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Abstract

The even order neutral di�eren tial equation

(1:1)
dn

dtn [x(t) + �x (t � � )] + f (t; x(g(t))) = 0

is consideredunder the following conditions: n � 2 is even; � > 0; � > 0;
g 2 C[t0; 1 ), lim t !1 g(t) = 1 ; f 2 C([t0; 1 ) � R ), uf (t; u) � 0 for
(t; u) 2 [t0; 1 ) � R , and f (t; u) is nondecreasingin u 2 R for each �xed
t � t0. It is shown that equation (1.1) is oscillatory if and only if the
non-neutral di�eren tial equation

x(n) (t) +
1

1 + �
f (t; x(g(t))) = 0

is oscillatory.

Keyw ords: Oscillation, Neutral di�eren tial equation.
AMS Sub ject Classi�cation : 34K11, 34K40.

1. In tro duction and main results

We shall be concernedwith the oscillatory behavior of solutions of the
even order neutral di�erential equation

dn

dtn
[x(t) + �x (t � � )] + f (t; x(g(t))) = 0:(1.1)

1Present addressof the author : Department of Lib eral Arts and Engineering Science,
Hachinohe National College of Technology, Hachinohe 039{1192, Japan; e-mail address:
tanaka-g@hachinohe-ct.ac.jp
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Throughout this paper, the following conditions are assumedto hold: n � 2
is even; � > 0; � > 0; g 2 C[t0; 1 ), lim t !1 g(t) = 1 ; f 2 C([t0; 1 ) � R),
uf (t; u) � 0 for (t; u) 2 [t0; 1 ) � R , and f (t; u) is nondecreasingin u 2 R
for each �xed t � t0.

By a solution of (1.1), we mean a function x(t) that is continuous and
satis�es (1.1) on [tx ; 1 ) for sometx � t0. Therefore, if x(t) is a solution of
(1.1), then x(t) + �x (t � � ) is n-times continuously di�erentiable on [tx ; 1 ).
Note that, in general,x(t) itself is not continuously di�erentiable.

A solution is said to be oscillatory if it has arbitrarily large zeros;oth-
erwise it is said to be nonoscillatory. This meansthat a solution x(t) is
oscillatory if and only if there is a sequencef t i g1

i=1 such that t i ! 1 as
i ! 1 and x(t i ) = 0 (i = 1; 2; : : :), and a solution x(t) is nonoscillatory if
and only if x(t) is eventually positive or eventually negative. Equation (1.1)
is said to be oscillatory if every solution of (1.1) is oscillatory.

There hasbeenconsiderableinvestigation of the oscillationsof even order
neutral di�erential equations. For typical results we refer to the papers [1,
2, 4{8, 11, 12, 16, 18, 19, 21{25] and the monographs[3] and [9]. Neutral
di�erential equations�nd numerousapplications in natural scienceand tech-
nology. For instance, they are frequently used for the study of distributed
networks containing losslesstransmissionlines. SeeHale [10].

Now considerthe linear equation

dn

dtn
[x(t) + �x (t � � )] + p(t)x(t � � ) = 0(1.2)

and the nonlinear equation

dn

dtn
[x(t) + �x (t � � )] + p(t)jx(t � � )j 
 sgnx(t � � ) = 0:(1.3)

Here and hereafter we assumethat � 2 R, 
 > 0, 
 6= 1, p 2 C[t0; 1 ),
p(t) > 0 for t � t0.

For the case0 < � < 1, Jaro�s and Kusano [11, Theorems3.1 and 4.1]
proved that equation (1.2) is oscillatory if

Z 1
tn� 1� " p(t)dt = 1 for some" > 0;(1.4)

and that equation (1.2) hasa nonoscillatory solution if
Z 1

tn� 1p(t)dt < 1 :(1.5)
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There is a di�erence between(1.4) and (1.5). Indeed, the casep(t) = ct � n

(c > 0) is an examplesuch that both conditions (1.4) and (1.5) fail.
In particular, Y. Naito [19, Theorems5.3 and 5.4] characterizedthe os-

cillation of equation (1.3) with 0 < � < 1 as follows: equation (1.3) with
0 < � < 1 is oscillatory if and only if

Z 1
tmin f 
 ;1g(n� 1)p(t)dt = 1 :(1.6)

For the case� � 1, it is known that if (1.5) holds, then equation (1.2)
hasa nonoscillatory solution, and that if

Z 1
tmin f 
 ;1g(n� 1)p(t)dt < 1 ;(1.7)

then equation(1.3) hasa nonoscillatorysolution. See,M. Naito [18] (� = 1),
Chen [1] (� > 1), and also [21]. In the case� � 1, su�cien t conditions for
(1.2) or (1.3) to be oscillatory were establishedin [4], [5], [7] and [8], under
the condition Z 1

p(t)dt = 1 :

Recently, it hasbeenobtained in [22] that if
Z 1

tn� 1� " minf p(t); p(t � � )gdt = 1 for some" > 0;(1.8)

then equation (1.2) with � � 1 is oscillatory, and that if
Z 1

tmin f 
 ;1g(n� 1) minf p(t); p(t � � )gdt = 1 ;(1.9)

then equation (1.3) with � � 1 is oscillatory. However, as comparedwith
the case0 < � < 1, there are gapsbetweenconditions (1.5) and (1.8), and
betweenconditions (1.7) and (1.9).

In this paper we have the following oscillation theorem, which is able to
narrow the above di�erence and gaps.

Theorem 1.1. Equation (1.1) is oscillatory if and only if

x(n) (t) +
1

1 + �
f (t; x(g(t))) = 0(1.10)

is oscillatory.
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The oscillatory behavior of solutionsof non-neutral di�erential equations
of the form

x(n) (t) + f (t; x(g(t))) = 0

has been intensively studied in the last three decades.We refer the reader
to [9, 14, 15, 17, 20] and the referencescited therein. In Section2, using the
known oscillation results for the equations

x(n)(t) + p(t)x(t � � ) = 0(1.11)

and

x(n)(t) + p(t)jx(t � � )j 
 sgnx(t � � ) = 0;(1.12)

we prove the following corollariesof Theorem1.1.

Corollary 1.1. (i) Equation (1.2) is oscillatory if
Z 1

tn� 2p(t)dt = 1 :(1.13)

(ii) Supposethat (1.13) fails. Equation (1.2) is oscillatory if

lim sup
t !1

t
Z 1

t
sn� 2p(s)ds > (1 + � )(n � 1)!;(1.14)

or if

lim inf
t !1

t
Z 1

t
sn� 2p(s)ds > (1 + � )(n � 1)!=4:(1.15)

Equation (1.2) hasa nonoscillatory solution if

lim sup
t !1

t
Z 1

t
sn� 2p(s)ds < (1 + � )(n � 2)!=4:(1.16)

Corollary 1.2. Equation (1.2) is oscillatory if (1.4) holds. Equation (1.2)
hasa nonoscillatory solution if (1.5) holds.

Corollary 1.3. Equation (1.3) is oscillatory if and only if (1.6) holds.

It is possibleto obtain oscillation results for equationsof the form (1.1).
However, for simplicity, we have restricted our attention to equations(1.2)
and (1.3).

We give an exampleillustrating Corollary 1.1.
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Example 1.1. We considerthe linear neutral di�erential equation

dn

dtn
[x(t) + �x (t � � )] + ct � x(t � � ) = 0;(1.17)

where c > 0, � 2 R. Applying Corollary 1.1, we concludethat: equation
(1.17) is oscillatory if either � = � n and c > (1 + � )(n � 1)!=4 or � > � n;
equation (1.17) has a nonoscillatory solution if either � = � n and c <
(1 + � )(n � 2)!=4 or � < � n.

Let us considerthe equation

dn

dtn
[x(t) + �x (t � � )] + f (t; x(g(t))) = 0;(1.18)

where � > 0, � > 0, g 2 C[t0; 1 ), lim t !1 g(t) = 1 , f 2 C([t0; 1 ) � R),
uf (t; u) � 0 for (t; u) 2 [t0; 1 ) � R .

From Theorem1.1, we obtain the following comparisonresult.

Corollary 1.4. Supposethat � � � , g(t) � g(t) for t � t0, and jf (t; u)j �
jf (t; u)j for (t; u) 2 [t0; 1 ) � R . If (1.1) is oscillatory, then (1.18) is oscilla-
tory.

The proof of Corollary 1.4 is deferredto the next section.
In Section3 we investigatethe relation betweenfunctions u(t) and u(t) +

�u (t � � ). We show the \if " part and the \only if " part of Theorem 1.1 in
Sections4 and 5, respectively.

Such an approach asTheorem1.1 hasbeenconductedby Tang and Shen
[23], and Zhang and Yang [25] for odd order neutral di�erential equations.

2. Pro ofs of Corollaries 1.1{1.4

In this section we prove Corollaries 1.1{1.4. It is known that equation
(1.12) is oscillatory if and only if (1.6) holds. See,for example, Kitamura
[14, Corollary 3.1]. Hence,Corollary 1.3 follows from Theorem1.1.

The following oscillation result for equation (1.11) have beenestablished
by M. Naito [17, Theorems2 and 4] and Kusano [15, Theorems3 and 4].

Lemma 2.1. (i) Equation (1.11) is oscillatory if (1.13) holds.
(ii) Supposethat (1.13) fails. Equation (1.11) is oscillatory if

lim sup
t !1

t
Z 1

t
sn� 2p(s)ds > (n � 1)!;
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or if

lim inf
t !1

t
Z 1

t
sn� 2p(s)ds > (n � 1)!=4:

Equation (1.11) hasa nonoscillatory solution if

lim sup
t !1

t
Z 1

t
sn� 2p(s)ds < (n � 2)!=4:

Combining Theorem1.1 with Lemma 2.1, we obtain Corollary 1.1.
Now let us show that Corollary 1.1 implies Corollary 1.2.
Supposethat (1.4) holds. From the result of Kitamura [14,Corollary 5.1]

it follows that the equation

x(n) (t) + �p (t)x(t � � ) = 0(2.1)

is oscillatory for all constant � > 0. M. Naito [17, Theorem 5] and Kusano
[15, Theorem2] have shown that equation (2.1) is oscillatory for all � > 0 if
and only if either (1.13) holds or

lim sup
t !1

t
Z 1

t
sn� 2p(s)ds = 1 :

This meansthat if (1.4) holds, then either (1.13) or (1.14) is satis�ed, and
so equation (1.2) is oscillatory.

Supposenext that (1.5) holds. Then

0 � lim
t !1

t
Z 1

t
sn� 2p(s)ds � lim

t !1

Z 1

t
sn� 1p(s)ds = 0:

Consequently, if (1.5) holds,then (1.16) is sais�ed, andso(1.2) hasa nonoscil-
latory solution.

To prove Corollary 1.4, we needthe following result which has beenob-
tained by Onose[20].

Lemma 2.2. If the di�er ential inequality

x(n)(t) + f (t; x(g(t))) � 0

hasan eventually positive solution, then the di�er ential equation

x(n) (t) + f (t; x(g(t))) = 0
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hasan eventually positive solution.

Pro of of Corollary 1.4. Assumethat (1.15) has a nonoscillatory solu-
tion. Then Theorem1.1 implies that

x(n) (t) +
1

1 + �
f (t; x(g(t))) = 0

hasa nonoscillatorysolution x(t). Without lossof generality, we may assume
that x(t) > 0 for all large t. For the casewhere x(t) < 0 for all large t,
y(t) � � x(t) is an eventually positive solution of

y(n)(t) +
1

1 + �
ef (t; y(g(t))) = 0;

where ef (t; u) = � f (t; � u), and hencethe casex(t) < 0 can be treated simi-
larly. From Lemma4.1below it follows that x(t) is eventually nondecreasing.
In view of the hypothesisof Corollary 1.4, we seethat x(g(t)) � x(g(t)) for
all large t � t0, and

� x(n) (t) �
1

1 + �
f (t; x(g(t))) �

1
1 + �

f (t; x(g(t)))

for all large t � t0. By Lemma 2.2 and Theorem 1.1, equation (1.1) has a
nonoscillatory solution. This completesthe proof.

3. Relation between u(t ) and u( t ) + �u ( t � � )

In this section we study the relation between functions u(t) and u(t) +
�u (t � � ).

We usethe notation:

(� u)( t) = u(t) + �u (t � � ):

Lemma 3.1. Let � 6= 1 and l 2 N [ f 0g. Supposethat u 2 C[T � � ; 1 ), � u 2
C1[T; 1 ), (� u)( t) � 0, (� u)0(t) � 0 for t � T, and lim t !1 (� u)0(t)=tl = 0.
For the case� > 1, assumemoreover that lim t !1 � � t=� u(t) = 0. Then

u(t) =
1

1 + �
(� u)( t) + o(t l ) (t ! 1 ):

We divide the proof of Lemma 3.1 into the two cases0 < � < 1 and
� > 1.
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Pro of of Lemma 3.1 for the case 0 < � < 1. Let � 2 (0; 1). We see
that

u(t) = (� u)( t) � �u (t � � ); t � T;

so that

u(t) = (� u)( t) � � [(� u)( t � � ) � �u (t � 2� )]

= (� u)( t) � � (� u)( t � � ) + � 2u(t � 2� ); t � T + � ;

and

u(t) = (� u)( t) � � (� u)( t � � ) + � 2[(� u)( t � 2� ) � �u (t � 3� )]

= (� u)( t) � � (� u)( t � � ) + � 2(� u)( t � 2� ) � � 3u(t � 3� )

for t � T + 2� . We have

u(t) =
mX

i =0

(� � ) i (� u)( t � i� ) + (� � )m+1 u(t � (m + 1)� )(3.1)

for t � T + m� , m = 0; 1; 2; : : : : Observe that
mX

i =0

(� � ) i (� u)( t � i� ) =
mX

i =0

(� � ) i
�

(� u)( t) �
Z t

t � i�
(� u)0(s)ds

�

(3.2)

=
1 � (� � )m+1

1 + �
(� u)( t)

�
mX

i =1

(� � ) i
Z t

t � i�
(� u)0(s)ds

for t � T + m� , m = 1; 2; : : : : If t 2 [T + m� ; T + (m + 1)� ], m = 1; 2; : : :,
then (t � T)� � 1 � 1 � m � (t � T)� � 1. Hencewe have

ju(t � (m + 1)� )j � max
s2 [T + m� ;T +( m+1) � ]

ju(s � (m + 1)� )j(3.3)

= max
s2 [T � � ;T ]

ju(s)j

and
j(� � )m+1 j � � m+1 � � (t � T )� � 1 � 1+1 = � (t � T )=�(3.4)

for t 2 [T + m� ; T + (m+ 1)� ], m = 1; 2; : : : : Combining (3.1) with (3.2){(3.4),
we obtain

�
�
�
�
�
u(t) �

(� u)( t)
1 + �

�
�
�
�
�

�
� (t � T )=�

1 + �
(� u)( t) +

mX

i =1

� i
Z t

t � i�
(� u)0(s)ds(3.5)

+ � (t � T )=� max
s2 [T � � ;T ]

ju(s)j
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for t 2 [T + m� ; T + (m + 1)� ], m = 1; 2; : : : : We �nd that

mX

i =1

� i
Z t

t � i�
(� u)0(s)ds=

mX

i =1

� i
iX

j =1

Z t � (j � 1)�

t � j �
(� u)0(s)ds(3.6)

=
mX

j =1

mX

i = j

� i
Z t � (j � 1)�

t � j �
(� u)0(s)ds

=
mX

j =1

� j � � m+1

1 � �

Z t � (j � 1)�

t � j �
(� u)0(s)ds

�
1

1 � �

mX

j =1

� j
Z t � (j � 1)�

t � j �
(� u)0(s)ds

for t 2 [T+ m� ; T+( m+1) � ], m = 1; 2; : : : : Since(t� s)� � 1 � j � (t� s)� � 1+1
for s 2 [t � j � ; t � (j � 1)� ], we have

mX

j =1

� j
Z t � (j � 1)�

t � j �
(� u)0(s)ds�

mX

j =1

Z t � (j � 1)�

t � j �
� (t � s)=� (� u)0(s)ds(3.7)

= � t=�
Z t

t � m�
� � s=� (� u)0(s)ds

� � t=�
Z t

T
� � s=� (� u)0(s)ds

for t 2 [T + m� ; T + (m + 1)� ], m = 1; 2; : : : : From (3.5){(3.7) it follows that
�
�
�
�
�
u(t) �

(� u)( t)
1 + �

�
�
�
�
�

�
� (t � T )=�

1 + �
(� u)( t) +

� t=�

1 � �

Z t

T
� � s=� (� u)0(s)ds(3.8)

+ � (t � T )=� max
s2 [T � � ;T ]

ju(s)j

for t � T + � . It can be shown that

� t=�
Z t

T
� � s=� (� u)0(s)ds = o(t l ) (t ! 1 ):(3.9)

Indeed,

lim
t !1

Rt
T � � s=� (� u)0(s)ds

� � t=� t l
= lim

t !1

d
dt

Rt
T � � s=� (� u)0(s)ds

d
dt [�

� t=� t l ]

= lim
t !1

(� u)0(t)
[log� � 1=� + lt � 1]t l

= 0:
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By lim t !1 (� u)0(t)=tl = 0, we seethat lim t !1 � (t � T )=� (� u)( t) = 0. Conse-
quently, the conclusionfollows from (3.8) and (3.9).

Pro of of Lemma 3.1 for the case � > 1. Assumethat � > 1, and
that lim t !1 � � t=� u(t) = 0. Let t � T be �xed. Since

u(t) = � � 1(� u)( t + � ) � � � 1u(t + � );

we �nd that

u(t) = � � 1(� u)( t + � ) � � � 1[� � 1(� u)( t + 2� ) � � � 1u(t + 2� )]

= � � 1(� u)( t + � ) � � � 2(� u)( t + 2� ) + � � 2u(t + 2� )

= � � 1(� u)( t + � ) � � � 2(� u)( t + 2� )

+ � � 2[� � 1(� u)( t + 3� ) � � � 1u(t + 3� )]

= � � 1(� u)( t + � ) � � � 2(� u)( t + 2� ) + � � 3(� u)( t + 3� )

� � � 3u(t + 3� );

so that

u(t) = �
mX

i =1

(� � )� i (� u)( t + i� ) + (� � ) � m u(t + m� ); m 2 N :(3.10)

We have
mX

i =1

(� � )� i (� u)( t + i� ) =
mX

i =1

(� � )� i
�

(� u)( t) +
Z t+ i�

t
(� u)0(s)ds

�

(3.11)

=
� 1 + (� � ) � m

1 + �
(� u)( t)

+
mX

i =1

(� � )� i
Z t+ i�

t
(� u)0(s)ds;

and
�
�
�
�
�

mX

i =1

(� � )� i
Z t+ i�

t
(� u)0(s)ds

�
�
�
�
�
�

mX

i =1

� � i
Z t+ i�

t
(� u)0(s)ds(3.12)

=
mX

i =1

� � i
iX

j =1

Z t+ j �

t+( j � 1)�
(� u)0(s)ds

=
mX

j =1

mX

i = j

� � i
Z t+ j �

t+( j � 1)�
(� u)0(s)ds
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=
mX

j =1

� � j +1 � � � m

� � 1

Z t+ j �

t+( j � 1)�
(� u)0(s)ds

�
�

� � 1

mX

j =1

� � j
Z t+ j �

t+( j � 1)�
(� u)0(s)ds

for m 2 N : If s 2 [t + (j � 1)� ; t + j � ], then (s � t)� � 1 � j � (s � t)� � 1 + 1.
Thus we obtain

mX

j =1

� � j
Z t+ j �

t+( j � 1)�
(� u)0(s)ds �

mX

j =1

Z t+ j �

t+( j � 1)�
� � (s� t )=� (� u)0(s)ds(3.13)

= � t=�
Z t+ m�

t
� � s=� (� u)0(s)ds

� � t=�
Z 1

t
� � s=� (� u)0(s)ds

for m 2 N : We note herethat � � t=� (� u)0(t) is integrableon [T; 1 ), because
of lim t !1 (� u)0(t)=tl = 0: Put

A(t) =
�

� � 1
� t=�

Z 1

t
� � s=� (� u)0(s)ds:

From (3.10){(3.13) it follows that
�
�
�
�
�
u(t) �

(� u)( t)
1 + �

�
�
�
�
�
�

� � m

1 + �
(� u)( t) + A(t) + � � m ju(t + m� )j(3.14)

for m 2 N . By lim t !1 � � t=� u(t) = 0, we �nd that

lim
m!1

� � m ju(t + m� )j = lim
m!1

� t=� � � (t+ m� )=� ju(t + m� )j

= � t=� lim
s!1

� � s=� ju(s)j = 0:

Therefore, letting m ! 1 in (3.14), we seethat
�
�
�
�u(t) �

1
1 + �

(� u)( t)
�
�
�
� � A(t)

for each �xed t � T. In a similar fashion as in the proof of Lemma 3.1 for
the case0 < � < 1, we concludethat A(t) = o(t l ) (t ! 1 ). This completes
the proof.
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For the case� = 1, we have the following results.

Lemma 3.2. Let � = 1. Suppose that u 2 C[T � � ; 1 ), u(t) > 0 for
t � T � � . If (� u)( t) is nondecreasing and concave on [T; 1 ), then there
existsa constant � suchthat

0 <
1
2

(� u)(t) � � � u(t) �
1
2

(� u)( t) +
1
2

(� u)(T + 2� ); t � T + 2� :

Lemma 3.3. Let � = 1. Suppose that u 2 C[T � � ; 1 ), u(t) > 0 for
t � T � � . If (� u)( t) is nondecreasing and convex on [T; 1 ), then there
existsa constant � suchthat

0 <
1
2

(� u)(t) � � � u(t) �
1
2

(� u)( t + � ) +
1
2

(� u)(T + 2� ); t � T + 2� :

Pro of of Lemma 3.2. Since(� u)( t) is concave, we �nd that

1
2

(� u)( t + � ) +
1
2

(� u)( t � � ) � (� u)
� t + �

2
+

t � �
2

�

= (� u)(t)

for t � T + � , so that

(� u)( t) � (� u)( t � � ) �
� 1
2

(� u)(t + � ) +
1
2

(� u)( t � � )
�

(3.15)

� (� u)( t � � )

=
1
2

[(� u)( t + � ) � (� u)( t � � )]

for t � T + � , and

(� u)( t) � (� u)( t � � ) � (� u)( t)(3.16)

�
� 1
2

(� u)(t) +
1
2

(� u)( t � 2� )
�

=
1
2

[(� u)( t) � (� u)( t � 2� )]

for t � T + 2� . Observe that

u(t) � u(t � 2� ) = u(t) + u(t � � ) � [u(t � � ) + u(t � 2� )](3.17)

= (� u)( t) � (� u)( t � � ); t � T + � :

Combining (3.15) and (3.16) with (3.17), we have

u(t) � u(t � 2� ) �
1
2

[(� u)( t + � ) � (� u)( t � � )]; t � T + � ;
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and

u(t) � u(t � 2� ) �
1
2

[(� u)( t) � (� u)( t � 2� )]; t � T + 2� :

If t 2 [T + (2m � 1)� ; T + (2m + 1)� ], m = 1; 2; : : :, then

u(t) �
1
2

[(� u)( t + � ) � (� u)( t � � )] + u(t � 2� )

�
1
2

[(� u)( t + � ) � (� u)( t � � )] +
1
2

[(� u)( t � � ) � (� u)( t � 3� )]

+ u(t � 4� )

=
1
2

[(� u)( t + � ) � (� u)( t � 3� )] + u(t � 4� )

...

�
1
2

[(� u)( t + � ) � (� u)( t � (2m � 1)� )] + u(t � 2m� );

and
u(t) �

1
2

[(� u)( t) � (� u)(T + 2� )] + min
T � � � s� T + �

u(s);

since(� u)( t) is nondecreasing.In the sameway, we seethat

u(t) �
1
2

[(� u)( t) � (� u)( t � 2m� )] + u(t � 2m� )

�
1
2

[(� u)( t) � (� u)( t � 2m� )] + (� u)( t � 2m� )

=
1
2

[(� u)( t) + (� u)( t � 2m� )]

�
1
2

[(� u)( t) + (� u)(T + 2� )]

for t 2 [T + 2m� ; T + 2(m + 1)� ], m = 1; 2; : : :. Put

� =
1
2

(� u)(T + 2� ) � min
T � � � s� T + �

u(s):

We have
u(t) �

1
2

(� u)( t) � � ; t � T + � :

If t � T + 2� , then

1
2

(� u)(t) � � �
1
2

(� u)(T + 2� ) � � = min
T � � � s� T + �

u(s) > 0:
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This completesthe proof.

Pro of of Lemma 3.3. We seethat

1
2

(� u)( t + � ) +
1
2

(� u)( t � � ) � (� u)
� t + �

2
+

t � �
2

�

= (� u)(t)

for t � T + � . By using (3.17) and the samearguments as in the proof of
Lemma 3.2, we concludethat

u(t) � u(t � 2� ) �
1
2

[(� u)( t) � (� u)( t � 2� )]; t � T + 2�

and

u(t) � u(t � 2� ) �
1
2

[(� u)( t + � ) � (� u)( t � � )]; t � T + � ;

and we have

u(t) �
1
2

[(� u)( t) � (� u)( t � 2m� )] + u(t � 2m� )

for t 2 [T + 2m� ; T + 2(m + 1)� ], m = 1; 2; : : :, and

u(t) �
1
2

[(� u)( t + � ) � (� u)( t � (2m � 1)� )] + u(t � 2m� )

�
1
2

[(� u)( t + � ) � (� u)( t � (2m � 1)� )] + (� u)( t � (2m � 1)� )

=
1
2

[(� u)( t + � ) + (� u)( t � (2m � 1)� )]

for t 2 [T + (2m � 1)� ; T + (2m + 1)� ], m = 1; 2; : : : : In view of the nonde-
creasingnature of (� u)( t), we obtain

u(t) �
1
2

(� u)( t) �
1
2

(� u)(T + 2� ) + min
T � s� T +2 �

u(s)

�
1
2

(� u)( t) � � ; t � T + 2�

and
u(t) �

1
2

[(� u)( t + � ) + (� u)(T + 2� )]; t � T + � :

It is easyto seethat

u(t) �
1
2

(� u)(T + 2� ) � � = min
T � s� T +2 �

u(s) > 0; t � T + 2� :
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The proof is complete.

From Lemmas3.2 and 3.3, we obtain the next result.

Lemma 3.4. Let � = 1 and l 2 N . Suppose that u 2 C[T � � ; 1 ),
u(t) > 0 for t � T � � . Assumemoreover that � u 2 C2[T; 1 ), (� u)( t) � 0,
(� u)0(t) � 0 and either (� u)00(t) � 0 or (� u)00(t) � 0 for t � T, and
lim t !1 (� u)0(t)=tl = 0. Then

u(t) =
1
2

(� u)( t) + o(t l ) (t ! 1 ):

Pro of. For the case(� u)00(t) � 0, the conclusionfollows immediately
from Lemma 3.2. Assumethat (� u)00(t) � 0. From Lemma 3.3 it follows
that

1
2

(� u)( t) � � � u(t) �
1
2

(� u)( t + � ) +
1
2

(� u)(T + 2� ); t � T + 2�

for someconstant � . By the meanvalue theorem,for each large t � T, there
is a number � (t) such that t < � (t) < t + � and

(� u)( t + � ) = (� u)( t) + � (� u)0(� (t)) :

Sincelim t !1 (� u)0(t)=tl = 0, we have

lim
t !1

(� u)0(� (t))
t l

= lim
t !1

(� u)0(� (t))
[� (t)]l

"
� (t)

t

#l

= 0:

This completesthe proof.

4. Pro of of the \if " part of Theorem 1.1

In this sectionwe prove the \if " part of Theorem1.1.
We make useof the following well-known lemma of Kiguradze [13].

Lemma 4.1. Let w 2 Cn [T; 1 ) satisfy w(t) 6= 0 and w(t)w(n)(t) � 0 for
t � T. Then there existsan integer k 2 f 1; 3; : : : ; n � 1g suchthat

8
<

:

w(t)w(i )(t) > 0; 0 � i � k � 1;

(� 1)i � kw(t)w(i )(t) � 0; k � i � n;
(4.1)

for all large t � T.
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A function w(t) satisfying (4.1) for all large t is called a function of Kig-
uradzedegreek. It is known ([11], [12], [13], [19]) that if w(t) is a function
of Kiguradze degreek 2 f 1; 3; : : : ; n � 1g and w(t) > 0 for all large t, then

lim
t !1

w(i )(t) = 0; i = k + 1; k + 2; : : : ; n � 1;(4.2)

and that oneof the following three casesholds:

lim
t !1

w(k)(t) = const> 0 and lim
t !1

w(k� 1)(t) = 1 ;(4.3)

lim
t !1

w(k)(t) = 0 and lim
t !1

w(k� 1)(t) = 1 ;(4.4)

lim
t !1

w(k)(t) = 0 and lim
t !1

w(k� 1)(t) = const> 0:(4.5)

Lemma 4.2. Let � 6= 1. Suppose that u 2 C[T � � ; 1 ), � u 2 Cn [T; 1 )
and (� u)(t) > 0 for t � T. For the case � > 1, assumemoreover that
lim t !1 � � t=� u(t) = 0. If (� u)( t) is a function of Kiguradzedegree k for
some k 2 f 1; 3; : : : ; n � 1g, then there exist a constant � and an integer
l 2 f 0; 1; 2; : : : ; n � 1g suchthat

u(t) �
1

1 + �
(� u)( t) � � t l > 0

for all large t � T.

Pro of. We seethat oneof the following three casesholds:

lim
t !1

(� u)(k)(t) = const> 0 and lim
t !1

(� u)(k� 1)(t) = 1 ;(4.6)

lim
t !1

(� u)(k)(t) = 0 and lim
t !1

(� u)(k� 1)(t) = 1 ;(4.7)

lim
t !1

(� u)(k)(t) = 0 and lim
t !1

(� u)(k� 1)(t) = const> 0:(4.8)

Put

l = k; � =
1

2(1+ � )
lim
t !1

(� u)( t)
t l

if (4.6) holds;

l = k � 1; � = 1 if (4.7) holds;

l = k � 1; � =
1

2(1+ � )
lim
t !1

(� u)( t)
t l

if (4.8) holds:
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We note here that l 2 f 0; 1; 2; : : : ; n � 1g, and that if (4.6) or (4.8) holds,
then lim t !1 (� u)( t)=tl = lim t !1 (� u)(l )(t)=l! = const > 0. It is easy to
verify that lim t !1 (� u)0(t)=tl = 0. Lemma 3.1 implies that

u(t) �
1

1 + �
(� u)( t) � � t l

for all larget. By the choiceof � , we concludethat (1+ � ) � 1(� u)( t) � � t l > 0
for all large t. The proof is complete.

Now let us show the \if " part of Theorem1.1.

Pro of of the \if " part of Theorem 1.1. It is su�cien t to prove
that if equation (1.1) has a nonoscillatory solution, then equation (1.10)
has a nonoscillatory solution. Let x(t) be a nonoscillatory solution of (1.1).
Without lossof generality, we may assumethat x(t) > 0 for all large t. Then
(� x)( t) > 0 and (� x)(n)(t) � 0 for all large t. In view of Lemma4.1, we �nd
that (� x)( t) is a function of Kiguradzedegreek for somek 2 f 1; 3; : : : ; n� 1g,
and hencelim t !1 (� x)(k)(t) = const. Since0 < x(t) � (� x)( t) for all large
t, we have lim t !1 � � t=� x(t) = 0 if � > 1. By Lemmas3.2, 3.3 and 4.2, there
are a constant � and an integer l 2 f 0; 1; 2; : : : ; n � 1g such that

x(t) �
1

1 + �
(� x)( t) � � t l > 0 for all large t:

Put w(t) = (1 + � ) � 1(� x)( t) � � t l . Then x(t) � w(t) > 0 for all large t.
From the monotonicity of f it follows that

� w(n)(t) = �
1

1 + �
(� x)(n) (t) =

1
1 + �

f (t; x(g(t))) �
1

1 + �
f (t; w(g(t)))

for all large t. Lemma 2.2 implies that (1.10) has a nonoscillatory solution.
The proof is complete.

5. Pro of of the \only if " part of Theorem 1.1

In this section we give the proof of the \only if " part of Theorem 1.1.
To this end, we require the following result concerningan \in verse" of the
operator �.

Lemma 5.1. Let T� and T be numbers suchthat maxf t0; 1g � T� � T � � ,
and let k 2 N and M > 0. De�ne the set Y as follows:

Y = f y 2 C[T� ; 1 ) : y(t) = 0; t 2 [T� ; T]; and jy(t)j � M tk ; t � Tg:
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Then there existsa mapping � on Y which has the following properties (i){
(v):

(i) � mapsY into C[T� ; 1 );

(ii) � is continuous on Y in the C[T� ; 1 )-topology;

(iii) � satis�es (� y)( t) + � (� y)( t � � ) = y(t) for t � T and y 2 Y;

(iv) if � = 1 and y 2 Y is nondecreasing on [T� ; 1 ), then (� y)( t) � 0 for
t � T� ;

(v) if � > 1, then lim t !1 � � t=� (� y)( t) = 0 for y 2 Y.

Here and hereafter,C[T� ; 1 ) is regardedas the Fr�echet spaceof all con-
tinuous functions on [T� ; 1 ) with the topology of uniform convergenceon
every compactsubinterval of [T� ; 1 ).

We divide the proof of Lemma 5.1 into the two cases0 < � � 1 and
� > 1.

Pro of of Lemma 5.1 for the case 0 < � � 1. For each y 2 Y, we
de�ne the function � y on [T� ; 1 ) by

(� y)( t) =

8
>>>>><

>>>>>:

mX

i =0

(� � ) i y(t � i� ); t 2 [T + m� ; T + (m + 1)� );

m = 0; 1; : : : ;

0; t 2 [T� ; T):

(i) Let y 2 Y. Note that y(T) = 0. It is obviousthat (� y)( t) is continuous
on [T� ; 1 ) � f T + m� : m = 0; 1; 2; : : :g. We observe that

lim
t ! T � 0

(� y)( t) = 0 = y(T) = lim
t ! T +0

(� y)( t);

and that if m � 1, then

lim
t ! T + m� � 0

(� y)( t) =
m� 1X

i =0

(� � ) i y(T + m� � i� )

=
m� 1X

i =0

(� � ) i y(T + m� � i� ) + (� � )m y(T)

=
mX

i =0

(� � ) i y(T + m� � i� )

= lim
t ! T + m� +0

(� y)( t):
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Consequently, (� y)( t) is continuouson [T� ; 1 ).
(ii) It su�ces to show that if f yj g1

j =1 is a sequencein C[T� ; 1 ) converging
to y 2 C[T� ; 1 ) uniformly on every compact subinterval of [T� ; 1 ), then
f � yj g convergesto � y uniformly on every compact subinterval of [T� ; 1 ).
Clearly, f � yj g convergesto � y uniformly on [T� ; T]. Weclaim that � yj ! � y
uniformly on I m � [T + m� ; T + (m + 1)� ], m = 0; 1; 2; : : : : Then we easily
concludethat f � yj g convergesto � y uniformly on every compactsubinterval
of [T� ; 1 ). Observe that

sup
t2 I m

j(� yj )( t) � (� y)( t)j �
mX

i =0

� i sup
t2 I m

jyj (t � i� ) � y(t � i� )j

�
mX

i =0

� i sup
t2 I m � i

jyj (t) � y(t)j

for m = 0; 1; 2; : : : : Then we seethat

sup
t2 I m

j(� yj )( t) � (� y)( t)j ! 0 (j ! 1 ); m = 0; 1; 2; : : : ;

so that f � yj g convergesto � y uniformly on I m for m = 0; 1; 2; : : : :
(iii) Let y 2 Y. If t 2 [T; T + � ), then (� y)( t � � ) = 0 and

(� y)( t) = y(t) = y(t) � � (� y)( t � � ):

It t 2 [T + m� ; T + (m + 1)� ), m = 1; 2; : : :, then

(� y)( t) = y(t) +
mX

i =1

(� � ) i y(t � i� )

= y(t) � �
mX

i =1

(� � ) i � 1y(t � � � (i � 1)� )

= y(t) � �
m� 1X

i =0

(� � ) i y(t � � � i� )

= y(t) � � (� y)( t � � );

sincet � � 2 [T + (m � 1)� ; T + m� ).
(iv) Assumethat � = 1. Let y 2 Y be nondecreasingon [T� ; 1 ). Notice

that y(t) � y(T� ) = 0 for t � T� . It is easyto seethat (� y)( t) = y(t) � 0 for
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t 2 [T; T + � ) and (� y)( t) = 0 for t 2 [T� ; T). Let t 2 [T + m� ; T + (m + 1)� ),
m = 1; 2; : : : : If m � 1 is odd, then

(� y)( t) =
(m� 1)=2X

j =0

[y(t � 2j � ) � y(t � (2j + 1)� )] � 0:

If m � 2 is even, then

(� y)( t) =
(m=2)� 1X

j =0

[y(t � 2j � ) � y(t � (2j + 1)� )] + y(t � m� ) � 0:

Thereforewe obtain (� y)( t) � 0 for t � T� . The proof for the case0 < � � 1
is complete.

Pro of of Lemma 5.1 for the case � > 1. For each y 2 Y, we assign
the function � y on [T� ; 1 ) as follows:

(� y)( t) =

8
>><

>>:

�
1X

i =1

(� � )� i y(t + i� ); t 2 [T � � ; 1 );

(� y)(T � � ); t 2 [T� ; T � � ):

Let y 2 Y. Then

j(� � )� i y(t + i� )j � � � i M (t + i� )k � 2k� 1M � � i (tk + i k � k)(5.1)

for t � T � � , i = 1; 2; : : : : Thus we seethat the series
P 1

i=1 (� � )� i y(t + i� )
convergesuniformly on every compactsubinterval of [T � � ; 1 ), so that � is
well-de�ned, and (� y)( t) is continuouson [T� ; 1 ) and satis�es

j(� y)( t)j �
2k� 1M
� � 1

tk + L; t � T � �

for each y 2 Y, whereL = 2k� 1M � k P 1
i=1 � � i i k . This meansthat (i) and (v)

follow. Now we show (ii) and (iii).
(ii) Take an arbitrary compact subinterval I of [T � � ; 1 ). Let " > 0.

There is an integer q � 1 such that

1X

i = q+1

� � i M (t + i� )k <
"
3

; t 2 I :(5.2)
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Let f yj g1
j =1 be a sequencein Y converging to y 2 Y uniformly on every

compactsubinterval of [T� ; 1 ). There exists an integer j 0 � 1 such that

qX

i =1

� � i jyj (t + i� ) � y(t + i� )j <
"
3

; t 2 I ; j � j 0:

It follows from (5.1) and (5.2) that

j(� yj )( t) � (� y)( t)j �
qX

i =1

� � i jyj (t + i� ) � y(t + i� )j

+

�
�
�
�
�

1X

i = q+1

(� � )� i yj (t + i� )

�
�
�
�
�

+

�
�
�
�
�

1X

i = q+1

(� � )� i y(t + i� )

�
�
�
�
�

�
"
3

+ 2 �
"
3

= "; t 2 I ; j � j 0;

which implies that � yj converges� y uniformly on I . We seethat � yj ! � y
uniformly on [T� ; T � � ], becauseof (� y)( t) = (� y)(T � � ) on [T� ; T � � ] for
y 2 Y. Consequently, we concludethat � is continuous on Y.

(iii) Let y 2 Y. Observe that

� (� y)( t � � ) =
1X

i =1

(� � )� (i � 1)y(t + (i � 1)� )

= y(t) +
1X

i =1

(� � )� i y(t + i� )

= y(t) � (� y)( t); t � T:

The proof for the case� > 1 is complete.

Lemma 5.2. Let w 2 Cn [T; 1 ) be a function of Kiguradzedegree k for
somek 2 f 1; 3; : : : ; n � 1g. Then lim t !1 w(t + � )=w(t) = 1 for each � > 0.

Pro of. We may assumethat w(t) > 0 for all large t. Recall that w(t)
satis�es oneof (4.3){(4.5). If (4.3) holds, then

lim
t !1

w(t + � )
w(t)

=
lim t !1 w(k)(t + � )

lim t !1 w(k)(t)
= 1:
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In exactly the sameway, we have lim t !1 w(t + � )=w(t) = 1 for the case(4.5).
Assumethat (4.4) holds. By the mean value theorem, for each large �xed
t � T, there is a number � (t) such that

w(t + � ) � w(t) = �w 0(� (t)) and t < � (t) < t + �:

Thus we obtain

w(t + � )
w(t)

� 1 = �
w0(� (t))
[� (t)]k� 1

tk� 1

w(t)

"
� (t)

t

#k� 1

:

By (4.4) we concludethat lim t !1 w0(t)=tk� 1 = 0 and lim t !1 w(t)=tk� 1 = 1 ,
so that lim t !1 w(t + � )=w(t) = 1.

Now we prove the \only if " part of Theorem1.1.

Pro of of the \only if " part of Theorem 1.1. We show that if
equation (1.10) has a nonoscillatory solution, then equation (1.1) has a
nonoscillatorysolution. Let z(t) bea nonoscillatorysolution of (1.10). With-
out loss of generality, we may assumethat z(t) is eventually positive. Set
w(t) = (1 + � )z(t). Then w(t) is an eventually positive solution of

w(n)(t) + f (t; (1 + � ) � 1w(g(t))) = 0:(5.3)

Lemma 4.1 implies that w(t) is a function of Kiguradze degreek for some
k 2 f 1; 3; : : : ; n � 1g, and one of the cases(4.3){(4.5) holds. Hence,
lim t !1 w(t)=tk = const � 0. From Lemma 5.2 it follows that

w(t + 2� ) �
3
2

w(t); t � T1(5.4)

for someT1 � t0.
We can take a su�cien tly large number T � T1 such that w(i )(t) > 0

(i = 0; 1; 2; : : : ; k � 1), w(g(t)) > 0 for t � T, and

T� � minf T � � ; inf f g(t) : t � Tgg � maxf T1; 1g:

Recall (4.2). Integrating (5.3), we have

w(t) � P(t) =
Z t

T

(t � s)k� 1

(k � 1)!

Z 1

s

(r � s)n� k� 1

(n � k � 1)!
f

 

r;
w(g(r ))
1 + �

!

drds
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for t � T, where

P(t) =
(t � T)k

k!
w(k)(1 ) +

k� 1X

i =0

(t � T) i

i !
w(i )(T); t � T� ;

and w(k)(1 ) = lim t !1 w(k)(t) � 0.
Considerthe set Y of functions y 2 C[T� ; 1 ) which satis�es

y(t) = 0 for t 2 [T� ; T] and 0 � y(t) � w(t) � P(t) for t � T:

Then Y is closedand convex. Note that there is a constant M > 0 such that
jy(t)j � M tk on [T; 1 ) for y 2 Y, by lim t !1 w(t)=tk = const � 0. Lemma
5.1 implies that there exists a mapping � on Y satisfying (i){(v) of Lemma
5.1. Put

(	 y)( t) = (� y)( t) +
P(t)

4(1+ � )
; t � T� ; y 2 Y:

For each y 2 Y, we de�ne the mapping F : Y � ! C[T� ; 1 ) as follows:

(F y)(t) =

8
>><

>>:

Z t

T

(t � s)k� 1

(k � 1)!

Z 1

s

(r � s)n� k� 1

(n � k � 1)!
f (r; (	 y)(g(r ))) drds; t � T;

0; t 2 [T� ; T];

where

f (t; u) =

8
>>><

>>>:

f (t; (1 + � ) � 1w(g(t))) ; u � (1 + � ) � 1w(g(t)) ;

f (t; u); 0 � u � (1 + � ) � 1w(g(t)) ;

0; u � 0;

for t � T and u 2 R. In view of the fact that

0 � f (t; u) � f (t; (1 + � ) � 1w(g(t))) ; (t; u) 2 [T; 1 ) � R ;

we seethat F is well de�ned on Y and maps Y into itself. Since � is
continuous on Y, by the Lebesguedominated convergencetheorem, we can
show that F is continuouson Y asa routine computation.

Now we claim that F (Y) is relatively compact. We note that F (Y)
is uniformly bounded on every compact subinterval of [T� ; 1 ), becauseof
F (Y) � Y. By the Ascoli-Arzel�a theorem, it su�ces to verify that F (Y) is
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equicontinuouson every compactsubinterval of [T� ; 1 ). Let I bean arbitrary
compactsubinterval of [T; 1 ). If k = 1, then

0 � (F y)0(t) �
Z 1

t

(s � t)n� 2

(n � 2)!
f

 

s;
w(g(s))
1 + �

!

ds; t � T; y 2 Y:

If k � 3, then

0 � (F y)0(t) �
Z t

T

(t � s)k� 2

(k � 2)!

Z 1

s

(r � s)n� k� 1

(n � k � 1)!
f

 

r;
w(g(r ))
1 + �

!

drds

for t � T and y 2 Y. Thus we seethat f (F y)0(t) : y 2 Yg is uniformly
boundedon I . The meanvalue theoremimplies that F (Y) is equicontinuous
on I . Sincej(F y)(t1) � (F y)(t2)j = 0 for t1, t2 2 [T� ; T], we concludethat
F (Y) is equicontinuous on every compact subinterval of [T� ; 1 ).

By applying the Schauder-Tychono� �xed point theoremto the operator
F , there exists a ey 2 Y such that ey = F ey.

Put x(t) = (	 ey)(t). Then we obtain

(� x)( t) = ey(t) +
P(t) + �P (t � � )

4(1+ � )
; t � T;(5.5)

by Lemma 5.1 (iii), and hence(� x)( t) is a function of Kiguradze degreek.
SinceP(t) is nondecreasingin t 2 [T; 1 ), we �nd that P(t) � P(t � � ) �
P(T) = w(T) > 0 for t � T + � , so that

0 < (� x)( t) � w(t) � P(t) +
P(t) + �P (t)

4(1+ � )
= w(t) �

3
4

P(t)(5.6)

for t � T + � . We will show that

0 < x(t) � (1 + � ) � 1w(t) for all large t:(5.7)

Then the proof of the \only if " part of Theorem 1.1 will be complete,since
(5.5) and (5.7) imply that

dn

dtn
[x(t) + �x (t � � )] = ey(n)(t) = (F ey)(n)(t) = � f (t; x(g(t)))

= � f (t; x(g(t)))

for all large t, which meansx(t) is a nonoscillatory solution of (1.1).
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If w(k)(1 ) > 0, then we put l = k, and if w(k)(1 ) = 0, then we put
l = k � 1. It can be shown that lim t !1 (� x)0(t)=tl = 0. Indeed,since

lim
t !1

(� x)(k)(t) = lim
t !1

ey(k)(t) + lim
t !1

P (k)(t) + �P (k)(t � � )
4(1+ � )

= lim
t !1

(F ey)(k)(t) +
w(k)(1 )

4
=

w(k)(1 )
4

;

we seethat if l = k, then lim t !1 (� x)0(t)=tl = lim t !1 (� x)(k)(t)=(k!t) = 0,
and that if l = k� 1, then lim t !1 (� x)0(t)=tl = lim t !1 (� x)(k)(t)=(k� 1)! = 0.

First assumethat � 6= 1. From Lemma 4.2 it follows that x(t) > 0 for
all large t � T� . In view of Lemma 3.1 and the fact that lim t !1 P(t)=tl =
const> 0, we have

x(t) �
1

1 + �
(� x)( t) +

3
4(1+ � )

P(t)

for all large t. Hence,by (5.6), we obtain x(t) � (1 + � ) � 1w(t) for all large t.
Next we assumethat � = 1 and l 6= 0. Since ey(t)(= (F ey)(t)) is nonde-

creasingin t 2 [T� ; 1 ), from Lemma 5.1 (iv), we seethat (� ey)(t) � 0 for
t � T� , so that x(t) � P(t)=[4(1+ � )] for t � T� . Hence,x(t) > 0 for t � T.
By using Lemma 3.4 and the sameargument as in the case� 6= 1, we can
show that x(t) � (1 + � ) � 1w(t) for all large t.

Finally we supposethat � = 1 and l = 0. Then k = 1 and w(k)(1 ) = 0.
Therefore,P(t) = w(T) on [T� ; 1 ). As in the case� = 1 and l 6= 0, we have
x(t) � P(t)=[4(1 + � )] for t � T� , which implies that x(t) > 0 for t � T� .
Note that (� x)0(t) � 0 and (� x)00(t) � 0 for t > T, sincek = 1. By Lemma
3.2, (5.6) and (5.4), we concludethat

x(t) �
1
2

(� x)( t) +
1
2

(� x)(T + 2� )

�
1
2

�

w(t) �
3
4

w(T) + w(T + 2� ) �
3
4

w(T)
�

�
1
2

w(t); t � T + 2� :

The proof is complete.
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