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Abstract

In this paper, we provide a method for determining the asymptotic value of the
maximum edit distance from a given hereditary property. This method permits the
edit distanceto be computed without using Szemer�edi's Regularity Lemma directly.

Using this newmethod, weare able to compute the edit distancefrom hereditary
properties for which it was previously unknown. For some graphs H , the edit
distance from Forb(H ) is computed, where Forb(H ) is the class of graphs which
contain no induced copy of graph H .

Those graphs for which we determine the edit distance asymptotically are H =
K a + Eb, an a-clique with b isolated vertices, and H = K 3;3, a complete bipartite
graph. We also provide a graph, the �rst such construction, for which the edit
distance cannot be determined just by consideringpartitions of the vertex set into
cliquesand cocliques.

In the process,we develop weighted generalizationsof Tur�an's theorem, which
may be of independent interest.

1 In tro duction

Throughout this paper, we use standard terminology in the theory of graphs. See,for
example,[6]. A subgraphdevoid of edges,usually called an independent set, is referred
to in this paper as a coclique , so that it parallels the notion of a clique .

1.1 Background

The edit distanceof graphswas de�ned in [4] as follows:
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De�nition 1 Let P denotea classof graphs. If G is a �xed graph, then the edit dis-
tanc e fr om G to P is

Dist(G; P) = min fj E(F )4 E(G)j : F 2 P; V(F ) = V(G)g

and the edit distanc e fr om n-vertex graphs to P is

Dist(n; P) = maxf Dist(G; P) : jV(G)j = ng:

It is natural to considerhereditary properties of graphs. A hereditary prop ert y
is one that is closedunder the deletion of vertices. In fact, edge-modi�cation for such
properties is an important questionin computerscience,asdescribed in Alon and Stav [1]
and biology, as shown in [4].

Clearly, Forb(H ) is a hereditary property for any graph H . In fact, every hereditary
property, H , can be expressedas

T
H 2F (H ) Forb(H ), where the intersection is over the

family F (H), which consistsof all graphsH which are the minimal elements of H .
In [1], Alon and Stav prove that, for every hereditary property H , there exists a

p� = p� (H ) such that, with high probability, Dist(n; H) = Dist (G(n; p� ); H ) + o(n2),
where G(n; p) denotesthe usual Erd}os-R�enyi random graph. This fact can be used to
prove the existenceof

d� (H ) def= lim
n!1

Dist(n; H)=
�

n
2

�
:

1.2 Previous results

The previously-known generalboundsfor Dist(n; Forb(H )) are expressedin terms of the
so-calledbinary chromatic number:

De�nition 2 The binary chr omatic numb er of a graph G, � B (G) is the least integer
k + 1 suchthat, for all c 2 f 0; : : : ; k + 1g, there existsa partition of V(G) into c cliques
and k + 1 � c cocliques.

The binary chromatic number [4] is calledthe \colouring number" of a hereditary prop-
erty by Bollob�asand Thomason[9] and again by Bollob�as [5] and is called the parameter
� (H ) in Pr•omel and Steger[21]. The term indicates its generalizibility to multicolorings
of the edgesof K n , or K n;n as in [3].

The binary chromatic number gives the value of Dist(n; Forb(H )) to within a multi-
plicative factor of 2, asymptotically:

Theorem 3 ([4]) If H is a graph with binary chromatic number � B (H ) = k + 1, then�
1

2k � o(1)
� � n

2

�
� Dist (n; Forb(H )) � 1

k

� n
2

�
.
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1.2.1 Kno wn values of d� and p�

In [4], a large classof graphsH for which d� (Forb(H )) is known to be the lower bound
in Theorem 3 is described. Namely, if a graph H has the property that � B (H ) = k + 1
and there exist (A; c) and (a;C) such that each of the following occurs

� V(H ) cannot be partitioned into c cliquesand A cocliques,
� V(H ) cannot be partitioned into C cliquesand a cocliques,
� A + c = a + C = k and c � k=2 � C,

then
d� (Forb(H )) =

1
2k

:

It is observed in [1] that if H and (A; c) and (a;C) satisfy the conditions above, then
p� (Forb(H )) = 1=2. Furthermore, if H is a self-complementary graph, then A = C and
a = c. So, C + c = k, which implies c � k=2 � C and (p� (Forb(H )); d� (Forb(H ))) =
(1=2; 1=(2k)).

The edit distancefrom monotoneproperties is alsowell-known. A monotone prop-
ert y is, without lossof generality, closedunder the removal of either vertices or edges.
Let M be a monotoneproperty of graphs. The theoremsof Erd}os and Stone [15] and
Erd}os and Simonovits [14] give that

d� (M ) = 1=r; wherer = minf � (F ) � 1 : F 62Mg and p� (M ) = 1:

Alon and Stav, in [2], prove that d� (Forb(K 1;3)) = p� (Forb(K 1;3)) = 1=3: In this paper,
we generalizethis result to computethe pairs (p� ; d� ) for hereditary propertiesof the form
Forb(K a + Eb) and Forb

�
K a + Eb

�
, whereK a is a completegraph on a vertices,Eb is an

empty graph on b verticesand the \+" denotesa disjoint union of graphs. The claw K 1;3

is K 3 + E1.
In both [4] and in [2], more preciseresults for determining Dist(n; H) are given for

several families of hereditary properties. For this paper, we concernourselvesexclusively
with the �rst-order asymptotics.

Finally, in [2], a formula is given for the asymptotic value of the distance
Dist(G(n; 1=2); H ) for an arbitrary hereditary property H . It generalizesthe result, stated
in [1] and implicit from arguments in [4], that almost surely, Dist(G(n; 1=2); Forb(H )) =

1
2(� B (Forb(H )) � 1)

� n
2

�
� o(n2). In this paper, we will further generalizethis by determining

an asymptotic expressionfor Dist(G(n; p); H ) for all p 2 [0; 1].

1.3 Colored homomorphisms

Next we recall three de�nitions from [1] which are convenient for us.

De�nition 4 A color ed regularity graph (CR G) , K , is a completegraph for which
the vertices are partitioned V(K ) = VW (K ) [

.
VB(K ) and the edgesare partitioned

E(K ) = EW(K ) [
.

EG(K ) [
.

EB(K ). The sets VW and VB are the white and black
vertices, respectively, and the setsEW, EG and EB are the white, gray and blackedges,
respectively.
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Bollob�asand Thomason([8],[10]) originate the useof this structure to de�ne so-called
basic hereditary properties. In particular, the paper [10] generalizesthe enumeration
of graphs with a given property P to the problem of computing the probability that
G(n; p) 2 P. The problems are equivalent if p = 1=2. The papers use many of the
techniques that are repeated or cited in the subsequent works on edit distance and use
other nontrivial ideas.

De�nition 5 Let K be a CRG with V(K ) = f v1; : : : ; vkg. The graph property PK ;n

consists of all graphsJ on n vertices for which there is an equipartition A = f A i : 1 �
i � kg of the vertices of J satisfying the following conditions for 1 � i < j � k:

� if vi 2 VW(K ), then A i spans an empty graph in J ,
� if vi 2 VB(K ), then A i spans a completegraph in J ,
� if f vi ; vj g 2 EW(K ), then (A i ; A j ) spans an empty bipartite graph in J ,
� if f vi ; vj g 2 EB(K ), then (A i ; A j ) spans a completebipartite graph in J ,
� if f vi ; vj g 2 EG(K ), then (A i ; A j ) is unrestricted.

If all of the above holds, we say that the equipartition witnesses the membership of
J in PK ;n .

De�nition 6 A color ed-homomorphism from a (simple) graph F to a CRG, K , is a
mapping ' : V(F ) ! V(K ), which satis�es the following:

1. If f u; vg 2 E(F ) then either ' (u) = ' (v) = t 2 VB(K ), or ' (u) 6= ' (v) and
f ' (u); ' (v)g 2 EB(K ) [ EG(K ).

2. If f u; vg 62E(F ) then either ' (u) = ' (v) = t 2 VW (K ), or ' (u) 6= ' (v) and
f ' (u); ' (v)g 2 EW(K ) [ EG(K ).

Moreover, a colored-homomorphismcan be de�ned from a CRG, K 0, to another CRG,
K 00, that satis�es the following:

0. If v 2 VB(K 0), then ' (v) 2 VB(K 00). If v 2 VW (K 0), then ' (v) 2 VW (K 00).
1. If (u; v) 2 EB(K 0) then either ' (u) = ' (v) = t 2 VB(K 00), or ' (u) 6= ' (v) and

(' (u); ' (v)) 2 EB(K 00) [ EG(K 00).
2. If (u; v) 2 EW(K 0) then either ' (u) = ' (v) = t 2 VW (K 00), or ' (u) 6= ' (v) and

(' (u); ' (v)) 2 EW(K 00) [ EG(K 00).

Note that we can use the second de�nition to include the �rst, by de�ning V(F ) =
VW (F ) [

.
VB(F ) in sucha way as to makethe colored-homomorphismlegal with respect

to the edgeset.

De�nition 7 A CRG, K 0, is induc ed in anotherCRG, K , if there is a colored-homomor-
phism ' : V(K 0) ! V (K ) suchthat

� ' is an injection and
� for any u; v 2 V(K 0) for which f ' (u); ' (v)g 2 EG(K ), then f u; vg 2 EG(K 0).
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De�nition 8 A CRG, K , is an H-color ed regularity graph (H-CR G) for a heredi-
tary property H if, for every graph J 62H, there is no colored-homomorphismfrom J to
K .

Denote K(H) to be the family of all CRGs K such that for every graph J 62H there
is no colored-homomorphismfrom J to K . If there is no colored-homomorphismfrom J
to K , then this is denoted as J 67!c K . If there is a colored-homomorphismfrom J to K ,
then this is denoted as J 7! c K .

Observe that if H =
T

H 2F (H ) Forb(H ), then an H-CRG, K , is one such that for all
H 2 F (H), there is no colored-homomorphismfrom H into K .

1.4 Functions of colored regularit y graphs

1.4.1 Binary chromatic number

Previousedit distanceresultswereexpressedin terms of the so-calledbinary chromatic
number, which can be viewed as an invariant on CRGs for which the edgeset is gray.

De�nition 9 Let K (a;c) denotethe CRG with a white vertices, c blackvertices and all
edgesgray.

The binary chr omatic numb er of a hereditary property H , denoted � B (H ), is the
least integer k + 1 such that, K (a;c) 62K(H) for all a;c such that a + c = k + 1. This
de�nition means that � B (Forb(H )) = � B (H ) for any graph H .

This quantit y is too speci�c for our purposes. We need to introduce a function that
accounts for nongray edgesin CRGs.

1.4.2 The function f

Given a CRG, K , we de�ne two functions. If K has k vertices, with the usual notation
for the edgesetsand the vertex sets,then let

f K (p) def=
1
k2

[p(jVW (K )j + 2jEW(K )j) + (1 � p) (jVB(K )j + 2jEB(K )j)] :

The function that de�nes f K (p) was introduced in [1] and corresponds to equiparti-
tioning the vertex set of someG which is chosenaccordingto the distribution G(n; p) and
mapping the parts of the partition to the vertices of K . So, f represents the expected
proportion of edgesthat are changedunder the rule that if an edgeis mapped to a white
edgeor its endvertices are mapped to the samewhite vertex, then the edgeis removed
and if a nonedgeis mapped to a black edgeor its endvertices are mapped to the same
black vertex, then the edgeis added.

The function f K (p), as a function of p, is a line with a slope in [� 1; 1].
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1.4.3 The function g

The function gK (p) is de�ned by a quadratic program. It corresponds not necessarilyto
an equipartition, but a partition with optimal sizes.

In order to de�ne g, we �rst de�ne somematrices: Let W K denote the adjacency
matrix of the graph de�ned by the white edges,along with the �rst jVW (K )j diagonal
entries being 1 (corresponding to the white vertices)and the other diagonalentries being
0. Let B K denote the adjacencymatrix of the graph de�ned by the black edgesalong
with the last jVB(K )j diagonalentries being 1 (corresponding to the black vertices) and
the other diagonalentries being 0. We de�ne the matrix M K (p) as follows:

M K (p) = pW K + (1 � p)B K :

With this, we de�ne gK (p):

gK (p) :=

8
<

:

min uT M K (p)u
s:t : uT 1 = 1

u � 0:
(1)

If an optimal solution u0 haszeroentries, then gK (p) = gK � (p) for the CRG, K � , induced
in K , whoseverticescorrespond to the nonzeroentries of u0. (Note that K � may depend
on u0.)

Lemma 10 For any CRG K , and any p 2 [0; 1], there exists a CRG K � , where K � is
de�ned as a CRG induced in K by the verticeswhich correspond to nonzero entries of u0,
suchthat gK (p) = gK � (p) = 1

1T M � 1
K � (p)1

.

We prove Lemma 10 in Section3.2.

2 Results

2.1 General bounds

Theorem 11 is our main theorem, relating the functions f and g. For p 2 (0; 1), the
notation G(n; p) is the random variable that represents a graph on n vertices chosenby
a random processin which each edgeis present independently with probability p. For
m � 1, G(n; m) is the random variable that represents a graph on n vertices chosen
uniformly at random from all n vertex graphswith bmc edges.

Theorem 11 For a hereditary property H =
T

H 2F (H ) Forb(H ), let K(H) denote all

CRGs K suchthat H 67!c K for each H 2 F (H). Then, d� (H ) def= limn!1 Dist(n; H)=
� n

2

�

exists. De�ne

f (p) def= inf
K 2K (H )

f K (p) and g(p) def= inf
K 2K (H )

gK (p):
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Then it is the casethat f (p) = g(p) for all p 2 [0; 1],

d� (H ) = max
p2 [0;1]

f (p) = max
p2 [0;1]

g(p);

and p� (H ) is the value of p at which f achievesits maximum. In addition, the function
f (p) = g(p) is concave.

Furthermore, for all p 2 (0; 1),

max
G:e(G)= p(n

2)
f Dist(G; H)g = f (p)

�
n
2

�
+ o(n2);

and for all � > 0, Dist
�
G

�
n; p(n

2)
�

; H
�

� f (p)
� n

2

�
� �n 2, with probability approaching1 as

n ! 1 .

Of course,by de�nition, Dist(n; Forb(H)) = d� (H )
� n

2

�
+ o(n2).

Remark: The main theorem of Alon and Stav [1] states, informally, that there exists
a p� = p� (H ) such that Dist(n; H) = Dist(G(n; p� ); H ). Here, we compute the �rst-
order asymptotic of the edit distanceand show that f (p)

� n
2

�
is asymptotically the maxi-

mum edit distanceamongall graphs of density p, and is achieved by the random graph
G(n; p(n

2)). Informally, Dist
�
G(n; p(n

2)); H
�

= f (p)
� n

2

�
+ o(n2) and in the proof, we show,

that Dist (G(n; p); H ) = f (p)
� n

2

�
+ o(n2) as well.

In addition, Theorem 11 has the advantage that the edit distancecan be computed,
asymptotically, without direct useof Szemer�edi's Regularity Lemma. As we seein The-
orems 12, 13, 14 and 15, the function f (p) is very useful in computing the values of
(p� (H ); d� (H )).

The method for computing (p� ; d� ) in this paper follows the samepattern for every
hereditary property.

Metho d for computing edit distance:
Upp er bound: Carefully chooseCRGs, K 0; K 00 2 K(H) (possibly K 0 = K 00) and

computemaxp2 [0;1] min f gK 0(p); gK 00(p)g. This maximum is an upper bound for d� (H ).
Lower bound: Let p� be the value of p at which the function min f gK 0(p); gK 00(p)g

achieves its maximum. For any K 2 K(H), we try to show that f K (p� ) is at least the
upper bound value. If this is the case,then we have computedd� (H ); moreover, p� (H ) is
the p� provided above. In order to do this, we usea type of weighted Tur�an theorem.

2.2 The edit distance of K a + Eb

We give a classof graphs in which neither the upper nor the lower boundsgiven by the
binary chromatic number hold.

Theorem 12 Let a � 2 and b � 1 be positive integers. Let H = K a + Eb, the disjoint
union of an a-clique and a b-coclique. Then,

d� (Forb(K a + Eb)) =
1

a + b� 1
and p� (Forb(K a + Eb)) =

a � 1
a + b� 1

;
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i.e., Dist(n; Forb(K a [ Eb)) = 1
a+ b� 1

� n
2

�
� o(n2).

We note that � B (K a + Eb) = maxf a;b+ 1g and so Theorem 12 is an improvement
over [4] in the casewhen a 6= b+ 1. It is alsoan improvement over Proposition 17, which
appearsbelow, in the casewhen b> 1 and a > 2. Alon and Stav [2] prove the casewhen
a = 3 and b = 1, the complement of the \claw," K 1;3.

2.3 A few speci�c graphs

In all known examplesof hereditary properties H , the point at which (p� (H ); d� (H ))
occurs is either the intersection of two curves gK 0(p), gK 00(p) or is the maximum of a
single curve gK 0(p). In either case,each CRG can be chosento be one with only gray
edges.

We computethe edit distanceof two hereditary properties that demonstratethe com-
plexity of both p� and d� .

2.3.1 The graph K 3;3

The graph K 3;3 hasd� and p� de�ned by the local maximum of a singlecurve gK 0(p).

Theorem 13 The completebipartite graph K 3;3 satis�es

p� (Forb(K 3;3)) =
p

2 � 1 and d� (Forb(K 3;3)) = 3 � 2
p

2:

Moreover, p� is the local maximum of gK 0(p), where K 0 consistsof one white vertex, two
blackvertices and all gray edges.

It shouldbe noted that neither p� nor d� could be determinedfor this hereditary prop-
erty by the intersectionof a �nite number of f curves,simply becausesuch intersections
would occur at rational points. So,a sequenceof CRGs would be required. By using the
g curves,however, we needonly to usea singleCRG.

2.3.2 The graph H9

Here, the graph we construct is formed by taking C2
9 and adding a triangle. That is, if

the verticesare f 0; 1; 2; 3; 4; 5; 6; 7; 8g, then i � j i� i � j 2 f� 1; � 2g (mod 9) or both i
and j are congruent to 0 modulo 3. For notational simplicity, we call this graph H 9. See
Figure 1.

1
0

27

5 4
6 3

8

Figure 1: The graph H9.
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An upper bound on d� (Forb(H9)) is de�ned by the intersectionof two curves,gK 0(p),
gK 00(p), oneof which corresponds to a CRG that has oneblack edge.For this graph H 9,
it is impossibleto only considerCRGs which have all edgesgray. It was a folklore belief
that for every graph it is su�cien t to considerCRGs which have all edgesgray, H 9 is the
�rst exampleshowing that this belief is false.

Theorem 14 The graph H9 satis�es

d� (Forb(H9)) �
3 �

p
5

4
:

Moreover, this value occurs at the intersection of gK 0(p) and gK 00(p), where K 0 consists
of two blackvertices and a gray edgeand K 00consistsof four white vertices, a blackedge
and 5 gray edges.

In the proof, we show that if only gray-edgeCRGs are used,then the upper bound on
d� could be no lessthan 1=5 = 0:2, but 3�

p
5

4 � 0:191. The lower bound, from Theorem3,
is d� (Forb(H9)) � 1=6 � 0:167.

2.4 4-vertex graphs

In [2], Alon and Stav compute(p� (Forb(H )); d� (Forb(H ))) for all H on at most 4 vertices.
Except for P3+ K 1 and its complement, all such graphsH areeither coveredby Theorem16
(seealso [4]) or are of the form K a + Eb or K a + Eb, which is covered by Theorem 12.
Herewe give a short and di�erent proof, using Lemma 18, for P3 + K 1, which consistsof
a triangle and a pendant edge.

Theorem 15 The graph P3 + K 1 satis�es

p�
�
Forb(P3 + K 1)

�
= 2=3 and d�

�
Forb(P3 + K 1)

�
= 1=3:

3 Basic to ols

3.1 Impro ved binary chromatic num ber bounds

Lemma 10, along with Theorem11, yields a proof of a somewhatbetter upper bound for
Dist(n; H), basedon the binary chromatic number.

Recall that K (a;c) denotesthe CRG that consistsof a white vertices,c black vertices
and only gray edges. If k = � B (H ) � 1, then let cmin be the least c so that K (k �
c;c) 62K(H). Let cmax be the greatestsuch number. For H = Forb(H ), there exists an
upper bound that can be expressedin terms of the binary chromatic number of H and
corresponding cmin and cmax .
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Theorem 16 ([4 ]) Let H be a graph with binary chromatic number k + 1 and cmin and
cmax be de�ned as above. If cmin � k=2 � cmax , then

d� (Forb(H )) =
1
2k

:

Otherwise, let c0 be the one of f cmax ; cmin g that is closestto k=2. Then

d� (Forb(H )) �

0

@ 1

1 + 2
q

c0
k

�
1 � c0

k

�

1

A 1
k

�
1
k

:

Proposition 17 improvesthis generalupper bound, not only trivially by extendingit to
generalhereditary properties, but alsoby improving the casewhen cmax = 0 or cmin = k.

Prop osition 17 Let H be a hereditary property with k + 1 = � B (H ) and c0; cmax ; cmin

de�ned analogouslyto Theorem 16. The boundsin Theorem 16 hold for H . Furthermore,
if H 6= Forb(K k+1 ), then

d� (H ) �
1

k + 1
:

Note that d� (Forb(K k+1 )) = 1
k by Tur�an's theorem.

Pro of. If we restrict our attention to the CRGs in K(H) which are of the form K (a;c),
then Theorem11 givesthat

d� (H ) � max
p2 [0;1]

inf
K (a;c)2K (H )

�
gK (a;c)(p)

	
= max

p2 [0;1]
min

K (a;c)2K (H )

�
p(1 � p)

a(1 � p) + cp

�
:

A word on why the \inf " is madeinto a \min": Recall that if H =
T

H 2F (H ) Forb(H ),
then K 2 K(H) meansthat H 67!c K for all H 2 F (H). ChoosesomeH0 2 F (H). In
order for K 2 K(H), it must be the casethat H0 67!c K . But, there are only a �nite
number of pairs (a;c) such that H0 67!c K (a;c). Indeed,H0 7! c K (a;c) if either a � � (H0)
or c � � (H0). Therefore,regardlessof H , there areonly a �nite number of (a;c) for which
K (a;c) 2 K(H).

Supposethere exist di�erent pairs (a;C) and (A; c) such that a + C = A + c = k and
c � k=2 � C. We bound d� (H ) by max

p2 [0;1]
min

�
gK (a;C)(p); gK (A;c)(p)

	
. If p < 1=2, then

C(1 � 2p) > c(1 � 2p)

� C(1 � p) + Cp < � c(1 � p) + cp

(k � C)(1 � p) + Cp < (k � c)(1 � p) + cp

a(1 � p) + Cp < A(1 � p) + cp

gK (a;C)(p) > gK (A;c)(p):
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Similarly, if p > 1=2, then gK (a;C)(p) < gK (A;c)(p). So, max
p2 [0;1]

min
�

gK (a;C)(p); gK (A;c)(p)
	

occursat the intersectionof the two curves,which is (1=2; 1=(2k)).
Otherwise, let c0 be the value of c for which K (k � c;c) 2 K(H) that is the closestto

k=2. Without lossof generality, assumethat c0 = c < k=2. If c0 > 0, then k � 3 and we
may bound d� (H ) by gK (k� c0;c0)(p), which achieves its maximum at p =

p
k� c0p

k� c0+
p

c0
and

this maximum is

1
� p

k � c0 +
p

c0

� 2 =

0

@ 1

1 + 2
q

c0
k

�
1 � c0

k

�

1

A 1
k

�

0

@ 1

1 + 2
q

1
k

�
1 � 1

k

�

1

A 1
k

=
1

k + 2
p

k � 1
<

1
k + 1

:

Finally, consider the casewhen c0 = 0. If there exists someK (� ; 
 ) 2 K(H) with

 � 1, then gK (�;
 )(p) intersectsgK (k;0)(p) at p = k� �

k� � + 
 and the value of each function
at that point is k� �

k(k� � + 
 ) � 1
k+1 , which has equality only if 
 = 1 and � = 0. If there is

no such K (� ; 
 ), then, with H =
T

H 2F (H ) Forb(H ), each H 7! c K (0; 1). Therefore,each
H is a clique and so the smallestone de�nes H. The fact that � B (H ) = k + 1 requires
H = Forb(K k+1 ).

So,d� (H ) � 1
k+1 unlessH = Forb(K k+1 ). �

3.2 Pro of of Lemma 10

Let u0 be an optimal solution of (1) and, amongsuch solutions, it is one with the most
number of zero entries. Let K � be a CRG that corresponds to u0. Let M K � (p) be the
associated matrix and u � be the vector formed by removing the zeroentries from u0. By
assumption,u � is an optimal solution of

gK � (p) :=

8
<

:

min uT M K � (p)u
s:t : uT 1 = 1

u � 0;
(2)

where from K � the vertices that correspond to the deleted 0 coordinates of u0 and the
corresponding rows and columnsof M K � (p) are removed. Furthermore, all entries of u �

are strictly positive.
SupposeM K � (p) is not invertible, with M K � (p)x = 0 wherex 6= 0 and xT 1 6= 0. Then

rescalex so that xT 1 = 1. Choosean � > 0 such that (1 � � )u � + � x hasall nonnegative
entries. This is possibleand is a feasiblesolution to the quadratic program(2), producing
the value

((1 � � )u � + � x)T M K � (p) ((1 � � )u � + � x) = (1 � � )2(u � )T M K � (p)u � ;

which contradicts the presumedoptimal value.
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SupposeM K � (p) is not invertible, with M K � (p)x = 0 where x 6= 0 and xT 1 = 0.
Then rescalex so that u � + x has nonnegative entries and at least one zero entry. This
is a feasiblesolution to (2), producing the value

(u � + x)T M K � (p) (u � + x) = (u � )T M K � (p)u � ;

but this contradicts the valueof u � becausethis vector haszeroentries. More zeroentries
can be appendedto createa solution of (1) which hasmore zerosthan u0.

Therefore,we may assumethat M K � (p) is invertible. Note that both it and its inverse
are symmetric matrices. De�ne the following vector: z := M K � (p)� 11=

�
1T M K � (p)� 11

�
.

Choose� > 0 small enoughso that both 1
1+ � (u � + � z) and 1

1� � (u � � � z) have all entries
nonnegative. Such an � exists becauseall entries of u � are positive.

Theseare each feasiblesolutions and when 1
1� � (u � � � z) is placed in (2), it gives the

value

1
(1 � � )2

(u � � � z)T M K � (p) (u � � � z)

=
1

(1 � � )2

�
(u � )T M K � (p)u � � 2� (u � )T M K � (p)z + � 2zT M K � (p)z

�

=
1

(1 � � )2

�
(u � )T M K � (p)u � � 2�

(u � )T M K � (p)M K � (p)� 11
1T M K � (p)� 11

+ � 2 1T M K � (p)� 1M K � (p)M K � (p)� 11

(1T M K � (p)� 11)2

�

=
1

(1 � � )2

�
(u � )T M K � (p)u � +

� 2 � 2�
1T M K � (p)� 11

�

= (u � )T M K � (p)u � + � (� 2 + � )
�

1
1T M K � (p)� 11

� (u � )T M K � (p)u �

�
:

If (u � )T M K � (p)u � 6=
�
1T M K � (p)� 11

� � 1
, then either u � + � z or u � � � z is a better solution

to (2) than u � , a contradiction.
So, (2), hence(1), hasvalue

�
1T M K � (p)� 11

� � 1
. �

4 Pro of of Theorem 11

Our proof has the following outline:
A. Show that every graph G on n verticesand p

� n
2

�
edgeshasDist(G; H) � f (p)

� n
2

�
.

B. Show that f is continuousand so it achievesits maximum.
C. Show that, for any �xed p and for � small enough,Dist (G(n; p); H ) � f (p)

� n
2

�
� 2�n 2

for n su�cien tly large.
D. Show that g(p) = f (p) for all p.
E. Show that g(p) is concave.
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A: Upp er bound.

Recall that f (p) = inf
K 2K (H )

f K (p) and g(p) = inf
K 2K (H )

gK (p).

Let G be an arbitrary graph on n vertices with p
� n

2

�
edges. Let K 2 K(H) with

k = jVB(K )j + jVW (K )j. We will randomly partition V(G) into k piecesand deleteand
addedgesin a mannerdeterminedby K . For each v 2 V(G), randomly, and independently
from other vertices,placev into Vi with probability 1=k. Moreover, label the verticesof K
with f v1; : : : ; vkg. Create G0 from G by performing the following action for each distinct
i and j in [k]:

� If vi 2 VW (K ), then deletethe edgesin G having both endpoints in Vi .
� If vi 2 VB(K ), then add the non-edgesin G having both endpoints in Vi .
� If f vi ; vj g 2 EW(K ), then deletethe edgesin G having oneendpoint in Vi and the

other in Vj .
� If f vi ; vj g 2 EB(K ), then add the edgesin G having one endpoint in Vi and the

other in Vj .

If there is an inducedcopy of H in G0, then there is a colored-homomorphismfrom H to
K . SinceK 2 K(H), there is no H 2 F (H) for which H 7! c K . Thus, G0 2 H.

The probability that an edgeis deletedis (jVW(K )j + 2jEW(K )j)=k2 and the proba-
bilit y that a nonedgeis addedis (jVB(K )j + 2jEB(K )j)=k2. Therefore,expectednumber
of changesis

p
�

n
2

�
jVW(K )j + 2jEW(K )j

k2
+ (1 � p)

�
n
2

�
jVB(K )j + 2jEB(K )j

k2
= f K (p)

�
n
2

�
:

This implies that there is a partition which results in at most f K (p)
� n

2

�
changesin

order to transform G into someG0 2 H, i.e., Dist(G; H)=
� n

2

�
� f K (p). Sincethis is true

for any K 2 K(H), Dist(G; H)=
� n

2

�
� inf K 2K (H ) f K (p) = f (p).

B: Con tin uit y of f .

We di�er slightly from Alon and Stav in their approach in [1] to ensurethe continuity of
f . For terminology and citations of the theoremsbelow, seechapter 7 of Rudin [22].

The set K(H) is countable since the set of �nite CRGs is countable. Therefore, we
can linearly order the members of K(H) as K 1; K 2; : : :. Let mn (p) = mini � n f K i (p) and
f (p) = inf i f K i (p). Sinceeach f K i (p) is a line with slope in [� 1; 1], each mn (p) is Lipschitz
with coe�cien t 1. So,f mng forms an equicontinuous,pointwiseboundedfamily. As such,
f mng hasa uniformly convergent subsequence.The limit must, therefore,be continuous.
Sincemn ! f pointwise, this limit is f (p).

Sincef is continuous, it achievesits maximum in the closedinterval [0; 1]. Therefore,
Dist(n; H) � maxp2 [0;1] f (p). De�ne p� so that f (p� ) is this maximum. Note that if some
lines are horizontal then p� is not necessarilyunique.
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C: Lower bound for the random graph.

Fix p 2 (0; 1) and � > 0. Let S = S(�; H ) the function provided by the generalization
of the Regularity Lemma, cited as Lemma 2.7 in [1]. The proof below follows ideas
similar to those in [1]. Let G � G(n; p). A routine application of the Cherno� bound
(see[16]) gives that the probability that every equipartition of V(G) into k � S pieces
V1 [

.
� � � [

.
Vk hasthe subgraphsG[Vi ] and the bipartite subgraphsG[(Vi ; Vj )] with density

in (p � n� 0:4; p + n� 0:4) for all distinct i; j 2 [k] is at most expf� 
( n1:2)g, with p and S
�xed. Choosen to be largeenoughfor such a graph to exist and chooseG to be onesuch
graph.

Let G0 2 H have the property that Dist(G; G0) = Dist(G; H). Apply the generalization
of the Regularity Lemmato G0, with parameters� and m = 2� � 1. There is an S = S(�; H )
such that there is an equipartition of the vertex set: V (G0) = V1[

.
� � �[

.
Vk , with m � k � S.

Each pieceis of sizeeither L def= bn=kc or dn=ke.
The graph G00is constructedfrom this partition in such a way asto ensurethat G00[Vi ]

is either an empty or complete graph and either dG00(Vi ; Vj ) = 0 or dG00(Vi ; Vj ) = 1 or
�=2 � dG00(Vi ; Vj ) � 1� �=2. This is doneby deleting edgesfrom sparseclustersand pairs
and adding edgesto denseclustersand pairs. Consequently, Dist(G0; G00) < (�=2)n2.

This naturally yieldsa CRG, K , on the vertex setf v1; : : : ; vkg wherevi is f white; blackg
i� G00[Vi ] is f empty; completeg and f vi ; vj g is f white; blackg i� f dG00(Vi ; Vj ) = 0,
dG00(Vi ; Vj ) = 1g; otherwise f vi ; vj g is gray. If there is a colored-homomorphismfrom
H 2 F (H) to K , then the construction of G00ensuresthat H is induced in both G00and
G0. Therefore,K must be in K(H).

Sincethe distancebetweengraphs is simply a symmetric di�erence of edges,we see
immediately that the triangle inequality applies:

Dist(G; G0) � Dist(G; G00) � Dist(G0; G00)

� Dist(G; G00) � (�=2)n2

�
�
p � n� 0:4

�
�

L
2

�
jVW(K )j +

�
1 � p � n� 0:4

�
�

L
2

�
jVB(K )j

+
�
p � n� 0:4

�
L2jEW(K )j +

�
1 � p � n� 0:4

�
L2jEB(K )j � (�=2)n2

�
1
k2

(pjVW (K )j + (1 � p)jVB(K )j)
�

n
2

�
(n � k)(n � 2k)

n(n � 1)

+
1
k2

(pjEW(K )j + (1 � p)jEB(K )j)
�

n
2

�
(n � k)2

n(n � 1)

�
n1:6

2k
�

n1:6

2
� (�=2)n2:
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For n large enough,

Dist(G; G0) �
1
k2

(pjVW(K )j + (1 � p)jVB(K )j)
�

n
2

� �
1 �

3k
n

�

+
1
k2

(pjEW(K )j + (1 � p)jEB(K )j)
�

n
2

� �
1 �

2k
n

�
�

3�
4

n2

� f K (p)
�

n
2

�
� �n 2:

So, for each su�cien tly small � > 0, the probability that G � G(n; p) satis�es
Dist(G; H) � f (p)

� n
2

�
� �n 2 approaches1 asn ! 1 .

The only placewhererandomnessis usedabove is to show that, with respect to any
equipartition with k � S parts, the density of the pairs is closeto p. This is true for
G

�
n; p(n

2)
�

as well, thereforewe concludethat for all � su�cien tly small, the probability
that G � G

�
n; p(n

2)
�

satis�es Dist(G; H) � f (p)
� n

2

�
� �n 2 approaches1 asn ! 1 .

Thus, f (p) is the supremum of Dist(G; H) for graphs G of density p and
Dist(n; H)=

� n
2

�
= f (p� ) � o(1).

D: Equalit y of f and g.

We addressthe g functions. Recalling (1),

gK (p) =

8
<

:

min wT M K (p)w
s:t : wT 1 = 1

w � 0:

If K has k vertices, then w = 1
k 1 is a feasiblesolution, and gK (p) � f K (p) for all

p 2 [0; 1]. Thus, g(p) � f (p).
Fix p 2 [0; 1] and � 2 (0; 1) and choosea K � 2 K(H) such that gK � (p) � g(p) + �=2

and an optimal solution in the corresponding quadratic program, u � = (u1; : : : ; uk), has
strictly positive entries. We will �nd a CRG, L (for which the ` clusters are equally
weighted), that will approximate the weighted versionof K � . Set ` > 5k� � 1. Construct a
CRG, L, on ` verticessuch that there are bui `c or dui `e copiesof vertex x i of K � in the
natural way: Let y0 be a copy of x i and y00be a copy of x j . The vertex y0 has the same
color as x i and y00has the samecolor as x j . If i 6= j , then f y0; y00g has the samecolor as
f x i ; x j g. If i = j , then f y0; y00g has the samecolor as vertex x i .

Let ~u = (du1`e; : : : ; duk`e) and d = ~u � `u � . Hence,coordinatewise,0 � d � k1. We
can upper bound the f function of L:
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f L (p) =
1
`2

(~u)T M K � (p)~u

=
1
`2

(`u � + d)T M K � (p) (`u � + d)

= (u � )T M K � (p)u � +
2
`
u � M K � (p)d +

1
`2

dT M K � (p)d

� gK � (p) +
2
`
(u � )T J1 +

1
`2

1T J1

= gK � (p) +
2k
`

(u � )T 1 +
k
`2

1T 1

= gK � (p) +
2k
`

+
k2

`2
;

whereJ is the all onesk � k matrix. Sincek=` < �=5 < 1=5, it is true that 2k=`+ k2=`2 <
�=2. Therefore,

f (p) � f L (p) < gK � (p) +
�
2

< g(p) + �;

for all � 2 (0; 1), yielding f (p) = g(p).

E: Concavit y of f (p).

A function h is concave on an interval domain if, whenever a and b are in the domain of
h, then h(ta + (1 � t)b) � th(a) + (1 � t)h(b) for all t 2 [0; 1].

For the function f , the in�m um of linear functions,

f (ta + (1 � t)b) = inf
K 2K (H )

f f K (ta + (1 � t)b)g = inf
K 2K (H )

f tf K (a) + (1 � t)f K (b)g

� t
�

inf
K 2K (H )

f f K (a)g
�

+ (1 � t)
�

inf
K 2K (H )

f f K (b)g
�

= tf (a) + (1 � t)f (b):

This concludesthe proof of Theorem11. �

5 The computation of p� and d� for speci�c families

Let t(n; k) denotethe number of edgesin the Tur�an graph on n verticeswith no clique of
order k + 1. The following is a result of elementary computation:

k � 1
k

n2

2
�

k
8

� t(n; k) =
k � 1

k
n2

2
�

k
2

� l n
k

m
�

n
k

� � n
k

�
j n

k

k�
�

k � 1
k

n2

2
:
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5.1 General approac h

To prove upper bounds on d� , we use (1) and chooseCRGs whosecurves intersect at
(p� ; d� ) or a curve that achievesits maximum at (p� ; d� ).

To prove lower boundson d� , we needto usea weighted Tur�an approach which seems
to be quite di�cult in general.To seea simpleapplication of the weighted Tur�an method,
we provide a very short proof of the lower bound in Theorem3 below:

Let H be a graph with binary chromatic number � B and let K be any CRG for which
H 67!c K . This immediately implies that K contains no clique of order � B + 1 whose
edgesare all gray.

In particular, this implies that EG(K ) � t(k; � B ). Setting p = 1=2, we seethat

f K (1=2) =
1
k2

�
1
2

(jVW(K )j + 2jEW(K )j) +
1
2

(jVB(K )j + 2jEB(K )j)
�

=
1
k2

�
k
2

+ (jEW(K )j + jEB(K )j)
�

�
1
k2

�
k
2

+
��

k
2

�
� t(k; � B )

� �

�
1
2

�
1
k2

t(k; � B )

�
1
2

�
� B � 1

2� B
=

1
2� B

;

and this provesthe lower bound of Theorem3.

5.2 Edit distance of K a + Eb

5.2.1 Upp er bound

Here, we chooseK 0 to have jVW(K 0)j = a � 1, jVB(K 0)j = 0 and all edgesgray. Fur-
thermore, we chooseK 00 to have jVW(K 00)j = 0, jVB(K 00)j = b and all edgesgray. It
is easy to seethat both K a + Eb 67!c K 0 and K a + Eb 67!c K 00. An easycomputation
givesthat gK 0(p) = p

a� 1 and gK 00(p) = 1� p
b . The intersectionof the two functions is at the

point (p� ; d� ) =
�

a� 1
a+ b� 1; 1

a+ b� 1

�
. Moreover, the fact that minf gK 0(p); gK 00(p)g is strictly

unimodal, meansthat our proof below that g(p� ) � d� meansthat p� is the unique value
at which g(p) achievesits maximum.

5.2.2 Weighted Tur �an lemma

The following lemma can be consideredto be a generalizationof Tur�an's theorem. That
is, if from Lemma 18 we only apply condition (1) but not condition (2), then the answer
is a basicconsequenceof Tur�an.

Lemma 18 Let a � 2 and let K be a CRG with the property that any set A of a vertices
hasat least one of the following conditions:
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(1) A contains at least one white edge,
(2) A contains a spanning subgraph of blackedges.

Then
(a � 1)EW(K ) + EB(K ) �

l n
2

(n � a + 1)
m

:

Pro of. We �x an integer a � 2 and proceedvia induction on n. The basecase,n � a is
trivial.

Now, we assumethat any CRG, K 0, on s < n vertices that satis�es the conditions of
the lemma has (a � 1)EW(K 0) + EB(K 0) � d(s=2)(s � a)e.

Let K be a CRG on n vertices. If it consistsof only white edges,then

(a � 1)EW(K ) + EB(K ) = (a � 1)EW(K ) = (a � 1)
�

n
2

�
�

l n
2

(n � a + 1)
m

:

Let V(K ) � S be a maximal set of verticesthat doesnot spana white edge.We may
assumethat S 6= ; becauseotherwise the minimum black degreeis at least n � a + 1,
proving the claim of the theorem. By the maximality of V(K ) � S, for any s 2 S there
exists a t 2 V(K ) � S such that st 2 EW(K ). Moreover, since there is no white edge
in V(K ) � S, vertex s has at most a � 2 gray neighbors in V(K ) � S. Otherwise, s and
a � 1 gray neighbors in V(K ) � S will violate both conditions.

The total weight of K is as follows:

� In the CRG induced by the vertex subset V(K ) � S, the weight is at least
d(n � jSj)(n � jSj � a + 1)=2e, by induction.

� In the CRG induced by the pair (S;V(K ) � S), each s 2 S has at least one white
neighbor and at most a� 2 gray neighbors, sothe weight from s into V(K ) � S is at
least (a� 1)+ (n � jSj � (a� 2) � 1) = n � jSj. Sothe weight is at least jSj(n � jSj).

� In the CRG induced by S, the total weight is at least d(jSj=2)(jSj � a + 1)e, by
induction.

Adding thesetogether, the proof is complete. �
Remark: Note that equality holds whenS = ; (i.e, there is no white edge)and the gray
edgesform a graph that is either (a � 2)-regular or hasn � 1 verticesof degreea � 2 and
onevertex of degreea � 3, depending on divisibilit y.

5.2.3 Lower bound

Fix p� = a� 1
a+ b� 1 . Let K be any CRG for which K a + Eb 67!c K . To simplify notation,

de�ne K W to be the CRG induced by VW (K ). First we will give a lower bound on
p� jEW(K )j + (1 � p� )jEB(K )j.

� In the bipartite CRG inducedby (VW (K ); VB(K )), all edgesmust be black, other-
wiseK a + Eb 7! c K . Theseedgescontribute a weight of (1 � p� )jVW (K )jjVB(K )j.
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� In the CRG inducedby VB(K ), each set of b+ 1 verticeshasat leastoneblack edge
in the CRG they induce,otherwiseK a + Eb 7! c K . The a-clique mapsto onevertex
and the b-coclique maps to the remaining b black vertices. By Tur�an's theorem,
theseedgescontribute a weight of at least (1 � p� )

h� jVB (K )j
2

�
� t(jVB(K )j; b)

i
.

� In the CRG induced by VW(K ), considera set of a vertices. If there is neither a
white edgenor a spanningsubgraphof black edges,then the verticescan be labeled
v1; : : : ; va such that the a � 1 edgesincident to v1 are all gray and f v2; : : : ; vag
inducesa CRG with all edgeseither gray or black.
In this case,map the b-coclique to v1 and the a verticesof the clique to v1; : : : ; va.
This exhibits the fact that K a + Eb 7! c K . We will apply Lemma 18 to K W . As a
result, theseedgescontribute a weight of at least

p� jEW(K W )j + (1 � p� )jEB(K W )j

=
1

a + b� 1
[(a � 1)jEW(K W )j + bjEB(K W )j]

�
1

a + b� 1
[(a � 1)jEW(K W )j + jEB(K W )j]

�
1

a + b� 1

�
jVW (K )j

2
(jVW (K )j � a + 1)

�
:

The remaining edgesof the CRG contribute the following to the weight:

(1 � p� )jVW (K )jjVB(K )j + (1 � p� )
��

jVB(K )j
2

�
� t (jVB(K )j; b)

�

�
1

a + b� 1

�
bjVW (K )jjVB(K )j + b

� �
jVB(K )j

2

�
� t (jVB(K )j; b)

� �

�
1

a + b� 1

�
bjVW (K )jjVB(K )j +

jVB(K )j2

2
�

bjVB(K )j
2

�
:

Computing f K (p� ) gives,by de�nition,

f K (p� ) =
1
k2

(p� (jVW(K )j + 2jEW(K )j) + (1 � p� ) (jVB(K )j + 2jEB(K )j))

�
1

(a + b� 1)k2
((a � 1)jVW(K )j + bjVB(K )j + 2bjVW (K )jjVB(K )j

+ jVB(K )j2 � bjVB(K )j + jVW(K )j(jVW(K )j � a + 1)
�

=
1

(a + b� 1)k2

�
2bjVW(K )jjVB(K )j + jVB(K )j2 + jVW(K )j2

�

=
1

(a + b� 1)k2

�
k2 + 2(b� 1)jVW(K )jjVB(K )j

�

�
1

a + b� 1
:

Therefore,d� (Forb(K a + Eb)) = 1
a+ b� 1 and p� (Forb(K a + Eb)) = a� 1

a+ b� 1. �
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5.3 Edit distance of K 3;3

5.3.1 Upp er bound

The Young tableau in Figure 2 diagrams the valuesof (a;c) for which K 3;3 67!c K (a;c)
and Figure 3 givesthe graph of K (1; 2) with the region it de�nes shaded.

c

1
0

0 1 2

a

Figure 2: The Young
tableau of (a;c) for
which K 3;3 67!c K (a;c).

Figure 3: The graph of gK (1;2)(p).

Here, we choose K 0 to have jVW(K 0)j = 1, jVB(K 0)j = 2 and all edgesare gray.
That is, K 0 = K (1; 2) and it is easy to seethat K 3;3 67!c K 0 . We can use Lemma 10
to compute that gK 0(p) = p(1� p)

1+ p . The maximum of this function on [0; 1] occurs at

(p� ; d� ) =
� p

2 � 1; 3 � 2
p

2
�
.

5.3.2 Lower bound

Fix p� =
p

2 � 1. Let K be any CRG for which K 3;3 67!c K . For simplicity of notation,
de�ne K B to be the CRG induced by VB(K ). First we will give a lower bound on
p� jEW(K )j + (1 � p� )jEB(K )j.

� In the CRG induced by VW(K ), all edgesmust be white, otherwise K 3;3 7! c K .
Theseedgescontribute a weight of p�

� jVW (K )j
2

�
.

� In the bipartite CRG inducedby (VW (K ); VB(K )), if there is a triangle f b1; b2; b3g
in VB(K ) that has all edgeswhite or gray then, for every w 2 VW (K ), f bi ; wg is
white for at least one i 2 f 1; 2; 3g. Otherwise,K 3;3 7! c K .
Sincethere must be a white edgebetweenevery white/gray triangle in VB(K ) and
every vertex in VW(K ), let C � VB(K ) bea minimum-sizedvertex setthat contains
a vertex from every triangle with no black edgesin K B . Theseedgescontribute a
weight of at least p� jVW(K )jjCj.

� Let K BnC denotethe CRG inducedby VB(K ) � C. In K B , there can be no triangle
with all edgesgray, otherwiseK 3;3 7! c K . By the de�nition of C, in K BnC there can
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be no triangle with all edgeswhite or gray. Theseedgescontribute a weight of at
least

minf p� ; 1 � p� g
��

jVB(K )j
2

�
� t(jVB(K )j; 2)

�

+(1 � 2minf p� ; 1 � p� g)
��

jVB(K ) � Cj
2

�
� t(jVB(K ) � Cj; 2)

�
:

Sincep� < 0:5, p� jEW(K )j + (1 � p� )jEB(K )j is at least

p�

�
jVW (K )j

2

�
+ p� jVW (K )jjCj + p�

�
jVB(K )j2 � 2jVB(K )j

4

�

+(1 � 2p� )
�

jVB(K ) � Cj2 � 2jVB(K ) � Cj
4

�
:

A lower bound on f K (p� ) gives

f K (p� )k2 = p� (jVW(K )j + 2jEW(K )j) + (1 � p� ) (jVB(K )j + 2jEB(K )j)

� p� jVW(K )j + (1 � p� )jVB(K )j + 2p�

�
jVW (K )j

2

�

+2p� jVW(K )jjCj + 2p�

�
jVB(K )j2 � 2jVB(K )j

4

�

+2(1 � 2p� )
�

jVB(K ) � Cj2 � 2jVB(K ) � Cj
4

�

� (1 � 2p� )jCj + p� jVW(K )j2 + 2p� jVW(K )jjCj

+
1 � p�

2
jVB(K )j2 � (1 � 2p� )jVB(K )jjCj +

1 � 2p�

2
jCj2

� p� jVW(K )j2 +
1 � p�

2
jVB(K )j2

+
1 � 2p�

2
jCj

�
jCj � 2jVB(K )j +

4p�

1 � 2p�
jVW(K )j

�
: (3)

All that remainsis to verify that the expressionsin (3) is at most p� (1� p� )
1+ p� k2. We need

to divide this into two cases.First, assumejVB(K )j � 2p�

1� 2p� jVW(K )j. In this case,the
value of jCj that minimizes (3) is jCj = 0,

f K (p� )k2 � p� jVW(K )j2 +
1 � p�

2
jVB(K )j2

�

 

p�

�
1 � p�

1 + p�

� 2

+
1 � p�

2

�
2p�

1 + p�

� 2
!

k2

=
p� (1 � p� )

1 + p�
k2 = (3 � 2

p
2)k2;
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becausethe minimum occurs at jVB(K )j = 2p�

1+ p� k. Second, assume jVB(K )j �
2p�

1� 2p� jVW(K )j, i.e, jVB(K )j � 2p� k. In this case,the value of jCj that minimizes (3)

is jCj = jVB(K )j � 2p�

1� 2p� jVW(K )j:

f K (p� )k2 � p� jVW (K )j2 +
1 � p�

2
jVB(K )j2 �

1 � 2p�

2

�
jVB(K )j �

2p�

1 � 2p�
jVW (K )j

� 2

=
�

p� �
2(p� )2

1 � 2p�

�
jVW(K )j2 +

p�

2
jVB(K )j2 + 2p� jVW (K )jjVB(K )j

= p� k2 �
2(p� )2

1 � 2p�
jVW(K )j2 �

p�

2
jVB(K )j2:

This expression is minimized at the endpoints of the domain of jVB(K )j. For
jVB(K )j = k, we have p�

2 � 0:207 > p� (1� p� )
1+ p� = 3 � 2

p
2 � 0:172. For the other end-

point, jVB(K )j = 2p� k, we have

f K (p� )k2 � p� k2 �
2(p� )2

1 � 2p�
(1 � 2p� )2k2 �

p�

2
(2p� )2k2 =

�
p� � 2(p� )2 + 2(p� )3

�
k2:

This givesf K (p) � 15
p

2 � 21 � 0:213> p� (1� p� )
1+ p� = 3 � 2

p
2 � 0:172.

To summarize,f (p� ) � p� (1� p� )
1+ p� = 3 � 2

p
2. Therefore,d� (Forb(K 3;3)) = 3 � 2

p
2 and

p� (Forb(K 3;3)) =
p

2 � 1.

5.4 Edit distance of H9

5.4.1 Upp er bound

The Young tableau in Figure 4 diagramsthe valuesof (a;c) for which H 9 67!c K (a;c). To
seethis, we can exhibit the following partitions of V(G):

� 3 cliques : f f 0; 1; 2g; f 3; 4; 5g; f 6; 7; 8gg
� 1 coclique, 2 cliques : ff 2; 7g; f 8; 0; 1g; f 3; 4; 5; 6gg
� 2 cocliques, 1 clique : ff 1; 4; 7g; f 2; 5; 8g; f 0; 3; 6gg
� 4 cocliques : f f 1; 4; 7g; f 0; 5g; f 3; 8g; f 2; 6gg.

Moreover, it is easyto seethat the largest clique of H 9 is 4 and the largest coclique is 3.
So,H9 67!c K (0; 2); K (1; 1). Sincethere are only two cocliquesof size3, H 9 67!c K (3; 0).

Figure 5 givesthe graphsof gK (0;2)(p), gK (3;0)(p) as well as gK 00(p) for the K 00de�ned
in the theorem. The region they de�ne is shaded.

Recall that K 00satis�es jVW(K 00)j = 4, jVB(K 00)j = 0, one black edgeand 5 gray
edges.SeeFigure 6. The graph H9 has only two cocliquesof order three: f 1; 4; 7g and
f 2; 5; 8g. The vertices that remain, f 0; 3; 6g, form a clique. So, any partition of the
verticesof H9 into cocliquesthat usesboth of these3-cocliques,requires5 piecesto the
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a 1
0

0 1 2

2
3

c

Figure 4: The Young
tableau of (a;c) for
which H9 67!c K (a;c).

Figure 5: The graphsof the gK (p) relevant to H9.

Figure 6: The coloredregularity graph K 00.

partition. As a result, if there were a colored-homomorphismfrom H 9 into K 00, it would
partition the vertices into onecoclique of order 3 and three cocliquesof order 2.

Assumingsuch a colored-homomorphismexists,we assume,without lossof generality,
that one of the cocliquesis f 1; 4; 7g. The vertex 0 is only nonadjacent to 5. The vertex
3 is only nonadjacent to 8. The vertex 6 is only nonadjacent to 2. Therefore, the only
partition that can witness the colored-homomorphismis ff 1; 4; 7g; f 0; 5g; f 2; 6g; f 3; 8gg.
Betweenevery pair of thesecocliquesis a nonedge.So,no pair of them could be mapped
to endpoints of the black edgeof K 00. Therefore,H9 67!c K 00.

We can use Lemma 10 to conclude that gK 0(p) = 1� p
2 and gK 00(p) = p

2(1+ p) . The

intersection is at the point (p;d) =
� p

5� 1
2 ; 3�

p
5

4

�
.

Thus, the upper bound obtainedby d� � max
p2 [0;1]

min
(a;c):K (a;c)2K (H )

gK (a;c)(p) would be1=5 =

0:2, achieved by the intersection of gK (0;2)(p) = 1� p
2 and gK (3;0)(p) = p

3. But, as we can
seeby Figure 5, the value d = 3�

p
5

4 � 0:191provides a better upper bound.

5.5 New pro of of the edit distance of P3 + K 1

Alon and Stav [2] computed(p� ; d� ) for hereditary propertiesde�ned by graphson at most
4 vertices. This paper has also doneso, as a corollary of our results, with the exception
of Forb

�
P3 + K 1

�
. We include a computation of the value of (p� ; d� ) asan application of

our technique and to demonstratethe versatility of Lemma 18.
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5.5.1 Upp er bound

Here, we chooseK 0 = K (0; 1) and K 00= K (2; 0). Recall that P3 + K 1 is a triangle with
a pendant edge. It is easyto seethat both P3 + K 1 67!c K 0 and P3 + K 1 67!c K 00. We can
useLemma10 to concludethat gK 0(p) = 1� p and gK 00(p) = p

2. The intersectionis at the
point (p� ; d� ) =

�
2
3; 1

3

�
. Clearly, this p� is unique becauseg(p) < 1=3 for all p 6= 2=3.

5.5.2 Lower bound

Fix p� = 2
3 . Let K beany CRG for which P3 + K 1 67!c K . For simplicity of notation, de�ne

K W to be the CRG induced by VW (K ). We will give a lower bound on p� jEW(K )j +
(1 � p� )jEB(K )j.

� In the bipartite CRG inducedby (VW (K ); VB(K )), no edgescanbegray, otherwise
P3 + K 1 7! c K . This contributes minf p� ; 1 � p� gjVW (K )jjVB(K )j.

� In the CRG induced by VB(K ), no edges can be gray, otherwise P3 + K 1

7! c K . This contributes minf p� ; 1 � p� g
� jVB( K )j

2

�
.

� In K W , considerany subsetof 3 vertices. If there is neither a white edgenor a pair
of black edges,then it is possibleto map the vertices of P3 + K 1 into those three
verticesso that each vertex of the triangle is mapped to a di�erent vertex and the
pendant vertex is in the vertex incident to the two gray edges. This contributes
p� EW(K W ) + (1 � p� )EB(K W ).

To summarize,using p� = 2=3 and Lemma 18, we have

p� jEW(K )j + (1 � p� )jEB(K )j

�
1
3

�
jVW(K )jjVB(K )j +

�
jVB(K )j

2

��
+

1
3

(2jEW(K W )j + jEB(K W )j)

�
1
3

�
jVW(K )jjVB(K )j +

�
jVB(K )j

2

��
+

1
3

�
jVW(K )j

2
(jVW(K )j � 2)

�

=
1
3

�
jVW(K )jjVB(K )j +

�
jVB(K )j

2

�
+

jVW (K )j2 � 2jVW (K )j
2

�
:

Now we give a lower bound on f K (p� ):

f K (p� )k2 = p� (jVW(K )j + 2jEW(K )j) + (1 � p� ) (jVB(K )j + 2jEB(K )j)

�
2
3

jVW (K )j +
1
3

jVB(K )j +
2
3

(jVW (K )jjVB(K )j

+
jVB(K )j2 � jVB(K )j

2
+

jVW (K )j2 � 2jVW(K )j
2

�

=
1
3

�
jVW(K )j2 + 2jVW(K )jjVB(K )j + jVB(K )j2

�
=

1
3

k2:

So, comparing with the upper bound, d� (Forb(P3 + K 1)) = 1=3 and since g(p) �
minf gK 0(p); gK 00(p)g < 1=3 for all p 6= 2=3, it is also the casethat p� (Forb(P3 + K 1)) =
2=3. �
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6 Conclusions

6.1 Observ ations on functions f and g

The function f K (p) is invariant underequipartitions of V(K ). To seethis, let ~K be formed
by partitioning each vertex of K into c pieceswith the colors of vertices and edgesbe
the natural coloring inherited from K . As a result, jVW( ~K )j = cjVW (K )j, jVB( ~K )j =
cjVB(K )j, jEW( ~K )j = c2jEW(K )j+

� c
2

�
jVW (K )j and jEB( ~K )j = c2jEB(K )j+

� c
2

�
jVB(K )j.

Thus,

f ~K (p) =
1

c2k2

h
p(jVB( ~K )j + 2jEW( ~K )j) + (1 � p)( jVW( ~K )j + 2jEB( ~K )j)

i
= f K (p):

The same is true for gK (p) and g~K (p). Any feasible solution, u of the quadratic
program that de�nes gK (p) can be made into a feasible solution, ~u of the quadratic
program that de�nes g~K (p) by arbitrarily distributing the weight of one vertex in K to
the vertices in ~K to which it corresponds. It can be seenthat, if M K (p) is the matrix
corresponding to K and M ~K (p) is the matrix corresponding to ~K , then uT M K (p)u =
~uT M ~K (p)~u.

The function g is more 
exible, however. It is not only invariant under equipartitions
but it is invariant underarbitrary partitions. To seethis, construct an equivalencerelation
on the verticesof a CRG, K , in which verticesu and v are equivalent if u, v and f u; vg
are all the samecolor and, for all w 2 V(K ) � f u; vg, f u; wg and f v; wg are the same
color as each other.

If K is a CRG and K 0 is the CRG induced by the equivalencerelation on K , then
gK (p) = gK 0 (p). Therefore,in the computation of g(p), onemay ignoreCRGs which have
nontrivial equivalenceclasses.

6.2 Op en questions

� Investigating Proposition 17, is there a more convenient expressionfor the upper
bound basedonly on the Young diagram (seeFigures 2 and 4) of the set of CRGs
f K (a;c) : H 67!c K (a;c); 8H 2 F (H)g?

� To compute the edit distance is hard. We do not even have a sharp result for
Forb(K m;n ), whereK m;n is an arbitrary completebipartite graph.

� The precisevalue for d� (H9), where H9 is de�ned in Theorem 14, is unknown,
but we conjecture that the upper bound is correct and we further conjecture that
p� (Forb(H9)) = (

p
5 � 1)=2.

� Every hereditary property H can be expressedas
T

H 2F (H ) Forb(H ) for somefamily
of graphs F (H). In computing edit distance, it may be that some members of
H 2 F (H) are unnecessary, even if they are necessaryto de�ne the family. I.e,
for hereditary property H , what are the maximal properties H 0 � H such that
d� (H 0) = d� (H )?

For example, the strong perfect graph theorem [11] states that perfect graphs are
characterizedby P =

T
k� 2

�
Forb(C2k+1 ) \ Forb(C2k+1 )

�
. But, it is not di�cult to
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useTheorem16 to show that d� (P) = d� (Forb(C5)) = 1=4, asobserved by Alon and
Stav [1].

� Our proofs of the lower boundsfor d� (Forb(H )) for H = K a + Eb or H = K 3;3 are
cumbersomeand cannot assumethat the total number of vertices in each of the
forbidden CRGs is boundedby any function of H . Is there a better way to compute
the lower bound? Is there a function of H so that we needonly to considergK (p)
for K whoseorder is boundedby said function?

� Finally, the edit distanceis unknown for most hereditary properties. So-calledunit
disk graphs(UDGs), see[12], de�ne a hereditary property but the family F is not
known. It is easyto seethat K 1;7 cannot occur as an induced subgraphin a UDG.
(For somede�nitions of the unit disk graph, K 1;6 is forbidden also.) We believe that
a small family of such forbidden inducedsubgraphswill be enoughto determinethe
edit distancefrom the family of UDGs.

For any graph H , both p� (Forb(H )) and d� (Forb(H )) can be consideredinvariants
of graph H . Being able to computetheseinvariants even for somegiven �xed graph
seemsto be quite di�cult in general.
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