On the Resilienc®f LongCyclesn RandomGraphs

DomingosDellamonicaJr

Department of Mathematics and Computer Science,Emory University
400 Dowman Dr., Atlanta, GA, 30322,USA
ddellam@mathcs.emory.edu

Yoshiharu KohayakawaY

Instituto de Matematica e Estat stica, Universidadede Sao Paulo
Rua do Mat-ao 1010, 05508{090Sa0 Paulo, Brazil
yoshi@ime.usp.br

Martin Marciniszyn Angelika Steger

Institute of Theoretical Computer Science
ETH Zwrich, 8092 Zwrich, Switzerland
f mmarcini|steger g@inf.ethz.ch

Submitted: Jun 13, 2007;Accepted: Feb 5, 2008; Published: Feb 11, 2008
Mathematics Subject Classi cation: 05C35,05C38,05C80

Abstract

In this paper we determine the local and global resilienceof random graphs
Gnp (P N 1) with respect to the property of cortaining a cycle of length
at least (1 )n. Roughly speaking, given > 0, we determine the smallest
rq(G; ) with the property that almost surely every subgraph of G = Gy
having more than rq4(G; )JE(G)] edgescorntains a cycle of length at least
(1 )n (global resilience). We also obtain, for < 1=2, the smallestr|(G; )
sudh that any H G having degy (v) larger than r|(G; )degg(v) for all
v 2 V(G) contains a cycle of length at least (1 )n (local resilience). The
results above are in fact proved in the more general setting of pseudorandom
graphs.
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1 Intro duction

Problemsin extremal graphtheory [1, 2] usually comein the following form: let P be
a graph property and a graph parameter;determinethe leastm with the property
that any graph G with (G) > m hasP and descrike the so called extremal graphs
that is, those G with (G) = m without P. For instance, in the caseof Turan's
theorem, P is the property of cortaining a clique K for somegivent, and (G) is
the number of edgese(G) in G. As is well known, Turan's classicalresult determines
the exact value of m = m(n) in terms of n = jV(G)j and descrikesall the extremal
graphs.

In this paper, we considerpropertiesP that areincreasingand non-trivial, in the
senseghat graphswith no edgesdo not have P. We are interestedin the resiliene of
certain graph familieswith respect to sud properties. In simpleterms, the resilience
is a measureof how strongly a graph G possesseproperty P. Sudalov and Vu [24]
de ne this notion asfollows.

De nition 1 (Global resilience). LetP be an increasingmonotoneproperty. The
globalresilienceof a graph G with resgect to P is the minimum numter ry = r4(G;P)
suchthat one can destioy P by deletingat mostry €G) edgesfrom G.

In somecasesthe following variant of resiliencemakesmore sense.

De nition 2 (Lo cal resilience). Let P be an increasing monotoneproperty. The
local resilienceof a graph G with respect to P is the minimum numker r; = r(G; P)
such that one can destoy P by deletingat mostr; degv) edgesat each vertex v
from G.

Determining the resilienceof agraph G w.r.t. P canbe viewedasfollows. Suppose
an adversaryis allowed to remove up to a certain number R of edgesdrom G globally,
with the aim of destroying P. If R < ry(G;P) €(G) the graph left by the adversary
will necessarilyhave P. If R r4(G;P) €(G), then the adversary has a strategy to
obtain a graph that doesnot have P. The notion of local resiliencecorrespnds to
a variant in which the adversary hasto obey a local rule: for any vertex v 2 V(G),
no morethat r;(G;P) deqV) edgesincident to v may be removed.

Our generalproblemhereis to study r4(G; P) andr(G; P) in the casein which G
is a (pseudo)randomgraphand P concernghe containment of alargecycle. We shall
considerthe classicalG,,, model of binomial random graphs, that is, G,, consists
of n labeled vertices, and the edgesare independerly presemn with probability p =
p(n). We mertion that seeral authors have investigatedry(G;P) and r|(G; P) in
random or pseudorandomgraphsfor various properties P. For instance,the global
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resilienceof G, with respect to the Turan property of cortaining a clique K, of
a given order, or, more generally the property of cortaining a given graph H of
xed order was studied in [18], [20], and [25]; for the casein which H is a cycle,
see[10], [13, and [14] (for further related results, see[16], [17], and [21]). More
recerily, Sudalov and Vu [24] determined the local resilienceof G, with respect
to seweral properties, namely having a perfect matching, being Hamiltonian, being
non-symmetric,and being k-colorablefor a given function k = k(n). Similar results
concerningHamiltonicity were obtained by Frieze and Kriv elevidh [8].

In this paper, we study the resilienceof random graphs w.r.t. having a cycle
of length proportional to the number of verticesn. The circumference circ(G) of
a graph G is the length of a longestcyclein G. A classicaltheorem of Erdps and
Gallai [7] (seealso,e.g.,Bollobas[1, 2, Chapter 3, Sect.4]) givesa su cien t condition
on the number of edgesin any graph G on n verticesfor the circumferenceof G to
be greaterthan *, 3 ~ n. Woodall [26] proved a strengthening of this result for
the casein which n  1is not divisible by = 2.

Theorem 3 (W oodall [26]). Letintegers3 ~ n be given. Every graphG onn
verticeswith L 1 1
n r+
+ + 1
&(G) T2 2 2 '

r=(n 1)mod( 2), satises circ(G)

The reader is referred to the book of Bollobas [1, 2] as well asto the surveys
of Bondy [3] and Simonorits [23] for related problems and historical information.
Theorem 3 was reproved by Caccettaand Vijayan in [4]. The bound in Theorem 3
is best possiblefor all integersn. Consider, for instance, the graph G on n vertices
that is a collectionof b(n 1)=C 2)ccliquesofsize” 2 plus oneadditional clique
of sizer sud that all membersof this collection are completely connectedto another
vertex v. Clearly, this construction doesnot allow for a cyclein G of length greater
than = 1.

With respectto cyclesof length proportional to n, Theorem 3 yields the following
result; seeSection3.1 for a proof.

Corollary 4. Let > 0 be given. Then, for every > 0, there existsn, suchthat
everygraphG onn ng verticeswith

G 1 1 w() +w()+

whee
w()=1 a1 )@@ )*;
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satisescirc(G) (1 )n.

We state our results in terms of pseudorandomgraphs. Using the fact that
truly random graphsare asymptotically almost surely; i.e., with probability tending
to 1 asn tendsto innit y, pseudorandom,enablesus to formulate and prove all
statemerts without involving probability. Below, we write eg(U; W) for the number
of edgeswith one endpoint in U and the other endpoint in W.

De nition 5. A graph G on n verticesis (p;A)-uniform if, for d = pn, we have

. o ¢
jes(U;W)  pjujjwiji A diujjwj (1)

for all disjoint setsU, W  V(G) suchthat 1 jU; jWj djUj. We call G
(p; A)-upper-uniform if the bound for the upper deviation in (1) holds,i.e.,

ec(U;W)  piUjjwj+ A djUjjwj: (2)

In (p;A)-uniform graphs G, the number of edgesinduced by a set U of vertices
is under tight cortrol. It can be obsened by a double courting argumern that, for
any U V(G), we have

Ui
pJJ

) AIO djuj: (3)

e(G[U])
Seeg[6] for a proof. AslongasA isasu ciently largeconstart, (p;A)-uniform graphs
are abundart. The following lemmais provedin [12].

Lemma 6. For everyO< p= p(n) 1 therandomgraphG,,, is (p;e2p 6)-uniform
with prokability 1  o(1).

With thesede nitions at hand we can now state our rst main result, which can
be viewed asthe courterpart of the theoremsof Erdpsand Gallai [7] and Woodall [26]
for (p; A)-uniform graphs.

Theorem 7. SupmseA > 0is xed, and we havep = p(n) n 1. Then, for
all > 0, all (p;A)-uniform graphsG on n vertices satisfy the following property:
The glolal resiliene of G with respect to having circumference greater than (1 )n
IS

@ w( ) +w())+ o(l);

whee
w()=1 @ )@ )*':
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A classicalresult of Dirac [5] states that any graph on n 3 vertices with
minimum degreeat leastn=2 cortains a Hamiltonian cycle. By combining ideasfrom
the proof of Theorem7 with this classicaltheoremfrom graph theory, we obtain our
other main result, which statesthat by removing up to a little lessthan one half of
all the edgesincidert to any vertex in a relatively sparse(p; A)-uniform graph G, an
adversary cannot destroy all long cyclesin G.

Theorem 8. SupmwseA > Ois xed, andwehavep= p(n) n % Then,forall 0<
< 1=2, all (p; A)-uniform graphsG on n verticessatisfy the following property: The
local resiliene of G with respect to having circumference greater than (1 )n is

% + 0o(1):

In Section2 we introduce a variant of Szemeedi's Regularity Lemmafor (p;A)-
upper-uniform graphsand state our main technical lemmathat shovs how to enbed
long paths into regular pairs. Theorems7 and 8 are proved in Section3.

2 Regqularit y and long paths

In Section 2.1 we presen a variant of Szemeedi's Regularity Lemma for sparse
graphs. We employ a version of the lemma tailored to (p;A)-uniform graphs. Sec-
tion 2.2 comprisesthe proof of our main technical lemma, Lemma 10. This lemma
statesthat dense,regular pairs permit an almost completecovering by a long path.

2.1 Szemeredi's Regularit y Lemma for sparse graphs

Let a graph G = (V;E) and a real number 0 < p 1 be given. We de ne the p-
density of a pair of non-empty, disjoint setsU, W V in G by
es(U; W)
er(UW) = g uiiwj

Forany 0< " 1, the pair (U;W) is saidto be ("; G; p)-regular, or ("; p)-regular or
even just p-regular for short, if, for all U° U with jUu§ "jUj and all W® W
with jW9  "jwj, we have

de;p(U; W) dG;p(UQ'W% " (4)

We say that a partition = (Vp; V1;:::; W) of Vis ("; G; p)-regular if jVoj  "jVj
and jVij = jVv;j for all i, j 2 f1;2;:::;kg, and, furthermore, at least (1 ") ;
pairs (Vi; Vi) with 1 i< j kare("; G;p)-regular.
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Recall the notion of (p;A)-upper-uniform graphs as stated in De nition 5. We
combine this with the following variant of Szemeedi's Regularity Lemmafor sparse
graphs(see,e.g.,[9, 15, 19]).

Lemma 9. For all real numlers™ > 0 and A 1 and all integers ko, there exist
constantsng = ng("; A; ko) > 0, dg = do("; A; ko) > 0, and Kg = Ko("; A; ko) Ko
such that the following holds. For every (p;A)-upper-uniform graph G onn  ng
verticeswith d = pn  dp, there existsa partition = (Vp;:::; V) of V with kg

k Ky thatis ("; G; p)-regular.

We remark that Lemma 9 holds under wealer hypotheseson the graphs G, but
for the purposeof this work the above will do.

2.2 Long paths in regular pairs

This sectionis dewted to the proof of the following result, which guararteeslong
pathsin ("; p)-regular pairs provided that thoseare (A; p)-upper-uniform for a given
constart A. Lemma10is the main technical ingrediert in the proof of our theorems.

Lemma 10. For all 0 < % 1=2, there exists" = "(%; ) > 0 and, for all 0 <

1 and A > 0, there existsdy = dog(%;; ;A) suchthat the following holds. Let
G be a (p;A)-upper-uniform graph on n verticesand d = pn  do. Suppse that
Vi; Vo V(G) satisfy

i) Vi\ Vo=,
(i) Mj=jVaj=m n
(iii) theinduced bipartite graph G[Vi; V,] is ("; p)-regular with density
dip = dG;p(Vl;VZ) %

Then there existsetsX V; andY \, of sizeat least "m suchthat any x 2 X
andanyy 2 Y are endmwints of a path on at least2(1 2 )m verticesin G[Vy; V2].

We shall prove Lemma10in the remainderof this section. Our approad is similar
to the proof of Lemma 2.7 in [6]. We sa that a bipartite graphB = (U[_W;E) is
(b;f )-exmnding if for every setX U andewerysetY W, jXj;jYj b, we have

JOX)) fjXj and jCY)i  fjY
Here,asusual, ( Z) denotesthe neighborhood of a vertex-setZ, that is, the set of
all verticesadjacen to somez 2 Z.

We make use of the following result, which is a variant of a well known lemma
dueto Posa[22] (for a proof, see[11]).
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Lemma 11. Letb 1 be an integer. If the bipartite graph B is (b;2)-expnding,
then B contains a path on 4b vertices.

Proof of Lemma 10. Let

" 2%
T8
Moreover, let
- 1+ %1
and choosed, sud that
% 2
do A 2. (5)
Claim 12. For all V? V;andVy V; of sizeat least m , there existU;  Vand
U, VJ of sizeat least ( "Ym suchthat for all u; 2 U; and all u, 2 U,, we have

Jlud)\ Uy (1 ddgppm  and j(u)\ Ujj (1 )diopm (6)
respectively.
Proof. We inductively de ne a sequence
B(t) = (Va(t); Va(t))  (t=0/12::)

as follows. Start with B(0) = (V2V,)). Supposenow that t 0 and that we have
computed B(t). If (6) is satised for U; = Vi(t) and U, = V,(t), we are done.
Otherwise, take
Vi(t+ 1) = Vi(t) nfxg

for somex 2 Vi(t) andi sudithat j ( X)\ V(t)j< (1  )dizpm forj 6 i with 1
I;J 2, moreover, take V, (t + 1) = V;(t).

Let us supposefor a cortradiction that, at somemomert T, we have, without
lossof generality, jV1(T)j < ( “Ym andjVo(T)] ( "ym.

Let X := V2nVy(T). Clearly, we have jXj "m and, for all x 2 X, we have
JOX)V Vo(T)j< (1 )dpepm . It follows that

e(X;Vo(T)) < (1 )diop mjXj;
which implies that the p-density of the pair (X;V,(T)) is

m ",
doip(X: Ve(T)) < (1 )dl;Zm 1 —— diz< 1 g iz Oiz "
This, howewer, cortradicts the regularity of the pair (Vi; V>). O
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Claim 13. The bipartite graph induced by U; and U, givenin Claim 12 is ((1
2 )di., m=f ;f)-exmndingfor any0< f ( % =A)3d.

Proof. Let X U,1 i 2, besudrthat jXj (1 2)dpom=f. LetY =

( X)\ U, with j 6 i and supposethat jYj < fjX].
By the upper-uniformity condition on G, we have

oX:Y)  AX[YI+ A” GXVI< pXiL 2)diem + A GXGYE (D)
and, from (6), we deducethat
e(X;Y)=eX;U) (1 )dizpmjXj: (8)
Combining (7) and (8), we have that ( diop mjXj)? < A2djXjjYj. Therefore,

jyj> (Gizpmixpz o %
A2djX A

diXj fjXj;
a cortradiction. O

We cortinue the proof of Lemma 10 by iterativ e applications of Claims 12 and
13. Let

b= %(1 2)%m :

Construct a sequenceof disjoint paths P (t), t = 1;2;:::, on the verticesin Vi [ V,
eadt of length 4b asfollows. SupposeP (1);:::;P(t 1) have already beenobtained.
We build P (t) in the following way. Let

1 1
V=V, n[ V(P()) and V,= V2n[ V(P()):
i=1 j=1

Obsene that jVJ = jVJ sinceall paths have even length. If jV m , then we
can apply Claim 12 in order to obtain setsU; V02and U, V; of sizeat least
( "“Ym. It follows from Claim 13 and the choice of d (see(5)) that (U;;U,) is
(b;2)-expanding. Therefore, we obtain a path P(t) of length 4b on the verticesin
Ui [ U, by Lemma1l. We stop constructing new paths assocon asjVj < m .
Supposethis procedure stopped after T iterations. We concatenatethe paths
P(),1 t T, into asinglepath Py in the following way. Let head P (t)) denote
the rst d'me verticesof P(t) in V; and analogouslytail( P (t)) the last d'me vertices
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of P(t)in V., (1 t T). Since(Vy;Vs) is ("; p)-regular with density d;.,, we have,
forall2 t T,

e(tail (P(t  1));headP(t)) (diz ")p"*m* 1

for m su ciently large. Hence,connectingP (t 1) and P (t) by an arbitrary edge
betweentail(P(t 1)) and head( (t)) yields P, of length at least

20 )m 4T 1)(dme 1) 2(1 )m 4T 1)b'mc
verticeslong. Let
X = head(Py) and Y = tail(Py):
Thenany x 2 X andany y 2 Y are endpoints of a path of length at least

8II

21 )m 4Tb'mc 2 1 %
0

m 21 2)m

since
m m 3

% @ 2)%m 2 2%
In the last inequality we usedthat, by the choiceof " and , we have

T

1 1
2 =20yl T (o =
0 2 ) 3

This concludesthe proof of Lemma 10. O

3 Pro ofs of Theorems 7 and 8

We presen the proof of Theorem7 in Section3.1 and of Theorem 8 in Section3.2,
respectively. Both heavily depend on the results presetied in Section2.2.

3.1 Proof of Theorem 7

Proving Theorem7 requiresto show both an upper and a lower bound on the global
resiliencery of G w.r.t. cortaining long cycles.
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3.1.1 Proof of the upper bound for rq

For the upper bound, it su ces to provide an appropriate strategy for the adversary
to destroy all cyclesof length at least (1 )n in a (p;A)-uniform graph G. One
way of achieving that is to partition the vertex setV (G) into k classesf size (1

)n, wherek := bl=(1 )¢, and one additional classfor the remaining vertices
of sizew( )n. Clearly, if one deletesall edgeswith endpoints in distinct partition
classespnly cyclesof length at most(1  )n remainin the graph. Sincethe number
of edgesbhetweenany pair of classess bounded,the adversary deletesat most

k
2

=@ k@ )k +2w() (1+0o)p 2

1 )?>+k@ HYw() pnP+ AIO d1  )2n?

and usingthe identity (1  )k=1 w( )

@ w()  w()+2w() (@L+oL)p o
(@ WD +w( )+ o) eG)

edgesfrom G, and the upper bound is proved.

3.1.2 Pro of of the lower bound for rq
We start by proving Corollary 4.

Proof of Corollary 4. We apply Theorem3with " = d(1  )ne. Rewriter = (n 1)
mod ( 2) asfollows:

r=n 1 (d1 )ne 2) i n)nle 5
1
-n 1 +mn5)ll+fgm%)

1 1 Y@ HY! +onHn
(w( )+ o(1))n:

Now, supposethat the circumferenceof graph G is strictly lessthan ~. Then, by
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Theorem 3, we have

n 1 1 r+1
G) < + +1
&(C) : 2 2
_(n 1 nC 1) r+1+1
2 2

=L w()+oW) ) o+ W)+ o)

=@ @ WO w( ) +o)

which cortradicts the assumptionin Corollary 4. O

Obsenethat w( )= 0if 1 = 1=k for someintegerk. In that casethe bound
on the number of edgescanbe simplied to (1 ) % in Corollary 4.

Supposeconstarts A and > Oare xed asin Theorem7. We needto show that,
for all > 0, there existsa constart do = do(A; ; ) > 0 sud that every subgraph
G° Gwith atleast(1 (1 w( ))( + w( ))+ )e&G) edgeshascircumference
at least (1 )nif d= pn do, provided the number of verticesin G is su cien tly

large.
Let
fFC)=@Q@ w())( +w()):
Obsene that for all 0 1, we have
f() 2 and f() f( ) 2: (9)
Supposethe adversary createsa graph G° G by deleting at most
fC) )eG)

edgesfrom G. SinceG is (p;A)-uniform, the graph G%is (p;A)-upper-uniform. We
shall prove the existenceof a su ciently long cyclein G°in two steps. First, we
apply the Regularity Lemma, Lemma 9 to G° and concludefrom Corollary 4 that
there exists a long cycle in the so-calledreducedgraph. Second,we enbed a cycle
in G%into this structure.

We start o by de ning the valuesof all constarts, where we refrain from sim-
plifying certain expressionsso as not to obscurethem. The particular valuesof the
constarts are of lessimportance, aslong asthey are independert of n. De ne

%= —;

g T8 T3
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Choose"y = "(%; ) > 0 accordingto Lemma 10. Supposethat k; is a su cien tly
largeintegersud that Corollary 4 guararteesa cycleoflength at least(1 ( =)k
for all graphsonk  k; verticeswith at least

k
LT 272 o
edges.Let
"= min "o;:—7L;3—2;3—2 and ko := maxt" *kig;
and
- 1 .
= Xy

where Ko = Ko("; A; ko) comesfrom Lemma 9. Let d; do("; A; ko) be as in
Lemma9andletd, do(%;; ;A) beasin Lemmal0. We shall prove Theorem7
with ( )

8a 2
do:= max di;dy; —

SinceG® G is (p;A)-upper-uniform, we apply Lemma9 to G°with parameters
", A, and ko. Thus, we obtain an ("; G% p)-regular partition = (Vo; Vi; 1115 V)
of V(GY with ko k Ko Wecall apair (Vi;V,), 1 i<]j Kk, regularand
G%denseif it is ("; p)-regular and

dosp(ViiVj) % (10)

Considerthe reducedgraph R in which ewery vertex correspndsto a classV,, 1
Ik, and two verticesi and j are connectedif and only if (Vi;V;) is regular and
G%dense.Our aim is to shav a lower bound on the number of edgesin R.
Let m:= jVij = jV,j = ::: = jVj and obsenethat n m n=k. We needto
take into accoun four di erent typesof edgesin G°
(i) Dueto (2) and (3), the number of edgesin G°that are incidert to the vertices
in Vg Is

eco(Vo) + ego(Vo; V. NVy)  p 2 + Ap d'n+p"(1 ")n?+ AIO d'n

n2

—+"@1 ") pn’+ 2" @

2 o (11)
"pn? + 2A d"n
2Apa- pn? 2A  pn?
BT A S -
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(i) The number of edgesthat belongto irregular pairs is

2
+ Bk

; (pm? + Ap dm) " 1 = (12)
(ii) The number of edgesthat belongto regular pairs that fail (10) is
< ; %pm %'a.%z: (13)
(iv) The number of edgeswhoseendpoints belongto the sameV;, 1 i Kk, is
k p r; +Apam %+p2% p—gz: (14)

Summing up the estimates(11){(14), we concludethat the number of edgesin G°
that are not cortained in regular and G%-densepairs is

2
< 2" l+pz% + " 1+é% +°/o+%+2%%
(15)
2 2
4"+%+19'A‘—a 4p“+"k+2 % 4" + Y%t A% %:
We want to shav that
k
eR)>@1 f()+ ) 5 (16)

For the salke of cortradiction, supposeR has at most thesemany edges. Then the
number of edgesin regular and G%densepairs in G°is

_ 2
@ f()+ ) ; om? + A” dm 1 f()+ +§% %: (17)
Hence,adding (15) and (17), we have
2
eqGYh< 1 f()+ +4"+°/o+42|9A%k %
A pn?

1 f()+§+§+§+—p—a 3 (18)

pn®,

1 f()+2 >
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On the other hand, sincethe eneny may not deletemorethan an(f ( ) ) fraction
of the edgesin G, we can derive that

p_
oGY (1 f()+)p2 A dn
B 1 2A pn?
=1 f()+ ) 1 n p—a >
3A  pn?
@r f()+ ) 1 p—a >
47  pn? pn?.
Lt B Ty 1 f()r g o

This cortradicts (18) and hence(16) must hold. Combining (16) and (9) we conclude

k k
eR) > (1 f()+)2 1 f Z+§ 5
Applying Corollary 4 to R, we concludethat, by our choiceof kg, R cortains a cycle
of length at least (1 + =)k.

Starting with the long cyclein the reducedgraph, let us now enbed a cycle into
the original graph G% Let C, denotethe cycle in the reducedgraph R of length
t (1 + =4)k. The entire constructionis illustrated in Figure 1 on the following
page. W.l.o.g. C; = (Vq;V,;:::; V). We embed a cycle of length at least (1 )n
into G%asfollows. Forall 1 i bt=2c, we simultaneously apply Lemma10to ead
pair (Vo 1;Vo). This yieldssetsXy 1 Vo 1 and Xy Vi, jXo 1 = jXz) = "m,
sudh that every pair of vertices (X, 1;X2) 2 (X5 1;X5) is connectedby a path of
length at least2(1 2 )m using edgesfrom GIX, 1;X]. We can connectthese
paths by putting an arbitrary edgebetween X, and X,.; for all 1 i < bt=2c.
Note that

eco(X2i; Xoie1)  (Caizier  ")p("m)? 1

since(Vai; Vaiv1) is ("; p)-regular with density dyi.ziv1 %

If t is even, we closethe cycle by putting an arbitrary edgebetweenX; and X;.
Otherwise we connect X ; and X, ; through onevertex in ;. Clearly, there are at
least(1 2")m verticesin V; that are adjacen to somevertex in X; aswell assome
vertex in X; 1.
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Figure 1: Embeddingof a long cycleinto G We supposel;:::;t form a cyclein the
reducedgraph.
Thus, for n su cien tly large, we have constructeda cycle of length at least

(1 + =4k
2

20 2)m (@I + =k 2) 1 2)m

_ 2 N
1 + =4 K k1 2)1 )E
(1 + 24 21 2)@ ")n
(1 + =4 4 2)n>(1 )n:

This concludesthe proof of Theorem?7.
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3.2 Pro of of Theorem 8

As in Section 3.1, we needto shov both an upper and a lower bound on the local
resiliencer, of G w.r.t. containing long cycles.

3.2.1 Pro of of the upper bound for r,

The upper boundis shavn by providing an appropriate strategy sothat the adversary
can destroy all cyclesof length at least (1 )n in any (p;A)-uniform graph G by
removing no morethan (1=2+ ) deg{) edgesat ead vertex v for somearbitrarily

small constart > 0. His strategy is to nd an approximately even bipartition

of V(G) sudt that ead vertex v has at most (1=2+ )deg{) neigtbors in the
other partition class.In what follows, we dealwith technical details and calculations
regarding sudh bipartition: the adversary may start by randomly paritioning the
vertex set and then must move someverticeswhich might have low degreefrom one
part to the other without (signi cantly) a ecting other vertices.

In the rst step, we omit all vertices of very small or very large degreein G.
The following claim, which is a simple consequencef (p;A)-regularity, statesthat
there are only very few of those. The proof is a straightforward application of the
de nition of (p;A)-regularity; the details are left to the reader.

Claim 14. LetA, , and be positive constants. Then there existsa constant dy =
do(A; ; ) suchthat every su ciently large (p;A)-uniform graph G on n vertices
with d = pn  dp satis es the following property: The numkber of verticesv 2 V(G)
with

jdegv) dj> d

is at most n.

We next we showv that a bipartition in which almost all vertices in one part
satisfy a maximum degreecondition can be adaptedsothat a slightly wealer degree
condition holds for all vertices.

Claim 15. For all > 0, there existsa positive constant  suchthat, for all A > 0
and 0 < , there existsa constant dy = do(A; ) suchthat, for n su ciently
large, every (p; A)-upper-uniform graph G on n verticeswith d = pn  d, satis es
the following property: SupmseV = X [ Y is a partition of V suchthat at most n
verticesx 2 X violate

J(X)\ Y] +

degx):

NI =

2
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Then there existsa set X? X of sizeat most4 n suchthat, for all vertices x 2
X nX% wehave

OOV (YIXY 5+ degx)

and, for all x°2 X% we have

i (x3\ (X nX9j %deg(x):

Proof. First, set dy su ciently large so that, accordingto Claim 14, at most n
verticesin G have total degreelessthan d=2. Now, considerthe following process,
which inductively constructs a sequenceof setsX, X; ::: X;. We start with

Xoi= x2X:j(x)\Yj> %+§ degx)
At stepi, we add somevertex x; from X nX; ; that satis es
. . 1
JOx)\V (Y[ Xi 9)j> 57 deqx;)

to X; 1, forming set X;. The processterminates at time t with X°:= X, when
no sud vertex exists. Clearly, oncethis processstops, all verticesin X ° satisfy the
desireddegreeconditions. We shall show that j X9 4 n, i.e., the processstops at
timet 3 n.
For the sale of cortradiction, supposethat the processreadestime to = 3 n.
Obsene that in eat stepi, 1 i tg, the newvertex x; satis es
J(xi)\ Y]

> + 5 dedx;)

by de nition of X,. Consequetly, we have
JOAN X = OOV (YT X)) JOx)\VY]> 5 dedxi):

This yields the following lower bound on the number of edgesin Xy,:

Xo Xo

&(X+,) JOX)V Xy qj> 5 dedxi)

i=1 i=1
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and, sincethere are at most n verticesof degreelessthan d=2 in X,

> (to n) Zd: > dn:
On the other hand, sinceG is (p;A)-upper-uniform, we have

o
e(Xi,) P ‘X;‘ +A dX,j 8 %dn “z_%

and, settingdy, (A=(2 ))?and = =32,

16 °dn 16 dn= 5 dn:

This yields a cortradiction and completesthe proof of Claim 15. O

Continuing the proof of the upper bound, suppose > 0and A > 0 are xed.
Applying Claim 15 with parameter vyieldsconstart . Let

= min 0
Invoking Claim 15 with parametersA and yields a constart d;  dy. Plugging
parametersA, 1=2 and =2 into Claim 14 yields anotherconstart d,  do.
Choosed, as the maximum of both d; and d,. Then, owing to Claim 14, ewery
su ciently large (p;A)-uniform graph on n verticeswith d = pn  dy corains at
most ( =2)n vertices of degreelessthen d=2. We call these vertices thin and the
other onesnormal.

Consider a random bipartition of V(G) by tossing a fair coin for ead vertex.
Let bethe randomvariable courting the number of verticesby which the larger of
both partition classesexceed:=2. Clearly, for n su ciently large, the probability
that isat most( =2)nis, sa, at least0:6. Assumingthat d, is su cien tly large,a
standardapplication of Cherno 's and Markov's inequalitiesyieldsthat, with at least
the sameprobability, amongthe normal verticesthere are at most ( =2)n verticesv
that have at least(1=2+ =2)dedV) neiglborsin the other partition class. Sincethe
conjunction of those two everts has positive probability, there exists a bipartition
of V(G) that satis es both. Fix any sud partition V(G) = X [ Y. Our next aim is
to adjust this partition slightly sothat every vertex hasat most (1=2+ ) deg{) in
the other partition class.
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Call a vertex that hasmorethan (1=2+ =2)deg{) neighborsin the other par-
tition classunhappy Clearly, the total number of unhappy verticesis boundedfrom
above by the sum of thin verticesand normal onesthat violate this degreecondition.
By our choice of X and Y, this is bounded from above by n. Hence,Claim 15
assertsthat there exists a set X ° of sizeat most 4 n sud that, after shifting all
verticesof X %into Y, all the remaining verticesx 2 X n X ?satisfy

OOV (Y XY o+ degx);

and, for all verticesx°2 X2 we have

i (x9\ (X nX9j %deg{x):

Now, all verticesthat wereinitially in X satisfy our desireddegreebound w.r.t. the
new partition. Obsene that shifting the set X °from X to Y cannotmake any vertex
of Y unhappy that was not already unhappy before. Hence,we can apply Claim 15
to the newpartition ¥ := X nX%and ¥ := Y[ X °to obtain asetY® ¥ sud that
partitioning V(G) into X[ YO= (X nX9[ Y%and ® nY%= (Y [ X9 nYPyields
that, for all verticesv 2 V(G), the number of neighborsin the other classis at most

1

-+ deqVv):
5 qv)
By deletingall edgeswith endpoints in distinct partition classesye destroy all cycles
of length at least %n + +4n (1 )n, while no vertex losesmore edgesthan
allowed. This provesthe upper bound for r; in Theorem 8.

3.2.2 Pro of of the lower bound for r,

We give the proof of the lower bound in Theorem 8 in this section. SupposeG is
a (p;A)-uniform graph asin Theorem8, andlet and > 0be xed. Supposethe
adversary removed from G the edgesof a subgraphH with degreeat most (1=2

) deg; (V) at any vertex v, which resultedin a (p;A)-upper-uniform graph G We
shall show that, no matter how H waschosen,G° cortains a cycleof length (1 )n,
provided that n is su ciently large. The main approad to achieve this is similar
to the approad that we pursuedin Section3.1.2. We apply the Regularity Lemma
to H, nd an appropriate cycle in the reducedgraph, and then use Lemma 10 to
construct a long cyclein H. The main di erence is that we now needthe cycle in
the reducedgraph to cover almost all verticesinstead of just a constart fraction of
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the vertices. The proof of Theorem 8 is thus readily at hand when we establishthe
following lemma.

Lemma 16. Let A, > 0, and > 0 be xed. There exist positive constants %=
% ) and" = "( ; ) suchthat, for all Kq > 0 and n su ciently large, there ex-
istsdg = do(A; ; ; Ko) suchthat the following assertionholds. Supmsed = pn  dg
and G° was obtainal by removingthe edgeset of a graph H suchthat

deg,(v) 3 deg(v)
for all v2 V(G), where G is a (p;A)-uniform graphon n vertices,asin Theorem 8.
Let (Vo; Vi;::1; V) be a ("; p)-regular partition of G°with " 1k K,. Consider
the reducad graph R on the vertexset[k], which contains an edgefi;jg, 1 ;] Kk,
if and only if (Vi;V;) is ("; p)-regular and satis es

eco(Mis Vi) %VijiVij:
Then R contains an evencycleof lengthat least (1 )Kk.

Let us cortinue with the proof of the lower bound in Theorem8. Let > 0beas
givenin that theoremandlet > 0 be xed. By an application of Lemma 16 with
parameters

d ==
an 3
we obtain constarts %and ";  ". Next we apply Lemma 10 with
% and = =
’ 6
which yields", ". Recallthat G° G is (p;A)-upper-uniform. We x
n 0
tiEmine gt

and plug
" ko=" 1 and A

into the Regularity Lemma,Lemma9, in orderto x constaris Kg, ng, andd;  dp.

Finally, setting 1

Ko
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in LemmalOyieldsd, dg, and plugging K into Lemmal6yieldsd; do. Thus,
we X dy as
do := maxfdy; dy; dsg:

With the choice of constarts above, we can show that there exists a su cien tly
long cyclein G%alongthe samelinesasin the proof of Theorem7. Owing to Lemma®,
G° admits an ("; G® p)-regular partition (Vo;Vi;:::;Vi) with " 1k Kg. Then
Lemma 16 assertsthat there exists an even cycle of length k® (1 )k in the
reducedgraph R. Now applying Lemma 10 to ewery secondpair of that cycle and
connectingthe generatedpaths in thosepairs by an arbitrary edge,we createa long
cyclein G%asdepictedin Figure 1. Let m denotethe sizeof the partition classesV,
1 i k. This cyclehaslength at least

0 n
k§ 20 2)m @ ke 2)¢ ’ )n
=@ )Y 2)2 ""m (@ )In+1
by our choiceof , ", and . This concludesthe proof of the lower bound for r, in

Theorem 8. We now prove Lemma 16.

Proof of Lemma 16. We start by proving a generalfact about graphson k vertices
that are almost complete.

Claim 17. Let be a positive constant. Then there exists" > 0 suchthat any graph
onk " 1verticeswith at least

k

IO

edgessatis es the following property: There existsa sulgraph on an evennumter of
verticesk® (1 )k with minimum degree at least (1 2 )k.

Proof. For simplicity we assumethat k is integral. The generalcasefollows easily

along the samelines and is left to the reader. Let " := 2=2. SupposeK is a graph
on the vertex setfvy;:::;vg sud that
degv;) dedqv,) ::: deqw):

Letk®= (1 )k+1 andK °bethe subgraphofK inducedby the verticesfvy;:::; Viog.
If, forall 1 i k% we have

degio(vi) (1 3=2)k;
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then we are home. Note that even if we needto remove, sa, the last vertex from K ©
sothat the number of verticesin the chosengraph K K %is even, we would have

degeoVi) degio(vi) 1 (1 3=2 1=Kk (1 3=2 "k @ 2)k

forall 1 i< k% Hence,supposefor the sake of cortradiction that there existsan
indexj,1 j KO sud that

degco(vj) < (1 3=2)k:
This impliesthat, forallj ~ k, we have
degc (vi) degc(v) dego(vi)+ (k k)< (1 =2k L

Thus, the number of edgesin K is lessthan

k 11X k 1 o , . ko
5 i | k 5 i k (k k°+1) 1 2
This, howewer, is a cortradiction to e(K) (1 ") '; : O

The next claim is a simple consequencef (p; A)-uniformity; the calculationsare
left to the reader.

Claim 18. Let A, , and be positive constants. Then there existsa constant dy =
do(A; ; ) suchthat every su ciently large (p;A)-uniform graph G on n vertices
with d = pn  dy satis es the following property: For any disjoint setsU  V(G)
with jUj nandW V(G) with jWj  n=4, the numker of verticesu 2 U that
satisfy

oW\ Wj @ )pwj
is at least 3jUj.

Lemma 16 can be derived from Claims 14, 17, and 18 asfollows. Let and be
asgivenin the statemert of Lemma 16. Let

%: and = —

-7 =7

and apply Claim 17 with parameter minf ; =2gin orderto obtain"; ". Set
L I H no. . - —_— . - —_— 1 " .
= min L7 =g and = K
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and apply Claim 14with parameters and =4, which yieldsd,  dyo. Moreover,
apply Claim 18 with parameters and , which yields d, do. De ne dy asthe
maximum of d, and d,. Claim 17 assertsthat there is a graph R°on k® (1 )k
verticessud that V(R  [k], the minimum degreeof R%is at least (1 )k, and
ead edgefi; j g of R%implies that the pair (V;;V,) is ("; p)-regular in G% Moreover,
the number of verticesin R%is even. Let R R%be a graph on the samevertex set
that cortains an edgefi; j g if and only if fi;jg2 E(RY and
eco(Vi; Vi) - %pViiiVij:

Owing to Dirac's theorem, it remainsto show that R hasminimum degreek=2 k%2
soasto assertthe existenceof a Hamiltonian cyclein R.

For the sake of cortradiction, supposethat there existsa vertex r 2 V(R) that
hasdegreelessthan k=2. Let m denotethe sizeof the partition classes/;, 1 i k.
Owing to Claim 14, there are at most m=4 verticesv 2 V, with degs(v) > (1 +

)pn. Considerthe vertex setW,  V(G9 spannedby the partition classesv; that
corresnd to regular, but sparseedgesfr;jgin R i.e.,
E, = ff [r;1'92 E(R) : eco(Vi; V) < %pvijjVijg;
W, = V!
frjg2E,
Note that, crucially, we have jE,j (1 )k k=2=(1=2 )k andthus
L n
Wiy = jEjm  (1=2 )km (1=2 )A “In 4
assumingthat 1=2. Hence,we can apply Claim 18to G with UV, and W
W, and concludethat thereisasetV.’ V, of sizeat leastm=2 sud that eath v 2 V,°
satis es
degs(v) (1+ )pn and j g(V)\ Wij (1 )piWij;

that is, eat of those vertices has boundedtotal degreeand appraximately the the
right proportion of neighbors in the set W, beforethe deletion takes place. Owing
to the de nition of W,, we have

ego(Vi; W) < JEFJ%WI'”\/JJ = %pmWV, j:

Furthermore, eco(V,% W,)  eco(V;; W;) holdstrivially . Thus, by the averagingprin-
ciple, there must be a vertex v, 2 V°that satis es

eGO(VrO; Wf )

I co(Vi)\ W] iV

< 2%pN;j:

the electr onic journal of combinatorics 15 (2008), #R32 23



This, howeer, implies that

deg4 (Vr) J G(Vr)\ er J GO(Vr)\ er
> (1 2P| Wi |
1 2%p(1=2 )@ ")n
A= ( +%+ +"))pn
1=2 (+%+ +")
r degs (vr)
(1=2 (2 + %+ + ")) degs(v)
(1=2  )degs(v);
which violatesthe maximum number of edgeghat the adversaryis allowedto remove

at vertex v,. This cortradiction shavsthat R satis es Dirac's condition, and henceR
is indeed Hamiltonian, and the proof of Lemma 16 is complete. O
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