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Abstract

The even order neutral di erential equation

n

a1) SO+ x (@ ]+ 1 Gx(g0) =0

is consideredunder the following conditions: n  2isewen; > 0; > 0;
g2 CJtg;1 ), limyy g(t) = 1;f 2 C([te;1) R), uf(t;u) 0 for
(ttu) 2 [tg;1) R, andf (t; u) is nondecreasingn u 2 R for eatr xed
t to. It is shavn that equation (1.1) is oscillatory if and only if the
non-neutral di erential equation

1
1+

x(M(t) + f(t; x(g(t)) =0

is oscillatory.

Keyw ords: Oscillation, Neutral di erential equation.
AMS Subject Classication : 34K11, 34K40.

1. Intro duction and main results
We shall be concernedwith the oscillatory behavior of solutions of the
ewven order neutral di erential equation
n

@) S+ X ]+ fEx(0) = 0
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Throughout this paper, the following conditions are assumedo hold: n 2
isewen, >0; >0;,92CJte;1),limy; got)=1;f 2 C(te;1) R),
uf (ttu) Ofor (t;u) 2 [to;1 ) R, andf (t;u) is nondecreasingn u 2 R
for eah xed t t,.

By a solution of (1.1), we mean a function x(t) that is cortinuous and
satis es (1.1) on [ty; 1 ) for somety, to. Therefore,if x(t) is a solution of
(1.1), then x(t) + x (t ) is n-times cortinuously di erentiable on [ty; 1 ).
Note that, in general,x(t) itself is not cortinuously di erentiable.

A solution is said to be oscillatory if it has arbitrarily large zeros;oth-
erwiseit is said to be nonoscillatory This meansthat a solution x(t) is
oscillatory if and only if there is a sequenceft;gl.; suc that t; ! 1 as
i1 1 andx(tj)) = 0(i = 1;2;:::), and a solution x(t) is nonoscillatory if
and only if x(t) is everntually positive or evertually negative. Equation (1.1)
is said to be oscillatory if every solution of (1.1) is oscillatory.

There hasbeenconsiderablanvestigation of the oscillationsof even order
neutral di erential equations. For typical results we refer to the papers|[1,
2, 4{8, 11, 12, 16, 18, 19, 21{25] and the monographs[3] and [9]. Neutral
di erential equations nd numerousapplicationsin natural scienceand tech-
nology. For instance, they are frequerily usedfor the study of distributed
networks cortaining losslesdransmissionlines. SeeHale [10].

Now considerthe linear equation
dn
grX@+ x( )I+ptxt  )=0

and the nonlinear equation

(1.2)

n

(1.3) (jl?[x(t)Jr x (t )+ p®jx(t )i sgnx(t )= 0

Here and hereafterwe assumethat 2 R, > 0, 6 1,p 2 CJte;1),
p(t) > Ofort to.
For the case0 < < 1, Jaros and Kusano [11, Theorems3.1 and 4.1]
proved that equation (1.2) is oscillatory if
Z 1
(1.4) t" ! "p(t)dt=1 for some" > O;

and that equation (1.2) hasa nonoscillatory solution if
Z 1
(1.5) t" p(t)dt< 1 :
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There is a di erence between(1.4) and (1.5). Indeed, the casep(t) = ct "
(c> 0) is an examplesud that both conditions (1.4) and (1.5) fail.

In particular, Y. Naito [19, Theorems5.3 and 5.4] characterizedthe os-
cillation of equation (1.3) with 0 < < 1 as follows: equation (1.3) with
0< < 1lisoscillatory if and only if

z 1
(1.6) tmnt 2 Dptydt = 1 :

For the case 1, it is known that if (1.5) holds, then equation (1.2)
has a nonoscillatory solution, and that if
VA 1
(1.7) tminf 19 Dnt)dt < 1 ;

then equation (1.3) hasa nonoscillatory solution. See,M. Naito [18]( = 1),
Chen[1] ( > 1), and also[21]. In the case 1, su cient conditions for
(1.2) or (1.3) to be oscillatory were establishedin [4], [5], [7] and [8], under

the condition zZ,
p(t)ydt=1 :
Recetly, it hasbeenobtainedin [22]that if
VA 1
(1.8) t" ' "minfp(t);p(t )gdt=1 for some" > O;

then equation (1.2) with 1 is oscillatory, and that if

z,
(1.9) tminf 290 D minfp(t);p(t gdt= 1 ;

then equation (1.3) with 1 is oscillatory. Howewer, as comparedwith
the case0 < < 1, there are gapsbetweenconditions (1.5) and (1.8), and
betweenconditions (1.7) and (1.9).

In this paper we have the following oscillation theorem, which is able to
narrow the above di erence and gaps.

Theorem 1.1. Equation (1.1) is oscillatory if and only if

Lt x@m) =0

(1.10) xM(t) + T

is oscillatory.
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The oscillatory behavior of solutions of non-neutral di erential equations
of the form

xM(t) + £ (tx(g(t) = 0

has beenintensively studied in the last three decades.We refer the reader
to [9, 14,15, 17, 20] and the reference<ited therein. In Section2, using the
known oscillation results for the equations

(1.11) xM(t)+ pt)x(t )=0
and
(1.12) xM(t) + pt)ix(t )i sgnx(t )= 0;

we prove the following corollariesof Theorem1.1.

Corollary 1.1. (i) Equation (1.2) is oscillatory if

z 1
(1.13) t" Zp(t)dt= 1 :

(i) Supmsethat (1.13) fails. Equation (1.2) is oscillatory if

(1.14) Iirtrlllsuptzt1 s" 2p(s)ds> (1+ )n 1)
or if Z,

(1.15) Iiminft t s" ?p(s)ds> (1+ )(n 1)=4
Equation (1.2) hasa nonoscillatory solution if

(1.16) |irtrglsupt Ztl s" ?p(s)ds< (1+ )(n 2)!=4:

Corollary 1.2. Equation (1.2) is oscillatory if (1.4) holds. Equation (1.2)
hasa nonoscilatory solution if (1.5) holds.

Corollary 1.3. Equation (1.3) is oscillatory if and only if (1.6) holds.

It is possibleto obtain oscillation results for equationsof the form (1.1).
Howewer, for simplicity, we have restricted our attention to equations(1.2)
and (1.3).

We give an exampleillustrating Corollary 1.1.
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Example 1.1. We considerthe linear neutral di erential equation

dn
(1.17) ﬁ[x(t) + x (t )] + ct x(t )=0;
wherec > 0, 2 R. Applying Corollary 1.1, we concludethat: equation
(2.17) is oscillatory if either = nandc> (1+ )(n 1)!=4or > n;
equation (1.17) has a nonoscillatory solution if either = n and c <
@+ )n 2)4or < n.

Let us considerthe equation

n

(118) S+ X ]+ FExE0) =0

where > 0,7> 0,92 C[to;1 ), limyz gt) =1 ,f 2 C([te;1) R),
uf (bu) Ofor (t;u) 2 [te;1) R.
From Theorem 1.1, we obtain the following comparisonresult.

Corollary 1.4. Supmsethat  , g(t) g(t) fort to, andjf (t; u)j
jf (t;wj for (t;u) 2 [to;1 ) R. If (1.1) is oscillatory, then (1.18) is oscilla-
tory.

The proof of Corollary 1.4 is deferredto the next section.

In Section3 we investigatethe relation betweenfunctions u(t) and u(t) +
u(t ). Weshow the \if " part and the \only if" part of Theorem1.1in
Sections4 and 5, respectively.

Sud an approat as Theorem1.1 hasbeenconductedby Tangand Shen
[23], and Zhang and Yang [25] for odd order neutral di erential equations.

2. Pro ofs of Corollaries 1.1{1.4

In this sectionwe prove Corollaries 1.1{1.4. It is known that equation
(1.12) is oscillatory if and only if (1.6) holds. See,for example, Kitamura
[14, Corollary 3.1]. Hence,Corollary 1.3 follows from Theorem1.1.

The following oscillation result for equation (1.11) have beenestablished
by M. Naito [17, Theorems2 and 4] and Kusano [15, Theorems3 and 4].

Lemma 2.1. (i) Equation (1.11) is oscillatory if (1.13) holds.
(i) Supmsethat (1.13) fails. Equation (1.11) is oscillatory if
Z 1
limsupt  s" ?p(s)ds> (n 1)
ti1 t
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or if z,
liminft s 2p(s)ds> (n  1)!=4:
! t

Equation (1.11) hasa nonoscillatory solution if
VA 1
limsupt  s" %p(s)ds< (n 2)I=4
tl1 t

Combining Theorem 1.1 with Lemma2.1, we obtain Corollary 1.1.

Now let us shaw that Corollary 1.1 implies Corollary 1.2.

Supposethat (1.4) holds. From the result of Kitamura [14, Corollary 5.1]
it follows that the equation

(2.1) xXMM)+ p@x(t )=0

is oscillatory for all constart > 0. M. Naito [17, Theorem 5] and Kusano
[15, Theorem 2] have shown that equation (2.1) is oscillatory for all > O if
and only if either (1.13) holds or

z 1
limsupt  s" %p(s)ds=1:
til t

This meansthat if (1.4) holds, then either (1.13) or (1.14) is satis ed, and
soequation (1.2) is oscillatory.
Supposenext that (1.5) holds. Then

Z, Z,

0 Ilmt s" ?p(s)ds lim s" !p(s)ds= 0:
t1l t t1l t

Consequetly, if (1.5) holds,then (1.16)is sais ed, and so(1.2) hasa nonoscil-
latory solution.

To prove Corollary 1.4, we needthe following result which has beenob-
tained by Onose[20].

Lemma 2.2. If the di er ential inequality

xW(t) + f (6 x(g(t) O

hasan eventualy positive solution, then the di er ential equation

xM(t) + £ (tx(g(t) = 0
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hasan eventualy positive solution.

Pro of of Corollary 1.4. Assumethat (1.15) has a nonoscillatory solu-
tion. Then Theorem 1.1 implies that

1

XO(1) + =T (6 x(g(D)) = 0

hasa nonoscillatory solution x(t). Without lossof generality, we may assume
that x(t) > O for all larget. For the casewhere x(t) < O for all large t,
y(t) x(t) is an eventually positive solution of

L et y(om) = o

(n)
y'(t) + n

wheref(t;u) = f(t; u), and hencethe casex(t) < 0 can be treated simi-
larly. From Lemma4.1below it followsthat x(t) is evertually nondecreasing.
In view of the hypothesisof Corollary 1.4, we seethat x(g(t)) x(g(t)) for
all larget to, and

X0 T EXEO) ot (X))

for all larget to. By Lemma2.2 and Theorem 1.1, equation (1.1) has a
nonoscillatory solution. This completesthe proof.

3. Relation between u(t) and u(t) + u (t )
In this sectionwe study the relation betweenfunctions u(t) and u(t) +

u(t ).

We usethe notation:

(w®=u®+ u )
Lemma 3.1. Let 6 landl 2 N[ fOg. Supmsethatu2 C[T ;1), u?2

CYT;1), ( u)(t) O, ( wqt) Ofort T,andlimy ( u)qt)=t = 0.
For the case > 1, assumemoreover that limg; = u(t) = 0. Then

u(t) = 1%( u)(t) + ot (! 1):

We divide the proof of Lemma 3.1 into the two casesO < < 1 and
> 1.
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Pro of of Lemma 3.1 for the case0< < 1. Let 2 (0;1). Wesee
that
u®=( uwt) u@ ) t T,

sothat

ut)y= ( u)(t) [ u(t ) u(t 2)]
=(Cu(t)  (u(t )+ Putt 2) ot T+

and

u®=( u() Cut )+ A ut 2) u 3))
=(Cu()  (ut )+ At 2)  Cut 3)
fort T+ 2 . Wehave

o .
(3.1) ut) = ( )'Cu(t i)+ )™ut (m+1))
i=0
fort T+m ,m=0;12:::: Obsene that
X . _ X . Zy
(3.2) C )Cuwe )= ) u t,( u){s)ds
i=0 i= I
1 ( )m+1

= T( u)(t)
Z

xn [t
(), (uigds
i=1 :
fort T+m m=2L12::::1ft2[T+m ;T+(m+1)], m=12::;
then(t T) ¥ 1 m (t T) I Hencewehave
(83  ju(t (m+1D)) . max guls (m+ 1))

= sz{pagT]JU(S)J

and
(3.4) i( )m+1j m+1 € T) 14l _ (t T)=
fort 2 [T+m ;T+(m+1) ], m= 1;2;:::: Combining (3.1) with (3.2){(3.4),
we obtain
t T)= z,
(90 g+ C, Culs)ds

1+ 1+ i=1

+ © 1= max ju(s)j
s2([T ;T]J ()J

(35)  u(t)
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fort2[T+m ;T+(m+1) ],m=1,2:::: We nd that

o Zy xnoox Zie oy
(3.6) " u)qs)ds= ! ( uYs)ds
i ti izt j=1 !

xn o Lo

= " (wi9ds
. . tj

i=1i=j
X mal 2y o
= — ( u)qs)ds

X Loy
27T Cues
j=t U]
fort 2 [T+m ;T+(m+1) [,m=1;2::::Since(t s) * | (t s) +1
fors2[t j;t ( 1) ], wehave
xW o Lo xn 2 o1
3.7) i T u)Ys)ds P 9= (u)Ys)ds
, t t
t
= = ( uwYs)ds

= = ( u)Ys)ds
;

fort2[T+m ;T+(m+1) ],m= 12 :::: From (3.5){(3.7) it follows that

(t T)= = Zy
@) uny S0 e = ( us)ds
+ 0D max_ju(s)]
fort T+ . It canbe shovn that
Zt
(3.9) = . S uYs)ds=o(t') (! 1):
Indeed,
R = ( wYs)ds a R = ( uYs)ds
lim L — = lim & T~
ti1 =t t11 a[ t= tl]
(uqt)

- t!ll [log = + It 1t B
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By limy, (- w)qt)=t' = 0, we seethat limy, ¢ T ( u)(t) = 0. Conse-

quertly, the conclusionfollows from (3.8) and (3.9).

Pro of of Lemma 3.1 for the case > 1. Assumethat > 1, and

that lim S u(t)=0.Lett T be xed. Since
ut) = ut+ ) tut+ ),
we nd that

u(t) Cut+ ) T ' ut+2) u(t+ 2)]
Cout+ ) Cu(t+2)+ Pu(t+2)
Cut+ ) (u(t+2)

+ 0 M u(t+3) u(t+ 3]

Cout+) Cu(t+2)+ 3 u)(t+3)

ju(t + 3);

sothat

(3.10) u(t) = 'Xn( Y IC u(t+i)+( ) Mu(t+m): m2N:

i=1
We have
X . _ X . Z 4
(3.11) __( ) 'Cu)(t+i) = __( ) L (ou)(t) + t ( u)qs)ds
_o1+(C )"
= 1+—( u)(t)
Xn _Zt+i
0« u){s)ds;
i=1
and
xn _Zt+i Xn _Zt+i
(3.12) ( ) : ( uYs)ds ' t ( uYs)ds
i=1 i=1
Z
T e)ds
i=1 j=1 (1)
Z i
=0T s
t+(j 1)
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N j+1 m Z t+]
= ( u)Ys)ds

t+(j 1)
NUEAY

— J ( uYs)ds
1._ t+(j 1)

form2N:Ifs2[t+( 1);t+j J,then(s t) * j (s t) 1+1.
Thus we obtain

xXn Z t+ ] xn £ t+
(3.13) J ( wYs)ds ¢ D= uYs)ds
j=1 t+(j 1) j=1 t+(j 1)
= = ( u)Ys)ds
Zt
1

= : = ( u)qs)ds

for m 2 N: We note herethat  © ( u){t) is integrableon [T;1 ), because
of limyr (- wWYt)=t' = O: Put

A(t) = — = tl = ( wYs)ds:
From (3.10){(3.13) it follows that
(314) u@ WO DM AD+ Mjut+ m )

1+ 1+
form 2 N. By lim, = u(t) = 0, we nd that
. m: s . t= (t+m ): . .
lim jut+m)j= lim jut+m )j
t=

j— H S= H— .
= sI!|1rn ju(s)j = O:

Therefore,letting m! 1 in (3.14), we seethat

u o un AW

foready xed t T. In a similar fashionasin the proof of Lemma 3.1 for
the case0 < < 1, we concludethat A(t) = o(t') (t! 1 ). This completes
the proof.

EJQTDE, 2000No. 4, p. 11



For the case = 1, we have the following results.

Lemma 3.2. Let = 1. Supmsethat u 2 C[T 1), u(t) > 0 for
t T . If ( u)(t) is nondecreasing and concave on [T;1 ), then there
existsa constant suchthat
0< (UM Ul S WMF S WTHE2) t T2
Lemma 3.3. Let = 1. Supmsethat u 2 C[T 1), u(t) > 0 for
t T . If ( u)(t) is nondecreasing and convexon [T;1 ), then there
existsa constant suchthat
0< ZCU()  u®) S u(tE )+ o( u(TH2) t T2
Pro of of Lemma 3.2. Since( u)(t) is concave, we nd that
1 1 t+ t
SLu+ )rsut ) (u) S+ o = (U

fort T+ | sothat

B15) (uw® (ut ) S U )+ ut )
Cue )
= 20wt ) (o )]
fort T+ ,and
@16) (um (ue ) uw
2Cum+ 2 u 2)
= 2w (ue 2)]
fort T+ 2 . Obsene that

(3.17) wu(t) ut 2)=ul)+ult ) Juit H+ut 2)]
=Cu) (uwt )t T+
Combining (3.15) and (3.16) with (3.17), we have

uo u 2) S wEs ) (ue Ot T+
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and
u(t) ut 2) %[( u(t) (u(t 2); t T+2:
ft2[T+@2m 1);T+(2m+ 1) ], m=1;2;::: then
u(t) %[( ut+ ) (u(t H+ut 2)

2C U ) Cue NE o ue ) (ue 3)
+ut 4)

= 20w ) (ue 3)Fu 4)

JCue ) (ue @D )+ue 2m);

and 1
u®y SICw® uT+2)+_  mn - us)

s T+

since( u)(t) is nondecreasingln the sameway, we seethat
u® S um  (ut am)+ue 2m)
ACum  Cue am )+ (oue 2m)
= 20 u®+ ( ue 2m )]
20C 0+ ( u)(T+2)]
fort2 [T+2m :T+2m+1) ], m=12:: Put
=2 u(T+2)  min  u(s):

We have 1
u® SCum ot TH

Ift T+ 2 ,then

%( u)(t) %( u(T+2) = min_ u(s)>0
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This completesthe proof.
Pro of of Lemma 3.3. We seethat

s ) S ue ) (w o

+
2 2
fort T+ . By using(3.17) and the sameargumeris asin the proof of

Lemma 3.2, we concludethat

= ( u)

uw ue 2) S WO (w20t T2
and
u® u 2) S wEs ) (ue Ot T
and we have
uo S WM (o 2m i+ u 2m)
fort 2 [T+2m :T+2m+1) ], m= 12::: and
uw I uEE ) (o @no 1)+ u 2m)
dCu+ ) (o @m D)+ ue @m 1))
=2 ut )+ (Ut @m 1))

fort2[T+@2m 1);T+@2m+ 1) ], m=1,2::::In view of the nonde-
creasingnature of ( u)(t), we obtain

w5 U S0 u(T+2)+  min u(s)
%( u)(t) ot T+ 2

and L
u(t) EKUW+ )+ u(T+2); t T+

It is easyto seethat

u(t) %( u(mT+2) = gniTn+2 us)>0;, t T+2:
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The proof is complete.
From Lemmas3.2 and 3.3, we obtain the next result.

Lemma 3.4. Let = landl 2 N. Supmsethat u 2 C[T 1),
uit)>0fort T . Assumemoreoverthat u2 C?[T;1), ( u)(t) O,
( Wqt) O andeither ( W) Oor ( W) Ofort T, and
limys (- wYt)=t' = 0. Then

u(t) = %( u)(t) + ot (! 1):

Pro of. For the case( u)®t) 0, the conclusionfollows immediately
from Lemma 3.2. Assumethat ( u)°ft) 0. From Lemma 3.3 it follows
that

%( u)(t) u(t) %( u)(t + )+%( u(T+2), t T+2

for someconstart . By the meanvaluetheorem,for ead larget T, there
isanumber (t) suhthatt< (t)<t+ and

Cut+ )= wm+ ( wl o):

Sincelimy; (- w)Yt)=t' = 0, we have

COr @ _ (Wm0
o AN TTor

lim
ti1

0:

This completesthe proof.
4. Pro of of the \if " part of Theorem 1.1

In this sectionwe prove the \if " part of Theorem1.1.

We make useof the following well-known lemma of Kiguradze [13].
Lemma 4.1. Letw 2 C"[T;1 ) satisfy w(t) 6 0 and w(t)w(™(t) O for
t T. Thenthere existsan integerk 2 f1;3;:::;n 1g suchthat

8 .
< w(t)wi(t) > 0; 0 i k 1

1) ( 1) *wwid@) 0, k i n;

for all larget T.
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A function w(t) satisfying (4.1) for all larget is called a function of Kig-
uradzedegreek. It is known ([11], [12], [13], [19]) that if w(t) is a function
of Kiguradzedegreek 2 f1;3;:::;n 1g and w(t) > O for all larget, then

(4.2) Jim wt)=0, i=k+Lk+2::;n 1

and that one of the following three casesholds:

(4.3) lim w(t) = const> 0 and lim w D(t) = 1 ;
(4.4) Jim w®(t)= 0 and Jim wk Dy =1;
(4.5) Jim w(t)= 0 and lim w D(t) = const> 0:

Lemma 4.2. Let 6 1. Supmsethat u 2 C[T 1), u2C"T;1)
and ( u)(t) > Ofort T. For the case > 1, assumemoreover that
limgy S ou(t) = 0. If ( u)(t) is a function of Kiguradze degree k for
somek 2 1;3;:::;n 1g, then there exist a constant and an integer
1210;1;2;:::;n 1g suchthat

u(t) 1%( u(t t'>0

for all larget T.
Pro of. We seethat one of the following three casesholds:

4.6)  lim( u)®(t) = const> 0 and Jim ( uk D)y=1;

(4.7) im( w®)=0 and lim( w* Y()=1;

(4.8) lim ( u®(@)=0 and lim ( u)® D(t) = const> 0:

o ( u))
. u .
| = k: = ey if (4.6) holds;
=k 1. =1 if (4.7) holds
=k 1, = im S WO i 4 8 holds

21+ )1 t!
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We note herethat | 2 f0;1;2;:::;n 1g, and that if (4.6) or (4.8) holds,
then limys ( u)(H)=t' = limy, (WO ()= = const> 0. It is easyto
verify that limy, (- u)qt)=t' = 0. Lemma3.1implies that

1 |
ut) (et
for all larget. By the choiceof ,weconcludethat (1+ ) *( u)(t) t'>0
for all larget. The proof is complete.

Now let us shaw the \if * part of Theorem1.1.

Pro of of the \if " part of Theorem 1.1. It is sucient to prove
that if equation (1.1) has a nonoscillatory solution, then equation (1.10)
has a nonoscillatory solution. Let x(t) be a nonoscillatory solution of (1.1).
Without lossof generality, we may assumethat x(t) > O for all larget. Then
( x)(t)> 0and( x)™M(t) Oforalllarget. In view of Lemma4.1,we nd
that ( x)(t) isafunction of Kiguradzedegreek forsomek 2 f1;3;:::;n 1g,
and hencelimy;  ( x)®(t) = const. Since0 < x(t) ( x)(t) for all large
t, we have lim; = x(t) = 0if > 1. By Lemmas3.2,3.3and 4.2, there
areaconstat  andanintegerl 2 f0;1;2;:::;n 1g sud that

x(t) 1%( x)(t) t'>0 forall larget:

Put w(t) = 1+ ) X x)(t) t'. Then x(t)  w(t) > 0 for all larget.
From the monotonicity of f it follows that

WO = (000 = X)) T (W)

for all larget. Lemma 2.2 implies that (1.10) has a nonoscillatory solution.
The proof is complete.

5. Pro of of the \only if" part of Theorem 1.1

In this section we give the proof of the \only if" part of Theorem 1.1.
To this end, we require the following result concerningan \in verse" of the
operator .

Lemma 5.1. Let T andT be numbkers suchthat maxfty; 1g T T
andletk 2 N and M > 0. De ne the setY asfollows

Y=fy2C[T;1):y(t)=0; t2[T;T]; andjy(t)] Mt:;t Tg
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Then there existsa mapping on Y which hasthe following properties (i{
(v):

(i) mapsY into C[T ;1);

(i)  is continuouson Y in the C[T ;1 )-topology;

(i) satises( y)(t)+ (y)(t )=y@{)fort Tandy2Y;

(iv) if =1andy 2 Y is nondereasingon [T ;1 ), then( y)(t) O for
t T;
(v) if > 1, thenlimyy, E(y)t)y=0fory2Y.

Here and hereafter,C[T ;1 ) is regardedasthe Fredet spaceof all con-
tinuous functions on [T ;1 ) with the topology of uniform corvergenceon
every compactsubirterval of [T ;1 ).

We divide the proof of Lemma 5.1 into the two cases0 < 1 and
> 1.
Pro of of Lemma 5.1 for the case 0 < 1. Foreahhy 2 Y, we

de ne the function yon|[T ;1) by
8

X :
% ( D'yt i) t2[T+m;T+(m+1));
(y)(t):E - m=0;1;:::;
-0 t2[T;T):
() Lety 2 Y. Notethat y(T) = 0. It isobviousthat ( y)(t) iscortinuous
on[T;1) fT+m :m=0;1;2;:::9. We obsene that
Jim Cy)(t) = 0=y(M)=lim ( y)t);
andthat if m 1, then
X 1 :
( )y(T+m i)

i=0
1

( )y(T+m i)+ )"y(T)

i=0

Im ()W)

t!

I
—~

)y(T+m i)
i=0
lim  ( y)(1):

tt T+m +0
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Consequetly, ( y)(t) is cortinuouson [T ;1 ).

(i) It su ces to show that if fy; gjlz1 isasequencen C[T ;1 ) corverging
toy 2 C[T ;1) uniformly on ewery compact subinterval of [T ;1 ), then
f y;g convergesto y uniformly on every compact subinterval of [T ;1 ).
Clearly, f y;gcorvergesto y uniformly on[T ;T]. Weclaimthat y; ! vy
uniformly onlp, [T+ m ;T+ (m+ 1) ], m=0;1;2;:::: Then we easily
concludethat f y;gcorvergesto y uniformly on every compactsubirterval
of [T ;1 ). Obsene that

supj( yi)(t) (Y1) "supjyj(t i) y(t i)
tzlm |=O t2|m
X . .
sup Jy;(t)  y(t)j
i=0 t21m
for m= 0;1;2;:::: Then we seethat

tSZLIJIOJ'( yp() ()it o ! 1) m=071L2:::;

sothat f y;g convergesto Yy uniformly only, form= 0;1;2;::::
(i) Lety2 Y. Ift2[T;T+ ), then( y)(t )= O0and

(NO=y®=y®) (it )
tt2[T+m ;T+ (m+ 1)) m=12::: then

xn .
( y)(t) = y(t)+ - ( Dyt i)
_X” .
= y(t) () yt i 1))
i=1
w1 .
= y(t) ( )'y(t i)
i=0

y® ()
sincet 2[T+(m 1);T+m).

(iv) Assumethat = 1. Lety 2 Y benondecreasingn [T ;1 ). Notice
that y(t) y(T)=0fort T. It iseasytoseethat ( y)(t) =y(t) Ofor
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t2[T; T+ )and( y)(t)=0fort2 [T ;T). Lett2[T+m ;T+(m+1)),
m=12::::1fm 1isodd, then

(le)=2
( )= iyt 2 ) yt 2+1)) O

j=0
If m 2isewen,then

(mgx2) 1
( )= ’ iyt 2 ) yt @+1)+yt m) O

j=0
Thereforewe obtain ( y)(t) Ofort T . The prooffor the case0 < 1
is complete.

Pro of of Lemma 5.1 for the case > 1. Foreahy 2 Y, we assign
the function y on|[T ;1 ) asfollows:

8 |
7 () iy t2[m 1),
(YO=, =
(T ) t2[T;7T )
Lety 2 Y. Then
51 ) 'vt+i)i M(t+i)< 29 (kK
fort T , 1= 1;2;:::: Thus we seethat the seriesp LoC ) 'yt+i)

convergesuniformly on every compactsubinterval of [T ;1 ), sothat is
well-de ned, and ( y)(t) is cortinuouson [T ;1 ) and satis es

k 1

: . M
iC ()] ULt T
foreahy 2 Y, whereL = 2¢ M X P 1. ik, This meansthat (i) and (v)
follow. Now we shaw (ii) and (iii).

(i) Take an arbitrary compact subinterval | of [T ;1). Let" > 0.
Thereis anintegerq 1 sud that

R . "
(5.2) 'M(t+i)"<§; t21:

i=g+l

EJQTDE, 2000No. 4, p. 20



Let fy, gjlz1 be a sequencein Y cornvergingto y 2 Y uniformly on ewery
compactsubinterval of [T ;1 ). There existsan integerj, 1 sud that

'y (t+i) yt+idi< g t21; j o

i=1
It follows from (5.1) and (5.2) that

xa
jCyd®  Cnmj i)yt

% | _
+ () 'y(t+i)

i=g+l
* . .
+ () 'yt+i)
i=g+l
3 +2 3 =" t21; ] o
which impliesthat y; corverges y uniformly onl. Weseethat y; ! vy

uniformly on [T ;T ], becauseof ( y)(t)=( y(T )on[T;T ]for
y 2 Y. Consequetly, we concludethat is cortinuouson'.
(i) Lety 2 Y. Obsere that

(it )= ) ¢ Vy(t+ (1))

|
~

= s . )
y+ () 'yt+i)
i=1

yt) ( y; t T

The proof for the case > 1 is complete.

Lemma 5.2. Letw 2 C"[T;1 ) be a function of Kiguradze degyree k for
somek 2 f1;3;:::;n  1g. Thenlimy;  w(t+ )=w(t) = 1for each > 0.

Pro of. We may assumethat w(t) > O for all larget. Recall that w(t)
satis es oneof (4.3){(4.5). If (4.3) holds, then

w(t+ ) _ limy wi(t+ )

im = — =L
ti1 w(t) limyy  wko(t)
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In exactly the sameway, we havelimy;  w(t+ )=w(t) = 1for the case(4.5).
Assumethat (4.4) holds. By the mean value theorem, for ead large xed
t T, thereis anumber (t) sud that

wt+ ) wt)= wq (t) and t< (t)<t+ :
Thus we obtain

" #
wit+ ) L owl @t @t
w(t) SO tw() t
By (4.4) we concludethat limy;  wYt)=t¢ *= 0andlim,; w(t)=t« 1=1,
sothat limy;  w(t+ )=w(t) = 1.
Now we prove the \only if" part of Theorem1.1.

Pro of of the \only if" part of Theorem 1.1. We show that if
equation (1.10) has a nonoscillatory solution, then equation (1.1) has a
nonoscillatory solution. Let z(t) be a nonoscillatory solution of (1.10). With-
out loss of generality, we may assumethat z(t) is evertually positive. Set
w(t) = (1+ )z(t). Thenw(t) is an evertually positive solution of

(5.3) w () + f (6 1+ ) w(g() = O

Lemma 4.1 implies that w(t) is a function of Kiguradze degreek for some
k 2 f1;3;:::;n 1g, and one of the cases(4.3){(4.5) holds. Hence,
limy;  w(t)=t = const 0. From Lemmab5.2it follows that

(5.4) w(t+ 2) gw(t); t T,

for someT; to.
We can take a su ciently large number T T, sud that w((t) > 0
(i=012:::;k  1),w(g(t))>0fort T, and

T minfT ;inffg(t) :t Tgg maxtTy; 1g:
Recall (4.2). Integrating (5.3), we have

Zi 9k 12l (e 90 KL w(g(r)

K DU s (n k i e drds

w(t) P(t) =
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fort T, where

(t T Xt T)
ey i

i=0

P(t) = wi(T)y, t T;

andw®(1 ) = limy, wk(t) 0.
Considerthe setY of functionsy 2 C[T ;1 ) which satis es

y(t) =0 fort2[T;T] and O y(t) w(t) P(t) fort T:

Then Y is closedand convex. Note that thereis a constart M > 0 sud that
jy(®)j Mtkon[T;1)fory2 Y, bylimy w(t)=t = const 0. Lemma
5.1 implies that there existsa mapping onY satisfying (i){(v) of Lemma

5.1. Put P ()
( V() =(yn+ a0+ )

Foreahy 2 Y, we de ne the mappingF : Y ! C[T ;1 ) asfollows:

T, y2Y:

gzt(t S)k 1Zl(r S)nkl
(Fy))=, 7 (k 1) s (n k 1)

f(r;( y)g(r))drds; t T;

0; t2[T;T],
where
ST+ ) WwEO): u @+ ) Sw(gh);
ftuy=_ ftu); 0 u (1+ ) ‘w(gt);

3
-0 u 0

fort T andu?2 R. In view of the fact that
0 f(tu) fE@+ ) 'wo®)); (tu2[T1l) R;

we seethat F is well dened on Y and maps Y into itself. Since is
cortinuouson Y, by the Lebesguedominated corvergencetheorem, we can
show that F is cortinuouson Y asa routine computation.

Now we claim that F(Y) is relatively compact. We note that F (Y)
is uniformly bounded on ewvery compact subinterval of [T ;1 ), becauseof
F(Y) Y. By the Ascoli-Arzela theorem, it su ces to verify that F (Y) is
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equicorinuouson every compactsubinterval of [T ;1 ). Let | beanarbitrary
compactsubinterval of [T;1 ). If k = 1, then

7 [
t(s 0" 2 wgs) | |
0 (F y)o(t) Wf S, 1+ dS, t T, Yy 2Y:
If k 3, then
Zo sk 2Zi(r gkl w(g(r)
0 (Fy){t) r: drds

(k 2 s (n k 21 1+

fort T andy 2 Y. Thus we seethat f(Fy){t) : y 2 Yg is uniformly
boundedon|. The meanvalue theoremimpliesthat F (Y) is equicorinuous
onl. Sincej(Fy)(t1) (Fy)(ty)j = 0Oforty, t, 2 [T ;T], we concludethat
F (Y) is equicortinuous on every compact subinterval of [T ;1 ).

By applying the Schauder-Tychono xed point theoremto the operator
F, thereexistsayg 2 Y sud that ¢ = Fy.

Put x(t) = ( g)(t). Then we obtain

Pt)+ P(t ),
41+ )

(5.5) ( x)(t) = g(t) + t T

by Lemma 5.1 (iii), and hence( x)(t) is a function of Kiguradze degreek.
SinceP(t) is nondecreasingnt 2 [T;1 ), we nd that P(t) P(t )
P(T)=w(T)>O0fort T+ ,sothat

(5.6) 0<( (1) wt) P(t)+ % = w(t) Zp(t)
fort T+ . Wewill shov that
(5.7) 0< x(t) (1+ ) w(t) foralllarget:

Then the proof of the \only if" part of Theorem 1.1 will be complete,since
(5.5) and (5.7) imply that

n

%[X(t)+ x(t =¥ =FpTM= ftxg)
= f (& x(g(1)

for all large t, which meansx(t) is a nonoscillatory solution of (1.1).
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If wi(1) > 0, then we put | = k, and if wK'(1 ) = 0, then we put
| = k 1.1t canbeshown that limy; ( x){t)=t' = 0. Indeed, since

POM+ P ®(E )
42+ )
wio@a)  wh@),

4 4
we seethat if | = k, then lima; (- X)Xt)=t' = limay ( x)®()=(k!t) = 0,
andthat if | = k 1,thenlimy; ( X)qt)=t' = limy; ( X)®@t)=k 1)!= 0.

First assumethat 6 1. From Lemma4.2 it follows that x(t) > O for

all larget T . In view of Lemma 3.1 and the fact that lim,;, P (t)=t' =
const> 0, we have

i () i () i
Im €0 = Jim y0 +

lim (Fy)®(t) +

X(t) (X)) + P(t)

1+

3
41+ )

for all larget. Hence,by (5.6), we obtain x(t) (1+ ) *w(t) for all larget.

Next we assumethat = 1and| 6 0. Sinceg(t)(= (Fg)(t)) is nonde-
creasingin t 2 [T ;1 ), from Lemmab5.1 (iv), we seethat ( g)(t) O for
t T,sothat x(t) P(t)g4(1+ )Jfort T. Hencex(t)>O0fort T.
By using Lemma 3.4 and the sameargumern asin the case 6 1, we can
shav that x(t) (1+ ) *w(t) for all larget.

Finally we supposethat = l1andl = 0. Thenk = 1andw® (1) = 0.
Therefore,P(t) = w(T) on[T ;1 ). Asinthecase = landl & 0, we have
x(t) P(@)=4(Q+ )] fort T, which impliesthat x(t) > Ofort T.
Note that ( x)qt) Oand( x)°{t) Ofort> T, sincek = 1. By Lemma
3.2,(5.6) and (5.4), we concludethat

X 50 X)W+ 5 X)(T+2)
% w(t) ZW(T) +w(T+2) ZW(T)
%W(t); t T+2:
The proof is complete.
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