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Abstract

Let T beaunit equilateratriangle,andy, . .., T,, ben equilateratrianglesthatcover

T andsatisfythe following two conditions: (i) T} hassidelengtht; (0 < ¢ < 1); (ii) T;

is placedwith eachside parallelto a side of 7. We prove a conjectureof Zhangand

Ean assertinghat ary covering that meetsthe abore two conditions(i) and (ii) satis es
L, ti 2. Wealsoshaw thatthis boundcannotbeimproved.

1 Intr oduction

Inspiredby anold problemof Erdos aboutpackingsmallersquaresn a unit square[2, 3, 4],
ZhangandFan[7] have recentlyconsideredhefollowing covering problemfor the equilateral

trianglesthatcover T andsatisfythe following two conditions: (i) T; hassidelengtht; (0 <
ti < 1); (ii) T; is placedwith eachsideparallelto asideof T. All trianglesareviewedasclosed
sets.An exampleof sucha coveringwith 5 trianglesis shovn in Fig. 1(a).

De ne
_ X
un) = _ inf ti:
T : covering .
fTi=n = 1=
Sincethe trianglesin the covering aresmallerthan T, eachtriangle T; cancover at most
onevertex of T, sothe conditionn 3 is necessary RecentlyZhangand Fan shoved the

following upperboundson U(n): U(n) 3 % forevenn 4, U(n) 4 n—63 for odd
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n 7. Inparticularu(4) 2 follows. They alsofoundthatU(3) 2, andU(5) < 9=4. It
shouldbe notedherethattheinequalityU(k) 2 for somek 3 doesnotimply for instance
U(k+ 1) 2, soin particularhaving U(3) 2 doesnotimply a similar boundfor largern;
thisis sobecausehevaluesU(n) arede ned for eachspeci c valueof n.

Fortheoppositgiirection,ZhangandFan conjecturedhatU(n) 2 holdsfor eachn 3.
Hereweprovethat [, t; 2 holdsfor any coveringthatmeetsconditions(i) and(ii) above;
therefored(n) 2foreachn 3. Wealsoimprove onall theabove-mentionedipperbounds
(forn  5) andthusobtainexactboundsonU(n) for everyn 3

Theorerlﬁ,l For anycoveringof T withn 3 triangles,which satis esconditions(i) and (ii),
wehave . ti 2 Thisboundis bestpossiblei.e., foreachn 3, wehaveU(n) = 2.

We cansimilarly de ne coveringsof the unit squarewith homotheticsmallersquaresand
askthe samequestion.It turnsout thatthe answeris the same but the proof is muchsimpler;
we give thedetailsin thelastsection.

De nitions. A translateof asetX RYisasetX + t,witht 2 RY. A (positive) homothetic
copy is ascaledtranslateX + t,for > 0. A negativehomotheticcopy is a scaledtranslate
X +t,for <O

2 Proofof Theorem1

Letn 3 be xed. \We startwith the proof of the lower bound: in ary covering satisfying
conditions(i) and(ii), [, ti 2holds.Twotriangles ; and , aresaidto beoverlapping

trianglesthatcover T = AB C. An equilateraltriangle Ty T is calleda specialtriangle
correspondingo vertex A if T, is a smallerhomotheticcopy of T having A asa common
vertex, e.g., AUV in Fig. 1(a). SpecialtrianglesTg andT¢, correspondingo the othertwo
verticesB andC, arede ned similarly.

We havetwo typesof equilateratrianglesin thecoveringset: (1) apositivecopy is atriangle
homotheticto T, for example EF G in Fig. 1(a);(2) anegativecopy is atrianglehomothetic
to are ection of T aboutthe sideBC, for example MNP in Fig. 1(a). With our prior
de nitions, thesearepositive andnegative homotheticcopieswith 1< < 1. Seealso[1, 5]
for referenceso othercoveringproblemsusingpositive andnegative copies.

We rst give a shortoutline of the proof: In a nite numberof operationsve transformT
into threeequilateralspecialtrianglesTa; Tg ; Tc of sidelengthsx;y;z < 1 whichcoverT, so
atTa coversA, Tg coversB, andTc coversC, andTa; Tg; Tc T, sothatx + y+ z

", ti. Wetheneasilyderivethatx + y+ z 2 musthold, which completeghe proof of the
lower bound.Thetransformatiorproceduremaintainsthe following threeinvariantsaftereach
operation:

1. Thecurrentsetof trianglesT formsacoveringset(i.e., T coversT) thatincludesthree
specialtriangles.

2. Thesumof thesidelengthsof all trianglesin the currentcoveringsetis non-increasing.
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@ (b)

Figurel: (a) Coveringof T =  ABC with 5 triangles: MNP, AUV, EFG, CDS, and
XY Z. (b) Obtainingthethreespecialtrianglesin phasel: 7o = ARS,Tg = BlJ,and1c =
CDS.

3. The sidelength of eachtrianglein the currentcovering setis strictly lessthan 1 (and
strictly positive).

Thetransformatiorprocedureéhastwo phases.

Phasel. Referto Fig. 1(b). We rst replaceall positive trianglesby clipping themto T:
T, ! T\ T. Next, for eachvertex A, B, andC, replaceall triangles(positive or negative) that
coverthatvertex by aspecialtrianglecorrespondingo thatvertex; thesidelengthof thespecial
triangleis the maximumside length of the replacedtriangles. Note that the specialtriangle
constructedtill coversthepartof T initially coveredby thereplacedriangles,andthatits side
lengthis at mostthe sumof the sidelengthsof the replacedriangles. For instancejn phase
1 for vertex A, thetwo triangles MNP and AUV coveringA arereplacedby the special
triangle ARS. Forvertex B, thetriangle GEF whichcontainsB is replacedy thesmaller
triangle B1J. Phasel leadsto threespecialtriangles,onefor eachvertex: ARS, BlJ,
and CDS for theexamplein Fig. 1(a). Notethatafter phasel, eachpositive trianglein the
coveringsetwhichis not specialhasat mostonesideoverlappingwith asideof T.

Phase2. Referto Fig. 2 andFig. 3. Phase consistf severalextend/shrinkoperationghat
modify the currentcoveringsetof triangles.An extend/shrinkoperatiortakesasinputa special
triangleandatriangleT °in the currentcoveringset(possiblynotfrom theoriginal coveringset)
thatoverlapswith it. If thethreecurrentspecialrianglescover T, thetransformatiorprocedure
endsandwe go to thelaststepin the proof. Otherwise(the threespecialtrianglesdo not cover
T), sinceT coversT by the rst invariant,we havejT|j 4, andforeach 2 fA;B;Cg, T
overlapswith sometriangleT®2 T nf Ta; Tg; Tcg. In ourprocedurewechoose 2 fA; B;Cg
for which the side length is the minimum amongthe specialtriangles. We then apply the
extend/shrinkoperationconformingto the caseanalysisdescribedelow. In the operationpone
specialtriangle (not necessarilyl ) is extendedsothatthe resultingsidelengthis strictly less

THE ELECTRONIC JOURNAL OF COMBINATORICS 15 (2008), #R37 3



than1, while theothertriangleT °shrinks(or disappearsompletely beingmeigedin thespecial
triangle).We now follow with thetechnicaldetails.

Bl CZ

B N B, Cy P Cc

@) (b) (©

Figure2: (a) Extend/shrinkoperatioronTz = BB1B; andapositive triangle7°= MNP (phase
2, casel) resultingin the new specialtriangleTs = BPQ whichreplaceshetwo. (b) Extend/shrink
operatioronTa = AA;A, andanegativetriangleT®= M N P (phase2, case2a). (c) Extend/shrink
operatioron7g = BB1B, andanegatvetriangle7®°= M NP (phase, case2b).

Let T denotethesetof trianglescoveringT in thecurrentstep,andT® T nfTa; Ts; Tcg
be the setof trianglesoverlappingat leastone of the threespecialtrianglesT, =  AAA,,
Ts = BB;B,, andTc = CC;C,. Without lossof generalitywe assumdhat T, hasthe
minimumsidelengthamongthe specialtrianglesj.e., = A. Sowe have T, intersectingwith
TO2 T Casel (resp.2) correspondso T °beinga positive (resp.negative) triangle.

Casel: TCis a positive triangle; seeFig. 2(a). If its horizontalsideN P doesnot overlap
with BC (i.e., NP is above BC), T, is extendeduntil A;A, passeshroughN (andP) and
Ta containsT% Otherwise sinceTa hasthe minimum sidelength, T® mustintersectboth Tg
andTc. TriangleTg is extendeduntil B1B, passeshroughP (andM) andTg containsT? In
eithersituation, T °is removedfrom the currentcoveringsetafterthe operation.

Case2a: T°= M NP isanegativetrianglewith vertex P lying above B C, asin Fig. 2(b).
ThenT, is extendeduntil A1 A, passeshroughP andT, containsT ©. ThenT Yis removedfrom
thecurrentcoveringset.

Case2b: T°= MNP is anegative trianglewith vertex P lying belov BC, sothatBC
is theonly sideof T intersectedy T asin Fig. 2(c). SinceTa hasthe minimumsidelength,
Tomustoverlapwith both Tg andTc. Tg is extendeduntil B;B, passeghroughN andTg
containsT % ThenT%is removedfrom the currentcoveringset.

Case2c: T°= MNP is a negative trianglewith vertex P lying belov BC, sothat T°
intersectgawo or all threesidesof T, asin Fig. 3(a)andFig. 3(b). T is extendeduntil A, A, lies
below the lowestpoint(s)of intersectiorof T°with AB andAC. Sucha position(the choiceis
notunique)is thedashedine in the gure; for example,A;A, canbechoservery closeto, and
above B C. TYshrinkscorrespondinglgothatits horizontalsideis alongthe samedashedine.
Obsene thattheresultingshrunktriangleintersectsiow only onesideof T, namelyB C.
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Figure 3: (a) and (b): Extend/shrinkoperationson 7 = AA;A, anda negative triangle 7° =
MNP (phase2, case2c).

Notethatary of the original trianglesT; in the coveringsetmay participatein at mosttwo
extend/shrinkoperationsafterwhich it disappearérom the coveringset. In all thesecasesthe
two sidelengthschangeasfollows (after an operation):eitheras(x;t) ! (x + t%0), where
t° tandx+t°< 1 oras(x;t) ! (x+ t%t t%, wheret® t®andt t°°> 0and
x + t9 < 1. Thatis, the sidelengthincreaseor the specialtriangle doesnot exceedthe side
lengthreductionfor the shrunk(or eliminated)triangle, thereforethe sumof the sidelengths
of all trianglesin the covering doesnot increase. The resultingtriangle(s)always cover the
partof T which was coveredby the replacedtrianglesprior to the extend/shrinkoperation:
this propertyfollows easily from the geometryof equilateraltriangles,usingthe fact that all
the trianglesin the covering have their sidesparallelto the sidesof T. The neteffect of our
procedures thatall trianglesthat arenot specialare nally eliminatedthroughextend/shrink
(or memge)operations.

Figure4: Two coveringsof ABC with 3triangles: APQ, BRS,and CXY.

At the end of phase2, after not morethan 2n extend/shrinkoperationsthe covering set
consistsof threespecialtriangleswith sidelengthsx; y; z < 1 which cover T, asin Fig. 4. It
remaindo provethatx+y+z 2. Putx = jJAP| = JAQ] = jPQj,y = |BRj = |BSj = |RS],
andz = JCXj = JCYj = jXYj. If x andy are x ed,andPQ; RS;X Y arenot concurrent,
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X + y + z could be further reducedby moving X Y parallelto itself andcloserto C (while
maintainingthe covering property)until thethreesegmentsareconcurrentThen

X+y+2z=jAPj+ jBRj+|CYj= 1+ jPRj+jCYj= 1+jAYj+jYCj=1+1=2

andthelower boundfollows.

It is notdif cult to constructacovering' shovingthatU(n) 2, foreachn 3, seeFig. 5.
Let" > 0O bearbitrarysmall,andset = " forn = 3,and = ﬁ forn 4. WecoverT
by alargetriangle ARS of sidelengthx, andby n 1 partially overlappingcongruensmall
triangles:::; UVW;::: of sidelengthy, where
X _1+(n 2) .

+
n 1 n 1

x=JjARj=1 ; y=jVWj=

) _ _ ) P
Figure5: A coveringof = ABC with n = 5Striangleswhere (L, t; 2+ .

We have a coveringwith

X
ti=x+(n y=2+(n 3J) 2+

i=1

Making" arbitrarysmallyieldsU(n) 2, asclaimed,andtheproofof Theoreml is complete.
3 Covering the square with smaller squares

sidelengthsO < t; < 1 whichcoverQ. Sincethe squaresn the coveringaresmallerthanQ,
eachsquareQ; cancover atmostonevertqsof Q, sotheconditionn 4 is necessaryFor a
givenn 4, de nesimilarly V(n) = infq [, t;, wheret; denoteghesidelengthof theith

1The coveringsfrom [7] mentionedn theintroductionaccountingor variousupperboundson U(n), aswell
asours,arealsominimalin acertainsenseasde nedin [7].
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squareQ;, andthein mum is taken over all coveringsQ with n homotheticsmallersquares
(O< t; < 1). =

As in our previous proof for triangles,we show that i”=l ti 2 holdsfor arny covering
with n homotheticsmallersquaresvith sidelengthsO < t; < 1. Noticethatarny squaren the
covering cannotsimultaneouslycover partsof two oppositesidesof Q, theleft andright sides
L andR in particular This meanghat

wherethe two sumscorrespondo thosesquaresco\/ering,L andR respectrely. Sincethese
two setsof squaresredisjoint,andeachsumis atleastl, ., t;  2isimmediatelyimplied.
In particular V(n) 2 follows. We remarkherethat this simple agumentfor coveringthe
perimeterwould give only U(n) 3=2 for the original covering problemwith equilateral
triangles.

Theupperboundconstructions asfollows: Let" > 0 bearbitrarysmall,andset = " for
n=4and = ﬁ forn 5. WecoverQ by asquareQ; of sidelengthl (n 3) atthe
uppetrleft corner asquareQ, of sidelengthl atthelowerright corner asquareQ; of side
length(n 3) atthelowerleft gorner andn 3 squaref sidelengths attheupperright
corner We have acoveringwith ., tj = 2+ (n  4) 2+ ". Making" arbitrarysmall
yieldsV(n) 2. In conclusionwe haveV (n) = 2, asdesired.

Finally, wewouldlik eto pointoutthattheabove lowerboundfor squaress aspecialcaseof
themoregeneraresultof SoltanandE. Vasarhelyi[1, 6] : Let C beaplaneconvex bodythatis
coveredby its homotheticgppiesCl; C,;::: with positive coefcients ; »;:::, respectely,
whereeach ; < 1. Then i1:1 i 2. Neverthelessve have includedour simpleargument
for the specialcase.
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