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1. INTR ODUCTION

There are many results on the existenceof almost periodic solutionsfor almost peri-
odic systems(cf. [6] and its references).In the methodology, there are three types. One
is a separation condition, the others are stability conditions and the existenceof some
Liapunov function.

To discussthe ewlution operator, the conceptof processesntroducedby Dafermos
[1,2] is a usefull tool. In fact, Dafermos[2] has given the existenceof almost periodic
solutionsfor almost periodic ewolution equationsunder the separationcondition by using
generaltheoriesfor almost periodic processes.

In this paper, we also give existencetheoremsof almost periodic solutions for some
almost periodic ewlution equations. Our method is basedon the stability property. In
Section 2, we shall give somede nitions of stabilities that are discussedn this paper.
In Section 3, we introduce someequivalert concept, which is called Property (A), to
an asymptotically almost periodic integral of almost periodic processeqTheorem 1).
Furthermore, we shall shav that the existenceof an asymptotically almost periodic
integral of an almost periodic processmplies the existenceof an almost periodic integral
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(Theorem 2) and that uniform asymptotic stability of an almost periodic integral has
Property (A) (Theorem 3). In Section 4, we shall give someequivalencerelation with
respect to the separationcondition and somestability property (Theorem5). In Section
5, we shall give an exampleas an illustration.

2. PROCESSES AND DEFINITIONS OF STABILITIES

In this section, we shall give the conceptsof processesand stability properties for
processes.Supposethat X is a separablemetric spacewith metric d and let w : R*
R X7'X; R " :=[01)andR := (1 ;1), bea function satisfying the following
propertiesforallt; 2 R*;s2 Randx 2 X:

(p1) w(0;s;x) = X.
(p2) w(t+ ;s;x) = w(t; + s;w( ;s;x)).
(p3) the mappingw : R* R X 7! X is cortinuous.

We call the mapping w a processon X . Denoteby W the set of all processe®n X.
For 2 Randw 2 W, we de ne the translation ( )w of w by

( ()w)(t;s;x) = w(t; + s;X%); (ts;x)2RY R X;

and set (w) = StZR (t)w. Clearly (w) W: We denoteby H (w) all functions
v:R" R X 7! X sud that for somesequenced ,g R; f ( ,)wg converges
to v pointwiseon R* R X, that is, limy; ( ( o)W)(t;s;X) = Vv(t; s;x) for any
(t;s;x) 2 R R X. The setH (w) is consideredas a topological spaceand it is
called the hull of w:

Considera processw on X satisfying

(p4) H(w) W

Clearly, H (w) is invariant with respect to the tanslation ( ); 2 R: Now we suppose
that H (w) is sequetially compact. Let (w) bethe ! -limit set of w with respect to
the translation semigroup (t).
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A cortinuous function : R* 7! X is called an integral on R* of the processw, if
w(t;s; (s) = (t+ s)forallt;s2 R* (cf. [3, p.80]). In the following, we suppose
that there exists an integral on R* of the processw sud that the set O*( ) =
f (t) :t 2 R"gis relatively compactin X. For any t 2 R*; we considera function

t): X Hw)7'X H (w)dened by

(O v) = (v(t; G:x); (V)

for (x;v) 2 X H (w). (t) is called the skewproduct ow of the processw, if the
following property holds true:

(p5)  (t)(x;v) is cortinuousin (t;x;v) 2 R* X H (w).

From (p5) weseethat  ( )( (s); (s)w) = (w( ;s; (8)); (st )w) = ( (st ); (st
)w) tendsto ( (s); (s)w) as ! 0", uniformly for s 2 R™; consequetty, the integral
on R™ must be uniformly cortinuouson R*. From Ascoli-Arzela's theorem and the
sequetial compactnessof H (w), it follows that for any sequencef % R*, there
exist a subsequencé ,gof f %y, av 2 H (w) and a function : R* 7! X sud that
Iimp,, (pw=vandlim,; (t+ ,)= (t) uniformly on any compactinterval in
R*. In this case,we write as

( " ()W) ! (;v) compactly on R*;

for simplicity. Denoteby H(; w) the setofall ( ;v) sudhthat ( "; ()w)! (;Vv)
compactly on R* for somesequencd ,g R*: Clearly, isanintegralon R* of v for
any ( ;v) 2 H(; w). Likewise,for any sequencéd % R* with 2! 1 asn! 1,
there exist a subsequencé ,goff °%g,av2 (w)andafunction :R! X sud that
limy:,  (n)w=vandlim,; (t+ )= (t) uniformly on any compactinterval in
R. In this case,we write as

( "y (n)w)! (;v) compactly on R;

for simplicity. Denoteby ( ; w) the setofall ( ;v) sudhthat ( ; ()w) ! (;Vv)
compactly on R for some sequencef g R* with , ! 1 asn! 1. When
(;v)2 ( ; w), weoftenwrite 2 ( ). In this case, isanintegral on R of v, that
is, satis esthe relation v(t;s; (s)) = (t+s)forallt2 R" ands2 R.
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Forany xo 2 X and" > 0, we setV-(Xp) = fx 2 X : d(X; Xo) < "g. We shall give the
de nition of stabilities for the integral of the processw.

De nition 1 Theintegral :R*™ 7! X of the processw is said to be:

() uniformly stable(US) (resp. uniformly stablein  (w)) if for any " > 0, there
existsa := (") > Osuchthat w(t;s;V ( (s))) V-( (t+59s)) for (t;s) 2 R* R*
(resp.v(t;s;V( (s) Ve( (t+5s) for(;v)2 ( ; w)yand(t;s)2 R* R™);

(@i) uniformly asymptotially stable(UAS) (resp. uniformly asymptotially stablein

(w)), if it isUS (resp.USin  (w)) andthere existsa > 0 with the property that for
any" > 0, thereis aty > Osuchthat w(t; s;V ,( (s))) V-( (t+5s)) fort to; s2 R*
(resp.v(t;s;V,( (8) V((t+s) for(;v)2 (; w)andt to; s2 R").

3. ALMOST PERIODIC INTEGRALS FOR ALMOST PERIODIC
PR OCESSES

In this section,we shall discussan existencetheorem for an almost periodic integral
of almost periodic processes.

A processw : R R X 7! X is saidto be almost periodic if w(t; s;x) is almost
periodic in s uniformly with respectto t; x in boundedsets. Let w be an almost periodic
processon X . Bochner'stheoremimpliesthat (w) = H (w) isaminimal set. Also, for
any v2 H (w), there existsa sequencd ,g R* sudthat w(t;s+ ,;x)! v(t;s;x)
asn! 1 ,uniformly in s2 R and (t; x) in boundedsetsof R*  X. Considera metric

onH (w) de ned by
1 n(wv)
n:02_”1+ n(U; V)
with ,(u;v) = supfju(t; s;x)  v(t;s;x)j: 0 t  n;s2 R;d(x;Xe) ng, wherexgisa
xed elemen in X. Thenv2 H (w) meansthat ( ( ,)w;v)! Oasn! 1 ,for some
sequencd ,g R".

(uv) =

De nition 2 An integral (t) on R™ is said to be asymptotially almost periodic if it
is a sum of a continuous almost periodic function (t) and a continuous function (t)
de ned on R™ whichtendsto zem ast! 1 , thatis

M= O+ (@©:
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Let (t) beanintegral on R* sud that the setO* () is relatively compactin X. As
notedin [5], (t) is asymptotically almost periodic if and only if it satis es the following

property:

(L) For any sequencdt®gsucithat t! 1 asn! 1 there existsa subsequence
ft,g of ft%g for which (t + t,) corvergesuniformly on R*.

Now, for an integral on R* of the almost periodic processw we considerthe
following property:

(A) Forany " > O, there existsa (") > O sud that (t) 2 V.( (t+ )), for all
t O0,wheneer(;v)2 (;w),; 0)2Ve((),and ( ()w;v) < (") for some
0.

Theorem 1 Assumethat (t) is an integral on R* of the almost periodic processw
suchthat the setO"( ) = f (t) : t 2 R g is relatively compact in X. Then (t) is
asymptoti@lly almost periodic if and only if it hasProperty (A).

Proof Assumethat (t) hasProperty (A), and let ft0g be any sequencesudc that
t21 1 asn! 1. Then there exist a subsequencét,g of ftlganda( ;v)2 ( ; w)
sudthat ( *; (t,)w)! ( ;v)compactlyonR. Forany" > 0, there existsanng(") > 0
sudh that if n ng("), then (0) 2 V ( (t,)) and ( (to)w;v) < ("), where (") is
the onefor Property (A), which implies

t2V( (t+ty) for t O

Thus (t) satis es Property (L) and henceit is asymptotically almost periodic.
Next, supposethat (t) is asymptotically almostperiodic, but doesnot have Property
(A). Then there existsan " > 0 and sequenceg ";v") 2 ( ; w); , Oandt, > 0

sud that
"(ta) 2 @4 ( (ta + 1n)); (1)
"(0) 2 Vazn( ( n)) (2)
and
V5 (W) < 5 3)
n
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where @- is the boundary of V.. We can assumethat for a function (t)
d( "(t); (t))! O uniformly on R asn! 1 ; 4)

because "2 ( ) and (t) is asymptotically almost periodic.
First, we shall shov that ,! 1 asn! 1 . Supposenot. Then we may assume
that for a constart o ,! asn! 1 . Since

COwvh)  COw Cw)+ ( Ca)w; v,

we have by (3)
( ()w;v")! Oasn! 1:

Herewenotethat w(t; s+ ; (s)) = (s+t), becausen(t;s+ ; (s)) = ( ( )w)(t;s; ()
= limyy, V(L s; "(s) = limy,, "(t+s)= (t+s). Since

d( (); (@) d( (): (n))+d( (n); "(0)+d( "(0); (0))

and
dC (); (n)! Oasn! 1;

it follows from (2) and (4) that d( ( ); (0)) = 0. Then (t+ )= w(t; ; ()) =
w(t; ; (0)) = (t) forallt2 R*. In particular,

d( (tn+ ); (t,)) = 0 for all n: (5)
On the other hand, for su cien tly large n we get

d( (ta+ ); (t)) d( (th+ n); "(ta)) d( (tnt n); (ta+ )
d("n(tn"); (tn))
43
by (1), (4) and the uniform cortinuity of (t) on R*. This cortradicts (5).

By virtue of the sequetial compactnessof H (w) and the asymptotic almost peri-
odicity of (t), we can assumethat

(" (W) ! (;v) compactly on R (6)
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for some( ;v) 2 ( ; w). Since

d( (0); (0)) d( (0); (n))+d( (n): "(0))+d( "(0); (0));

(2), (4) and (6) imply (0) = (0), and therefore (t) = v(t;0; (0)) = v(t;0; (0)) =
limys ( (o)W)(E 0 "(0) = limpy V(L 0; "(0)) = limy, (1) = (t) by (3), (4)
and (6). Hencewe have

di (n+1); "(1) d( (n+1); (D) +d((1); (1)

<

for all su ciently large n, which cortradicts (1). This completesthe proof of Theorem
1.

Theorem 2 If theintegral (t) on R* of the almostperiodic processw is asymptotially
almost periodic, then there existsan almost periodic integral of the processw.

Pro of Sincew(t; s;x) is an almost periodic processthere existsa sequencédt,g; t, !

1 asn! 1 ,sudthat ( (t))w)(t;s;x) ! w(t;s;x) asn! 1 uniformly with respect

to t;x in boundedsetsand s 2 R. The integral (t) hasthe decommsition (t) =
(t) + (t), where (t) is almost periodic and (t) ! Oast! 1. Hencewe may

assume (t+ t,)! (t) asn! 1 wuniformly ont 2 R, wherewe note (t) is almost

periodic. Since( ;w) 2 ( ; w); (t) is an almost periodic integral of w.

Lemma 1 LetT > 0. Then for any " > 0, there existsa (") > 0 with the property
that d( (s); (0)) < (") and ( (s)w;v) < (") imply (t) 2 V.( (s+ 1)) fort2 [0;T],
whenevers2 R* and (; v) 2 ( ; w).

Pro of Supposethe cortrary. Then, for some" > 0 there exists sequence$s,g; s, 2
R*; f ,0,0< < T,and( ";v") 2 ( ; w) sud that

N 1.
( (Sn)W!V ) < ﬁ!

"(0) 2 Vi (' (sn));

EJQTDE, 1998No. 3, p. 7



"(t) 2 Ve( (sn+ 1) for t2[0; )

and
"(n) 2 @4( (sn+ n)):

Since , 2 [0;T], we can assumethat , corvergesto a 2 [0;T]asn! 1 . Since
( ; w) is compact, we may assume( ";v") ! (;v) 2 ( ; w)and( *; (sp)w) !
(;v)2 ( ;w)yasn! 1, respectively. Then ()2 @-( ( )). On the other hand,
since (0) = (0), weget (t)= (t) onR* by (p2). This is a cortradiction.

Lemma 2 Supmsethat w is an almost periodic processon X. If the integral (t) on
R* is UAS, thenit is UASin  (w).

Proof Let (! 1 ask! 1 and( *; (¢)W)! (;v)2 (; w)compactlyonR.
Letany 2 R* be xed. If k is suciently large, we get

()2 V("=2)=2( (k+ )):

Lety 2 V =z=( (). Then ( ()w)(t; ;y) = w(t; k+ ;y) 2 Veiop( (t+ + 1)) for
t , becausey 2 V ¢(—p( («+ )). Since( (i )wW)(t; ;y)! v(t ;y)and (t+ +
YU (t+ ), wegetv(t; ;y)2 Veo( (t+ )) forallt , which impliesthat (t) is
us.
Now we shall show that (t) iSUAS. Lety2 V ( ( ) and ( )2V, ,=( («+ )):
Since (t) is UAS, we have w(t; + ;y) 2 Vioo( (t+ + )) fort to("=2) because
ofy2 V ( («+ )). Hencev(t; ;y)2 Vep( (t+ )) fort to("=2).

Theorem 3 Supmse that w is an almost periodic processon X, and let (t) be an
integral on R* of w suchthat the set O* () is relatively compact in X. If the integral
(t) is UAS, thenit hasProperty (A). Conseuently,it is asymptotially almost periodic.

Pro of Supposethat (t) hasnot Property (A). Then there are sequences$t,g;t,
O;frng;rn>0;( ";v") 2 (; w)andaconstat 1;0< ;< (=2, sud that

"0) 2 Vil (1) and (V' (ta)w) < )
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and
"(rn) 2 @ ,( (ta+rn) and "(t) 2V ( (t+ty)) on [Ory); (8)

where g is the onegiven for the UAS of (t). By Lemma2, (t) isUASiIn (w). Let
() bethe onegivenfor USof (t)in (w). Thereexistsasequencd q,9;0< ¢, < ry,
sud that

"(h) 2 @ (,=2)=2( (ta + Gv)) 9

and

"(6) 2 V,( (EF ) NV (apmal (L4 t0) 0N ool (10)

for a large n by (7) and (8). Supposethat there exists a subsequencef f g,g, which
we shall denote by fq,g again, sud that g, corvergesto someq 2 R*. It follows
from (7) that there existsan ng > 0 sudh that forany n  ng; g+1 ¢ 0and

"(t) 2 V (,=2)=4( (ta+1)) fort 2 [0; g+ 1]by Lemmal, which cortradicts (9). Therefore,
we canseethat g,! 1 asn! 1.

Put p, = r, @, andsupposethat p,! 1 asn! 1. Sets,= ¢, + (pr=2). By (7)
andthe compactnes®f ( ; w), wemay assumehat (( ")*; (sp)v")and( "*S; (t,+
sh)W) tend to some( ; v), ( ;v) 2 ( ; w) compactlyonR asn! 1 , respectively. For
any xed t > 0,onecantakeann; > O sud that foreveryn nq; r, s, = p,=2>t,
becausep,! 1 asn! 1. Thereforeforn n;, wehaveq,<t+s,<r,, and

n(t + Sn) z V( 1:2):2( (t + 1, + Sn)) (11)

by (10). There existsann, n; sud that for everyn n,

"(t+sn) 2V (,=2=8( (1)) and (1) 2 V (,==s( (t+ th + sp)): (12)
It follows from (11) and (12) that for every n  ny,

d( (t); (1) d( "(t+sp); (t+ty+sy) d( (t+th+s,); (1))
d( "(t+ sn); (1)
( 1=2)=4: (13)
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Howeer, since (0) 2 V ,-( (0)), the UAS of (t)in  (w) impliesd( (t); (t))! Oas
t! 1, which cortradicts (13).

Now we may assumehat p, corvergesto somep2 R* asn! 1 ,andthat0 p, <
p+ 1for all n. Moreover, we may assumethat (( ")%; (q,)v")and( *%; (t,+ ¢,)w)
tend to some( ;u);( ;u) 2 ( ; w)asn! 1, respectively. Sinced( (0); (0)) =

( 1=2)=2 by (9), we have (p) 2 V,=( (p)). Howewer, we have a cortradiction by (8),
becaused( (p); (p) d( (tatrn); "(rn)) d( (P); "(oh+p)) d( "(ch+pn); "(on+

P)) d( "(ch+ pn); "(rn)) d( (ta+rn); (Pn))  d( (Pn); (P) 1=2 for all largen.
Thus the integral (t) must have Property (A).

4. SEPARA TION CONDITIONS

In this section, we shall establishan existencetheorem of almost periodic integrals
under a separationcondition.

De nition 3 ( ; w) is said to satisfy a sem@ration condition if for any v 2 (w),
v( ) isa nite setandif and ; ; 2 (), aredistinct integrals of v, then there
existsa constant (v; ; ) > 0 suchthat

d( (1); (1) (v;; ) foral t2R:

To make expressionssimple, we shall use the following notations. For a sequence
f kg, we shall denoteit by and meansthat is a subsequencef . For

=f ygand =1 yg; + will denotethe sequencd  + g. Moreover, L x will
denotelimy; Xx(t+ ), whenewer = f ygand limit existsfor ead t.

Lemma 3 Supmsethat ( ; w) satis es the se@ration condition. Then one can chaose
anumbker independentofv2 (w); and for whichd( (t); (t)) oforallt 2 R.
The numker  is called the se@ration constant for ( ; w).

Pro of  Obviously, we can assumethat the number (v; ; ) isindependert of and
. Let vy and v, arein  (w). Then there exists a sequence °= fr2g sud that

Vo(t; S;X) = I(I!ilm ( (r)va)(t; s;x)
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uniformly on R* S for any boundedsetS in R* X, that is, L;ov; = Vv, uniformly
onR* S forany boundedsetSin R X. Let I(t) and 2(t) beintegralsin ,( ).
There exist a subsequence r%( ;v,) 2 H( Y vqy) and ( ?;v,) 2 H( ?;vi) sud that
L, *= YandL, 2= 2in X compactlyonR. SinceH( ";vi) ( ;w)i=12 1
and 2 alsoarein ,( ). Let 'and 2 bedistinct integrals. Then

infd( H(t+r); A+ ) = infd( Y0); A1) = 12> 0;
and hence
In d( ) M) = 12 12> 0 (14)

which meansthat * and 2 are distinct integrals of the processv,(t; s;x). Let p; 1
and p, 1 be the numbers of distinct integrals of processes/(t; s;x) and v,(t; s; X),
respectively. Clearly, p;  p.. In the sameway, we havep, p; =: p.

Now, let = minf 4 : ik = ;2 ;p;i 6 kgand = minf j, : j;m =
1,2, ;p;j 6 mg. By (14), we have . In the sameway, we have
Therfore = ,andwemay set (= =

Theorem 4  Assumethat (t) is an integral on R*™ of the almost periodic processw
suchthat the setO* ( ) is relativelycompact in X, and supmsethat ( ; w) satis es the
se@ration condition. Then (t) hasProperty (A). Conseguently, (t) is asymptotially
almost periodic.

If foranyv2 (w), ( ) consistsofonly oneelemen, then ( ; w) clearly satis es
the separationcondition. Thus, the following result (cf. [2]) is animmediate consequence
of Theorems2 and 4.

Corollary 1 If foranyv 2 (w), ( ) consistsof only one element,then there
existsan almost periodic integral of the almost periodic processw.

Pro of of Theorem 4 Supposethat (t) hasnot Property (A). Then there existsan
"> 0andsequence$ ¥;vK)2 ( ; w); « Oandty Osud that

d( (te+ «); “(t)) = "(< 0=2); (15)
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d( () *0)) = 1=k (16)
and
( Cw;v¥) = 1=k; (17)

where  is the separationconstart for ( ; w).

First, we shall shov that tx+ ¢! 1 ask! 1 . Supposenot. Then there exists
a subsequencef f (g, which we shall denoteby f (g again, and a constart 0 and
that ! ask! 1. Since

COWV  (Ow (W) + (Clgw;v9);
(17) implies that
( ()w;v¥)! Oask! 1: (18)
Moreover, we can assumethat
( %;v¥)1 (; v) compactly on R
for some(; v) 2 ( ; w). It followsfrom (18) that v=( )w. Since
d( (); () d( (); (W) +d( (); “©O)+d( “©); ©)! O

ask! 1 by (16), weget ()= (0), andhence (t+ )= ( ()w)(t;0; ()) =
C w0, (0)) = v(t;0; (0)) = (t). However, wehaved( (tc+ «); (t)) "=2for
asuciently largek by (15), because

d( (te+ )i () d( (te+ W5 “(t)  d( *(t); (t):

This is a cortradiction. Thuswe must havet,+ (! 1 ask! 1.
Now, setqgc = ty +  and X(t) = X(t, + t). Then

(% (W) 2 H(; w) and (% (tOv9) 2 (; w);

respectively. We may assumethat ( %; (gJ)w) ! (; w) compactly on R for some
(; w2 (;w),becausex! 1 ask! 1. Since

(w; (t)VY) (W; ()W) + ( (g)w; (t)v¥)
= (W (GIwW) + ((w; V)
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we seethat (w; (t)v¥)! Oask! 1 by (17). Hence,we can choosea subsequence
f igoff kganda 2 ( ) sud that

(9 (t)V)! ( ;w) compactly on R:
Since

Mmtd( (b + i); “(ty)) d( ¥(0); (0) d( (0); (a))g
d( (0); (0))
Mimtd( (tg + w): “i(t)) + d( 4(0); (0)+d( (0); (a))g;

it follows from (15) that d( (0); (0)) = ", which corntradicts the separationcondition of

(5 w).

Theorem 5 Assumethat (t) is an integral on R* of the almost periodic processw
suchthat the set O* () is relatively compact in X. Then the following statementsare
equivalent:

() ( ; w) satis es the semration condition;

(i) there existsa numker o > 0 with the property that for any " > 0O there exists
a to(") > O suchthat d( (s); (s)) < o impliesd( (t); (t) < " fort s+ to("),
whenevers2 R;v2 (w)and; 2 ().

Conseauently, the UAS of the integral (t) on R* implies the semration condition

on ( ; w).

Proof If weset (= g, then (i) clearly implies (ii).
We shall showv that (i) implies (i). First of all, we shall verify that any distinct
integrals (t); (t)in ( ),v2 (w), satisfy

iminfd( (©; ©) o (19)

Supposenot. Then for somev 2  (w), there existstwo distinct integrals (t) and (t)
in () which satisfy

liminf d( (t); (1) < o (20)

Since (t) and (t) are distinct integrals, we have d( (s); (s)) = " at somes and for
some" > 0. Then thereis at; sud that t; < s to("=2) and d( (t1); (t1)) < o by
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(20). Thend( (s); (s)) < "=2,which cortradicts d( (s); (s)) = ". Thuswe have (19).

SinceO* () is compact,there area nite number of coveringswhich consistsof mq balls
with diameter (=4. We shall shav that the number of integralsin ( ) is at most
mo. Supposenot. Then there are mgy + 1integralsin  ( ); '(t);j = 1,2, ;mg+ 1,
and a t, sud that

d( '(t2); '(t2))  o=2 for i 6 j; (21)

by (19). Since I(ty);j = 1,2, ;mg+ 1, arein O*( ), someof theseintegrals, say
'(t); 1(t)(i 6 j), arein oneball at time t,, and henced( !(t,); '(t2)) < =4, which
contradicts (21). Thereforethe number of integralsin ( )ism mg. Thus

() =1 2 A 5 ™o (22)
and
lim inf d( i), ') 0i8 (23)

Considera sequencd (gsudhthat (! 1 ask! 1 and ( (xvVv;v)! Oas
k! 1.Foreahj =12, ;m,set ¥(t)= I(t+ ). Since( *; (V)2 H( I;v),
we can assumethat

(" (W v) ! (1;v) compactly on R
for some( J;v) 2 H( J;v)  ( ; w). Then it follows from (23) that
d( 1(t); "(t)) o foral t2R andi 6 j: (24)
Sincethe number of integralsin  ,( )ism, ,( ) consistsof *(t); 2(t); ; ™(t) and
we have (24). This shavsthat ( ; w) satis es the separationcondition.
5. APPLICA TION

Considerthe equation

8
3 Ug = Uy U+ T(txu); t>0 0<x<1;

, (25)
u@©O;t)= u(L;t)=0; t>0;
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wheref (t; x; u) is cortinuousin (t;x;u) 2 R (0;1) R andit is an almost periodic
function in t uniformly with respect to x and u which satis es
if(Gx ) gjui+
and 1
P xu) (6 X U2 éjul U]
for all (t; x;u); (t; x;uy);(t;x;uz) 2 R (0;1) R and someconstart J > 0. We
considera Banac spaceX givenby X = H}(0;1) L2(0;1) equipped with the norm
k(u; )k = Tk uck?, + kvk?,g*2 = f 5 (u2 + v?)dxg'. Then (25) can be consideredas
an abstract equation
| | |
d u u 0o
R = +
dt v v f(t; x;u) (26)

in X, whereA is a (unbounded) linear operator in X de ned by
! !

u \Y
A =
\' Uyxx \Y

for (u;v) 2 H?(0;1) HZ(0;1). It is well known that A generatesa C, -semigroupof
boundedlinear operator on X . In the following, we shav that eat (mild) solution of
(26) is boundedin the future, and that it is UAS. Moreover, we show that ead solution
of (26) hasa compactorbit in X. Consequetly, one can apply Theorem 3 or Theorem
5 to the processgeneratedby solutions of (26) and its integrals to concludethat (25)
has an almost periodic solution which is UAS.

Now, for any solution 38 of (26), we considera function V(t) de ned by
Z 1
V()= (U3+ 2uv + v¥)dx
0

with = . Sincekuk_.  kukk 2 for u2 Hg(0; 1), we get the inequality

11 13
l—z(kuxkfz + kvkZ;) V(1) 1—2(kuxkfz + kvk?.): (27)
Moreover, we get
z .
d 1 ’ ) U
aV(t) 2 . f( 1)v ug uv + ( juj+ jVj)(F + J)gdx
2( DkvkZ: 2 kuxkZ:+ ("1kuk?z + ", tkvk?:)
1
+ §kUkﬁz + (Ilkukﬁz + "21J 2) + é(ugkUkﬁz + "3lkaEZ)

+( 'I4kaEZ + "4 lJ 2)
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for any positive constarts ";;"5;"3 and "4. Weset"; = 5", = ;"3 = 2 and"s = 1 to
get

d 1 7

TV Skvids ok + 4% (28)

By (27) and (28), we get
%V(t) CV(t) + C,

for somepositive constarts C; and C,. Then V(t) e “(t ©WV(to) + & forall t  to,
and hencesup, ., k(u(t);v(t))kx < 1 . Thus ead solution of (26) is boundedin the
future.
Next, for any solutions &) and }{) of (26), we considera function V(t) de ned
by z,
V(t) = , f(uy U)?+2 (u u)(v Vv)+ (v Vv)%gdx

with = 1—12 By almost the sameargumeris asfor the function V (t), we get
gfk Uy Uxk? + kv vkZ.g V(1) i—gfk Uy Uxk?: + kv vkZ.g (29)
and
d
av(t) CsV (1) (30)

for somepositive constart C3;. Then, by (29) and (30) we get

Kue(t)  ux(t)kZ + kv(t)  v(t)k, V(1)

C3(t to)
—e V(t
12 (to)

e Ca(t tO)fk Ux(to) Ux(to)kﬁz
thky(to)  V(to)kizg

forany t  to, which shaws that the solution &) of (26) is UAS.

Finally, we shall shav that eat boundedsolution (u(t); v(t)) of (26) hasa compact
orbit. To do this, it sucies to show that ead increasingsequence ,g R* sudh
that ,! 1 asn! 1 hasa subsequencé °g sud that fu( 9);v( 9g is a Caudy

sequencen X . Taking a subsequencd necessarywe may assumethat ff (t+ ,;X;u)g
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convergesuniformly in (x; u) in boundedsetsandt 2 R. Therefore,for any > 0 there
existsan ng > O sudh that if n> m ng, then

sup jEt+ ax ) ft+ mix )i
(tx; )2R (0;1) O (u)
= sup fa+ n mx ) fx )i<

(tx; )2R (0;1) O* (u)

Fix nand m sudh that n > m ng, and setu (t) = u(t+ );v (t) = v(t+ ) and
f (tx; )="Ff@+ ;x5 )with = |, m. Clearly, (u ;v ) is a solution of (26) with
f insteadoff.
Considera function U de ned by
z

u() = Olf(uX u)?+2 (u u)(v v)+ (v v)%gdx

with = 3. Then

l—1fkuX uk?, + kv v k¥.g U(t) l—3fkux uk?; + kv v k?.g

12 12
and
EU(t) (2 2kv vk 2 kux uk?
dt 7
1
+2 ju ujffv vij+jf(tx;u) f (t;x u)jgdx
0
Zl
+2  jv v jf(x;u) f (t;x u)jdx:
0
Since

jFtxu) f(Gxu)j jfxu) fExu)j+jftxu) £ (Exu))
%ju uj+
we get

d 11 1
V@ LV v k2, Skuy u, KZ2

1 1 1
+1—2(Eku u k> + 10kv v kZ;) + %ku u k2.
+ (= +

12(2ku ukiz+2 9
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1 1 1
+6("5kv vk + —ku uki)+ (kv v kG + = 2
5 6

kv v k2 ( 1+ €5+ "6)
1 1 1 1 1

1.1
+k K, ( 24—+ —+ — 4+ +(T+ D) 2
e Ukl 5t 120" 36" 227 38, T (6T )

V@ C(kuy ukZ, + kv Vv KkZ)+ 4?2
CiU(t) + 4 %

whereC and C; are someconstarts independert of . Then

4 2
U(m) e nuO)+ =
C:
or
2

kux('m)  Ux( n)kﬁz +kv(m)  V( n)kﬁz Ke ¢tm + 8C—;
1

whereK = 2U(0). Taken; ngsothat Ke ¢t m < C—j Then

9
) e K+ V() VK <

ifn  m ng, which shavsthat f(u( ,);Vv( »))gisaCaudy sequencén X, asrequired.

REFERENCES
[1] C. M. Dafermos,An invariance principle for compact processes,
J. Di erential Equations9 (1971), 239{252.

[2] C. M. Dafermos,Almost periodic processesand almost periodic solutions of
evolution equations, Proceedingsof a University of Florida International
Symposium, Academic Press,New York, 1977,43{57.

[3] J. K. Hale, Theory of Functional Di er ential Equations,
Applied Math. Sciences3, Springer-\erlag, New York, 1977.

EJQTDE, 1998No. 3, p. 18



[4] J. K. Hale, Asymptotic Behavior of Dissipative Systems,
American Mathematical Scciety, Providence,Rhode Island, 1988.

[5] Y. Hino, S. Murakami and T. Yoshizava, Stability and existen@ of almost
periodic solutions for abstiact functional di er ential equationswith in nite
delay, Tohoku Math. J. 49 (1997), 133{147.

[6] T. Yoshizava, Stability Theory and the Existence of Periodic Solutions
and Almost Periodic Solutions, Springer-\verlag, New York,
Heidelberg, Berlin, 1975.

EJQTDE, 1998No. 3, p. 19



