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1. Intr oduction: finite delay

This paper is concernedwith systemsof functional di erential equationswith either
nite or in nite delay. We give conditions on the system and on a Liapunov function to
ensurethat the zero solution is asymptotically stable. Section 2 is dewoted to nite delay,
Section 3 to in nite delay, and Section 4 to examples.

The remainder of this sectionintro ducesthe problem for the nite delay case.

We considera system of functional di erential equationswith nite delay written as
0 — . . 0— A—A+-
x(t) = f(t; x¢); = d=dt; (1)

wheref :[0;1) Gy ! R™ is continuousand takesbounded setsinto bounded setsand
f (t; 0) = 0. Here, (C k K) is the Banach spaceof continuous functions :[ h;0]! R™
with the supremum norm, h is a non-negative constart, Gy is the open H-ball in C, and
Xi(s) = x(t+s) for h s 0. Standard existencetheory shows that if 2 Gy and
t 0, then there is at least one cortinuous solution x(t; to; ) on [tg;tg+ ) satisfying (1)
for t > tg, X¢(tog; ) = and somepositive constart; if there is a closedsubsetB Gy
sud that the solution remainsin B, then = 1 . Also,j j will denote the norm in R™

with jXj =maxi i m]Xi].
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We are concerned here with asymptotic stability in the context of Liapunov's di-
rect method. Thus, we are concerned with continuous, strictly increasing functions
Wi [0;1)! [0;1) with W;(0) = 0, called wedges,and with Liapunov functionals.

Definition  1: A continuous functional V : [0;1) Gy ! [0;1 ) which is locally
Lipschitz in s called a Liapunov functional for (1) if there is a wedgeW with

@ W@ @) V() V(0)=0,and
(ii) Vg)(t; x¢) = limsup, (LfV({t+ ;xip (to; ) V(Ex(to; )g O

Remark: A standard result statesthat if there is a Liapunov functional for (1), then
x = 0 is stable. De nitions will be givenin the next section.

The classicalresult on asymptotic stability may be traced badk to Marachkov [17]
through Krasovskii [15;pp. 151-154].1t may be stated as follows.

Theorem MK: Supposethere are a constart M, wedgesW;, and a Liapunov func-
tional V (soWy(j (0))) V(t; ) and V(t; 0) = 0) with

() V&) (tx)  Wa(ix()j) and
() jf(t; )j Mift Oandk k< H.
Then x = 0 is asymptotically stable.

Condition (ii) is troublesome,sinceit excludesmany examplesof considerableinterest.
And there are sewral results which reduce or eliminate (ii). For example, we showed [3]
that if
(i) V(t ) Wa(jxj) + W3(jXtj2);
wherej |, is the L2-norm, then uniform asymptotic stability would result. Other alterna-
tivesmay be found in [1,4,6,8],for example.

In an earlier paper [7] we gave a very general theorem and proof which had the
following result as a corollary.

Theorem A: Supposethere is a Liapunov functional V, wedgesw;, positive constarts
K and J, asequencet,g" 1 witht, t, ; K sud that

() V(ta; ) Wk k),

(ii) Vg)(t; Xt) Ws(jx(®)j) ift, h t t,, and
i) jf(t; )j J(t+ DIn(t+2)fort Oandk k< H.
Then x = 0is AS.
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Our rst result here generalizesthat slightly, but more importantly, it givesa simple
and instructiv e proof that shavs exactly what is happening sothat the in nite delay case
follows exactly. It is a simple exerciseto seethat the statemert of Theorem 1 below still

holds if condition (ii) of that theorem is replacedby condition (ii) of Theorem A.

2. Stability for finite delay

We now de ne the terminology to be usedhere.
Definition  2: The solution x = 0 of (1) is:

(@) stable if foreath " > 0andty, Othereisa > Osud that [k k< ;t to] imply
that jx(t;to; )j< "

(b) wuniformly stable (US) if foreadh" > Othereisa > Osudthat [t, Ok k< ;t tg]
imply that jx(t; to; )j<";

(€) wuniformly equi-asymptotically stable (UEAS) if it is uniformly stable and if there is a
K >0andforeahh [ > 0;ty O]thereisaT > Osudthat [t to+ T,k k< K]
implies that jx(t; tg; )j <

Lemma: Let F :[0;1)! [1;1 ) be cortinuous and increasing. Then

/1 (1=F(t))dt= 1
1
if and only if .
> (A=F(to+ih)) =1
i=1

fortg O.
Theorem 1. SupposethereisaV :[0;1) Cyx ! [0;1), wedgesW;, and a
continuous increasingfunction F : [0;1 )! [1;1 ) sud that
) Wi(j (0))) V() Wk K),
(i) VO,(Ex)  Wa(ix()),
(i) jf(t; )j F(@)on[0;1) Cy,and
(v) [' (@=F(t)dt=1:
Then the zero solution of (1) is uniformly equi-asymptotically stable.
Proof: A classicalresult yields uniform stability. For the H > 0, nd K > 0 sothat

[to O,k k< K,t tg]impliesthat jx(t;tg; )j< H.
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Let < K andt, Obegiven. Wemust nd T > Osothat [K k< K,t tg+ T]
implies that jx(t;tg; )j < . For anarbitrary such , let x(t) := x(t; to; ) and V (t; x;) =:
V(t).

Next, for this nd 1 of US. De ne

In == In(to) = [to+ (n 1)h;ty + nh]:

By the US, if there is an n with jx(t)j < onl,, then jx(t)j < fort ty+ nh. Thus,
until t enters sud an |, if ever, for ead n thereisat, 2 I, with jx(t,)j . It follows
readily that thereisan 2 (0;h] with jx(t)j =2on[ty;thn+ ,]andlet , bemaximal
with this property.

If , < h(andconsequetly jx(t, + n)j= =2), then we now obtain a lower estimate

of . Integrating (1) yields

t'rL+'rL
=2 ix(ta)  X(tn + n)J:j/ f(sixe)dS F(tn+ n)
ty

or
n FH2F(ta+ n)] 2R (th + h)] 2R (th42)]
Hencewe have | =[2F (t,,12)] for this case,and also (supposing that F(t) 1=2h) in
the casewhen , = h.
Next, integration of (i) andt, + , t,.o yield

tht n
V(thy2) V(th) V(ta+ n) V(ta) /t Ws(jx(s)j)ds

n

W3( =2) n

W3( =2) =[2F (th42)]

Hence,

V(tan)  Wa(K) Ws( =2)( =2))  1=F(ty):

i=1
There is an n = n(ty) with the right-hand-side negative. For this n let T = 2nh. This

completesthe proof.
If we consider the paragraph after Theorem MK with the result of [3], the reader
naturally believesthat it may be possibleto strengthen the conclusion of Theorem 1 to

uniform asymptotic stability. The following proposition shaws that this can not be done.
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Proposition. There is a function f sud that all conditions of Theorem 1 are satis ed,
but the zero solution is not uniformly asymptotically stable.
Proof: Let  be a cortinuously di erentiable function with the following properties:
1. (n)=1=n+ 1)forn=0;1;...
2. ()=0O0unlesst2[n (1=2(n+ 1));n+ (1=2(n + 1))],
3. (t) isincreasingonthe intervalt 2 [n (1=2(n+ 1)); n] and decreasingon the interval
t2 [n;n+ (1=2(n + 1))],
4.j qt)j C for someC > 0.
Clearly there is sudh a . Now let h = 1 and we de ne the right hand side of the

equation on the interval [n; n + 1):

00 TP 1 1
f(t;x¢) = (()n)X(n), if ()] jixd 5 O t2[n;n+ é)
0] (n+ DGixedi jx@®) X, .
ix ()] (n)x(n), otherwise

It is easyto seethat f is continuous and satis es the local Lipschitz condition in its
secondvariable; to prove this, one needsto usethe fact that when the secondde nition

holds, then
(n+ L)(ixdj  jx(1)))
X(1)]

1:

Also, jf (t; )i C(t+ 1)jj i

Next note that the supremum norm of the solution is non-increasing, becauseof the
secondpart of the de nition.

It is also clear that all functions of the form ¢ (t) are solutions. Now let us start a
solution at ty by an initial function , and let n be the smallestinteger not smaller than

to. Then fort n we have
x(n;to; )

(n)

Obviously, after t reachesthe next integer after t, we will always have the rst part of the

X(t; to; ) = (1)

de nition in e ect, and the solution is a constart times

Now we de ne a Liapunov functional
1
V(G )= i [ ixsit )ids
t
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First we prove that V exists aswell asthe upper bound on V. Let n be the smallest
integer larger than t. Then (using the fact that jjx]jj is non-increasingand the properties
of ) ] .

V(s )= i+ [ ixsin dids+ [ jx(sit ids
t n

" i
i JJ+/n 111 JJdS+/n ) (s)ds

1
2 jj+ (n+ D) ”ZW
i=n

2j i+ TEWD g
We alsohave jx(t)j V(t;x;) and VYt; x;) j x(t)j using the fact that jx(s;t; )j! Oas
s! 1 . Therefore all conditions of Theorem 1 are satis ed, and hencethe solutions are
equi-asymptotically stable.

All that is left to be proved is that the solutions are not uniformly asymptotically
stable. Suppose for corntradiction that thereisa K > O and for all > Othereisa T
such that if t, O,t tog+ T,andj jj < K then jx(t;tg; )j< . Thenlet < K=2be
givenand let T be xed. Choose (s) = K=2 (s 2 [ 1,;0]) with n large enough so that

n=(n+ [T]+ 1) > 2=K , and ty = n. Then we know from the previous notes that

K

X(Gto; )= 5 o) (1):
Choosingt = to+ [T]+ 1> tg+ T we nd that
oy K (n+[T]+1) _ Kn
ot M Bl )= 5 ) ~ 2+ i+ 1)

which is a cortradiction to our assumption. This contradiction shows that the solutions
are not uniformly asymptotically stable.
Note that the above example can easily be modi ed sothat F(t) in Theorem 1 can

bet forany > 0and still UAS doesnot hold.

3. Intr oduction and stability for infinite delay

Seifert[19] seemsto have beenthe rst to clearly shov the importance of a fading

memory in the study of stability for a system with in nite delay. That conceptis now
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certral in the study of stability, boundedness,and periodicity. The fading memory is
deducedfrom the di erential equationitself and then isre ected in the Liapunov functional
used in the stability investigation. Thus, in a formal preseration the fading memory
properties frequertly are rst seenin the wedgeson the Liapunov functional in the form
of a weighted norm.

Letg:(1 ;0]! [1;1) beacontinuousnonincreasingfunction with limy 1 g(t) =
+1 . Then

(Ci] o)

is the Banad spaceof continuous functions : (1 ;0]! R" for which
supj (Di=0) = ] Jg

exists. For H > 0, (Cy;j jg) is that subsetof C with j jo < H.
If A>0andif x: (1 ;A]! R"iscortinuous,thenfor0 t A, x; isthat elemen
of C de ned by

Xt(s)=x(t+s); 1 <s 0

provided that jXjq exists.

Letf :[0;1) Cx ! R" and considerthe system
xt) = f (t; x¢): (2)

We suppose the usual conditions (continuity and local Lipschitz condition on f), that
imply that for eat (tp; ) in [0;1) Cy there is a solution x, having value x(t; to; ),
satisfying (2) on an interval [ty; ) with x{, = ; moreover, we supposethat if H; < H
and if jx(t)] H; for all t for which x is de ned, then =1 .

There are many existencetheorems for (2) showing exactly what is neededfor the
conditions in the above paragraph to be satis ed. Sawano [18] gives one for bounded
continuous initial functions, while Hino-Murakami-Naito [14; p. 36] have one for initial
functions in C. But existenceof solutions is closely tied to the existenceof a Liapunov
function, asis discussedextensiwely in Burton [2], especially Theorem 4. If the system

is cortinuous in the g norm, if the g function is unbounded, if the Liapunov function is
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mildly unbounded in the g norm, and if the derivative along (2) is non-positive, that is
su cien t for existenceof solutions.

Our interest here is purely in stability and our result will hold wheneer the above
type of existenceobtains. Systemsof this kind are extensively discussedin the literature
and the readeris referred to Hale-Kato [12], Haddock-Krisztin-T erjeki [10] for phasespace
theory, Burton-Feng[5] for corntinuous dependence,Hering [13] for stability and Liapunov
functions, and Hino-Murakami-Naito [14]for anin depth treatment of the subject of in nite
delay problems.

In setting up phase spacesfor in nite delay problems, fairly stringent translation
conditions frequertly emergewhich require g to decreasealmost exponertially. See,for
example, Chapter 1 of Hino-Murakami-Naito [14] or Hale-Kato [12;p. 24]. The paper by
Haddock [9] is dewoted in large part to spaceswhere g is exponertial. In this paper we
also use exponertial g's, but we also shav asymptotic stability when this condition does
not hold. We now intro duce the properties usedhere.

De nition 3. Let 2 C and de ne

(s);ifs O
() = { _
0;ifs>0

We say that (C;j jg) is afading memory spaceif for all 2 C wehavej3jg! Oast! 1.
De nition 4. We sa that g satis es the exponential condition if for eadr > 0 there

isanh> Osuchthat 0 t;<tyandty t; himply that
glu t3) g(u ty)2H= for u ty: (3)

This condition makesit possibleto prove an exact courterpart of Theorem 1 for the
in nite delay case.lIt will play animportant role in the paper and the following proposition
explains its properties.

Proposition 1. The following conditions are equivalert.

1. Thereisan 2 (0;1) and| > 0 sud that

g(s)
fug a(s 1)
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2. g satis es the exponertial condition.
3. The space(C;]j jg) is a fading memory space.
Proof:
1 implies 2: Let be given. Choosethe natural number n > 0 sothat " =2H
andleth=nl. If0 t;<tyandt; t; h,then choosings= u t; and using the
property that g is monotone non-increasingwe obtain

g(u ti) _ g(s) g(s) _ 9(s) gs (n 1Y
gu tz) g(s (tz2 t)) g(s nl) g(s 1) g(s nl) 2H

which givesthe desiredresult.

2 implies 3: let be given. Then

()] RO
Fde= a6 1 Sh o) e has 1)

o(s) _ g
g(s 1) 2H

=] Jgsup

s 0
if t h, whereh is chosenfrom the exponertial condition on g for . Letting tendto O
we get condition 3.

3 implies 1: We apply the condition of the fading memory spaceto (s) =

(9(s);0;0; :::;0) 2 R and we obtain

. a(s)
= su |
Ide =05 1)

ast! 1 , which clearly implies condition 1.

Stability de nitions from Section2 carry over by replacingk kbyj j4, but to be more
precisewe say (asymptotic) stability in the g-norm. The goal of this sectionis to prove
Theorem 1 for system(2) making only the changeof W (k k) into Ws(j jg). In particular,
hereis our result.

Theorem 2: Let G:(1 ;0]! [1;1) bea function sud that G(s) cg(s) (c> 0
constart) and jGjg! Oast! 1. SupposethereisaV :[0;1) Cy ! [0;1 ), wedges
Wi, and a cortinuous increasingfunction F : [0;1 ) ! [1;1 ) sud that

) Wi(G ©i) V(& ) W g,

(i) VO (tx)  Ws(x(b)),

(i) jf(t; )j F()on[0;1) Cu,and
(v) [} (1=F(t)dt=1:
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Then the zero solution of (2) is uniformly equi-asymptotically stable in the G-norm.

Proof: We follow the proof of Theorem 1. Uniform stability in the g-norm follows
immediately. Since ¢ jg j Jg, we also have uniform stability in the G-norm. Let
H; < H andwe nd K > 0 with W;(H;) = Wy(K). Then forj jg < K, ty 0, and
x(t) ;= x(t; tg; ), sincev(%)(t; Xt) O,by () ift ty wehave

Wi(x(1)j)  VI(Ex)  V(to; ) Wa(j jg) < Wa(K)

o)
X < Wy H(Wa(K)) = Hy;

and hencex(t) is de ned on the interval [ty; 1 ).

Llet < K andt, Obegiven. Wemust nd T > Osothat [j jg < K;t to+ T]
implies that jx(t; tg; )j <

Pick = W, '(Wy( )). Wewill now nd an h > 0 sud that if jx(t)j < on an
interval [ty;to] with to  t; andty t; h, then jx(t)j< fort t,;. The reader will
readily verify that if we cando this, then the remainder of the proof is identical to that of
Theorem 1.

Now for the given , nd h sud that jGsjg < =H fors h. Lett, t; < to,
to t;  h,jx(t)j< on[ty;ts]. We then have

o iX(s+ t2)j ix(u)j
X = sup—————=* = sup ———
Prale = 3005 ~ S ou 1)

ix(u)j ) }
max<{ sup ———=—: sup jx(u
{u trf gu  ta) ', uptzJ (W)

x(uj G(u ty) - }
max < Su , Su X(u
{u te G(u ty)gu t3) ', upt2J (u)

max{jxtlejGt2 t.)Jgs SUp jx(u)j}< max{Hq; }:

t1 u to

Sincev(g)(t; x;) O0,fort t,we have
Wi(x(1)i)  V(Ex)  V(t2ix,)  Wa(jXi,]g) < Wa( )

So)
x(Dj < Wy H(Wa()) =
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asrequired.

The remainder of the proof is identical to that of Theorem 1.

Note that if we have a fading memory space,then we can state the following simpli ed
version of the above theorem, which doesnot needG.

Theorem 3: Supposethat g satis es (3) and conditions (i)-(iv) of Theorem 2 hold.
Then jerjg! O(ast! 1) and hencechoosing G(s) = g(s) all conditions of Theorem 2
are satis ed and (2) is UEAS in the g-norm.

REMARK. If g does not satisfy (3), then we still have the task of constructing a
G for which jGijg ! 0 holds. For a particular example of (2), one may construct a
Liapunov functional V without any referenceto a function g. (The reader should follow
our subsequeh Example 2 to seehow this dewelops.) From the properties of V we then
construct the wedgesand g. Two questionsthen arise. First, what conditons must g
satisfy to ensureexistenceof solutions? We refer the readerto [2], Theorem 4 for a typical
answer. Next, what conditions are neededfor G to satisfy jGij; ! 0? We formalize one
result concerningthis question as follows.

Lemma: If G(s)=g(s)! Oass! 1 ,then|Gijy! Oast! 1.

Proof: Let > Obegivenandh > 0 large enoughsothat G(s)=¢g(s) < =2fors h.
Now chooseT > O large enoughsothat g(s) 2max , y ¢G(u)= fors T. Then if

t T we obtain

- G(s) G(s) G(s)
Giig = su sup ——+ su 5t 5=
Pde= 30 1 Mo " v Puas n 2 2

As a consequenceof this Lemma we can always choose G(S) 1 and then prove
uniform equi-asymptotic stability in the suprenum norm using Theorem 2. This is a very
useful consequenceof our theorems, becausein practical examplesinitial functions are
frequertly bounded.

There aretwo nal remarksconcerningthe conditionsin Theorem 2. First, (supposing
that G(s) cg(s)) if either G(s)=¢g(s) ! Oass! 1 , or g satises the exponertial
condition, then jGjg ! Oast! 1. Next, the opposite direction is not true. One can
construct g and G sothat they do not satisfy either of the above conditions, but jGjg! 0
holds.
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4. Examples

Lemma: Let x be a solution of (2) and t, be xed. Then

. 0 -
JXH(to)]
t! to+0 t 1o

Proof. Let t > ty be arbitrarily xed. Then

iX(t+ s)j _ {

Xtjg = SUpP————— = max sup L(t * ). max jix(t+ S)i
YT d(s) @ 1) 9(S) 's2[ @t toxo] 9(S)
jX(to + 9)j . } { . . }
max < sup———=; max X(t+ S)j p = max< jXi,jg; max jx(s
{s D o(s) s20 (b tool (t+ =) Prolor SN0 (5]
There are two cases:
1. 1f jXtpjg < MaXsz ;1) IX(S)], then using jxi,jg  jX(to)j we get
Xtlg  [Xtolg ~ MaXs2[te:t11X(S)] X (to)]
t to t t0
_ IXCo) x(te)] ¢« to X(t)  X(to)

t o t o t to

where 2 [to;t] is a point where jx(s)j takesit's maximum on the interval [tg;t].

Note that jxi,jg  jX(to)] and jX,jg < MaXsz t,;t) JX(S)j implies that ¢ > to and hence
the above expressionis valid.

2. If [Xtodg  MaXsz(ty:t1JX(S)], then

IXtlg  1Xtolg Xtolg  1Xtolg
t to t to

=0

In this casewe de ne = t.

Therefore, in both caseswe have

IXtlg  JXtolg
t to

X( 1) X(to)

t to

for some 2 (tp;t]. Thenletting t! ty+ Owealsohave ;! ty+ 0andhencewe obtain
the desiredresult.

Note that jx:jg may not be di erentiable everywhere. The main problem is that when

jXt,jg > jx(t1)j, xqt) > 0 on someinterval [t;;ts], and at somepoint t; 2 (t1;t2) we have
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JXtsJg = X(t3). Whent < ts then jx;jg is monotone non-increasing, but whents < t we
have jx¢jqg = jX(t)j and henceit is strictly increasing. Therefore jx;jq has a break point at
t3 soit is not di erentiable at ts.

Example 1. Consider the equation
x%= a(t)x + f(t; x¢) (4)
where
1 a(t) k(t+21)In(t+ 2)

(k > O constart) and
1
if (G x0l Bixd: / Kt)dt < 1 ;
0

whereg satis es the exponertial condition. Then the conditions of Theorem 2 (with G = @)
are satis ed.

Proof. De ne

t
V(x) = (20} + jxiig] exp( 3 /0 b(s)ds) :
Then

t
V&)(t; Xt) exp <3 / b(S)dS) Gix(t)jb(t)  b(t)jxtjg 2a(t)jxj+ a(t)jxj + b(t)jxtjg
0
[ 6b(t) a(t)lix]
j Xj:
We then have > 0 with
IXj o V(6 Xt)  2xj+ jXi]g
and
VO ixj:

The conditions of Theorem 2 are satis ed. Moreover, the conditions for existence of

solutions are also satis ed, as may be seenin Theorem 4 of [2].
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Example 2. Considerthe scalar equation

x%= a(t)x /: D (t; s)h(x(s))ds (5)
with h:R! R, h, a, and D cortinuous,andif 1 <s<t< 1 then
D(t;s) 0;Ds(ts) 0;Dst(t;s) O (6)
and
1 a(t) k(t+ 1)In(t+ 2)and xh(x) > 0for x 6 O: (7)

In order to make the equation be de ned for boundedinitial function we needthe following

conditions: let
t
/ [D(t;s)+ Ds(t; s)(t s+ 1)+ jDg(t; s)j(t  s)?]ds be boundedand cortinuous (8)
1
and
SlIim (t s)D(t;s)= 0for xed t: (9)

Thesewill imply that

t

thereisa B > 0 with / Ds(t; s)ds  B: (20)
1

Using (8) we obtain that equation (5) satis es condition (iii) of Theorem 2. Now we de ne

a Liapunov functional as

X 2
V(t;x()) = 2/0 h(s)ds + /t Ds(t; s) (/t h(x(v))dv) ds (11)

1

sothat along a bounded solution of (5) we have

VO(t;x()):Zh(x)l /t D (t; s)h(x(s))ds a(t)x}
1

2
+ /: Dst (t; S) </St h(x(v))dv) ds

+ 2h(x) /t Ds(t; s) /t h(x(v))dvds:
1 S
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If we integrate the last term by parts and use (8) and (9) we get

2
VvVt x()) = /t Dst (t; S) (/t h(x(v))dv) ds

1 (12)
+ 2h(x)[ a(t)x] xh(x)
Sinceh hasthe sign of x the derivativ e satis es condition (ii) of Theorem 2.
Next, lets take care of existence. We needa placeto start solets ask that
h(x) = x";
wheren is an odd integer. Let g be given, and consider
t 0 0
[ xdu=g [ @ ddu= ] [ 60U D=g )
S st st
0
sup jx(u+ t)=Q(U)J'”J'/ 9" (u)duj (13)
1 <u O s t
. . . 0 .
(JXth)nJ/ g" (u)duj:
s t
If g satis es the condition that
t 0
/ Ds(t; s)(/ g"(u)du)?ds< M < 1 : (14)
1 s t
then
X X
2/ h(s)ds V 2/ h(s)ds+ M (jX¢jg)" (15)
0 0

Condition (14) will make the Liapunov function satisfy condition (i) of Theorem 2 for
bounded initial functions, but we will needan additional condition for unbounded initial

functions. To make (5) de ned for initial functions from a (C;j jg) space,we have

t 0
/ D (t; s)h(x(s))ds = / D(t;u+ t)h(x(u+ t))du

1 1
and jx(u+ t)j=G(u) H impliesjx(u+t))j HG(u) and sowe needto strengthen (8) to
get that

0
/ D(t; u+ t)h(H G(u))du is bounded and continuous. (16)
1
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In addition, the derivative of the Liapunov function must be de ned so we need also

strengthen (8) by

2

/t Dst (t; S) </sot h(H G(v))dv) ds< 1: a7

1

Finally, (9) must be strengthenedto
0
D(t; s)/ h(HG(v))dv! Oass! 1 : (18)
s t

Now condition (16), (17) and (18) are mainly conditions on D and G: they can be satis ed
by either decreasingD and D¢, or by choosinga "small" G. If we do the later, and choose
a G sothat G(s) cg(s) and jGijg! Oast! 1, then all conditions of Theorem 2 are

satis ed, sowe have equi-asymptotic stability in the G-norm.
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