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1 In tro duction

We study the following scalarequation

•� + � = u: (1)

Here, the control u dependson the variable � . This is a controlled harmonic oscillator in which
the external forceu is allowed to depend only on the displacement � , but not on the velocity _� of
the pendulum.

Equation (1) with the constraint u(� ) is equivalent to the following controlled linear system

_� = � ;
_� = � � + u;
y = �

(2)

with a control u = u(y). Here u again dependsonly on the output y = � .
It can be shown (seee.g. [1]) that there is no output feedback control of the form u = f (� ) =

f (� (t)) that makesthe system(2) asymptotically stable. Therefore,it wassuggestedin [1] to use
hybrid feedback controls (abbr. HFC), which indeedcan stabilize the system(2).

The idea usedin [1] can be roughly described as follows. We incorporate a discretedevice(an
automaton) into the consideredsystem( a plant). The deviceis able to switch on and o� certain
control functions at certain instances. The time interval between two consecutive switchings
depends on the last observation of � . As it was demonstrated in [1], careful choice of design
procedureand switching instancesprovides asymptotic stabilit y of the system(2). The discrete
nature of hybrid outputs makestheir practical implementation simpler.

More results on stabilization of linear and nonlinear systemsvia HFC with a �nite number of
automata's locations are available (seee.g. [2], [3], [4], [5], [6], [8], [10]). In [7] it was proved that
it is possibleto stabilize an arbitrary linear systemby using HFC with in�nitely many locations.
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In this paper we show that the dynamicsof solutionsx(t) of the system(2) which is controlled
by the hybrid output designedin [1, Example5.2], is quite erratic (seeFigure 1). Trajectories' be-
havior indicatesthat the observed dynamicscannot be described by "classical" dynamical systems
de�ned by ordinary di�erential equations. We suspect that this dynamicsstemsfrom di�erential
equations with time lags, where the delay functions depend on solutions. We are planning to
study this problem in the future.

The wholedynamicsof hybrid dynamical systemsis givenby the triplet (x(t); q(t); � (t)), where
q(t) is the present location of the automaton, and � (t) is the time remaining untill the next
transition instance. We are interested here in dynamic properties of the �rst, most important,
component, x(t), which describesthe plant. To be able to "track down" x(t) we needhowever to
study the dynamicsof the whole triplet.
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2 Main results

We considerthe controlled harmonic oscillator (2) assumingthat u is a speci�c HFC designedin
[1, Example 5.2]. This control procedureprovides asymptotic stabilit y of the zerosolution of the
system. For the sake of brevity we, as in [8], denote this HFC by u = A(� ), where � is to be
speci�ed.

The HFC A(� ) is given by the following diagram

x(t) 0r

T = - - d

u  = 3-  x

q d

T = d

u = 0

q _ q+

T = d

u = 0

x(t)<0

x(t)<
0

x(t)<0

x(t)
0r

x(t)
0r

p
4

Figure 2

The automaton has 3 locations called q+ , q� and qd, and the valuesof T indicate the time of
staying in the respective locations.

Remark 1 We haveslightly modi�e d the de�nition of A (� ) suggested in [1], where T(qd) = � =4�
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2� . Our alteration is technical and doesnot in
uenc e the main results.

As was already mentioned the dynamicsof the system(1) governedby the HFC, u = A(� ) is
a triplet (x(t); q(t); � (t)). However it is clear that the value � (t) is uniquely determined by the
value q(s), wheres � t is the moment of the last observation. In particular, � (0) is a function of
q(0). In what followswe �x an arbitrary initial location q(0) (aswe will show, all the resultsbelow
are independent of the choice of q(0)). Then, given an initial value x(0), the tra jectory x(t) is
uniquely de�ned, so that we, at least formally, can set up a singlefunctional-di�erential equation

_x = F x = F (q(0))x (3)

for all x(t) (seedetails in [7] and [9]). We are interestedin the dynamicsof this equation.
We start with sometechnical remarks. Considera solution x(t) = (� (t); � (t)) of the equation

(3), i.e. of the system(2) governedby the HFC u = A(� ) with q(0) �xed. The tra jectory x(t) is
assumedto start at x(0) 6= 0.

We will use polar coordinates in the plane, so that any solution x(t) = (� (t); � (t)) of (3) is
described by the (uniquely de�ned) pair of functions r : [0; 1 ) ! [0; 1 ), ' : [0; 1 ) ! R=(2� Z),
where� (t) = r (t) cos' (t), � (t) = r (t) sin' (t).

In what follows we assumethat the function ' takeson valuesfrom the interval (� � ; � ].

Within any interval S = (s1; s2) � [0; 1 ), where no changeof locations occurs, the solution
x(t) satis�es oneof the following systemsof di�erential equations:

( q(t) = q+ ; t 2 S ) _ ( q(t) = q� ; t 2 S ) =)

(
_r
r = 0
_' = � 1;

(4)

( q(t) = qd; t 2 S ) =)

(
_r
r = � 3

2 sin2'
_' = � 1 � 3cos2 ':

(5)

Theorem 1 There exist � > 0, t � > 0 and two distinct initial states x1(0), x2(0), for which
the corresponding solutions x1(t) and x2(t) to (2) governed by the HFC u = A(� ) coincide for
t � t � , i.e. x1(t) = x2(t), t � t � . Moreover, in this case the "true" hybrid trajectories H 1(t) =
(x1(t); q1(t); � 1(t)) and H2(t) = (x2(t); q2(t); � 2(t)) coincide for t � t � , too.

Proof. We useequations(4) and (5) to derive estimatesfor solutionsof (3) (i. e. of the system
(2) with u = A(� )). Assumethat s1; s2 2 [0; 1 ), s1 � s2.

1) If either q(�) � q+ , or q(�) � q+ on [s1; s2] , then

' (s1) � ' (s2) = s2 � s1; (6)

r (s1) = r (s2): (7)

2) If q(�) � qd on [s1; s2] and ' ([s1; s2]) � (� � =2; � =2), then

s2 � s1 =
1
2

 

arctan
tan ' (s1)

2
� arctan

tan ' (s2)
2

!

(8)

r (s2)
r (s1)

=

vu
u
t 1 + 3cos2 ' (s1)

1 + 3cos2 ' (s2)
: (9)
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Put Td = � =4 � � as the time of stay in the location qd. Let �t be the moment of switching to
the location qd. Then �t + Td is the moment of switching from qd to another location. We de�ne a
function � : [� =2 � � ; � =2] ! R by � (' ) = ' (�t + Td), if ' = ' (�t). Due to (8),

� (' ) = � arctan
�

2 � cot
�

arctan
tan '

2
+ 2�

��

; ' 2
� �

2
� � ;

�
2

�

; (10)

so that � (' ) is well-de�ned for su�cien tly small � , namely for thosesatisfying

�
� �

2

�

� �
� �

2
� �

�

> � : (11)

We alsode�ne � : [� =2 � � ; � =2] ! R by

� (' ) =

vu
u
t 1 + 3cos2 '

1 + 3cos2 � (' )
: (12)

From (11) and continuity of the function � , it is easyto derive the existenceof  1;  2 2 R, for
which �

2
� � <  1 <  2 <

�
2

; � ( 2) � � ( 1) = � : (13)

From now on we �x a positive and su�cien tly small � as well as two constants  i satisfying
(13).

We pick two di�erent tra jectories x1(t), x2(t) being the "shadows" of the "true" hybrid tra-
jectories

H i (t) = (x i (t); qi (t); � i (t)) ; i = 1; 2;

We assumethat at t = t0 � 0 the automaton either switches from q� to qd, or keepsstaying in
q� . In polar coordinatesonehas

' 1(t0) =  1 + � ; r1(t0) = r0 > 0; ' 2(t0) =  2; r2(t0) = r0
� ( 1)
� ( 2)

: (14)

An exampleof such a situation is given by q(0) = q� and t0 = n� , wheren is a nonnegative integer
satisfying n� < �

2 � � .
Clearly, r 2(t0) < r1(t0) (the function � is strictly increasing).
The two observations below can easily be derived from (13). SeealsoFigure 3.
1) In the caseof the tra jectory x1(t), the automaton keepsstaying in the location q� near

t = t0; i.e., H1(t) = (x1(t); q� ; � ) for t0 < t < t0 + � . The �rst transition to the location qd occurs
at t = t0 + � ; i.e., H1(t0 + � ) = (x1(t0 + � ); qd; Td):

2) In the caseof the tra jectory x2(t), the automaton switches from q� to qd at t = t0; i.e.,
H2(t0) = (x2(t0); qd; Td). At the moment t = t0 + Td the automaton switches from qd to q+ ; i.e.,
H2(t0 + Td) = (x1(t0 + Td); q+ ; � ).

Theseobservations imply that

qi (t � ) = q+ ; � i (t � ) = � ; i = 1; 2; (15)

wheret � = t0 + �
4 = t0 + Td + � :

At the sametime, from (6), (14) and the observations above it follows that

' 1(t0 + � ) = ( 1 + � ) � � =  1; ' 1(t � ) = � ( 1);
' 2(t0 + Td) = � (' 2(t0)) = � ( 2); ' 2(t � ) = � ( 2) � � = � ( 1):

(16)

EJQTDE, 2000No. 9, p. 4



Thus, it is shown that
' 1(t � ) = ' 2(t � ): (17)

Since' i is strictly monotoneon [t0; t � ], there exist functions � i (i = 1; 2), de�ned on the set
D i = ' � 1

i ([t0; t � ]) and satisfying
r i (t) = � i (' i (t)) : (18)

h
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Then (7), (9), (12), (16) imply

r1(t � ) = � 1(' 1(t � )) = � 1(� ( 1)) = � ( 1)� 1( 1) = � ( 1)r0;

r2(t � ) = r2(t0 + Td) = � 2(� ( 2)) = � ( 2)� 2( 2) = � ( 2)r2(t0):

From this and (14) onegets
r1(t � ) = r2(t � ): (19)

Now, (17), (19) imply x1(t � ) = x2(t � ). Taking this and (15) into account one observes that
H1(t) = H2(t) for t � t � and, in particular, x1(t) = x2(t) for t � t � .

Theorem 2 There exist positive � ; "; t � ; t �� (t � < t �� ) and distinct initial statesx1(0); x2(0),
for which the corresponding solutionsx1(t) and x2(t) to (2) governed by the HFC u = A(� ) satisfy
the following properties
1) x1(t) = x2(t) for t � � t � t �� ,
2) x1(t) 6= x2(t) for t � � " < t < t � and t �� < t < t �� + ";
while for the "true" hybrid trajectories H 1(t) = (x1(t); q1(t); � 1(t)) and H2(t) = (x2(t); q2(t); � 2(t))
one has
3) H1(t) 6= H2(t) for t � � t � t �� .
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Proof. Putting again Td = �
4 we will use the samefunctions � and � as in the courseof the

proof of Theorem 1. Similar to (13) we �x su�cien tly small � > 0, � > 0 and two constants  1

and  2, giving an increasingfunction � and relations

�
2

� � <  1 <  2 <
�
2

; � ( 2) � � ( 1) = � + �; 0 < � <  1 + � �
�
2

: (20)

h
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Consider two di�erent tra jectories x1(t); x2(t); t � t0 > 0 of the system(2) governed by the
HFC u = A(� ), for which (14) hold true. Assumethat

q1(t0) = q� ; � 1(t0) = �; q2(t0) = qd; � 2(t0) = Td: (21)

Clearly, (20) and (21) imply

q1(t0 + � + � ) = qd; � 1(t0 + � + � ) = Td; q2(t0 + Td) = q+ ; � 2(t0 + Td) = � ; (22)

and hence
q1(t � ) = q+ ; � 1(t � ) = � ; q2(t � ) = q+ ; � (t � ) = � � �; (23)

wheret � = t0 + Td + � + � (seeFigure 4).
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From (8), (14), (20), (23) it follows that

' 1(t0 + � + � ) =  1 + � � � =  1; ' 1(t � ) = � ( 1);
' 2(t0 + Td) = � (' 2(t0)) = � ( 2); ' 2(t � ) = � ( 2) � � � � = � ( 1):

(24)

Thus, the condition (17) is veri�ed.
On the other hand, an argument similar to that usedin the proof of Theorem1 shows that

r1(t � ) = � ( 1)r1(t0)
r2(t � ) = r2(t0 + Td) = � ( 2)r2(t0)

due to (7), (9), (12), (23), (24).
From this and (14) oneeasily derives(19).
Due to (22), q1(t � � " ) = qd and q2(t � � " ) = q+ for su�cien tly small " . This and (7) together

with (9) imply
r1(t) 6= r2(t); t � � " < t < t � : (25)

By (6), (7), (17), we have that (19) and (23) imply the existenceof t �� > t � , for which

x1(t) = x2(t) for t � � t � t �� ; (26)

and
' 1(t �� ) 2 [� �

2 � � ; � �
2 ); � 1(t) = � 2(t) + � for t � � t � t �� ;

q1(t �� ) = q+ ; � 1(t �� ) = �; q2(t �� ) = qd; � 2(t �� ) = Td:

The last four equalitiessay that in the caseof the tra jectory x2(t) the automaton switchesfrom q+

to qd at time t = t �� , while in the caseof the tra jectory x1(t) switching occursat time t = t �� + � .
From (9) and (26) oneobtains

H1(t) 6= H2(t) for t � � t � t ��

r1(t) 6= r2(t) for t �� < t < t �� + ";
(27)

for su�cien tly small " > 0.
The relations (25) - (27) prove the theorem.

Theorem 3 . There exist � > 0 and two distinct initial statesx1(0), x2(0), for which the corre-
sponding solutions to (2) governed by the HFC u = A(� ) meet transverselyat sometime t � > 0.
In other words, x1(t � ) = x2(t � ), x1(t) 6= x1(t) for small jt � t � j 6= 0, and the vectors _x1(t � ); _x2(t � )
are linearly independent.

Proof. As in the proof of theorem2 let us �x su�cien tly small � > 0, � > 0 and someconstants
 1,  2, so that the function � de�ned by (12) is increasingand (20) holds.

Consider two solutions x1(t), x2(t) of the system (2) governed by the HFC u = A(� ). The
solutionsare assumedto satisfy

' 1(t0) =  1 + � ; r1(t0) = r01; ' 2(t0) =  2; r2(t0) = r02 < r01 (28)

at sometime t0 � 0. We alsoassumethat there occursswitching to a di�erent location at t = t0.
According to (6) and (20) switching from q� to qd occursat t = t0 + � in the caseof the tra jectory
x1(t), and at t = t0 in the caseof the tra jectory x2(t) (seeFigure 5).
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As in the proof of Theorem1, the relations (28) imply that

' 1(t0 + � + Td) = � ( 1); ' 2(t0 + � + Td) = � ( 2) � � = � ( 1) + �:

Moreover, using the secondinequality in (5), the meanvaluetheoremand (20), (28) onecaneasily
show that

' 1(t0 + Td) > ' 2(t0 + Td); ' 1(t0 + Td + � ) < ' 2(t0 + Td + � )

for su�cien tly small � > 0.
Due to the continuity of ' i (t) there exists t � 2 (t0 + Td; t0 + Td + � ), for which (17) holds true.

We alsoput ' � = ' i (t � ).
Let ! : [ �

2 � � ; �
2 ] ! R be a function de�ned by

! ( 1;  2) =

s
1 + 3cos2  1

1 + 3cos2  2
:

Putting  i = ' (t i ) and comparingthe de�nition of ! with (9) we, as in Theorem1, obtain

� i (s2)
� i (s1)

= ! (s1; s2); s1; s2 2 ' i (I ) (29)

being valid for any time interval I � [t0; t1], during which the automaton keepsstaying in the
location qd. This appliesto both of solutions x1(t) and x2(t), so that we may put � 1 = � 2 = � .

According to our calculations, neither t � , nor ' � depends on r 0i . This meansthat we can
always �nd a pair r 01, r02, for which the following additional assumptionholds:

! ( 2; � ( 2)) r02 = ! ( 1; ' � ) r01: (30)
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According to (17) and (29),
r1(t � ) = � 1(' � ) = ! ( 1; ' � ) r01;

r2(t � ) = r2(t0 + Td) = � 2(� ( 2)) = ! ( 2; � ( 2)) r02;

so that (30) implies (19). From (17) and (19) it immediately follows that x1(t � ) = x2(t � ). Since
r1(t) is strictly monotoneand � 2(t) is a constant in someneighbourhood Ot � of the point t � , we
seethat x1(t) 6= x2(t) (8t 2 Ot � n f t � g).

Finally, we observe that
q1(t � ) = qd; q2(t � ) = q+ : (31)

Put (� ; � )T = x1(t � ) = x2(t � ). Evidently, � � 6= 0. Hence,

� _x1 + � _x2 =

 
0 � + �

� � � 4� 0

!  
�
�

!

6= 0

for j� j + j� j 6= 0. Thus, the velocity vectorsare linearly independent, and the theorem is proved.
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