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Abstract

This paper is concernedwith equations of the form: u®= A(t)u +
f (t) , where A(t) is (unbounded) periodic linear operator and f is
almost periodic. We extend a certral result on the spectral criteria for
almost periodicity of solutions of ewlution equationsto someclasses
of periodic equations which says that if u is a bounded uniformly
continuousmild solution and P is the monodromy operator, then their
spectra satisfy e'sPap (1) (P)\ S!, where St is the unit circle.
This result is then applied to nd almost periodic solutions to the
above-mertioned equations. In particular, parabolic and functional
di erential equationsare considered. Existence conditions for almost
periodic and quasi-periodic solutions are discussed.
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1 Intro duction and Preliminaries

Let us considerthe following linear ewlution equations

%:A@wﬂﬁﬁ&2R (1)

and d

%zAmK&ZR; @)
wherex 2 X , X is a complexBanad space,A(t) is a (unbounded) linear
operator acting on X for every xed t 2 R sud that A(t) = A(t + 1) for all
t2R ,f :R! X isanalmost periodic function. In the paper we always
assumethat Eq.(1) is well-posedin the senseof [P], i.e. one can assiate
with it an ewlution operator (U(t; s)); s which satis esthe conditionsbelow.

The asymptotic behavior of solutions to well-posedewlution equations
has beenof particular interest for the last two decades.We refer the reader
to the books [Hall], [He], [LZ], [Na], [Ne] and the surweys [Bat], [V3] and
the referencegherein for more completeinformation on the subject. In this
direction, one of the most interesting topics to be discussedn recen works
isto nd spectral conditionsfor almost periodicity of solutions(seee.g. [LZ],
[HMN], [Pr] and recen papers[AB], [AS], [Bas],[RV], [V1], [V2], [V3], [NM]
).

A certral result of this theory is as follows: let Eqg.(1) be autonomous,
i.,e A(t) = A; 8t . Then the spectrum spap (u) of a bounded uniformly
cortinuousmild solution to Eq.(1) satis es the inclusion spap (u) (AR
(seee.qg. [LZ], [Bas],[AB]). It is interesting that starting from this inclusion
onecannot only nd spectral conditionsfor almostperiodicity for a bounded
uniformly cortinuous solution of Eq.(1) but also establisha stability theory
of solutionsto Eq.(1) (see[Bas]).

As is known, an ordinary periodic di erential equationwith nite dimen-
sional phasespacecan be transformedinto an equationwith constart coe -
cierts (seee.g. [DK, chap. V]). Unfortunately, this is not the casefor in nite
dimensionalequations. In fact, it is known [Hal2, Chap. 8], [He, Chap.7]that
ewven for very simplein nite dimensionalequationsthe above procedurefails,
i.e. there are no Floquet transformationswhich reducethe periodic equations
to equationswith boundedcoe cien t operatorsalthough, for someparticular
casesone can shaw the existenceof transformations which reducethe peri-
odic equationsunder considerationto equationswith (unbounded)coe cien t
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operators (seee.g. [CLM], and also [Ku] for more information on Floquet
theory for partial di erential equations). Hence,in the in nite dimensional
case,it is not relevant to treat periodic equationsas autonomousoneses-
pecially for the almost periodicity of solutions (seee.g. [V1] for additional
information).

The main purposeof this paper is to extend the above spectral inclusion
to someclasseof periodic ewlution equationssud asequationswhich mon-
odromy operators either depend analytically on time or are compact. These
classeof equationscan be found amongthose having analytic solutions (see
e.g. [KT1], [KT2], [M1], [M2] for basic results) and parabolic 1-periodic
equationsdx=dt+ Ax = B(t)x + f (t) sud that A has compact resohernt
(seee.g. [He, p.196]). The spectral inclusionswill be then usedto nd spec-
tral conditions for the almost periodicity of a boundeduniformly cortinuous
solution to the underlying equation. Our proofs of main results are mainly
basedon analyzing di erence equationscorrespnding to Eqg.(1). Our main
results are Theorems3, 4, 5 in Section2. In Section3 we nd three classes
of equationssatisfying the conditions of Theorems3, 4, 5 respectively. Our
resultsin theseclassesare natural generalizationsof well - known onesfrom
ordinary di erential equations.

Below we recall somenotions and results of the spectral theory of uniformly
cortinuous and bounded functions on the real line. Throughout the paper
we shall denote by Z, R, C the set of integers, real and complex num-
bers, respectively. For every z 2 C; <z will stand for the real part of z
. L(X) will denotethe spaceof bounded linear operators from X to itself
(A); (A) will denotethe spectrum and resohent set of an operator A .
BUC(R; X) will stand for the spaceof all uniformly cortinuousand bounded
functions on the real line with sup-norm. Co(R; X) will denotethe subspace
of BUC(R; X) consisting of functions v sud that limy; v(t) = 0. The
subspaceof BUC(R; X) consisting of all almost periodic functions in the
senseof Bohr will be denoted by AP (X) which can be de ned to be the
smallestclosedsubspaceof BUC(R; X)) corntaining the functions of the form
fe x; 2R;x2 Xg(seee.g.[LZ]). We denoteby F the Fourier transform,

i.e. Z.,,
(Ff)(s) = e Stf (t)dt 3

1

(s2 R;f 2 LYR)) . Then the spectrum of u 2 BUC(R;X) is de ned to be
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the following set
sp(uy:=f 2R :8 > 09f 2 LYR);suppFf ( ; + );f ué 0g (4)
where Z ..

f u(s):= f(s tu(t)dt
1

It coincideswith the set (u) consistingof 2 R sud that the Fourrier-
Carlemantransform of u

_ gpe tu()dt (< > 0);
00) = Ry e (< <o) 2

0
hasa holomorphicextensionto a neighborhood ofi  (seee.g. [Pr, Proposition
0.5, p.22]). We collect somemain properties of the spectrum of a function,
which we will need,in the following theorem for the reader'scorvenience.

Theorem 1 Letf;g, 2 BUC(R;X) suchthatlim,; kg, fk= 0. Then
i) (f)isclosd ,
i) (F(+h)= (f),
i) If 2Cnfog ( f)= (f) ,
iv) If (gn) for alln2 N then (f)

Pro of For the proof we refer the readerto [Pr, Proposition 0.4, p. 20 and
Theorem0.8, p. 21].

Similarly, onede nes spap (u) asfollows.

De nition 1 Let u be a boundeduniformly cortinuousfunction. Then

spap(U) = f 2R:8 >0 9 2 L(RYsud that
suppF ( ; + ); f isnot almost periodicg: (6)

By de nition, similarly to sp(u) , spap (u) hasthe following properties:

Prop osition 1 Let u;v be boundel uniformly continuous functions on the
real line. Then

) spap (U+ V)  spap (U) [ Spap (U)

i) spap (U( + h)) = spap (U):
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2 Main Results

We begin this sectionby consideringthe 1-periodic strongly continuous pro-
cessassaiated with the given 1-periodic ewlution equation (1). We recall
this conceptin the following de nition.

De nition 2 A family of bounded linear operators (U(t; s)); s;(t;s 2 R)
from a Banad spaceX to itself is called 1-periodic strongly continuous evo-
lutionary processif the following conditions are satis ed

i) Ut)=1forallt2 R,
i) U(t;s)U(s;r) = U(t;r) forallt s r,
iii) The map (t; s) 7! U(t; s)x is cortinuousfor every xed x 2 X,
iv) U(t+ 1;s+ 1)= U(t;s) forallt s.
v) kU(t;s)k < Née ¢ 9 for somepositive N;! independen oft s.

Below if it doesnot causeany dangerof confusion,for the salke of simplicity,
we shall use the terminology periodic evolutionary process to designatel-
periodic strongly continuous evolutionary process
This notion comesnaturally from the well-posedewlution equations(see
e.g. [P]). And from now on we always assumethat Eq.(1) is well-posedand
there exisits a unique ewlutionary process(U(t; s)): s;(t; s2 R) assaiated
with it having the properties listed in the above de nition. Recallthat a X
valued function u de ned on the real line is said to be a mild solution to
Eq.(1) if it satis es the following integral equation
YA t
u(t) = U(t; s)u(s) + U, )f()d; 8 s;t;s2R; (7)
S
In connectionwith periodic ewlutionary processeghe following will be
usedas a basicproperty.

Lemma 1 Let (U(t;s); s) be a periodic evolutionary processand f be an
almost periodic function. Then the function
VA t
t7! ut; )f()d;

t h
is almost periodic for every xedh 0.
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Pro of For the proof see[NM].

To deal with periodic ewlution equations,the notion of monodromy op-
erator will play the keyrole. And we shalltry to state our conditionsin terms
of spectral properties of monadromy operators. Recallthat for the ewolution-
ary procesqU(t; s))¢ s; (t; s 2 R) assaiated with the 1-periodic equation(1)
the monodromy operatorsarede ned to be P(t) := U(t;t 1);t 2 R . Note
that the mapt 7! P(t) is also 1-periodic, and usually one takesP (0) asthe
monodromy operator becausethe above family of monadromy operators has
"similar properties" which are stated in the following

Lemma 2 ([He, Lemma7.2.2, p. 197]) P(t + 1) = P(t) for all t; charac-
teristic multipliers are independentof time, i.e. the nonzeo eigenvaluesof
P (t) coincide with thoseof P(s). Moreover, (P(t))nfOg is independentof t

As usual, in this paper we will characterizeconditions for almost period-
icity of solutionsin terms of spectral properties of the monodromy operators.
Here, we will allow the spectrum of the monodromy operators to intersect
the unit circle becauseotherwise the problem is trivial asis shovn in the
following

Theorem 2 Let (U(t; s); s) be an 1-periodic evolutionary process. Then the
following assertionsare equivalent:

) (PO)\ st=

i) For every boundel function f Eq.(7) hasa unique boundel mild solu-
tion,

iii) For everyalmost periodic function f Eq.(7) hasa unique almost peri-
odic mild solution.

Pro of For the proof see[NM].

2.1 The case of analytic monodromy operators

In this subsectionwe often assumethat Eq.(1) satisfy the following hyper-
thesis
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De nition 3 EQ.(1) is saidto satisfy Condition H if the monodromy opera-

tors P (t) of the strongly cortinuous1-periodic ewlutionary procesqU(t; s); <)
asseiated with its homogeneougquation (2), as a function of t, is analytic

int.

Note that Condition H is satis ed automatically, if (U(t;s)); s is a Co-
semigroup,and in general,it is not required that (U(t; s)); s be norm con-
tinuous.

Sincethe mapt 7! P(t) is 1-periodic, Condition H will guarartee the follow-
ing:

Lemma 3 Let Eq.(1) satisfy condition H. Then the Fourier series

Xl
Pk
k= 1

asseiated with P(t) is absolutelyconvegentand

Xt _
P(t) = P& K (8)

k=1

is convegent uniformly in t .
Pro of For the proof seee.g. [Ka, p.32].

Another consequencef condition H which we will use below is concerned
with a spectral estimate. To make it more clear we introduce the function
spaceH (S; X) consistingof all X valued boundedholomorphic functions w
onS:=fz2C:j<zj< 1g.

The following resultsare obviousfrom the theory of holomorphicfunctions
and will be neededin the sequel.

Lemma 4 With the alove notations the following assertionshold true:

i) H(S;X) is a Banach space with sup-norm,
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i) Let 7!'V( )2 L(H(S; X)) beanyholomorphicfunction de ned on a
neighlmrhood U(z) of z2 S . Then for everygiveng 2 H(S; X) , the

function
7 v(e)d() ©)
is holomorphic.
Examples The function
YA 0
h( )= e 'u(t)dt (20)

1
for any cortinuous function u( ) is an elemen of H(S; X) . More generally

xt  Zo
a( ) = P« e 29 u()d; (11)

k=1 1
where Py is de ned by (8), is alsoan elemen of H(S; X) .

In the paper we shall needthe following spectral property of multiplication
operators.

Lemma 5 LetR 3t 7! Q(t) 2 L(X) be norm continuous and periodic such
that

(Q())nfOg = (Q(s))nfOg 8t; s 2 R:
Then
(Qnfog= (Q(t)nfog; 8t;
where @ 2 L(BUC(R; X)); [Ov](t) := Q(t)v(t); 8t2 R;v2 BUC(R;X) .
Pro of Considerthe equation(  Q)u = v for givenv2 BUC(R;X); 6 0.
It is equivalert to the equation(  Q(t))u(t) = v(t);t2 R . If 2 (Q)nfOg

, andfor agiveny 2 X , thentakev(t) = y 2 X; 8t . Thusthereis a unique
u2 BUC(R; X) which satis es the rst equation,i.e.

u(t) Q(tu(t)=y; 8t
Moreover,

ku(t)k supku( )k kR(; O)vk KkR(; Q)ksupkv( Yk = kR(; O)kkyk:
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Thus the secondequation hasa unique solution for every xed t 2 R . This
shovs that 2 (Q(t))nfOg. Conversely let 2 (Q(t))nfOg . Then, by
assumption, for a givenv 2 BUC(R;X) andt 2 R the secondequation
has a unique solution u(t) = R(; Q(t))v(t). It may be seenthat the op-
erator R(; Q(t)) is cortinuous and periodic in t. Hence,u 2 BUC(R; X).
Moreover,

supku(t)k  supkR(; Q(t))v(t)k supkR(; Q(t))ksupkv(t)k rkvk;
t t t t
where, by the above remark, sup kR(; Q(t))k < 1 . This shaws that
2 (Q)nfog . 2

In light of this lemmabelown we often idertify the multiplication operator Q
in caseQ(t) = constart with the operator Q itself if there is no danger of
confusion.

For a xed ( 2 S we considerthe spaceof bounded sequence®)( o) :=
fg:f o+ 2 kijk2 Zg 7! X;sup,kg(z)k < 1g . We denoteby T5 the
translation on Q( o) de ned as

TS dl(z)=g(z+2i); 8 z2f o+ 2 kijk2Zg:
We shall denoteby T! the translation groupon H (S; X) , i.e.
T'w( )=w(t+ ), 8t2R; 2S:
We sshalldenoteby Q the operator actingonBUC(R; X) de ned asQgV(s) :=
& *spv(s); s2 R

Lemma 6 Let Eq.(1) satisfy condition H. Then the following estimateshold
true:

Xt [
( PT?*) (P(0) fOg; (12)
k=1

X1 [
( QT*)  (P(0) fog; (13)
k=1

X1 [
( PTS )  (P(0) fog: (14)
k=1
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Pro of Considerthe function
f()=  PK
k=1

where 2 S! . SinceP(t) is analytic with respecttot 2 R, f( ) is
holomorphicin a neighbourhood of S? in the complexplane. Thus applying
[S,Theorem1] to function f ( ) and operator T? we obtain

[
(fF(T2)) (F(C):

2 (T2)

Since(TY),r is the translation group,
(T?) S':=fz2C:kzk= 1g:

Thus, in view of Lemma 2,

Xl
F(T2) = ( PcT? %)
k=1
[ Xt
( P 2
2S1! k=1
[ Xt .
( P ) =
R k=1

[
(P(®) (P(O) fOg:

2R

Hence(12) holdstrue. (13), (14) are proved in a similar manner. 2

Now we consider rst the homogeneousquation (2). Thus, if u is a mild
solution to the homogeneougquation, then by (7)
u(t) = P(u(t 1); 8t: (15)

We are goingto prove the following
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Theorem 3 Let Eq.(1) satisfy condition H and u( ) is a boundel uniformly
continuous mild solution of the homayen®us equation. Then the inclusion

holdstrue.

e P (p())\ st

(16)

Pro of Let us rst computethe Carlemantransformofu() . For< > 0,

a( )

Z 1 Z 1
e tu(t)dt = e 'P(tu(t 1)dt
0
Z 1 Xl .
e ! e ®'pu(t  1)dt
0 k=1
xt 2

Py e te? Kyt 1)dt
k=1 0

Xt Z,
P ( 2K) e ( 2Kty
k=1 1
xt £
e Py e O 2Kty)dt
k=1 1
xt £
e Py e O 2Kkty)dt
k=1 0
xt  Zo
+e P. e ( 2Kdty)dt:
k=1 1

On the other hand, for < < 0O,

a( )

e e 2ktpy( t 1dt

0 k=1

Pl 28ty t  1)dt
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= P & 2M0 Dy )d

k=1 1
xt 2
= e Py el 2k y Hd +

k=1 0

xt 21
+e P. € 2®yc yd:
k=1 0
Finally, for< 6 0O
Xl
o) = e P 0( 2 ki) +
k=1
xt  Zo
+e P el 2K)y()Hd:
k=1 1
Equivalertly,
Xl
et() = P 0( 2 ki) +

k=1
xt  Zo

+ P el 2K)y()Hd: (17)
k=1 1

Now ,if 2 R sudithat € 2 (P(0))\ S!, then the function
w( ) := [R(e ;f(T?)dl( );

where 7
Xt 0
9( )= P. e 2Wy()d;
k=1 1
in view of Examplesand Lemmad4, is holomorphic on an open neighborhood
Ui ) S sud that eY0) (P(0)) . We shov now that w() is a

holomorphic extensionof 0 at i ,i.e.

w()=0(); 8 2U(i ); < 60
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To this purpose,we x a o2 U(i ) sud that <( o) 6 0. Since
e’ (F(T))
and for every 2 Q( o)

X1
e’n( )= Pra( 2 ki)+g() (18)

k=1

we seethat
0(0)ja( o) = RC o;f (TS Ndia o
and Eq.(17) is uniquely sohablein Q( o). On the other hand, if we put

v()=[R(of(T*)dI(); 2S;

then
Xl
e°v( )= Pew( 2 ki) +g( )
k=1
forall 2 S andin particular for 2 Q( o) .
Sincee © 2 Y1) from the unique sohability of (17), we have

aC)=v();8 2Q(o);

in particular,

0( o) = V( o) = [R( o;f (T? ))I( 0) = W( 0):

Hence, 0( () has a holomorphic extensionat i where€ 2 (P(0)) , i.e.
62p(u) . 2

Now we considerthe inhomogeneougquation

du

— = A(tu(t) + f (t

G = A + T (1)
with the sameassumptionsas for the homogeneougquation exceptthat f
is almost periodic with respectto t . We will usethe so-calledfactorization
technique dewelopedin [AB]. We recallthat the main ideaof the method is as

follows. Let us denoteby (Ti)i2r the translation groupon BUC(R; X) , i.e.
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(Tyu)(s) := u(t+ s);8 2 R . Since(Ty)2r leavesAP (R; X) invariant there
is an induced Cy-group on the quotient spaceY := BUC(R;X)=AP (R; X)
given by

Tt = p(u) = p(Tu) (19)
wherep : BUC(R; X) 7! Y isthe quotient mapping. Its generatoris denoted
by B. Forg2 Y we denoteby M (g) := spanf S(t)g : t 2 Rg the smallest
closedsubspaceof Y which is invariant under (T()or . Using the notation
By for the part of B'in M (g) we have

iSpAP (U) = (Bp(u)): (20)

For more details see[AB].
For 2 R;P 2 L(X) let usdenoteby M the multiplication operator in
BUC(R;X) de ned as

M v(t) := €' Pv(t); 8t2 R:

Then, since M leaves the spaceAP (X) invariant it is clear that if w 2
p(v); M w2 p(M v) . This remark allows us, by abuseof notations for the
sale of simplicity, to write

P& * P T2 *R(; B)u) = & * PT? ¥ p(R(; B)u):

Moreover, sincethe multiplication operator P (recallthat Pv(t) := P (t)v(t); 8t; v

) leavesAP (X ) invariant it inducesan operator B onthe quotient spaceY :=
BUC(R;X)=AP (R;X). From the periodicity of the resohent R(; P(S))
with respectto s, it may be seenthat R(; P) leavesAP (X) invariant. By

this one can show easilythat (F) = (P) . Thus

R’ AR
(P)nfog= (PO)nfog (  QT2%= (  @QT?H);

k=1 k=1
whereQy = € * Py .

Theorem 4 LetEq.(1) satisfy condition H, u be a boundel uniformly contin-
uousmild solution to the inhomagen®usequation (1) with f almost periodic.
Then

e e (P(0)\ S": (21)
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Pro of Put us:= Tsu; s2 R . Then
Z t+s
Us(t) = u(t+s) = U(t+s;t+s Lu(t+s 1)+ U(t+s; f()d

t+s 1

= P+ sust 1)+ (1)

Let us computethe Carlemantransform ofug() . For< > 0,
yA 1 yA 1 yA 1
e 'ug(t)dt = e 'P(t+ s)ug(t 1)dt+ e ' ¢(t)dt
0 0 0
= e ! e KtS)p ug(t  1)dt+
0 k=1
xt o Za |
= e *p e te? Klug(t 1)dt+
k=1 0
xt o Za |
= e *p el 2Mlyy(t 1)dt+
k=1 0
xt o Z4a |
— e2 IkSPk e (2 ik)(t+1) Us(t)dt+
k=1 1
G ! |
— e2 |kse ( 2 kl)Pk e ( 2 kl)tus(t)dt+ /\S( )
k=1 1
xt o Za |
= e e ksp, e ( 2Kty (t)dt+
k=1 1
xt o Za |
= e e ksp, e 2Kty (t)dt
k=1 0
xt Lo | n
+e e ksp e O 2Kty tydt+ “g( ) :
k=1 1

0s( )

AN

s()

N

s( )

N

s( )

N

s( )

AN

s( )

Hence,we have

AN

b3
0s( ) =e & OPOs( 2 ki) + gs( )+ TS )
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where
Zt
(t+s);, (1)= U )f()d
2 1
b . 0 .
() = e e ksp & 2K y()d :

k=1 1

s(t)

This equationis alsovalid for < < 0.
As 0s( ) = (R(; B)u)(s) , whereB is the generatorof the group (Ty)i2r
, from the above equality

R .
(R(; B)u)(s) = e & "P(T? *R(; B)u)(s)+gs( )+ (R(; B) )(9):
k=1
By Lemmal, (t) is almost periodic. Hence,since
yA 1
R(; B) = e 'T, dt2 AP(X); 8< >0;
0

and similarly for < < 0, we have

p(R(; B) )=0:
Thus .
P(R(; B)u)=e p(e® * P T2 ¥R(; B)u) + h( );
k=1
where
h() = pag()=
X ‘o |
= e P. e 2k peku())d
k=1 L

which is, obviously, a holomorphic function.
In general,from here we can follow the proof of Theorem 2 with some
remarksconcerningthe procedure\passageto the quotient space". We have

b
R(: B)p(u) = e T2 *QkR(; B)p(u) + h( ):
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forall with < 6 0.
Now let =i sudthat € 2 (P(0)) . We are goingto show that
62pap (U) . To this purpose,it is equivalert to shav that R(; B)p(u) has
an holomorphic extensionat i (see[AB, p.371]). This will be donein the
sameway asin the proof of Proposition 2. In fact,

w( )= R(e;j(T?)h( );

where
. >€- k
j() = Qk ™
k=1
is an analytic extensionat = i of R(; B)p(u) . This meansthat 62
Spap (U). 2

2.2 The case of compact mono dromy operators

In casewhere P (t) is compact, we can drop condition H, i.e. analyticity of
the monodromy operator P (t) with respectto t , to get the spectral criteria
(16) and (21). Indeed, it can be doneasfollows. Let us denoteby

1= 2 (PO):jj 1o

Thus, ;is nite. As is known that there exists a partial Floquet represen-
tation (seee.g. [He, p.198-200]),by a periodic transform we can reducethe

equation

du _
i A(tu(t) + f (1)

to the systemof equationsof the form

dy=dt= Cy+ F (t)E4(t)f (t)

dx,=dt = A,(t)x + E(t)f (t) (22)

where F (t); E1(t); E»(t) are 1-periodic. Moreover, letting P,(t) denote the
monodromy operators assaiated with the secondcomponert equation of
(22), we have

(P2(0) =1 2 (P(0):j]<1lg
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This, by Theorem2, asE,(t)f (t) is almost periodic implies that there exists
a unigue mild almost periodic solution X, . Thus we are in a position to
prove the following.

Theorem 5 Let P(0) be compact. Then for every boundel uniformly con-
tinuous mild solution to the homaen@us equation (inhomogen®us equation,
respectively) the inclusion

e PW  (P())\ S?
(e s (W (P0))\ St respctively)

holdstrue.

Pro of We prove only the assertionfor the inhomogeneouogquations. The
assertionfor the homogeneougquationscan be carried out in a similar man-
ner. First we recall the property that

spap (f + 9) = spap (f) [ spar (9)

for f; g boundeduniformly cortinuous. Now supposethat (y(t); X(t)) is the
boundeduniformly cortinuous mild solution of the decoupledequation (22)
which by a 1-periodic transformation correspndsto u(t) . Obviously,

spap (Y() + X2())  spap (Y()):

On the other hand from the rst componert equation of (22) (seee.g. [Bas],
[AB]) | |

ispap (y()) IR\ (C):
Thus

g spap (y()) (P(0)) \ gl (23)

As u() = Q()(y() + xz()) for some 1-periodic transformation Q(t) the
following estimate holds

spap (U)  f +2 k; 2spap(y); k2 Zg

(seee.g. [V1, Lemma4.3]). Hence,by (24)

g sPar (U) g f 2 ki 2spar (y):k2Zg

g spap (Y) (P(0))\ St:
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2.3 Applications to Almost Periodicit y of Bounded Solutions

Below we shall derive from the spectral inclusionsproved in Theorems3, 4,
5 someconsequencely a standard argumen. To this purposewe recall now
the concept of total ergalicity. A function u 2 BUC(R; X) is said to be
totally ergddic if v
— i 1 S
M u:= |!I1m > € u(s+ )ds

existsin BUC(R;X) forall 2 R . Now we arein a position to state
our main results on the spectral criteria for almost periodicity of solutions
to Eq.(1).

Corollary 1 Let f be almost periodic. Moreover, let Eq.(1)either satisfy
condition H and (P (0))\ S* ke countableor its monadromy operators P (t) be
compact for someto. Then everyboundel uniformly continuous mild solution
to Eq.(1) is almost periodic provided one of the following conditions holds

i) X doesnot contain any subspce isomorphicto ¢,
i) Rangeof u() is relatively compact,
i) u is totally ergdic.

Pro of The corollary is an immediate consequencef Theorems 3, 4 and
[LZ, Theorem 4, p.92] and [RV, Section3].

3 Examples

In this sectionwe will give examplesin which the conditions of Theorems3,
4, 5 are satis ed. Moreover, we will discussthe relations of our results with
other well known ones. In particular, our assertionson the existenceof quasi
- periodic solutionsfor parabolic and functional di erential equationsseento
be new. Note that the conditions of Theorems3, 4 are automatically ful lled

in the trivial caseof nonautonomousness,e. the homogeneougquation of
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Eq.(1) is autonomousand generatesa Cyp-semigroup. Nontrivial examples
of nonautonomousewlution equationswill be mainly found in the classof
ewlution equationshaving holomorphic solutions. For information on this
topics we refer the readerto the following basicresults [KT1], [KT2], [M1]
[M2].

Let beacomplexcorvex open neighborhood of the closedreal interval
[0;1] and fA(t);t2 g beafamily of operatorsin X sud that

(@) Foreathht 2 , A(t) is denselyde ned closedlinear operator in X;

(b) For any compact set K and any > O there exist constarts
and M sud that

(b-1) the sector
= — + -+
( 0, 2 ’ 2 )
is cortained in the resohert set (A(t)) of A(t) for t in someneighbor-
hood of K
(b-2) k(z A(t)) '’k MSzjforz2 ;t2K ,

(b-3) foreah xed z2 ; (z A(t)) ?!isholomorphicfort in someneigh-
borhood of K .

We will usethe following notations in the sequel:
= f(s;t);s;t2 jarg(t s)j< g, for0O< < =2 (24)

Prop osition 2 Let fA(t);t 2 Rg be a 1-periodic family of operators in X,

i.e. A(t+ 1) = A(t); 8t suchthat on the interval [0; 1] it hasan extensionto

the neighlorhood  and conditions (a), (b) are satis ed. Then there exists

an 1-periodic evolutionary process(U(t; s)); s assaiated with the equation
dx

at A(t)x;, 8t2 R;

which hasthe monadromy operators P (t) := U(t;t 1) analyticint2 R .
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Pro of The proposition is an immediate consequencef [KT1], [KT2]. In
fact, sinceU(t; s) is analytic in (s;t);s 6 t the monodromy operator P (t) :=
U(t;t 1)isanalyticint2 R .2

Let us considerthe equation

((jj—)t( + Ax = B(t)x + f (1) (25)

where A( ) is sectorialin X, 0 <landt 7! B(t) : R 7! L(X ;X) is

Helder cortinuous. Moreover, supposethat A hascompactresohent. Then

as showvn in [He, Chap. 7], the homogeneousquation correspnding to

Eq.(25) has an ewlution operator T(t; s) which is compact as an operator

onX foreahr < 1; t> s. Obsenethat in this caseif dimX = 1 there
is no Floquet represetation, i.e. there doesnot exist a boundedoperator B

sud that T(1;0) = €8 . In fact, usingthe spectral mapping theoremonesees
easilythat for this represetation to existit is necessarythat 02 (T(1;0))

. As is known, in this casethere exists partial Floquet represemation (see
e.g. [He, Chap.7]). Hencewe have the following:

Corollary 2 LetEq.(25) satisfythe alovementioned conditions. Then every
bounded uniformly continuous solution is almost periodic provided one of the
following conditions holds

i) X doesnot contain any subspce isomorphicto cy,
i) Rangeof u( ) is relatively compact,
i) u is totally ergdic.
Pro of This corollary is an immediate consequencef Corollary 1.2

Remarks It is showvn in [DM, Theorem6.11,p.81]that the inhomogeneous
periodic equation (25) with f 1-periodic has a 1-periodic solution if and
only if it hasa boundedsolution. This is a generalizationof the well-known
result from ordinary di erential equations. Howewer, the assertiondoes not
carry over to the mertioned bounded solution itself. In view of Corollary
2, we claim that the boundedsolution itself is almost periodic. Corollary 2
is in fact a generalizationof a well - known result for ordinary di erential
equations[F, Corollary 6.5, p.101].
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To illustrate another usefulnessof Theorem 5 we considernow the ex-
istenceof quasi-periodic solutionsto the homogeneougquation of Eq.(25).
It turns out that we do not needany further geometrical condition on the
Banad spaceX to get the quasi-periodicity of a boundedsolution.

Corollary 3 Let X be any complexBanach space and u() be a bounded
solution to the homaen®us equation correspnding to Eq.(25). Then there
arereal numters ; < < ,in [0;2 ) and 1-periodic continuousfunctions
Uq; Uy, U, suchthat

X
x(t) = e “tu(t):t2 R: (26)

k=1

Pro of In this case,the boundednessof solution x( ) implies the uniform
cominuity (see[He, Theorem 7.1.3iii), p.190]). From Theorem5 it follows
that € SP() \ St consistsof only nitely many points. Hence,

sp(x()) [ref k+2p;p2Zg

This yieldsthat the spectrum sp(x( )) is discrete. And then by [AS, Theorem
3.5], the almost periodicity of x follows. By the Approximation Theorem(see
[LZ, Chap.2]) we seethat there is a sequencedf functions of the form (26)

x oo
u™t)y = € <u™(t);t2 R 27)
k=1

which convergesuniformly in t to x . The proof is completeif the following
lemmaholds true.

Lemma 7 With alove notations if u™(t) convemgesto 0 uniformly in t ,

then u(km)(t) convelgesuniformly to 0 in t as well.

Pro of of Lemma 7 We will prove the lemma by induction. The lemma
holdstrue for n = 1. Now supposethat the lemmaholdstrueforn=p 1.
We shall shav that the lemmaholds true for n = p aswell. In fact, without
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loss of generality we can assumethat ; = 0, otherwise we can multiply
both sidesof (27) by e ' ' . Now set

wm iy = u™@) u™ 1)

X x
= Mo+ ¢xuME] ™M n+ @t Ou™ie 1):
k=2 k=2

Sinceu(km)(t) is 1-periodic, we have

xXP

wm(t) = e (1 e u™ ()]
k=2
X0
= ¢ w); (28)
k=2

wherew™(t) := (1 e ' ©)u™(t)] is 1-periodic. Obviously, since u™(t)
corvergesto 0 uniformly in t , w(™(t) corvergesto O uniformly in t . By
induction assumption,wl((m)(t) convergesto O uniformly int. As ¢ 2 [0;2 )
, this yields that u(km)(t) convergesto O uniformly int .2

We now state a similar assertionto Corollary 3 for functional di erential
equationswhich proof is the sameasthat of Corollary 3. To this end, let us

considerlinear homogeneoudunctional di erential equationsof the form
dx N
a= L(t)x;; 8t2 R;x2 R"; (29)
whereL(t) is a boundedlinear operator from C[ r;0]to R" for every xed
t and dependscontinuously and 1-periodically on the time t , x;( ) := x(t +
); 8 2[ r;0t2 R andr > 0 is given. For more details on this subject
seee.g. [Hal2], [HL].

Corollary 4 Let x() be a boundal solution to Eq.(29). Then x( ) is quasi-
periodic. More precisely, there are real numters ;; ;  and periodic func-
tions uy(); ;uk() with period > r suchthat

X
x(t) = e 'y (t); 8t2 R:

j=1
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Pro of Considerthe solution operator T(t;s);t s;t;s2 R (see[Hal2] for
moredetails). As is known, for su ciently larget s (forinstancet s> r)
the operator T (t; s) is compact. Thus we arein a position to apply Theorem

5 in a similar manner asin Corollary 3 to assertthat there are ; ; «
and C[ r;0]-valuedperiodic functionsvy(); ;vk() with period > r sud
that

X
Xy = € i'vi(t); 8t2R:
j=1

Hence,

X<
x((0)= €& ity (t)(0);
j=1

x(t)

é ity (t); 8t2R;
j=1

whereu; (t) := v (t)(0); j = 1, ;k.2
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