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Abstract

Valiant's shift problem askswhether all n cyclic shifts on n bits can be realizedif
n@* ) input output pairs( < 1) aredirectly connectedand there are additionally m
commonbits available that canbearbitrary functions of all the inputs. If it could be
shown that this is not realizablewith m = O(W) commonbits then a signi cant
breakthrough in Boolean circuit complexity would follow. In this paper it is shown
that in certain casesall cyclic shifts are realizablewith m = (n  n )=2 commonbits.
Previously, no solution with m < n  o(n) was known, and Valiant had conjectured
that m < n=2 was not adhievable. The construction therefore establishesa novel
way of realizing communication in the manner of Network Coding for the shift
problem, but leaves the viability of the common information approad to proving
lower boundsin Circuit Complexity open. The construction usesthe graph-theoretic
notion of guessingnumber.

As a by-product the paper also establish an interesting link between Circuit
Complexity and Network Coding, a new direction of researt in multiuser informa-
tion theory.

1 Intro duction

The problem of proving superlinear lower bounds on the size of circuits for an explicitly
de ned sequenceof Booleanfunctions is still open after more than 30 years of intensive
researb in Complexity Theory. The problemis openewenif we considerthe casewherewe
look for functions with n input bits and n output bits, and wherethe depth of the circuit
isin O(log(n)). For a detailed discussionand further survey of this classof problemsand
their link to comnunication complexity and matrix rigidity see[7].

In this paper we relate this fundamertal problemin Complexity Theory (more specif-
ically we focuson Valiant's Shift problemthat hasbeen- and is still open, for more than
30years),to a newtype of problemin Graph Theory. Eadc directed graph has (for eah
s 2 12;3;:::9) asseiated a number (the guessingnumber), we will de ne in this paper.
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The notion of guessingnumber (that was rst introducedby Riis in [10] and [9]) is new.
We link the guessingnumber to sohability of circuit information ow problems. These
are problemsthat are closelyrelated to problemsin Network Coding. Network Coding is
a new interesting direction of researb in multiuser information theory (seefor example
[5,8,4,6, 14, 1,13, 2, 3)]).

Maybe the main cortribution of this paper is to link certral problemsin Circuit
Complexity Theory with the areaof Network Coding (multiuser information theory) and
Graph Theory (guessingnumbers).

In [12] Valiant put forward four related conjectures. It turns out that the two most
\risky" of theseare not quite valid. We reducethe two other (and more safe)conjectures
to a pure graph theoretical problem concerningguessingnumbers.

In my judgemen (and this paper provide someevidenceof this) progressin under-
standing and bounding guessinghumbersfor various natural classeof graphsis neededn
order to solve someof the long-standingopen questionsin Circuit Complexity problems.

2 A game of cooperation

Considerthe following game: assumethat n players ead hasa fair s-sideddie (each die
hasits sideslabelledas;2;::: s). The players(simultaneously)throwstheir dicein sud
a manner that no player knows the value of their own die. Supposeead player hasto
guessthe value of their own die. The probability that ead of the n playersis able to
guesscorrectly the value of their own die is (£)".

Assumenow that each player knowsthe valuesof all dice exept the value of their own
die. What is the prolability that each of the n playerscorrectly guesseshe value of their
own die?

From a super cial perspective it might appearthat, sinceead of the playersonly has
accesdo \irrelevant” information, the probability that all n players guesstheir own die
value correctly remains(%)”. As it happensthe questionis ill-p osedsincethe probability
actually dependson which \strategy" the players adopt!

If ead player, for example, believes (and acts accordingly) that the sum of all dice
values(including their own die) is divisible by s, the probability that all players (simul-
taneously) guesstheir own dice value correctly is %

Thus the players have a collective guessingstrategy that ensuresthat all players are
correct if (and only if) one player is right. Either all players are right (p = %), or all
playersarewrong (p= 1 %).

Intuitiv ely it shouldbe quite clearwhat a guessingstrategy for the playersis. Player |

Thus eat guessingstrategy is given by n functions f1;f,;:::;f,. The total number of
guessingstrategiesis s™" . For ead of thesestrategiesthere is assiated a probability
that all playerssimultaneouslyguesscorrectly their own dicevalues. A strategy that leads
to a probability that is maximal is called an optimal strategy.
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We just showved that an optimal guessingstrategy achievesa probability of at least %
and sincethe probability that a given single player guesscorrectly is % this probability
is indeed optimal. The players have actually many di erent optimal guessingstrategies.
Onetype of optimal strategy generalisesaturally the \O modulo s" strategy we already
considered.This strategy appearsif the playersagreein advanceto x a group G with s
elemetts (so ead die valueis an elemen in the group G). Furthermore the players agree
that the product of all n dice valuesis 12 G (or any other xed elemen g 2 G). Eadc
player can calculate (also if G is hon-comnutativ e) the unique die value that makesthe
total product 1. If ead player ‘guessesaccordingto this strategy, the players guessheir
own die value correctly if and only if the product (in the group G) of the dice valuesis 1.
This happenswith probability L.

Actually, it isnot hard to seethat the setof optimal guessingstrategiesconsistsexactly
of the strategiesthat canbe eat de ned by a n dimensionallatin hypercubesof order s.
A latin hypercube (of order s) is the obvious generalisationof a latin square(of order s)
to higher dimensions.Soa 2 dimensionallatin hyper cube of order s is an ordinary latin
squareof order s, and a 3 dimensionallatin hypercube of order s is a latin cube of order
s. In general,we can view an n-dimensionallatin hyper cube of order s as a mapping
f:f0;1;2:::;s 1g"! f0;1;,2;:::;s 1gthat mapsA bijectively to A wheneern 1
of the argumeris of f are xed.

3 Playing the guessing game on a graph

The classof gameswe consideredin the previous sectioncan be viewed as a subclassof
a much wider classof cooperative games.

Graphsin our setting are always directed graphs. Formally a graph G = (V;E) is a
pair of setswith E  V V. As usualthere is an edgefrom v 2 V to w 2 V if and only
if (v;w) 2 E.

For ead graph G = (V; E) andfor eat values 2 f2;3;4;:::; gwede ne acooperative
game. The gamedenotedby Game(G; s) is played asfollows: Each node (vertex) v 2 V
correspndsto a player, and ead of the playersindependertly gets assigneda die value
from a nite setA of s elemeits. As in the previous gamethe task of the players (as a
group) is to maximisethe probability that they all simultaneously correctly "guesstheir
own dice value. The die value of player v 2 V is available to ead player w 2 V with
(v;w) 2 E. In other words, player w 2 V knows the dice value of the playersv 2 V with
(v;w) 2 E. If (v;v) 2 E player v knows the value of his/her own die.

A strategy for a player j in a node of in-degreed is given by a function f; that
mapsf1;2;:::;s0% to f1;2;:::;sg. The total number of cooperative strategiesis given
by s i- " where d; denotesthe in-degreein nodej .

The guessinggamein the previous section correspnds to the complete graph on n
nodes.

In the guessinggamethat correspndsto the complete graph, the players have an
(optimal) strategy that guararteesall players guesscorrectly their own die value with
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probability % This probability is a factor s" ! better than uncoordinated random guess-
ing, a fact that will shov us that the guessingnumber of the completegraphisn 1
(sinces is raisedto the powern 1).

As an examplelet us considerthe graph on n-vertex that forms one oriernted cycle.

In this gamethe number of strategiesis s". The players actually have a strategy S that
ensureghat they areall ableto guesgheir own dice values(simultaneously) with a higher
probability than pure uncoordinated random guessing. If ead player assumeghat the
value of their own die is the sameas the value they receiw, all the players are correct,
if and only if all dice valuesare idertical. This happenswith probability (%)n L This
is a factor s times better than pure uncoordinated random guessing. The strategy S is
optimal sinceno cooperative guessingstrategy can succeedwith higher probability than
(%)n ! (to seethis notice that for any guessingstrategy, any subsetofn 1 playerscannot
do better than uncoordinated random guessing. Thus the best that can be adcieved is
that ewvery time n 1 players guesscorrectly, all n players guesscorrectly).

De nition

A graph G = (V;E) hasfor s 2 N guessinghumter k = k(G;s) if the playersin the
guessinggameGame(G; s) assaiated to G and s have a strategy that ensuresthat
they all guesscorrectly their own dice valueswith probability (2)IVi .

In other words a graph G hasguessinghumber k if the players have a strategy that
succeedsvith probability s* times higher than uncoordinated random guessing.

It turns out that for many graphsthe guessingnumber is independent of s and is
an integer. Howewer, in generalit is possibleto showv that there exist graphs where
k = k(G;s) dependson s, and wherethe guessingnumber is not always an integer.

4 Information o w problems and guessing numbers

We will now consideranother type of problem that turns out to be very closelyrelated
to the guessinggames.

Assumethat we are given an acyclicgraph N with input nodesi;i,;:::;i, and output
nodesos; o;;:::; 0, aswell asan alphabet A. Eadh input node hasindegree0, and ead
output node has outdegree0. The problem is whether N can be turned into a circuit
that for eat array of inputs (X1;X2;::1;Xn) 2 A" wherex; 2 A is the input to input node
Ij (J = 1,2;:5;n), output the samearray (X1;X2;::5;Xq) 2 A" i.e. X; is the output of g
(G = 1,2:5n).

In other words the problem is whether N can be turned into a circuit that computes
the identit y function wheninput nodesand output nodesare listed with increasingindex
from left to right.

the electr onic journal of combinatorics 14 (2007), #R44 4



The answver to this problem dependsin generalnot only on N but alsoon the sizeof
the underlying alphabet A from which the inputs aswell asfunction valuesare taken. In
circuit complexity usually A cortain only the two \letters” 0 and 1, but the alphabet can
in our setting be any ( nite) setgivenin advance. We sa the information ow problem
(N;A) is sohable if N can be turned into a circuit that computesthe identity function
over the alphabet A asexplainedabove.

Let Gy denotethe directedgraphthat appearsby idertifying ead input node with the
corresnding output node (i.e. by idertifying the nodesi; and g for eadj = 1;2;:::;n).
This corversionof an information network to the graph Gy is unique.

The (surprising) link betweeninformation ow problemsand directed graphsis based
on the following fact:

Theorem(1)

The information ow problem (N;A) with n input/output nodes has a solution
over alphabet A with jAj = s if and only if the graph Gy has guessingnumber
k(G;s) n.

Furthermore Gy hasguessingnumber k(G;s) n if and only if k(G;s) = n.

An information problem involves mathematically speaking slightly complicated con-
cepts like set of source nodes set of receiver nodes as well as set of requirementsthat
speci es the destination of ead input. As pointed out in [10, 9] the main point of the
theoremis that it replacethe information ow problemwith an equivalert problem that
can be expressedn pure graph theoretic terms (no special input or output nodes).

One important point is that ead multiple unicast problem - an important type of
comnunication networks problem in Network Coding - essehally is equivalert to an
Information ow problem as| just de ned it. The corversionfrom oneto the other can
be adhieved via the well-known graph to line-graph corversion (seefor example[8]).

The theoremcanin fact be stated in a strongerform:

Theorem(2)

The setof solutionsof ainformation ow problem(N; A) with n input/output nodes
are in one-to-onecorrespndencewith the set of guessingstrategies(over alphabet
A with jAj = s) that ensurethat the playersin the guessinggame played on Gy
have successwith probability (at least) (2)/Sninetes 1 (Where jGy jnodes denotesthe
number of nodesin Gy).

Theorem 2 was rst stated and proved in [10, 9]. Herel presen a proof in a slightly
more compactformat.
Pro of of theorem 1 and 2: Considerthe graph Gy = (V;E). The setV of nodescan
be divided into two disjoint sets: the setl of nodesin Gy that correspndsto the inner
nodesin N (i.e. nodesthat are not input or output nodesin N), and the setJ of n
nodesin Gy that correspndsto the n input and n output nodesin N. The setl consists
of jGyj  n nodes. The sub-graphof Gy restricted to | is an acyclic graph (sinceN is
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acyclic). Thus aswe already noticed for any strategy by the players (it doesnot matter
which) the nodesin | all guesscorrectly their own die value with probability ()", But,
this shaws that the probability all playersin Gy guesscorrectly their own die value is at
most (1), Theorem1 follows becausethis probability can be achieved if and only if the
playersin J (correspnding to the output nodesin N) are ableto work out their own die
value with probability 1 (given that all playersin | correctly worked out their own die
values).

To prove Theorem 2 consider a guessingstrategy (i.e. a set of speci c functions
assignedo the nodesin Gy).

If we assignthe same functions to the information network N (the output nodes
01; Op; 11 0, get assignedthe speci ¢ functions assignedo the nodesJ in Gy).

Conversely any attempted solution to N can be cornverted to a guessingstrategy
by the sameassignmeh Thus the spaceof coding functions for N is in a natural 1-1
correspndencewith the spaceof guessingstrategiesto the graph Gy . Furthermore, a
coding function for N solvesthe information problem for N if and only if the conditional
probability that the n nodesin J guesscorrectly their own die values (given that all
\inner" nodes(i.e. all the nodesin 1) guesscorrectly their own die values)is 1. |

5 Analysis of a specic class of graphs

One interesting class of graphs that are linked to the conjectures! will put forward
later, consistsof (what | will call) Clock-graphs. For ead pair of numbers (n;r) with
r  b(n 1)=2c we de ne a graph Gqok(n;r). It hasvertexsetV = f0;1;2;:::;n 1g
and edgesetE = f(v;w):w v 2f1;2:::;rg, wherethe dierence w v is calculated
modulo n.

We will show:

Prop osition A :
The graph Ggjoek(n; r) hasguessingnumberr.

Pro of: Considerthe subgraph of Gqok(n;r) that cortains the vertex f0;1;2;:::;n

r 1g. This graphis acyclic (becauser b(n 1)=2c) sothe players cannot do better
than pure uncoordinated random guessing. Thus the nodes0;1;2;:::;n r 1 areall
correctwith probability (%)n . Thus, the playersin the graph Goc(n;r) areall correct
with probability at most (%)“ . Equality appearsif and only if the players have chosen
a strategy that ensuresthat all n players guesscorrectly their own die value if and only
if playersQ;1;2;:::;n r 1 all guesstheir own dice value.

Usingsimplelinear algebrait is now straight forward for the playersto derive their own
dicevaluesfromthe n r valuesx;+Xj+1+:::+X;+, = Omodulosforj = 0;1;:::;n r 1
(public information). |

A more generalclassof clock graphs appearsif we, for eatcy n and for ead subset
S f0;1;,2:::;n 1gwith 062S andv 2 S'! v 62S, de ne a graph Ggock(n; S)
with vertex setV = f0;1;2;:::;n 1g and edgesetE = f(v;w) :w v 2 Sg. The
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resulting graphs have no self-loops (since 0 62S) and it has no undirected edges(since
(viw)2E! w v2S! v w62S! (w;Vv)62E).
It is an open problem whether the graph G.k(n; S) in generalhas guessingnumber
iSi.

6 A Game with public information

Let mebriey return to the n player gameon the completegraph K ,,. As we noticed the
players have a guessingstrategy so they all guesscorrectly if the sum of the dice values
are 0 modulo s.

Actually if the players know the sum of the dice values modulo s eat player can
deducethe value of their own die. Put in other terms, if eat player has accessto a
public channel that can broadcastone of w = s possiblemessagegi.e. the channel has
bandwidth b(G;s) := 1) they canall (provided the messagdroadcastis the correct one),
deducethe value of their own die.

As another example,considerthe graph G = (V; E) with vertex setV = f0;1;2;:::;
n 1gandedgesetE = f(0;1);(1;2);:::;(G;j + 1);:::;5(n 2n 1);(n  1;,0)g. We
already notice that its guessingnumber was 1, i.e. that the players have a strategy that
guararteesthey all guesscorrectly with probability (%)n L andthat this isthe bestpossible
result they can achieve. Assumethat the players know (through a public broadcast) the
valuesxo Xi1;X1 Xo2;iii;Xj  Xj+1::i5;Xn 2 Xn 1 Wherex; denotesthe value of diej .
Then ead player can deducetheir own die value. Player j + 1 knows the value of x; and
Xj+1  Xj from which xj.; canbe calculated. Player 0, cancalculatex, X, 1 and know
the value of x,, ; from which x, canbe derived. Thusif the public channelhasbandwidth
b(G;s) := n 1 (can broadcasts® ! messages)the players can always derive the value
of their own die.

For an alphabet sizes we de ne the information defect b(G; s) of a graph G aslog,(w)

broadcastedto all players, ensuringthat ead player is always able to deducethe value of
his/her die.

In general,whereG = (V;E) can be any graph, the guessingnumber k(G;s) and the
information defectb(G;s) are related. In general,k(G;s) + b(G;s) jVj and for many
graphsk(G;s) + b(G;s) = jVj.

Lemma 3 :
For any graphG = (V;E) andany s2 f2;3;4;:::.9jV] Kk(G;s)+ bG;s).

Pro of: Let G be a (directed) graph and with information defectb = b(G;s). Then, by
de nition, there exists a method by which we, by broadcastingone of sX¢3) messages
to all nodes, can insure that ead node j can derive their own die value x; 2 A. |If

is broadcastedwith a certain probability p(m). Since ,p(m) = 1, there must exist a
messagem, that is broadcastedwith probability — (2)X%). This is a factor Vi X&)
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better than pure uncoordinated random guessingn the guessinggameon G. Thusiif the

playersin the guessinggameall guesstheir own die value under the assumptionthat the

public messageny is broadcasted,they are all correctif this is indeedthe case.Thus the

guessingnumber k(G;s) is  jVj K(G;s) and b(G;s) + k(G;s) jVj. |
We will now state and prove a theoremrelated to Theorem 1.

Theorem 4 :

An information ow problem (N;A) with n input nodes, n output nodesand r
internal nodes, has a solution if and only if the graph Gy hasinformation defect
b(G;jAj) r. Furthermore Gy hasinformation defectb(G;jAj) r if and only if
b(G;jAj) = .

Pro of: (only if): Assume rst that the ow problem N hasa solution. We want to show
that b(G;s) r. The setof nodesin Gy can be divided into two disjoint sets. The set|
of nodesthat correspndsto the inner nodesin N and the setJ of n nodesin G, that
correspndsto the n input and n output nodesin N. For ead inner node let z; denote
the actual value of player j's die. Let # denotethe value the correspnding node in N
would take accordingto the solution whereall n inputs are given by the actual die values
assignedto the n nodesin J. Assumethat all players have accesdo the valuesz; 7
for eath j 2 |. This information can be provided by a public channel of bandwidth r.
Ead player can now calculatetheir own die value. To seethis consider rst a player that
correspndsto an inner node j in Gy. This player has acces¢o someinner nodesand
possiblyto someinput nodes(nodesin J). From thesevaluesand the public information,
the player can calculate z . And from z; 7 (that is publicly available) the player can
calculate z; .

Considernow anodeinj 2 J. This nodej hasaccesdo nodesin |, aswell aspossibly
somenodesin J. For eat nodei 2 | that have a value that is available to nodej, the
node has accessto z; as well as the public information zz  #. From this node j can
calculate . But then eat nodej 2 J can calculatex; .

(if): Assumethat we cansendr messageshrough the public channelin sud a fash-
ion ead node in Gy can calculate its own value. But then G, has information defect
b(Gn;s) r. We already showved that the guessingnumber b(Gy ;s) + k(Gy;s)  jVj =
n+r. Thusk(Gy;s) n which accordingto Theorem 1 ensuresthat the Circuit infor-
mation ow problem N hasa solution. Again accordingto Theorem1, k(Gy;s) = n and
thusb(Gy;s) r. Thusb(Gy;s) =r if andonly if b(Gy;s) r. |

7 Valiant Conjectures

In [12] (basedon [11]) Valiant put forward four conjectures.In this sectionl will presen
the conjecturesusing Valiant's terminology. Valiant introduceshis conjecturesas follows:

Let G beabipartite graphwith nodesetX [ Y whereX = fxq;Xz;::: Xx,gand
Y = fyi;¥2;::: yng denoteinput variablesand output functions respectively.

the electr onic journal of combinatorics 14 (2007), #R44 8



Suppose that edgesare de ned implicitly by a mapping where (y;)
X is the set of input nodesthat are adjacent to y; in the graph. De ne
m Boolean functions f 1(x); f2(x);::: fn(X) and n further Boolean functions

abuseof notation, ead y; can be an arbitrary function of thesem common
bits and the inputs (y;) to which it is connecteddirectly in G. Valiant goes
on to sa that G realizesa permutation  with m commonbits if there exists
fo;fo;iii Qi gn suthat foralli; 1 0 n

X iy = G(F1(X); 0 fm(X); (V)):

In other words (still quoting Valiant), for the xed G and given onecan nd
the appropriate Boolean functions sud that y; realisesthe permutation  of
fx;g for all truth assignmets of f x;g. Valiant then goeson to conjecture:

Conjecture(1)

If G hasdegree 3 (for suciently large n) there is a permutation sud that G
doesnot realize with n=2 commonbits.

Conjecture(2)

If G hasO(n'* ) edgedor some > 0, for n su ciently large,thereis a permutation
sud that G doesnot realize with n=2 commonbits.

Conjecture(1 9 :

If G hasdegree 3 (for suciently large n) there is a cyclic shift sud that G
doesnot realize with n=2 commonbits.

Conjecture(2 9 :

If G hasO(n'* ) edgesfor some > 0, for n su ciently large,thereis a cyclic shift
sud that G doesnot realize with n=2 commonbits.

Conjecture 2° is in somesensethe most important of Valiant's conjectures. Valiant
showved that if this conjecturehave direct consequenceand leadsto newresultsin circuit
complexity. These Complexity questionshave now beenopen for more than 30 years.
As it happens,we will showv that Conjecture 2°is false. Howeer, it can be replacedby
a slightly stronger (and presumably correct) conjecturethat essetially have the desired
consequencem Circuit Complexity Theory.

8 Expressing Valiant's conjectures in terms of guess-
ing numbers

Assumethat we are given a graph G with vertex setV = f0;1;2;:::;n 1g and edge
setE V V.
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Foreahhs2 f0;1;2;:::;n 1g we de ne the graph G® (G shifted by s) asthe graph
with vertex setV and edgesetE® := f(i;j+s):i 2 V;(i;j) 2 Egwherej + sis calculated
modulo n. This de nition dependson both the graph G aswell ason the labelling of its
vertex.

For eath permutation 2 S, we alsode ne the graph G (G permuted by ) asthe
graph with vertex setV and edgesetE := f(i; (j)) :i 2 V;(i;j)) 2 Eg. Unlike the
shift operation, the permutation operation isindependen of the labelling of the underlying
vertex set.

We will now state four conjecturesthat are equivalert to the four conjecturesdiscussed
in the previoussection.

Conjecture 1 :

Let G be a graph with n vertex and assumethat all vertex have out-degree(in-
degree) 3. Then (provided n is su ciently large) there exists a permutation
2 S, sudh that G hasinformation defectb(G ;2) > n=2.

Conjecture 2 :

Let > 0. Let G be a graph with n vertex and lessthan n'* edges. Then
(provided n is su ciently large) there exists a permutation 2 S, sud that G
hasinformation defectb(G ;2) > n=2.

Conjecture 1°:

Let G be a graph with n vertex and assumethat all vertex have out-degree(in-
degree) 3. Then (provided n is su ciently large) there existsa shift s 2 f0; 1; 2;
::1;ng sud that G® hasinformation defectd(G®;2) > n=2.

Conjecture 2°:

Let > 0. Let G be a graph with n vertex and lessthan n'* edges. Then
(provided n is su cien tly large) there exists a shift sud that G® has information
defectd(G*®; 2) > n=2.

Sparsegraphsmight have a relatively high guessinghumber (i.e. allow a lot of coher-
ence). Howe\er, intuitiv ely having a high guessingnumber is a \sporadic" property and
that in generalgetsdestrojed whenthe graphis modi ed through shifts or permutations.

Despitethis intuition, thereis alimit to how much shifts caninsurea drop in guessing
numbersof a sparsegraph. In the next sectionwe will shov that Conjecture 2°is actually
falseand that it is possibleto construct a sparsegraph G together with a labelling sud
that G aswell asall shifts G® have guessinghumber > n=2 and information defect< n=2.

As we already pointed out, Conjecture 2° is in some sensethe most important of
Valiant's conjectures. Had it beencorrect, this would have had direct consequencefor
providing new lower boundsin circuit complexity. None of the other three conjecturesare
known to have sud strong consequencesNeer-the-less,the conjecturesare interesting
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in their own right and we will reducetheseconjecturesto certain questionsabout guessing
numbers.

The good news (for proving a non-linear, O(log(n))-depth lower bound for the shift
problem) is that a simple modi cation of Valiant's Conjecture 2%, doesimply sud a lower
bound.

This follows (accordingto Theorem?2.2in [7]) from [11]wherethe following proposition
can be extracted:

Prop osition C :

For every > O;c and d, there exists K sud that if F (the shift function) can be
computed by a circuit of sizecn and depth dlog(n), then it can be computedby a

graph G of degreeat mostn with mga}é% commonbits.

9 Counter examples to Valiant's shift conjecture

We have restated Valiant four conjecturesas propositions about the behaviours of the
information defectunder shift and permutations.

Consider the graph G in Figure 1. Undirected edgesrepresen bidirectional edges.
Later this graph will be de ned as Gg31. The graph G(= G aswell asits 8 shifted

G, j = 0;1;2;:::;8 hasguessinghumber 6 and hasinformation defect3.
In terms of Valiant's notions, the bipartite graph B asseiatedto G hasead shift realised

and fo;; 0; 111 ; 0gg with an edge(iy;0,) if and only if (v;w) 2 G). Valiant's Conjecture
suggestthat at least n=2 bits (i.e. 5) commonbits are neededfor someshift.

The graph G := G351 in Figure 2(a) is invariant under shifts (if we disregard the
labelling). The graph in Figure 2(b) is a subgraphof G and it has guessingnumber 14
and information defect9. Thus the graph G = Gys51 has guessingnumber 14 and
information defect 9. In Valiant's terminology the bipartite graph Bg assaiated to
graph the graph G = Gyz:5.1 hasead of its 23 shifts realisedby 9 (rather than at least12
as suggestedy the conjecture) commonbits.

We now generalisetheseexamples. Considern;d;r 2 N with k < n=2and0 r
n 1welet G,4, denotethe graphthat hasvertex setf0;1;2;:::;n 1g and edgeset

the sumis calculated modulo n).

Lemma 5 :

Let n 2 N bean odd number andlet k < n=2. Thenforeachr = 0;1;2;:::;n 1
the graphs G,.q; have guessingnumber k(G; s) 5+ g and information defect
bG:s) 5 5

Proof: LetW = fr;r+ L:::;;r+d  1g. Let ng := ™3t and let dy := 9. The graph

Gn.qyr cortains d\self-loops" sincethe number of elemeits i with i+ 2 W isk (sincen is
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Figure 1: Gg.3.; and its 8 shifted versions

aswell asng+ v;ng+ (v+ 1);:::npg+ (vt dy 1) haveself-loops. The edgeqv i;v+do+i)
and(v+ do+i;v i) fori=1;2:::;ng do 1form apartitioning of then d vertex
that have no self-loop.

Thus G4 cortains a disjoint union of % cliguesof size2, aswell asd vertex with
self-loop. Thus Gng; has guessingnumber k(G;s) at least 5 + g The graph Gp.q4.
has information defect b(G; s) 3 g since we can simply broadcastthe messages
Xy i+ Xysgo+i fOri=1,2;:::;n9 do 1through the public channel. |

Let n 2 N be an odd number and let k 2 N be an odd number. Let G4 denotethe
classof graphsG.q; with r = 0;1;2;:::;n 1.

There are, of course,many \sparse" graphs with guessingnumber above n=2. The
point of the graphsin G4 consideredin the previouslemmais that:

Lemma 6 :

The classG,.4 is closedunder shifts. More speci cally, for any shift s, the graph
Gpa;r shifted by s is idertical to Gy +s (i.6. Gj.qr = Gnir +s)-

Proof: Let G2 G,q andlets?2 f0;1;2;:::;n 19 be a shift. The graph G;.4, (Gna;
with the headsof all edgesshifted by s) is givenby Gp.q4.s+, i.€. by a graphin Gpg4. |

the electr onic journal of combinatorics 14 (2007), #R44 12



<
N
{

2%

N )
iy

MO0

o

N
N

4 22— 4

N
[y

5 22— 5

N
o

6 20— 6

=
©

7 19— 7

=
[oe]

OO0

18— 8

=

M

17— 9

10 16— 10

A

1 51

%
W

9

5

1 213y
(a) (b)

Figure 2: G351 Vviolating the conjecture

This shaws that the information defect of the graphs G 2 G4 (and any shift s of
those) is at most 3 g For1> > Oandford= n the graphsin S are (for large
valuesof n), sparsein the senseassumedin Valiant's conjectures. More speci cally we

have shawvn:

Prop osition 7 :

Let 2 Rwith 0< < 1beany xed real number. Let G, 2 G, , N = 1;2;3;:::
be any sequenceof graphs. Then eadh graph G, has (at most) n* edgesand
eat graph G, as well as ead of its shifts has information defect b(G;s) with
bG;s) 5 5. This violates Valiant's Conjecture 2° that implies that for eah
sparsegraph G with  n'* edgesthere always exists a shift s sud that G® has

information defectat least %

10 Mo difying Valiant's conjectures

Valiant's conjecture 2 for graphs of in-degree (out-degree) bounded by 3 seemsto be
correct (exceptthat we will have to change 3 with ”73 for n odd).

What about Conjecture 1 involving graphs of in-degree(out-degree) bounded by 3
and consideringpermutations instead of shifts? We will prove that this conjecturefollows

from the following statemert:
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Statement S :

Let G be adirected graph with n nodesand dn edges(whered 2 N). Assumethat
G is loop-freeand has no undirected edges.Then G always hasa guessingnumber

noo_n_
2 4d+2 -

There is some evidencethat Statement S is valid, and it is tempting to upgrade
statemen S to a conjecture. The main evidencefor statemert S is that the “clock’ graphs
Gaock(2k + 1; k) (with 2k + 1 nodesand out-degreek) have guessinghumber k. Statemen
S is basedon the assumptionthat the highest guessingnumber of a loopfree graph G
without undirected edgesand with  kn edges,is achieved by dividing the n nodesinto
b ¢ disjoint clock graphsof type Geock(2K + 1, k). This graph G has guessingnumber
closeto 2}:21 (equality appearswheneer n is divisible by 2k + 1).

In the casewherek = 3 we get graphs G with guessingnumber 37” This value is
11forn 154,

n

2
Prop osition 8 :

Assumethat Statemert S is valid. Then the following statemerts are valid:

Statemert S;: Assumethat G is a graph with n nodes, with no sel oops and no
unorierted edges.Then G has guessingnumber strictly lessthan n=2.

Statemernt S,: Assumethat ead node in G hasin-degree(out-degree)at most 3
and that G doesnot cortain sel oopsor undirected edgesand cortain at least 154

nodes. Then G hasguessingnumber 5 11.

Statemert S;: Assumethat d 2 N and that G is a graph with n nodesand dn
edges.Further, assumehat G doesnot cortain self-loopsor undirectededges.Then

G hasguessingnumber 3 for n (4d + 2).

The statement S, implies that Valiant's conjecture 1 is valid for n 175, while
statemen S; for d = n implies that Valiant's conjecture 1%is valid for n  4d?(4d + 3)
which is always valid for << %1 andn 4.

Proposition 9 is a special caseof Proposition 10. Though we could strictly speaking
avoid proving Proposition 9 (sinceit canbe derived from Proposition 10) the proof ideais
somewhatmore transparert in the proof of Proposition 9 (sincethe proof cortains fewer
parameters).

Prop osition 9 :

Statemert S, implies that ead graph G with n 175 nodes satis es Valiant's
conjecture 1.
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Pro of: First we shav that statement S, impliesthat for eat graph with n  175nodes
and in-degree(out-degree) 3 there existsa permutation of n sud that the graph G
has guessingnumber < n=2. Let G be a graph for which eat node hasin-degree 3.
Assumethat G hasn  175nodes. The number of edgesin G is  3n. Someof the
edgesmight form a loop. Two pairs of edgesmight form an undirected edge.Let 2 S,
be a randomly selectedpermutation (i.e. assumethat ead permutation is selectedwith
the sameprobability p= =). We want to calculatethe expected numbers of loopsin G
and the expected number of undirected edgesin G . The nice thing about calculating
expectation numbers is that we need not worry about dependenceand independence
issues. Any edge(a;b) becomesa loop exactly for permutations with (b) = a. Thus
the expected number of loops produced by a single edgeis % The expected number of
loops produced by e edgesis £. Thus the expected number of loopsin the graph G
is exactly & 3;]—” = 3. The expected number of undirected edgescan be calculated
as follows: For two edges(a;b) and (c;d) with a;b;c and d distinct they produce an
undirected edgeexactly when (a; (b)) and (c; (d)) havea= (d) andc= (b. The
expectation value of this is n(n—ll) If b=dorifa=c a= (d) andc= (b arenot
possibleif (a;b) 6 (c;d). If a= candb= d (i.e whenwe have two loops(a;a) and (c;c)),
they produce an undirected edgeexactly when (a) = cand (c) = a. The expectation

value for this to happenis n(n—ll) Thus if the number of all pairs (a;b) and (c;d) of edges
f

in Gwith b6 dandaé c, isf, the expectednumber of undirectededgesn G is TCIE
The maximum number of sud pairs of edgess bound by (3n)? = 9n2. Thus the expected
number of undirected edgesin G is bound by n(%zl) 9+ % < 10. And the expected
number of nodesthat areinvolvedin aloop or are oneof the points in a undirected edgeis

3+ 2(9+ %) < 22. Thusthere must exist a permutation sud that 21 or lesspoints are
involved with selfloops or undirected edges.The graph G restricted to those 21 points
might be a complicated subgraphwith a mixture of undirected edgesand directed edges.
The highest cortribution thesepoints can make to the guessingnumber is 21 (if ead of
the 21 point, againstour expectations, cortains a self-loop ). The guessinghumber never
decreasesvhen more edgesare addedsowe can - without lossof generality - assumethat
the 21 points have self loops (producing a guessingnumber of 21). Now we restrict the
graph G to the remainingn 21 nodes. This graph has 175 21 = 154 nodes, it
hasin-degree 3 and hasno selfloopsand no undirected edges.Thus accordingto our
conjecture,it hasguessinghumber ”721 11. From this it is not hard to show that G
hasguessingnumber 22 11+21 i< b

But sinceG hasguessingnumber k(G ;s) < n=2 and sincek(G ;s) + d(G ;s) n

(Lemma 3), the information defectd(G ;s) is at leastn k(G ;s) > 5 thus proving
Valiant's conjecturel. |

Prop osition 10 :

Assumethat statemen S; is valid in general. Let G be a directed graph G with
n  4d’(4d + 3) nodesand dn edges. Then there exists a permutation 2 S,
sud that G has guessingnumber < 3. In particular, Valiant's Conjecture 10is
valid foreabn > 5and < %
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Pro of: Assumethat G = (V;E) isagraphwith jVj=n (4d®)(4d+ 3)and dn edges.
We warnt to shav (using statement S3) that there there existsa permutation  of n such
that the graph G have guessingnumber < n=2. Someof the edgesin G might form a
loop. And two pairs of edgesin G might form an undirected edge. We want to show that
there exists a permutation 2 S, sud that G has very few sel oops and undirected
edges.

Let 2 S, bearandomly selectedpermutation (i.e. assumethat ead permutation is
selectedwith the sameprobability = %). We warnt to calculate the expected number of
loopsin G and the expectednumber of undirectededgesn G . Any edge(a;b) becomes
a loop exactly for permutations with (b)) = a. Thus the expected number of loops
producedby a single edgeis % The expected number of loops producedby e edgesis .
Thus the expectednumber of loopsin the graph G is exactly £ %” = d. The expected
number of undirected edgescan be calculated as follows: For two edges(a;b) and (c;d)
with a;b;c and d distinct they produce an undirected edgeexactly when (a; (b)) and
(c; (d)) havea= (d)andc= (b). The expectation value of this is ;. If b= d, or
ifa=c a= (d)andc= (b) arenot possible(when (a;b) 6 (c;d)). If a= candb=d
(i.e when we have two loops (a;a) and (c;c)), the two edgesproduce an undirected edge
exactly when (a) = cand (c) = a. The expectation value for this to happenis n(n—ll)
Thusif the number of all pairs (a;b) and (c;d) of edgesn G with b6 dandaé c, isf, the

expectednumber of undirectededgesn G is ﬁ The maximum number of sud pairs

of edgess bound by (dn)?+ 2% + 2_%_ 3¢? (for n  3). Thusthe expectednumber of
undirected edgesn G is bound by 3d?. The expectednumber of nodesthat are involved
in a loop or in an undirected edgeis  3d?. Thus there must exist a permutation  sud
that 3d°+d  4d? or lesspoints areinvolved with sel oopsor undirectededges.The graph
G restricted to those4d? points might be very complicatedwith a mixture of undirected
edgesand directed edges.The highestcortribution thesepoints can make to the guessing
number is 4d? (if ead of the 2d* point, againstour expectations, cortains a sel oop). The
guessingnumber never decreasesvhen more edgesare added so we can - without lossof
generality - assumethat the 4d? points have self-loops (producing a guessingnumber of
4d?). Now we restrict the graph G to the remainingn®:= n  4d? nodes. This graph has

dn= dh°= %no edges hasno selfloopsand hasno undirected edges.Thus according
to Statemernt S, it has guessingnumber ”70 Oforn®  q4d°+ 2).

The graph G hasthen guessinghumber < ”70 9+ 4d? whenn 4d+ 2) + 4d2.
In other words G has guessingnumber k(G;s) strictly lessthan O+ 4d? when
n  Y4d+ 2)+ 4d% Thusif welet °= 4d? wehave k(G ;s) < 5 forn 4d?(4d+ 2)+
4d? = 4d(4d + 3).

But the information defectd(G ;s) n k(G;s) and therefored(G ;s) > n=2 for
n 4d’(4d+ 3). |

= NI|>
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