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Abstract

Valiant's shift problem askswhether all n cyclic shifts on n bits can be realizedif
n(1+ � ) input output pairs (� < 1) are directly connectedand there areadditionally m
commonbits available that canbearbitrary functions of all the inputs. If it could be
shown that this is not realizablewith m = O( n

log log n ) commonbits then a signi�cant
breakthrough in Boolean circuit complexity would follow. In this paper it is shown
that in certain casesall cyclic shifts are realizablewith m = (n � n � )=2 commonbits.
Previously, no solution with m < n � o(n) was known, and Valiant had conjectured
that m < n=2 was not achievable. The construction therefore establishesa novel
way of realizing communication in the manner of Network Coding for the shift
problem, but leaves the viabilit y of the common information approach to proving
lower boundsin Circuit Complexity open. The construction usesthe graph-theoretic
notion of guessingnumber.

As a by-product the paper also establish an interesting link between Circuit
Complexity and Network Coding, a new direction of research in multiuser informa-
tion theory.

1 In tro duction

The problem of proving superlinear lower boundson the sizeof circuits for an explicitly
de�ned sequenceof Boolean functions is still open after more than 30 yearsof intensive
research in Complexity Theory. The problemis openeven if weconsiderthe casewherewe
look for functions with n input bits and n output bits, and wherethe depth of the circuit
is in O(log(n)). For a detailed discussionand further survey of this classof problemsand
their link to communication complexity and matrix rigidit y see[7].

In this paper we relate this fundamental problem in Complexity Theory (more specif-
ically we focuson Valiant's Shift problem that hasbeen- and is still open, for more than
30 years), to a new type of problem in Graph Theory. Each directed graph has(for each
s 2 f 2; 3; : : :g) associated a number (the guessingnumber), we will de�ne in this paper.
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The notion of guessingnumber (that was �rst introducedby Riis in [10] and [9]) is new.
We link the guessingnumber to solvabilit y of circuit information 
o w problems. These
are problemsthat are closelyrelated to problemsin Network Coding. Network Coding is
a new interesting direction of research in multiuser information theory (seefor example
[5, 8, 4, 6, 14, 1, 13, 2, 3]).

Maybe the main contribution of this paper is to link central problems in Circuit
Complexity Theory with the areaof Network Coding (multiuser information theory) and
Graph Theory (guessingnumbers).

In [12] Valiant put forward four related conjectures. It turns out that the two most
\risky" of theseare not quite valid. We reducethe two other (and more safe)conjectures
to a pure graph theoretical problem concerningguessingnumbers.

In my judgement (and this paper provide someevidenceof this) progressin under-
standingand boundingguessingnumbersfor variousnatural classesof graphsis neededin
order to solve someof the long-standingopen questionsin Circuit Complexity problems.

2 A game of cooperation

Considerthe following game: assumethat n players each has a fair s-sideddie (each die
hasits sideslabelledas1; 2; : : : s). The players(simultaneously) throws their dice in such
a manner that no player knows the value of their own die. Supposeeach player has to
guessthe value of their own die. The probability that each of the n players is able to
guesscorrectly the value of their own die is ( 1

s )n .
Assumenow that each player knowsthe valuesof all dice except the valueof their own

die. What is the probability that each of the n playerscorrectly guessesthe valueof their
own die?

From a super�cial perspective it might appear that, sinceeach of the playersonly has
accessto \irrelevant" information, the probability that all n players guesstheir own die
value correctly remains( 1

s )n . As it happensthe questionis ill-p osedsincethe probability
actually dependson which \strategy" the players adopt!

If each player, for example,believes (and acts accordingly) that the sum of all dice
values(including their own die) is divisible by s, the probability that all players (simul-
taneously) guesstheir own dice value correctly is 1

s .
Thus the players have a collective guessingstrategy that ensuresthat all players are

correct if (and only if ) one player is right. Either all players are right (p = 1
s ), or all

players are wrong (p = 1 � 1
s ).

Intuitiv ely it shouldbe quite clearwhat a guessingstrategy for the playersis. Player j
(j 2 f 1; 2; 3; : : : ; ng) receivesdie valuesx1; x2; : : : ; x j � 1; x j +1 ; : : : ; xn and calculatesa value
f j (x1; x2; : : : ; x j � 1; x j +1 ; : : : ; xn ) 2 f 1; 2; : : : ; sg. This value represents player j 's guess.
Thus each guessingstrategy is given by n functions f 1; f 2; : : : ; f n . The total number of
guessingstrategiesis snsn � 1

. For each of thesestrategiesthere is associated a probability
that all playerssimultaneouslyguesscorrectly their own dicevalues. A strategy that leads
to a probability that is maximal is called an optimal strategy.
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We just showed that an optimal guessingstrategy achievesa probability of at least 1
s ,

and sincethe probability that a given single player guesscorrectly is 1
s , this probability

is indeedoptimal. The players have actually many di�erent optimal guessingstrategies.
One type of optimal strategy generalisesnaturally the \0 modulo s" strategy we already
considered.This strategy appearsif the playersagreein advanceto �x a group G with s
elements (so each die value is an element in the group G). Furthermore the playersagree
that the product of all n dice valuesis 1 2 G (or any other �xed element g 2 G). Each
player can calculate (also if G is non-commutativ e) the unique die value that makes the
total product 1. If each player `guesses'accordingto this strategy, the playersguesstheir
own die value correctly if and only if the product (in the group G) of the dice valuesis 1.
This happenswith probability 1

s .
Actually, it is not hard to seethat the setof optimal guessingstrategiesconsistsexactly

of the strategiesthat can be each de�ned by a n dimensionallatin hypercubesof order s.
A latin hypercube (of order s) is the obvious generalisationof a latin square(of order s)
to higher dimensions.Soa 2 dimensionallatin hyper cube of order s is an ordinary latin
squareof order s, and a 3 dimensionallatin hypercube of order s is a latin cube of order
s. In general,we can view an n-dimensional latin hyper cube of order s as a mapping
f : f 0; 1; 2; : : : ; s � 1gn ! f 0; 1; 2; : : : ; s � 1g that mapsA bijectively to A whenever n � 1
of the arguments of f are �xed.

3 Pla ying the guessing game on a graph

The classof gameswe consideredin the previoussectioncan be viewed as a subclassof
a much wider classof cooperative games.

Graphs in our setting are always directed graphs. Formally a graph G = (V; E) is a
pair of setswith E � V � V. As usual there is an edgefrom v 2 V to w 2 V if and only
if (v; w) 2 E.

For each graphG = (V; E) and for each values 2 f 2; 3; 4; : : : ; g wede�ne a cooperative
game. The gamedenotedby Game(G; s) is played as follows: Each node (vertex) v 2 V
corresponds to a player, and each of the players independently gets assigneda die value
from a �nite set A of s elements. As in the previous gamethe task of the players (as a
group) is to maximisethe probability that they all simultaneously correctly `guess'their
own dice value. The die value of player v 2 V is available to each player w 2 V with
(v; w) 2 E. In other words, player w 2 V knows the dice value of the players v 2 V with
(v; w) 2 E. If (v; v) 2 E player v knows the value of his/her own die.

A strategy for a player j in a node of in-degreed is given by a function f j that
maps f 1; 2; : : : ; sgd to f 1; 2; : : : ; sg. The total number of cooperative strategiesis given
by s� n

j =1 sdj
wheredj denotesthe in-degreein node j .

The guessinggamein the previous section corresponds to the complete graph on n
nodes.

In the guessinggame that corresponds to the complete graph, the players have an
(optimal) strategy that guarantees all players guesscorrectly their own die value with
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probability 1
s . This probability is a factor sn� 1 better than uncoordinated random guess-

ing, a fact that will show us that the guessingnumber of the complete graph is n � 1
(sinces is raisedto the power n � 1).

As an example let us considerthe graph on n-vertex that forms one oriented cycle.
In other words, let G = (V; E) whereV = f 1; 2; : : : ; ng and E = f (1; 2); (2; 3); : : : ; (j; j +
1); : : : ; (n � 1; n); (n; 1)g. As in the previousgame,it is intuitiv ely clearwhat is a strategy
in this game.Player j receivesthe valuex j � 1 (and player 1 receivesthe valuexn ). A guess-
ing strategy is a set of functions f 1; f 2; : : : ; f n that each mapsf 1; 2; : : : ; sg to f 1; 2; : : : ; sg.
In this gamethe number of strategiesis sns . The players actually have a strategy ~S that
ensuresthat they areall ableto guesstheir own dicevalues(simultaneously)with a higher
probability than pure uncoordinated random guessing. If each player assumesthat the
value of their own die is the sameas the value they receive, all the players are correct,
if and only if all dice valuesare identical. This happens with probability ( 1

s )n� 1. This
is a factor s times better than pure uncoordinated random guessing.The strategy ~S is
optimal sinceno cooperative guessingstrategy can succeedwith higher probability than
( 1

s )n� 1 (to seethis notice that for any guessingstrategy, any subsetof n � 1 playerscannot
do better than uncoordinated random guessing. Thus the best that can be achieved is
that every time n � 1 players guesscorrectly, all n players guesscorrectly).

De�nition :

A graph G = (V; E) hasfor s 2 N guessingnumber k = k(G; s) if the players in the
guessinggameGame(G; s) associated to G and s have a strategy that ensuresthat
they all guesscorrectly their own dice valueswith probability ( 1

s ) jV j� k .

In other words a graph G hasguessingnumber k if the playershave a strategy that
succeedswith probability sk times higher than uncoordinated random guessing.

It turns out that for many graphs the guessingnumber is independent of s and is
an integer. However, in general it is possible to show that there exist graphs where
k = k(G; s) dependson s, and wherethe guessingnumber is not always an integer.

4 Information 
o w problems and guessing num bers

We will now consideranother type of problem that turns out to be very closelyrelated
to the guessinggames.

Assumethat we are given an acyclic graph N with input nodesi 1; i2; :::; in and output
nodeso1; o2; : : : ; on as well as an alphabet A. Each input node has indegree0, and each
output node has outdegree0. The problem is whether N can be turned into a circuit
that for each array of inputs (x1; x2; :::; xn ) 2 An wherex j 2 A is the input to input node
i j (j = 1; 2; :::; n), output the samearray (x1; x2; :::; xn ) 2 An i.e. x j is the output of oj

(j = 1; 2; :::; n).
In other words the problem is whether N can be turned into a circuit that computes

the identit y function when input nodesand output nodesare listed with increasingindex
from left to right.
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The answer to this problem dependsin generalnot only on N but also on the sizeof
the underlying alphabet A from which the inputs aswell as function valuesare taken. In
circuit complexity usually A contain only the two \letters" 0 and 1, but the alphabet can
in our setting be any (�nite) set given in advance. We say the information 
o w problem
(N; A) is solvable if N can be turned into a circuit that computesthe identit y function
over the alphabet A as explainedabove.

Let GN denotethe directedgraph that appearsby identifying each input nodewith the
corresponding output node (i.e. by identifying the nodesi j and oj for each j = 1; 2; :::; n).
This conversionof an information network to the graph GN is unique.

The (surprising) link betweeninformation 
o w problemsand directed graphsis based
on the following fact:

Theorem(1) :

The information 
o w problem (N; A) with n input/output nodes has a solution
over alphabet A with jAj = s if and only if the graph GN has guessingnumber
k(G; s) � n.

Furthermore GN hasguessingnumber k(G; s) � n if and only if k(G; s) = n.

An information problem involves mathematically speaking slightly complicated con-
cepts like set of source nodes, set of receiver nodes as well as set of requirements that
speci�es the destination of each input. As pointed out in [10, 9] the main point of the
theorem is that it replacethe information 
o w problem with an equivalent problem that
can be expressedin pure graph theoretic terms (no special input or output nodes).

One important point is that each multiple unicast problem - an important type of
communication networks problem in Network Coding - essentially is equivalent to an
Information 
o w problem as I just de�ned it. The conversion from one to the other can
be achieved via the well-known graph to line-graph conversion(seefor example[8]).

The theoremcan in fact be stated in a stronger form:

Theorem(2) :

The setof solutionsof a information 
o w problem(N; A) with n input/output nodes
are in one-to-onecorrespondencewith the set of guessingstrategies(over alphabet
A with jAj = s) that ensurethat the players in the guessinggameplayed on GN

have successwith probability (at least) ( 1
s ) jGN jnodes � n (where jGN jnodes denotesthe

number of nodesin GN ).

Theorem 2 was �rst stated and proved in [10, 9]. Here I present a proof in a slightly
more compact format.
Pro of of theorem 1 and 2: Considerthe graph GN = (V; E). The set V of nodescan
be divided into two disjoint sets: the set I of nodesin GN that corresponds to the inner
nodes in N (i.e. nodes that are not input or output nodes in N ), and the set J of n
nodesin GN that correspondsto the n input and n output nodesin N . The set I consists
of jGN j � n nodes. The sub-graphof GN restricted to I is an acyclic graph (since N is
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acyclic). Thus as we already noticed for any strategy by the players (it doesnot matter
which) the nodesin I all guesscorrectly their own die value with probability ( 1

s ) j I j . But,
this shows that the probability all players in GN guesscorrectly their own die value is at
most ( 1

s ) j I j . Theorem1 follows becausethis probability can be achieved if and only if the
players in J (corresponding to the output nodesin N ) are able to work out their own die
value with probability 1 (given that all players in I correctly worked out their own die
values).

To prove Theorem 2 consider a guessingstrategy (i.e. a set of speci�c functions
assignedto the nodesin GN ).

If we assign the same functions to the information network N (the output nodes
o1; o2; : : : ; on get assignedthe speci�c functions assignedto the nodesJ in GN ).

Conversely, any attempted solution to N can be converted to a guessingstrategy
by the sameassignment. Thus the spaceof coding functions for N is in a natural 1-1
correspondencewith the spaceof guessingstrategiesto the graph GN . Furthermore, a
coding function for N solvesthe information problem for N if and only if the conditional
probability that the n nodes in J guesscorrectly their own die values (given that all
\inner" nodes(i.e. all the nodesin I ) guesscorrectly their own die values) is 1. |

5 Analysis of a speci�c class of graphs

One interesting class of graphs that are linked to the conjectures I will put forward
later, consistsof (what I will call) Clock-graphs. For each pair of numbers (n; r ) with
r � b(n � 1)=2c we de�ne a graph Gclock(n; r ). It has vertex set V := f 0; 1; 2; : : : ; n � 1g
and edgeset E := f (v; w) : w � v 2 f 1; 2; : : : ; r g, wherethe di�erence w � v is calculated
modulo n.

We will show:

Prop osition A :

The graph Gclock(n; r ) hasguessingnumber r .

Pro of: Consider the subgraph of Gclock(n; r ) that contains the vertex f 0; 1; 2; : : : ; n �
r � 1g. This graph is acyclic (becauser � b(n � 1)=2c) so the players cannot do better
than pure uncoordinated random guessing.Thus the nodes0; 1; 2; : : : ; n � r � 1 are all
correct with probability ( 1

s )n� r . Thus, the players in the graph Gclock(n; r ) are all correct
with probability at most ( 1

s )n� r . Equality appearsif and only if the players have chosen
a strategy that ensuresthat all n players guesscorrectly their own die value if and only
if players 0; 1; 2; : : : ; n � r � 1 all guesstheir own dice value.

Usingsimplelinear algebrait is now straight forward for the playersto derive their own
dicevaluesfrom the n� r valuesx j + x j +1 + : : :+ x j + r = 0 modulo s for j = 0; 1; : : : ; n� r � 1
(public information). |

A more generalclassof clock graphs appears if we, for each n and for each subset
S � f 0; 1; 2; : : : ; n � 1g with 0 62S and v 2 S ! � v 62S, de�ne a graph Gclock(n; S)
with vertex set V := f 0; 1; 2; : : : ; n � 1g and edgeset E := f (v; w) : w � v 2 Sg. The
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resulting graphs have no self-loops (since 0 62S) and it has no undirected edges(since
(v; w) 2 E ! w � v 2 S ! v � w 62S ! (w; v) 62E).

It is an open problem whether the graph Gclock(n; S) in generalhas guessingnumber
� jSj.

6 A Game with public information

Let me brie
y return to the n player gameon the completegraph K n . As we noticed the
players have a guessingstrategy so they all guesscorrectly if the sum of the dice values
are 0 modulo s.

Actually if the players know the sum of the dice values modulo s each player can
deducethe value of their own die. Put in other terms, if each player has accessto a
public channel that can broadcastone of w = s possiblemessages(i.e. the channel has
bandwidth b(G; s) := 1) they can all (provided the messagebroadcastis the correct one),
deducethe value of their own die.

As another example,considerthe graph G = (V; E) with vertex set V := f 0; 1; 2; : : : ;
n � 1g and edgeset E := f (0; 1); (1; 2); : : : ; (j; j + 1); : : : ; (n � 2; n � 1); (n � 1; 0)g. We
already notice that its guessingnumber was 1, i.e. that the players have a strategy that
guaranteesthey all guesscorrectly with probability ( 1

s )n� 1 and that this is the bestpossible
result they can achieve. Assumethat the players know (through a public broadcast) the
valuesx0 � x1; x1 � x2; : : : ; x j � x j +1 ; : : : ; xn� 2 � xn� 1 wherex j denotesthe value of die j .
Then each player can deducetheir own die value. Player j + 1 knows the value of x j and
x j +1 � x j from which x j +1 can be calculated. Player 0, can calculatex0 � xn� 1 and know
the valueof xn� 1 from which x0 canbe derived. Thus if the public channelhasbandwidth
b(G; s) := n � 1 (can broadcastsk� 1 messages),the players can always derive the value
of their own die.

For an alphabet sizes we de�ne the information defect b(G; s) of a graph G aslogs(w)
where w denotesthe smallest number of public messagesm1; m2; : : : ; mw that can be
broadcastedto all players,ensuringthat each player is always able to deducethe value of
his/her die.

In general,whereG = (V; E) can be any graph, the guessingnumber k(G; s) and the
information defect b(G; s) are related. In general,k(G; s) + b(G; s) � jV j and for many
graphsk(G; s) + b(G; s) = jV j.

Lemma 3 :

For any graph G = (V; E) and any s 2 f 2; 3; 4; : : :g jV j � k(G; s) + b(G; s).

Pro of: Let G be a (directed) graph and with information defect b = b(G; s). Then, by
de�nition, there exists a method by which we, by broadcastingone of sb(G;s) messages
to all nodes, can insure that each node j can derive their own die value x j 2 A. If
the dice valuesx1; x2; : : : ; x jV j are selectedrandomly (and independent), each messagem
is broadcastedwith a certain probability p(m). Since � m p(m) = 1, there must exist a
messagem0 that is broadcastedwith probability � ( 1

s )b(G;s) . This is a factor sjV j� b(G;s)
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better than pure uncoordinated random guessingin the guessinggameon G. Thus if the
players in the guessinggameall guesstheir own die value under the assumptionthat the
public messagem0 is broadcasted,they are all correct if this is indeedthe case.Thus the
guessingnumber k(G; s) is � jV j � b(G; s) and b(G; s) + k(G; s) � jV j. |

We will now state and prove a theoremrelated to Theorem1.

Theorem 4 :

An information 
o w problem (N; A) with n input nodes, n output nodes and r
internal nodes, has a solution if and only if the graph GN has information defect
b(G; jAj) � r . Furthermore GN has information defect b(G; jAj) � r if and only if
b(G; jAj) = r .

Pro of: (only if ): Assume�rst that the 
o w problem N hasa solution. We want to show
that b(G; s) � r . The set of nodesin GN can be divided into two disjoint sets. The set I
of nodesthat corresponds to the inner nodes in N and the set J of n nodes in Gn that
corresponds to the n input and n output nodesin N . For each inner node let zj denote
the actual value of player j 's die. Let ~zj denote the value the corresponding node in N
would take accordingto the solution whereall n inputs are given by the actual die values
assignedto the n nodes in J . Assumethat all players have accessto the valueszj � ~zj

for each j 2 I . This information can be provided by a public channel of bandwidth r .
Each player can now calculatetheir own die value. To seethis consider�rst a player that
corresponds to an inner node j in GN . This player has accessto someinner nodesand
possiblyto someinput nodes(nodesin J ). From thesevaluesand the public information,
the player can calculate ~zj . And from zj � ~zj (that is publicly available) the player can
calculatezj .

Considernow a node in j 2 J . This node j hasaccessto nodesin I , aswell aspossibly
somenodes in J . For each node i 2 I that have a value that is available to node j , the
node has accessto zi as well as the public information zj � ~zi . From this node j can
calculate ~zi . But then each node j 2 J can calculatex j .

(if ): Assumethat we can sendr messagesthrough the public channel in such a fash-
ion each node in GN can calculate its own value. But then Gn has information defect
b(GN ; s) � r . We already showed that the guessingnumber b(GN ; s) + k(GN ; s) � jV j =
n + r . Thus k(GN ; s) � n which accordingto Theorem 1 ensuresthat the Circuit infor-
mation 
o w problem N hasa solution. Again accordingto Theorem1, k(GN ; s) = n and
thus b(GN ; s) � r . Thus b(GN ; s) = r if and only if b(GN ; s) � r . |

7 Valian t Conjectures

In [12] (basedon [11]) Valiant put forward four conjectures.In this sectionI will present
the conjecturesusingValiant's terminology. Valiant introduceshis conjecturesasfollows:

Let G bea bipartite graph with nodesetX [ Y whereX = f x1; x2; : : : xng and
Y = f y1; y2; : : : yng denote input variablesand output functions respectively.
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Suppose that edgesare de�ned implicitly by a mapping � where � (yi ) �
X is the set of input nodes that are adjacent to yi in the graph. De�ne
m Boolean functions f 1(x); f 2(x); : : : f m (x) and n further Boolean functions
g1; g2; : : : ; gn , wheregi hasm+ j� (yi )j Booleanarguments, such that with some
abuseof notation, each yi can be an arbitrary function of thesem common
bits and the inputs � (yi ) to which it is connecteddirectly in G. Valiant goes
on to say that G realizesa permutation � with m commonbits if there exists
f 1; f 2; : : : f m ; g1; g2; : : : gn such that for all i; 1 � i � n

x � (i ) = gi (f 1(x); : : : f m (x); � (yi )) :

In other words (still quoting Valiant), for the �xed G and given � onecan �nd
the appropriate Boolean functions such that yi realisesthe permutation � of
f x i g for all truth assignments of f x i g. Valiant then goeson to conjecture:

Conjecture(1) :

If G has degree� 3 (for su�cien tly large n) there is a permutation � such that G
doesnot realize� with n=2 commonbits.

Conjecture(2) :

If G hasO(n1+ � ) edgesfor some� > 0, for n su�cien tly large, there is a permutation
� such that G doesnot realize� with n=2 commonbits.

Conjecture(1 0) :

If G has degree� 3 (for su�cien tly large n) there is a cyclic shift � such that G
doesnot realize� with n=2 commonbits.

Conjecture(2 0) :

If G hasO(n1+ � ) edgesfor some� > 0, for n su�cien tly large, there is a cyclic shift
� such that G doesnot realize� with n=2 commonbits.

Conjecture 20 is in somesensethe most important of Valiant's conjectures. Valiant
showed that if this conjecturehave direct consequencesand leadsto newresults in circuit
complexity. These Complexity questionshave now been open for more than 30 years.
As it happens,we will show that Conjecture 20 is false. However, it can be replacedby
a slightly stronger (and presumablycorrect) conjecturethat essentially have the desired
consequencesin Circuit Complexity Theory.

8 Expressing Valian t's conjectures in terms of guess-
ing num bers

Assumethat we are given a graph G with vertex set V := f 0; 1; 2; : : : ; n � 1g and edge
set E � V � V .
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For each s 2 f 0; 1; 2; : : : ; n � 1g we de�ne the graph Gs (G shifted by s) as the graph
with vertex setV and edgesetE s := f (i; j + s) : i 2 V; (i; j ) 2 Eg wherej + s is calculated
modulo n. This de�nition dependson both the graph G aswell as on the labelling of its
vertex.

For each permutation � 2 Sn we also de�ne the graph G� (G permuted by � ) as the
graph with vertex set V and edgeset E � := f (i; � (j )) : i 2 V; (i; j )) 2 Eg. Unlike the
shift operation, the permutation operation is independent of the labelling of the underlying
vertex set.

Wewill now state four conjecturesthat areequivalent to the four conjecturesdiscussed
in the previoussection.

Conjecture 1 :

Let G be a graph with n vertex and assumethat all vertex have out-degree(in-
degree) � 3. Then (provided n is su�cien tly large) there exists a permutation
� 2 Sn such that G� has information defectb(G� ; 2) > n=2.

Conjecture 2 :

Let � > 0. Let G be a graph with n vertex and less than n1+ � edges. Then
(provided n is su�cien tly large) there exists a permutation � 2 Sn such that G�

has information defectb(G� ; 2) > n=2.

Conjecture 10 :

Let G be a graph with n vertex and assumethat all vertex have out-degree(in-
degree)� 3. Then (provided n is su�cien tly large) there exists a shift s 2 f 0; 1; 2;
: : : ; ng such that Gs has information defectd(Gs; 2) > n=2.

Conjecture 20 :

Let � > 0. Let G be a graph with n vertex and less than n1+ � edges. Then
(provided n is su�cien tly large) there exists a shift such that Gs has information
defectd(Gs; 2) > n=2.

Sparsegraphsmight have a relatively high guessingnumber (i.e. allow a lot of coher-
ence). However, intuitiv ely having a high guessingnumber is a \sporadic" property and
that in generalgetsdestroyed when the graph is modi�ed through shifts or permutations.

Despitethis intuition, there is a limit to how much shifts can insurea drop in guessing
numbersof a sparsegraph. In the next sectionwe will show that Conjecture20 is actually
falseand that it is possibleto construct a sparsegraph G together with a labelling such
that G aswell asall shifts Gs have guessingnumber > n=2 and information defect< n=2.

As we already pointed out, Conjecture 20 is in some sensethe most important of
Valiant's conjectures. Had it beencorrect, this would have had direct consequencesfor
providing new lower boundsin circuit complexity. Noneof the other three conjecturesare
known to have such strong consequences.Never-the-less,the conjecturesare interesting
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in their own right and we will reducetheseconjecturesto certain questionsabout guessing
numbers.

The good news(for proving a non-linear, O(log(n))-depth lower bound for the shift
problem) is that a simplemodi�cation of Valiant's Conjecture20, doesimply such a lower
bound.

This follows(accordingto Theorem2.2in [7]) from [11]wherethe following proposition
can be extracted:

Prop osition C :

For every � > 0; c and d, there exists K such that if F (the shift function) can be
computedby a circuit of sizecn and depth d log(n), then it can be computedby a
graph G of degreeat most n� with K n

log(log(n)) commonbits.

9 Coun ter examples to Valian t's shift conjecture

We have restated Valiant four conjecturesas propositions about the behaviours of the
information defectunder shift and permutations.

Consider the graph G in Figure 1. Undirected edgesrepresent bidirectional edges.
Later this graph will be de�ned as G9;3;1. The graph G(= G0) as well as its 8 shifted
versionsG1; G2; : : : ; G8 areall isomorphic(disregardingthe labelling). Each of the graphs
Gj , j = 0; 1; 2; : : : ; 8 hasguessingnumber 6 and has information defect3.
In termsof Valiant's notions, the bipartite graphBG associated to G haseach shift realised
by 3 commonbits (the bipartite BG is the graph containing the 18 nodesf i 0; i1; : : : ; i8g
and f o1; o2; : : : ; o8g with an edge(i v; ow) if and only if (v; w) 2 G). Valiant's Conjecture
suggestthat at least n=2 bits (i.e. 5) commonbits are neededfor someshift.

The graph G := G23;5;1 in Figure 2(a) is invariant under shifts (if we disregard the
labelling). The graph in Figure 2(b) is a subgraphof G and it has guessingnumber 14
and information defect 9. Thus the graph G = G23;5;1 has guessingnumber � 14 and
information defect � 9. In Valiant's terminology the bipartite graph BG associated to
graph the graph G = G23;5;1 haseach of its 23 shifts realisedby 9 (rather than at least 12
as suggestedby the conjecture) commonbits.

We now generalisetheseexamples. Considern; d; r 2 N with k < n=2 and 0 � r �
n � 1 we let Gn;d;r denotethe graph that has vertex set f 0; 1; 2; : : : ; n � 1g and edgeset
E = En;d;r consistingof all edges(i; j ) with i + j 2 f r; r + 1; r + 2; : : : ; r + d � 1g (where
the sum is calculatedmodulo n).

Lemma 5 :

Let n 2 N be an odd number and let k < n=2. Then for each r = 0; 1; 2; : : : ; n � 1
the graphs Gn;d;r have guessingnumber k(G; s) � n

2 + d
2 and information defect

b(G; s) � n
2 � d

2

Pro of: Let W = f r; r + 1; : : : ; r + d � 1g. Let n0 := n+1
2 and let d0 := d� 1

2 . The graph
Gn;d;r contains d \self-loops" sincethe number of elements i with i + i 2 W is k (sincen is
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Figure 1: G9;3;1 and its 8 shifted versions

odd). Assume�rst that r = 2v is even. In this casethe d vertex v; v + 1; v + 2; : : : ; v + d0

aswell asn0+ v; n0+ (v+ 1); : : : n0+ (v+ d0 � 1) have self-loops. The edges(v� i; v+ d0+ i)
and (v + d0 + i; v � i ) for i = 1; 2; : : : ; n0 � d0 � 1 form a partitioning of the n � d vertex
that have no self-loop.

Thus Gn;d;r contains a disjoint union of n� d
2 cliquesof size2, as well as d vertex with

self-loop. Thus Gn;d;r has guessingnumber k(G; s) at least n
2 + d

2. The graph Gn;d;r

has information defect b(G; s) � n
2 � d

2, since we can simply broadcast the messages
xv� i + xv+ d0 + i for i = 1; 2; : : : ; n0 � d0 � 1 through the public channel. |

Let n 2 N be an odd number and let k 2 N be an odd number. Let ~Gn;d denotethe
classof graphsGn;d;r with r = 0; 1; 2; : : : ; n � 1.

There are, of course,many \sparse" graphs with guessingnumber above n=2. The
point of the graphsin ~Gn;d consideredin the previous lemma is that:

Lemma 6 :

The class ~Gn;d is closedunder shifts. More speci�cally, for any shift s, the graph
Gn;d;r shifted by s is identical to Gn;d;r + s (i.e. Gs

n;d;r = Gn;d;r + s).

Pro of: Let G 2 ~Gn;d and let s 2 f 0; 1; 2; : : : ; n � 1g be a shift. The graph Gs
n;d;r (Gn;d;r

with the headsof all edgesshifted by s) is given by Gn;d;s+ r i.e. by a graph in ~Gn;d . |
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Figure 2: G23;5;1 violating the conjecture

This shows that the information defect of the graphs G 2 ~Gn;d (and any shift s of
those) is at most n

2 � d
2. For 1 > � > 0 and for d = n� the graphs in ~S are (for large

valuesof n), sparsein the senseassumedin Valiant's conjectures. More speci�cally we
have shown:

Prop osition 7 :

Let � 2 R with 0 < � < 1 be any �xed real number. Let Gn 2 ~Gn;n � , n = 1; 2; 3; : : :
be any sequenceof graphs. Then each graph Gn has (at most) n1+ � edgesand
each graph Gn as well as each of its shifts has information defect b(G; s) with
b(G; s) � n

2 � n �

2 . This violates Valiant's Conjecture 20 that implies that for each
sparsegraph G with � n1+ � edgesthere always exists a shift s such that Gs has
information defectat least n

2 .

10 Mo difying Valian t's conjectures

Valiant's conjecture 2 for graphs of in-degree(out-degree) bounded by 3 seemsto be
correct (except that we will have to change n

2 with n� 3
2 for n odd).

What about Conjecture 1 involving graphs of in-degree(out-degree) bounded by 3
and consideringpermutations insteadof shifts? We will prove that this conjecturefollows
from the following statement:
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Statemen t S :

Let G be a directed graph with n nodesand dn edges(whered 2 N ). Assumethat
G is loop-freeand hasno undirected edges.Then G always hasa guessingnumber
� n

2 � n
4d+2 .

There is some evidencethat Statement S is valid, and it is tempting to upgrade
statement S to a conjecture. The main evidencefor statement S is that the `clock' graphs
Gclock(2k + 1; k) (with 2k + 1 nodesand out-degreek) have guessingnumber k. Statement
S is basedon the assumption that the highest guessingnumber of a loopfree graph G
without undirected edgesand with � kn edges,is achieved by dividing the n nodesinto
b n

2k+1 c disjoint clock graphsof type Gclock(2k + 1; k). This graph G hasguessingnumber
closeto kn

2k+1 (equality appearswhenever n is divisible by 2k + 1).
In the casewhere k = 3 we get graphs G with guessingnumber 3n

7 . This value is
� n

2 � 11 for n � 154.

Prop osition 8 :

Assumethat Statement S is valid. Then the following statements are valid:

Statement S1: Assumethat G is a graph with n nodes, with no sel
oops and no
unoriented edges.Then G hasguessingnumber strictly lessthan n=2.

Statement S2: Assumethat each node in G has in-degree(out-degree)at most 3
and that G doesnot contain sel
oops or undirected edgesand contain at least 154
nodes. Then G hasguessingnumber � n

2 � 11.

Statement S3: Assumethat d 2 N and that G is a graph with n nodesand � dn
edges.Further, assumethat G doesnot contain self-loopsor undirectededges.Then
G hasguessingnumber � n

2 � � for n � � (4d + 2).

The statement S2 implies that Valiant's conjecture 1 is valid for n � 175, while
statement S3 for d = n� implies that Valiant's conjecture10 is valid for n � 4d2(4d + 3)
which is always valid for � << 1

4 and n � 4.
Proposition 9 is a special caseof Proposition 10. Though we could strictly speaking

avoid proving Proposition 9 (sinceit canbe derived from Proposition 10) the proof idea is
somewhatmore transparent in the proof of Proposition 9 (sincethe proof contains fewer
parameters).

Prop osition 9 :

Statement S2 implies that each graph G with n � 175 nodes satis�es Valiant's
conjecture1.
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Pro of: First we show that statement S2 implies that for each graph with n � 175nodes
and in-degree(out-degree)� 3 there existsa permutation � of n such that the graph G�

has guessingnumber < n=2. Let G be a graph for which each node has in-degree� 3.
Assumethat G has n � 175 nodes. The number of edgesin G is � 3n. Someof the
edgesmight form a loop. Two pairs of edgesmight form an undirected edge.Let � 2 Sn

be a randomly selectedpermutation (i.e. assumethat each permutation is selectedwith
the sameprobability p = 1

n! ). We want to calculate the expectednumbers of loops in G�

and the expected number of undirected edgesin G� . The nice thing about calculating
expectation numbers is that we need not worry about dependenceand independence
issues. Any edge(a;b) becomesa loop exactly for permutations with � (b) = a. Thus
the expected number of loops produced by a single edgeis 1

n . The expected number of
loops produced by e edgesis e

n . Thus the expected number of loops in the graph G�

is exactly e
n � 3n

n = 3. The expected number of undirected edgescan be calculated
as follows: For two edges(a;b) and (c;d) with a;b;c and d distinct they produce an
undirected edgeexactly when (a; � (b)) and (c;� (d)) have a = � (d) and c = � (b). The
expectation value of this is 1

n(n� 1) . If b = d or if a = c, a = � (d) and c = � (b) are not
possibleif (a;b) 6= (c;d). If a = c and b = d (i.e whenwe have two loops(a;a) and (c;c)),
they produce an undirected edgeexactly when � (a) = c and � (c) = a. The expectation
value for this to happen is 1

n(n� 1) . Thus if the number of all pairs (a;b) and (c;d) of edges

in G with b6= d and a 6= c, is f , the expectednumber of undirected edgesin G� is f
n(n� 1) .

The maximum number of such pairs of edgesis bound by (3n)2 = 9n2. Thus the expected
number of undirected edgesin G� is bound by 9n2

n(n� 1) � 9 + 9
n < 10. And the expected

number of nodesthat are involved in a loop or areoneof the points in a undirectededgeis
� 3+ 2(9+ 1

n ) < 22. Thus there must exist a permutation � such that 21or lesspoints are
involved with self loops or undirected edges.The graph G� restricted to those21 points
might be a complicatedsubgraphwith a mixture of undirected edgesand directed edges.
The highest contribution thesepoints can make to the guessingnumber is 21 (if each of
the 21 point, againstour expectations,contains a self-loop ). The guessingnumber never
decreaseswhenmore edgesare addedsowe can - without lossof generality - assumethat
the 21 points have self loops (producing a guessingnumber of 21). Now we restrict the
graph G� to the remaining n � 21 nodes. This graph has � 175� 21 = 154 nodes, it
has in-degree� 3 and has no self loops and no undirected edges.Thus accordingto our
conjecture,it hasguessingnumber � n� 21

2 � 11. From this it is not hard to show that G�

hasguessingnumber � n� 21
2 � 11+ 21 � n� 1

2 < n
2 .

But sinceG� has guessingnumber k(G� ; s) < n=2 and sincek(G� ; s) + d(G� ; s) � n
(Lemma 3), the information defect d(G� ; s) is at least n � k(G� ; s) > n

2 thus proving
Valiant's conjecture1. |

Prop osition 10 :

Assumethat statement S3 is valid in general. Let G be a directed graph G with
n � 4d2(4d + 3) nodesand � dn edges. Then there exists a permutation � 2 Sn

such that G� has guessingnumber < n
2 . In particular, Valiant's Conjecture 10 is

valid for each n > 5 and � < 1
4
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Pro of: Assumethat G = (V; E) is a graph with jV j = n � (4d2)(4d+ 3) and � dn edges.
We want to show (using statement S3) that there there exists a permutation � of n such
that the graph G� have guessingnumber < n=2. Someof the edgesin G might form a
loop. And two pairs of edgesin G might form an undirected edge.We want to show that
there exists a permutation � 2 Sn such that G� has very few sel
oops and undirected
edges.

Let � 2 Sn be a randomly selectedpermutation (i.e. assumethat each permutation is
selectedwith the sameprobability = 1

n! ). We want to calculate the expected number of
loopsin G� and the expectednumber of undirectededgesin G� . Any edge(a;b) becomes
a loop exactly for permutations with � (b) = a. Thus the expected number of loops
producedby a singleedgeis 1

n . The expectednumber of loopsproducedby e edgesis e
n .

Thus the expectednumber of loopsin the graph G� is exactly e
n � dn

n = d. The expected
number of undirected edgescan be calculated as follows: For two edges(a;b) and (c;d)
with a;b;c and d distinct they produce an undirected edgeexactly when (a; � (b)) and
(c;� (d)) have a = � (d) and c = � (b). The expectation value of this is 1

n(n� 1) . If b= d, or
if a = c, a = � (d) and c = � (b) are not possible(when (a;b) 6= (c;d)). If a = c and b= d
(i.e when we have two loops (a;a) and (c;c)), the two edgesproducean undirected edge
exactly when � (a) = c and � (c) = a. The expectation value for this to happen is 1

n(n� 1) .
Thus if the number of all pairs (a;b) and (c;d) of edgesin G with b6= d and a 6= c, is f , the
expectednumber of undirectededgesin G� is f

n(n� 1) . The maximum number of such pairs

of edgesis bound by (dn)2 + 2d2

n + 2 d2

n2 � n � 3d2 (for n � 3). Thus the expectednumber of
undirectededgesin G� is bound by 3d2. The expectednumber of nodesthat are involved
in a loop or in an undirected edgeis � 3d2. Thus there must exist a permutation � such
that 3d2+ d � 4d2 or lesspoints areinvolvedwith sel
oopsor undirectededges.The graph
G� restricted to those4d2 points might be very complicatedwith a mixture of undirected
edgesand directed edges.The highestcontribution thesepoints can make to the guessing
number is 4d2 (if each of the 2d4 point, againstour expectations,contains a sel
oop). The
guessingnumber never decreaseswhen more edgesare addedso we can - without lossof
generality - assumethat the 4d2 points have self-loops (producing a guessingnumber of
4d2). Now we restrict the graph G� to the remaining n0 := n � 4d2 nodes. This graph has
� dn = d0n0 = dn

n0 n0 edges,hasno self loopsand hasno undirected edges.Thus according
to Statement S3, it hasguessingnumber � n0

2 � � 0 for n0 � � 0(4d0+ 2).
The graph G� has then guessingnumber < n0

2 � � 0+ 4d2 when n � � 0(4d0+ 2) + 4d2.
In other words G� has guessingnumber k(G; s) strictly less than n

2 � � 0 + 4d2 when
n � � 0(4d+ 2) + 4d2. Thus if we let � 0 = 4d2, we have k(G� ; s) < n

2 for n � 4d2(4d+ 2) +
4d2 = 4d2(4d + 3).

But the information defect d(G� ; s) � n � k(G; s) and therefore d(G� ; s) > n=2 for
n � 4d2(4d + 3). |
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