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Abstract

During the past few yearswe have obtained seweral new computer classi cation
resultson assaiation schemesand in particular distanceregular and strongly regular
graphs. Central to our successis the use of two algebraic constraints based on
properties of the minimal idempotents E; of these assaiation schemes: the fact
that they are positive semide nite and that they have known rank.

Incorporating these constraints into an actual isomorph-free exhaustive genera-
tion algorithm turns out to be somewhatcomplicatedin practice. The main problem
to be solved is that of numerical inaccuracy: we do not want to discard a potential
solution becausea value which is closeto zerois misinterpreted as being negative
(in the rst case)or nonzero(in the second).

In this paper we give details on how this can be accomplishedand alsolist some
new classi cation results that have beenrecertly obtained using this technique: the
uniquenessof the strongly regular (126; 50; 13; 24) graph and somenew examplesof
antip odal distanceregular graphs. We give an explicit description of a new antip odal
distance regular 3-cover of K 14, with vertices that can be represertied as ordered
triples of collinear points of the Fano plane.

1 Intro duction and overview

Assciation schemesare combinatorial objects that satisfy very strong regularity condi-
tions and as a consequencef this, have applicationsin many branchesof combinatorial
mathematics: in coding theory, designtheory, graph theory and group theory, to name
but a few.
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The regularity properties of an assaiation shhemeare parametrizedby a set of integers
p}} which are called the intersection numkers of that sdheme. A lot of researb hasbeen
dewted to classifyingassaiation schemesin the following sense: given a speci ¢ set of
intersection numbers, does a correspnding sdheme exist, or can we on the other hand
prove nonexistence? If seweral schemesexist with the sameintersection numbers, are
they essetially di erent ? In other words, what can we tell about isomorphismclassesf
sud shemes?

Quite a bit of work on this subject has already beendone and se\eral tables of “feasible'
intersectionnumbersand related existenceinformation have beenpublished, especially for
the better-known special casesof distanceregular and strongly regular graphs[2, 3, 10].
During the past few years also the presen authors have made seeral cortributions to
this subject [5, 6, 7, 8,9, 11, 17].

In our casemost results were obtained by computer. We have deweloped special purpose
programsto tackle seweral casesfor which a full classi cation did not yet exist. These
programsusestandard badctracking methods for exhaustive erumeration, in combination
with se\eral special purposetechniquesto obtain the necessarye ciency.

On mary of the techniquesand "tricks' we usein theseprogramswe have already reported
elsewherd8, 9, 11, 12]. In this paper we will descrite the useof two constrairnts (which
haven't beendiscussedn detail before)that are basedon algebraicproperties of assia-
tion sthemes.They allow usto prune the seart tree extensiwely and turn out to be very
powerful.

Both constrairts are basedon properties of the minimal idempotents E; asseiated with a
givenscheme: the minimal idempotents are always positive semide nite, and they have a
known rank (which can be computed from the intersection numbers). As a consequence,
if we generatethe assaiation sthemesby building their relation matrices "‘column by
column’, we can chedk whether the correspnding principal submatrix of E; is positive
semide nite and doesnot have a rank which is alreadytoo large, beforeproceedingto the
next level.

This is howewer not so straightforward as it may seem: the standard algorithms from
numerical algebra for chedking positive semide nitenessand computing the rank of a
matrix, su er from numerical inaccuracy and we needto take carenot to prune a branch
of the seart tree becausea matrix is mistakenly interpreted as not positive semide nite
or its rank is incorrectly estimated.

In Section2 we give de nitions of the mathematical conceptswhich are usedfurther on,
and we list somewell-known properties. Section 3 givesa short description of the algo-
rithm for isomorph-freeexhaustive generationwe have used,in sofar asit is relevant to
this paper. In Sections4 and 5 we discussthe algorithms for cheding positive semide -
nitenessand computing the rank. Finally, Section6 lists somenew classi cation results
we have obtained using this technique. One of the new sthemesdiscovered has a nice
geometricaldescription which we will discussin detalil.
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2 Denitions and well-kno wn prop erties

Let V be a nite setof n vertices. A d-classassaiation shheme on V is an ordered

2. Ry is the identity relation, i.e., X Roy if and only if x = y, whenewer x;y 2 V.
3. Every relation R; is symmetric, i.e., if X R;y then alsoy R; x, for every x;y 2 V.

4. Letx;y2 V andlet 0 i;j; k dsud that x Rcy. Then the number

pk €'jfz2 V xRz and zR; ygj

only dependsoni; j andk.

The numbers p}} are called the intersection numkers of . Note that k; = p? denotesthe
number of verticesy in relation R; to a xed vertex x of V, and doesnot depend on
the choice of x. It alsofollowsthat n = ko + :::+ Kq is completely determined by the
intersection numbers of .

There are se\eral special casesof ass@iation sthemesthat are of independen interest.
For example,a distance regular graph G of diameterd is a connectedgraph for which the
distancerelations form a d-classasseiation scheme. More precisely a pair of verticesx,
y in G satises xRy if and only if d(x;y) = i. A strongly regular graph is a distance
regular graph of diameter 2. Strongly regular graphsare essetially equivalert to 2-class
assaiation sdhemes. Instead of using intersection numbers, it is customary to de ne
strongly regular graphs in terms of their parameters (v;k; ; ), with v = n, k = ky,

= p}, and = p?,. A strongly regular graph with these parametersis also called a
strongly regular (v;k; ; ) graph.

(Seweral mathematical properties of assaiation sthhemesare relevant to our generation
algorithms. For actual proofs of the properties listed in this section, and for further
information on the subject of assaiation sdhemesand distanceregular graphs, we refer
to [1, 2, 15].)

With ewery relation R; of we may asseiate a O{1-matrix A; of sizen n asfollows:
rows and columnsof A; are indexedby the elemers of V and the entry at position x; y
of A; is de ned to be 1 if and only if X R;y, and 0 otherwise. In terms of thesematrices
the de ning axioms of a d-classassaiation sheme translate to

X
Ai=J; Ac=1; A=Al and AA = piAg
i=0 k=0

the electr onic journal of combinatorics 15 (2008), #R30 3



wherel denotesthe n n identity matrix, J is the all-one matrix of the samesizeand
AT is the transposeof A.

algebraA of symmetric matriceswith constart diagonal. This algebraA was rst studied
by Boseand Mesner[4] and is therefore called the Bose-Mesneralgeba of .

called principal idempotents), satisfying

1 xd .
EO:HJ; EiE; = Ei; Ei=1, foralli;j2f0;:::;dg.
i=0
SinceE;?2 = E,, it follows easilythat eat minimal idempotert E; is positive semide nite.
i.e., that xE;x" Oforallx2 Rt ",

Considerthe coe cient matricesP and Q that expresghe relation betweenthe two bases

of A asfollows: y
Aj = Pij Ei; Ej =
i=0

(P and Q are called the eigenmatrix and dual eigenmatrix of , respectively.)

xd
Qij Ai:

1
Niso

It canbe provedthat PQ = QP = nl, that P; is an eigervalue of A;, that the columns
of E; spanthe correspnding eigenspaceand that E; hasrank Qq. Let x;y 2 V, then
the de nition of E; impliesthat the (x;y)-th ertry of E; is equalto Qy;=n wherek is the
unique classto which the pair (x;y) belongs,or equivalertly, the unique index sud that
XRyy.

For the purposesof this paper it is important to note that the ertries of P and Q can
be computed from the intersection numbers p}} of . In other words, we can compute P
and Q for a given set of intersection numbers without the needfor an actual example of
a correspnding assaiation scheme.

Two assaiation shhemes = fRg;:::;RygonV and %= fRJ;:::; R%g on VO are
calledisomorphic if there existsa bijection :V ! VOsud that for everyi 2 f0;:::;dg
the following property holds

xRy if andonly if x Ry ; forall x;y2 V.

This meansthat two asswiation shhemes and © are isomorphic if and only if the
verticesof V and V° can be numberedin suc a way that all correspnding matrices A;
are idertical for both sthemes.

The problem of classi cation of assaiation sdhemesconsistsof nding all assaiation
sthemesthat correspnd to a given set of intersection numbers, up to isomorphism i.e.,
to determineall isomorphismclassesand for eat classindicate exactly onerepresetativ e.
In our casewetry to classifyassaiation schemesby meansof a computer usingisomorph-
free exhaustive badtracking techniques.
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3 Isomorph-free exhaustiv e generation

Our programsrepreseh an ass@iation scheme internally asan n n relation matrix
M with rows and columnsnumberedby the verticesof V. The ertry M,, at position x; y
of M cortains the index i of the classto which the pair (x;y) belongs,i.e., the unique i
sud that x R; y. This matrix is symmetric and has zerodiagonal.

The exhaustive generation algorithm initially starts with a matrix M where all non-
diagonal ertries are still left uninstantiated (i.e., unde ned, unknown | we denote an
uninstartiated matrix ertry by a questionmark). Then ead upper diagonal ertry M,y
(and at the sametime its symmetric courterpart M) is systematically recursiwely in-

During this recursive processwe use seeral constraints to prune nodes of the seart
tree, either becausdt canbe inferred that the partially instantiated matrix can newer be
extendedto the relation matrix of an assaiation sthemewith the required parameters,
or becauseeery possibleextensionis known to be necessarilyisomorphicto a result we
have already obtained earlier.

In [11, 12] we have described most of the constrairts we usethat are of a combinatorial
nature. In this paper which shall concertrate on the constrairts that were derived from
the algebraicpropertiesof . Theseconstraints are more easily descriked in terms of the

( )
= Qi if M,y = k2f0;::::d
M)y = 5 it M, =2 ’

Essemially Mg, is the minimal idempotent E;, exceptthat we allow ertries to be unin-
stantiated. For easeof notation we shall henceforthsimply write E; instead of Mg, .

As hasalready beenmertioned in the introduction, we usethe following constrairts :

principal submatrix of E;

must be positive semide nite, and

must haverank at most equal to Q.

Indeed, any principal submatrix of a positive semide nite matrix must again be positive
semide nite, and any principal submatrix of a matrix must have a rank which is at most
the rank of the original matrix.

We only considerleading principle submatricesfor reasonsof e ciency, and of those, we
only look at the largest one which is fully instantiated, for if that matrix satis es the
constrairt, then it is automatically satis ed for the smaller ones.

For isomorph rejection we have used an orderly approad [14, 17]: of all ass@iation
shemesin the sameisomorphismclasswe only generatethe relation matrix M which has
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the smallestcolumn order certi cate C(M ), de ned to be the tuple

CM) = (M2, M13; M2, M1g:::M g Mygs 0o
:::;Mn 3;n Z;Ml;n 1;333;Mn 2:n 1;Ml;n;333;Mn l;n)

of length (n? n)=2 obtained by concatenatingthe upper diagonal ertries of M in a
column-by-@lumn order. We order certi cates using the standard lexicographicalorder-
ing. Note that the certi cate for a leading principal submatrix of M is a pre x of C(M).

Although other authors seemto favour a row-by-row generationorder (seefor example
[17]in the cortext of tournamerts), in our casea column-by-column strategy turns out
to yield results faster, becausen this way large leading principal submatriceswhich are
fully instantiated turn up earlier during searti and hencethe algebraicconstrairts canbe
invoked higher up in the seart tree, pruning larger subtrees. Howeer, this speedgain
seemsto be only truely e ective when conmbined with other (look-ahead)criteria which
sometimesallow the generationto switch to a row-by-row sequenceemporarily.

The unique matrix M which hasthe smallestcerti cate in its isomorphismclassis saidto
be in canonical form. Chedking whether M is in canonicalform is very time consuming
an therefore we use se\eral additional criteria to speedup this ched: lexical ordering of
the rows of M and clique chedking [9, 12].

A more extensiwe discussionof the techniqueswe use for isomorph-freeexhaustive gen-
eration algorithms of assaiation sdhemescan be found in the PhD thesis of one of the
authors [13.

4 Checking positiv e semide niteness

In the introduction we have already pointed out that it is not possibleto usethe standard
numerical algorithms for chedking positive semide nitenessin unaltered form. The main
reasonis that we must make sure that numerical errors do not invalidate our results.
Moreover, for reasonsof e ciency, we should take advantage of the fact that we have to
apply the samealgorithm se\eral times to matricesthat only di er in the valuesof a few
ertries.

Recallfrom linear algebrathat a real symmetricmatrix A 2 R™ ™ is positive semide nite
if and only if xAxT O for ewvery row vector x 2 R? ™ and its transposex’ 2 R™ 1.
If the matrix A is not positive semide nite then we will call any row vector x for which
xAx T < 0 a witnessfor A.

4.1 The basic algorithm

The following theorem senes as the basis for the algorithm we have usedin all our
generationprograms.
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Theorem 1 Considera real symmetric matrix A2 R™ ™, whee
!
a
A= gr A
with- 2R,a2R!™ YandA®2 R™ * ™ 1 Then we distinguish between the following
cases:

1. If < 0, then A is not positive semide nite. Moreover,x = (10 ::: 0)2 Rt ™ is
a witnessfor A.

2. If >0, then A is positive semide nite if and only if

a'a

is positive semide nite. If y 2 R? ™ 1 is a witnessfor A® aTa= then x =
( ya'= vy) is awitnessfor A.

3. If =0, thenA is positive semide nite if and only if A%is positive semide nite and
a=0.1f ag 0, thenwemay nd y2 R' ™ ! suchthat ya" 0 and then each
vector x = ( y) is awitnessfor A whenever < yA%T=2ya'. If ACis not positive
semide nite, then everywitnessy for A° can ke extende to a witnessx = (0 y) for
A.

Proof: Let 2R,y2R?! Y 'andsetx = ( y). We have
! !
T _ T a _ 2 T T.
XAxT=( Y grop0 oy = 7 +2ya + yAYT: (1)

We considerthe following three di erent cases:

1.If < 0, then the right hand side of (1) is lessthan zerofor > Oandy = 0. Hence
A is not positive semide nite and (1 0 ::: 0) may sere asa correspnding witness.

2.1f > 0, then we may rewrite the right hand side of (1) as
| |
XAx T = $ Yy a0 22T (2)

usingya’ = ay'. This expressionis nonnegatiwe for every x if and only if every y satis es
y A a'a= y' 0,i.e.,if andonly if the matrix A° a'a= 2 R™ 1 ™ 1is positive
semide nite. If this matrix is not positive semide nite, and y is a correspnding witness,
thenfor = ya'= the vector( y) providesa witnessfor A.

3. Finally if = 0, then the right hand side of (1) reducesto

xAxT = 2y a’ + yAYT; (3)
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which is linear in . This expressionis nonnegatiwe for all  if and only if the coe cien't
2ya’ of is zeroand the constart term yA%T is nonnegative. Hencethe matrix A is
positive semide nite if and only if ya” = 0 andyA%T™ 0Ofor all y, or equivalertly, if and
only if a = 0 and the matrix A°is positive semide nite. As a consequenceif A°is not
positive semide nite and y is a witnessfor A° then the vector (0 y) provides a witness
for A. Also, if a 6 0, then we may nd y sud that ya" > 0 and then any  satisfying

<  yAYT=2ya’ will make (3) lessthan zero. .

This theorem can easily be used as the basisfor an algorithm which chedks whether a
givenreal symmetricmatrix A 2 R™ ™ is positive semide nite. As wasalready explained
in Section3, we intend to usethis algorithm to ched positive de niteness of (millions of)

potertial leadingprincipal submatricesof minimal idempotents E; for ass@ation shhemes
with the requestedparameters.

For easeof notation we will denote the elemen on the i-th row and j-th column of a
matrix M by MTi; j] (instead of M;; ). Submatriceskeepthe row and column numbering
of the matrices they are part of. For example,the rows and columns of the matrices A
and A%in Theorem1 would be numberedfrom 1 up to m and from 2 up to m respectively.

Using the notations of Theorem 1, we de ne

( .
A(z) d:ef AO; if = O,

A% a'a=: otherwise.

The matrix obtained by applying the same processto A® shall be denoted by A®,
and in a similar way we may de ne A®:A®);:::: AM_ We alsowrite A® = A. In
general,the matrix AKX isasymmetric(m k+ 1) (m k+ 1) matrix with rows and
columnsnumberedfrom k up to m. This yields the following recurrencerelation, for all

8

2 AW if AMk; K] = 0,
AW KAOK: ]

> AWK ) i

A ] = (4)

otherwise.

Theorem1 leadsto Algorithm 1 which takesarealsymmetricm m matrix A asinput and
returns true or falsedependingon whether A is positive semide nite or not. Algorithm 1
needsO(m?) operationsin the worst case.Storagerequiremerts are only O(m?) because
AK*DTi- ] can be stored in the sameplace as A®[i;j]. Also note that every AK is
symmetric and therefore only about half of eacy matrix needsto be stored.

4.2 A useful variant of the basic algorithm

Obsene that all comparisonsin Algorithm 1 are performed on elemens AMJi; j] with
eitherk = iork = j. Fori j dene BJi;j] £ AO[i; j] (and henceB[L;i] = A[1;i]). We
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Algorithm 1 Cheds whether A is positive semide nite.
function iSPSD(A : matrix) : boolean
1:fork 1 mdo

2: if ARk;k] < 0then

3 return false

4: elseif AMk;k]= 0then
5: for | k+1 m do
6: if A®Jj: k] & 0then
7. return false

8: end if

9: end for

10: end if

11:  compute AK*D ysing (4)
12: end for

13: return true

may now reformulate (4) asfollows, for all i;j > k :
8
2 AW if B[k;k] =0,

> A(k)[i; il B[k81 ;:LBETJ ];

AL ] = otherwise.

and hence,by repeated application for di erent Kk,

B[L 1] B[2; 2]
Bk LBk 1j] BLk;i]B[k;j],
Bk Lk 1] Blk;k]

where all fractions with zero denominator B[j; j] should be regardedas equal to zero.
From this we obtain the following recurrencerelation for B :

B[Li]B[Lj] B[2i]B[Z]]

Bli;j] = Afi;j]

B[L; 1] B[2:2]
Bli 2iB[i 2j] B[ LilBli Ljl 5
Bli 2 2] Bli 1i 1] )

again omitting all terms with a zero denominator. We usethis relation in Algorithm 2,
which again needsO(m3®) operations and O(m?) storage.

It followsfrom (5) that the value of B[i; j ] only dependson the valuesof A[k; I] with k i
and!l j. Hence,if wewant to apply Algorithm 2 subsequetly to two matricesA and A
whoseertries only di er at positions(k;I) suc that k > i or| > j, we canreusethe value
of B[i; j] (and a fortiori, all valuesof B[x;y] with x i andy ) which was obtained
during the call of isSPSD(A), while computing isSPSD(A).
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Algorithm 2 Cheds whether A is positive semide nite.
function iSPSD(A : matrix) : boolean

1: for i 1 mdo

2. B[Li] A[Li]

3: end for

4:for k 1 mdo

5. if B[k;k] < Othen 1
6: return false

7. elseif B[k;k]= 0then

8: for | k+1 m do

9: if B[k;j]6 0 then

10: return false

11: end if

12: end for

13: else

14: for | k+1 mdo

15: compute B[k + 1;j] using (5)
16: end for

17:  end if

18: end for

19: return ftrue

Similarly, if A is a leading principal submatrix of A, then again all valuesB/(i; j] which
were computed during the call to isPSD(A) canbe reusedfor A. (Of course,thesevalues
will only have beencalculated completely when A turns out to be positive semide nite,
but if this is not the case,we may immediatly concludethat also A cannot be positive
semide nite.)

Theseproperties make Algorithm 2 extremely suitable for usewith our generationstrat-
egy : the column-by-column order for instantiating matrix ertries guararteesthat sub-
sequeh applications to the algorithm will be done for matrices that dier very little
(typically only in their last column). Also recall that we only chedk leading principle
submatricesfor positive semide niteness.

In fact, even when the last column of a leading principle submatrix is not yet fully in-
stantiated, we may already be able to decidethat the full submatrix cannot possibly be
positive semide nite. Indeed, considercondition § in Algorithm 2. By (5) we have

B[LKP? B[2K]? Bk Lk

Blkkl= Akl 11 BR2 Bk Lk 1]

(6)

again omitting all terms with a zero denominator. Note that statemert § will only be
called in those caseswhere all denominatorsBi; i] are nonnegative, and hencethat all
exceptthe rst term on the right hand side of the expressionabove are nonpositive.
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Hence,if the leadingk 1 k 1 principal submatrix of A is already fully instantiated,
and A[k; k] is known (which is always the casein our generationprogram), then as soon

the right hand side of (6) can already be partially ewaluated. If that partial sum turns
out to be negatiwe, B[k; k] will surely be negative and we neednot wait to decidethat A
is not positive semide nite until the remaining ertries of A are instantiated.

4.3 Coping with numerical errors

The algorithms above usevarious operations on real numbers which by their nature can
only be implemerted using appraximate arithmetic and hencegive rise to numerical in-
accuracies. It is thereforeimportant to be absolutely certain that any numerical errors
that occur are su cien tly small asnot to invalidate classi cation results obtained by our
generationprogram.

For this reasonwe modify Algorithm 2 in the following way : beforereturning false, we
rst compute a withess x for A using the properties of Theorem 1. Then we compute
xAx T and verify whether it is indeed negative, or more exactly, whether it is smaller
than for a suitably small > 0. If not, we revoke our decision,and proceedwith the
algorithm as before. For condition § we assumethat B[k; k] = 0 and for condition -
we assumethat B[k;j] = 0.

Note that the value of in case2 of Theorem 1 was chosento make xAx " as small as
possible,and hencevaluesof xAx T that are closeto zero do not occur very frequertly
in practice. It is alsoimportant to obsene that possiblerounding errors for the value of
xAx T can be estimated very accurately

We have X
xAxT = XA ]:
1]

The relative error on each symbol x;, x; and A[i; j] is essetially 2 °, where b denotes
the number of bits usedin the mantissa for the oating point represetation (we usea
very consenative b = 32 for Java "double’' numbers). The relative error on ead term
x;X; Afi; j ] is the sum of the relative errorson ead symbol, hence = 3 2 °. The absolute
error on ead term is equalto jxijjX;jjA[i; j ]j, which is boundedupwards by X 2 ., Amax,
whereXmax Get maxjXij and Amax def maxjAli; j]j. The absoluteerror on xAx T is the sum
of the absoluteerrors on ead term, and henceat most = m? x 2., Amax, a value which
can be easily computed at runtime.

Of coursethis strategy meansthat we sometimesfalsely assumethat a matrix is positive
semide nite when it is not, but fortunately this is not a problem. Usually when this
happens,the seart is pruned when the leading principal submatrix of next higher order
is cheded, and ultimately the conbinatorial constrairts will always ensurethat any ma-
trix which is nally generatedsatis es the de nition of an assaiation sdhemewith the
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requestedparameters. A lessaccurateimplementation of Algorithm 2 simply resultsin a
lesse cient generationprogram.

Finally, remark that rounding errors can be avoided alltogether by using multiprecision
(algebraic) integer arithmetic. Howewer, asfar aswe know, the bestalgorithms for ched-
ing whetherak k matrix A is positive semide nite, still needa number of digits that is
linear in k. Early experimenrts have shavn that the resulting programsare still markedly
slowver than the approximate methods discussecdhere.

Although Java, the programminglanguagewe have usedto obtain our results, hasa fairly
e cient library for multiprecision integer arithmetic, the reader might wonder whether
using a computer algebra systemwould not have beento our advantage. It should be
obsened that the algorithms are called in the “inner loop' of the generation program,
and therefore it would be important that the computer algebra system would be one
that compilesto madine language. But even then we predict that using oating point
arithmetic would still be faster.

Oneideawhich might be worth considering,is to use oating point calculationsto ‘guess'
whetherA is positive de nite andthen in somecasesmake sure'by usingexactarithmetic

on the samematrix. This extra ched could for instancebe restricted to thosecasesvhere
the oating point value of xAx " is lessthan somesmall positive threshold.

4.4 Further impro vements

The witnessx constructed when A is not positive semide nite also sometimesallows us
to identify a smaller principal submatrix A%of A which is also not positive semide nite.
This happenswhen someof the coordinates x; of the witnessx are zero,asin that case
the elemeits on the ith row and column of A are not involved in the value of xAx 7. More
precisely if A%denotesthe submatrix obtained from A by remaving all rows and columns
with indicesi for which x; = 0, then also A%is not positive semide nite, and the vector
x%obtained from x by removing all zeroertries may sene as a witnessfor A%

This obsenation leadsto the following look-bad strategy which we can incorporate into
our generation algorithm. Supposethat the instantiation of an ertry of A completes
the submatrix A®as descrited above, then this instantiation remains forbidden until a
badtrack occursto the ertry of A®which wasinstantiated secondto last.

For this techniqueto be e ective, it is necessaryo have withesseghat have many ertries
that are zero. To increasethe likelyhood of sud a withess, we can sometimes’improve'
the witness generatedin the secondcaseof Theorem 1 : when we obtain the witnessy
for A aTa= , we can simply chek whether (0 y) happensto be a witnessfor A, i.e.,
whetheryA%™ < 0. If this is the casewe use(0 y) instead of the witness( y) of Theorem
1.

A further improvemer is possiblewhen the witnessx for A turns out to be of the form
X = (Xq;::0: Xk 0500050, Xy) for somek 2 f1;:::;m 29 sud that Xx; Xy, 6 0. In this
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case,let A denote a matrix of sizem m (with k < m) which hasthe sameleading
principal k  k submatrix as A and sud that the rst k elemens of the last columns

Then x is alsoa witnessfor A and A is not positive semide nite either.

This obsenation leadsto the following constraint recordingtechnique. We storethe tuple

of the k  k leading principle submatrix are left unaltered. Becausethe possibleerries
for Ali; j] can only take a few di erent values,it is advantageousto store these column
pre xes into atrie, which alsoallowsthem to be combined to yield even shorter forbidden
column pre xes.

5 Checking the rank

As was pointed out in Section 3 we also needa method for chedking whether a square
symmetric matrix A has a rank which does not exceeda given value r. As with posi-
tive semide nitenessthe standard algorithm for determining the rank (through Gaussian
elimination) su ers from numerical inaccuracy which is this time an even more danger-
ous problem, becauseto compute the rank exactly we needto determine with certainty
whether various real numbers are equalto zeroor not.

The technique which we have usedto surmourt these problems, and which we descrike
below, is not ase cient asthe algorithms from Section4, but luckily it turns out that
rank cheding is not neededas often as cheding for positive de niteness. Obsene for
instancethat the rank of a matrix cannot be larger than its order, and therefore we only
needto ched&k matricesof sizeat leastr+ 1 r + 1. Also, we cansometimespostponerank
cheking ewven longer, becauseadding a row (or column) to a matrix canonly increasethe
rank by 1, and hencethe rank ofam m matrix A canbe at most2(m m9 largerthan
the rank of a principal submatrix A°of A of orderm® m° Indeed,if A°turns out to have
rank equalto only r e, then rank cheding is super uous until we read a submatrix of
order larger than m°+ e=2.

We usemodular arithmetic to avoid problemsof numerical inaccuracy Recallfrom linear
algebrathat the rank of a matrix A with integral ertries is always greater than or equal
to its p-rank, i.e., the rank of the matrix A obtained from A by reducing every matrix
ertry of A modulo a xed prime number p. So,if we nd that the p-rank of A is larger
than r, we know for surethat alsothe rank of A itself is larger than r. The p-rank canbe
computedexactly, using Gaussianelimination, and if we choosep < 2'° (e.g. p = 32749),
then this canbe doneusingstandard 32-bit integerarithmetic without the risc of over ow.

In our generationprograms,the ertries of the matrices A for which we needto compute
the rank arethe ertries of the dual eigenmatrix Q assaiated with the assaiation sdheme,
divided by n. For most of the actual caseswhich we have investigated theseenries are
rational numbers. If we multiply A with the least commonmultiple of the denominators
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of these constarts, we obtain an integer matrix with the samerank, for which we then
compute the p-rank.

In the general case, the erntries of A can also be irrational, but they will always be
algebraicintegers. Also then it is still possibleto nd a suitable p and to transform A
into an appropriate matrix A..For example,the dual eigenmatrix for the Perkel graph [8]
has ertries that belongtrb(_)( 5). Multiplying A with the appropriate constart yields a
matrix with erries in Z[ 5]. Choosingp = 30011,we obtain A by mapping an ertry of
the form x + y 5to x + 6583 mod p. Because658% = 5 mod p, we again end up with
a matrix A whoserank cannot be larger than the rank of A.

In eat of thesecasesit is of coursepossiblethat the rank of A is strictly smaller than
that of A, and hencethat we fail to recognisea matrix A with a rank that exceedshe
given bound r. As with the algorithm of the previous section, this is not a problem. It
may make the algorithm lesse cient, but will newer yield results that are not correct.

The remarksof Section4.3 alsohold for computing the rank : usingthe p-rank asan ap-
proximation appearsto be more e cient than computing the exact rank with multipreci-
sion arithmetic. It might howewer be bene cial to usethe following “hybrid' algorithm: if
the p-rank “almost' reacesthe bound r, exact arithmetic could be usedto compute the
true rank. Although in that caseit would probably be faster to simply recomputethe
p-rank for a few additional valuesof p.

6 Classication results

In [8,9, 11, 12] we have already discussedmarny of the results which we have obtained by
applying the techniquesof the previous sections. In this sectionwe will list somerecen
classi cation results.

As was mertioned before,our programswere written in the Java programminglanguage.
Timings given are for a computer with a single CPU with a clock speedof approximately
1GHz. All timings are approximate.

6.1 A unique strongly regular (126;50;13 24) graph

There existsa strongly regular graph with parameters(v; k; ; ) = (126,50; 13, 24) which
is related to the Hermitian two-graph H(5) and can be constructed from the Ho man-
Singletongraph [16].

Our generationprogram provesthat this strongly regular graph is uniquely determined
by its parameters(up to isomorphism). This took appraximately 5 days of processing
time.
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6.2 Two distance regular antip odal 3-covers of K4

A distanceregular graph on 42 verticeswith intersectionarray f13;8;1;1;4; 13g, i.e., with

ng = 13 ph, = 8pi; = 1;pk, = Lp3, = 4 p3, = 13, is called an antipodal cover of K 14
becausehe relation of being at maximal distanceis an equivalencerelation (the graphis
antipodal) and the correspnding quotient (with verticesthe 14 equivalenceclassef size
3) canbeinterpreted asa completegraph on 14 vertices(every vertex in every equivalence
classis adjacert to exactly one vertex of every other equivalenceclass).

There is a well-known construction of a graph with this parameters,basedon the nite
eld GF(13) (seefor instance[2, Proposition 12.5.3]). This sdheme has automorphism
group PGL(2; 13) of size2184.

Our generationprogram provesthat there are exactly 2 isomorphismclasse®f assaiation
sthemeswith theseparameters(this takesabout 20 minutes). The secondgraph can be
constructedasfollows :

Verticesare the 42 orderedtriples of collinear points in the Fano plane PG(2; 2).

Two triples (Xo; X1;X2), (Yo;VY1;Y2) that correspnd to di erent lines of the Fano
plane are adjacert in the graph if and only if either Xo = Yo, X1 = Y, Or y; = Xo.

Two triples that correspnd to the sameline are adjacen if and only if they share
the third coordinate, i.e., if they are of the form (Xg; X1; X2) and (X1; Xo; X2).

The automorphism group of this graph is PGL(3;2). The antip odal classescorrespnd
to the oriented lines f (Xo; X1; X2); (X1; X2; Xo0); (X2; Xo; X1)g of the Fano plane. It is fairly
easily seenthat ewery triple is adjacer to exactly onetriple for ead of the 13 remaining
oriented lines, in other words, that the graph is a cover of K14,. We do not know of
an elegah mathematical proof of the fact that the graph is distance regular with the
indicated parameters,but this property is easily cheked by computer.

6.3 Four distance regular antip odal 3-covers of K7

A distanceregular graph on 51 vertices with intersectionarray f 16;10; 1;1;5; 16g, is an
antipodal cover of K,7. Our generation program proves that there are 4 isomorphism
classef assaiation shemeswith theseparameters,with automorphism groupsof sizes
16320,240, 192 and 48 respectively (using about 10 hours of time). The rst caseagain
correspndsto the construction of [2, Proposition 12.5.3]with group P L(2 ; 16).

the electr onic journal of combinatorics 15 (2008), #R30 15



References

[1] Bailey R.A., Asscciation Shemes,DesignedExperimerts, Algebra and Combina-
torics, Cambridge studiesin advancedmathematics84 (2004).

[2] Br ouwer A.E., Cohen A.M., Neumaier A., Distance-RegularGraphs, Ergeb.
Math. Grenzgeb.(3) 18, Springer-\erlag, Berlin (1989).

[3] Br ouwer A. E., Strongly Regular Graphs Handbook of Combinatorial Designs
secondedition, Ch. J. Colbourn, J. H. Dinitz (eds.), Chapman& Hall/CR C (2006),
852{868.

[4] Bose R.C., Mesner D.M., On linear asseiative algebas correspnding to asso-
ciation schemesof partial ly balanced designs Annals of Mathematical Statistics 47
(1952),151{184.

[5] Coolsaet K., Local structure of graphswith = = 2, a, = 4, Combinatorica,
15(04) (1995),481{488.

[6] Coolsaet K., A distane regular graph with intersection array (21;16; 8;1; 4; 14)
does not exist, European Journal of Combinatorics, 26(5) (2005), 709{716.

[7] Coolsaet K., The uniquenessof the strongly regular graph srg(105; 32 4; 12), Bul-
letin of the Belgian Mathematical Scciety | Simon Stevin, 12(5) (2005), 707{718.

[8] Coolsaet K., Degraer J., A computer assistel proof of the uniquenessof the
Perkel graph Designs,Codesand Cryptography 34(2{3) (2005),155{171.

[9] Coolsaet K., Degraer J., Spence E., The Strongly Regular (45,12,3,3) graphs
Electronic Journal of Combinatorics 13(1) (2006), R32.

[10] Dam, E.R. van, Three-classasseiation schemesJournal of Algebraic Combina-
torics, 10(1) (1999),69{107.

[11] Degraer J., Coolsaet K., Classication of three-classassaiation schemesus-
ing backtracking with dynamicl variable ordering, Discrete Mathematics 300(1{3)
(2005), 71{81.

[12] Degraer J., Coolsaet K., Classication of some strongly regular sub-
graphs of the McLaughlin graph, to appear in Discrete Mathematics (2007),
doi:10.1016/j.disc.2006.11.055

[13] Degraer J., Isomorph-free exhaustive geneation algorithms for assaiation
schemeg2007), PhD thesis.

[14] Farad zev 1.A., Constructive enumeantion of combinatorial objects, Problemes
Combinatoires et Theorie des GraphesColloque Internat. CNRS, 260 (1978), 131{
135.

[15] Godsil C., Royle G., Algebraic graph theory, Springer-\erlag (2001).

[16] Haemers W.H., Kuijken E., The Hermitian two-graph and its code, Linear Alge-
bra and its Applications, 356(1-3) (2002), 79-93.

[17] Read R.C., Every one a winner, or, how to avoid isomorphismseart when cata-
loguing combinatorial con gurations, Ann. Discrete Math. 2 (1978),107{120.

the electr onic journal of combinatorics 15 (2008), #R30 16



