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Abstract

The minor crossingnumber of a graph G is the minimum crossingnumber of a
graph that contains G as a minor. It is proved that for every graph H there is a
constart ¢, suc that ewvery graph G with no H-minor has minor crossingnumber
at most ¢V (G)j.
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1 Intro duction

The crossingnumter of agraph! G, denotedby cr(G), is the minimum number of crossings
in adrawing? of G in the plane;se€13, 28, 29, 37,48{50] for surveys. The crossingnumber
is an important measureof the non-planarity of a graph [48], with applicationsin discrete
and computational geometry[27, 47] and VLSI circuit design[3, 20, 21]. In information
visualisation, one of the most important measureof the quality of a graph drawing is the
number of crossingg34{36).

We now outline various aspects of the crossingnumber that have beenstudied. First
note that computing the crossingnumber is N P-hard [15], and remains so for simple
cubic graphs[19, 31]. Moreover, the exact or even asymptotic crossingnumber is not
known for speci ¢ graph families, sud ascompletegraphs[40], completebipartite graphs
[23, 38, 40], and Cartesian products [1, 5, 6, 17, 39]. Given that the crossingnumber
seemsso di cult, it is natural to focus on asymptotic boundsrather than exact values.
The “crossingemma’, conjecturedby Erdpsand Guy [13]and rst provedby Leighton [20]
and Ajtai et al. [2], givessudh a lower bound. It statesthat for someconstart c, cr(G)
ckGk35G;j? for ewvery graph G with kGk  4jGj. See[22, 25 for recen improvemers.
Other generallower bound techniquesthat aroseout of the work of Leighton [20, 21]
includethe bisection/cutwidth method [11, 26, 45, 46] and the enbeddingmethod [44,45].
Upper boundson the crossingnumber of generalfamilies of graphshave beenlessstudied.
One example,by Pach and Toth [30], says that graphsG of boundedgerus and bounded
degreehave O(jGj) crossingnumber. See[9, 12] for extensions. The presen paper also
focuseson crossingnumber upper bounds.

Graph minors® are a widely used structural tool in graph theory. Soiit is inviting
to explore the relationship between minors and the crossingnumber. One impedimen
is that the crossingnumber is not minor-monotone; that is, there are graphs G and
H with H a minor of G, for which cr(H) > cr(G). Newertheless,following an initial
paper by Robertsonand Seymour[41], there have beena number of recent paperson the
relationship between crossingnumber and graph minors [7, 8, 14, 16, 18, 19, 24, 31, 51].
For example, Wood and Telle [51] proved the following upper bound (generalisingthe

lWe consider nite, undirected, simple graphs G with vertex set V(G) and edge set E(G). Let
iGj = jV(G)j and kGk := JE(G)j. Let ( G) be the maximum vertex degreeof G.

2A drawing of a graph represeris eat vertex by a distinct point in the plane, and represens ead
edgeby a simple closed curve betweenits endpoints, suc that the only vertices an edgeintersects are
its own endpoints, and no three edgesintersect at a common point (except at a common endpoint). A
crossingis a point of intersection betweentwo edges(other than a commonendpoint). A graph is planar
if it has a crossing-freedrawing.

3Let vw be an edgeof a graph G. Let G° be the graph obtained by identifying the verticesv and w,
deleting loops, and replacing parallel edgesby a single edge. Then G is obtained from G by contracting
vw. A graph H is aminor of agraph G if H can be obtained from a subgraph of G by contracting edges.
A family of graphs F is minor-closed if G 2 F implies that every minor of G isin F. F is proper if it
is not the family of all graphs. A deeptheorem of Robertson and Seymour[43] statesthat every proper
minor-closedfamily canbe characterisedby a nite family of excludedminors. Every proper minor-closed
family is a subsetof the H -minor-free graphs for somegraph H. We thus focus on minor-closedfamilies
with one excluded minor.
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above-merioned resultsin [9, 12, 30] for graphsof boundedgerus).

Theorem 1 ([51]). For every graph H there is a constant ¢ = c¢(H), suchthat every
H -minor-free graph G has crossingnumter cr(G) ¢ ( G)?jGj.

1.1 Minor Crossing Num ber

Bokal et al. [8] de ned the minor crossingnumter of a graph G, denoted by mcr(G),
to be the minimum crossingnumber of a graph that cortains G asa minor. The main
motivation for this de nition is that for ewery constart c, the family of graphs G for
which mer(G)  cis closedunder taking minors. Moreover, the minor crossingnumber
correspndsto a natural style of graph drawing, in which ead vertex is drawn asa tree.
Bokal et al. [7] proved a number of lower bounds on the minor crossingnumber that
parallel the lower bound techniquesof Leighton. The main result of this paper is to prove
the following upper bound, which is an analogueof Theorem 1 for the minor crossing
number (without the dependenceon the maximum degree).

Theorem 2. For everygraphH there is a constantc= c¢(H), suchthat every H-minor-
free graph G hasminor crossingnumbker mer(G) cjG;j.

The restriction to graphswith an excludedminor in Theorem2 is unavoidable in the
sensethat mcr(K,) 2 ( n?). The linear dependencein Theorem 2 is best possiblesince
mcr(Ksn) 2 ( n). Both theseboundswere establishedby Bokal et al. [8]. An elegarn
feature of Theorem2 and the minor crossingnumber is that there is no dependenceon the
maximum degree,unlike in Theorem 1, where somedependenceon the maximum degree
is unavoidable. In particular, the completebipartite graphK 3., hasno K s-minor and has
( n?) crossingnumber [23, 3§].

2 Planar Decomp ositions

It is widely acknowledgedthat the theory of crossingnumbers needsnew ideas. Some
tools that have beenrecerly dewloped include "'meshes’39], "arrangemets' [1], 'tile
drawings' [4, 32, 32, 33|, and the “zip product' [4{6]. A feature of the proof of Theorem1
by Wood and Telle [51] is the useof “planar decompsitions' as a new tool for studying
the crossingnumber. Planar decompsitions are also the key componert in the proof of
Theorem 2 in this paper.

Let G and D be graphs,sud that ead vertex of D is a set of verticesof G (called a
bag). Note that we allow distinct verticesof D to be the sameset of verticesin G; that
is, V(D) is a multiset. For ead vertex v of G, let D(v) be the subgraphof D induced by
the bagsthat cortain v. Then D is a decomposition of G if:

D(v) is connectedand nonempty for eat vertex v of G, and
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D (v) and D (w) touch? for ead edgevw of G.

Decompositions, when D is a tree, were rst studied in detail by Robertson and
Seymour[42). Diestel and Kehn [10P rst generalisedthe de nition for arbitrary graphs
D.

We measurethe “‘complexity’ of a graph decompsition D by the following parameters.
The width of D is the maximum cardinality of a bag. The order of D is the number of
bags. The degree of D is the maximum degreeof the graph D. The decompsition D is
planar if the graph D is planar.

Diesteland Kuhn [10] obsened that decompsitions generaliseminorsin the following
sense.

Lemma 1 ([10]). A graph G is a minor of a graph D if and only if a graph isomorphic
to D is a decomposition of G with width 1.

Wood and Telle [51] describe a number of tools for manipulating decompositions, sud
asthe following lemmafor composingtwo decompositions.

Lemma 2 ([51]). Supmsethat D is a decomposition of a graph G with width k, and that
J is a decomposition of D with width . Then G has a decomposition isomorphic to J
with width k.

Lemma 2 hasthe following special case,which follows from Lemma 1.

Lemma 3. If a graphG; is a minor of a graph G,, and J is a decomposition of G, with
width °, then somegraph isomorphicto J is a decomposition of G; with width .

The next tool by Wood and Telle [5]] reducesthe order of a planar decomposition at
the expenseof increasingthe width.

Lemma 4 ([51]). Supmsethat a graph G hasa planar decomposition D of width k and
order at most ¢jGj for somec 1. Then G hasa planar decomposition of width ¢k and
order jGj, for somec® degending only on c.

Converseto Lemma4, we now shav that the width and degreeof a planar decomyo-
sition can be reducedat the expenseof increasingthe order.

Lemma 5. If a graph G hasa planar decomposition D of width k, then G has:

(a) a planar decomposition D; of width k, order jD,j < 6jDj anddeggree ( D;) 3,

(b) a planar decomposition D, of width 2, order jD,j < 3k(k+1)jDj anddegree ( D,) 4,
(c) a planar decomposition D5 of width 2, order jD3j < 6k?jDj and degree ( D3) 3.

4Let A and B be subgraphsof a graph G. Then A and B intersect if V(A)\ V(B) 6 ;, and A and
B touch if they intersector v2 V(A) and w 2 V(B) for someedgevw of G.
SA decomposition was called a connected decomposition by Diestel and Kehn [10].
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Proof. For the clarity of presemation, we assumethat all the bagsof D have width Kk,
although this assumptionis not usedin the proof. We alsoassumethat D has minimum
degreeat least 3; the readercan easilyadapt the constructionto verticesof degreesl and
2. (Alternativ ely, we can augmert D to have minimum degree3 by adding new edges,
wheneer D hasat least 4 vertices.) Fix an embedding of D in the plane.

First we prove (a). Let D; be the graph with two vertices X, and Y, for every edge
e= XY 2 E(D), whereeat bag X, is a copy of X. We sa that X, belongsto X. Add
the edgeX.Ye to D, for eatr edgee= XY 2 E(D). Add the edgeXX; to D; wheneer
the edgese and f are consecutie in the cyclic order of edgesincident to a bag X in D.

As illustrated in Figure 1(b), eat bag X isthusreplacedby acyclein D, eat vertex
of which has one more incident edgein D;. Thus D, is a planar graph with maximum
degree3 andorderjD,j = 2kDk (after adding edgedo D, if necessary).SinceD is planar,
kDk 3iDj 6andsojD;j 6jDj 12. Sincethe setof bagsof D; that belongto a
speci ¢ bag of D inducesa connected(cycle) subgraphof D1, and D(v) is a connected
subgraphof D for eat vertex v of G, D(v) is a connectedsubgraphof D;.

We now prove that D,(v) and D;(w) touch for ead edgevw of G. If v and w are in
a commonbag X of D, then v and w are in ewery bag X, of D;. Otherwise,v 2 X and
w 2 Y for someedgee = XY of D, in which casev 2 X¢, W 2 Y, and XY, is an edge
of D;. Thus D(v) and D,(w) touch. ThereforeD; is a planar decomposition of G. This
completesthe proof of (a).

Now we prove (b). Fix an aqbitrary linear order onV(G), and arbitrarily orient the

edgesof D. For eahh arce= XY of D, orient the edgeX.Ye of D; from X, to Ye.
Informally speaking,we now construct a planar decomposition D, from D, by replac-

ing eat bag X, of D; by a set of ";1 bags, ead of width 1 or 2, that form a wedge

pattern, asillustrated in Figure 1(c). Dependingon whether e is incoming or outgoing at

X, the wedgeis re ected appropriately to ensurethe planarity of D .

Vo vk. For eat pair of verticesv;; v, in X, and for ead edgee incidert to X, add
a bag labelledfvi;v;gx, to Dy, wherefvi;v;gx, is a copy of fvi;v;g. (The bagfvi;vigx,
is a singletonfv;g.) We s&y that fv;;V,gx, belongsto X, andto X. Thusthere are k+21
bagsthat belongto eat bag of D;. HencejD,j "*21 jD1j < 3k(k + 1)]Dj. Add an
edgein D, betweenthe bagsfvi;vjgx, andfvi;vj.10x, forl i kandl j k 1.
As illustrated in Figure 1(c), the subgraphof D, inducedby the bagsthat belongto eah
bag X of D; form a planar grid-like graph.

Considertwo edgese= XY andf = X Z of D that are consecutie in the cyclic order
of edgesincident to a bag X of D (de ned by the planar embedding). Without loss of
generality, X Z is clockwisefrom X Y. We now add edgego D, betweencertain bagsthat
belongto X, and X; depending on the orientations of the edgesXY and XZ. SinceD
has minimum degreeat least 3, the bagscorrespnding to X form a cyclein D,. (For
D -verticesof degreelessthan 3, the constructionis slightly di erent; we leave theldetails
of deg, (v) I2 to the reader.) For 1 i Kk, let Pilbe the bagfvi;vkgxeI if XY and
fvi;vigx, if YX, and let Q; be the bag fvi;vigx, if XZ and fv;; wox, if ZX. Add an
edgebetweenP; and Q; for 1 i k. As illustrated in Figure 1(c), the subgraphof D,
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Figure 1: (a) The planar decompmsition D. (b) The planar decompsition D, obtained
from D by replacingeat bag of degreed by d bagsof degree3. (c) The planar decom-
position D, obtained from D, by replacingead bag of width k by kgl bagsof width 2.
The subgraphD,(3) is highlighted.

induced by the bagsthat belongto ead bag X of D is planar.
Now consideran edgee= XY of D, whereX = fvy;vo;:::;veg with vi v,

Vi, and Y = fwg;wy; i weg with wy  w;, wy. Whenewer v; = w;, add an
edgebetweenfvy; vigx, and fwi;w;gy, to D,. This completesthe construction of D.
Obsene that the bagsfvi;vi0x.;fVi;Va0x.;:::;fvi; w0x, are ordered clockwise on the
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outer faceof the subgraphof D, inducedby the bagsbelongingto X . Similarly, the bags

subgraphof D, induced by the bagsbelongingto Y. Thus theseedgesdo not introduce
any crossingsin D,, asillustrated in Figure 1(c).

We now prove that ead subgraphD,(v) is a nonempty connectedsubgraphof D, for
eah vertexv of G. Sy visin abagX = fvy;v,; ;g of D, with vi v, Vi
andv = v;. Obsene that the setof bagsff vi;vijox, :v; 2 X 2e2 E(D);i jgformsa
cyclein D, (drawn asa circle in Figure 1(c)), and for eat edgee incident to X, the bags
ffvi;viox, :v; 2 X 2 e2 E(D);] ig form a path betweenfvi;vigx, and fvi;vigx.,
whereit attachesto this cycle. Thus the set of bagsin D, that belongto X and cortain
v forms a connectedsubgraphof D,. For ead edgee= XY of D with v2 X \ Y, there
is an edgein D, (betweensomebagsfvi;Vvigx, and fws; w;gy,) that connectsthe set of
bagsthat belongto X and cortain v with the set of bagsthat belongto Y and cortain
v. Thus D,(Vv) is connectedsinceD (v) is connected.

We now prove that D,(v) and D,(w) touch for eath edgevw of G. If v and w are
in a commonbag X of D, then v and w are in ewery bag fv;wgy, of D;. Otherwise,
v2 X andw 2 Y for someedgee = XY of D, in which casev and w are in adjacen
bagsfvi; vgx, and f wy; wgy,, for appropriate verticesv,; and w;. Thus D,(v) and D, (w)
touch. ThereforeD, is a decompsition of G. Obsenethat ( D,;) 4. This completes
the proof of (b).

Now we prove (c). Construct a planar decompsition D3 from D, by the following
operation applied to eahy bag W of D, with degree4. Sa the neighbours of W are
Z1,Z5;Z3;Z4 In clockwise order in the embedding of D,. ReplaceW by two bags W,
and W,, both copiesof W, where W, is adjacen to W5;Z,;Z,, and W, is adjacen to
Wy; Z3;Z4. Clearly D3 is a planar decomposition of G with maximum degree3. For eah
bag X, of D4, there are k bagsof degree3 in D, and %k(k 1) bags of degree4 that
belongto X.. Sinceeadh bag of degree4 in D, is replacedby two bagsin D3, there are
k+ 2(3k(k 1)) = k? bagsin D3 that belongto X.. ThusjDsj 2k*kDk < 6k?Dj. This
completesthe proof of (c). O

Note that the upper bound of jD;j 6jDj in Lemma5(a) can be improved to jD,j
4iDj by replacingead bagof degreed by d 2 bagsof degree3, asillustrated in Figure 2.
We omit the detalils.

3 Planar Decomp ositions and Crossing Num ber

In this section we review someof the results by Wood and Telle [5]] that link planar
decompmsitions and crossingnumber.

Lemma 6 ([51]). If D is a planar decomposition of a graph G with width k, then G has
crossingnumkler
c(G)  k(k+ 1) ( G)?jDj :
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Figure 2. Replacinga bag of degree6 by four bagsof degree3.
Lemma 7 ([51]). For every graph H there is an integer k = k(H), such that every
H -minor-fr ee graph G has a planar decomposition of width k and order jG;.

Obsene that Lemmas6 and 7 imply Theorem 1. The next lemma is corverseto
Lemma6.

Lemma 8 ([51]). Every graph G hasa planar decomposition of width 2 and order jGj +
cr(G).

We have the following characterisation of graphswith linear crossingnumber.
Theorem 3 ([51]). The following are equivalentfor a graph G of boundel degree:

1. cr(G) c¢41jGj for someconstant ¢,

2. G hasa planar decomposition with width ¢, and order jGj for someconstant c,,

3. G hasa planar decomposition with width 2 and order c3jGj for someconstant cs.

Proof. Lemma 8 implies that (1) ) (3). Lemma4 implies that (3) ) (2). Lemma6
impliesthat (2) ) (1). O

Note that Lemma 5(c) provides a more direct proof that (2) ) (3) in Theorem 3
(without the dependenceon degree).

4 Planar Decomp ositions and Minor Crossing
Num ber

Lemma 6 can be extendedto give the following upper bound on the minor crossing
number. Basically we replacethe dependenceon ( G) in Lemma6 by ( D).
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Lemma 9. If D is a planar decomposition of a graph G with width k, then G has minor
crossingnumkler
mer(G) < k3(k+ 1)(( D)+ 1)*jDj :

Proof. Let G°be the graph with onevertex for eat occurrenceof a vertex of G in a bag
of D. Considera vertex x of G%in bag X and a distinct vertex y of G%in bagY. Connect
x andy by an edgein GPif andonly if X = Y or XY is an edgeof D. (GPis a subgraphof
the lexicographicproduct D[K «].) For ead vertex v of G, the copiesof v form a connected
subgraphof G°, sinceD (v) is a connectedsubgraphof D. SinceD (v) and D (w) touch for

eat edgevw of G, somecopy of v is adjacert to somecopy of w. Thus G is a minor of
G% and mcr(G)  cr(GY. Moreover, D de nes a planar decompsition of G° with width

k. By Lemma6 applied to G°

mc(G)  cr(GY  k(k+ 1) ( GY?jDj :

A neighbour of a vertex x of G%is in the samebagasx or is in a neighbouring bag. Thus
(GY (( D)+1k 1. Thus

mci(G) < k(k+ 1)((( D)+ 1)k)?jDj = k3(k+ 1)(( D)+ 1)?jDj :
]

Lemmas 9 and 5(a) imply that if D is a planar decompsition of a graph G with
width k, then G hasminor crossingnumber in O(k#jDj). This bound canbe improved by
further transforming the decompsition into a decomposition with width 2. In particular,
Lemmas9 and 5(b) imply:

Lemma 10. If D is a planar decomposition of a graph G with width k, then G hasminor
crossingnumker

mci(G) < 232+ 1)(4+ 1)?3k(k + 1)jDj = 1800k(k + 1)jDj :

Proof of Theorem 2. It follows immediately from Lemmas7 and 10. O
We now set out to prove a corverseresult to Theorem 2.

Lemma 11. For everygraph G, there is a graph G° containing G as a minor, suchthat
mcr(G) = cr(GY andjGY  jGj + menG).

Proof. By de nition, there is a graph G° cortaining G as a minor, sud that mcr(G) =
cr(GY. Choosesud a graph G° with the minimum number of vertices. There is a set
fT, : v 2 V(G)g of disjoint subtreesin G° sud that for every edgevw of G, somevertex
of T, is adjacen to somevertex of T,,. Every vertex of Gis in someT,, as otherwisewe

could deletethe vertex from G° Hence
X X X
Gy = T = jGj+ (T 1) = jGj+ KTk :
V2V (G) V2V (G) V2V (G)

We can assumethat ewery edgeof ewvery subtreeT, is in somecrossing,as otherwise we
could cortract the edge.ThusjGY  jGj + cr(GY = jGj + mcnG). O
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The next lemmais an analogueof Lemma 8.

Lemma 12. Every graph G has a planar decomposition with width 2 and order jGj +
2mcer(G).

Proof. By Lemma11l, there is somegraph G°cortaining G asa minor, sud that cr(G9 =
mcr(G) and jGY  jGj+ men(G). By Lemma8, G®hasa planar decompsition of width 2
and order jGY + cr(GY = jGY + mer(G) jGj + 2menG). By Lemma3, G hasa planar
decompsition with the sameproperties. O

We have the following characterisation of graphswith linear minor crossingnumber,
which is analogougo Theorem3 for crossingnumber (without the dependenceon degree).

Theorem 4. The following are equivalentfor a graph G:
1. men(G) ¢ jGj for someconstant ¢y,
2. G hasa planar decomposition with width ¢, and order jGj for someconstant c,,
3. G hasa planar decomposition with width 2 and order c3jGj for someconstant cs.

Proof. Lemmal2implies(1) ) (3). Lemma4 impliesthat (3)) (2). Lemmal0implies
that (2) ) (2). O
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