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Abstract
We prove the solvability of the parabolic problem

S X X
E @Qu @ (aj (x; )@ u)+  bBx;t)@u="f(x;tu)in IR;

i =1 i=1
E J u(x;t) = 0 on@ IR;
' u(x;t) = u(x;t+ T) in IR;

aﬁsumingcertain conditions on the asymptotic behaviour of the ratio
2 5f(xt )d =s? with respect to the principal eigervalue of the as-
sociated linear problem. The method of proof, which is basedon the
construction of upper and lower solutions, also yields information on
the localization and the stability of the solution.
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1 Intro duction and statemen ts

Let ( IRY) beaboundeddomain, with a boundary @ of classC?, and
let T > O bea xed number. SetQ = 10;T[and =@ [O;T]. Let us
considerthe parabolic problem

§<®+AMt@w=fMEwinQ
uix;t) =0 on ; (1.1)
u(x;0) = u(x; T) in

We assumethroughout that

X e
A(X;t; @) = @3 (@) + h(xt)@;

ij =1 |
wherea; 2 C°%Q), a = g, a;(x;0) = g (x;T) in , @a 2 L' (Q),

the operator @+ A is uniformly parabolic, i.e. there existsa constart > 0
such that, for all (x;t)2 Q and 2 IRV,

a (gt %
ihj =1
Wefurther assumehat f :  ]JO;T[ IR! IR satisestheLP Caratheadory
conditions, for somep > N + 2, and there exist cortinuous functions g
IR! IR sud that, for a.e. (x;t) 2 Q

f(x;t;8) o+(s) fors 0 and f(x;t;s) g (s) fors 0O (1.2
It is corvenient, for the sequel,to supposethat all functions, which are

dened on  ]O; T[, have beenextendedby T{p eriodicity on IR.

In this paper we are concernedwith the sohability of (1.1) when the
nonlinearity f liesin somesenseto the left of the principal eigervalue ; of
the linear problem

g@HAWm@w=u in Q;
uix;t) =0 on ;
u(x; 0) = u(x; T) in
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It wasprovenin [2] that the Dolph{t ype condition

lim supg (5) <
sl S

1 (1.3)

guararteesthe existenceof a solution of (1.1). On the other hand, it doesnot
seemyet known whether the sameconclusionholds under the more general
Hammerstein{type condition

. 2G (s)

lim sup ~ < g (1.4)

sil

whereG (s) = Rosg ( )d for s2 IR. Our purposehereis to provide some
partial answersto this question. Of course,the main dicult y, in order to
usein this cortext conditions on the potential like (1.4), is due to the lack
of variational structure of problem (1.1); whereasthe only known proof of
Hammerstein'sresult, for a selfadjoirt elliptic problem in dimensionN 2,
relies on the use of variational methods. Accordingly, we will employ a
technique basedon the construction of upper and lower solutions, which will

be obtained assolutionsof somerelated, possiblyone{dimensional,problems.
We stressthat an important feature of the upper and lower solution method
is that it also provides information about the localization and, to a certain
extert, about the stability of the solutions. Yet, sincewe imposehererather
weak regularity conditions on the coe cien ts of the operator A and on the
domain and we require no regularity at all on the function f, the classical
resultsin [11], [1], [3], [10] do not apply. Therefore,we will usethe following
theoremrecerily provedin [4, Theorem4.5]. Beforestating it, we recall that

a lower solution  of (1.1) isa function 2 WZ%(Q) (p> N + 2) suc that

g @ +Axt@ f(xt ) aeinQ;
. (x;t) O on ;

' (x; 0) (x;T) in

Similarly, an upper solution of (1.1) is de ned by reversing all the above
inequalities. A solution of (1.1) is a function u which is simultaneously a
lower and an upper solution.

Lemma 1.1 Assumethat is a lower solution and is an upper solution
of (1.1), satisfying in Q. Then, there exist a minimum solution v
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and a maximum solution w of (1.1), with vV o w in Q. Moreover,
if (;0)=0= (;0) on @, then the following holds: for every ug 2
WZ 2P() \ Hg() , with (;0) uo Vv(;0)(resp.w(;0) uo  (;0)
in , thesetS,, ofall functionsu:  [0;+1 [! IR, withu2 WZ*( 10; [)
for every > 0, satisfying

2 @+ A(X t; @u=f(x;t;u) a.e.in 10;+1 [;

. u(x;t) =0 on@ ]0;+1[; (1.5)
' u(x; 0) = up(x) in
and u v (resp. w u ) in 10;+1 [, is non{empty and

everyu 2 S, is suchthat tIIir+n1 ju(;t)  v(;t)j. = 0 (resp. tIIir+n1 ju(;t)
w(;tj. = 0).

Remark 1.1 We will say in the sequelthat v (resp. w) is relatively attrac-
tive from belov (resp. from above). Of course,this weak form of stability

can be considerablystrengtthened provided that more regularity is assumed
in (1.2) (cf. [3]).

Remark 1.2 The condition (;0)= 0on @ is not restrictive. Indeed, if it

is not satis ed, we canreplace by the unique solution —, with - v
in Q, of

8

2 @ +AXE@ =f(xt )+k(xt ;7) inQ;

. —(x;t)=0 on ;

' —(x;0)="(x;T) in
wherek isthe function assaiatedto f by Lemma3.3in [4] and correspnd-
ingto = maxfj j1;j] j1» g A similar obsenation holds for

We start noting that Hammerstein'sresult can be easily extendedto a
special classof parabolic equations,which includesthe heat equation.

exist constantsc and g, with ¢> 0 and g 2]1, NZNZ ifN 3 o0rq2]1+1]
if N = 2, suchthat

jg (s)j jsi®t+c  fors2IR: (1.6)

Moreover, assumethat condition (1.4) holds. Then, problem(1.1) hasa so-
lution v and a solution w, satisfyingv ~ w, suchthat v is relatively attractive
from belowand w is relatively attractive from alove.

EJQTDE, 1999No. 9,p. 4



We stressthat this theorem completes,for what concernsthe stability
information, the classicalresult of Hammerstein for the selfadjoirt elliptic
problem

8
3
2 i;j =1

@ (3 (@ u) = f(xu) in
u=20 on@ :

As already pointed out, we do not know whether a statemert similar
to Theorem 1.1 holds for a general parabolic operator as that considered
in (1.1). The next two results provide somecortributions in this direction,
although they do not give a completeanswer to the posedquestion. In order

denoteby ]A;; Bi[ the projection of onto the x;{axis and set

X
a-=m6inan and h=jh @ &ij1 :
=1

Then, de ne

Theorem 1.2 Assume

LB x.7)

lim inf
sl1
Then, the sameconclusionsof Theorem 1.1 hold.

The constart "1 dependsonly on the coe cien ts of the operator A and on
the domain . It is strictly positive and generallysmallerthan the principal
eigervalue 1; therefore,it providesan explicitly computablelower estimate
for ;. Moreover, "; coincideswith ; whenN = 1,a;; = 1andhb, = 0,
sothat the equationin (1.1) is the one{dimensionalheat equation. On the
other hand, it must be stressedthat the restriction from above on a limit
superior required by (1.4) is replacedin (1.7) by a restriction from above
on a limit inferior. Furthermore, in Theorem 1.2 the growth condition (1.6)
is not neededanymore. We recall that conditions similar to (1.7) were rst
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introducedin [6] for solving the one{dimensionaltwo{point boundary value
problem (
u%=f (x;u) in]A;BJ[;
uA)=uB)=0

and werelater usedin [8] for studying the higherdimensionalelliptic problem

( u=f(x;u) in ;

u=20 on@ : (1.8)

It is worth noticing at this point that, if the coe cien ts of the operator A

and the function f do not dependon t, then the sameproof of Theorem1.2

yields the sohability, under (1.7), of the, possibly non{selfadjoirt, elliptic
problem
8

3 X X oy i

@ (g (x)@u)+ hX@u=f(xu) in ;

3 ij =1 i=1
: u=2~0 on@ :

(1.9)

This obsenation providesan extensionof the resultin [8] to the moregeneral
problem (1.9), which could not be directly handled by the approad intro-
ducedin that paper. A preliminary version of Theorem 1.2 was announced
in [9].

In our last result we show that the constart ’\1 consideredin Theorem
1.2 can be replacedby the principal eigervalue 1, provided that a further
cortrol on the functions g is assumed.

Theorem 1.3 Assume

imsupd S | (1.10)
sl S
and 2G (9)
o S
Ilsmlnf & < g (1.11)

Then, the sameconclusionsof Theorem 1.1 hold.
We point out that the sole condition (1.10), which is a weakened form

of (1.3), is not su cient to yield the sohability of (1.1) (cf. [2]). Theorem
1.3 extendsto the parabolic setting a previousresult obtained in [5] for the
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selfadjoirt elliptic problem (1.8). By the same proof one also obtains the
sohability, under (1.10) and (1.11), of the, possibly non{selfadjoirt, elliptic
problem (1.9). We stressthat, although the proof of Theorem 1.3 exploits
someideasborrowed from [5], newerthelessfrom the technical point of view
it is much moredelicate,dueto the di erent regularity that solutionsof (1.1)
exhibit with respect to the spaceand the time variables.

2 Pro ofs

2.1 Preliminaries

In this subsectionwe state someresults concerningthe linear problem asso
ciatedto (1.1), which apparenly are not well{settled in the literature, when
low regularity conditions are assumedon the coe cien ts of the operator A
and on the domain .

We start with somenotation. Fixed ty;t,, with t;  t,, and givenu;v 2
CLo(  [t1;t2]), we write:
u vif, forevery (x;t) 2 [ty;to], u(x;t)  v(x;t);
u>> vif, forevery (x;t) 2 [t1;to], u(x; t) > v(x;t) and, for every (x; t) 2
@ [ty;ty], either u(x;t) > v(x;t), or u(x;t) = v(x;t) and @u(x;t) <
@v(x;t), where = ( 0;0)2 RN**, ;2 IRN being the outer normal to
atx 2 @

Prop osition 2.1 There exist a numker ; > 0 and functions ' 4;' ; 2
2,1 - - -
W (Q), for everyp, satisfying, resgectively,

v (b)) = i(jl on ;
(x5 0) =" 10 T) in

8 X N
: @, @ (D@ )+ hxh@ 1= 1 inQ:
2

and

A "xt) = i(;l on
(x;0) =" (xT) in

S X N |
P @, @axd@ ) | @Oy )= i nQ
2
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Moreover, the following statementshold:
@ '1>0and' ;>0
(i) if is a solution of

S N N _

@  @@xH@ )+ hxbh@ = 1 inQ;
: (1)=0 on
' (x;00= (xT) in

or, resgctively, of

8 N N
: @ @@ ) @Mt )= 1 inQ
2

i =1 i=1
(x;t)=0 on ;
(x;0)= (x;T) in

then = c',, or, resgctively, = c',, for somec?2 IR;

(i) 1 is the smalest numker for which the problems

8
X X :
Eau T @@xn@u+ hxh@u=u inQ;
ihj =1 i=1
2 J u(x;t)= 0 on ;
' u(x;0) = u(x;T) in

i =1 i=1
u(x;t) =0 on ;
u(x;0) = u(x;T) in

8 R X
P e @@xnew  @hhuy=u inQ
2

havenontrivial solutions.
Proposition 2.1 is a immediate consequencef [4, Proposition 2.3].

Prop osition 2.2 Fix p> N + 2. Letq2 L, (Q) satisfy esssup,q < 1.

Then, for everyf 2 L,(Q) the problem
8
2 QU+ AX;t@u=qu+ f(x;t) in Q;
u(x;t) =0 on ; (2.1)
u(x; 0) = u(x; T) in

>
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has a unique solution u 2 WZ*(Q) (which is asymptotially stable). More-
over, there existsa constant C > 0, independentof f, suchthat

iUiyz:  Cifjp (2.2)

Finally, if f  Oa.e. in Q, with strict inequality on a set of positive measure,
thenu>> 0.

Proof. Fix aconstart k 0O sud that

.....

where is the constart of uniform parabolicity of the operator @+ A. Then,
Proposition 2.1in [4] guararteesthat, for every f 2 L,(Q), the problem

2 @+ AKE@V+ (K Qu=T(ct) inQ;

S v(x;t) =0 on ; (2.3)

' v(x;0) = v(x; T) in

has a unique solution v 2 WZ*(Q) and, therefore,v 2 C** ¢ (Q), for some
> 0. Letf 2 Lp(Q) be given and let v be the correspnding solution

of (2.3). Set = v+ s' 1, wheres > 0 is sud that 0 and s( 1

esssup,0)' 1 kv. We have

@ +Axt@ =9q +f+s(1 @1 kv g +f aeinQ,

that is isanupper solution of (2.1). In a quite similar way we de ne a lower
solution of (2.1), with 0. ThereforeLemma 1.1 yields the existenceof
a solution u 2 WZ(Q) of problem (2.1), with u . The uniquenessof
the solution is a direct consequencef the parabolic maximum principle (see
e.g. [4, Proposition 2.2]) and its asymptotic stability followsfrom [4, Theorem
4.6]. Accordingly, the operator @+ A : WZ(Q) ! Ly(Q) is invertible and
the open mapping theorem implies that its inverseis cortinuous, that is,
(2.2) holds. Finally, the last statemert follows from the parabolic strong
maximum principle, as soon as one obsenesthat if f 0 a.e. in Q, then

= 0 is a lower solution of (2.1). |
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Prop osition 2.3 Fori = 1,2, letg 2 L; (Q) be suchthatgq, @ a.e. in
Q and let u; be nontrivial solutions of

g Qui + At QUi = qu; in Q;
ui(x;t) =0 on ;
ui(X; 0) = ui(x; T); in

respctively. If u, 0, thenq = @ a.e. in Q and there exists a constant
¢ 2 IR suchthat u; = cus,.

Proof. We can assumewithout lossof generality, that u; 6 0. Since
@u+ AL @)U+ U= Ggu; 0 ae.in Q;

we have u,>> 0. If wesetc= minfd2 IRjdu, u;gandv = cu, U, we
get,asc> OQandv O,

@+ AXt@v+gv=qgv+c(p @qu, 0 aeinQ

and henceeither v>> 0, or v = 0. The minimality of ¢ actually yieldsv = 0
and thereforeu; = cu,. This nally implies

O=@+AXt@Vv=(p @q)cu, ae.inQ

and thereforeq, = @ a.e. in Q. [ |

2.2 Proof of Theorem 1.1

We indicate how to build an upper solution of (1.1), with 0; a lower
solution , with 0, can be constructedin a similar way. If there exists
a constart 0 sud that g.( ) 0, is an upper solution of (1.1).
Therefore,supposethat g.(s) > Ofor s 0, and set
( ,
. O(s) ifs O
he)= 40 ifs<o (2.4)
Let us considerthe elliptic problem
8
3 X -
@ (8 (x)@u) = h(u) in ;
s e (2.5)

u=20 on @ :
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From conditions (1.4) and (1.6), it follows that (2.5) admits a solution u 2
Hg(). A bootstrap argumer, like in [7], showvs that u 2 WZ(), for all
nite p, and the strong maximum principle impliesthat u>> 0. The function

, de ned by setting (x;t) = u(x) for (x;t) 2 Q, is by (1.2) an upper
solution of (1.1). ]

2.3 Proof of Theorem 1.2

Again we shonv how to construct an upper solution  of (1.1), with 0;
a lower solution , with 0, being obtained similarly. Exactly asin the
proof of Theorem 1.1, we can reduceoursehesto the casewhereg. (s) > 0
fors 0. Then, we de ne a function h asin (2.4). The remainder of the
proof is divided in two steps: in the former, we study somesimple properties
of the solutions of a secondorder ordinary di erential equation related to
problem (1.1); in the latter, we usethe facts establishedin the previousstep
for constructing an upper solution of the original parabolic problem.

Step 1. Let A < B be given constarts and let p;q : [A;B] ! IR be
functions, with p absolutely cortinuousand g cortinuous, satisfying

0< po:= [T'Bn] P(X) PQ;%D(X) = P (2.6)
and
0< p:= manl a(x) {Q?](Q(X) = 0 (2.7)

R
Let alsoh : IR! IR be a cortinuous function and setH(s) = sh( )d for
s 2 IR. Considerthe initial value problem

S (pu9= oh(u);

u(2%2) = d; (2.8)
uqiB) = 0

>

where d is a real parameter. By a solution of (2.8) we mean a function u
of classC?, with pu® of classC?, de ned on someinterval |  [A; B], with

A+B 21, which satis es the equationon | and the initial conditions.
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Claim. Assumethat there are constarts c;d, with 0 ¢ < d, sud that

h(s) > 0 for s 2 [c;d] (2.9)
and I
© H(d) H() Po 2

Then, there existsa solution u of (2.8), which is de ned on [A; B] and satis es
c u(x) d forx2][A;B];

A+ B A+ B
uqx) > 0 for x 2 [A; T[ and uqx) < 0 for x Z]T;B]:

Proof of the Claim. Let u be a maximal solution of (2.8). Note that, by
(2.6), (2.7) and (2.9), u has a local maximum at the point % and, if
' ;! .[ denotesthe maximal interval included in ]A; B[ whereu(x) 2]c;d],
we have

u{x) > 0 forx 2]' ;22B[ and uYx)< 0 forx 2]2%E;1, [ (2.11)

Wewart to provethat ! = A and!. = B. Assume,by cortradiction, that
I, < B: (2.12)
Similarly one should argueif ! > A. From (2.11) we derive that u is

A+
2

decreasingon [2£B;1 ., [ and, by the de nition of ! ., we have

Xl!irp+ u(x) = c=: u(!.):

Now, pick x 2 [A52;! . [, multiply the equationin (2.8)by pu°andintegrate

between%2 andx. Takinginto accourt that, by (2.9) and (2.11), h(u)u®< 0
on]2%8;1 . [, we obtain, using (2.6) and (2.7) as well,

ZX

.., peh(u)ute
pa H uAB  H(UX)
g (H(d) HUX)):

(PO ux))?
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By (2.6) and (2.11), we have, for eat x 2]452;! .|,

©<) WP 2 B (H@ Hu()
and hence P
. uix) 2P % .
g ;
H(d) H(u(x)) Po
Integrating this relation between% and! . and changingvariable, we get
by (2.12) o !
Zd . d < 2man B A
© H@ H() P2

Then, condition (2.10) yieldsa cortradiction andthe conclusionf the Claim
follow. [ |

Step 2. We prove now that problem (1.1) hasan upper solution 2 C2(Q),
with > 0. Assume,without lossof generality, that

( ) B )
i —(Bi A
a exp a.-( )

is attained at i = 1 and set, for the sake of simplicity,
JA; B[:=]A1; B4

a:=4a; = m_in il
Q

and

W _

b=t = jb @ ay4j1 :

j=1
Note that
a>0 and b O (2.13)
Let usset, for x 2 [A; B],
p(x) := exp 2 x A8 and  q(x) := £p(x)
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and considerthe ordinary di erential equation

(pu)°= gh(u); (2.14)

whereh is de ned in (2.4). It is clearthat p, q and h satisfy, respectively,
(2.6), (2.7) and (2.9), for any xed c;d, with 0 c< d. Obsene that (2.10)
is alsoful lled, for c= 0and for somed > 0. Indeed,since(1.7) implies that

lim inf (2H (s) ") =1

we can nd asequencdd,),, with d,! +1 , sud that, for eat n,

N

(0<) H(dy) H(s) < %(dﬁ s?) for s 2 [0; dn[

and hence
. _ [
Z dy d >2Z4w 4 "2 Pxra B A
S > A G—= AT 5
0 H(dy) H() 10 d 2 1 Po

Therefore, taking d := d,, for some xed n, we concludethat (2.10) holds.
Accordingly, by the Claim, there existsa solution u of (2.14), which is de ned
on [A; B] and satis es

u(x) > 0 for x 2]A; BJ; (2.15)

u{x) >0 forx 2 [A; 228 and uix)< 0 forx 2]242;B]:

o @.16)

From the de nition of pit followsthat u is of classC? on[A; B]n 242 and
satis es the equation

au®+ bsign x  A%E U= h(u); (2.17)
n (0}
ewerywhereon [A; Bl n 232 . Actually, sinceu¥(®32) = 0, a direct in-

spection of (2.17) shows that u is of classC? and satis es equation (2.17)
ewverywhereon [A; B]. Moreover, using (2.13), (2.15), (2.16) and (2.9), with
c= Oandany d> 0, we derive from (2.17)

ux) = 2 bsign x 232 uqx) h(u(x)) <0 on[A;B]: (2.18)
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Now, we set
(X1; 005X t) = u(Xy) for (x¢:::xn;t) 2 Q:

Wehavethat 2 C%(Q)and >> 0:Letusched that isanuppersolution
of problem (1.1). Indeed, using (2.13), (2.17), (2.18) and (1.2), aswell asthe

X
@ (X1;:5 XN t) g (X155 XN 1) @), (X1 X t) +
ihj =1

X
+ (B(xq; XN )
i=1 i

X
@ i (X1 XN ) @ (Xe; 5 X5 t)
=1

X
= ap(Xa X HU%Xg) + (bu(Xa; X t) @, a1(X1; 5 Xn; 1) uYXe)

j=1
au®fxy) + bsign(xa  A5B)ulx1) = h(u(x1)) = g« (u(x1))
f(Xe;unxng o (Xe X t)):

This concludesthe proof of the Theorem 1.2. [ |

2.4 Pro of of Theorem 1.3

Again we describe how to build an upper solution  of (1.1), with 0; a
lower solution , with 0, being constructedin a similar way. As in the
proof of Theorem 1.1, we can reduceoursehesto the casewhereg. (s) > 0
fors 0. Then, we de ne a function h asin (2.4), which by (1.10) and
(1.11) satis es

h(s)

limsup—= 3 (2.19)
sl +1 S
and 2H(s)
o S _
I i {nmf 2 < g (2.20)

Let us considerthe problem

g @+ A(X; t @u= h(u) inQ;
u(x;t) =0 on ; (2.21)
u(x; 0) = u(x; T) in
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and let us prove that it admits at least one solution. Obsene that, since
h(s) > 0 for ewery s, any solution u of (2.21) is sud that u>> 0 and then,
by condition (1.2), is an upper solution of (1.1).

Fix p> N + 2 and assaiate to (2.21) the solution operator S : C°(Q) !
C°(Q) which sendsany function u 2 C°(Q) onto the unique solution v 2
WZH(Q) of 6
2 @+ AXt, @)V = h(u) inQ;

v(x;t) =0 on ;
v(x;0) = v(x; T) in
It follows from Proposition 2.2 that S is completely cortinuousand its xed
points are preciselythe solutionsof (2.21). Let us considerthe equation

u= Su; (2.22)
with 2 [0; 1], which correspndsto
8
2 @+ AKXt @u= h(u) inQ;

u(x;t) =0 on ; (2.23)
u(x; 0) = u(x; T) in
By the Leray{Schauder degreetheory, equation (2.22), with = 1, and

therefore problem (2.21), is sohable, if there exists an open boundedset O
in C°Q), with 0 2 O, sud that no solution of (2.22), or equivalertly of
(2.23), for any 2 [0; 1], belongsto the boundary of O. The remainder of
this proof basically consistsof building sud a setO.

Claim 1. Let (un), be a sequenceof solutions of

S @i+ AKE @)U = nh(uy) in Q;
up(x;t) =0 on ; (2.24)
un(x;0) = un(x; T) in

>

with | 2 [0; 1], such that ju,j; ! +1 . Then, possibly passingto subse-
quences,

u .
— " 1 v in W2YQ);
JUnj1 P Q
wherev = ¢' 1, for somec> 0, and
h(un) | . ,
T 1V in Ly(Q):
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Proof of Claim 1. Let uswrite, for s 2 IR,
h(s) = q(s) s+ r(s);

with ¢;r continuousfunctions sud that

0 das) 1 (2.25)
and
@! 0, asjsj! +1: (2.26)
Let us set, for ead n, J
Vp = —2
JUnJ1

wherev, satis es

8

2 @n+ AL @)Va = nd(Un)Va +  al(Un)TUnjs  In Q;
. Vo(X;t) = 0 on ; (2.27)
' Vn(X;0) = vp(x; T) in

The sequencgv,), is boundedin Wp2;1(Q) and therefore, possibly passing
to a subsequence corvergesweakly in W2*(Q) and strongly in C** (Q),
for some > 0, to a function v 2 WZ(Q), with jvj; = 1. We can also
supposethat ,! (¢ 2 [0;1] and g(u,) corvergesin L, (Q), with respect
to the weak* topology, to a function g 2 L, (Q), satisfying by (2.25)

0 kxt) 1 (2.28)

a.e.in Q. Moreover, by (2.26), we have

r(un(x;1)) | 0 (2.29)
junjs '

uniformly a.e. in Q. The weakcortinuity of the operator @+ A : W>*(Q) !
L,(Q) implies that v satis es

g @+ AXE@V= ogpv inQ;
v(x;t) =0 on ; (2.30)
v(x;0) = v(x; T) in
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Now, if wesettqp = op, ® = 1,V1=Vvandv, =" 4, Proposition 2.3yields
op = 1 a.e.in Q, sothat, by (2.28), (= 1,andv = c¢' 4, for somec> 0.

We also have
z z

1 q(uy)i? 1o aua)ift i1 alun)
Q Z Q
g ! Q( 1 q(un)) o

ie. glun) ! 1in Ly(Q), and therefore, by (2.29), h(u,)Tunj; ! qviin
L,(Q). Finally, Proposition 2.2 impliesthat v, ! v in Wp2;1(Q). |

Claim 2. There existsa sequenc€S,),, with S, ! +1 , sud that, if uis
a solution of (2.23), for some 2 [0; 1], then maxg u 8 Sy; for every n.

Proof of Claim 2. By (2.20), we can nd a sequencds,),, with s, ! +1 ,
and a constart " > 0, suc that

2H (sn)
s

1 > " (2.32)
for every n. Assume, by cortradiction, that there exist a subsequencef
(sn)n, which we still denoteby (s,)n, and a sequencgu,), of solutions of
(2.24) such that
maxun = Un(Xn;th) = Sp;
Q

where (Xn;tn) 2 [0;T]. Sinceju,j; ! +1 , we cansupposeby Claim 1
that v, = Uupunjs ! vin WFH(Q), and thereforein C*°(Q), with v = ¢' 4,
for somec> 0, and

junjllj 1Un h(un)jp! 0: (2-32)
Thereis alsoa constart K > 0 sud that
junj: i 1Un h(un)js K (2.33)
and
jr svajs - K (2.34)
for every n. Moreover, we have
j@vn, @jp! O (2.35)
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and, possibly for a subsequence,

Xn ! Xo and th ! to;

with (Xo;tg) 2 [0; T], because(Xop; tp) is @ maximum point of v. Using
Fubini's theorem and possibly passingto subsequencesye also obtain from

(2.32) and (2.35), respectively,

junjll( Un(5T) h(ua(E) ! G
@n(;t) a@v(;pH! o

in Ly(), fora.e.t2[0;T], and

junj 1 1Un(X; ) h(ua(X; ) ! O
@wn(x;) @vx )! O

in L,(0;T), fora.e.x2 . Moreover, we have that

Zy
j@v(x; )j*’d s nite
0

for a.e.x 2 . Let uswrite

2§ Hs) = Uit Hn0mit)

(2.36)
(2.37)

(2.38)
(2.39)

(2.40)

#
#

#

= 5 Ua(eitn)  UR(Kita) M (Un(Xaita) + H (Un(X; th)
to5 UKt URGD H(Un(X ) + H(Un(X D)
+ 5 UKD WGD HURD) + H(un(x D) 5 (241)

wherethe choicesof points t 2 [0; T], suc that (2.36)and (2.37) hold, x 2
sud that (2.38), (2.39) and (2.40) hold, andx 2 @ will be speci ed later.
Let us obsene that, for ead n, we can nd asequence(wl((”))k in C}{(Q)
such that w{™ 1 u, in W;(Q) and thereforein C°(Q), sincep > N + 2. This
implies in particular that w{™ ! u, in Ly (Q) and @v" ! @u, in Ly(Q).
Hence,using Fubini's theoremand possibly passingto a subsequenceye get
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@Nl((”)(x; ) @un(X;:)inLyO;T) fora.e.x 2 . Hence,it followsthat, for
ead n,

(x5 ) hw(x; ) @ (x; )
P aun(X5 ) h(un(X; ) @ua(X;)
in Lp(0; T), for a.e.x2 , and therefore,for a.e. t 2 [0; T],

5 Uikt UG (H(Un(Kt)  H(un(x D)
- im0 |
HWO ) HWO D)
Ztn
= Jmo W) hw(x ) @ (x )d
= (a6 ) hUn(x ) @un(x; )d (2.42)

Moreover, for eah n, we have H (u,( ;t)) 2 C*() foreweryt 2 [0;T] and
hence,by (2.33) and (2.34), we obtain, for every x 2 ,

Ui ? 5 WOnit)  WA(Gite)  (H(Un(nita))  H(Un(Xitn)))
Zl

1V n( )itn) junjllh(un( n( )itn))

It xVa( n( )ita)i] r?( )id
K?*( n);(2.43)

where | is a path, joining X, to X and having range contained in , and
“( ) denotesits length. Becausex, ! Xg, with x,;X0 2 , and X can be
chosenin a densesubsetof , we can supposethat

K2'( )< 4 (2.44)

for all largen. Fix X 2 sud that (2.38), (2.39), (2.40), (2.42) and (2.44)
hold. For ewvery t 2 [0; T], we derive from (2.33), (2.39) and (2.42)

2 wBXta) WVAKD (HUa(Xta)  H(ua(X D))

junj12 2
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Zy

n

Wa(X; ) junj th(un(X; ) j@va(X; )j d

t

Ztn
K _ j@wn(x; )jd

ZtT Ztn
K . jonn(x; ) @(x; )jd +K . j@v(x; )jd
" y. =2
2t Kjtn T2 jav(x; )j*d (2.45)

0

for all largen. Sincet,, ! tgandt canbe chosenin a densesubsetof [0; T],
we can pick t sud that

[
Z+ 1=2 "

K jav(x; )j*d jta TP < 7 (2.46)
0
for all large n. Notice that, at this point, X 2 andt 2 [0; T] have been
xed. Next, let B be aball of radius R, certered at X and cortaining , and
set, for ead n

(x) = ( JUnjs tj 1Un(6T) h(un(x; D)j ifx2 ;
" junj; *h(0) if x 2 B n

From (2.38), it followsthat , ! 0O in Ly(B). We now assumeN 2;
the casewhere N = 1 can be dealt with in a similar (and ewven simpler)
way. We introduce sphericalcoordinatesin IRN certered at X. Denoting by
(; niiono2 dwith 2[R (4§ 2020 N 2 2[0,2 ]the
sphericalcoordinates of a point x 2 B and by  this changeof coordinates,

we get |

V4 Zx !
a() jdet 9d d 1:::d n od
oM 2[02] 0 7
= ndx ! 0O;
B
wherejdet 9= N I(sin )N 2(sin )N 2 ::: sin y ,. Hence,possibly
passingto a subsequenceye have
ZR

jnQ Mo
0
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guence,we alsohave that, for a.e. xed ( 1;:::; N 2, ),

n() 1O

for a.e. 2 [0;R]. On the other hand, the functions , are cortinuous and
uniformly bounded, by the linear growth of h, and therefore, by Lebesgue's

theorem, Z .

n()d ! 0

fora.e.( 1;:::; N 2; ). This meansthat
z
n! 0
Xyl
fora.e.y 2 @. Denoting by x the rst intersectionpoint of [X;y] with @,
we obtain
z 1
jupj i wun(x + (X x )0 h(ua(x + (X x);©)jd ! 0:
0

Hence,using (2.34) and (2.36), we have

juns? o WD WA(x D (H(Ua(xiD)  H(un(x :D)
Zl
= Wa(X + (X X )0 jusjth(ua(x + (X x );1)
jrxvn(x + (X x )t (X x)jd

1
Kix xj jam(x + (X x);f)+
0

i+ (X D) d < g (2.47)

for all large n. Combining the above estimates(from (2.41) to (2.47)), we
get a cortradiction with (2.31). Accordingly, we take as (S,), a tai{end of
(Sn)n- [ |

We are now ready to prove the existenceof a solution of (2.21). Let us
de ne the following open boundedsetin C°(Q), with 02 O,

n [0}
O= u2C’%Q)j S.<ulxt)<sS, forewry(x;t)2Q ;
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whereS,, for any xed n, comesfrom Claim 2. Let u be a solution of (2.23),
for some 2 [0; 1], suc that u 2 O. Observingthat any solution u of (2.23),
forany 2]0; 1], satis es u>> 0 and using Claim 2, we concludethat u 2 O.
Then, the homotopy invarianceof the degreeyields the existenceof a solution
in O of (2.23)for = 1, that is a solution of problem (2.21). |
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