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Abstract. This paper is concernedwith the boundary exact cortrollabilit y of the
equation

VA t
u® oy gt ) u() =r p
0
where Q is a nite cylinder 10;T[ , is a bounded domain of R"; u =
(ur(x;t);  ;u2a(x;t)), x = (X1;  ;Xp) aren dimensional vectors and p denotes

a pressureterm. The result is obtained by applying HUM (Hilb ert Uniqueness
Method) due to J.L.Lions. The above equation is a simple model of dynamical
elasticity equationsfor incompressiblematerials with memory.
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1. Intro duction

Let be a boundeddomain of R" with regular boundary . Let Q =
]10; T[ be a cylinder whoselateral boundary is givenby = 10; TI:
Let us considerthe following system

corresponding author e-mail: marcelo@gauss.dma.uem.br

EJQTDE, 1998No. 9,p. 1



z
u® u Otg(t u()d =1 pin Q
() divu=0 in Q
u=v on
u(0) = u°; u¥0) = ut in

where u= ( up i ouiu®= uP ulidivu= ', @
p(x; t) is the pressureterm.

The exact cortrollabilit y problemfor system( ) is formulated asfollows:
given T > 0 large enough, for ewery initial data fu® ulg in a suitable space,
it is possibleto nd a cortrol v sud that the solution of ( ) satis es

and p =

u(T) = uqT) = O (1:1)

System ( ) with g = 0 was studied by J. L. Lions [9], motivated by
dynamical elasticity equationsfor incompressiblematerials, as follows.

Let be a three dimensional solid body, made of an elastic, isotropic
and incompressiblematerial (like somerubber types) under external forces
f . From the Newton's SecondLaw and consideringsmall de ections of we
get

m% @@?[ pij+2 j(w=~fxt), i=123

Mathematically, the incompressibility condition is represeted by

jdet(l +r u)j= 1,

wherel is the identity matrix.

Noting that under small de ections, the quadratic terms of the determi-
nant are neglectible,we obtain that divu = 0in for all t which leadsto
the model

m@ u = fi @’
@2 @;

The presenceof the memory term in equation ( ) is related to the vis-
coelastic properties of the material.

i=123:
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Assumingthat s strictly star-shaped with respect to the origin, that
is, there exists > 0 sud that

m >0 on (2:2)

(wherem(x) = x = (X1; ;Xp) and is the exterior unitary normal) and
g = 0; J.L.Lions [9] proved that the normal derivative of the solution u of
( ) belongsto (L?()) ™ while in A. Rocha [1] the exact cortrollabilit y was
establish.

Inspired by the above mentioned works we study, in a natural way, the
exactboundary cortrollabilit y of system( ) whenthe kernelg is small, which
is the goal of this paper. For this end we employ the multiplier technique
to obtain the direct and inverseinequalities. Howeer, the corvolution term
g u brough up sometechnical di culties which were bypassedby trans-
forming the problem ( ) into an equivalert one using the standard Volterra
equationstheory.

We can nd in the Literature seweral works in connectionwith memory
terms. The readeris referredto the works of J. U. Kim [3], G. Leugering[7],
|. Lasieda [6] and the classicalbook of J. Lagneseand J. L. Lions [5].

Our paper is organizedas follows. In section 2 we give the notations,
presen standard and auxiliar results and state the main one. In section3 we
obtain the direct and inverseinequalities related with ( ) wheng = 0 while
in section4 we obtain the sameinequalitiesto the generalcase.In section5
we study the ultra weak solutions of ( ) which is enoughto apply HUM in
order to obtain the above mertioned exact cortrollabilit y.

2. Notations and Main Result

In what follows we considerthe Hilbert spaces

V=1fv2(H})) " anddivv=0 in g (2:1)
and
H=fv2(L%)) ™divv=0 and v =0 on g (2:2)
equipped with their respective inner products
x
((uv) = ((uisu))wgg (2:3)
i=1
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and

(u;v) = )@ (UisVi)Lz() - (2:4)

We also consider B
V=f 2(D() " div' = 0g (2:5)
W= V\ (H?() ™ (2:6)

We have that V is densein V with the topology inducedby V and

H=v-O", (2:7)
Also, we obsene that if f 2 (DY)) " and satises f (v) = 0 for all
v 2 V; then there existsp 2 DY) sud that f = r p:In particular, if
f2(H X)) "andf(v) = 0forall v2 V; wehave the sameconclusionwith
p2L?%) =R:
In addition, let us de ne
z

Z=fv2 (%)™ v d =0g (2:8)

Letg:[0;1 [! ]O;1 [bearealfuntion satisfyingthe following hypotheses:

g2 C?0;1 [; (2:9)

z 1
=1 . g( )d >0; (2:10)
Cig ¢ Cuu (2:11)
0 g Cyg (2:12)

whereC; ; C, and C; are positive constarts and
g(0) < "; where "> 0 is suciently smalk (2:13)

As an example of a function which satis es the conditions (2.9)-(2.13)
above one can cite

g(t) = kle kzt; 0< kl < k2 and kl <™
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Let us considerthe following problem

Zt
u® u gt ) u() =f rpinQ

0
dvu=0 in Q (2:14)
u=0 on

u0) = u% u¥0) = u! in
We have the auxiliar results

Lemma 2.1. Letfu%ul;fg2 W V LY0;T;V) and assumethat
g2 C2?[0;1 ): Then, there existsa uniquefunction u: Q! R™ suchthat

u2 L ©O;T:wW); u°2L!(@©;T;V) and u®2 L! (0;T;H);

Zt
u® u gt ) uC)d =f rpin (DYQ)Y™
0
divu=0
u(0) = u® u%0) = u! in
Furthermore
Zt
u® u gt ) u()d =f in LYO;T;H):
0

The proof of the above result is obtained by applying Galerkin's approx-
imation with two estimates. The uniquenesds obtained by the usual energy
method.

Remark 1. Using Galerkin's method with additional estimates,we can
alsoprove that if

n (0]
Wiuf 2VL HY) T W LY0;T:W)
the unique solution u of problem (2.9) satis es
u2 L1 (0;T:V\ H4) ) w02 Ll T:W); u®2 LY0;T;V):

In this casewe have p2 H?() :
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From Lemma2.1 and using density argumertis we can prove the following
result:

Lemma 2.2. Letfu®uy;fg2Vv H LY¥0;T;H). Then,
() There existsa unique weak solution u of problem(2.14) suchthat

u2 C(0;TLV)\ CHIO; TLH):

(i) The linear mapping

V. H LYO;T;H)! C(0; T V)\ CHO; T H)
n (0]
u®ulf 7tu
is continuous, whete u is the solution of problem(2.14) obtainal in (i).
(i) The solution u obtaina in (i) satis es
z
1 o 1. N t 1 ,, 1. ..
SIUOI+ Siu@it+ gt )((u( )u)d = Sjulit+ Sjud®
0
Z t Z t VA S Z t
+g(0) jju(e)idst g% )((u( )iu(e)) d dse (F()iut )d ;
8t2[0;Tl:
(iv) The solution u is suchthat
z t

u® u Lot ) u()d =f rpin (DYQ)"

whee p 2 DYQ):

From the item (iii) of the above lemma and making use of Gronwall's
lemmawe obtain the following energyinequality
i

h
E() C(T) EQO)+iifjiLiormy

where C(T) is a positive constart which dependson T > 0 and
1. 2 1.
E(t) = Sjutni®+ Sijuii®
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is the energyrelated with problem (2.14).

Remark 2. Asit isstatedin J. L. Lions [8], (Chap. I, Lemma3.7) if
2 (H3() \ H?()) ";then
@ _ @
@ ‘@
Moreover, if div. = 0in , thenasin J. L. Lions [8] (Chap. Il, section
5) we have

on ; 8i;k2fl, ;ng: (2:15)

% =0 on (2:16)
and consequetty @ ®
i@k = k@ =0 on : (217)

We obsene that throughout this paper repeatedindicesindicate summa-
tion from 1 to n:

Letx°2 R", m(x) =x x%x2R"and

R = maxf jjm(X)jj;x2 g

Let usde ne
(x%=fx2; mKx) (x)>0g;
x=fx2 ; m(x) (x) O0g;
(x9)=(x% [0T]
and

)= (x) [OTL

Now, we are in position to state our main result:

Theorem 2.1. Providel that the hyptheseq1.2), (2.9)-(2.13) holdthere
existsfor everyinitial datafu®ulg2 H V° acontrol v 2 Z suchthat the
ultra weak solution of the system

Z t
u® u gt ) u() =r pinQ
0
divu=0 in Q (2:18)
u=v on
u(0) = u®% u¥0) = ut in
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satis es the condition:
uT)=0 u{T)=0
for all T > Ty where Ty = 2R:

3. Direct and Inverse Inequalities with null kernel

In this sectionwe are going to obtain the direct and inverseinequalities
to problem (2.14) when the kernel of the memory g = 0: For this end we
will employ the multiplier technique. Although the result below plays an
essetial role in our intent, we will omit its proof sinceit is exactly asif we
weredealingwith the wave equationwhoseproof canbe found in J. L. Lions
[8], lemma3.7, pp. 40-43.

Prop osition 3.1. Letfu®ul;fg2 V\ (H%)) " W LY0;T;W):
Then, for each strong solution u of (2.14) with g = 0; we havethe following
identity

z P2 z i
1 @I _ . T n h. 2 . .2| .
> (m ) ) d = (uqt;m r u), + 3 o ju§c  jr uj® dxdt (3:1)
Z Z z
. .2 @'i @ @i
+ r ujdxdt fi m —dxdt + — my —adxdt:
QJ : o @ Q@ @
wheer u means 0 1
@ @
a@l @ g
@l @n_
@, @

Theorem 3.2. ( Direct Inequalit y )
Assumethat n o
ububhf 2V H o LYO;T;H)
and (1.2) holds. Then, for each weak solution u of (2.14) there exists a
positive constant C > 0 suchthat

Z @2 0 z ! 51

@y com+neEO+ | jf (s)jds. A (3:2)
@ 0
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Pro of. Assuming the direct inequality proven for regular initial data,

one obtains the general result using density argumerns and extension by
cortinuity. Let us considerthen

fu;ul:fg2 v\ (H4) " W LYO;T;W):

From the identity (3.1) and taking (1.2) and lemma 2.2(ii) into accourt
it follows that

Z 2
O 5 g‘ cll (3:3)
C(T + 1) @E(0) + ’ ij (t)jdt! 2A + are @mk@dxdt
0 0o @ @
where C is a positive constart.
Next, we are going to prove that
J= ZQ %mk%dxdt =0 (3:4)

Indeed, from (2.17), using Gauss'sformula and taking into accour that
divu= 0in Q we have

z ! z
@ @ @
J = — m,—— dxdt+ m,— id
oPa M@ P,
Z Z ! Z
@ @ @ @
= ——dxdt m.—— — dxdt+ m— id =0
P& M a @& P @ !

which proves(3.4). 2

In orderto give a sensdo % whenu is a weak solution of problem (2.14)
let us considerY the spaceof the weak solutions of the sameproblem when
n

(o]
uuhf 2v. H LYO:T:H):

Sinceproblem (2.14) is a linear one and has uniquenessof solution the
linear map

V. H LYO;T;H)! Y
n

(0]
uwutf 71 U
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is injective. Therefore,the vector spaceY is a Banad spacewith the norm
jiviiy = jju% + jutj+ jifjicommy:

Represeting by X the spaceof the strong solutions of (2.14), that is,
when n o
uulf 2w v LYO; T V);

we have X | Y with injection cortinuousand dense.
Consideringthe linear map

n

X1 L3()
@
u7l —
@
from the direct inequality we have
@ 2
= C jju%i®+ juli+ jif ifsormy
@ (Lz(y "
that is,
@’ -
@ Cijuii§:
(Lz(y) "

Consequetty : X ! (L2()) " is cortinuousin X with the topology
inducedby Y and sinceX is densein Y with respect to the sametopology,
the map hasa linear and cortinuous extension

ALY L LA()

de ned asfollows:
Consideringu 2 Y, there existsu 2 X sud that

ul! uinyy

and therefore
@
@

Au=Iim u = Iim
| 11
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Motivated by the above de nition, the normal derivative % ofu2Yis
given by
@ = lim @:
@ 1T @
Theorem 3.3 ( Inverse Inequalit y) Forall T T, and for all weak
solution u of (2.14) with f = 0 we have the following inequality
4 2
R @
T ToE(Q@ —= — d: 3.5
T TEQ 5 . @ (3:5)
Pro of. We proceedasin Theorem 3.2, that is, we considerinitially regular
initial data and then we obtain the desiredresult by a density argumen.
From (3.1) and (3.4) we can write
Z h i z 2
i T n 1 . 2 . . 1 @ .
(uqt); m r gt o ju3® jr uj® dxdt 5 (m ) @ d (3:6)

Zy
+  E(t)dt=0
0

where :
ih o, )l
E(t) = 5 juli”+ jr u(®j” :

In what follows we are going to proceedasin J. L. Lions [8] using argu-
merts dueto L. F. Ho [2] and V. Komornik [4].

Since
E(t) = E(0) (3:7)
and taking into account that
Z Z
(ut); ut) juttjidt+  jr u(t)j?dt= 0 (3:8)
0 0
the expression(3.6) becomes
T Z P
Cmrur "t sTE@=L m ) @ 4. (39
0 2 @
But
2 2
mrur™2u =jm ru? " tiz jm ru? R3r up?

4
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which implies

n
Wmru+

Sy . Ru{Mijr u(T)j+ juX0)iir u(0)il 2RE(0):

(3:10)
It follows from (3.9) and (3.10) that
z 2
R @
T ToE(Q = —
( )EOQ) 3 o @

This concludesthe proof. 2
4. Direct and Inverse Inequalities in the general case

In this sectionwe will establishthe direct and inverseinequalitiesrelated
with the weak solutions of the homogeneougproblem

Zt
® o et ) () =1 opinQ
div' =0 in Q (4:1)
"=0 on
@="%90)=""in
using the inequalities obtained in section3 when g = 0: We begin making

someconsiderations.In what follows X will represen the cylinder Q or its
lateral boundary : Let

K :L3(X)! LX)

be the linear operator de ned by
Zt
(KD)xxt)= gt ) (x )d; 8 2LAX):
0

We note that from Caudy-Scwarz inequality and Fubini's theorem we

have
K jieeey diiieroHlit liveo:
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Then, K is well de ned and since jjgjj.10.1) < 1 we conclude that
jiKiiLwzx)y < 1 and consequetly the operator (I K) ! exists and be-
longsto L(L2(X)): Moreover, in this casewe have

*
K"=( K)1
n=0

wherethe above equality is understood in the spacel (L?(X)):
By standard Volterra equationstheory for any 2 L?(X) there exists a
unique solution of the Volterra equation

I+KI -

Furthermore,’ and are related by the equations

Zt
(X t) =" (xt)+ . gt ) (x )d (4:2)
Zt
)= (xt) + . h(t ) (x; )d (4:3)
where %
ht =" ( Dalt )
and
z

a®=g® and g )= @t Jgm ) i n 2

Also, g and h arerelated by the formula
Z t
gt) = h() gt )h()d: (4:4)

From (4.1) and (4.3) we obtain the equivalert problem for
Zt
00 +h0) °+h%0) + h%t )Y()d =r p inQ
0
dv =0 in Q (4:5)
=0 on
©="°% %O)=""+g0)° in
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We note that problem (4.5) can be written as

= A+
where “and are the unique solutions of the following problems

0 = pin Q

div'=0 in Q

“"=0 on

"0)="% ™M0)=""+g0)° in

and
00 =f rq inQ
dv =0 in Q
=0 on
0= 0)=0 in
with
z

p=p+q and f()= h©) () hY0) (1) Ot ht ) ()d : (4:6)

From the direct and inverseinequalities obtained in section3 there exists
L., L, and L3 positive constarts sud that

L1 ji"0)jj + j™0)] G Lo jiNO)ji+i™M0)j  (47)
(L2(( xOyn
and @
— Lsiif il 107-1y: 4:8
@ aiflicioT:H) (4:8)

(L2(( xO)n
On the other hand, from (4.6) we get
z

if (i ih(0)ij ()i + jh0)ij () + otjho‘(t )i ()jd (4:9)
But, from (4.4) it follows that

h(0) = 9(0); (4:10)

h%0) = g10) + g*%0): (4:12)
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4

h [ t
htt)y = gtt) go(t) g¥0) + g*(0) +gt)g(0) . g( )h%Rt  )d : (412)

Using assumption(2.13) and from (4.10) we obtain
jh(0)j < ™ (4:13)
Consideringthe assumptions(2.11) and (2.13), from (4.11) we get
i< glo)+ "2 Cag(0) + "2 < Cy" + % (4:14)

Provided that the asumptions(2.11)-(2.13) hold and from (4.12) we de-
duce

z

h i t
jh%t)j  Ca+ C"+ "2+ "Cy g(t)+ g()jh®t  )jd: (415
0

Integrating (4.15) over [0,T] it follows that
Z Z, Z, Z
iyidt  C() gty dt+ g( )d jih)j dt
0 0 0 0

and from (2.10) and (2.13) we obtain

4 wm Z
T TR R G R R Tt (@16)

Now, integrating (4.9) over [0,T] and combining (4.13), (4.14) and (4.16)
we conclude
Z1
. FOidt T Yjcoorimy + T Cu"+ "% i Jicogoryny

+"C2 lC(")jj ijO([O;T];H)
and therefore,using lemma (2.2) (ii), we infer

Zq
, JT@idt "C(T) J Y+ 90) G+ i i (4:17)
From (4.8) and (4.17) we can write
@ "C(T) j' Y+ 90 % +ji' Y (4:18)
@ J g | :
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andsince = "+ from (4.7) and (4.18) it holds that

@ a @
— - = (4:19)
@ (L2(( xO)n @ @
L. ji"0)i+j™0)j  "C(T) ' *+ 90) %+ %
= (Ly "C(T)) " *+g(0) %+ ji' %

(L "C(T) "% 90" %+ i i

Finally, from assumption(2.13) and sincejvj  jjvjj, 8v 2 V from (4.19)
we have

% Ly "CTHE " )i %+ (L “CT)}' b
(L2(( xO)n

Choosing" small enough,we concludefrom the last inequality that there
exists a positive constart C sud that

@ K “‘t , e 1
@ + gt )d Cii""i+i - (4:20)
0 (L2(( xO)"

The direct inequality follows imediately from (4.7) and (4.8). This con-
cludesthe desiredresult. 2
5. Regularit y of the Ultra Weak Solution

We begin this section consideringthe nonhomogeneou®oundary value
problem:

Zt
u® u+ gt ) u()d =r p inQ

0
divu=0 in Q (5:1)
u=v in

u(0) = u®% u¥0)=ut! in
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with n o
uut;v 2H VO zZ: (5:2)
The solution u of (5.1) is de ned by the transposition method c.f. J. L.
Lions [8] Chap. |, section4. More preciselyu 2 L (0; T;H) is a ultra weak
solution of (5.1) if its veri es

Z: 7 @
, (OifOydi= W K0 +hh @F Zvd 5 8f 2LAOTiH)

where zZ,
xn="0n+ gt ) )d
and ' is the solution of the following problem
Z T
'O+ g( ) () =f rqgin Q
t
div' =0 in Q (5:3)
"=0 in
'(T)="YT)=0 in
Consideringanalogousargumerts to thoseonesusedin J. L. Lions [8] we

alsohave
u2 CO°([0; T];:H)\ C*([0;T];VY: (5:4)

Howewer, the casewe are interestedin is the onewhich f = 0 and the
cortrol v, like in the wave equation, is given by

Z+ ’
:%:@@'+tg( () (5:5)

From the direct inequality and taking into accourn the reversibility of the
problem (5.3) we have just proved that

\Y

@,
— 2L : 5:6
@ 0 (5:6)
Furthermore, from (2.16) we have
@ =0 on 4:7)

@
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which provesthat & 2 7. 2
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