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Abstract. Let m be an integer bigger than one,A a ring of algebraic
integers, F its fraction ¯eld, and K m (A) the m-th Quillen K -group
of A. We give a (huge) explicit bound for the order of the torsion
subgroup of K m (A) (up to small primes), in terms of m, the degree
of F over Q, and its absolute discriminant.

Let F be a number ¯eld, A its ring of integers and K m (A) the m-th Quillen
K -group of A. It was shown by Quillen that K m (A) is ¯nitely generated. In
this paper we shall give a (huge) explicit bound for the order of the torsion
subgroup of K m (A) (up to small primes), in terms of m, the degree ofF over
Q, and its absolute discriminant.
Our method is similar to the one developed in [13] forF = Q. Namely, we
reduce the problem to a bound on the torsion in the homology of the general
linear group GLN (A). Thanks to a result of Gabber, such a bound can be
obtained by estimating the number of cells of given dimension in any complex
of free abelian groups computing the homology of GLN (A). Such a complex is
derived from a contractible CW-complex fW on which GLN (A) with compact
quotient. We shall use the construction of fW given by Ash in [1] . It consists
of those hermitian metrics h on AN which have minimum equal to one and
are such that their set M (h) of minimal vectors has rank equal to N in F N .
To count cells in fW=GLN (A), one will exhibit an explicit compact subset of
AN ­ Z R which, for every h 2 fW , contains a translate ofM (h) by some matrix
of GLN (A) (Proposition 2). The proof of this result relies on several arguments
from the geometry of numbers using, among other things, the number ¯eld
analog of Hermite's constant [4].
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762 Christophe Soul ¶e

The bound on the K -theory of A implies a similar upper bound for the ¶etale
cohomology of Spec (A[1=p]) with coe±cients in the positive Tate twists of Zp,
for any (big enough) prime number p.
However, this bound is quite large since it is doubly exponential both inm
and, in general, the discriminant of F . We expect the correct answer to be
polynomial in the discriminant and exponential in m (see 5.1).
The paper is organized as follows. In Section 1 we prove a few facts on the
geometry of numbers forA, including a result about the image of A¤ by the
regulator map (Lemma 3), which was shown to us by H. Lenstra. Using these,
we study in Section 2 hermitian lattices overA, and we get a bound onM (h)
when h lies in fW . The cell structure of fW is described in Section 3. The main
Theorems are proved in Section 4. Finally, we discuss these results in Section 5,
where we notice that, because of the Lichtenbaum conjectures, a lower bound
for higher regulators of number ¯elds would probably provide much better
upper bounds for the ¶etale cohomology of Spec (A[1=p]). We conclude with the
example ofK 8(Z) and its relation to the Vandiver conjecture.

1 Geometry of algebraic numbers

1.1

Let F be a number ¯eld, and A its ring of integers. We denote byr = [ F : Q]
the degree ofF over Q and by D = jdisc (K=Q)j the absolute value of the
discriminant of F over Q. Let r 1 (resp. r 2) be the number of real (resp.
complex) places ofF . We have r = r 1 + 2 r 2. We let § = Hom ( F; C) be the
set of complex embeddings ofF . These notations will be used throughout.
Given a ¯nite set X we let # ( X ) denote its cardinal.

1.2

We ¯rst need a few facts from the geometry of numbers applied toA and A¤.
The ¯rst one is the following classical result of Minkowski:

Lemma 1. Let L be a rank one torsion-freeA-module. There exists a non zero
element x 2 L such that the submodule spanned byx in L has index

# ( L=Ax ) · C1 ;

where

C1 =
r !
r r ¢4r 2 ¼¡ r 2

p
D

in general, and C1 = 1 when A is principal.

Proof. The A-module L is isomorphic to an idealI in A. According to [7], V
x4, p. 119, Minkowski's ¯rst theorem implies that there exists x 2 I the norm
of which satis¯es

jN (x)j · C1 N (I ) :
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A Bound for the Torsion . . . 763

Here jN (x)j = # ( A=Ax ) and N (I ) = # ( A=I ), therefore # ( I=Ax ) · C1. The
case whereA is principal is clear. q.e.d.

1.3

The family of complex embeddings¾: F ! C, ¾2 §, gives rise to a canonical
isomorphism of real vector spaces of dimensionr

F ­ Q R = ( C§ )+ ;

where (¢)+ denotes the subspace invariant under complex conjugation. Given
® 2 F we shall write sometimesj®j¾ instead of j¾(®)j.

Lemma 2. Given any elementx = ( x¾) 2 F ­ Q R , there exists a 2 A such
that X

¾2 §

jx¾ ¡ ¾(a)j · C2 ;

with

C2 =
4r 1 ¼r 2

r r ¡ 2 r !

p
D

in general, and
C2 = 1=2 if F = Q :

Proof. De¯ne a norm on F ­ Q R by the formula

kxk =
X

¾2 §

jx¾j :

The additive group A is a lattice in F ­ Q R , and we let ¹ 1; : : : ; ¹ r be its
successive minima. In particular, there exista1; : : : ; ar 2 A such that kai k = ¹ i ,
1 · i · r , and f a1; : : : ; ar g are linearly independent overZ. Any x 2 F ­ Q R
can be written

x =
rX

i =1

¸ i ai ; ¸ i 2 R :

Let ni 2 Z be such that jni ¡ ¸ i j · 1=2, for all i = 1 ; : : : ; r , and

a =
rX

i =1

ni ai :

Clearly

kx ¡ ak ·
rX

i =1

j¸ i ¡ ni j kai k ·
1
2

(¹ 1 + ¢ ¢ ¢+ ¹ r ) ·
r
2

¹ r : (1)
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On the other hand, we know from the product formula that, given any a 2
A ¡ f 0g,

Y

¾2 §

j¾(a)j ¸ 1 : (2)

By the inequality between arithmetic and geometric means this implies

kak =
X

¾2 §

j¾(a)j ¸ r ;

hence

¹ i ¸ r for all i = 1 ; : : : ; r : (3)

Minkowski's second theorem tells us that

¹ 1 : : : ¹ r · 2r W 2¡ r 2
p

D (4)

([7], Lemma 2, p. 115), whereW is the euclidean volume of the unit ball for
k ¢ kin F ­ Q R . (Note that the covolume of A is

p
D .) The volume W is the

euclidean volume of those elements (x i ; zj ) 2 R r 1 £ C r 2 such that

r 1X

i =1

jx i j + 2
r 2X

j =1

jzj j · 1 :

One ¯nds ([7], Lemma 3, p. 117)

W = 2 r 1 4¡ r 2 (2¼)r 2 =r! : (5)

From (3) and (4) we get

¹ r · 2r W
p

D 2¡ r 2 r ¡ ( r ¡ 1) : (6)

The lemma follows from (1), (5) and (6). q.e.d.

1.4

We also need a multiplicative analog of Lemma 2. LetR(F ) be the regulator
of F , as de¯ned in [7] V, x 1, p. 109. Let s = r 1 + r 2 ¡ 1.

Lemma 3. Let (¸ ¾), ¾ 2 § be a family of positive real numbers such that
¸ ¾ = ¸ ¾ when ¾ is the complex conjugate of¾. There exists a unit u 2 A¤

such that

Sup
¾2 §

(¸ ¾ juj¾) · C3

Ã
Y

¾2 §

¸ ¾

! 1=r

;
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with
C3 = exp ( s(4 r (log 3r )3)s¡ 1 2r 2 ¡ 1 R(F )) :

Proof. We follow an argument of H. Lenstra. Let H ½ R r 1 + r 2 be the s-
dimensional hyperplane consisting of vectors (x1; : : : ; x r 1 + r 2 ) such that x1+ x2+
¢ ¢ ¢+ x r 1 + r 2 = 0. Choose a subsetf ¾1; : : : ; ¾r 1 + r 2 g ½ § such that ¾1; : : : ; ¾r 1

are the real embeddings of § and¾i 6= ¾j if i 6= j . Given ¸ = ( ¸ ¾)¾2 § as in
the lemma, we let

½(¸ ) = (log( ¸ ¾1 ); : : : ; log(¸ ¾r 1
); 2 log(̧ ¾r 1 +1 ); : : : ; 2 log(̧ ¾r 1 + r 2

)) :

If u 2 A¤ is a unit, and ¸ = ( juj¾), we have½(¸ ) 2 H . We get this way a lattice

L = f ½(juj¾) ; u 2 A¤g

in H .
De¯ne a norm k ¢ kon H by the formula

k(x i )k = Sup ( Sup
1· i · r 1

jx i j; Sup
r 1 +1 · i · r 1 + r 2

jx i j=2) :

It is enough to show that, for any vector x 2 H there exists a 2 L such that

kx ¡ ak · log(C3) :

According to [14], Cor. 2, p. 84, we have (whenr ¸ 2)

kak ¸ "

where
" = r ¡ 1(log(3 r )) ¡ 3 ;

for any a 2 L ¡ f 0g. Therefore, using Minkowski's second theorem as in the
proof of Lemma 2 we get that, for anyx 2 H there exists a 2 L with

kx ¡ ak · s2s¡ 1 "1¡ s W vol (H=L ) ;

where W is the euclidean volume of the unit ball for k ¢ k, where we identify H
with R s by projecting on the ¯rst s coordinates. Clearly W · 2s+ r 2 ¡ 1 when,
by de¯nition (loc.cit.), vol ( H=L ) is equal to R(F ). The lemma follows.

1.5

We now give an upper bound for the constantC3 of Lemma 3.

Lemma 4. The following inequality holds

R · 11r 2
p

D log(D)r ¡ 1 :
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Proof. Let · be the residue ats = 1 of the zeta function of F . According to
[11], Cor. 3, p. 333, we have

· · 2r +1 D a a1¡ r

whenever 0< a · 1. Taking a = log( D)¡ 1 we get

· · e2r +1 log(D)r ¡ 1 : (7)

On the other hand

· = 2 r 1 (2¼)r 2
h(F ) R(F )

w(F )
p

D
; (8)

where h(F ) is the class number ofF and w(F ) the number of roots of unity in
F ([7], Prop. 13, p. 300). Sinceh(F ) ¸ 1 we get

R(F ) · w(F ) 2¡ ( r 1 + r 2 ) ¼¡ r 2 e2r +1
p

D log(D)r ¡ 1 :

Since the degree overQ of Q( n
p

1) is ' (n), where ' is the Euler function, we
must have

' (w(F )) · r :

When n = pt is an odd prime power we have

' (pt ) = ( p ¡ 1) pt ¡ 1 ¸ pt= 2 :

Therefore
w(F ) · 2r 2 :

Since

2¡ ( r 1 + r 2 ) ¼¡ r 2 2r =
µ

2
¼

¶ r 2

· 1

and 4e · 11, the lemma follows.

2 Hermitian lattices

2.1

An hermitian lattice M = ( M; h ) is a torsion free A-module M of ¯nite rank,
equipped with an hermitian scalar product h on M ­ Z C which is invariant
under complex conjugation. In other words, if we let M ¾ = M ­ A C be the
complex vector space obtained fromM by extension of scalars via¾2 §, h is
given by a collection of hermitian scalar productsh¾ on M ¾, ¾2 §, such that
h¾(x; y) = h¾(x; y) whenever x and y are in M .
We shall also write

h¾(x) = h¾(x; x )
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and
kxk¾ =

p
h¾(x) :

Lemma 5. Let M be an hermitian lattice of rank N . Assume that M contains
N vectors e1; : : : ; eN which are F -linearly independent in M ­ A F and such
that

kei k · 1

for all i = 1 ; : : : ; N . Then there exist a direct sum decomposition

M = L 1 © ¢ ¢ ¢ ©L N

where eachL i has rank one and contains a vectorf i such that

# ( L i =A f i ) · C1

and
kf i k · (i ¡ 1) C1 C2 + C1=r

1 C3 :

Here C1; C2; C3 are the constants de¯ned in Lemmas 1, 2, 3 respectively.

Proof. We proceed by induction onN . When N = 1, Lemma 1 tells us that
L 1 = M contains x1 such that

# ( L 1=A x1) · C1 :

Let us write
x1 = ® e1

with ® 2 F ¤. Using Lemma 3, we can chooseu 2 A¤ such that

Sup
¾2 §

ju ®j¾ · C3

Ã
Y

¾

j®j¾

! 1=r

= C3 N (®)1=r · C3 C1=r
1 :

The lemma follows with f 1 = u x1.
Assume now that N ¸ 2, and let L 1 = M \ F e1 in M ­ A F . As above, we
choosef 1 = a11 e1 in L 1 with [ L 1 : A f 1] · C1 and

Sup
¾2 §

ja11 j¾ · C3 C1=r
1 :

The quotient M 0 = L=L 1 is torsion free of rank N ¡ 1. We equip M 0 with
the quotient metric induced by h, we let p : M ! M 0 be the projection, and
e0

i = p(ei ), i = 2 ; : : : ; N . Clearly

ke0
i k · 1

for all i = 2 ; : : : ; N .
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We assume by induction that M 0 can be written

M 0 = L 0
2 © ¢ ¢ ¢ ©L 0

N

and that L 0
i contains a vector f 0

i such that

ni = # ( L 0
i =A f 0

i ) · C1

with

f 0
i =

X

2· j · i

aij e0
j ; (9)

aij 2 F , and, for all ¾2 §,

jaij j¾ · C1 C2 if 2 · j < i · N ;

and
jaii j¾ · C1=r

1 C3 ; 2 · i · N :

Let s : M 0 ! M be any section of the projectionp. From (9) it follows that
there exists ¹ i 2 F such that

s(f 0
i ) ¡

X

2· j<i

aij ej = ¹ i e1 :

Applying Lemma 2, we can choosebi 2 A such that

X

¾2 §

¯
¯
¯
¯
¹ i

ni
¡ bi

¯
¯
¯
¯
¾

· C2 :

De¯ne t : M 0 ! M by the formulae

t(x) = s(x) ¡ a(x) bi e1

wheneverx 2 L 0
i , hence

ni x = a(x) f 0
i ;

for somea(x) 2 A, 2 · i · N . If we take f i = t(f 0
i ), we get

f i = s(f 0
i ) ¡ ni bi e1 =

X

2· j<i

aij ej + ( ¹ i ¡ ni bi ) e1

and, for all ¾2 §,
j¹ i ¡ ni bi j¾ · ni C2 · C1 C2 :

We de¯ne ai 1 = ¹ i ¡ ni bi and L i = t(L 0
i ). Then

M = L 1 © ¢ ¢ ¢ ©L N
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satis¯es our induction hypothesis:

# ( L i =A f i ) · C1

f i =
X

1· j · i

aij ej ;

jaij j¾ · C1 C2 when j < i ;

and
jaii j¾ · C1=r

1 C3 ; for all ¾2 § ; i = 1 ; : : : ; N :

Since
kei k · 1 for all i = 1 ; : : : ; N ;

this implies
kf i k · (i ¡ 1) C1 C2 + C1=r

1 C3 :

q.e.d.

2.2

Lemma 6. Let I ½ A be a nontrivial ideal. There exists a set of representatives
R ½ A of A modulo I such that, for any x in R,

X

¾2 §

jxj¾ · C2

µ
r + 3

4

¶
N (I ) ;

where N (I ) = # ( A=I ) and C2 is the constant in Lemma 2.

Proof. According to the proof of Lemma 2, the Z-module A contains a basis
of r elementse1; : : : ; er such that

X

¾

jei j¾ · ¹ r ·
2
r

C2 :

Therefore, by Lemma 5 applied to the ¯eld Q, in which caseC1 = C3 = 1 and
C2 = 1=2, there exists a basis (f i ) of A over Z such that,

X

¾2 §

jf i j¾ ·
2
r

C2

µ
i ¡ 1

2
+ 1

¶
:

Since the integern = N (I ) belongs to I , the map A=I ! A=n A is injective
and we can chooseR among those

x =
rX

i =1

x i f i

such that x i 2 Z and jx i j · n=2. In that case, if x 2 R , we have
X

¾2 §

jxj¾ ·
n
2

X

¾;i

jf i j¾ · n C2
r + 3

4
:

q.e.d.
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2.3

Lemma 7. Let M be an hermitian lattice and assume thatM = L 1 © L 2 is
the direct sum of two lattices of rank one. Letf i 2 L i be a non zero vector,
and ni = # ( L i =A f i ), i = 1 ; 2. Then there exists a vectore1 2 M , and an
isomorphism

Ã : A e1 © L ! M

such that L contains a vector e2 with

# ( L=A e2) · n1 n2 ;

ke1k · n2 C2 kf 1k +
µ

1 + C2
2

r + 3
4

nr
1

¶
kf 2k ;

and
kÃ(e2)k · n2 kf 1k + C2

r + 3
4

nr
1 kf 2k :

Proof. The algebraic content of this lemma is [9], Lemma 1.7, p. 12. To
control the norms in this proof we ¯rst de¯ne an isomorphism

ui : L i ! I i

where I i is an ideal of A. If x 2 L i , ui (x) 2 A is the unique element such that

ni x = ui (x) f i ; i = 1 ; 2:

In particular ni = ui (f i ).
Next, we choose an idealJ1 in the class ofI 1 which is prime to I 2. According
to [9], proof of Lemma 1.8, we can choose

J1 =
x0

a0
I 1 ;

where a0 is any element ofI 1 ¡ f 0g and x0 belongs to a set of representatives
of A modulo I 1 J , where I 1 J = a0 A.
According to Lemma 6 we can assume that

X

¾2 §

jx0j¾ · C2

µ
r + 3

4

¶
N (I 1 J ) = C2

µ
r + 3

4

¶
N (a0) :

The composite isomorphism

v1 : L 1 ! J1 ! I 1

maps f 1 to n1 x0=a0. We choosea0 = n1, hencev1(f 1) = x0 and

X

¾2 §

jx0j¾ · C2

µ
r + 3

4

¶
nr

1 :
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The direct sum of the inverses ofv1 and u2 is an isomorphism

' : J1 © I 2
»¡! L 1 © L 2 = M :

Since J1 and I 2 are prime to each other we have an exact sequence (as in [9]
loc.cit.)

0 ¡! J1 I 2 ¡! J1 © I 2
p

¡! A ¡! 0

where p is the sum in A. Let

s : A ¡! J1 © I 2

be any section ofp and let ® 2 J1 be such that

s(1) = ( ®;1 ¡ ®) :

Let ® = ¸ n 2 x0 with ¸ 2 F . Applying Lemma 2, we choosea 2 A such that
X

¾2 §

j¸ ¡ aj¾ · C2 :

Sincen2 x0 lies in J1 I 2 the element

¯ = ®¡ a n2 x0 = ( ¸ ¡ a) n2 x0

lies in J1, and 1¡ ¯ lies in I 2. Since

¯ = v1(( ¸ ¡ a) n2 f 1)

and

1 ¡ ¯ = u2

µ
1
n2

¡ (¸ ¡ a) x0 f 2

¶

we get

k' (¯; 1 ¡ ¯ )k · k (¸ ¡ a) n2 f 1k +

°
°
°
°

µ
1
n2

¡ (¸ ¡ a) x0

¶
f 2

°
°
°
°

· n2 C2 kf 1k +
µ

1 + C2
2

µ
r + 3

4

¶
nr

1

¶
kf 2k :

We let e1 = ' (¯; 1 ¡ ¯ ). On the other hand we de¯ne

L = J1 I 2(' L 1 ­ L 2)

and map L to M by the composite map

L i¡! J1 © I 2
'

¡! M

where i (x) = ( x; ¡ x). We choose

e2 = n2 x0 2 L
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so that ' ± i (e2) = ( n2 v1(f 1); x0 u2(f 2)) has norm

k' ± i (e2)k · n2 kf 1k + C2

µ
r + 3

4

¶
nr

1 kf 2k :

Furthermore we have isomorphisms

L © A
( i;s )
¡! J1 © I 2

'
¡! M

and

# ( L=A e2) = # ( J1 I 2=A e2) · # ( J1=A x0) £ # ( I 2=A n2) = n1 n2 :

q.e.d.

2.4

Proposition 1. Let M be a rank N hermitian free A-module such that its
unit ball contains a basis ofM ­ A F . Then M has a basis(e1; : : : ; eN ) such
that

kei k · B i

with B i = ( i ¡ 1) C2 + C3, i = 1 ; : : : ; N , when A is principal and

B i = (1 + C1 C2)(N C2 + C3)
µ

1 + C2
r + 3

4

¶ log 2 (N )+2

C2( r +1) N=i
1

in general. Here log2(N ) is the logarithm of N in base 2.

Proof. When A is principal, C1 = 1 and Proposition 1 follows from Lemma
5.
In general Lemma 5 tells us that

M = L 1 © ¢ ¢ ¢ ©L N

and L i contains a vector f i with # ( L i =A f i ) · C1 and

kf i k · C1(( i ¡ 1) C2 + C3) · C1 (N C2 + C3) :

Let k > 1 be an integer and¸ > 0 be a real number. We shall prove by
induction N that, if M has a decomposition as above with

# ( L i =A f i ) · k

and
kf i k · k ¸ ;

then M has a basis (e1; : : : ; eN ) such that

kei k · ¸
µ

1
k

+ C2

¶ µ
1 + C2

r + 3
4

¶ t

k( r +1)(1+2+ ¢¢¢+2 t ) ; (10)
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for all i = 1 ; : : : ; N , where t ¸ 1 is such that

N
2t < i ·

N
2t ¡ 1 :

The caseN · 2 follows from Lemma 7. If N > 2, let N 0 be the integral part
of N=2. Applying Lemma 7 to every direct sum L i © L N ¡ i , N=2 < i · N , we
get

M = M 0©

Ã
NM

i = N 0+1

A ei

!

with

kei k · k¸
µ

1 + C2 k + C2
2

r + 3
4

kr
¶

· ¸
µ

1
k

+ C2

¶ µ
1 + C2

r + 3
4

¶
kr +1

and M 0 is free, M 0 =
N 0

©
i =0

L 0
i , and eachL 0

i contains a vector f 0
i such that

[L 0
i : A f 0

i ] · k2

and

kf 0
i k · ¸

µ
1 + C2

r + 3
4

¶
kr +1 :

By the induction hypothesis, M 0 has a basis (ei ), 1 · i · N 0, such that

kei k ·
µ

1 + C2
r + 3

4

¶
k( r +1)

µ
1
k2 + C2

¶ µ
1 + C2

r + 3
4

¶ t

(k2)( r +1)(1+ ¢¢¢+2 t )

whenever
N 0

2t < i ·
N 0

2t ¡ 1 :

If
N

2t +1 < i ·
N
2t ;

this inequality implies

kei k · ¸
µ

1
k

+ C2

¶ µ
1 + C2

r + 3
4

¶ t +1

k( r +1)(1+ ¢¢¢+2 t +1 ) :

Therefore M satis¯es the induction hypothesis (10).
Since

1 + 2 + ¢ ¢ ¢+ 2 t = 2 t +1 ¡ 1 ·
2N
i

and t · log2(N ) + 1, Proposition 1 follows by taking k = C1 and

¸ = C1(N C2 + C3)

in (10). q.e.d.

Documenta Mathematica ¢Extra Volume Kato (2003) 761{788



774 Christophe Soul ¶e

2.5

Let M be a rank N hermitian free A-module. We let

m(h) = Inf f h(x) ; x 2 M ¡ f 0gg

be the minimum value of h on M ¡ f 0g and

M (h) = f x 2 M=h(x) = m(h)g

be the (¯nite) set of minimal vectors of M . Let ! N be the standard volume of
the unit ball in R N .

Proposition 2. Let M = ( M; h ) be as above. Assume thatm(h) = 1 and that
M (h) spans theF -vector spaceM ­ A F . Then M has a basisf 1; : : : ; f N such
that any x 2 M (h) is of the form

x =
NX

i =1

yi f i

with X

¾2 §

jyi j2¾ · Ti ;

Ti = r rN C2rN +2
3 ° N

Y

j 6= i

B 2
j ;

and
° = 4 r 1 + r 2 ! ¡ 2r 1 =N

N ! ¡ 2r 2 =N
2N D :

Proof. From Proposition 1 we know that M has a basis (e1; : : : ; eN ) with
kei k · B i . Let x 2 M (h) be a minimal vector and (x i ) its coordinates in the
basis (ei ).
Fix i 2 f 1; : : : ; N g and ¾2 §. Consider the square matrix

H i = ( h¾(vk ; v` )) ;

where vk = ek if k 6= i and vi = x. Furthermore, let

H¾ = ( h¾(ek ; è )) :

Since
jx i j2¾ = det( H i ) det(H¾)¡ 1

the Hadamard inequality implies

jx i j2¾ · h¾(x)
Y

j 6= i

h¾(ej ) det(H¾)¡ 1 :
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For any unit u 2 A¤ we can replaceei by u¡ 1 ei , and x i by yi = u x i . We then
have

X

¾2 §

jyi j2¾ ·
X

¾2 §

h¾(x)
Y

j 6= i

h¾(ej ) juj2¾ det(H¾)¡ 1 : (11)

Applying Lemma 3 to ¸ ¾ = det( H¾)¡ 1=2 we ¯nd u such that, for all ¾2 §,

juj2¾ det(H¾)¡ 1 · C2
3

Y

¾2 §

det(H¾)¡ 1 : (12)

Since
P

¾
h¾(x) = 1 and h¾(ej ) · k ej k2 · B 2

j , we deduce from (11) and (12)

that
X

¾2 §

jyi j2¾ · C2
3 ¢

Y

j 6= i

B 2
j ¢

Y

¾2 §

det(H¾)¡ 1 : (13)

According to Icaza [4], Theorem 1, there existsz 2 L such that
Y

¾2 §

h¾(z) · °
Y

¾2 §

det(H¾)1=N

with
° = 4 r 1 + r 2 ! ¡ 2r 1 =N

N ! ¡ 2r 2 =N
2N D :

Using Lemma 3 again and the fact thatm(h) = 1, we ¯nd v 2 A¤ such that

1 · h(vz) · r C 2
3

Y

¾2 §

h¾(z)1=r

· r C 2
3 ° 1=r

Y

¾2 §

det(H¾)1=rN :

From this it follows that
Y

¾2 §

det(H¾)¡ 1 · (r C 2
3 )rN ° N (14)

and Proposition 2 follows from (13) and (14).

2.6

To count the number of vectors in M (h) using Proposition 2 we shall apply the
following lemma :

Lemma 8. The number of elementsa in A such that
X

¾2 §

jaj2¾ · T
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is at most
B (T) = Sup ( T r= 2 2r +3 ; 1) :

Proof. When r 2 > 0, this follows from [7], V x 1, Theorem 0, p. 102, by
noticing that one can take C3 = 2 r +3 in loc.cit. When r 2 = 0, the argument is
similar.

3 Reduction theory

3.1

Fix an integer N ¸ 2. Let
¡ = GL N (A)

and
G = GL N (F ­ Q R ) :

On the standard lattice L 0 = AN consider the hermitian metric h0 de¯ned by

h0(x; y) =
X

¾2 §

NX

i =1

x i¾ yi¾

for all vectors x = ( x i¾) and y = ( yi¾) in L 0 ­ Z C = ( CN )§ . Any g 2 G de¯nes
an hermitian metric h = g(h0) on L 0 by the formula

g(h0) (x; y) = h0(g(x); g(y)) :

Let K be the stabilizer of h0 and G and X = K nG : We can view eachh 2 X
as a metric onL 0.
Following Ash [1], we say that a ¯nite subset M ½ L 0 is well-rounded when
it spans the F -vector spaceL 0 ­ A F . We let fW ½ X be the space of metrics
h such that m(h) = 1 and M (h) is well-rounded. Given a well-rounded set
M ½ L 0 we let C(M ) ½ fW be the set of metricsh such that

² h(x) = 1 for all x 2 M

² h(x) > 1 for all x 2 L 0 ¡ (M [ f 0g).

As explained in [1], proof of (iv), pp. 466-467,C(M ) is either empty or topo-
logically a cell, and the family of closed cellsC(M ) gives a ¡-invariant cellular
decomposition of fW , such that

C(M ) =
a

M 0¾M

C(M 0) :

Furthermore fW=¡ is compact, of dimension dim(X ) ¡ N .
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3.2

Proposition 3. i) For any integer k ¸ 0, the number of cells of codimension
k in fW is at most

c(k; N ) =
µ

a(N )
N + k

¶

where

a(N ) = 2 N (r +3)

Ã
NY

i =1

Ti

! r= 2

;

and Ti is as in Proposition 2.

ii) Given a cell in fW , its number of codimension one faces is at mosta(N )N +1 .

Proof. Let © be the set of vectorsx = ( x i ) in AN such that, for all i =
1; : : : ; N , X

¾2 §

jx i j2¾ · Ti :

Given h 2 fW , Proposition 2 says that we can ¯nd a basis (f i ) of L 0 such that
any x in M (h) has its coordinates (x i ) bounded as above. If° 2 ¡ is the
matrix mapping the standard basis of AN to ( f i ), this means that M (° (h)) =
° ¡ 1(M (h)) is contained in ©.
Let C(M ) be a nonempty closed cell of codimensionk in fW . For any x 2 L 0,
the equation h(x) = 1 de¯nes a real a±ne hyperplane in the set of N £ N
hermitian matrices with coe±cients in ( F ­ Q C)+ . The equations h(x) = 1,
x 2 M , may not be linearly independent, but, sinceC(M ) has codimensionk,
M has at leastN + k elements. And sinceM ½ M (h) for some h 2 fW , there
exists ° 2 ¡ such that ° ¡ 1(M ) is contained in ©. Therefore, modulo the action

of ¡, there are at most
³

card(©)
N + k

´
cells C(M ) of codimensionk. From Lemma

7 we know that
card(©) · a(N ) ;

therefore i) follows.
To prove ii), consider a cellC(M ) and a codimension one faceC(M 0) of C(M ).
We can write M 0 = M [ f xg for some vectorx and there exists° 2 ¡ such that
° (M 0) ½ ©. SinceM is well-rounded, the matrix ° is entirely determined by
the set of vectors° (M ), i.e. there are at most card(©)N matrices ° such that
° (M ) ½ ©. Since° (x) 2 ©, there are at most card(©)N +1 vectors x as above.

q.e.d.

3.3

Lemma 9. Let ° 2 ¡ ¡ f 1g and p be a prime number such that° p = 1 . Then

p · 1 + Sup(r; N ) :
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Proof. Since ° is non trivial we have P(° ) = 0 where P is the cyclotomic
polynomial

P(x) = X p¡ 1 + X p¡ 2 + ¢ ¢ ¢+ 1 :

If F does not contain the p-th roots of one, P is irreducible, and therefore it
divides the characteristic polynomial of the matrix ° over F , hencep¡ 1 · N .
Otherwise, F contains Q(¹ p), which is of degreep ¡ 1, therefore p ¡ 1 · r .

4 The main results

4.1

For any integer n > 0 and any ¯nite abelian group A we let cardn (A) be the
largest divisor of the integer #( A) such that no prime p · n divides cardn (A).
Let N ¸ 2 be an integer. We keep the notation ofx 3 and we let

ew = dim( X ) ¡ N = r 1
N (N + 1)

2
+ r 2 N 2 ¡ N

be the dimension offW . For any k · ew we de¯ne

h(k; N ) = a(N )(N +1) c( ew¡ k ¡ 1;N ) ;

where c(¢; N ) and a(N ) are de¯ned in Proposition 3.

Theorem 1. The torsion subgroup of the homology ofGLN (A) is bounded as
follows

card1+sup( r;N ) H k (GL N (A); Z)tors · h(k; N ) :

Proof. We know from [1] that fW is contractible and the stabilizer of any h 2
fW is ¯nite. From Lemma 9 it follows that, modulo S1+sup( r;N ) , the homology
of ¡ = GL N (A) is the homology of a complex (C¢; @), where Ck is the free
abelian group generated by a set of ¡-representatives of thosek-dimensional
cells c in fW such that the stabilizer of c does not change its orientation ([2],
VII). According to Proposition 3, the rank of Ck is at most c( ew¡ k; N ) and any
cell of fW has at most a(N )N +1 faces. Theorem 1 then follows from a general
result of Gabber ([13], Proposition 3 and equation (18)).

4.2

For any integer m ¸ 1 let

k(m) = h(m; 2m + 1) :

Denote by K m (A) the m-th algebraic K -group of A.
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Theorem 2. The following inequality holds

cardsup( r +1 ;2m +2) K m (A)tors · k(m) :

Proof. As in [13], Theorem 2, we consider the Hurewicz map

H : K m (A) ! Hm (GL( A); Z) ;

the kernel of which lies in Sn , n · (m + 1) =2. Since, according to Maazen and
Van der Kallen,

Hm (GL( A); Z) = Hm (GL N (A); Z)

when N ¸ 2m + 1, Theorem 2 is a consequence of Theorem 1.

4.3

Let p be an odd prime andn ¸ 2 an integer. For any º ¸ 1 denote byZ=pº (n)
the ¶etale sheaf¹ ­ n

pº on Spec(A[1=p]), and let

H 2(Spec(A[1=p]); Zp(n)) = limÃ¡
º

H 2(Spec(A[1=p]); Zpº (n)) :

From [12], we know that this group is ¯nite and zero for almost all p.

Theorem 3. The following inequality holds

Y

p ¸ 4n ¡ 1
p ¸ r +2

cardH 2(Spec(A[1=p]); Zp(n)) · k(2n ¡ 2) :

Proof. According to [12], the cokernel of the Chern class

cn; 2 : K 2n ¡ 2(A) ! H 2(Spec(A[1=p]); Zp(n))

lies in Sn +1 for all p. Furthermore, Borel proved that K 2m ¡ 2(A) is ¯nite.
Therefore Theorem 3 follows from Theorem 2.

4.4

By Lemmas 1 to 7 and Propositions 1 to 3, the constantk(m) is explicitly
bounded in terms of m; r and D. We shall now simplify this upper bound.

Proposition 4. i) log log k(m) · 220m4 log(m) r 4r
p

D log(D)r ¡ 1

ii) If F has class number one,

log logk(m) · 210m4 log(m) r 4r
p

D log(D)r ¡ 1
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iii) If F = Q(
p

¡ D) is imaginary quadratic

log logk(m) · 1120m4 log(m) log(D) ;

if furthermore F has class number one

log logk(m) · 510m4 log(m) log(D) :

iv) When F = Q and m ¸ 9

log logk(m) · 8m4 log(m) ;

furthermore
log logk(7) · 40 545

and
log logk(8) · 70 130:

Proof. By de¯nition

k(m) = h(m; 2m + 1) = a(N )(N +1) c( ew¡ m ¡ 1;N )

with N = 2 m + 1 and

c( ew ¡ m ¡ 1; N ) =
µ

a(N )
N + ew ¡ m ¡ 1

¶
:

Since

N + ew ¡ m ¡ 1 = r 1
N (N + 1)

2
+ r 2 N 2 ¡ m ¡ 1

· 2r m 2 + 3 r m + r ¡ 2m ¡ 1

and sincea(2 m + 1) is very big, we get

log logk(m) · (2 r m 2 + 3 r m + r ¡ 2m ¡ 1) loga(2 m + 1)

+ log(2 m + 2) + log log a(2 m + 1)

· r (2 m2 + 3 m + 1) log a(2 m + 1) : (15)

From Proposition 3 and Proposition 2 we get

a(N ) = 2 N (r +3)

Ã
NY

i =1

Ti

! r= 2

; (16)

and

NY

i =1

Ti = ( r rN ° N C2rN +2
3 )N

NY

i =1

B N ¡ 1
i : (17)
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According to Proposition 1

NY

i =1

B i =

"

(1 + C1 C2)(N C2 + C3)
µ

1 + C2
r + 3

4

¶ log 2 (N )+2
#N

¢C2( r +1) NH N
1 ; (18)

where

HN =
NX

i =1

1
i

· 1 + log(N ) :

Assumes 6= 0. Then the upper bound C¤
3 we get from Lemmas 3 and 4 forC3

is much bigger than C2. Therefore

log(N C2 + C3) · log(N ) + log( C¤
3 ) : (19)

We deduce from (15), (16), (17), (18), (19) that

log logk(m) · X 1 + X 2

with

X 1 = r (2 m2 + 3 m + 1)
r
2

(N (2 r N + 2) + N (N ¡ 1)) log(C¤
3 )

and

X 2 = r (2 m2 + 3 m + 1)
µ

N (r + 3) log(2)

+
r
2

N
µ

N log(° ) + ( N ¡ 1)
·
log(1 + C1 C2) + log( N )

+ (log 2(N ) + 2) log
µ

1 + C2
r + 3

4

¶

+ 2( r + 1)(1 + log( N )) log(C1)
¸¶¶

: (20)

Sinces · r ¡ 1, Lemma 3 and Lemma 4 imply

log(C¤
3 ) · 11r 2(r ¡ 1)(4 r (log 3r )3)r ¡ 2 2r ¡ 1

p
D log(D)r ¡ 1 ;

from which it follows that

X 1 · 208 log(m) m4 r 4r
p

D log(D)r ¡ 1

when m ¸ 2 and r ¸ 2.
To evaluate X 2 ¯rst notice that

4! ¡ 2=N
N · 1 + N=4
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by [10], II, (1.5), Remark, hence

log(° ) · r 1 log
µ

1 +
N
4

¶
+ 2 r 2 log

µ
1 +

N
2

¶
+ log( D)

· r log(N ) + log( D) (21)

sinceN ¸ 5.
By the Stirling formula and Lemma 1, if r ¸ 2,

log(C1) = log( r !) ¡ r log(r ) + r 2 log
µ

4
¼

¶
+

1
2

log(D)

· 1 +
1
2

log(r ) +
1
2

log(D) ; (22)

log
µ

1 + C2
r + 3

4

¶
· Sup

µ
log(C2) + log

µ
r + 3

4

¶
+ 1 ; log(2)

¶
;

where

log(C2) + log(
r + 3

4
) · r log(4) ¡ (r ¡ 2) log(r ) ¡ log(r !)

+ log(
r + 3

4
) +

1
2

log(D)

· 2:4 +
1
2

log(D) ;

so that

log
µ

1 + C2
r + 3

4

¶
· 3:4 +

1
2

log(D) : (23)

We also have

log(1 + C1 C2) · Sup(1 + log(C1) + log( C2); log(2))

and

log(C1) + log( C2) · ¡ r log(r ) + r ¡ (r ¡ 2) log(r ) + r log(4) + log( D)

· 3:4 + log(D) ;

so that

log(1 + C1 C2) · 4:4 + log(D) : (24)

From (20), (21), (22), (23), (24) we get

X 2 · a log(D) + b
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with

a = r (2 m2 + 3 m + 1)(2 m + 1)
µ

r
2

((2 m + 1) + 2 m + m log2(2 m + 1) + m

+ 2 m (r + 1)(1 + log(2 m + 1)))
¶

· 75r 3 m4 log(m)

if r ¸ 2 and m ¸ 2.
Finally

b = r (2 m2 + 3 m + 1)(2 m + 1)
µ

(r + 3) log(2) +
r
2

(2 m + 1) r (log(r ) + log(2 m + 1))

+
r
2

(2 m)
µ

4:4 + log(2 m + 1) + 3 :4(log2(2 m + 1) + 2)

+ 2 ( r + 1) (1 + log(2 m + 1))
µ

1 +
1
2

log(r )
¶ ¶¶

· 148r 4 m4 log(m)

when r ¸ 2 and m ¸ 2.
Therefore

log logk(m) · 208 log(m) m4 r 4r
p

D log(D)r ¡ 1 + 75 r 3 m4 log(m) log(D)

+ 148 r 4 m4 log(m) · 220m4 log(m) r 4r
p

D log(D)r ¡ 1

when m, r and D are at least 2. This proves i).
If we assume that A is principal, we can take C1 = 1 in Lemma 1 and B i =
(i ¡ 1) C2 + C3 in Proposition 1. SinceC2 < C 3 we get

log

Ã
NY

i =1

B i

!

· log(N !) + N log(C3)

and
log logk(m) · X 1 + X 3

where

X 3 = r (2 m2 + 3 m + 1)
·
(r + 3)(2 m + 1) log(2) +

r 2

2
(2 m + 1) 2 log(r )

+
r
2

(2 m + 1) 2 log(° ) +
r
2

(2 m) log((2 m + 1)!)
¸

· 6m4 r 2 log(D) + 2 r 4r m4 log(m) :

Therefore
X 1 + X 3 · 210m4 log(m) r 4r

p
D log(D)r ¡ 1 :

Assume now that r 1 + r 2 = 1. Then C3 = 1 and the term X 1 disappears from
the above computation. Assume ¯rst that F = Q(

p
¡ D). Since r 2 = 1 and

r 1 = 0 we get

log logk(m) · (4 m2 + 3 m + 1) log a(2 m + 1) :
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Furthermore (18) becomes

NY

i =1

B i ·

"

(1 + C1 C2)(1 + N C2)
µ

1 +
5
4

C2

¶ log 2 (N )+2
#N

¢C6N (1+log( N ))
1 :

Therefore

log logk(m) · (4 m2 + 3 m + 1)
·
5N log(2) + 2N 2 log(2)

+ N 2 log(° ) + N (N ¡ 1)
·
log(1 + C1 C2)

+ log(1 + N C2) + (log 2(N ) + 2) log
µ

1 +
5
4

C2

¶ ¸

+ 6 N (1 + log N ) log(C1)
¸

;

with N = 2 m + 1. We have now

° ·
µ

1 +
N
2

¶ 2

D ;

C1 =
2
¼

p
D and C2 =

¼
2

p
D :

This implies

log logk(m) · 597m4 log(m)+256 m4 log(m) log(D) · 1120m4 log(m) log(D) :

If F = Q(
p

¡ D) is principal we can take C1 = 1 and B i = ( i ¡ 1) C2 + 1. We
get

log logk(m) · 510m4 log(m) log(D) :

Finally, assume that F = Q. Then

B i =
i + 1

2
since C2 =

1
2

; and ° · 1 +
N
4

:

Therefore

log logk(m) · (2 m2 + 2 m + 1) log a(2 m + 1)

· (2 m2 + 2 m + 1)
·
4N log(2) +

N 2

2
log

µ
1 +

N
4

¶

+
N ¡ 1

2
log

Ã
NY

i =1

i + 1
2

! ¸

· 8m4 log(m)

if m ¸ 9. We can also estimatek(7) and k(8) from this inequality above. This
proves iv).
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5 Discussion

5.1

The upper bound in Theorem 2 and Propostition 4 seems much too large.
When m = 0, card K 0(A)tors is the class numberh(F ), which is bounded as
follows:

h(F ) · ®
p

D log(D)r ¡ 1 ; (25)

for some constant ®(r ) [11], Theorem 4.4, p. 153. Furthermore, whenF =
Q, m = 2 n ¡ 2 and n is even, the Lichtenbaum conjecture predicts that
cardK 2n ¡ 2(Z) is the order of the numerator of Bn =n, where Bn is the n-th
Bernoulli number. The upper bound

Bn · n! ¼ nn

suggests, since the denominator ofBn =n is not very big, that card K m (Z)tors

should be exponential inm. We are thus led to the following:

Conjecture. Fix r ¸ 1. There exists positive constants®, ¯ , ° such that,
for any number ¯eld F of degreer on Q,

cardK m (A)tors · ®exp(¯m ° logD) :

Furthermore, we expect that ° does not depend onr .

5.2

As suggested by A. Chambert-Loir, it is interesting to consider the analog in
positive characteristic of the conjecture above. LetX be a smooth connected
projective curve of genusg over the ¯nite ¯eld with q elements,³X (s) its zeta
function and

P(t) =
2gY

i =1

(1 ¡ ®i t) ;

where ®i are the roots of Frobenius acting on the ¯st `-adic cohomology group
of X . When n > 1, it is expected that the ¯nite group K 2n ¡ 2(X ) has order
the numerator of ³X (1 ¡ n), i.e. P(qn ¡ 1). Since j®i j = q1=2 for all i = 1 ¢ ¢ ¢2g,
we get

P(qn ¡ 1) · (1 + qn ¡ 1=2)2g · q2ng :

In the analogy between number ¯elds and function ¯elds, the genusg is known
to be an analog of log(D). Therefore the bound above is indeed analogous to
the conjecture in x5.1.
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5.3

The upper bound for k(m) in Proposition 4 i) is twice exponential in D . One
exponential is due to our use of Lemma 3, whereC3 is exponential in D . Maybe
this can be improved in general, and not only whens = 0.
The exponential in D occuring in Proposition 4 ii) might be due to our use
of the geometry of numbers. Indeed, if one evaluates the class numberh(F )
by applying naively Minkowski's theorem (Lemma 1), the bound one gets is
exponential in D ; see however [8], Theorem 6.5., for a better proof.

5.4

One method to prove (25) consists in combining the class number formula
(see (7) and (8)) with a lower bound for the regulator R(F ). This suggests
replacing the arguments of this paper by analytic number theory, to get good
upper bounds for ¶etale cohomology.
More precisely, let n ¸ 2 be an integer, and let ³F (1 ¡ n)¤ be the leading
coe±cient of the Taylor series of ³F (s) at s = 1 ¡ n. Lichtenbaum conjectured
that

³F (1 ¡ n)¤ = § 2r 1 R2n ¡ 1(F )

Y

p

cardH 2(Spec(A[1=p]); Zp(n))

Y

p

cardH 1(Spec(A[1=p]); Zp(n)) tors

; (26)

where R2n ¡ 1(F ) is the higher regulator for the group K 2n ¡ 1(F ). The equality
(26) is known up a power of 2 whenF is abelian overQ [5], [6], [3].
The order of the denominator on the right-hand side of (26) is easy to evaluate,
as well as³F (1 ¡ n)¤ (since it is related by the functional equation to ³F (n)).

Problem. Can one ¯nd a lower bound forR2n ¡ 1(F )?

If such a problem could be solved, the equality (26) is likely to produce a much
better upper bound for ¶etale cohomology than Theorem 3. Zagier's conjecture
suggests that this problem could be solved if one knew that the values of the
n-logarithm on F are Q-linearly independent.

5.5

To illustrate our discussion, let F = Q and n = 5. Then we have

H 2(Spec(Z[1=p]); Zp(5))=p = C(p¡ 5) ;

whereC is the class group ofQ( p
p

1) modulo p, and C( i ) is the eigenspace ofC
of the i -th power of the TeichmÄuller character. Vandiver's conjecture predicts
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that C(p¡ 5) = 0 when p is odd. It is true when p · 4:106. Theorem 3 and
Proposition 4 tell us that

Y

p

H 2(Spec(Z[1=p]; Zp(5)) · k(8) · exp exp (70130):

If one could ¯nd either a better upper bound for the order of K 8(Z) or a good
lower bound for R9(Q), this would get us closer to the expected vanishing of
C(p¡ 5) .
Notice that, using knowledge onK 4(Z), Kurihara has proved that C(p¡ 3) = 0.
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