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Abstract

We de ne a partial order on colored compositions with many properties anal-
ogousto Young's lattice. We show that saturated chains correspond to colored
permutations, and that covering relations correspond to a Pieri-type rule for col-
ored quasi-symmetric functions. We also shav that the posetis CL-shellable. In
the caseof a single color, we recover the subword order on binary words.

1 Intro duction

A partition = ( 15 2;::) Of:ﬁ, denoted ~ n, is a sequenceof nonnegatiwe integers
1 2 0 sud that i = n. The set of all partitions of all integersn 0
forms a lattice under the partial order given by inclusion of Young diagrams: if

i i for all i. This lattice, which is called Young's lattice, Y, has se\eral remarkable
properties, including the following list.

Y1. Y is a gradedposet,wherea partition ~ n hasrank n.

Y2. The number of saturated chains from the minimal partition ; to is the number
f of Youngtableaux of shape

Y3. The number of saturated chains from ; to rank n is the number of involutions in
the symmetric group S,,.
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Y4. Let s denotea Scwur function. Pieri's rule [7] gives

X
$i1S = S

where meansthat covers inY.

Y5. SinceY isin fact adistributiv e lattice, every interval [ ; ] is EL-shellableand hence
Cohen-Macaulg.

For eat of the properties Y1{Y5, there is an analogousproperty for the poset of
m-colored compositions.

Recallthat a composition = ( 1; »2;:::; k) isan orderedtuple of positive integers,
called the parts of . We write I( ) = k for the number of parts of . If the sum of the
parts of isn,ie.,j ji= 1+ L+ + k= n,thenwesay Iisa composition of n,
written  F n.

Fix a positive integer m and any primitive m-th root of unity, ! . An m-colored
composition is an orderedtuple of coloredpositiveintegers,say = ("1 1;"2 2;::5: "k k),
wherethe ¢ are positive integersand”"s=1's,0 is m 1. Wesa the part"s < has
color"s, andwewrite Fpnifj ji= 1+ L+ + = n. For example,if m = 3,
then = (! 2;1;! 21;3) is a 3-coloredcomposition of 2+ 1+ 1+ 3= 7.

Note that there are m* ways to color any ordinary composition of n with k parts,
leading us to concludethat there are

X'

1 k n 1
= +
K 1m m(m + 1)

k=1

m-colored compositions of n (so if m = 1, we have 2" ! ordinary compositions). Let
Comp™ (n) denotethe set of all m-colored compositions of n, and de ne

[
c™ = " Comp™(n);
n 0

where; is the unique composition of O.
We can de ne a partial order on C™ via covering relations asfollows. We sa that
covers if, for somej, we canwrite  as:

Lo("y i a g o0+ 00" e ™ )

2. ("y wint g wtp(hE 105 h) e ek ) forsome0 h L
or

3"y prnt g uih"L (5 h)tMjer je1siii "k k) where"®8 " and O
h i 1, with the understandingthat we will ignore parts of size0.
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With relations (1) and (2) we presene the color, adding 1 to a part, or adding 1 to a part
and splitting that part into two parts. Relation (3) handlesthe casewhere the color of
the\1" we adddi ers from wherewe try to addit. Notice that it isimmediate from these
covering relationsthat C™ is a gradedposetwith level n consistingof all m-compositions
of n. This property is analogousto property Y1 of Young's lattice. SeeFigure 1 for the
rst four levels of the 2-coloredcomposition poset.

In the caseof a singlecolor, the posetCY is alreadyknown with a di erent description.
The covering relations simplify sothat if covers , then for somej we canwrite as:

2. ( iy g wh+ 15 hyojagsiin; ) forsome0 h L

A denoteall words in a two letter alphabet A = fa;bg. Let = ( 1; 2;:::; ) bea
composition. Wemap to theword ( 1) ( »2) ( k), where is de ned on positive
integersby (h) = B' 'a, and then remove the nal a. For example, (3;1;1;2;1) 7!
bbaaaba It is not dicult to seethat this is a set bijection. Also, covering relations
of type (1) correspnd to inserting or deleting a b, and covering relations of type (2)
correspnd to inserting or removing an a. Theseare exactly the covering relations for the
subword order on binary words [2], hencethis map is a posetisomorphismbetween C?
(with the minimal elemen removed), and the subword order on binary words.

The subword order has beenstudied, and analoguesof Y1-Y5 are known for a two-
letter alphabet. Path courting properties similar to Y2 and Y3 can easily be derived
from Fomin's theory of dual graded graphs [4]. Another approad is the \hypoplactic
correspndence” of Krob and Thibon [5]. An analogueof Y4 is a Pieri-type rule for
multiplying fundamenral quasi-symmetricfunctions. This can be found, for example, by
setting = 1in [7, Exer. 7.93]. The subwvord order on a nite alphabet is CL-shellable,
analogousto Y5, asshowvn by Bjorner [2].

Remark 1.1 All of theselinks were outlined in a wonderful preprint by Bjorner and
Stanley which, sadly, is no longer available on the ArXiv. This paper was meart to be
a straightforward extensionof their work on the caseC. In any case,we owe Bjorner
and Stanley thanks for the generalframework of this paper and for bringing the subject
to our attention.

In section 2 we discusscolored permutations, their color-desceh compositions, and
chainsin C™). In section3 we presen Poirier's colored quasisymmetricfunctions [6] and
shav that C™ givesa Pieri-type rule for multiplying a fundamertal basis. We de ne a
CL-labeling in section4 and usethis to calculate the Mobius function of lower intervals.
Section5 contains the proof that this labeling is a CL-labeling.

2 Colored permutations and descent sets

Compositions can be used to encale descenh classesof ordinary permutations in the
following way. Recall that a desent of a permutation w 2 S, is a position i sud that
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Figure 1: The rst four levels of the 2-coloredcomposition poset.
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w; > Wi, and that an increasing run (of length r) of a permutation w is a maximal
subword of consecutie letters wi,1 Wiz, Wi, sud that wi.; < wii, < < Wi:+,. By
maximality, we have that if wi.; Wi+» W+, IS anincreasingrun, then i is a descen of
w (if i 6 0), andi + r is a desceh of w (if i + r 6 n). For any permutation w 2 S,
de ne the desent composition, C(w), to be the orderedtuple listing from left to right the

set of w:
Deqw) = fi 1w > wirgg=1F 1 1+ 2100 1+ 2+ + 10

For example,the permutation w = 345261hasC(w) = (3;2; 1) and Desfw) = f 3;59. We
now de ne coloredpermutations and coloreddesceh compositions.

Looselyspeaking, m-coloredpermutations are permutations whereead of the elemeits
permuted are given one of m \colors." If ! is any primitive m-th root of unity, then

13121134

is an exampleof a colored permutation. We can think of building colored permutations
by taking an ordinary permutation and then arbitrarily assigningcolorsto the letters, so
we seethat there are m"n! m-colored permutations of [n] := f1;2;:::;ng.

Strictly speaking, m-coloredpermutations are elemerts of the wreath product C,, &S ,,,
whereC,, = f1;!;:::;1' ™ lgis the cyclic group of order m. We write an elemen u =
uiu, up 2 Cp, 0S, asaword in the alphabet

N] Cp:=fLlLct™ it y™m i 1™ Ing:

sud that juj = jujjjuyj  junj is an ordinary permutation in S,,. We say "; = ujgu;j Is
the color of u;.

Forany u 2 C,, 0S,, we canwrite u= vivV, Vi sothat ead v; is a word in which all
the letters have the samecolor, "% and no two consecutie colorsare the same:"%6 "?,,,
i=1;2:::;k 1. Then we de ne the color composition of u,

e (0 0.n0 O..... n0 0y.
Col(u) == ("1 ;"2 2775 W)

where 2denotesthe number of letters in vs. Now supposean m-coloredpermutation u has
color composition Col(u) = ("9 %;"9 9;:::;"2 D). Then the colored desent composition

is the re nement of Col(u) where we replace part "? 2 with "°C(jvij), where C is the
ordinary desceh composition, and we view jv;j as an ordinary permutation of distinct
letters.

More intuitiv ely, the coloreddesceh composition C™ (u) is the orderedtuple listing
the lengths of increasingruns of u with constart color, where we record not only the
length of sud a run, but alsoits color. An exampleshould cemen the notion. If we have
two colors(indicated with a bar), let

u = 12348576
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Then the color composition is Col(u) = (1;2;1; 2; 2), and
c™(u) = (1;2;1;1;1;1; 1):
Forany 2 Comp™(n), a saturated chain from ; to is a sequencef compositions

. — 0 1 n —

where denotesa cover relation in ™, and therefore ' 2 Comp™ (i). Now, given any
u 2 C, 0S,, let ufi] denotethe restriction of u to letters in C,, [i]. For example,if
u = 2173458, then u[5] = 21345. We then de ne the sequence

sothat C™ (u[i]) 2 Comp™ (i). Using the sameexampleu = 21763458, we have
m(u) = (1;11;111;112; 1121; 11121; 12121; 12122):

Theorem 2.1. The map m is a bijection from C,, oS, to saturated chainsfrom; to
where rangesover all colored compositions in Comp™ (n).

Proof. For any colored permutation u 2 C,, 0S, dene, for all 0 i n and all
O j m 1, _
Uij) = Ut u!(n+ Luiss Uy

In other words, the ug;; ) are all those permutations w in Cr, 0S 41 sudh that w[n] = u.
We will shav that the compositions C™ (ug;;,) are all distinct and moreover that they
are preciselythose compositionsin Comp™ (n + 1) that cover C™ (u).

SupposeC™(u) = ("1 1;:::;"k «), andleth,= 1+ + , with the convertion
that by = 0. Forany xed j = 0;1;:::;m 1, we have two casescorrespnding to cover
relations of type (1) or type (3):

"Lt tsC st i W) s =1

C™ (U ) = . ,
(Uei) "t s ML " otherwise.

To considerthe other cases supposei is not of the form ;| + + . Thenit canbe
written asi = |+ + s+h,where0O s kandl h s+s1 1 (if s= 0, then
i = h). Again we have two casescorrespnding to cover relations of type (2) or type (3):

C(m)(u(i_j ) = "1 1;:::;"s+l(1+. h);"ser (s D)iiii "« if "1 : L
’ AT TRRRR TP « M I MPOU (RPUUTR o) MRS otherwise.
Thesecasesare again distinct and provide the remaining covers for C™ (u). O

Theorem 2.1 yields se\eral easycorollaries. The rst is analogousto property Y2 of
Young's lattice; the secondcorrespndsto Y3.
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Corollary 2.2. The numter of saturated chainsfrom; to in C™ is equalto the numter
frﬁm)( ) of m-colored permutations w with colored desent composition

Corollary 2.3. The total numter of saturated chains from ; to rank n is equal to the
numker of m-colored permutations of [n],

f(M( )= m"n:
2Comp (™) (n)

Corollary 2.4. The numter of m-colored compositions 2 Comp™(n + 1) covering
2 Comp™(n) is m(n + 1).

3 Colored quasisymmetric functions

Onekey usefor compositionsis asan indexing setfor quasisymmetricfunctions. Similarly,
there exist colored quasisymmetricfunctions (due to Poirier [6]) that usecoloredcompo-
sitions asindices. Both thesesituations are analogousto how partitions index symmetric
functions.

Recall ([7], ch. 7.19) that a quasisymmetricfunction is a formal series

Q(X1; X25:17) 2 Z[[X1; X250 7]]

of bounded degreesud that for any composition = ( 1; »,;:::; «), the coe cient of
X' X2 X owith iy < iz < < ik Is the sameasthe coe cient of X;*X,*> X, *.
One natural basisfor the quasisymmetricfunctions homogeneousf degreen is given by
the fundamental quasisymmetricfunctions, L , where rangesover all of Comp(n). If

=( 1;::1; k) F n, then de ne
X
L = Xi,  Xins
wherethe sumis takenoverall i; > in With ig < gy ifS= 1+ + , for
somer. For example, X
Ly = Xi Xj X:

i j<k
Colored quasisymmetricfunctions are simply a generalizationof quasisymmetricfunc-

tions to an alphabet with seeral colorsfor its letters. For xed m, we considerformal
seriesin the alphabet

(so the secondsubscript correspnds to color) with the samequasisymmetricproperty.
Namely, an m-colored quasisymmetricfunction Q(X (™) is a formal seriesof bounded
degreesud that for any m-coloredcomposition = (11t 4;:::;10x ), the coe cient of
X toX 2 X koowith (iq;]1) < (ig;)2) < < (ix;jk) (in lexicographicorder) is the

EHERAPHP) ieii k
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sameasthe coe cient of x5, %7, X% . Intuitiv ely, the letters are coloredthe same
asthe parts of . The m-colored fundamental quasisymmetricfunctions are de ned as
follows. First, if s= 1+ + ,+h,1 h ., thendene 2= j.., the color of
part 1. Then,

L(m) - Xil;jf Xin0;
wherethe sumis takenover all i; i, in With is < iseg if both jO jO, and
s= 4+ + | for somer. For example,
X X
2 3 .
LY, = xiyiykyi and LY = XiXj ZYiYm:
i k<« i j k<l m

As in the ordinary case the L™, where rangesover Comp™ (n), give a basisfor the

m-colored quasisymmetricfunctions homogeneou®f degreen.

There is a nice formula for multiplying colored quasisymmetricfunctions in the fun-
damertal basis. Let u 2 C,, 0S, and let v be an m-colored permutation of the set
fn+ Ln+2::::n+rg. Let = C™(u)and = C™(v). Then we have

X
m m .
L(m (M = '—E:(n)n(w)
w
where the sum is taken over all shues w of u and v, i.e., all colored permutations
w2 C,, 0S;; sud that win] = u and w restrictedto fn+ 1;n+ 2;:::;n+ rgisv.

If r = 1, then we seethat the shues ofuandv = !'/(n+ 1) are preciselythose
permutations u; ) from the proof of Theorem2.1. Applying the multiplication rule, and
summingover all j, we have a Pieri-type rule analogousto property Y4 of Young'slattice.

Prop osition 3.1. We have:

(L(m) + L(m) + L(m) 11)|—(m) - X L(m):

m

In fact, we could have usedProposition 3.1 to de ne the posetC™ in the rst place.
At the least, it is a good justi cation for the study of C™.
Repeated application of the proposition givesthe formula
X
(L(m) + L(m) + |(nr?1) 11)” — frgm)( )L(m),
2Comp (M) (n)

wheref {™ is the number of m-coloredpermutations with coloreddescet composition
This equation is equivalert to Corollary 2.2, and analogousto the following formula for
Sdwr functions (see[7]) that correspndsto property Y2 of Young'slattice:
X
sy = fs;

n

wheref is the number of Young tableaux of shape
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4  Shellabilit y and Meobius function

In this sectionwe show that C™ is CL-shellableby giving an explicit dual CL-labeling.
See[3] for an introduction to CL-shellable posets. We usea model of removing colored
balls from urns to de ne our labeling on downward maximal chains. Given a colored
composition of n, = ("1 1;:::; "k k), We picture k urns next to ead other, labeled
Ug; Uy iii; U from left to right. In urn U; we start with ; balls of color ", for a total

of n balls. Moving down along a maximal chain, we remove a ball from an urn for eadh
covering relation, and possibly move someballs from oneurn to another. There are three
di erent typesof moves, which we now descrike. After somenumber of steps, suppose
that U; is a nonempty urn, Uy is the rst nonempty urn on its left, and U; is the rst

nonempt urn onits right. Let ;; ; ; bethe number of balls in the correspnding urns
andlet "i;"p;"; bethe colorsof thoseballs. The three possiblemovesare:

1.1f 2 orif", 6 ", orif U isthe rst nonempty urn, then remove a ball from
urn U;:
2. If {=1land", ="; 6 ", then remove the ball from U; and placeall the balls from

Un and U; into U;:
3.1f ; 2and"; =", then move all balls from U; to U; and remove a ball from U;:

After any number of moves, we may assiate the distribution of colored balls in urns
with an elemen of ™. The dierent urns represen the parts of the composition, the
number of balls in an urn is the sizeof that part, and the color of the balls is the color of
the part. Here we ignore parts of size0. Notice that the color of a part is well de ned,
sincenone of the movesallows balls of di erent colorsto be combined in a singleurn. It
is an easyexerciseto ched that eat covering relation in C™ correspndsto oneof these
three possiblemoves for someurn, and furthermore that the urn and type of move are
unique.

Let [;; ]beanintervalin C™,j j= n: We will now de ne alabeling (c) = ( 1(c);

C:(: 0 1 n:;):

Our setof labelsis N f1;2; 3g; totally orderedwith the lexicographicorder. For ead
covering relation ' 1! " we have a unique urn and type of move that takes the
distribution of balls in urns for " ! to the distribution for ': Supposethat move is of
typet; and removesa ball from urn U;: Then we de ne the label (c) = (i; t):

Notice that with labelsde ned on maximal chainsin lower intervals[;; ]; thereis an
induced labeling de ned on maximal chainsin arbitrary intervals[ ; ]: As an example,
considerthe following two maximal chainsin [3; 2212]:

o= (2212 1212 212 112 3)
c= (2212 2112 212 22 3)
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They arelabeled (c) = ((1;1);(1;1);(2:1);(3;2)) and (c) = ((2;1);(1;3); (3;1); (L 3)).
Pictured as coloredballs and urns, we have:

C:bcbcbcbc ' bcbcbcbc ' bcbcbcbc ! bcbcbecb ¢ ! bcbech cbe
c:bcbcbcbc ! bcbcbcbc ! bcbcbcbc ! bcbcbhcb c! b cbcbcbe

In fact, the chain ¢, above is lexicographicallyminimal and hasthe only increasinglabel.
By proving that this labelingis in fact a CL-labeling, we obtain our analogof property
Y5 of Young's lattice. The proof is given in section5.

Theorem 4.1. Intervals in C™ are dual CL-shelable and hen@ Cohen-Maaulay.

Now we calculate the Mobius function of lower intervals. As always, we must have
am(;33) = 1 For 6 ;; we have the following.

Prop osition 4.2.

8 o
2( W= (LTl )

am (i )= for somecolors"; 6 ", 6 6" ;
"0 otherwise.

Proof. We make useof the combinatorial description of the Mebius function for a graded
posetwith a CL-labeling, givenin [3]. That is, the Mebiusfunction of aninterval is 1to
the length of the interval, times the number of maximal chains with a strictly decreasing
label.

Supposethat = ("11;"21;:::;" ;j1); with "1 6 ", 6 6 "; ;: Thenthereis aunique
chain with a strictly decreasinglabel, obtained by removing the balls from right to left
using only type (1) moves. Therefore «m(;; )= ( 1)

Now supposethat hasa part i of size2 or greater. We want to show that there is
no chainin [;; ] with a strictly decreasingabel. Any chain that makesa type (1) move
from the sameurn twice will have a repeated label. The only way to remove the balls
from urn i and possibly have a decreasingabel is to remove at most one ball with a type
(1) move, and then move all the balls to an urn on the left with a type (2) or (3) move.
But in the new urn we have at least two balls, and the processrepeats. At somepoint
we must have an urn with at leasttwo balls and no way to make a type (2) or (3) move.
Then we must use two type (1) moves for the sameurn, so the chain label cannot be
strictly decreasing.

Finally, supposethat hasparts ; and i.; of sizel and the samecolor. The only
legalway to remove the balls from the correspnding urns is to remove the left one rst,
creating an increasein the chain label. O

Note that for F, nwith m(;; ) 6 0O; therearem choicesfor the color of the rst
part, andm 1 choicesfor the color of ead succeedingart. Hencetherearem(m 1)" !
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compositions Fn nwith 4m(;; ) 6 0: An elememary calculation givesthe following

generatingfunction.
X 1+t

GO T m o

2c(m)

Although the Mebius function of lower intervals is either 1, 0, or 1, this is not the

casefor arbitrary intervals. Proposition 4.3 provides an example. We would like to have

an explicit formula for the Mebius function of an arbitrary interval (perhapsin terms of
courting \embeddings" asin [2]), but sud a formula has eludedus sofar.

Prop osition 4.3. Let!, = (L;L1L::; ) with jl pjj=2n 1. Then m((1);!n) =
2" 1

Proof. By the theory of CL-labelings, «m)((1);!n) courts strictly decreasingchains. It
is not di cult to seethat strictly decreasingchainsin the interval [(1);! ] are obtained
with only type (1) and (2) moves. Immediately after a type (2) move, a type (1) move
must be madein the sameurn.

In sudh a chain, we will call a particular 1 or 1 simpleif it is removed with a type (1)
move and is involved in no other moves. Let b(j) be the number of strictly decreasing
chainsin [(1);! ,] in which the j' 1, courting from left to right, is the rightmost 1 that
is not simple. Then

cm((1);!n) = b1)+ B2)+  + B(n):
Note that b(j) doesnot dependonn (aslongasn j) sinceif the j 1 is the rightmost
non-simple part, any decreasingchain must begin in only oneway: by removing, from
right to left and with type (1) moves, all the parts to the right of the j ™ 1.

We will useinduction to shav that b(j) = 2 foranyj n, from which the propo-
sition follows. Clearly b(1) = 1. Now supposej > 1 and the j™ 1 is the rightmost
non-simplel. There are two typesof decreasingchainsto consider. First, all 1'sand 1's
exceptthe j 1 can be simple. There is one chain of this type (the labels are included
above the arrows):

(@ ) @ 2 @ 3P

1;1;:::;11) 1;1,::::1,0) (Z;f) (1;1) (1;il) (2):

In the secondtype of chain, thereis an indexi < j sud that all 1's and 1's to the right
of the i" 1 are simple (exceptfor the | 1) and removed from right to left with type (1)
moves. Then a type (2) move is madeinvolving the i 1, the i" 1, andthe j" 1, followed
by a type (1) move in the sameurn:

@ ) @ 2 @ 3P

1;%:::;1,1,1)
@rLip (0t St et e

1;%::::10)

(Zi;.?) 1;2;:::;2) (Zi;P

@1 ="1; !

Another type (1) move in the 2i™ urn cannot be madeto cortinue this decreasingchain.
Thereforethis chain can be cortinued with only the b(i) chainsin which the i" 1 is non-
simple. Wehave shavnthat b(j) = 1+ b1)+ b2)+ +h(j 1)forj > 1, soby induction
b(j) = 2 ! andthe proof is complete. O
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It is possibleto adapt this proof to give a bijection betweennonempty subsetsof [n]
and decreasingchains, by consideringthe set of non-simplel's. We leave sut a proof to
the reader.

We now considera \truncated" versionof C™. De ne the posetC™ by

Cm = B [ Comp™ (i);
1

in

with the order relation asbeforeexceptwith a new maximal elemen B that coversall the
compositionsin Comp™ (n).

Corollary 4.4. The posetC™ is shelable, with Mebius function
G = D™ (m 1™

Proof. First wewant to show that every m-coloredcomposition = ("1 1;"2 27000 "k «
of at most n lies below the composition " F,, mn, de ned asthe concatenationof n
copiesof = (1;!1;!2%;:::;1™ 11), Tothe i™ part of we canasseiate ; copiesof

. First, we usecovering relations of type (2) (as originally described), ; times to split
the part into all parts of sizel and color *;. Then we usecovering relations of type (3) to
Il in the remaining 1's of di erent colors. Therefore ™ is obtained via rank selection
from the interval [;; "]; soshellability follows by results of [1].

For the Meobius function:

X X0 '
;)= G: )= 1+ ( Dm(m D**
jin k=1 |
X 1 '
= 1 m (@1 m)
k=0
_ 1 1 m"
= 1 1 (1 m)

=( )" (m 1"

5 Proof of CL-shellabilit y

In this sectionwe give the proof of Theorem4.1. We rst note that the labeling is a well
de ned chain labeling. That is, if two chains agreeon their rst k edgesthen their rst
k labelsagree. This is clear from the de nition.

The labeling of maximal chainsin [;; ] givesan induced labeling on rooted intervals
([ ; 1;0;wherecisamaximal chainin [;; ]: This inducedlabeling is of the samekind,
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Soit suces to ched that the properties of a CL-labeling hold in an arbitrary interval
[ ]

First, wewant to shawv that the chain with the lexicographically rst label hasa weakly
increasinglabel. The lexicographically rst label is well de ned, sinceall the movesfrom
a given distribution of balls in urns have distinct labels. Moreover, we can descrike the
lexicographically rst chain, ¢y, asfollows. If

Co = ( - 0 1 k — )
then at eat step,to move down from " to ', we must remove a ball from an urn as
far to the left aspossible,sud that the new composition is still in the interval [ ; ]. To
prove that (co) 2(Co) k(Co), we usethe following lemma.

Lemma 5.1. On an interval of lengthtwo, the chain with the lexicographiclly rst lakel
is weakly increasing.

Proof. On an interval of length two, all chains correspnd to removing two balls from
urns, sud that the starting and endingdistributions are the same. For the chain ¢y with
the lexicographically rst label, the urns are consecutiely chosento be asfar to the left
as possible. Supposethat one ball is removed from urn U; and the other ball is removed
from urn U;:

If j > i+ 1; then there is a nonempty urn betweenU; and U;; and removing a ball
from one of the urns doesnot a ect the possibility of removing the other ball from its
urn. Thereforeit is clearthat (cg) is weakly increasing.

Supposethat j = i + 1, sothere is no urn betweenU; and U;: Removing a ball from
U; doesnot a ect the possibility of removing a ball from U;,, ; unless"; 6 "i;; = "; 1 and

i = 1. In this case,the urns could have beenchosento be U,, and U;; for an appropriate
urn U, with h < i; making a type (1) or type (3) move in U,, and then a type (2) move in
urn U;: However, this cortradicts our assumptionthat U; was chosento be the leftmost
possible.Soif i 6 J; (co) is weakly increasing.

The only remaining caseis if U; = Uj: If ; > 2; then we have the weakly increasing
label (co) = ((i; 1);(i; 1)): Now supposethat ; = 2and"; ; 6 "i: Then we also have

() = ((i;1);(; 1): If "y 1 = "y; then ¢ is found by choosing an appropriate urn
Un; h < i and making a type (1) or (3) move in urn U, and then a type (1) move in urn
U;: Again, this cortradicts our assumptionthat U; waschosento be the leftmost possible.
Thereforeif i = j; (cy) is weakly increasing. O

Returning to the generalcase,for ewery r, the induced labeling of ¢, on the chain
ri r *1 is lexicographically rst on the interval [ "*'; ' ]. Then by Lemma
5.1, 1(c) 2(Co) k(Co), i.e., (o) is weakly increasing. Now it remainsonly
to showv no chain other than ¢, hasa weakly increasinglabel.
If another chain results with the samedistribution of balls into urns as the lexico-
graphically rst chain, including the locations of the empty urns, then the label on that
chain must have a desceh To seethis, considerthe point whereit deviatesfrom the
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lexicographically rst chain. It is leaving a ball behind in a lower numberedurn. At some
later step it must remove a ball from that urn, which will createa descehn

Now we needto considerchains which result in the samedistribution of balls into
nonempty urns as the lexicographically rst chain, but sud that the empty urns are
in dierent positions. Let ¢ be sut a chain. Since the lexicographically rst chain
removesballs from urns from left to right, the nal distribution of balls into urns for the
lexicographically rst chain hasits nonemply urns asfar to the right as possible.

Let Uy; Uy; 2 bethe urns labeledfrom left to right. Let U;(c) be the number of balls
in urn U; in the nal distribution for the chain c. Let r be the largest number sud that
Ur(c) > 0 and U, (cy) = 0: Thereis sud anr by our assumptionon c: We must have a
j sud that: 1) U4i(c) = Oforalll i j,2) U.i(c)=O0foralll i< j,and3)
U +j(co) & O: Note that the color and number of the balls in urn U, for c is the sameas
the color and number of the balls in urn U, ,; for c:

remove the last ball from U, ;: The only way to do this is to usea move of type (2), which
has a label (r; 2) and createsa descen
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