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Abstract

In his Master's thesis, Jan Mazak proved that the circular chromatic index of
the type 1 generalizedBlanusasnark B} equals3+ % This result provided the rst
in nite set of valuesof the circular chromatic index of snarks. In this paper we show
the type 2 generalizedBlanusa snark B2 has circular chromatic index 3 + m
In particular, this provesthat all numbers3+ 1/n with n > 2 are realized as the
circular chromatic index of a snark. For n = 1, 2 our proof is computer-assisted.

1 Intro duction

Let G beagraphandr > 2. Forall a2 [O;r), let jaj,, = minfjaj;r jajg. Fora;b2 [0;r),
the r{cir cular interval [a;b],. is de ned by

i I S
[a;r)[ [0 if a> b:

For a;b 2 R, jaj, and [a;b], are de ned by rst reducinga and b modulo r to a% P 2
[0;r). An edger{cir cular colouring, or an edger{colouring for short, of G is a function
c:E(G)! [0;r) sud that for any two adjacert edgese and €°, jc(e) c(e9)j, > 1. If G
admits an edger{colouring, then G is edger{colourable The circular chromatic index of
G is de ned by

%(G) = inffr 2 Rj G is edger{colourableg: (1)

It is well-known, see[9] for example,that for every nite graph G, the inm um in (1)
is attained, and that  %(G) is rational. It is alsoknown that for ewvery graph G, 4G) =
d %G)e, where qG) is the chromatic index of G. Hence,by Vizing's theorem, ( G) 6

%G) 6 ( G)+ 1. Recallthat a graph G is saidto beclass2, if q{G)= ( G)+ 1, or
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Figure 1: The dot product construction

equivalertly, if %(G) > ( G). Afshani et al. [1] proved that if G is a bridgelesscubic
graph then
36 %G)6 11=3:

The upper bound s attained by the Petersengraph. No bridgelesscubic graph other than
the Petersengraphwith the circular chromatic index greaterthan 7=2 is known. Kaiser et
al. [5] provedthat ewvery bridgelesscubic graphwith girth at least14hascircular chromatic
index at most 7=2. The circular chromatic index of special classesf graphshas beenof
interest. For examplethe circular chromatic index of the o wer snarksis studiedin [3]and
the circular chromatic index of Goldberg snarksand twisted Goldberg snarksis studied
in [2]. West and Zhu [8] study the circular chromatic index of Cartesian products of
graphs,and toroidal grids in particular.

It is conveniert when studying edge-colourings,to allow semialgesin graphs, i.e.
edgeswith only oneend-wertex. Having this corvertion, we may \cut" a given graph into
smaller pieces,colour the piecesseparately and then attach the piecestogetherto obtain
a colouring of the given graph. We may alsobe ableto prove that colouringsof the pieces
are never compatible, thus proving uncolourability of the given graph. For ordinary edge
colouringsof snarks,sud uncolourability argumeris usually usethe parity lemma Given
an edge3{colouring of a cubic graph G with order n, let n; be the number of semiedges
colouredi. The parity lemmaassertsthat

n, Ny, n3; n mod2

2 Generalized Blan usa Snarks

Having order 18, Blanusasnarksare the smallestsnarksafter the Petersengraph P. They
are both obtained by a dot product from two copiesof P. Giventwo cubic class2 graphs
G; and G, the dot product G; G, is constructed by adding four edgesto the disjoint
union of G; fvw;v&w%Y and G, fx;yg, asshavn in Figure 1, wherevw and viw® are
non-adjacem edgesin G; and x and y are adjacern verticesin G,. This operation was
rst introducedby Isaacs[4].
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Figure 2: The Blanusablocks

Note that the dot product G; G, dependson the choice of the edgesvw; vilin G,
and the edgexy in G,. When G; = G, = P, sincethe Petersengraph is edge-transitiwe,
the choiceof xy doesnot matter. On the other hand, two non-adjacen edgesn P canbe
at distance2 or 3 in the line graph L(P). The two non-isomorphicsnarksobtained by a
dot product P P are called the Blanusa snarks More precisely if vw; vw°2 E(P) have
a commonneighoour in L(P), the resulting graph P P is calledthe rst Blanusa snark
and otherwise,the graph P P is called the second Blanusa snark

This construction was generalizedby Watkins [7]. We refer to the graph obtained by
\cutting” two edgesof P which are at distancei + 1, and keepingthe semiedgesas the
Blanusablock A;. The graph obtained by removing two adjacen verticesof P and keeping
the semiedgess called the Blanusa block B. Theseblocks are showvn in Figure 2. The
labels of the semiedgesndicate connectionsin constructionsinvolving theseblocks. The
semiedgesith label a (resp. b) are always connectedto a semiedgewith label a° (resp.
i) and vice versa. By this assumption,the rst (resp. second)Blanusasnarksis obtained
by attaching a copy of A; (resp. A,) to a copy of B. It can be seenin Figure 2 that
A, canindeedbe decompmsedinto a copy of B and a singleedge. Thus in constructions
involving A, we may replaceA; by a B and a K, to obtain further decompsition.

Watkins [7] de ned two families of genearlized Blanusa snarks using the blocks B,
A, and A,. The family B' consistsof the graphsB! constructed as follows: take n 1
copiesof the block B and onecopy of A;, arrangetheseblocks cyclically, and connectthe
semiedges and b of ea block to the semiedges® and I of the next block respectively.
Note that B is the Petersengraph, and B is the rst Blanusasnark. The family B? is
de ned similarly, usingthe block A, in placeof A;. Following [7], we refer to menbers of
B! (resp. B?) astype 1 (resp. type 2) generalizedBlanusa snarks.

The circular chromatic index of type 1 generalizedBlanusa snarkswas establishedby
Mazak [6].

Theorem 1. [6]Foralln> 1, 2(B})= 3+ 2.

Although it was known that the setS = f 2(G) : G is a bridgelesscubic graphg is
in nite, before Mazak's result, only a nite number of valuesin S were known. In this
paper we prove the following result for type 2 generalizedBlanusa snarkswhich realizes
in nitely many new valuesin S. Note that B? is the Petersengraph whose circular
chromatic index is already known.
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Theorem 2. For all n > 1,

(
) L
0821=3+ 1 _ 3+W+1 if nis odd,
¢ Tnt bl+ 3n=2c 3+ 3n2+2 if n is even.

3 The Upp er Bounds

We rst provethe upper boundsof Theorem?2. The structure of the optimum edgecolour-
ings of the graphsB?2 helpsin understandingthe proof of the lower bounds, preseted in
the next section.

Let G be a cubic graph which may cortain semiedges. A conseutive colouring of
G is any mappingc: E(G) ! Z sud that for ead v 2 V(G), if e;e% e®are the edges
incidert with v, then the coloursc(e); ¢(e”; c(e"J arethree consecutie integers. Obviously,
reducing the coloursc(e) modulo 3, one getsa proper edge3{colouring of G. One could
also reducethe coloursc(e) modulo 3+ " for any given 0 < " < 1, to obtain an edge
(3+ "){colouring of G. The notion of consecutie colouring helpsus presen circular edge
colouringsof graphsby integersrather than real numbers.

andr = 3+". Then © B2,, 6.

C

- LI — 1
Lemma 3. Givenn> 1, let" = ;="

Proof. We split the proof into two casesdepending on the parity of n. If n is even, then
"= 3n2+2. Considerthe consecutie colouring of the graph B given in Figure 3(a). Since
3= "modulor and6= 2" modulor, we may combine suitable linear transformations
of this colouring for two consecutie copiesof the block B in B2, to get a colouring ¢
for which c(a) = ¢(b) = 0in the rst block, and ¢(a® = c() = 3" in the secondblock.
This r{colouring of two consecutie B{blo cks is explicitly givenin Figure 4. SinceB?_,
cortains n copiesof the block B, conbining suitable transformations of thesecolourings,
we get an edger{colouring c of theseblocks, for which c(a) = c(b) = 0 for the rst block,
andc(ad = c() = (n=2)3" = " for the last block. On the other hand, since4=1 "
modulo r, the consecutie colouring of A, given in Figure 3(b) can be usedto extend c
to an edger{circular colouringof B2, ,.

If nis odd, then " = TQ-H Similarly to the previous case,we nd a partial edge
r{colouring c of B2, which coloursall the edgesin all copiesof B, suc that for the
block A, we have c(a) = c(b) = 0,c(@) = 1, andc(l) = 1 . This colouring can be
extendedto B2, , usingthe consecutie colouring of A, given in Figure 3(c). O

4 The Lower Bounds

We need the following two lemmasin our proof of the lower bounds of Theorem 2.
Lemma 4 can be found in [9] in more generalsettings. Lemma 5 is an easy obsena-
tion provedin [2]. In the following YG) denotesthe maximum size of a matching in a
graph G.
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1 3 5 1 1 2 1 1 2
2 4 2 3 2 0
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Figure 3: Consecutie colouringsof Blanusablocks usedin Lemma 3.
0 1 2 3 5 7 9= 3
2 4 4 8
3 6
1 3 5 5 6 7
0 2 4 6 7 8 9= 3

Figure 4: The colouring of two consecutie B{blo cks of B2 usedin the proof of Lemma3.
All coloursare negatedfor better readability.

Lemma 4. If 2(G) = § where p and q are relatively prime positive integers, then
p6 JE(G)jandq6 HG)6 3jV(G)j.

Lemma 5. Letr = 3+ " for some0 < " < 1, and let ¢ be an edger{colouring of a
cubic graph G. If e;e®? 2 E(G) are at distance d in the line graph L(G), then c(e%) 2
[c(e) + t; c(e) + t + d"], for someintegerd 6 t 6 2d.

To prove the lower bounds, we needto study edge(3 + "){colourings of the blocks B
and A,. The following is proved by Mazak [6].

Lemma 6. [6] Let0 < " < i r = 3+ ", and c be an edger{colouring of B. Then
jc(@) c(a)j, 6 2" andjc(a) c(@)j. + jc(b) (. 6 3.

If ¢ is an edge3{colouring of A, sud that c(a) = c(a%, then by the parity lemma,
c(b) = o() which is a cortradiction sincethis givesan edge3{colouring of the Petersen
graph. Thus by the parity lemma, in every edge3{colouring of A, either c(a) = c(b) 6
c(@) = (P or c(a) = c() 6 c(a%) = c(b). In our next lemma, we prove an analogueof
this obsenation for edge(3 + "){colourings of A,.

Lemma 7. Let0 < " < % r = 3+ ", and c be an edge r{colouring of A;. Then
ja)  c@)j, +je(b (B >2 2.

Proof. Let e, be the unique edgeof A, which is at distance 3 from a;a’ b;i>. We may
assumethat c(ey) = 0. Then by Lemma5, for every e 2 E(A,), c(e) 2 [t; t + d"], where
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d and t are integerssatisfyingl 6 d6 3andd 6 t 6 2d. Since" < % eat of these
intervals has length strictly lessthan 1, and thus it cortains exactly one of the integers
0;1;2. Let (e) 2 f0;1;2g be the integer correspnding to (the interval cortaining) c(e).
Sincec is an edger{colouring, the mapping is a proper edge3{colouring of A, and by
the parity lemma, either (a)= ()6 (@)= (Por (@)= (P86 (@ = (b. By
symmetriesof A,, we may assumethat the former holds. Now up to symmetry we either

have
(@@= (=0 and (= (H=1 or ,
(a) (=1 and (a‘) = ([ﬂ =2 (2)

If we reducethe coloursin [ 2"; 0], modulo r to be in the real interval [ 2"; 0], then
by (2) we have

jo@ co@)i,=c@) oa and je(b) o), = c(b) cb):

On the other hand, sincea® and I are at distance 3 from b and a respectively, there exist
integers36 s;t 6 6sud that c(a) c(b) 2 [s;s+ 3"], andc(l) c(a) 2 [t; t+ 3"],.. Since

@ (o= (P (a)=1,wehaves=r = 4. Thereforec(a¥ c(b) andc(l) c(a)
are both in the real interval [1L "; 1+ 2"] and we have

jc@ c@)j.+jcl) o), = c@) c@+ ) cb
=c@ cb+c c@>21 "): O

The above two lemmasgive a lower bound on the circular chromatic index of type 2
generalizedBlanusa snarks.

0 p2 2
Corollary 8. Foralln>2 2 B2, >3+ 2.

Proof. The graph B2, hasn copiesof B joined sequetially. Given an edge(3 + "){
colouring of this graph, the di erence betweenthe colours of the semiedgesa® and I of
the rst copy of B, and the semiedges and b of the last copy of B is at most n(3") by
Lemma 6. On the other hand since these semiedgesre joined to the semiedgesf the
copy of A,, by Lemma7 we have

3n" > jc(a) (@, +jc) e, >2 2"

Solving for " we get" > 2. O

For evenn > 2, Theorem2 follows by Lemma3 and Corollary 8. For odd n, the keyis
to prove that the inequality in the lower bound of Corollary 8 is strict. Beforewe preser
a proof of this fact, we needthe following equivalert de nition of circular edgecolouring.
Let p;qg be positive integerswith p=q> 2. An edge(p;qg){colouring of a graph G is any
mappingc: E(G)! f0;1;:::;p 1g, sud that for any two adjacernt edgese and €° we
have

q6 joe) c(e)j6p a
Note that e! c(e)=gde nes an edgep=dcolouring of G. It is well-known that for every
sud p; g, agraph G hasan edgep=dcolouring if and only if it hasan edge(p; g){colouring.
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0 2
Lemma 9. Foralloddn> 3, ? B2,, >3+ 2.

Proof. Let G= B?,,. Suppose J(G) = 3+ ;2 andlet beanedge(9n + 8 3n+ 2){
colouringof G. Let " = %H r = 3+ ", and c be the edger{colouring of G de ned by
c(e) = (e)=(3n+ 2). Note that for all e2 E(G), c(e) is an integer multiple of "=2. Also
note that sincen > 3," 6 % To clarify the notation, we denote"=2 by  throughout
this proof. Let a; and b, be the edgesof G correspnding to the semiedges and b of the
ith copy of B in G. Then a;; and b, correspnd to the semiedges® and I of the ith
copy of B in G, and a,,;b,,1;a;; by correspnd respectively to the semiedgesa; b;a% P
of the copy of A, in G.

Note that since °(G) equalsthe lower bound of Corollary 8, all the inequalities in
the proof of that lower bound are tight. Namely, jc(a;1) c(&)j.+ jc(b1) (b)), = 3"
forall16 i 6 n,andjc(a, 1) ca)j-+ jc(b,1) cb)j.=2 2'=n(3"). Therefore

by Lemma6, we may assumethat for all 16 i 6 n,
12+ "+ 2], and b 2 [b+ " b+ 2'): 3)

Sincea; and b, are at distance 3, by Lemma5 we have jc(a;) c(b)j, 2 [t;;t; + 3"], for
someinteger 3 6 t; 6 6. Ead of theseintervals cortains exactly one of the integers
0; 1; 2 and intervals correspnding to di erent numbersare disjoint. Let ; be the unique
member of [t;;t; + 3'],\ f0;1;29. Sincejxj, 6 r=2 for all x, , 6 2. Now by (3),
8.1 b2 b "a b+"]. Thus ,,; = ;. Let bethe commonvalue of
all ;. It is easyto seethat = 1 is not compatible with either of the constrains (2).
Therefore = 0.

Considerthe ith B{block of G. Sincejc(a;;1) c(&)j-+ jc(by1) c(b)j,.=3" =6,
we may assumethat jc(a;.1) co(&)j- > 3 . We also assumethat c¢(a) = 0. Thus
c(a;+1) 2 13; 4 gsinceit is an integer multiple of

Casel. Let c(a;;1) = 3 . Sinceb; and b, are both at distance3 from a; and a; 1,
and since = 0,

c(by);c(b1) 2 [e(a) 2% c(a) + 2']\ [clai) 2% clai) + 2],
=[ 4,41\ ;9]
=[ ;4]:

On the other hand, sinceone of the edgesadjacen with a; hasa colourin [2;2+ "],, at
least one of the coloursc(b); c(b.1), isin [6;6+ 3"], = [ 4; 2 ]. Thusthe only possible
way to getjc(b.;) c(b)j. = 3 isthat ¢(b) = andc(b,q) =2 .

Case?2. If ¢(a;11) = 4 , asimilar argumert shaws that either c(b;) = 0 and ¢(b.. ) =
2 ,0rcb)=2 andc(b,) =4 .

Note that in Casel, jc(a;)) c(b)j, = je(ai;1) c(bi1)j- = while in CaseZ2, one
of jc(a;) c(b)j,. and jc(a;11) c(b.1)j. is O while the other is ". Therefore, thesetwo
colouringsare not compatible with ead other for consecutie copiesof B, and the same
caseholds for all copiesof B. Up to symmetries,in the rst casewe have c(a;) = O,
cb) = ,c@s1) =1 2,andcb,) =1 , While in the secondcasewe have
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c(a;) = 0,¢c(by) = 0,c(a,.1) =1 3,andc(b,y1) = 1 . In either casewe have
c(a,r1) = ¢(b)+ 1 3. On the other hand sincea, ., is at distance 3 from by, by
Lemma5 we must have

3II
1 5 = c(@n+1) () 2 [t;t+ 3],
for some3 6 t 6 6. This cortradicts the choiceof ". O

The following lemmais the last ingrediert we needin our proof of Theorem 2.

Lemma 10. Given an integer n > 5, there exist no positive integersp 6 12n + 15 and

g6 4n+ 5 suchthat )

3n+ 2

<g<3+ 2. (4)

3+ :
3n+1

Proof. Supposethere exist p and q with the desiredproperties. Then
2q 8n+ 10 . 25

< b
3n+1 3n+1 8

P 3q

wherethe last inequality holds sincen > 5. Therefore,p 3gq2 f1;2;3g. On the other
hand, by (4) we have

3n+1 3n+ 2
< < .
> aq< (p 30 >

This gives(3n+ 1)=2< g< Bn+ 2)=2ifp 3g= 1, and3n+ 1< g< 3n+ 2if
p 3q = 2. Theseboth contradict the fact that q is an integer. If p 3q = 3, we
similarly getg> (9n + 4)=2 which implies 27n + 186 24n + 30sincep 6 12n + 15. This
cortradicts n > 5. O

(p 30

Note that B2, hasorder 8n+ 10and sizel2n+ 15. Thusby Lemma4,if ° B2, =
p=gwherep and g arerelatively prime positive integers,thenp 6 12n+ 15andq6 4n+ 5.
Thereforefor odd n > 5, Theorem 2 follows by Lemmas3, 9, and 10.

5 Two Remaining Graphs

For n = 1;3, we had to usecomputersto settle the circular chromatic index of B2, ;. The
main theoretical tool in sud computer experimerts is the conceptof a tight cycle. Given
an edger{colouring c of a graph G, we construct a digraph H with V(H) = E(G) in
which there is an edgefrom e to €°if c(e = c(e) + 1 modulo r. Any directed cyclein H
is called a tight cycle of ¢ (or of G with respect to c). It is known (cf. [9] for example),
that °(G) = r if and only if every edger{colouring of G hasa tight cycle.

For the secondBlanusa snark B2, we investigatedall its edge(7; 2){colourings using
a computer program and veri ed that they all have tight cycles. Thus 2(B2) = 7=2.
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For B2, Lemma4 and the boundsproved in this paper give

51 16

0 2 Dt
By 2 16' 5

Using a computer programwe veri ed that no Hamilton cycleof the line graphL(B?) can
sene asa tight cyclein an edge(51; 16){colouring of B?, thus proving °%(B?) = 16=5.

The computer programsusedto obtain the results of this sectionare available at the
author's personalweb pagehttp://www.cecm.sfu.ca/~ mgteble h/pr og.
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