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Abstract

Let T beaunit equilateraltriangle,andT1, . . . , Tn ben equilateraltrianglesthatcover
T andsatisfythe following two conditions:(i) Ti hassidelengthti (0 < ti < 1); (ii) Ti

is placedwith eachside parallel to a side of T . We prove a conjectureof Zhangand
Fan assertingthat any covering that meetsthe above two conditions(i) and(ii) satis�esP n

i=1 ti � 2. Wealsoshow thatthisboundcannotbeimproved.

1 Intr oduction

Inspiredby an old problemof Erd�os aboutpackingsmallersquaresin a unit square[2, 3, 4],
ZhangandFan[7] have recentlyconsideredthefollowing coveringproblemfor theequilateral
triangle. Let T be a unit equilateraltriangle,andT = f T1; : : : ; Tng be a setof n equilateral
trianglesthat cover T andsatisfythe following two conditions:(i) Ti hassidelengtht i (0 <
t i < 1); (ii) Ti is placedwith eachsideparallelto asideof T. All trianglesareviewedasclosed
sets.An exampleof suchacoveringwith 5 trianglesis shown in Fig. 1(a).

De�ne

U(n) = inf
T : covering

jT j= n

nX

i =1

t i :

Sincethe trianglesin the covering aresmallerthanT, eachtriangleTi cancover at most
onevertex of T, so the conditionn � 3 is necessary. RecentlyZhangandFan showed the
following upperboundson U(n): U(n) � 3 � 4

n for even n � 4; U(n) � 4 � 6
n� 3 for odd
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n � 7. In particularU(4) � 2 follows. They alsofound thatU(3) � 2, andU(5) < 9=4. It
shouldbenotedherethattheinequalityU(k) � 2 for somek � 3 doesnot imply for instance
U(k + 1) � 2, so in particularhaving U(3) � 2 doesnot imply a similar boundfor largern;
this is sobecausethevaluesU(n) arede�ned for eachspeci�c valueof n.

For theoppositedirection,ZhangandFanconjecturedthatU(n) � 2 holdsfor eachn � 3.
Hereweprove that

P n
i=1 t i � 2 holdsfor any coveringthatmeetsconditions(i) and(ii) above;

thereforeU(n) � 2 for eachn � 3. Wealsoimproveonall theabove-mentionedupperbounds
(for n � 5) andthusobtainexactboundson U(n) for everyn � 3:

Theorem 1 For anycoveringof T with n � 3 triangles,which satis�esconditions(i) and(ii) ,
wehave

P n
i=1 t i � 2. Thisboundis bestpossible, i.e., for each n � 3, wehaveU(n) = 2.

We cansimilarly de�ne coveringsof the unit squarewith homotheticsmallersquaresand
askthesamequestion.It turnsout that theansweris thesame,but theproof is muchsimpler;
wegive thedetailsin thelastsection.

De�nitions. A translateof a setX � Rd is a setX + t, with t 2 Rd. A (positive)homothetic
copy is a scaledtranslate�X + t, for � > 0. A negativehomotheticcopy is a scaledtranslate
�X + t, for � < 0.

2 Proof of Theorem1

Let n � 3 be �x ed. We startwith the proof of the lower bound: in any covering satisfying
conditions(i) and(ii),

P n
i=1 t i � 2 holds.Two triangles� 1 and� 2 aresaidto beoverlapping

(or intersecting) if they haveat leastonecommonpoint. Let T = f T1; : : : ; Tng ben equilateral
trianglesthat cover T = � AB C. An equilateraltriangleTA � T is calleda specialtriangle
correspondingto vertex A if TA is a smallerhomotheticcopy of T having A as a common
vertex, e.g.,� AUV in Fig. 1(a). SpecialtrianglesTB andTC , correspondingto theothertwo
verticesB andC, arede�ned similarly.

Wehavetwo typesof equilateraltrianglesin thecoveringset:(1) apositivecopy is atriangle
homotheticto T, for example� EF G in Fig. 1(a);(2) a negativecopy is a trianglehomothetic
to a re�ection of T about the side BC, for example� M N P in Fig. 1(a). With our prior
de�nitions, thesearepositiveandnegativehomotheticcopieswith � 1 < � < 1. Seealso[1, 5]
for referencesto othercoveringproblemsusingpositiveandnegativecopies.

We �rst give a shortoutlineof theproof: In a �nite numberof operationswe transformT
into threeequilateralspecialtrianglesTA ; TB ; TC of sidelengthsx; y; z < 1 which cover T, so
thatTA coversA, TB coversB, andTC coversC, andTA ; TB ; TC � T, so that x + y + z �P n

i=1 t i . We theneasilyderive thatx + y + z � 2 musthold,whichcompletestheproofof the
lower bound.Thetransformationproceduremaintainsthefollowing threeinvariantsaftereach
operation:

1. Thecurrentsetof trianglesT formsa coveringset(i.e., T coversT) that includesthree
specialtriangles.

2. Thesumof thesidelengthsof all trianglesin thecurrentcoveringsetis non-increasing.
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Figure1: (a) Covering of T = � ABC with 5 triangles: � MNP , � AUV , � EFG, � CDS, and
� XY Z. (b) Obtainingthethreespecialtrianglesin phase1: TA = � ARS, TB = � BIJ , andTC =
� CDS.

3. The side lengthof eachtriangle in the currentcovering set is strictly lessthan1 (and
strictly positive).

Thetransformationprocedurehastwo phases.

Phase1. Referto Fig. 1(b). We �rst replaceall positive trianglesby clipping themto T:
Ti ! Ti \ T. Next, for eachvertex A, B , andC, replaceall triangles(positiveor negative) that
coverthatvertex by aspecialtrianglecorrespondingto thatvertex; thesidelengthof thespecial
triangle is the maximumside lengthof the replacedtriangles. Note that the specialtriangle
constructedstill coversthepartof T initially coveredby thereplacedtriangles,andthatits side
lengthis at mostthe sumof the sidelengthsof the replacedtriangles.For instance,in phase
1 for vertex A, the two triangles� M N P and� AUV coveringA arereplacedby thespecial
triangle� ARS. For vertex B, thetriangle� GEF whichcontainsB is replacedby thesmaller
triangle� B I J . Phase1 leadsto threespecialtriangles,onefor eachvertex: � ARS, � B I J ,
and� CDS for theexamplein Fig. 1(a). Notethatafterphase1, eachpositive trianglein the
coveringsetwhich is notspecialhasatmostonesideoverlappingwith asideof T.

Phase2. Referto Fig.2 andFig.3. Phase2 consistsof severalextend/shrinkoperationsthat
modify thecurrentcoveringsetof triangles.An extend/shrinkoperationtakesasinputaspecial
triangleandatriangleT 0 in thecurrentcoveringset(possiblynot from theoriginalcoveringset)
thatoverlapswith it. If thethreecurrentspecialtrianglescoverT, thetransformationprocedure
endsandwe go to thelaststepin theproof. Otherwise(thethreespecialtrianglesdo not cover
T), sinceT coversT by the�rst invariant,we have jT j � 4, andfor each
 2 f A; B ; Cg, T


overlapswith sometriangleT 0 2 T nf TA ; TB ; TCg. In ourprocedure,wechoose
 2 f A; B ; Cg
for which the side length is the minimum amongthe specialtriangles. We then apply the
extend/shrinkoperationconformingto thecaseanalysisdescribedbelow. In theoperation,one
specialtriangle(not necessarilyT
 ) is extendedsothat theresultingsidelengthis strictly less
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than1, while theothertriangleT 0shrinks(or disappearscompletely, beingmergedin thespecial
triangle).We now follow with thetechnicaldetails.
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Figure2: (a)Extend/shrinkoperationonTB = � BB1B2 andapositive triangleT 0 = � MNP (phase
2, case1) resultingin thenew specialtriangleTB = � BPQ which replacesthetwo. (b) Extend/shrink
operationonTA = � AA1A2 andanegativetriangleT 0 = � MNP (phase2,case2a).(c) Extend/shrink
operationonTB = � BB1B2 anda negative triangleT 0 = � MNP (phase2, case2b).

Let T denotethesetof trianglescoveringT in thecurrentstep,andT 0 � T n f TA ; TB ; TCg
be the setof trianglesoverlappingat leastoneof the threespecialtrianglesTA = � AA 1A2,
TB = � BB1B2, andTC = � CC1C2. Without lossof generalitywe assumethatTA hasthe
minimumsidelengthamongthespecialtriangles,i.e., 
 = A. SowehaveTA intersectingwith
T0 2 T 0. Case1 (resp.2) correspondsto T 0beinga positive(resp.negative) triangle.

Case1: T0 is a positive triangle;seeFig. 2(a). If its horizontalsideN P doesnot overlap
with BC (i.e., N P is above BC), TA is extendeduntil A1A2 passesthroughN (andP) and
TA containsT0. Otherwise,sinceTA hastheminimumsidelength,T 0 mustintersectbothTB

andTC . TriangleTB is extendeduntil B1B2 passesthroughP (andM ) andTB containsT0. In
eithersituation,T0 is removedfrom thecurrentcoveringsetaftertheoperation.

Case2a: T0 = � M N P is anegativetrianglewith vertex P lying aboveBC, asin Fig.2(b).
ThenTA is extendeduntil A1A2 passesthroughP andTA containsT0. ThenT0 is removedfrom
thecurrentcoveringset.

Case2b: T0 = � M N P is a negative trianglewith vertex P lying below BC, so thatBC
is theonly sideof T intersectedby T 0, asin Fig. 2(c). SinceTA hastheminimumsidelength,
T0 mustoverlapwith both TB andTC . TB is extendeduntil B1B2 passesthroughN andTB

containsT0. ThenT0 is removedfrom thecurrentcoveringset.

Case2c: T0 = � M N P is a negative trianglewith vertex P lying below BC, so that T 0

intersectstwo or all threesidesof T, asin Fig.3(a)andFig.3(b). TA is extendeduntil A1A2 lies
below thelowestpoint(s)of intersectionof T 0with AB andAC. Sucha position(thechoiceis
notunique)is thedashedline in the�gure; for example,A1A2 canbechosenverycloseto, and
aboveBC. T0shrinkscorrespondinglysothatits horizontalsideis alongthesamedashedline.
Observe thattheresultingshrunktriangleintersectsnow only onesideof T, namelyBC.
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Figure 3: (a) and (b): Extend/shrinkoperationson TA = � AA1A2 and a negative triangle T 0 =
� MNP (phase2, case2c).

Notethatany of theoriginal trianglesTi in thecoveringsetmayparticipatein at mosttwo
extend/shrinkoperationsafterwhich it disappearsfrom thecoveringset. In all thesecases,the
two sidelengthschangeasfollows (after an operation):eitheras(x; t) ! (x + t0; 0), where
t0 � t andx + t0 < 1; or as (x; t) ! (x + t0; t � t00), wheret0 � t00and t � t00 > 0 and
x + t0 < 1. That is, the sidelengthincreasefor the specialtriangledoesnot exceedthe side
lengthreductionfor the shrunk(or eliminated)triangle,thereforethe sumof the sidelengths
of all trianglesin the covering doesnot increase.The resultingtriangle(s)alwayscover the
part of T which was coveredby the replacedtrianglesprior to the extend/shrinkoperation:
this propertyfollows easily from the geometryof equilateraltriangles,usingthe fact that all
the trianglesin the covering have their sidesparallel to the sidesof T. The net effect of our
procedureis that all trianglesthatarenot specialare�nally eliminatedthroughextend/shrink
(or merge)operations.
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Figure4: Two coveringsof � ABC with 3 triangles:� APQ, � BRS, and� CXY .

At the endof phase2, after not more than2n extend/shrinkoperations,the covering set
consistsof threespecialtriangleswith sidelengthsx; y; z < 1 which cover T, asin Fig. 4. It
remainsto provethatx + y+ z � 2. Putx = jAP j = jAQj = jPQj, y = jBRj = jBSj = jRSj,
andz = jCX j = jCYj = jX Yj. If x andy are�x ed,andPQ; RS;X Y arenot concurrent,
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x + y + z could be further reducedby moving X Y parallel to itself andcloserto C (while
maintainingthecoveringproperty)until thethreesegmentsareconcurrent.Then

x + y + z = jAP j + jBRj + jCYj = 1 + jPRj + jCYj = 1 + jAY j + jYCj = 1 + 1 = 2;

andthelowerboundfollows.
It is notdif�cult to constructacovering1 showing thatU(n) � 2, for eachn � 3, seeFig. 5.

Let " > 0 be arbitrarysmall,andset� = " for n = 3, and� = "
n� 3 for n � 4. We cover T

by a largetriangle� ARS of sidelengthx, andby n � 1 partiallyoverlappingcongruentsmall
triangles: : : ; � UVW; : : : of sidelengthy, where

x = jARj = 1 � � ; y = jVWj =
x

n � 1
+ � =

1 + (n � 2)�
n � 1

:

�

 

!

"

# $

%

&

Figure5: A coveringof T = � ABC with n = 5 triangles,where
P n

i=1 ti � 2 + ε.

We haveacoveringwith

nX

i =1

t i = x + (n � 1)y = 2 + (n � 3)� � 2 + ":

Making" arbitrarysmallyieldsU(n) � 2, asclaimed,andtheproofof Theorem1 is complete.

3 Covering the squarewith smaller squares

Let Q bea unit squareandQ = f Q1; : : : ; Qng bea setof n homotheticsmallersquareswith
sidelengths0 < t i < 1 which cover Q. Sincethesquaresin thecoveringaresmallerthanQ,
eachsquareQi cancover at mostonevertex of Q, so theconditionn � 4 is necessary. For a
givenn � 4, de�ne similarly V(n) = inf Q

P n
i=1 t i , wheret i denotesthesidelengthof thei th

1Thecoveringsfrom [7] mentionedin the introductionaccountingfor variousupperboundson U(n), aswell
asours,arealsominimalin a certainsense,asde�ned in [7].
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squareQi , andthe in�mum is taken over all coveringsQ with n homotheticsmallersquares
(0 < t i < 1).

As in our previous proof for triangles,we show that
P n

i=1 t i � 2 holdsfor any covering
with n homotheticsmallersquareswith sidelengths0 < t i < 1. Noticethatany squarein the
coveringcannotsimultaneouslycover partsof two oppositesidesof Q, theleft andright sides
L andR in particular. Thismeansthat

nX

i =1

t i �
X

L

t i +
X

R

t i ;

wherethe two sumscorrespondto thosesquarescovering L andR respectively. Sincethese
two setsof squaresaredisjoint,andeachsumis at least1,

P n
i=1 t i � 2 is immediatelyimplied.

In particular, V (n) � 2 follows. We remarkherethat this simpleargumentfor covering the
perimeterwould give only U(n) � 3=2 for the original covering problemwith equilateral
triangles.

Theupperboundconstructionis asfollows: Let " > 0 bearbitrarysmall,andset� = " for
n = 4, and� = "

n� 4 for n � 5. We cover Q by a squareQ1 of sidelength1 � (n � 3)� at the
upper-left corner, asquareQ2 of sidelength1 � � at thelower-right corner, asquareQ3 of side
length(n � 3)� at the lower-left corner, andn � 3 squaresof sidelengths� at theupper-right
corner. We have a coveringwith

P n
i=1 t i = 2 + (n � 4)� � 2 + ". Making " arbitrarysmall

yieldsV(n) � 2. In conclusion,wehaveV(n) = 2, asdesired.
Finally, wewouldliketo pointout thattheabovelowerboundfor squaresis aspecialcaseof

themoregeneralresultof SoltanandÉ.Váśarhelyi[1, 6] : Let C beaplaneconvex bodythatis
coveredby its homotheticcopiesC1; C2; : : : with positive coef�cients � 1; � 2; : : :, respectively,
whereeach� i < 1. Then

P 1
i=1 � i � 2. Neverthelesswe have includedour simpleargument

for thespecialcase.
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