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Abstract

During the past few yearswe have obtained several new computer classi�cation
resultson association schemesand in particular distanceregular and strongly regular
graphs. Central to our successis the use of two algebraic constraints based on
properties of the minimal idempotents E i of these association schemes: the fact
that they are positive semide�nite and that they have known rank.

Incorporating theseconstraints into an actual isomorph-freeexhaustive genera-
tion algorithm turns out to besomewhatcomplicated in practice. The main problem
to be solved is that of numerical inaccuracy: we do not want to discard a potential
solution becausea value which is closeto zero is misinterpreted as being negative
(in the �rst case)or nonzero(in the second).

In this paper we give details on how this can be accomplishedand also list some
new classi�cation results that have beenrecently obtained using this technique: the
uniquenessof the strongly regular (126; 50; 13; 24) graph and somenew examplesof
antip odal distanceregular graphs. Wegivean explicit description of a newantip odal
distance regular 3-cover of K 14, with vertices that can be represented as ordered
triples of collinear points of the Fano plane.

1 In tro duction and overview

Association schemesare combinatorial objects that satisfy very strong regularity condi-
tions and as a consequenceof this, have applications in many branchesof combinatorial
mathematics : in coding theory, designtheory, graph theory and group theory, to name
but a few.
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The regularity properties of an association schemeare parametrizedby a set of integers
pk

ij which are called the intersection numbers of that scheme. A lot of research has been
devoted to classifyingassociation schemesin the following sense: given a speci�c set of
intersection numbers, does a corresponding schemeexist, or can we on the other hand
prove nonexistence? If several schemesexist with the sameintersection numbers, are
they essentially di�erent ? In other words, what can we tell about isomorphismclassesof
such schemes?

Quite a bit of work on this subject hasalready beendoneand several tables of `feasible'
intersectionnumbersand relatedexistenceinformation havebeenpublished,especially for
the better-known special casesof distanceregular and strongly regular graphs[2, 3, 10].
During the past few years also the present authors have made several contributions to
this subject [5, 6, 7, 8, 9, 11, 12].

In our casemost results wereobtained by computer. We have developed special purpose
programs to tackle several casesfor which a full classi�cation did not yet exist. These
programsusestandardbacktracking methods for exhaustive enumeration, in combination
with several special purposetechniquesto obtain the necessarye�ciency .

On many of the techniquesand `tricks' we usein theseprogramswe have alreadyreported
elsewhere[8, 9, 11, 12]. In this paper we will describe the useof two constraints (which
haven't beendiscussedin detail before) that are basedon algebraicproperties of associa-
tion schemes.They allow us to prune the search tree extensively and turn out to be very
powerful.

Both constraints arebasedon propertiesof the minimal idempotents E i associated with a
given scheme: the minimal idempotents arealways positive semide�nite, and they have a
known rank (which can be computed from the intersectionnumbers). As a consequence,
if we generatethe association schemesby building their relation matrices `column by
column', we can check whether the corresponding principal submatrix of E i is positive
semide�nite and doesnot have a rank which is already too large,beforeproceedingto the
next level.

This is however not so straightforward as it may seem: the standard algorithms from
numerical algebra for checking positive semide�nitenessand computing the rank of a
matrix, su�er from numerical inaccuracy, and we needto take carenot to prune a branch
of the search tree becausea matrix is mistakenly interpreted as not positive semide�nite
or its rank is incorrectly estimated.

In Section2 we give de�nitions of the mathematical conceptswhich are usedfurther on,
and we list somewell-known properties. Section3 givesa short description of the algo-
rithm for isomorph-freeexhaustive generationwe have used,in so far as it is relevant to
this paper. In Sections4 and 5 we discussthe algorithms for checking positive semide�-
nitenessand computing the rank. Finally, Section6 lists somenew classi�cation results
we have obtained using this technique. One of the new schemesdiscovered has a nice
geometricaldescription which we will discussin detail.
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2 De�nitions and well-kno wn prop erties

Let V be a �nite set of n vertices. A d-classassociation scheme
 on V is an ordered
set f R0 ; R1 ; : : : ; Rd g of relations on V satisfying the axioms listed below. We use the
notation x Ri y to indicate that (x; y) 2 Ri .

1. f R0 ; R1 ; : : : ; Rd g is a partition of V � V.

2. R0 is the identity relation, i.e., x R0 y if and only if x = y, whenever x; y 2 V.

3. Every relation Ri is symmetric, i.e., if x Ri y then alsoy Ri x, for every x; y 2 V.

4. Let x; y 2 V and let 0 � i; j; k � d such that x Rk y. Then the number

pk
ij

def= jf z 2 V : x Ri z and z Rj ygj

only dependson i; j and k.

The numberspk
ij are called the intersection numbers of 
. Note that ki = p0

ii denotesthe
number of vertices y in relation Ri to a �xed vertex x of V, and does not depend on
the choice of x. It also follows that n = k0 + : : : + kd is completely determined by the
intersectionnumbers of 
.

There are several special casesof association schemesthat are of independent interest.
For example,a distance regular graph G of diameter d is a connectedgraph for which the
distancerelations form a d-classassociation scheme. More precisely, a pair of verticesx,
y in G satis�es x Ri y if and only if d(x; y) = i . A strongly regular graph is a distance
regular graph of diameter 2. Strongly regular graphsare essentially equivalent to 2-class
association schemes. Instead of using intersection numbers, it is customary to de�ne
strongly regular graphs in terms of their parameters (v; k; �; � ), with v = n, k = k1,
� = p1

11 and � = p2
11. A strongly regular graph with these parametersis also called a

strongly regular (v; k; �; � ) graph.

(Several mathematical properties of association schemesare relevant to our generation
algorithms. For actual proofs of the properties listed in this section, and for further
information on the subject of association schemesand distanceregular graphs, we refer
to [1, 2, 15].)

With every relation Ri of 
 we may associate a 0{1-matrix A i of sizen � n as follows :
rows and columnsof A i are indexed by the elements of V and the entry at position x; y
of A i is de�ned to be 1 if and only if x Ri y, and 0 otherwise. In terms of thesematrices
the de�ning axiomsof a d-classassociation scheme
 translate to

dX

i =0

A i = J; A0 = I ; A i = AT
i and A i A j =

dX

k=0

pk
ij Ak ;
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where I denotesthe n � n identit y matrix, J is the all-one matrix of the samesizeand
AT is the transposeof A.

It follows readily that A0; A1; : : : ; Ad form a basisfor a (d + 1)-dimensionalcommutativ e
algebraA of symmetric matriceswith constant diagonal. This algebraA was�rst studied
by Boseand Mesner[4] and is thereforecalled the Bose-Mesneralgebra of 
.

It is well known that A has a basis of so-calledminimal idempotents E0; : : : ; Ed (also
called principal idempotents), satisfying

E0 =
1
n

J; E i E j = � ij E i ;
dX

i =0

E i = I ; for all i; j 2 f 0; : : : ; dg.

SinceE i
2 = E i , it follows easily that each minimal idempotent E i is positive semide�nite.

i.e., that xE i xT � 0 for all x 2 R 1� n .

Considerthe coe�cien t matricesP and Q that expressthe relation betweenthe two bases
of A as follows :

A j =
dX

i =0

Pij E i ; E j =
1
n

dX

i =0

Qij A i :

(P and Q are called the eigenmatrix and dual eigenmatrix of 
, respectively.)

It can be proved that PQ = QP = nI , that Pij is an eigenvalue of A j , that the columns
of E i span the corresponding eigenspace,and that E i has rank Q0i . Let x; y 2 V, then
the de�nition of E j implies that the (x; y)-th entry of E j is equal to Qkj =n wherek is the
unique classto which the pair (x; y) belongs,or equivalently, the unique index such that
x Rk y.

For the purposesof this paper it is important to note that the entries of P and Q can
be computed from the intersectionnumbers pk

ij of 
. In other words, we can compute P
and Q for a given set of intersection numbers without the needfor an actual exampleof
a corresponding association scheme.

Two association schemes
 = f R0 ; : : : ; Rn g on V and 
 0 = f R0
0 ; : : : ; R0

n g on V 0 are
called isomorphic if there existsa bijection � : V ! V 0 such that for every i 2 f 0; : : : ; dg
the following property holds

x Ri y if and only if x � R0
i y� ; for all x; y 2 V.

This means that two association schemes
 and 
 0 are isomorphic if and only if the
verticesof V and V 0 can be numbered in such a way that all corresponding matrices A i

are identical for both schemes.

The problem of classi�cation of association schemesconsistsof �nding all association
schemesthat correspond to a given set of intersection numbers, up to isomorphism, i.e.,
to determineall isomorphismclassesand for each classindicate exactly onerepresentativ e.
In our casewe try to classifyassociation schemesby meansof a computerusingisomorph-
free exhaustive backtracking techniques.

the electr onic journal of combina torics 15 (2008), #R30 4



3 Isomorph-free exhaustiv e generation

Our programsrepresent an association scheme
 internally as an n � n relation matrix
M with rows and columnsnumberedby the verticesof V . The entry M xy at position x; y
of M contains the index i of the classto which the pair (x; y) belongs,i.e., the unique i
such that x Ri y. This matrix is symmetric and haszerodiagonal.

The exhaustive generation algorithm initially starts with a matrix M where all non-
diagonal entries are still left uninstantiated (i.e., unde�ned, unknown | we denote an
uninstantiated matrix entry by a question mark). Then each upper diagonal entry M xy

(and at the sametime its symmetric counterpart M yx ) is systematically recursively in-
stantiated with each value of the domain f 1; : : : ; dg.

During this recursive processwe use several constraints to prune nodes of the search
tree, either becauseit can be inferred that the partially instantiated matrix can never be
extendedto the relation matrix of an association schemewith the required parameters,
or becauseevery possibleextensionis known to be necessarilyisomorphic to a result we
have already obtained earlier.

In [11, 12] we have described most of the constraints we usethat are of a combinatorial
nature. In this paper which shall concentrate on the constraints that were derived from
the algebraicproperties of 
. Theseconstraints are more easilydescribed in terms of the
matrices ME i , with i 2 f 0; : : : ; dg, wherematrix entries are de�ned as follows:

(ME i )xy =

(
1
n Qki if M xy = k 2 f 0; : : : ; dg
? if M xy =?

Essentially ME i is the minimal idempotent E i , except that we allow entries to be unin-
stantiated. For easeof notation we shall henceforthsimply write E i instead of ME i .

As hasalready beenmentioned in the introduction, we usethe following constraints :

Algebraic constrain ts Let i 2 f 0; : : : ; dg. Then every completely instantiated leading
principal submatrix of E i

� must be positive semide�nite, and

� must haverank at most equal to Q0i .

Indeed,any principal submatrix of a positive semide�nite matrix must again be positive
semide�nite, and any principal submatrix of a matrix must have a rank which is at most
the rank of the original matrix.

We only considerleading principle submatricesfor reasonsof e�ciency , and of those,we
only look at the largest one which is fully instantiated, for if that matrix satis�es the
constraint, then it is automatically satis�ed for the smaller ones.

For isomorph rejection we have used an orderly approach [14, 17] : of all association
schemesin the sameisomorphismclasswe only generatethe relation matrix M which has
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the smallestcolumn order certi�cate C(M ), de�ned to be the tuple

C(M ) = (M 1;2; M1;3; M2;3; M1;4;:::;M3;4; M1;5 : : :
: : : ; Mn� 3;n � 2; M1;n � 1;:::;Mn� 2;n � 1; M1;n ;:::;Mn� 1;n )

of length (n2 � n)=2 obtained by concatenating the upper diagonal entries of M in a
column-by-column order. We order certi�cates using the standard lexicographicalorder-
ing. Note that the certi�cate for a leading principal submatrix of M is a pre�x of C(M ).

Although other authors seemto favour a row-by-row generationorder (seefor example
[17] in the context of tournaments), in our casea column-by-column strategy turns out
to yield results faster, becausein this way large leading principal submatriceswhich are
fully instantiated turn up earlier during search and hencethe algebraicconstraints can be
invoked higher up in the search tree, pruning larger subtrees. However, this speedgain
seemsto be only truely e�ective when combined with other (look-ahead)criteria which
sometimesallow the generationto switch to a row-by-row sequencetemporarily.

The uniquematrix M which hasthe smallestcerti�cate in its isomorphismclassis said to
be in canonical form. Checking whether M is in canonical form is very time consuming
an thereforewe useseveral additional criteria to speedup this check: lexical ordering of
the rows of M and clique checking [9, 12].

A more extensive discussionof the techniqueswe use for isomorph-freeexhaustive gen-
eration algorithms of association schemescan be found in the PhD thesis of one of the
authors [13].

4 Checking positiv e semide�niteness

In the introduction we have alreadypointed out that it is not possibleto usethe standard
numerical algorithms for checking positive semide�nitenessin unaltered form. The main
reasonis that we must make sure that numerical errors do not invalidate our results.
Moreover, for reasonsof e�ciency , we should take advantage of the fact that we have to
apply the samealgorithm several times to matrices that only di�er in the valuesof a few
entries.

Recall from linear algebrathat a real symmetric matrix A 2 R m� m is positive semide�nite
if and only if xAx T � 0 for every row vector x 2 R 1� m and its transposexT 2 R m� 1.
If the matrix A is not positive semide�nite then we will call any row vector x for which
xAx T < 0 a witness for A.

4.1 The basic algorithm

The following theorem serves as the basis for the algorithm we have used in all our
generationprograms.
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Theorem 1 Consider a real symmetric matrix A 2 R m� m , where

A =

 
� a
aT A0

!

with � 2 R, a 2 R 1� m� 1 and A0 2 R m� 1� m� 1. Then we distinguish between the following
cases:

1. If � < 0, then A is not positive semide�nite. Moreover, x = (1 0 : : : 0) 2 R 1� m is
a witnessfor A.

2. If � > 0, then A is positive semide�nite if and only if

A0 �
aT a
�

is positive semide�nite. If y 2 R 1� m� 1 is a witness for A0 � aT a=� then x =
(� yaT =� y) is a witnessfor A.

3. If � = 0, then A is positive semide�nite if and only if A0 is positive semide�nite and
a = 0. If a 6= 0, then we may �nd y 2 R 1� m� 1 such that yaT � 0 and then each
vector x = (� y) is a witnessfor A whenever� < � yA0yT =2yaT . If A0 is not positive
semide�nite, then everywitnessy for A0 can be extended to a witnessx = (0 y) for
A.

Proof : Let � 2 R, y 2 R 1� v� 1 and set x = (� y). We have

xAx T = (� yT )

 
� a
aT A0

!  
�
y

!

= � 2� + 2�y aT + yA0yT : (1)

We considerthe following three di�erent cases:

1. If � < 0, then the right hand side of (1) is lessthan zero for � > 0 and y = 0. Hence
A is not positive semide�nite and (1 0 : : : 0) may serve asa corresponding witness.

2. If � > 0, then we may rewrite the right hand sideof (1) as

xAx T = �

 

� +
yaT

�

! 2

+ y

 

A0 �
aT a
�

!

yT ; (2)

usingyaT = ayT . This expressionis nonnegative for every x if and only if every y satis�es
y

�
A0 � aT a=�

�
yT � 0, i.e., if and only if the matrix A0 � aT a=� 2 R m� 1� m� 1 is positive

semide�nite. If this matrix is not positive semide�nite, and y is a corresponding witness,
then for � = � yaT =� the vector (� y) provides a witnessfor A.

3. Finally if � = 0, then the right hand sideof (1) reducesto

xAx T = 2�y aT + yA0yT ; (3)

the electr onic journal of combina torics 15 (2008), #R30 7



which is linear in � . This expressionis nonnegative for all � if and only if the coe�cien t
2yaT of � is zero and the constant term yA0yT is nonnegative. Hencethe matrix A is
positive semide�nite if and only if yaT = 0 and yA0yT � 0 for all y, or equivalently, if and
only if a = 0 and the matrix A0 is positive semide�nite. As a consequence,if A0 is not
positive semide�nite and y is a witness for A0, then the vector (0 y) provides a witness
for A. Also, if a 6= 0, then we may �nd y such that yaT > 0 and then any � satisfying
� < � yA0yT =2yaT will make (3) lessthan zero.

This theorem can easily be used as the basis for an algorithm which checks whether a
given real symmetric matrix A 2 R m� m is positive semide�nite. As wasalreadyexplained
in Section3, we intend to usethis algorithm to check positive de�nitenessof (millions of)
potential leadingprincipal submatricesof minimal idempotents E i for assocation schemes
with the requestedparameters.

For easeof notation we will denote the element on the i -th row and j -th column of a
matrix M by M [i; j ] (instead of M i;j ). Submatriceskeepthe row and column numbering
of the matrices they are part of. For example,the rows and columnsof the matrices A
and A0 in Theorem1 would be numberedfrom 1 up to m and from 2 up to m respectively.

Using the notations of Theorem1, we de�ne

A(2) def=

(
A0; if � = 0,
A0 � aT a=� ; otherwise.

The matrix obtained by applying the same processto A (2) shall be denoted by A (3) ,
and in a similar way we may de�ne A (4) ; A(5) ; : : : ; A(m) . We also write A (1) = A. In
general,the matrix A (k) is a symmetric (m � k + 1) � (m � k + 1) matrix with rows and
columnsnumbered from k up to m. This yields the following recurrencerelation, for all
i; j 2 f k + 1; : : : ; mg :

A(k+1) [i; j ] =

8
><

>:

A(k) [i; j ]; if A (k) [k; k] = 0,

A(k) [i; j ] �
A(k) [i; k]A (k) [k; j ]

A(k) [k; k]
; otherwise.

(4)

Theorem1 leadsto Algorithm 1 which takesa real symmetricm� m matrix A asinput and
returns true or falsedependingon whether A is positive semide�nite or not. Algorithm 1
needsO(m3) operations in the worst case.Storagerequirements are only O(m2) because
A(k+1) [i; j ] can be stored in the sameplace as A (k) [i; j ]. Also note that every A (k) is
symmetric and thereforeonly about half of each matrix needsto be stored.

4.2 A useful varian t of the basic algorithm

Observe that all comparisonsin Algorithm 1 are performed on elements A (k) [i; j ] with
either k = i or k = j . For i � j de�ne B[i; j ] def= A(i ) [i; j ] (and henceB[1; i ] = A[1; i ]). We
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Algorithm 1 Checks whether A is positive semide�nite.
function isPSD(A : matrix) : boolean

1: for k  1� � � m do
2: if A (k) [k; k] < 0 then
3: return false
4: else if A (k) [k; k] = 0 then
5: for j  k + 1� � � m do
6: if A (k) [j; k] 6= 0 then
7: return false
8: end if
9: end for

10: end if
11: computeA (k+1) using (4)
12: end for
13: return true

may now reformulate (4) as follows, for all i; j > k :

A(k+1) [i; j ] =

8
><

>:

A(k) [i; j ]; if B [k; k] = 0,

A(k) [i; j ] �
B [k; i ]B [k; j ]

B [k; k]
; otherwise.

and hence,by repeatedapplication for di�erent k,

A(k+1) [i; j ] = A (1) [i; j ] �
B [1; i ]B [1; j ]

B [1; 1]
�

B [2; i ]B [2; j ]
B [2; 2]

� � � �

� � � �
B [k � 1; i ]B [k � 1; j ]

B [k � 1; k � 1]
�

B [k; i ]B [k; j ]
B [k; k]

;

where all fractions with zero denominator B [j; j ] should be regardedas equal to zero.
From this we obtain the following recurrencerelation for B :

B [i; j ] = A[i; j ] �
B [1; i ]B [1; j ]

B [1; 1]
�

B [2; i ]B [2; j ]
B [2; 2]

� � � �

� � � �
B [i � 2; i ]B [i � 2; j ]

B [i � 2; i � 2]
�

B [i � 1; i ]B [i � 1; j ]
B [i � 1; i � 1]

; (5)

again omitting all terms with a zero denominator. We usethis relation in Algorithm 2,
which again needsO(m3) operationsand O(m2) storage.

It follows from (5) that the valueof B [i; j ] only dependson the valuesof A[k; l ] with k � i
and l � j . Hence,if we want to apply Algorithm 2 subsequently to two matricesA and �A
whoseentries only di�er at positions(k; l) such that k > i or l > j , we can reusethe value
of B [i; j ] (and a fortiori, all valuesof B [x; y] with x � i and y � j ) which was obtained
during the call of isPSD(A), while computing isPSD( �A).
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Algorithm 2 Checks whether A is positive semide�nite.
function isPSD(A : matrix) : boolean

1: for i  1 � � � m do
2: B[1; i ]  A[1; i ]
3: end for
4: for k  1� � � m do
5: if B [k; k] < 0 then ¶
6: return false
7: else if B [k; k] = 0 then
8: for j  k + 1� � � m do
9: if B [k; j ] 6= 0 then ·

10: return false
11: end if
12: end for
13: else
14: for j  k + 1� � � m do
15: computeB[k + 1; j ] using (5)
16: end for
17: end if
18: end for
19: return true

Similarly, if A is a leading principal submatrix of �A, then again all valuesB[i; j ] which
werecomputedduring the call to isPSD(A) can be reusedfor �A. (Of course,thesevalues
will only have beencalculated completely when A turns out to be positive semide�nite,
but if this is not the case,we may immediatly concludethat also �A cannot be positive
semide�nite.)

Theseproperties make Algorithm 2 extremely suitable for usewith our generationstrat-
egy : the column-by-column order for instantiating matrix entries guarantees that sub-
sequent applications to the algorithm will be done for matrices that di�er very little
(typically only in their last column). Also recall that we only check leading principle
submatricesfor positive semide�niteness.

In fact, even when the last column of a leading principle submatrix is not yet fully in-
stantiated, we may already be able to decidethat the full submatrix cannot possibly be
positive semide�nite. Indeed,considercondition ¶ in Algorithm 2. By (5) we have

B[k; k] = A[k; k] �
B [1; k]2

B[1; 1]
�

B [2; k]2

B[2; 2]
� � � � �

B [k � 1; k]2

B[k � 1; k � 1]
; (6)

again omitting all terms with a zero denominator. Note that statement ¶ will only be
called in those caseswhere all denominatorsB[i; i ] are nonnegative, and hencethat all
except the �rst term on the right hand sideof the expressionabove are nonpositive.
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Hence,if the leadingk � 1 � k � 1 principal submatrix of A is already fully instantiated,
and A[k; k] is known (which is always the casein our generationprogram), then as soon
as the valuesof A[1; k]; : : : ; A[i; k] are available, B [1; k]; : : : ; B [i; k] can be computedand
the right hand side of (6) can already be partially evaluated. If that partial sum turns
out to be negative, B [k; k] will surely be negative and we neednot wait to decidethat A
is not positive semide�nite until the remaining entries of A are instantiated.

4.3 Coping with numerical errors

The algorithms above usevarious operations on real numbers which by their nature can
only be implemented using approximate arithmetic and hencegive rise to numerical in-
accuracies. It is therefore important to be absolutely certain that any numerical errors
that occur are su�cien tly small asnot to invalidate classi�cation results obtained by our
generationprogram.

For this reasonwe modify Algorithm 2 in the following way : beforereturning false,we
�rst compute a witness x for A using the properties of Theorem 1. Then we compute
xAx T and verify whether it is indeed negative, or more exactly, whether it is smaller
than � � for a suitably small � > 0. If not, we revoke our decision,and proceedwith the
algorithm as before. For condition ¶ we assumethat B [k; k] = 0 and for condition ·
we assumethat B [k; j ] = 0.

Note that the value of � in case2 of Theorem 1 was chosento make xAx T as small as
possible,and hencevaluesof xAx T that are closeto zero do not occur very frequently
in practice. It is also important to observe that possiblerounding errors for the value of
xAx T can be estimatedvery accurately.

We have
xAx T =

X

i;j

x i x j A[i; j ]:

The relative error on each symbol x i , x j and A[i; j ] is essentially 2� b, where b denotes
the number of bits used in the mantissa for the 
oating point representation (we usea
very conservative b = 32 for Java `double' numbers). The relative error � on each term
x i x j A[i; j ] is the sumof the relative errorson each symbol, hence� = 3�2� b. The absolute
error on each term is equal to � jx i jj x j jjA[i; j ]j, which is boundedupwards by �x 2

max Amax ,
wherexmax

def= maxjx i j and Amax
def= maxjA[i; j ]j. The absoluteerror on xAx T is the sum

of the absoluteerrors on each term, and henceat most � = m2�x 2
max Amax , a value which

can be easilycomputedat runtime.

Of coursethis strategy meansthat we sometimesfalsely assumethat a matrix is positive
semide�nite when it is not, but fortunately this is not a problem. Usually when this
happens,the search is pruned when the leading principal submatrix of next higher order
is checked, and ultimately the combinatorial constraints will always ensurethat any ma-
trix which is �nally generatedsatis�es the de�nition of an association schemewith the
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requestedparameters.A lessaccurateimplementation of Algorithm 2 simply results in a
lesse�cien t generationprogram.

Finally, remark that rounding errors can be avoided alltogether by using multiprecision
(algebraic) integerarithmetic. However, asfar aswe know, the best algorithms for check-
ing whether a k � k matrix A is positive semide�nite, still needa number of digits that is
linear in k. Early experiments have shown that the resulting programsare still markedly
slower than the approximate methods discussedhere.

Although Java, the programminglanguagewe have usedto obtain our results,hasa fairly
e�cien t library for multiprecision integer arithmetic, the reader might wonder whether
using a computer algebra system would not have been to our advantage. It should be
observed that the algorithms are called in the `inner loop' of the generation program,
and therefore it would be important that the computer algebra system would be one
that compilesto machine language. But even then we predict that using 
oating point
arithmetic would still be faster.

One ideawhich might be worth considering,is to use
oating point calculationsto `guess'
whetherA is positivede�nite and then in somecases̀makesure'by usingexactarithmetic
on the samematrix. This extra check could for instancebe restricted to thosecaseswhere
the 
oating point value of xAx T is lessthan somesmall positive threshold.

4.4 Further impro vements

The witnessx constructedwhen A is not positive semide�nite also sometimesallows us
to identify a smaller principal submatrix A00of A which is also not positive semide�nite.
This happenswhen someof the coordinates x i of the witnessx are zero,as in that case
the elements on the i th row and column of A are not involved in the valueof xAx T . More
precisely, if A00denotesthe submatrix obtained from A by removing all rows and columns
with indices i for which x i = 0, then also A00is not positive semide�nite, and the vector
x00obtained from x by removing all zeroentries may serve as a witnessfor A00.

This observation leadsto the following look-back strategy which we can incorporate into
our generation algorithm. Suppose that the instantiation of an entry of A completes
the submatrix A00as described above, then this instantiation remains forbidden until a
backtrack occurs to the entry of A00which was instantiated secondto last.

For this technique to be e�ective, it is necessaryto have witnessesthat have many entries
that are zero. To increasethe likelyhood of such a witness,we can sometimes`improve'
the witness generatedin the secondcaseof Theorem 1 : when we obtain the witness y
for A0 � aT a=� , we can simply check whether (0 y) happens to be a witness for A, i.e.,
whetheryA0yT < 0. If this is the casewe use(0 y) insteadof the witness(� y) of Theorem
1.

A further improvement is possiblewhen the witnessx for A turns out to be of the form
x = (x1; : : : ; xk ; 0; : : : ; 0; xm ) for somek 2 f 1; : : : ; m � 2g such that xk ; xm 6= 0. In this
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case,let �A denote a matrix of size �m � �m (with k < �m) which has the sameleading
principal k � k submatrix as A and such that the �rst k elements of the last columns
of both matrices are the same,i.e., such that A[1; m] = �A[1; �m]; : : : ; A[k; m] = �A[k; �m].
Then x is alsoa witnessfor �A and �A is not positive semide�nite either.

This observation leadsto the following constraint recordingtechnique. We storethe tuple
(A[1; m]; : : : ; A[k; m]) and useit to forbid similar column pre�xes, as long as the entries
of the k � k leading principle submatrix are left unaltered. Becausethe possibleentries
for A[i; j ] can only take a few di�erent values, it is advantageousto store thesecolumn
pre�xes into a trie, which alsoallows them to be combined to yield even shorter forbidden
column pre�xes.

5 Checking the rank

As was pointed out in Section 3 we also needa method for checking whether a square
symmetric matrix A has a rank which does not exceeda given value r . As with posi-
tive semide�niteness,the standard algorithm for determining the rank (through Gaussian
elimination) su�ers from numerical inaccuracy, which is this time an even more danger-
ous problem, becauseto compute the rank exactly we needto determine with certainty
whether various real numbers are equal to zeroor not.

The technique which we have usedto surmount theseproblems,and which we describe
below, is not as e�cien t as the algorithms from Section4, but luckily it turns out that
rank checking is not neededas often as checking for positive de�niteness. Observe for
instancethat the rank of a matrix cannot be larger than its order, and thereforewe only
needto check matricesof sizeat least r + 1� r + 1. Also, we cansometimespostponerank
checking even longer,becauseadding a row (or column) to a matrix can only increasethe
rank by 1, and hencethe rank of a m � m matrix A can be at most 2(m � m0) larger than
the rank of a principal submatrix A0 of A of order m0� m0. Indeed,if A0 turns out to have
rank equal to only r � e, then rank checking is super
uous until we reach a submatrix of
order larger than m0+ e=2.

We usemodular arithmetic to avoid problemsof numerical inaccuracy. Recall from linear
algebrathat the rank of a matrix A with integral entries is always greater than or equal
to its p-rank, i.e., the rank of the matrix �A obtained from A by reducing every matrix
entry of A modulo a �xed prime number p. So, if we �nd that the p-rank of A is larger
than r , we know for surethat alsothe rank of A itself is larger than r . The p-rank can be
computedexactly, usingGaussianelimination, and if we choosep < 215 (e.g. p = 32749),
then this canbedoneusingstandard32-bit integerarithmetic without the risc of over
ow.

In our generationprograms,the entries of the matrices A for which we needto compute
the rank are the entries of the dual eigenmatrixQ associated with the association scheme,
divided by n. For most of the actual caseswhich we have investigated theseentries are
rational numbers. If we multiply A with the least commonmultiple of the denominators
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of theseconstants, we obtain an integer matrix with the samerank, for which we then
compute the p-rank.

In the general case, the entries of A can also be irrational, but they will always be
algebraic integers. Also then it is still possibleto �nd a suitable p and to transform A
into an appropriate matrix A. For example,the dual eigenmatrix for the Perkel graph [8]
has entries that belongto Q(

p
5). Multiplying A with the appropriate constant yields a

matrix with entries in Z[
p

5]. Choosingp = 30011,we obtain �A by mapping an entry of
the form x + y

p
5 to x + 6583y mod p. Because65832 = 5 mod p, we again end up with

a matrix �A whoserank cannot be larger than the rank of A.

In each of thesecasesit is of coursepossiblethat the rank of �A is strictly smaller than
that of A, and hencethat we fail to recognisea matrix A with a rank that exceedsthe
given bound r . As with the algorithm of the previous section, this is not a problem. It
may make the algorithm lesse�cien t, but will never yield results that are not correct.

The remarksof Section4.3 alsohold for computing the rank : using the p-rank asan ap-
proximation appearsto be more e�cien t than computing the exact rank with multipreci-
sion arithmetic. It might however be bene�cial to usethe following `hybrid' algorithm: if
the p-rank `almost' reachesthe bound r , exact arithmetic could be usedto compute the
true rank. Although in that caseit would probably be faster to simply recompute the
p-rank for a few additional valuesof p.

6 Classi�cation results

In [8, 9, 11, 12] we have already discussedmany of the results which we have obtained by
applying the techniquesof the previous sections. In this sectionwe will list somerecent
classi�cation results.

As wasmentioned before,our programswerewritten in the Java programming language.
Timings given are for a computer with a singleCPU with a clock speedof approximately
1GHz. All timings are approximate.

6.1 A unique strongly regular (126; 50; 13; 24) graph

There existsa strongly regular graph with parameters(v; k; �; � ) = (126; 50; 13; 24) which
is related to the Hermitian two-graph H(5) and can be constructed from the Ho�man-
Singletongraph [16].

Our generationprogram proves that this strongly regular graph is uniquely determined
by its parameters(up to isomorphism). This took approximately 5 days of processing
time.
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6.2 Tw o distance regular antip odal 3-covers of K 14

A distanceregulargraph on 42verticeswith intersectionarray f 13; 8; 1;1; 4; 13g, i.e., with
n1 = 13; p1

12 = 8; p2
13 = 1; p1

10 = 1; p2
11 = 4; p3

12 = 13, is called an antipodal cover of K 14

becausethe relation of being at maximal distanceis an equivalencerelation (the graph is
antipodal) and the corresponding quotient (with verticesthe 14 equivalenceclassesof size
3) canbe interpreted asa completegraph on 14vertices(every vertex in every equivalence
classis adjacent to exactly onevertex of every other equivalenceclass).

There is a well-known construction of a graph with this parameters,basedon the �nite
�eld GF(13) (seefor instance [2, Proposition 12.5.3]). This scheme has automorphism
group PGL(2; 13) of size2184.

Our generationprogramprovesthat there areexactly 2 isomorphismclassesof association
schemeswith theseparameters(this takesabout 20 minutes). The secondgraph can be
constructedas follows :

� Verticesare the 42 orderedtriples of collinear points in the Fano plane PG(2; 2).

� Two triples (x0; x1; x2), (y0; y1; y2) that correspond to di�erent lines of the Fano
plane are adjacent in the graph if and only if either x0 = y0, x1 = y2 or y1 = x2.

� Two triples that correspond to the sameline are adjacent if and only if they share
the third coordinate, i.e., if they are of the form (x0; x1; x2) and (x1; x0; x2).

The automorphism group of this graph is PGL(3; 2). The antip odal classescorrespond
to the oriented lines f (x0; x1; x2); (x1; x2; x0); (x2; x0; x1)g of the Fano plane. It is fairly
easilyseenthat every triple is adjacent to exactly onetriple for each of the 13 remaining
oriented lines, in other words, that the graph is a cover of K 14. We do not know of
an elegant mathematical proof of the fact that the graph is distance regular with the
indicated parameters,but this property is easily checked by computer.

6.3 Four distance regular antip odal 3-covers of K 17

A distanceregular graph on 51 vertices with intersection array f 16; 10; 1;1; 5; 16g, is an
antipodal cover of K 17. Our generation program proves that there are 4 isomorphism
classesof association schemeswith theseparameters,with automorphismgroupsof sizes
16320,240, 192 and 48 respectively (using about 10 hours of time). The �rst caseagain
corresponds to the construction of [2, Proposition 12.5.3]with group P�L(2 ; 16).
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