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1. Intr oduction: finite dela y

This paper is concernedwith systemsof functional di�eren tial equations with either

�nite or in�nite delay. We give conditions on the system and on a Liapunov function to

ensurethat the zero solution is asymptotically stable. Section 2 is devoted to �nite delay,

Section 3 to in�nite delay, and Section 4 to examples.

The remainder of this section intro ducesthe problem for the �nite delay case.

We considera system of functional di�eren tial equationswith �nite delay written as

x0(t) = f (t; x t ); 0 = d=dt; (1)

where f : [0; 1 ) � CH ! R
m is continuous and takesbounded sets into bounded setsand

f (t; 0) = 0. Here, (C; k � k) is the Banach spaceof continuous functions � : [� h; 0] ! R
m

with the supremum norm, h is a non-negative constant, CH is the open H -ball in C, and

x t (s) = x(t + s) for � h � s � 0. Standard existencetheory shows that if � 2 CH and

t � 0, then there is at least one continuous solution x(t; t0; � ) on [t0; t0 + � ) satisfying (1)

for t > t0, x t (t0; � ) = � and � somepositive constant; if there is a closedsubset B � CH

such that the solution remains in B , then � = 1 . Also, j � j will denote the norm in R
m

with jxj =max 1� i � m jx i j.

Supported by the Hungarian National Foundation for Scienti�c Research with grant

numbers T/016367 and F/016226.

EJQTDE, 1998 No. 1, p. 1



We are concerned here with asymptotic stabilit y in the context of Liapunov's di-

rect method. Thus, we are concerned with continuous, strictly increasing functions

Wi : [0; 1 ) ! [0; 1 ) with Wi (0) = 0, called wedges,and with Liapunov functionals.

Definition 1: A continuous functional V : [0; 1 ) � CH ! [0; 1 ) which is locally

Lipschitz in � is called a Liapunov functional for (1) if there is a wedgeW with

(i) W (j� (0)j) � V (t; � ); V (t; 0) = 0, and

(ii) V 0
(1)(t; x t ) = lim sup� ! 0

1
� f V (t + � ; x t+� (t0; � )) � V (t; x t (t0; � ))g � 0:

Remark: A standard result states that if there is a Liapunov functional for (1), then

x = 0 is stable. De�nitions will be given in the next section.

The classical result on asymptotic stabilit y may be traced back to Marachkov [17]

through Krasovskii [15;pp. 151-154]. It may be stated as follows.

Theorem MK: Supposethere are a constant M , wedgesWi , and a Liapunov func-

tional V (so W1(j� (0)j) � V (t; � ) and V(t; 0) = 0) with

(i) V 0
(1)(t; x t ) � � W2(jx(t)j) and

(ii) jf (t; � )j � M if t � 0 and k� k < H .

Then x = 0 is asymptotically stable.

Condition (ii) is troublesome,sinceit excludesmany examplesof considerableinterest.

And there are several results which reduce or eliminate (ii). For example, we showed [3]

that if

(iii) V (t; � ) � W2(jxj) + W3(jx t j2);

where j � j2 is the L 2-norm, then uniform asymptotic stabilit y would result. Other alterna-

tiv esmay be found in [1,4,6,8], for example.

In an earlier paper [7] we gave a very general theorem and proof which had the

following result as a corollary.

Theorem A: Supposethere is a Liapunov functional V , wedgesWi , positiveconstants

K and J , a sequencef tn g " 1 with tn � tn � 1 � K such that

(i) V (tn ; � ) � W2(k� k),

(ii) V 0
(1)(t; x t ) � � W3(jx(t)j) if tn � h � t � tn , and

(iii) jf (t; � )j � J (t + 1)ln( t + 2) for t � 0 and k� k < H .

Then x = 0 is AS.
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Our �rst result here generalizesthat slightly , but more importantly , it givesa simple

and instructiv e proof that shows exactly what is happening so that the in�nite delay case

follows exactly. It is a simple exerciseto seethat the statement of Theorem 1 below still

holds if condition (ii) of that theorem is replacedby condition (ii) of Theorem A.

2. St ability f or finite dela y

We now de�ne the terminology to be usedhere.

Definition 2: The solution x = 0 of (1) is:

(a) stable if for each " > 0 and t0 � 0 there is a � > 0 such that [k� k < � ; t � t0] imply

that jx(t; t0; � )j < " ;

(b) uniformly stable (US) if for each " > 0 there is a � > 0 such that [t0 � 0; k� k < � ; t � t0]

imply that jx(t; t0; � )j < " ;

(c) uniformly equi-asymptotically stable (UEAS) if it is uniformly stable and if there is a

K > 0 and for each [� > 0; t0 � 0] there is a T > 0 such that [t � t0 + T, k� k < K ]

implies that jx(t; t0; � )j < � .

Lemma: Let F : [0; 1 ) ! [1; 1 ) be continuous and increasing. Then
∫ 1

1

(1=F(t))dt = 1

if and only if
1
∑

i =1

(1=F(t0 + ih )) = 1

for t0 � 0.

Theorem 1: Suppose there is a V : [0; 1 ) � CH ! [0; 1 ), wedgesWi , and a

continuous increasingfunction F : [0; 1 ) ! [1; 1 ) such that

(i) W1(j� (0)j) � V (t; � ) � W2(k� k),

(ii) V 0
(1)(t; x t ) � � W3(jx(t)j),

(iii) jf (t; � )j � F (t) on [0; 1 ) � CH , and

(iv)
∫ 1
1

(1=F(t))dt = 1 :

Then the zero solution of (1) is uniformly equi-asymptotically stable.

Proof: A classicalresult yields uniform stabilit y. For the H > 0, �nd K > 0 so that

[t0 � 0, k� k < K , t � t0] implies that jx(t; t0; � )j < H .
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Let � < K and t0 � 0 be given. We must �nd T > 0 so that [k� k < K , t � t0 + T]

implies that jx(t; t0; � )j < � . For an arbitrary such � , let x(t) := x(t; t0; � ) and V(t; x t ) =:

V (t).

Next, for this � �nd � � 1 of US. De�ne

I n := I n (t0) = [t0 + (n � 1)h; t0 + nh]:

By the US, if there is an n with jx(t)j < � on I n , then jx(t)j < � for t � t0 + nh. Thus,

until t enters such an I n , if ever, for each n there is a tn 2 I n with jx(tn )j � � . It follows

readily that there is an � n 2 (0; h] with jx(t)j � � =2 on [tn ; tn + � n ] and let � n be maximal

with this property.

If � n < h (and consequently jx(tn + � n )j = � =2), then we now obtain a lower estimate

of � n . Integrating (1) yields

� =2 � jx(tn ) � x(tn + � n )j = j
∫ t n+� n

t n

f (s; xs)dsj � F (tn + � n )� n

or

� n � � =[2F (tn + � n )] � � =[2F (tn + h)] � � =[2F (tn+2)]

Hencewe have � n � � =[2F (tn+2)] for this case,and also (supposing that F (t) � 1=2h) in

the casewhen � n = h.

Next, integration of (ii) and tn + � n � tn+2 yield

V (tn+2) � V (tn ) � V (tn + � n ) � V (tn ) � �
∫ t n+� n

t n

W3(jx(s)j)ds

� � W3(� =2)� n

� � W3(� =2)� =[2F (tn+2)]

Hence,

V (t2n ) � W2(K ) � W3(� =2)(� =2)
n

∑

i =1

1=F(t2i ):

There is an n = n(t0) with the right-hand-side negative. For this n let T = 2nh. This

completesthe proof.

If we consider the paragraph after Theorem MK with the result of [3], the reader

naturally believes that it may be possible to strengthen the conclusion of Theorem 1 to

uniform asymptotic stabilit y. The following proposition shows that this can not be done.
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Proposition. There is a function f such that all conditions of Theorem 1 are satis�ed,

but the zero solution is not uniformly asymptotically stable.

Proof: Let  be a continuously di�eren tiable function with the following properties:

1.  (n) = 1=(n + 1) for n = 0; 1; . . .,

2.  (t) = 0 unlesst 2 [n � (1=2(n + 1)); n + (1=2(n + 1))],

3.  (t) is increasingon the interval t 2 [n � (1=2(n+ 1)); n] and decreasingon the interval

t 2 [n; n + (1=2(n + 1))],

4. j 0(t)j � C for someC > 0.

Clearly there is such a  . Now let h = 1 and we de�ne the right hand side of the

equation on the interval [n; n + 1):

f (t; x t ) :=















 0(t)
 (n)

x(n); if jx(t)j � jj x t jj
n + 1
n + 2

or t 2 [n; n +
1
2

)

(n + 1)(jj x t jj � jx(t)j)
jx(t)j

 0(t)
 (n)

x(n); otherwise

It is easyto seethat f is continuous and satis�es the local Lipschitz condition in its

secondvariable; to prove this, one needsto use the fact that when the secondde�nition

holds, then
(n + 1)(jj x t jj � jx(t)j)

jx(t)j
� 1:

Also, jf (t; � )j � C(t + 1)jj � jj .

Next note that the supremum norm of the solution is non-increasing,becauseof the

secondpart of the de�nition.

It is also clear that all functions of the form c (t) are solutions. Now let us start a

solution at t0 by an initial function � , and let n be the smallest integer not smaller than

t0. Then for t � n we have

x(t; t0; � ) =
x(n; t0; � )

 (n)
 (t)

Obviously, after t reachesthe next integer after t0 we will always have the �rst part of the

de�nition in e�ect, and the solution is a constant times  .

Now we de�ne a Liapunov functional

V (t; � ) := jj � jj +
∫ 1

t
jx(s; t; � )jds
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First we prove that V exists as well as the upper bound on V. Let n be the smallest

integer larger than t. Then (using the fact that jj x t jj is non-increasingand the properties

of  )

V (t; � ) = jj � jj +
∫ n

t
jx(s; t; � )jds+

∫ 1

n
jx(s; t; � )jds

� jj � jj +
∫ n

n � 1

jj � jj ds +
∫ 1

n

jj � jj
 (n)

 (s)ds

� 2jj � jj + (n + 1)jj � jj
1
∑

i =n

1
(i + 1)2

� 2jj � jj +
(n + 1)jj � jj

n
� 4jj � jj

We also have jx(t)j � V (t; x t ) and V 0(t; x t ) � �j x(t)j using the fact that jx(s; t; � )j ! 0 as

s ! 1 . Therefore all conditions of Theorem 1 are satis�ed, and hencethe solutions are

equi-asymptotically stable.

All that is left to be proved is that the solutions are not uniformly asymptotically

stable. Suppose for contradiction that there is a K > 0 and for all � > 0 there is a T

such that if t0 � 0, t � t0 + T, and jj � jj < K then jx(t; t0; � )j < � . Then let � < K =2 be

given and let T be �xed. Choose� (s) = K =2 (s 2 [� 1; 0]) with n large enough so that

n=(n + [T] + 1) > 2�=K , and t0 = n. Then we know from the previous notes that

x(t; t0; � ) =
K

2 (n)
 (t):

Choosing t = t0 + [T] + 1 > t0 + T we �nd that

x(t0 + [T] + 1; t0; � ) =
K  (n + [T] + 1)

2 (n)
=

K n
2(n + [T] + 1)

> �

which is a contradiction to our assumption. This contradiction shows that the solutions

are not uniformly asymptotically stable.

Note that the above example can easily be modi�ed so that F (t) in Theorem 1 can

be t � for any � > 0 and still UAS doesnot hold.

3. Intr oduction and st ability f or infinite dela y

Seifert[19] seemsto have been the �rst to clearly show the importance of a fading

memory in the study of stabilit y for a system with in�nite delay. That concept is now
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central in the study of stabilit y, boundedness,and periodicit y. The fading memory is

deducedfrom the di�eren tial equation itself and then is re
ected in the Liapunov functional

used in the stabilit y investigation. Thus, in a formal presentation the fading memory

properties frequently are �rst seenin the wedgeson the Liapunov functional in the form

of a weighted norm.

Let g : (�1 ; 0] ! [1; 1 ) be a continuousnonincreasingfunction with lim t !�1 g(t) =

+ 1 . Then

(C; j � jg)

is the Banach spaceof continuous functions � : (�1 ; 0] ! Rn for which

sup
t � 0

j� (t)j=g(t) =: j� jg

exists. For H > 0, (CH ; j � jg) is that subsetof C with j� jg < H .

If A > 0 and if x : (�1 ; A] ! Rn is continuous, then for 0 � t � A, x t is that element

of C de�ned by

x t (s) = x(t + s); �1 < s � 0;

provided that jx t jg exists.

Let f : [0; 1 ) � CH ! Rn and consider the system

x0(t) = f (t; x t ): (2)

We suppose the usual conditions (continuit y and local Lipschitz condition on f ), that

imply that for each (t0; � ) in [0; 1 ) � CH there is a solution x, having value x(t; t0; � ),

satisfying (2) on an interval [t0; � ) with x t 0 = � ; moreover, we suppose that if H 1 < H

and if jx(t)j � H1 for all t for which x is de�ned, then � = 1 .

There are many existencetheorems for (2) showing exactly what is neededfor the

conditions in the above paragraph to be satis�ed. Sawano [18] gives one for bounded

continuous initial functions, while Hino-Murakami-Naito [14; p. 36] have one for initial

functions in C. But existenceof solutions is closely tied to the existenceof a Liapunov

function, as is discussedextensively in Burton [2], especially Theorem 4. If the system

is continuous in the g norm, if the g function is unbounded, if the Liapunov function is
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mildly unbounded in the g norm, and if the derivative along (2) is non-positive, that is

su�cien t for existenceof solutions.

Our interest here is purely in stabilit y and our result will hold whenever the above

type of existenceobtains. Systemsof this kind are extensively discussedin the literature

and the reader is referred to Hale-Kato [12], Haddock-Krisztin-T erj�eki [10] for phasespace

theory, Burton-Feng [5] for continuous dependence,Hering [13] for stabilit y and Liapunov

functions, and Hino-Murakami-Naito [14] for an in depth treatment of the subject of in�nite

delay problems.

In setting up phase spacesfor in�nite delay problems, fairly stringent translation

conditions frequently emergewhich require g to decreasealmost exponentially . See,for

example, Chapter 1 of Hino-Murakami-Naito [14] or Hale-Kato [12;p. 24]. The paper by

Haddock [9] is devoted in large part to spaceswhere g is exponential. In this paper we

also use exponential g's, but we also show asymptotic stabilit y when this condition does

not hold. We now intro duce the properties usedhere.

De�nition 3. Let � 2 C and de�ne

~� (s) :=

{

� (s); if s � 0

0; if s > 0

We say that (C; j � jg) is a fading memory spaceif for all � 2 C we have j ~� t jg ! 0 as t ! 1 .

De�nition 4. We say that g satis�es the exponential condition if for each � > 0 there

is an h > 0 such that 0 � t1 < t2 and t2 � t1 � h imply that

g(u � t2) � g(u � t1)2H =� for u � t1: (3)

This condition makes it possibleto prove an exact counterpart of Theorem 1 for the

in�nite delay case.It will play an important role in the paper and the following proposition

explains its properties.

Proposition 1. The following conditions are equivalent.

1. There is an � 2 (0; 1) and l > 0 such that

sup
s� 0

g(s)
g(s � l )

� �
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2. g satis�es the exponential condition.

3. The space(C; j � jg) is a fading memory space.

Proof:

1 implies 2: Let � be given. Choosethe natural number n > 0 so that � n � � =2H

and let h = nl . If 0 � t1 < t2 and t2 � t1 � h, then choosing s = u � t1 and using the

property that g is monotone non-increasingwe obtain

g(u � t1)
g(u � t2)

=
g(s)

g(s � (t2 � t1))
�

g(s)
g(s � nl )

=
g(s)

g(s � l )
� � �

g(s � (n � 1)l )
g(s � nl )

� � n �
�

2H

which givesthe desiredresult.

2 implies 3: let � be given. Then

j ~� t jg = sup
s� 0

j� (s)j
g(s � t)

� sup
s� 0

j� (s)j
g(s)

sup
s� 0

g(s)
g(s � t)

= j� jg sup
s� 0

g(s)
g(s � t)

<
� j� jg
2H

if t � h, where h is chosenfrom the exponential condition on g for � . Letting � tend to 0

we get condition 3.

3 implies 1: We apply the condition of the fading memory space to � (s) =

(g(s); 0; 0; :::; 0) 2 R
n and we obtain

j ~� t jg = sup
s� 0

g(s)
g(s � t)

! 0

as t ! 1 , which clearly implies condition 1.

Stabilit y de�nitions from Section2 carry over by replacing k� k by j� jg, but to be more

precisewe say (asymptotic) stabilit y in the g-norm. The goal of this section is to prove

Theorem 1 for system(2) making only the changeof W2(k� k) into W2(j� jg). In particular,

here is our result.

Theorem 2: Let G : (�1 ; 0] ! [1; 1 ) be a function such that G(s) � cg(s) (c > 0

constant) and j ~Gt jg ! 0 as t ! 1 . Supposethere is a V : [0; 1 ) � CH ! [0; 1 ), wedges

Wi , and a continuous increasingfunction F : [0; 1 ) ! [1; 1 ) such that

(i) W1(j� (0)j) � V (t; � ) � W2(j� jg),

(ii) V 0
(2)(t; x t ) � � W3(jx(t)j),

(iii) jf (t; � )j � F (t) on [0; 1 ) � CH , and

(iv)
∫ 1
1

(1=F(t))dt = 1 :
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Then the zero solution of (2) is uniformly equi-asymptotically stable in the G-norm.

Proof: We follow the proof of Theorem 1. Uniform stabilit y in the g-norm follows

immediately. Since cj� jG � j� jg, we also have uniform stabilit y in the G-norm. Let

H1 < H and we �nd K > 0 with W1(H1) = W2(K ). Then for j� jg < K , t0 � 0, and

x(t) := x(t; t0; � ), sinceV 0
(2)(t; x t ) � 0, by (i) if t � t0 we have

W1(jx(t)j) � V (t; x t ) � V (t0; � ) � W2(j� jg) < W2(K )

so

jx(t)j < W � 1
1 (W2(K )) = H1;

and hencex(t) is de�ned on the interval [t0; 1 ).

Let � < K and t0 � 0 be given. We must �nd T > 0 so that [j� jg < K ; t � t0 + T]

implies that jx(t; t0; � )j < � .

Pick � = W � 1
2 (W1(� )). We will now �nd an h > 0 such that if jx(t)j < � on an

interval [t1; t2] with t0 � t1 and t2 � t1 � h, then jx(t)j < � for t � t2. The reader will

readily verify that if we can do this, then the remainder of the proof is identical to that of

Theorem 1.

Now for the given � , �nd h such that j ~Gs jg < � =H for s � h. Let t0 � t1 < t2,

t2 � t1 � h, jx(t)j < � on [t1; t2]. We then have

jx t 2 jg = sup
s� 0

jx(s + t2)j
g(s)

= sup
u� t 2

jx(u)j
g(u � t2)

� max
{

sup
u� t 1

jx(u)j
g(u � t2)

; sup
t 1 � u � t 2

jx(u)j
}

� max
{

sup
u� t 1

jx(u)j
G(u � t1)

G(u � t1)
g(u � t2)

; sup
t 1 � u � t 2

jx(u)j
}

� max
{

jx t 1 jG j ~Gt 2 � t 1 jg; sup
t 1 � u � t 2

jx(u)j
}

< max
{

H
�
H

; �
}

= �

SinceV 0
(2)(t; x t ) � 0, for t � t2 we have

W1(jx(t)j) � V (t; x t ) � V (t2; x t 2 ) � W2(jx t 2 jg) < W2(� )

so

jx(t)j < W � 1
1 (W2(� )) = �;
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as required.

The remainder of the proof is identical to that of Theorem 1.

Note that if we have a fading memory space,then we can state the following simpli�ed

version of the above theorem, which doesnot needG.

Theorem 3: Supposethat g satis�es (3) and conditions (i)-(iv) of Theorem 2 hold.

Then j~gt jg ! 0 (as t ! 1 ) and hencechoosing G(s) = g(s) all conditions of Theorem 2

are satis�ed and (2) is UEAS in the g-norm.

REMARK. If g does not satisfy (3), then we still have the task of constructing a

G for which j ~Gt jg ! 0 holds. For a particular example of (2), one may construct a

Liapunov functional V without any referenceto a function g. (The reader should follow

our subsequent Example 2 to seehow this develops.) From the properties of V we then

construct the wedgesand g. Two questions then arise. First, what conditons must g

satisfy to ensureexistenceof solutions? We refer the reader to [2], Theorem 4 for a typical

answer. Next, what conditions are neededfor G to satisfy j ~Gt jg ! 0? We formalize one

result concerningthis question as follows.

Lemma: If G(s)=g(s) ! 0 as s ! �1 , then j ~Gt jg ! 0 as t ! 1 .

Proof: Let � > 0 be given and h > 0 large enoughsothat G(s)=g(s) < � =2 for s � � h.

Now chooseT > 0 large enoughso that g(s) � 2max� h � u � 0 G(u)=� for s � � T . Then if

t � T we obtain

j ~Gt jg = sup
s� 0

G(s)
g(s � t)

� sup
s�� h

G(s)
g(s)

+ sup
� h � s� 0

G(s)
g(s � t)

�
�
2

+
�
2

= � :

As a consequenceof this Lemma we can always choose G(s) � 1 and then prove

uniform equi-asymptotic stabilit y in the supremum norm using Theorem 2. This is a very

useful consequenceof our theorems, becausein practical examples initial functions are

frequently bounded.

There are two �nal remarksconcerningthe conditions in Theorem 2. First, (supposing

that G(s) � cg(s)) if either G(s)=g(s) ! 0 as s ! �1 , or g satis�es the exponential

condition, then j ~Gt jg ! 0 as t ! 1 . Next, the opposite direction is not true. One can

construct g and G so that they do not satisfy either of the above conditions, but j ~Gt jg ! 0

holds.
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4. Examples

Lemma: Let x be a solution of (2) and t0 be �xed. Then

lim sup
t ! t 0 +0

jx t jg � jx t 0 jg
t � t0

� jx0(t0)j

Proof. Let t > t0 be arbitrarily �xed. Then

jx t jg = sup
s� 0

jx(t + s)j
g(s)

= max

{

sup
s�� (t � t 0 )

jx(t + s)j
g(s)

; max
s2 [� (t � t 0 );0]

jx(t + s)j
g(s)

}

� max
{

sup
s� 0

jx(t0 + s)j
g(s)

; max
s2 [� (t � t 0 );0]

jx(t + s)j
}

= max
{

jx t 0 jg; max
s2 [t 0 ;t ]

jx(s)j
}

There are two cases:

1. If jx t 0 jg < maxs2 [t 0 ;t ] jx(s)j, then using jx t 0 jg � jx(t0)j we get

jx t jg � jx t 0 jg
t � t0

�
maxs2 [t 0 ;t ] jx(s)j � jx(t0)j

t � t0

=
jx(� t )j � jx(t0)j

� t � t0

� t � t0
t � t0

�

∣

∣

∣

∣

x(� t ) � x(t0)
� t � t0

∣

∣

∣

∣

where � t 2 [t0; t] is a point where jx(s)j takes it's maximum on the interval [t0; t].

Note that jx t 0 jg � jx(t0)j and jx t 0 jg < maxs2 [t 0 ;t ] jx(s)j implies that � t > t0 and hence

the above expressionis valid.

2. If jx t 0 jg � maxs2 [t 0 ;t ] jx(s)j, then

jx t jg � jx t 0 jg
t � t0

�
jx t 0 jg � jx t 0 jg

t � t0
= 0

In this casewe de�ne � t = t.

Therefore, in both caseswe have

jx t jg � jx t 0 jg
t � t0

�

∣

∣

∣

∣

x(� t ) � x(t0)
� t � t0

∣

∣

∣

∣

for some� t 2 (t0; t]. Then letting t ! t0 + 0 we also have � t ! t0 + 0 and hencewe obtain

the desiredresult.

Note that jx t jg may not be di�eren tiable everywhere. The main problem is that when

jx t 1 jg > jx(t1)j, x0(t) > 0 on someinterval [t1; t2], and at somepoint t3 2 (t1; t2) we have
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jx t 3 jg = x(t3). When t < t3 then jx t jg is monotone non-increasing,but when t3 < t we

have jx t jg = jx(t)j and henceit is strictly increasing. Therefore jx t jg has a break point at

t3 so it is not di�eren tiable at t3.

Example 1. Consider the equation

x0 = � a(t)x + f (t; x t ) (4)

where

1 � a(t) � k(t + 1) ln(t + 2)

(k > 0 constant) and

jf (t; x t )j � b(t)jx t jg;
∫ 1

0

b(t)dt < 1 ;

whereg satis�es the exponential condition. Then the conditions of Theorem2 (with G = g)

are satis�ed.

Proof. De�ne

V(t; x t ) = [2jx(t)j + jx t jg] exp
(

� 3
∫ t

0

b(s)ds
)

:

Then

V 0
(4)(t; x t ) exp

(

3
∫ t

0

b(s)ds
)

� � 6jx(t)jb(t) � b(t)jx t jg � 2a(t)jxj + a(t)jxj + b(t)jx t jg

� [� 6b(t) � a(t)]jxj

� �j xj:

We then have � > 0 with

� jxj � V (t; x t ) � 2jxj + jx t jg

and

V 0 � � � jxj:

The conditions of Theorem 2 are satis�ed. Moreover, the conditions for existenceof

solutions are also satis�ed, as may be seenin Theorem 4 of [2].
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Example 2. Consider the scalar equation

x0 = � a(t)x �
∫ t

�1
D(t; s)h(x(s))ds (5)

with h : R ! R, h, a, and D continuous, and if �1 < s < t < 1 then

D(t; s) � 0; D s(t; s) � 0; Dst (t; s) � 0; (6)

and

1 � a(t) � k(t + 1) ln(t + 2) and xh(x) > 0 for x 6= 0: (7)

In order to make the equation be de�ned for boundedinitial function we needthe following

conditions: let

∫ t

�1

[

D(t; s) + Ds(t; s)( t � s+ 1)2 + jDst (t; s)j(t � s)2
]

ds be bounded and continuous (8)

and

lim
s!�1

(t � s)D(t; s) = 0 for �xed t: (9)

Thesewill imply that

there is a B > 0 with
∫ t

�1
Ds(t; s)ds � B : (10)

Using (8) we obtain that equation (5) satis�es condition (iii) of Theorem 2. Now we de�ne

a Liapunov functional as

V(t; x(�)) = 2
∫ x

0

h(s)ds +
∫ t

�1
Ds(t; s)

(
∫ t

s
h(x(v))dv

)2

ds (11)

so that along a bounded solution of (5) we have

V 0(t; x(�)) = 2h(x)
[

�
∫ t

�1
D(t; s)h(x(s))ds � a(t)x

]

+
∫ t

�1
Dst (t; s)

(
∫ t

s
h(x(v))dv

)2

ds

+ 2h(x)
∫ t

�1
Ds(t; s)

∫ t

s
h(x(v))dv ds:
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If we integrate the last term by parts and use(8) and (9) we get

V 0(t; x(�)) =
∫ t

�1
Dst (t; s)

(
∫ t

s
h(x(v))dv

)2

ds

+ 2h(x)
[

� a(t)x
]

� � xh(x)

(12)

Sinceh has the sign of x the derivative satis�es condition (ii) of Theorem 2.

Next, lets take care of existence.We needa place to start so lets ask that

h(x) = xn ;

where n is an odd integer. Let g be given, and consider

j
∫ t

s
xn (u)duj = j

∫ 0

s� t
xn (u + t)duj = j

∫ 0

s� t
(xn (u + t)=gn (u))gn (u)duj

� sup
�1 <u � 0

jx(u + t)=g(u)jn j
∫ 0

s� t
gn (u)duj

� (jx t jg)n j
∫ 0

s� t
gn (u)duj:

(13)

If g satis�es the condition that

∫ t

�1
Ds(t; s)(

∫ 0

s� t
gn (u)du)2ds < M < 1 : (14)

then

2
∫ x

0

h(s)ds � V � 2
∫ x

0

h(s)ds + M (jx t jg)2n (15)

Condition (14) will make the Liapunov function satisfy condition (i) of Theorem 2 for

bounded initial functions, but we will needan additional condition for unbounded initial

functions. To make (5) de�ned for initial functions from a (C; j � jG ) space,we have

∫ t

�1
D(t; s)h(x(s))ds =

∫ 0

�1
D(t; u + t)h(x(u + t))du

and jx(u + t)j=G(u) � H implies jx(u + t)) j � H G(u) and so we needto strengthen (8) to

get that
∫ 0

�1
D(t; u + t)h(H G(u))du is bounded and continuous. (16)
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In addition, the derivative of the Liapunov function must be de�ned so we need also

strengthen (8) by

�
∫ t

�1
Dst (t; s)

(
∫ 0

s� t
h(H G(v))dv

)2

ds < 1 : (17)

Finally , (9) must be strengthenedto

D(t; s)
∫ 0

s� t
h(H G(v))dv ! 0 as s ! �1 : (18)

Now condition (16), (17) and (18) are mainly conditions on D and G: they can be satis�ed

by either decreasingD and D st , or by choosinga "small" G. If we do the later, and choose

a G so that G(s) � cg(s) and j ~Gt jg ! 0 as t ! 1 , then all conditions of Theorem 2 are

satis�ed, so we have equi-asymptotic stabilit y in the G-norm.

References

1. L. Becker, T. A. Burton and S. Zhang, Functional differential equations and Jensen’s inequality, J.

Math Anal. Appl., 138 (1989), 137-156.

2 T. A. Burton, Differential inequalities and existence theory for differential, integral, and delay equa-

tions, in Comparison Methods and Stability Theory, Xinzhi Liu and David Siegel, eds, Dekker, NY,

1994, (pp. 35-56).

3. T. A. Burton, Uniform asymptotic stability in functional differential equations, Proc. Amer. Math.

Soc. 68 (1978), 195-199.

4. T. A. Burton, A. Casal and A. Somolinos, Upper and lower bounds for Liapunov functionals, Funkcial.

Ekvac., 32 (1989), 23-55.

5. T. A. Burton and Feng Youhe, Continuity in functional differential equations with infinite delay,

Acta Math. Applicatae Sinica 7(1991), 229-244.

6. T. A. Burton and L. Hatvani, Stability theorems for nonautonomous functional differential equations

by Liapunov functionals, Tohoku Math. J. 41 (1989), 65-104.

7. T. A. Burton and G. Makay, Asymptotic stability for functional differential equations, Acta Math.

Hungar. 65(1994), 243-251.

EJQTDE, 1998 No. 1, p. 16



8. S. N. Busenberg and K. L. Cooke, Stability conditions for linear non-autonomous delay differential

equations, Quart. Appl. Math., 42 (1984), 295-306.

9. J. Haddock, Friendly spaces for functional differential equations with infinite delay, in V. Lakshmikan-

tham, ed., Proceedings of VIth International Conference on ”Trends in the Theory and Practice of

Nonlinear Analysis” (North Holland, Amsterdam).
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