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1. INTR ODUCTION

There are many results on the existenceof almost periodic solutions for almost peri-

odic systems(cf. [6] and its references).In the methodology, there are three types. One

is a separationcondition, the others are stabilit y conditions and the existenceof some

Liapunov function.

To discussthe evolution operator, the conceptof processesintroducedby Dafermos

[1,2] is a usefull tool. In fact, Dafermos[2] has given the existenceof almost periodic

solutionsfor almostperiodic evolution equationsunder the separationcondition by using

generaltheoriesfor almost periodic processes.

In this paper, we also give existencetheoremsof almost periodic solutions for some

almost periodic evolution equations. Our method is basedon the stabilit y property. In

Section2, we shall give somede�nitions of stabilities that are discussedin this paper.

In Section 3, we introduce someequivalent concept, which is called Property (A), to

an asymptotically almost periodic integral of almost periodic processes(Theorem 1).

Furthermore, we shall show that the existenceof an asymptotically almost periodic

integral of an almost periodic processimplies the existenceof an almost periodic integral
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(Theorem 2) and that uniform asymptotic stabilit y of an almost periodic integral has

Property (A) (Theorem 3). In Section 4, we shall give someequivalencerelation with

respect to the separationcondition and somestabilit y property (Theorem 5). In Section

5, we shall give an exampleas an illustration.

2. PR OCESSES AND DEFINITIONS OF STABILITIES

In this section, we shall give the conceptsof processesand stabilit y properties for

processes.Supposethat X is a separablemetric spacewith metric d and let w : R+ �

R � X 7! X ; R+ := [0; 1 ) and R := (�1 ; 1 ), be a function satisfying the following

properties for all t; � 2 R+ ; s 2 R and x 2 X :

(p1) w(0; s;x) = x.

(p2) w(t + � ; s;x) = w(t; � + s;w(� ; s;x)).

(p3) the mapping w : R+ � R � X 7! X is continuous.

We call the mapping w a processon X . Denoteby W the set of all processeson X .

For � 2 R and w 2 W, we de�ne the translation � (� )w of w by

(� (� )w)(t; s;x) = w(t; � + s;x); (t; s;x) 2 R+ � R � X ;

and set 
 � (w) =
S

t2 R � (t)w. Clearly 
 � (w) � W: We denote by H � (w) all functions

v : R+ � R � X 7! X such that for somesequencef � ng � R; f � (� n )wg converges

to v pointwise on R+ � R � X , that is, limn!1 (� (� n )w)(t; s;x) = v(t; s;x) for any

(t; s;x) 2 R+ � R � X . The set H � (w) is consideredas a topological spaceand it is

called the hull of w:

Considera processw on X satisfying

(p4) H � (w) � W:

Clearly, H � (w) is invariant with respect to the tanslation � (� ); � 2 R: Now we suppose

that H � (w) is sequentially compact. Let 
 � (w) be the ! -limit set of w with respect to

the translation semigroup� (t).
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A continuous function � : R+ 7! X is called an integral on R+ of the processw, if

w(t; s; � (s)) = � (t + s) for all t; s 2 R+ (cf. [3, p.80]). In the following, we suppose

that there exists an integral � on R+ of the processw such that the set O+ (� ) =

f � (t) : t 2 R+ g is relatively compact in X . For any t 2 R+ ; we considera function

� (t) : X � H � (w) 7! X � H � (w) de�ned by

� (t)(x; v) = (v(t; 0; x); � (t)v)

for (x; v) 2 X � H � (w). � (t) is called the skewproduct 
ow of the processw, if the

following property holds true:

(p5) � (t)(x; v) is continuous in (t; x; v) 2 R+ � X � H � (w).

From (p5) weseethat � (� )( � (s); � (s)w) = (w(� ; s; � (s)) ; � (s+ � )w) = (� (s+ � ); � (s+

� )w) tends to (� (s); � (s)w) as � ! 0+ , uniformly for s 2 R+ ; consequently, the integral

� on R+ must be uniformly continuous on R+ . From Ascoli-Arz�ela's theorem and the

sequential compactnessof H � (w), it follows that for any sequencef � 0
ng � R+ , there

exist a subsequencef � ng of f � 0
ng, a v 2 H � (w) and a function � : R+ 7! X such that

limn!1 � (� n )w = v and limn!1 � (t + � n ) = � (t) uniformly on any compact interval in

R+ . In this case,we write as

(� � n ; � (� n )w) ! (� ; v) compactly on R+ ;

for simplicity. Denote by H (�; w) the set of all (� ; v) such that (� � n ; � (� n )w) ! (� ; v)

compactly on R+ for somesequencef � ng � R+ : Clearly, � is an integral on R+ of v for

any (� ; v) 2 H (�; w). Likewise,for any sequencef � 0
ng � R+ with � 0

n ! 1 as n ! 1 ,

there exist a subsequencef � ng of f � 0
ng, a v 2 
 � (w) and a function � : R ! X such that

limn!1 � (� n )w = v and limn!1 � (t + � n ) = � (t) uniformly on any compact interval in

R. In this case,we write as

(� � n ; � (� n )w) ! (� ; v) compactly on R;

for simplicity. Denote by 
( �; w) the set of all (� ; v) such that (� � n ; � (� n )w) ! (� ; v)

compactly on R for some sequencef � ng � R+ with � n ! 1 as n ! 1 . When

(� ; v) 2 
( �; w), we often write � 2 
 v(� ). In this case,� is an integral on R of v, that

is, � satis�es the relation v(t; s; � (s)) = � (t + s) for all t 2 R+ and s 2 R.
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For any x0 2 X and " > 0, we set V" (x0) = f x 2 X : d(x; x0) < "g. We shall give the

de�nition of stabilities for the integral � of the processw.

De�nition 1 The integral � : R+ 7! X of the processw is said to be:

(i) uniformly stable(US) (resp. uniformly stablein 
 � (w)) if for any " > 0, there

exists a � := � (" ) > 0 such that w(t; s;V� (� (s))) � V" (� (t + s)) for (t; s) 2 R+ � R+

(resp. v(t; s;V� (� (s))) � V" (� (t + s)) for (� ; v) 2 
( �; w) and (t; s) 2 R+ � R+ );

(ii) uniformly asymptotically stable(UAS) (resp. uniformly asymptotically stablein


 � (w)), if it is US (resp. US in 
 � (w)) and there existsa � 0 > 0 with theproperty that for

any " > 0, there is a t0 > 0 suchthat w(t; s;V� 0 (� (s))) � V" (� (t + s)) for t � t0; s 2 R+

(resp. v(t; s;V� 0 (� (s))) � V" (� (t + s)) for (� ; v) 2 
( �; w) and t � t0; s 2 R+ ).

3. ALMOST PERIODIC INTEGRALS FOR ALMOST PERIODIC

PR OCESSES

In this section,we shall discussan existencetheoremfor an almost periodic integral

of almost periodic processes.

A processw : R+ � R � X 7! X is said to be almost periodic if w(t; s;x) is almost

periodic in s uniformly with respect to t; x in boundedsets. Let w be an almost periodic

processon X . Bochner's theoremimplies that 
 � (w) = H � (w) is a minimal set. Also, for

any v 2 H � (w), there exists a sequencef � ng � R+ such that w(t; s + � n ; x) ! v(t; s;x)

asn ! 1 , uniformly in s 2 R and (t; x) in boundedsetsof R+ � X . Considera metric

� on H � (w) de�ned by

� (u; v) =
1X

n=0

1
2n

� n (u; v)
1 + � n (u; v)

with � n (u; v) = supfj u(t; s;x) � v(t; s;x)j : 0 � t � n; s 2 R; d(x; x0) � ng, wherex0 is a

�xed element in X . Then v 2 H � (w) meansthat � (� (� n )w; v) ! 0 as n ! 1 , for some

sequencef � ng � R+ .

De�nition 2 An integral � (t) on R+ is said to be asymptotically almost periodic if it

is a sum of a continuous almost periodic function � (t) and a continuous function  (t)

de�ned on R+ which tends to zero as t ! 1 , that is

� (t) = � (t) +  (t):
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Let � (t) be an integral on R+ such that the set O+ (� ) is relatively compactin X . As

noted in [5], � (t) is asymptotically almost periodic if and only if it satis�es the following

property:

(L) For any sequencef t0
ng such that t0

n ! 1 asn ! 1 there existsa subsequence

f tng of f t0
ng for which � (t + tn ) convergesuniformly on R+ .

Now, for an integral � on R+ of the almost periodic processw we consider the

following property:

(A) For any " > 0, there exists a � (" ) > 0 such that � (t) 2 V" (� (t + � )), for all

t � 0, whenever (� ; v) 2 
( �; w); � (0) 2 V� (" ) (� (� )), and � (� (� )w; v) < � (" ) for some

� � 0.

Theorem 1 Assumethat � (t) is an integral on R+ of the almost periodic processw

such that the set O+ (� ) = f � (t) : t 2 R+ g is relatively compact in X . Then � (t) is

asymptotically almost periodic if and only if it has Property (A) .

Pro of Assumethat � (t) has Property (A), and let f t0
ng be any sequencesuch that

t0
n ! 1 as n ! 1 . Then there exist a subsequencef tng of f t0

ng and a (� ; v) 2 
( �; w)

such that (� tn ; � (tn )w) ! (� ; v) compactlyon R. For any " > 0, thereexistsan n0(" ) > 0

such that if n � n0(" ), then � (0) 2 V� (" ) (� (tn )) and � (� (tn )w; v) < � (" ), where � (" ) is

the one for Property (A), which implies

� (t) 2 V" (� (t + tn )) for t � 0:

Thus � (t) satis�es Property (L) and henceit is asymptotically almost periodic.

Next, supposethat � (t) is asymptotically almostperiodic, but doesnot haveProperty

(A). Then there exists an " > 0 and sequences(� n ; vn) 2 
( �; w); � n � 0 and tn > 0

such that

� n (tn ) 2 @V" (� (tn + � n )) ; (1)

� n (0) 2 V1=n(� (� n)) (2)

and

� (vn ; � (� n )w) <
1
n

; (3)
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where@V" is the boundary of V" . We can assumethat for a function � (t)

d(� n (t); � (t)) ! 0 uniformly on R as n ! 1 ; (4)

because� n 2 
( � ) and � (t) is asymptotically almost periodic.

First, we shall show that � n ! 1 as n ! 1 . Supposenot. Then we may assume

that for a constant � � 0; � n ! � as n ! 1 . Since

� (� (� )w; vn ) � � (� (� )w; � (� n )w) + � (� (� n )w; vn);

we have by (3)

� (� (� )w; vn) ! 0 as n ! 1 :

Herewenote that w(t; s+ � ; � (s)) = � (s+ t), becausew(t; s+ � ; � (s)) = (� (� )w)(t; s; � (s))

= limn!1 vn(t; s; � n (s)) = limn!1 � n (t + s) = � (t + s). Since

d(� (� ); � (0)) � d(� (� ); � (� n )) + d(� (� n); � n (0)) + d(� n (0); � (0))

and

d(� (� ); � (� n)) ! 0 as n ! 1 ;

it follows from (2) and (4) that d(� (� ); � (0)) = 0. Then � (t + � ) = w(t; � ; � (� )) =

w(t; � ; � (0)) = � (t) for all t 2 R+ . In particular,

d(� (tn + � ); � (tn )) = 0 for all n: (5)

On the other hand, for su�cien tly large n we get

d(� (tn + � ); � (tn )) � d(� (tn + � n ); � n (tn )) � d(� (tn + � n ); � (tn + � ))

� d(� n (tn ); � (tn ))

� " �
"
4

�
"
4

by (1), (4) and the uniform continuity of � (t) on R+ . This contradicts (5).

By virtue of the sequential compactnessof H � (w) and the asymptotic almost peri-

odicity of � (t), we can assumethat

(� � n ; � (� n )w) ! (� ; v) compactly on R (6)
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for some(� ; v) 2 
( �; w). Since

d(� (0); � (0)) � d(� (0); � (� n)) + d(� (� n ); � n (0)) + d(� n (0); � (0));

(2), (4) and (6) imply � (0) = � (0), and therefore � (t) = v(t; 0; � (0)) = v(t; 0; � (0)) =

limn!1 (� (� n )w)(t; 0; � n(0)) = limn!1 vn (t; 0; � n (0)) = limn!1 � n (t) = � (t) by (3), (4)

and (6). Hencewe have

d(� (� n + t); � n (t)) � d(� (� n + t); � (t)) + d(� (t); � n (t))

< "

for all su�cien tly large n, which contradicts (1). This completesthe proof of Theorem

1.

Theorem 2 If the integral � (t) on R+ of the almostperiodic processw is asymptotically

almost periodic, then there existsan almost periodic integral of the processw.

Pro of Sincew(t; s;x) is an almost periodic process,there existsa sequencef tng; tn !

1 as n ! 1 , such that (� (tn )w)(t; s;x) ! w(t; s;x) as n ! 1 uniformly with respect

to t; x in bounded sets and s 2 R. The integral � (t) has the decomposition � (t) =

� (t) +  (t), where � (t) is almost periodic and  (t) ! 0 as t ! 1 . Hencewe may

assume� (t + tn ) ! � � (t) as n ! 1 uniformly on t 2 R, wherewe note � � (t) is almost

periodic. Since(� � ; w) 2 
( �; w); � � (t) is an almost periodic integral of w.

Lemma 1 Let T > 0. Then for any " > 0, there exists a � (" ) > 0 with the property

that d(� (s); � (0)) < � (" ) and � (� (s)w; v) < � (" ) imply � (t) 2 V" (� (s + t)) for t 2 [0; T],

whenevers 2 R+ and (�; v) 2 
( �; w).

Pro of Supposethe contrary. Then, for some" > 0 there exists sequencesf sng; sn 2

R+ ; f � ng, 0 < � n < T, and (� n ; vn) 2 
( �; w) such that

� (� (sn )w; vn) <
1
n

;

� n (0) 2 V1=n(� (sn)) ;
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� n (t) 2 V" (� (sn + t)) for t 2 [0; � n )

and

� n (� n ) 2 @V" (� (sn + � n )) :

Since � n 2 [0; T], we can assumethat � n convergesto a � 2 [0; T] as n ! 1 . Since


( �; w) is compact, we may assume(� n ; vn) ! (�; v) 2 
( �; w) and (� sn ; � (sn )w) !

(� ; v) 2 
( �; w) as n ! 1 , respectively. Then � (� ) 2 @V" (� (� )). On the other hand,

since� (0) = � (0), we get � (t) = � (t) on R+ by (p2). This is a contradiction.

Lemma 2 Supposethat w is an almost periodic processon X . If the integral � (t) on

R+ is UAS, then it is UAS in 
 � (w).

Pro of Let � k ! 1 ask ! 1 and (� � k ; � (� k)w) ! (� ; v) 2 
 � (�; w) compactly on R.

Let any � 2 R+ be �xed. If k is su�cien tly large, we get

� (� ) 2 V� ("=2)=2(� (� k + � )) :

Let y 2 V� ("=2)=2(� (� )). Then (� (� k)w)(t; � ; y) = w(t; � k + � ; y) 2 V"=2(� (t + � k + � )) for

t � � , becausey 2 V� ("=2)(� (� k + � )). Since(� (� k)w)(t; � ; y) ! v(t; � ; y) and � (t + � k +

� ) ! � (t + � ), we get v(t; � ; y) 2 V"=2(� (t + � )) for all t � � , which implies that � (t) is

US.

Now we shall show that � (t) is UAS. Let y 2 V� 0=2(� (� )) and � (� ) 2 V� 0=2(� (� k + � )) :

Since� (t) is UAS, we have w(t; � k + � ; y) 2 V"=2(� (t + � k + � )) for t � t0("=2) because

of y 2 V� 0 (� (� k + � )). Hencev(t; � ; y) 2 V"=2(� (t + � )) for t � t0("=2).

Theorem 3 Suppose that w is an almost periodic process on X , and let � (t) be an

integral on R+ of w such that the set O+ (� ) is relatively compact in X . If the integral

� (t) is UAS, then it hasProperty (A) . Consequently, it is asymptotically almostperiodic.

Pro of Supposethat � (t) has not Property (A). Then there are sequencesf tng; tn �

0; f rng; rn > 0; (� n ; vn) 2 
( �; w) and a constant � 1; 0 < � 1 < � 0=2, such that

� n(0) 2 V1=n(� (tn )) and � (vn ; � (tn)w) <
1
n

(7)
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and

� n (rn ) 2 @V� 1 (� (tn + rn )) and � n (t) 2 V� 1 (� (t + tn )) on [0; r n); (8)

where� 0 is the onegiven for the UAS of � (t). By Lemma 2, � (t) is UAS in 
 � (w). Let

� (�) be the onegiven for US of � (t) in 
 � (w). There existsa sequencef qng; 0 < qn < rn ,

such that

� n (qn ) 2 @V� (� 1 =2)=2(� (tn + qn )) (9)

and

� n (t) 2 V� 1 (� (t + tn )) n V� (� 1 =2)=2(� (t + tn )) on [qn ; rn ]; (10)

for a large n by (7) and (8). Supposethat there exists a subsequenceof f qng, which

we shall denote by f qng again, such that qn convergesto some q 2 R+ . It follows

from (7) that there exists an n0 > 0 such that for any n � n0; q + 1 � qn � 0 and

� n (t) 2 V� (� 1=2)=4(� (tn + t)) for t 2 [0; q+ 1] by Lemma1, which contradicts (9). Therefore,

we can seethat qn ! 1 as n ! 1 .

Put pn = rn � qn and supposethat pn ! 1 asn ! 1 . Set sn = qn + (pn=2). By (7)

and the compactnessof 
( �; w), wemay assumethat (( � n )sn ; � (sn )vn) and(� tn + sn ; � (tn+

sn )w) tend to some(�; v), (� ; v) 2 
( �; w) compactly on R asn ! 1 , respectively. For

any �xed t > 0, onecan take an n1 > 0 such that for every n � n1; rn � sn = pn=2 > t,

becausepn ! 1 as n ! 1 . Thereforefor n � n1, we have qn < t + sn < rn , and

� n (t + sn ) =2 V� (� 1 =2)=2(� (t + tn + sn )) (11)

by (10). There exists an n2 � n1 such that for every n � n2

� n (t + sn ) 2 V� (� 1 =2)=8(� (t)) and � (t) 2 V� (� 1=2)=8(� (t + tn + sn )) : (12)

It follows from (11) and (12) that for every n � n2,

d(� (t); � (t)) � d(� n(t + sn); � (t + tn + sn )) � d(� (t + tn + sn ); � (t))

� d(� n (t + sn ); � (t))

� � (� 1=2)=4: (13)
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However, since� (0) 2 V� 0=2(� (0)), the UAS of � (t) in 
 � (w) implies d(� (t); � (t)) ! 0 as

t ! 1 , which contradicts (13).

Now we may assumethat pn convergesto somep 2 R+ asn ! 1 , and that 0 � pn <

p+ 1 for all n. Moreover, we may assumethat (( � n)qn ; � (qn)vn ) and (� tn + qn ; � (tn + qn )w)

tend to some( ; u); (� ; u) 2 
( �; w) as n ! 1 , respectively. Since d( (0); � (0)) =

� (� 1=2)=2 by (9), we have  (p) 2 V� 1=2(� (p)). However, we have a contradiction by (8),

becaused( (p); � (p)) � d(� (tn + rn ); � n(rn )) � d( (p); � n (qn + p)) � d(� n(qn + pn); � n (qn +

p)) � d(� n(qn + pn ); � n(rn )) � d(� (tn + rn ); � (pn )) � d(� (pn ); � (p)) � � 1=2 for all large n.

Thus the integral � (t) must have Property (A).

4. SEPARA TION CONDITIONS

In this section, we shall establishan existencetheorem of almost periodic integrals

under a separationcondition.

De�nition 3 
( �; w) is said to satisfy a separation condition if for any v 2 
 � (w),


 v(� ) is a �nite set and if � and  ; �;  2 
 v(� ), are distinct integrals of v, then there

existsa constant � (v; �;  ) > 0 suchthat

d(� (t);  (t)) � � (v; �;  ) for all t 2 R:

To make expressionssimple, we shall use the following notations. For a sequence

f � kg, we shall denote it by � and � � � meansthat � is a subsequenceof � . For

� = f � kg and � = f � kg; � + � will denotethe sequencef � k + � kg. Moreover, L � x will

denotelimk!1 x(t + � k), whenever � = f � kg and limit exists for each t.

Lemma 3 Supposethat 
( �; w) satis�es the separation condition. Then onecan choose

a number � 0 independentof v 2 
 � (w); � and  for whichd(� (t);  (t)) � � 0 for all t 2 R.

The number � 0 is called the separation constant for 
( �; w).

Pro of Obviously, we can assumethat the number � (v; �;  ) is independent of � and

 . Let v1 and v2 are in 
 � (w). Then there exists a sequencer 0 = f r 0
kg such that

v2(t; s;x) = lim
k!1

(� (r 0
k)v1)( t; s;x)
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uniformly on R+ � S for any boundedset S in R+ � X , that is, L r 0v1 = v2 uniformly

on R+ � S for any boundedset S in R � X . Let � 1(t) and � 2(t) be integrals in 
 v1 (� ).

There exist a subsequencer � r 0; ( 1; v2) 2 H (� 1; v1) and ( 2; v2) 2 H (� 2; v1) such that

L r � 1 =  1 and L r � 2 =  2 in X compactly on R. SinceH (� i ; v1) � 
( �; w); i = 1; 2;  1

and  2 alsoare in 
 v2 (� ). Let � 1 and � 2 be distinct integrals. Then

inf
t2 R

d(� 1(t + r k); � 2(t + r k)) = inf
t2 R

d(� 1(t); � 2(t)) = � 12 > 0;

and hence

inf
t2 R

d( 1(t);  2(t)) = � 12 � � 12 > 0; (14)

which meansthat  1 and  2 are distinct integrals of the processv2(t; s;x). Let p1 � 1

and p2 � 1 be the numbers of distinct integrals of processesv1(t; s;x) and v2(t; s;x),

respectively. Clearly, p1 � p2. In the sameway, we have p2 � p1 =: p.

Now, let � = minf � ik : i; k = 1; 2; � � � ; p; i 6= kg and � = minf � j m : j; m =

1; 2; � � � ; p; j 6= mg. By (14), we have � � � . In the same way, we have � � � .

Therfore � = � , and we may set � 0 = � = � .

Theorem 4 Assumethat � (t) is an integral on R+ of the almost periodic processw

suchthat the set O+ (� ) is relativelycompact in X , and supposethat 
( �; w) satis�es the

separation condition. Then � (t) has Property (A) . Consequently, � (t) is asymptotically

almost periodic.

If for any v 2 
 � (w), 
 v(� ) consistsof only oneelement, then 
( �; w) clearly satis�es

the separationcondition. Thus, the following result (cf. [2]) is an immediateconsequence

of Theorems2 and 4.

Corollary 1 If for any v 2 
 � (w), 
 v(� ) consists of only one element, then there

existsan almost periodic integral of the almost periodic processw.

Pro of of Theorem 4 Supposethat � (t) hasnot Property (A). Then there exists an

" > 0 and sequences(� k ; vk) 2 
( �; w); � k � 0 and tk � 0 such that

d(� (tk + � k); � k(tk)) = "(< � 0=2); (15)
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d(� (� k); � k(0)) = 1=k (16)

and

� (� (� k)w; vk) = 1=k; (17)

where� 0 is the separationconstant for 
( �; w).

First, we shall show that tk + � k ! 1 as k ! 1 . Supposenot. Then there exists

a subsequenceof f � kg, which we shall denoteby f � kg again, and a constant � � 0 and

that � k ! � as k ! 1 . Since

� (� (� )w; vk) � � (� (� )w; � (� k)w) + � (� (� k)w; vk);

(17) implies that

� (� (� )w; vk) ! 0 as k ! 1 : (18)

Moreover, we can assumethat

(� k ; vk) ! (�; v) compactly on R

for some(�; v) 2 
( �; w). It follows from (18) that v = � (� )w. Since

d(� (� ); � (0)) � d(� (� ); � (� k)) + d(� (� k); � k(0)) + d(� k(0); � (0)) ! 0

as k ! 1 by (16), we get � (� ) = � (0), and hence� (t + � ) = (� (� )w)(t; 0; � (� )) =

(� (� )w)(t; 0; � (0)) = v(t; 0; � (0)) = � (t). However, we have d(� (tk + � k); � (tk)) � "=2 for

a su�cien tly large k by (15), because

d(� (tk + � k); � (tk)) � d(� (tk + � k); � k(tk)) � d(� k(tk); � (tk)) :

This is a contradiction. Thus we must have tk + � k ! 1 as k ! 1 .

Now, set qk = tk + � k and � k(t) = � k(tk + t). Then

(� qk ; � (qk)w) 2 H (�; w) and (� k ; � (tk)vk) 2 
( �; w);

respectively. We may assumethat (� qk ; � (qk)w) ! ( ��; �w) compactly on R for some

( ��; �w) 2 
( �; w), becauseqk ! 1 as k ! 1 . Since

� ( �w; � (tk)vk) � � ( �w; � (qk)w) + � (� (qk)w; � (tk)vk)

= � ( �w; � (qk)w) + � (� (� k)w; vk);
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we seethat � ( �w; � (tk)vk) ! 0 as k ! 1 by (17). Hence,we can choosea subsequence

f � k j g of f � kg and a �� 2 
 �w(� ) such that

(� k j ; � (tk j )v
k j ) ! ( �� ; �w) compactly on R:

Since

lim
j !1

f d(� (tk j + � k j ); � k j (tk j )) � d(� k j (0); �� (0)) � d( �� (0); � (qk j ))g

� d( �� (0); �� (0))

� lim
j !1

f d(� (tk j + � k j ); � k j (tk j )) + d(� k j (0); �� (0)) + d( �� (0); � (qk j ))g;

it follows from (15) that d( �� (0); �� (0)) = " , which contradicts the separationcondition of


( �; w).

Theorem 5 Assumethat � (t) is an integral on R+ of the almost periodic processw

such that the set O+ (� ) is relatively compact in X . Then the following statementsare

equivalent:

(i) 
( �; w) satis�es the separation condition;

(ii) there existsa number � 0 > 0 with the property that for any " > 0 there exists

a t0(" ) > 0 such that d(� (s);  (s)) < � 0 implies d(� (t);  (t)) < " for t � s + t0(" ),

whenevers 2 R; v 2 
 � (w) and �;  2 
 v(� ).

Consequently, the UAS of the integral � (t) on R+ implies the separation condition

on 
( �; w).

Pro of If we set � 0 = � 0, then (i) clearly implies (ii).

We shall show that (ii) implies (i). First of all, we shall verify that any distinct

integrals � (t);  (t) in 
 v(� ), v 2 
 � (w), satisfy

lim inf
t !�1

d(� (t);  (t)) � � 0: (19)

Supposenot. Then for somev 2 
 � (w), there exists two distinct integrals � (t) and  (t)

in 
 v(� ) which satisfy

lim inf
t !�1

d(� (t);  (t)) < � 0: (20)

Since� (t) and  (t) are distinct integrals, we have d(� (s);  (s)) = " at somes and for

some" > 0. Then there is a t1 such that t1 < s � t0("=2) and d(� (t1);  (t1)) < � 0 by
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(20). Then d(� (s);  (s)) < "=2, which contradicts d(� (s);  (s)) = " . Thus we have (19).

SinceO+ (� ) is compact,there are a �nite number of coveringswhich consistsof m0 balls

with diameter � 0=4. We shall show that the number of integrals in 
 v(� ) is at most

m0. Supposenot. Then there are m0 + 1 integrals in 
 v(� ); � j (t); j = 1; 2; � � � ; m0 + 1,

and a t2 such that

d(� j (t2); � i (t2)) � � 0=2 for i 6= j; (21)

by (19). Since � j (t2); j = 1; 2; � � � ; m0 + 1, are in O+ (� ), someof these integrals, say

� i (t); � j (t)( i 6= j ), are in one ball at time t2, and henced(� j (t2); � i (t2)) < � 0=4, which

contradicts (21). Thereforethe number of integrals in 
 v(� ) is m � m0. Thus


 v(� ) = f � 1(t); � 2(t); � � � ; � m (t)g (22)

and

lim inf
t !�1

d(� j (t); � i (t)) � � 0; i 6= j: (23)

Consider a sequencef � kg such that � k ! �1 as k ! 1 and � (� (� k)v; v) ! 0 as

k ! 1 . For each j = 1; 2; � � � ; m, set � j;k (t) = � j (t + � k). Since(� j;k ; � (� k)v) 2 H (� j ; v),

we can assumethat

(� j;k ; � (� k)v) ! ( j ; v) compactly on R

for some( j ; v) 2 H (� j ; v) � 
( �; w). Then it follows from (23) that

d( j (t);  i (t)) � � 0; for all t 2 R and i 6= j: (24)

Sincethe number of integrals in 
 v(� ) is m, 
 v(� ) consistsof  1(t);  2(t); � � � ;  m (t) and

we have (24). This shows that 
( �; w) satis�es the separationcondition.

5. APPLICA TION

Considerthe equation
8
>><

>>:

utt = uxx � ut + f (t; x; u); t > 0; 0 < x < 1;

u(0; t) = u(1; t) = 0; t > 0;

(25)
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where f (t; x; u) is continuous in (t; x; u) 2 R � (0; 1) � R and it is an almost periodic

function in t uniformly with respect to x and u which satis�es

jf (t; x; u)j �
1
6

juj + J

and

jf (t; x; u1) � f (t; x; u2)j �
1
6

ju1 � u2j

for all (t; x; u); (t; x; u1); (t; x; u2) 2 R � (0; 1) � R and someconstant J > 0. We

considera Banach spaceX given by X = H 1
0 (0; 1) � L2(0; 1) equipped with the norm

k(u; v)k = fk uxk2
L 2 + kvk2

L 2g1=2 = f
R1

0 (u2
x + v2)dxg1=2. Then (25) can be consideredas

an abstract equation

d
dt

 
u
v

!

= A

 
u
v

!

+

 
0

f (t; x; u)

!

(26)

in X , whereA is a (unbounded) linear operator in X de�ned by

A

 
u
v

!

=

 
v

uxx � v

!

for (u; v) 2 H 2(0; 1) � H 1
0 (0; 1). It is well known that A generatesa C0 -semigroupof

bounded linear operator on X . In the following, we show that each (mild) solution of

(26) is boundedin the future, and that it is UAS. Moreover, we show that each solution

of (26) has a compact orbit in X . Consequently, onecan apply Theorem 3 or Theorem

5 to the processgeneratedby solutions of (26) and its integrals to concludethat (25)

hasan almost periodic solution which is UAS.

Now, for any solution
�

u(t)
v(t)

�
of (26), we considera function V(t) de�ned by

V(t) =
Z 1

0
(u2

x + 2�uv + v2)dx

with � = 1
12. SincekukL 2 � kuxkL 2 for u 2 H 1

0 (0; 1), we get the inequality

11
12

(kuxk2
L 2 + kvk2

L 2 ) � V (t) �
13
12

(kuxk2
L 2 + kvk2

L 2 ): (27)

Moreover, we get

d
dt

V(t) � 2
Z 1

0
f (� � 1)v2 � �u 2

x � �uv + (� juj + jvj)(
juj
6

+ J )gdx

� 2(� � 1)kvk2
L 2 � 2� kuxk2

L 2 + � ("1kuk2
L 2 + " � 1

1 kvk2
L 2 )

+
�
3

kuk2
L 2 + � ("2kuk2

L 2 + " � 1
2 J 2) +

1
6

("3kuk2
L 2 + " � 1

3 kvk2
L 2 )

+( "4kvk2
L 2 + " � 1

4 J 2)
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for any positive constants " 1; "2; "3 and "4. We set "1 = 1
10; "2 = 1

10; "3 = 1
2 and "4 = 1

3 to

get

d
dt

V(t) � �
1
3

kvk2
L 2 �

7
180

kuxk2
L 2 + 4J 2: (28)

By (27) and (28), we get
d
dt

V(t) � � C1V(t) + C2

for somepositive constants C1 and C2. Then V(t) � e� C1 (t � t0 )V(t0) + C2
C1

for all t � t0,

and hencesupt � t0
k(u(t); v(t))kX < 1 . Thus each solution of (26) is bounded in the

future.

Next, for any solutions
�

u(t)
v(t)

�
and

�
�u(t)
�v(t)

�
of (26), we considera function �V(t) de�ned

by
�V(t) =

Z 1

0
f (ux � �ux)2 + 2� (u � �u)(v � �v) + (v � �v)2gdx

with � = 1
12. By almost the samearguments as for the function V(t), we get

11
12

fk ux � �uxk2
L 2 + kv � �vk2

L 2 g � �V(t) �
13
12

fk ux � �uxk2
L 2 + kv � �vk2

L 2 g (29)

and

d
dt

�V(t) � � C3
�V (t) (30)

for somepositive constant C3. Then, by (29) and (30) we get

kux(t) � �ux(t)k2
L 2 + kv(t) � �v(t)k2

L 2 �
11
12

V(t)

�
11
12

e� C3 (t � t0 )V(t0)

� e� C3 (t � t0 ) fk ux(t0) � �ux (t0)k2
L 2

+ kv(t0) � �v(t0)k2
L 2g

for any t � t0, which shows that the solution
�

u(t)
v(t)

�
of (26) is UAS.

Finally, we shall show that each boundedsolution (u(t); v(t)) of (26) hasa compact

orbit. To do this, it su�cies to show that each increasingsequencef � ng � R+ such

that � n ! 1 as n ! 1 has a subsequencef � 0
ng such that f u(� 0

n); v(� 0
n )g is a Cauchy

sequencein X . Taking a subsequenceif necessary, we may assumethat f f (t + � n ; x; u)g
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convergesuniformly in (x; u) in boundedsetsand t 2 R. Therefore,for any 
 > 0 there

exists an n0 > 0 such that if n > m � n0, then

sup
(t;x;� )2 R� (0;1)� O+ (u)

jf (t + � n ; x; � ) � f (t + � m ; x; � )j

= sup
(t;x;� )2 R� (0;1)� O+ (u)

jf (t + � n � � m ; x; � ) � f (t; x; � )j < 
 :

Fix n and m such that n > m � n0, and set u� (t) = u(t + � ); v� (t) = v(t + � ) and

f � (t; x; � ) = f (t + � ; x; � ) with � = � n � � m . Clearly, (u� ; v� ) is a solution of (26) with

f � instead of f .

Considera function U de�ned by

U(t) =
Z 1

0
f (ux � u�

x )2 + 2� (u � u� )(v � v� ) + (v � v� )2gdx

with � = 1
12. Then

11
12

fk ux � u�
xk2

L 2 + kv � v� k2
L 2 g � U(t) �

13
12

fk ux � u�
xk2

L 2 + kv � v� k2
L 2g

and

d
dt

U(t) � (2� � 2)kv � v� k2
L 2 � 2� kux � u�

xk2
L 2

+2�
Z 1

0
ju � u� jfj v � v� j + jf (t; x; u) � f � (t; x; u� )jgdx

+2
Z 1

0
jv � v� jj f (t; x; u) � f � (t; x; u� )jdx:

Since

jf (t; x; u) � f � (t; x; u� )j � jf (t; x; u) � f (t; x; u� )j + jf (t; x; u� ) � f � (t; x; u� )j

�
1
6

ju � u� j + 
 ;

we get

d
dt

U(t) � �
11
6

kv � v� k2
L 2 �

1
6

kux � u�
xk2

L 2

+
1
12

(
1
10

ku � u� k2
L 2 + 10kv � v� k2

L 2 ) +
1
36

ku � u� k2
L 2

+
1
12

(
1
2

ku � u� k2
L 2 + 2
 2)
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+
1
6

("5kv � v� k2
L 2 +

1
"5

ku � u� k2
L 2 ) + ("6kv � v� k2

L 2 +
1
"6


 2)

� kv � v� k2
L 2 (� 1 +

"5

6
+ "6)

+ kux � u�
xk2

L 2 (�
1
6

+
1

120
+

1
36

+
1
24

+
1

36"5
) + (

1
6

+
1
"6

)
 2:

Putting "5 = 1 and "6 = 1
3, we have

d
dt

U(t) � � C(kux � u�
xk2

L 2 + kv � v� k2
L 2 ) + 4
 2

� � C1U(t) + 4
 2;

whereC and C1 are someconstants independent of 
 . Then

U(� m ) � e� C1 � m U(0) +
4
 2

C1

or

kux(� m ) � ux(� n )k2
L 2 + kv(� m ) � v(� n )k2

L 2 � K e� C1 � m +
8
 2

C1
;

whereK = 2U(0). Take n1 � n0 so that K e� C1 � n 1 < 
 2

C1
. Then

kux(� m ) � ux(� n )k2
L 2 + kv(� n ) � v(� m )k2

L 2 <
9

C1

 2

if n � m � n1, which shows that f (u(� n ); v(� n))g is a Cauchy sequencein X , asrequired.
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