ; and |, are prime to each other we have an exact sequence (as in [9]
loc.cit.)

0f Jil,i Ji©1,t" Al 0O

where p is the sum in A. Let
s:Ajfl J:0lI,

be any section ofp and let ® 2 J; be such that

s(1)=(®;1; ®:
Let ®= ,n,xo with , 2 F. Applying Lemma 2, we choosea 2 A such that
X
J, i & Ca:
Y2 8§

Sincens xg lies in J1 |, the element
= ®j anxo=(, i @nz2Xo
liesinJy, and 1j ~ liesinl,. Since

C=vi((, i anafy)

and H 1 q
1i =ux —i (i aXof2
n2
we get
Sul T =
K(G1i Dk - k(i a@nafik+e —j (i @xo fao
n»
M i 1

n, Cokf k+ 1+ C3 % n}  kfok:

Weletep="'(;1i ). On the other hand we de ne
L=Jdul2(" Li- L2)
and map L to M by the composite map

Li' J,01,8 M
wherei(x) = ( X; j X). We choose
& =NyXg2L
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so that ' +i(ep) = (navi(f1); X uz(f2)) has norm

H 1
- r+3 r .
k' +i (ez)k no kf 1k+ C», T nlkfzk.

Furthermore we have isomorphisms

LoAl 3,01,1 M

and
#( L:AEZ) = #( Jq |2:A62) . #( J]_:AX()) £ #( I2:An2) = nNiNy:
g.e.d.
2.4
Proposition 1. Let M be a rank N hermitian free A-module such that its
unit ball contains a basis ofM - o F. Then M has a basis(e;;:::;en) such
that
ke k - B;
with Bi =(ij 1)C,+ C3,i=1;:::;N, whenA is principal and
p r+3ﬂlogz(N)+2

Bi=(1+ C1C)(NC,+C3) 1+Cy Cf(rﬂ) N

in general. Herelog,(N) is the logarithm of N in base 2.

Proof. When A is principal, C; = 1 and Proposition 1 follows from Lemma
5.
In general Lemma 5 tells us that

M=L,0¢¢¢@y
and L; contains a vectorf; with #( L;=Af;) - C; and
kfik- Cy((ij 1)Co+ C3): Ci(NCy+ C3):

Let kK > 1 be an integer and, > 0 be a real number. We shall prove by
induction N that, if M has a decomposition as above with

#( Li:Afi)- k
and
kfik- k,;
then M has a basis é;;:::; ey ) such that
M T T+
kek - %+c2 1+C, T3 (uenuezs eee2t) . (10)

Documenta Mathematica CExtra Volume Kato (2003) 761{788



A Bound for the Torsion ... 773

foralli=1;:::;N, wheret, 1is such that
N . N
§<| T

The caseN - 2 follows from Lemma 7. IfN > 2, let N° be the integral part
of N=2. Applying Lemma 7 to every direct sumL; © Ly, i, N=2<i - N, we
get A !

M =M% Ae
i=NOo+1
with
H r+3
kek - k, 1+Cyk+C2 k'
H T 1
. %+C2 1+C2rz3 kr+t

N 0
and M %is free,M °= _©0 LY, and eachL? contains a vectorf ? such that

| =
LO:AfT. K2
and u q

KM% | 1+C 3 e,

B

By the induction hypothesis, M °has a basis ¢), 1 - i - N such that
H l My Tu 1t

ke k - 1+C2r+3 k(r+1) —+Cy 1+C, *3

2\ (r+1)(1+ ¢ee2t)
k2 4 (k%)

whenever NO NO
— < —
ot oti 1

this inequality implies
M in

1
-+ C 1+C
B Kk 2 2

T
r+3 (T coe2 1)

kek -

Therefore M satis es the induction hypothesis (10).

Since N
1+2+ ¢¢ce2t =21 1. .

andt - log,(N) + 1, Proposition 1 follows by taking k = C; and
, = Cl(N C,o+ C3)
in (10). g.e.d.
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25
Let M be arankN hermitian free A-module. We let
m(h) =Inf fh(x); x2 M jf Ogg
be the minimum value ofh on M jf Og and
M (h) = fx 2 M=h(x) = m(h)g

be the ('nite) set of minimal vectors of M. Let ! \ be the standard volume of
the unit ball in RN.

Proposition 2. Let M =(M;h) be as above. Assume than(h) =1 and that

X
X = Yi fl
i=1
with
iviig - Tis
y2§
— ¢IN 2rN +2 o N Y 2.
Ti=r™ Cj3 Bj;
i6i
and i 2ri=N | j 2rp=N
o =4nitray ST TP D
Proof.  From Proposition 1 we know that M has a basis €;;:::; ey ) with
kek - Bj. Let x 2 M (h) be a minimal vector and (x;) its coordinates in the
basis ().

Hi = (hy(vi;v));
wherevy = g if k6 i and v; = x. Furthermore, let
Hy, = (hy(e;e)):

Since
jxij2, = det( H;) det(Hs,)i

the Hadamard inequality implies

Y
iXii% - hu(x)  hy(g) det(Hs) *:
j6i
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For any unit u 2 A" we can replaceg by ui ' e, and x; by y; = ux;. We then
have

X X Y - -
1yil%, - hy(X)  hy(g)]jujs, det(Hy)' ~: (11)
28 Y28 igi

Applying Lemma 3 to , 5, = det( Hs,)' 2 we "nd u such that, for all %42 §,

Y
jujg,det(Hs)i 1+ C3  det(Hy) 1: (12)
%28

P
Since  hy(x) =1 and hy(g) - k gk® - B?, we deduce from (11) and (12)

Yy
that

X Y Y .
jVii- Ci¢ B¢ det(Hy) *: (13)
Y28 i6i ¥28
According to Icaza [4], Theorem 1, there exists 2 L such that
Y -
hy(z) - °  det(Hy)'™™
Y2 § Y28

with

o — gratra i 2ra=N | j 2r;=N ~.
=4 Ly L2 D:

Using Lemma 3 again and the fact thatm(h) =1, we nd v 2 A® such that

Y
1 - h(vz)- rC3  hy2)*

YR 8
rci°r™  det(Hy)™™ :
28
From this it follows that
det(Hy)' t- (rc2)™ oN (14)

Y2 §

and Proposition 2 follows from (13) and (14).

2.6

To count the number of vectors in M (h) using Proposition 2 we shall apply the
following lemma :

Lemma 8. The number of elementsa in A such that
X "
jay - T
2§
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is at most
B(T)=Sup(T™=22"*3:1):

Proof. ~ When r, > 0, this follows from [7], V x 1, Theorem 0, p. 102, by
noticing that one can take C3 = 2"*3 in loc.cit. When r, =0, the argument is
similar.

3 Reduction theory

3.1

Fix an integer N , 2. Let
i=GL n(A)
and
G=GLN(F-oR):

On the standard lattice Lo = AN consider the hermitian metric hy de ned by

X W
ho(x;y) = Xiva Yiva
Y25 i=1

for all vectors x = (Xj,) and 'y = (yiz) in Lo- zC =(CV)8. Any g2 G de'nes
an hermitian metric h = g(hg) on Lo by the formula

9(ho) (x;y) = ho(9(x); 9(y)) :

Let K be the stabilizer ofhg and G and X = KnG: We can view eachh 2 X
as a metric onLg.
Following Ash [1], we say that a nite subset M % Lq is well-rounded when

it spans the F-vector spacelLg- o F. We let W 22 X be the space of metrics
h such that m(h) = 1 and M (h) is well-rounded. Given a well-rounded set

M Y%Ly we let C(M) %W be the set of metricsh such that
2 h(x)=1forall x2 M
2 h(x)>1forallx2Lgj (M [f Og).

As explained in [1], proof of (iv), pp. 466-467,C(M) is either empty or topo-
logically a cell, and the family of closed cells<C(M) gives a j-invariant cellular
decomposition offv, such that

C(M) = 2 cMY:
M %M

Furthermore W= is compact, of dimension dim(X) i N.
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3.2

Proposition 3. i) For any integer k , 0, the number of cells of codimension

k in W is at most
3 a(N) 1

ckiN)= T

where ~
A I =
W r=2
a(N) - 2N(r+3) T; :

and T, is as in Proposition 2.
i) Given a cell in v, its number of codimension one faces is at mosa(N )N *1

Proof. Let © be the set of vectorsx = (x;) in AN such that, for all i =
1,::0N, X
jxijg, - Ti:
Y2 §

Given h 2 W, Proposition 2 says that we can nd a basis {;) of Lo such that
any x in M (h) has its coordinates ;) bounded as above. If° 2 j is the
matrix mapping the standard basis of AN to (f;), this means that M (° (h)) =
°i 1(M (h)) is contained in ©.

Let C(M) be a nonempty closed cell of codimensiok in W. For any x 2 Lo,
the equation h(x) = 1 de nes a real atne hyperplane in the set of N £ N
hermitian matrices with coexcients in (F - o C)*. The equationsh(x) = 1,
X 2 M, may not be linearly independent, but, sinceC(M ) has codimensionk,
M has at leastN + k elements. And sinceM % M (h) for someh 2 W, there

exists® 2 j such that °5%(M) is contained in ©. Therefore, modulo the action

of j, there are at most 3% cellsC(M) of codimensionk. From Lemma

7 we know that

card(©) - a(N);

therefore i) follows.

To prove ii), consider a cellC(M ) and a codimension one fac&€ (M 9 of C(M ).

We can write M %= M [f xg for some vectorx and there exists® 2 j such that

°(M% % ©. SinceM is well-rounded, the matrix ° is entirely determined by

the set of vectors® (M), i.e. there are at most card(©N matrices ° such that

°(M) % ©. Since® (x) 2 ©, there are at most card(© *! vectors x as above.
g.e.d.

3.3

Lemma 9. Let ° 2 jf 1g and p be a prime number such that? = 1. Then
p- 1+Sup(r;N):
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Proof.  Since ° is non trivial we have P(°) = 0 where P is the cyclotomic
polynomial

P(x)= XPit+ XPiZ4geel:
If F does not contain the p-th roots of one, P is irreducible, and therefore it

divides the characteristic polynomial of the matrix ° over F, hencepj 1- N.
Otherwise, F contains Q(* ), which is of degreep 1, thereforepj 1- r.

4  The main results

4.1

For any integer n > 0 and any nite abelian group A we let card,(A) be the
largest divisor of the integer #( A) such that no prime p - n divides card, (A).
Let N , 2 be an integer. We keep the notation ofx 3 and we let

N(N+1)

5 >N?i N

w=dm(X)ij N=r;

be the dimension offv. For any k - w we de ne
h(k, N) - a(N)(N +1) c(@j ki 1;N) :
where c(¢ N) and a(N) are de ned in Proposition 3.

Theorem 1. The torsion subgroup of the homology oGLy (A) is bounded as
follows
Cardl+sup( rnN )Hk(GLN (A); Z)tors ' h(k; N ) :

Proof. We know from [1] that v is contractible and the stabilizer of any h 2
v is nite. From Lemma 9 it follows that, modulo Si+sup( N ), the homology
of i = GL N (A) is the homology of a complex C¢ @, where Cy is the free
abelian group generated by a set of j-representatives of thos&-dimensional
cells c in W such that the stabilizer of ¢ does not change its orientation ([2],
VII). According to Proposition 3, the rank of Cy is at mostc(wi k;N) and any

cell of v has at most a(N)N*! faces. Theorem 1 then follows from a general
result of Gabber ([13], Proposition 3 and equation (18)).

4.2
For any integerm , 1 let
k(m)= h(m;2m +1) :

Denote by K, (A) the m-th algebraic K -group of A.
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Theorem 2. The following inequality holds

cardsyp(r+1 :2m+2) Km (A)ors = K(m):

Proof. As in [13], Theorem 2, we consider the Hurewicz map
H:Kn(A)! Hm(GL(A);Z);

the kernel of which lies inS,, n - (m+1)=2. Since, according to Maazen and
Van der Kallen,
Hm(GL(A);Z) = Hm(GLn (A);2)

whenN ;| 2m +1, Theorem 2 is a consequence of Theorem 1.

4.3

Let p be an odd prime andn , 2 an integer. For any® , 1 denote byZ=p (n)
the ®tale sheaf! " on Spec@[1=p]), and let

H?(SpecA[1=pl); Zy(n)) = |j&{1 H?(Spec@A[1=p]); Zy* (n)) :

From [12], we know that this group is nite and zero for almost all p.
Theorem 3. The following inequality holds

cardH 2(Spec@A[1=p); Zp(n)) - k(2n| 2):

p, 4nj 1
p, r+2

Proof. According to [12], the cokernel of the Chern class
Cni2 1 Kanj 2(A) ! H?(Spec@[1=p]); Zy(n))

lies in Sp+1 for all p. Furthermore, Borel proved that Kom, 2(A) is nite.
Therefore Theorem 3 follows from Theorem 2.

4.4

By Lemmas 1 to 7 and Propositions 1 to 3, the constantk(m) is explicitly
bounded in terms of m;r and D. We shall now simplify this upper bound.

Proposition 4. i) loglogk(m) - 220m*log(m) r4' P D log(D)"i *
i) If F has class number one,

loglogk(m) - 210m*log(m) r* p5 log(D)"i *
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i)y If F = Q(p i D) is imaginary quadratic
log logk(m) - 1120m*log(m)log(D):
if furthermore F has class number one
log logk(m) - 510m*log(m) log(D) :
iv) WhenF = Qandm , 9
log logk(m) - 8m*log(m);

furthermore
loglogk(7) - 40545

and
loglogk(8) - 70130

Proof. By de nition
k(m) = h(m;2m+1) = a(N)N*D (& mi 1N)

with N =2 m+1 and
ey T

cwi mj LN)= N+w; mi1l

Since

N(N +1)
2
2rm?2+3rm+rj 2mj 1

N+wjmjl = rg +r,N?i mj 1
and sincea(2m + 1) is very big, we get

loglogk(m) - (@rm?+3rm+rj 2mj 1)loga(2m + 1)
+ log(2 m+2)+loglog a(2m + 1)
r2m?+3m+1)loga2m+1): (15)

From Proposition 3 and Proposition 2 we get

AW ' =2
a(N)=2N(+3) Ti : (16)

and

W
Ti :(rrN oN C32rN +2)N BiNi 1: (17)
i=1 i=1
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According to Proposition 1

¥ " H ¢ +3 Tog,(N)+2 i
Bi= (L+CiC)(NCo+C3) 1+Cp

¢Cf(r+1) NH y  (18)

HN:

X
T 1+log(N):

i=1

Assumes 6 0. Then the upper bound C3 we get from Lemmas 3 and 4 forCs
is much bigger than C,. Therefore

log(N C, + C3) - log(N) +log(C3): (19)
We deduce from (15), (16), (17), (18), (19) that

loglogk(m) - X1+ X3

with
X1=r@m?+3m+1) %(N(ZrN +2)+ N(N | 1))log(CZ)
and
u
Xo = r(2m?+3m+1) N(r+3)log(2)
u .
+ 5N Nlog(®)+(N i 1) log(t + C; C) +log(N)
H 1
r+3
+ (log,(N)+2)log 1+ C;
Rl
+ 2(r +1)(1+log( N))log(Cy) : (20)

Sinces- rj 1, Lemma 3 and Lemma 4 imply
log(C5) - 11r3(r j 1)(4r(log3r)3)"i 22" 1p5 log(D)"i *:
from which it follows that
X1 - 208 logm)m*r# P D log(D)" *

whenm , 2andr B 2.
To evaluate X, rst notice that

411%N . 14 N=4
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by [10], II, (1.5), Remark, hence
SN f LN 1
log(°®) - rilog 1+Z +2r;log 1+? +log(D)
rlog(N) + log( D) (21)

sinceN , 5.
By the Stirling formula and Lemma 1, if r | 2,

H4ﬂ 1
log(Cy) = log(r!)j rlog(r)+ ralog 7 + éIog(D)

1+ % log(r) + :_ZL log(D); (22)

M 1 M H 1 1

r+3 r+3
log 1+ C, ] - Sup log(Cy) +log - +1;log(2) ;

where

0(C2) +log( 5 2) - rlog(@)i (ri 2log(r) i log(r)
r+3
4

2.4+ %Iog(D);

+ tog("22)+ Zlog(D)

so that
H r+3 1
log 1+C,

- 34+ %Iog(D): (23)

We also have

log(1+ C; Cy) - Sup(l+log(C;) +log( C>);log(2))

and
log(Cy) +1og(C2) - i rlog(r)+ri (ri 2)log(r)+ rlog(4) +log(D)
3:4 +log(D);
so that
log(1+ C1C;) - 4:4+log(D): (24)

From (20), (21), (22), (23), (24) we get
X, - alog(D)+ b
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with
Hy
a = r2m?+3m+1)(2m+1) E((2m+1)+2 m+ mlog,(2m+1)+ m
1
+ 2m(r+1)(1+log(2 m+1))) - 75r3m*log(m)

ifr, 2andm, 2.
Finally
H r
b = rm?+3m+1)2m+1) (r+3)log(2)+ 3 (2m +1) r(log(r) +log(2 m + 1))

u
+ % (2m) 44+log(2m+1)+3:4(log,(2m +1) +2)
H 119
+ 2(r+1)(A+log(2 m+1) 1+ 5 log(r) - 148r*m*log(m)

whenr , 2andm , 2.
Therefore
loglogk(m) - 208logm) m*r? P D log(D)"i * + 75 r®m*log(m) log(D)
+ 148r*m*log(m) - 220m*log(m)r* " D log(D)"' *

whenm, r and D are at least 2. This proves i).
If we assume thatA is principal, we can takeC; = 1 in Lemma 1 and B; =
(ii 1)Cz+ Cs in Proposition 1. SinceC; < C 3 we get

log Bi - log(N!)+ N log(Cs)

and
loglogk(m) - X1+ X3
where
' 2
X3 = r(2m?+3m+1) (r+3)2 m+1)log(2)+ rE(Zm +1) 2 log(r)
+ % @m+1)2log(°) + % (2m)log((2 m + 1))
6m*r2log(D) +2 r* m*log(m):
Therefore

X1+ X3 - 210m*log(m) r# p5Iog(D)ri L.

Assume now thatrq; + ro =1. Then C3 =1 and theﬁerim X disappears from
the above computation. Assume rst that F = Q( j D). Sincer, =1 and
r; =0 we get

loglogk(m) - (4m?+3m+1)loga(2m +1) :
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Furthermore (18) becomes

W H 5 ﬂlogz(N)+2 #N
Bi- (1+CiCo)(l+ NCy) 1+ Zcz ¢CEN (1+og( N)) .
i=1
Therefore
loglogk(m) - (4m?+3m+1) 5N log(2) +2N?log(2)

+ NZlog(®)+ N(N i 1) log(1+ C;Cy)

u T,
+ log(1+ NCp)+(log »(N)+2)log 1+§1C2

+ 6N(1+log N)log(Cy) ;

with N =2 m + 1. We have now

P— YaP —
C:=—- D and C2:§4 D:

This implies
loglogk(m) - 597m*log(m)+256 m*log(m)log(D) - 1120m*log(m)log(D):

If F = Q(p i D) is principal we can take C; =1 and B; = (ij 1)C,+1. We
get
log logk(m) - 510m*log(m)log(D):

Finally, assume that F = Q. Then

+1 . 1 N
L= = _- ° . + —
B| since C2 , and 1

Therefore
loglogk(m) - (2m?+2m+1)loga2m +1) " .
’ 2
(2m?+2m+1) 4N log(2) + N7Iog 1+NZ
A !
Lo N1 Yo+
2 9
i=1
8m*log(m)

if m, 9. We can also estimatek(7) and k(8) from this inequality above. This
proves iv).
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5 Discussion

51

The upper bound in Theorem 2 and Propostition 4 seems much too large.
When m = 0, card Ko(A)wrs is the class numberh(F), which is bounded as
follows:

h(F) - © D log(D)" *; (25)

for some constant®(r) [11], Theorem 4.4, p. 153. Furthermore, whenF =
Q, m =2nj 2 andn is even, the Lichtenbaum conjecture predicts that
cardKzn; 2(Z) is the order of the numerator of B,=n, where B, is the n-th
Bernoulli number. The upper bound

Bn - n'%n"

suggests, since the denominator oB,=n is not very big, that card K 1, (Z)tors
should be exponential inm. We are thus led to the following:

Conjecture. Fix r , 1. There exists positive constants®, , ° such that,
for any number "eld F of degreer on Q,

cardK m (A)ors - ®exp(m ~ logD):

Furthermore, we expect that ° does not depend orr.

5.2

As suggested by A. Chambert-Loir, it is interesting to consider the analog in
positive characteristic of the conjecture above. LetX be a smooth connected
projective curve of genusg over the nite eld with g elements,3x (s) its zeta
function and

Yo

PH)= Qi &t);

i=1
where ® are the roots of Frobenius acting on the “st “-adic cohomology group
of X. When n > 1, it is expected that the nite group Kazn; 2(X) has order
the numerator of 3x (1 n), i.e. P(q"i ). Sincej®j = g™ for all i =1 ¢ ¢2g,
we get

P(qni 1) . (1+ qni 1=2)29 i q2ng :

In the analogy between number "elds and function “elds, the genusg is known
to be an analog of logD). Therefore the bound above is indeed analogous to
the conjecture in x5.1.
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5.3

The upper bound for k(m) in Proposition 4 i) is twice exponential in D. One
exponential is due to our use of Lemma 3, wher€s is exponential inD. Maybe

this can be improved in general, and not only whens = 0.

The exponential in D occuring in Proposition 4 ii) might be due to our use
of the geometry of numbers. Indeed, if one evaluates the class numbéx(F)

by applying naively Minkowski's theorem (Lemma 1), the bound one gets is
exponential in D; see however [8], Theorem 6.5., for a better proof.

54

One method to prove (25) consists in combining the class number formula
(see (7) and (8)) with a lower bound for the regulator R(F). This suggests
replacing the arguments of this paper by analytic number theory, to get good
upper bounds for §tale cohomology.

More precisely, letn , 2 be an integer, and let3g (1 i n)® be the leading
coezcient of the Taylor series of3g (s) at s=1 | n. Lichtenbaum conjectured
that

\'%
cardH 2(Spec@A[1=pl); Zp(n))

*(Li n)"=§ 2 Ran 2(F) ¥-2—— ?
cardH *(Spec@A[1=p]); Zp(N)) tors

(26)
p

where R2,; 1(F) is the higher regulator for the group K 2,; 1(F). The equality
(26) is known up a power of 2 whenF is abelian overQ [5], [6], [3].

The order of the denominator on the right-hand side of (26) is easy to evaluate,
as well as3: (1 n)® (since it is related by the functional equation to 3¢ (n)).

Problem. Can one nd a lower bound forRgp; 1(F)?

If such a problem could be solved, the equality (26) is likely to produce a much
better upper bound for §tale cohomology than Theorem 3. Zagier's conjecture
suggests that this problem could be solved if one knew that the values of the
n-logarithm on F are Q-linearly independent.

55
To illustrate our discussion, let F = Q and n = 5. Then we have
H2(Spec@[1=pl); Z,(5))=p= Ci 9 ;

where C is the class group on(e 1) modulo p, and C) is the eigenspace o€
of the i-th power of the TeichmAiller character. Vandiver's conjecture predicts
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that C(Pi 9 = 0 when pis odd. It is true when p - 4:10°. Theorem 3 and
Proposition 4 tell us that

H2(Spec@[1=pl; Zp(5)) - k(8) - expexp (70130)
p

If one could "nd either a better upper bound for the order of Kg(Z) or a good
lower bound for Rg(Q), this would get us closer to the expected vanishing of
Cc(pi 5)

Notice that, using knowledge onK 4(Z), Kurihara has proved that C(°i 3 =0,
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