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Abstra ct. We study the existence, multiplicit y, and stabilit y of positiv e solutions to:

� u00(x) = �f (u(x)) for x 2 (� 1; 1); � > 0;

u(� 1) = 0 = u(1) ;

where f : [0; 1 ) ! R is semipositone (f (0) < 0) and superlinear (lim t !1 f (t )=t = 1 ). We consider the case
when the nonlinearit y f is of concave-convex type having exactly one in
ection point. We establish that f should
be appropriately concave (by establishing conditions on f ) to allow multiple positiv e solutions. For any � > 0, we
obtain the exact number of positiv e solutions as a function of f (t )=t and establish how the positiv e solution curves
to the above problem change. Also, we give examples where our results apply. This work extends the work in [1]
by giving a complete classi�cation of positiv e solutions for concave-convex type nonlinearities.

1. Introduction

We study the positive solutions to the two point boundary value problem:

� u00(x) = �f (u(x)) for x 2 (� 1; 1); � > 0;(1:1)

u(� 1) = 0 = u(1);(1:2)

where f : [0; 1 ) ! R is a twice di�eren tiable function such that:

(1:3) f (0) < 0 (semipositone); lim
t!1

f (t)
t

= 1 (superlinear); and f has a unique positive zero � :

We de�ne F by F (t) =
∫ t

0 f (s) ds, and we observe that by (1.3):

(1:4) F has a unique positive zero � > � :

We also assumethat f has exactly one in
ection point t � with:

(1.5) f 00(t) < 0 on (0; t � ); f 00(t) > 0 on (t � ; 1 ); and t � > � :

Since( f(t)
t )0 = tf 0(t)� f(t)

t2 and (tf 0(t) � f (t))0 = tf 00(t) with f (0) < 0, it follows from (1.5) that either:

(1:5)1 (f (t)=t)0 � 0 for all t > 0; or

(1:5)2 (f (t)=t)0 > 0 for t 2 (0; t1) [ (t2; 1 ) and (f (t)=t)0 < 0 for t 2 (t1; t2)

for somet1; t2 with 0 < t1 < t � < t2.
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For future referencewe de�ne:

(1.6) H (t) = F (t) �
1
2

tf (t)

and observe that:

(1.7) H 0(t) = �
1
2

t2(f (t)=t)0:

Finally, for a positive solution of (1.1)-(1.2), we de�ne:

� = sup
(� 1,1)

u(x):

We refer the reader to [2, 3] where the classi�cation (1.5)1, (1.5)2 helps in giving a complete description of
positive solution curvesfor concave nonlinearities. In [7], Shi and Shivaji consider(1.5)2 and obtain a similar
result to Theorem 1 section (2) with reasonablydi�eren t methods from ours.

We also note that in [9], Wang considersthe positone problem (f (0) > 0) with f initially convex and
then concave. Finally, semipositone problems occur in several harvesting models (see [4]) and have been
extensively studied in [1-3] and [5-8].

Our main results are:

Theorem 1.

(1) If f satis�es (1.3)-(1.5) and (1.5)1, then there exists � � with 0 < � � < 1 such that (1.1)-(1.2) has
no positive solutions for � > � � and has a unique positive solution for � 2 (0; � � ] (see Fig. 1).
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In addition, � � � λ is a decreasing function of � with � λ : (0; � � ] ! [� ; 1 ) such that � λ� = � and
lim

λ! 0+
� λ = + 1 .

(2) If f satis�es (1.3)-(1.5), (1.5)2, and H (t � ) � 0; then there exist � 1; � 2; � � with 0 < � 1 < � 2 < 1 and
� 1 < � � < 1 such that (1.1)-(1.2) has no positive solutions for � > maxf � 2; � � g and has a unique
positive solution for � < � 1 while for � = � 1 it has exactly two positive solutions. Also, � λ� = � and
lim

λ! 0+
� λ = + 1 .

Subcase a: If � 2 � � � then for � 2 (� 1; � 2) (1.1)-(1.2) has exactly three positive solutions while for
� = � 2 it has exactly two positive solutions. Final ly, if � 2 (� 2; � � ] then (1.1)-(1.2) has exactly one
positive solution (see Fig. 2A).
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Figure  2A  
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Subcase b: If � 2 > � � then for � 2 (� 1; � � ] (1.1)-(1.2) has exactly three positive solutions while for
� 2 (� � ; � 2) (1.1)-(1.2) hasexactly two positive solutions. Final ly, for � = � 2 the problem(1.1)-(1.2)
has exactly one positive solution (see Fig. 2B).
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This paper is organizedasfollows. In Section2, we study the variations of the positive solutions with respect
to the parameters � and � . We prove Theorem 1 in Section 3. In Section 4 we give a family of examples
which satis�es the hypothesesof Theorem 1.

2. First and Second Variations with respect to parameters

We �rst observe that any positive solution of (1.1)-(1.2) must be symmetric about the origin. To seethis,
let x0 2 (� 1; 1) be the point at which u attains its maximum. Denote u(x0) = � > 0. Thus u0(x0) = 0 and it
follows that u(x0+ x) and u(x0 � x) satisfy the di�eren tial equation (1.1) aswell asthe sameinitial conditions
at x0. Therefore, by uniquenessof solutions of initial value problems, we must have u(x0 + x) = u(x0 � x).
So assumingwithout lossof generality that x0 � 0, we seethen that 0 = u(1) = u(2x0 � 1) and sinceu > 0
on (� 1; 1), we must have 2x0 � 1 = � 1 - i.e. x0 = 0 and thus u is symmetric about the origin.

With this result, for any � > 0 and any � > 0 we de�ne u(x; �; � ) to be the solution to the initial value
EJQTDE, 2001No. 4, p. 3



problem:

u00(x) + �f (u(x)) = 0; � > 0;(2:1)

u(0) = � > 0; u0(0) = 0;(2:2)

where 0 denotesdi�eren tiation with respect to x. Observing that u(� x; �; � ) also solves (2.1) and (2.2), it
follows from the uniquenessof solutions of initial value problems that u(� x; �; � ) = u(x; �; � ). Thus we see
that the set of positive solutions of (1.1)-(1.2) is precisely the set of solutions of (2.1)-(2.2) for which:

(2.3) u(x; �; � ) > 0 for x 2 (0; 1) and u(1; �; � ) = 0:

We now prove someelementary properties of positive solutions of (1.1)-(1.2) (and henceof (2.1)-(2.3) for
some� > 0). Multiplying (2.1) by u0(x), integrating over (0; x), and using (2.2) yields:

(2.4)
1
2

[u0(x)]2 + �F (u(x)) = �F (� ):

Evaluating this at x = 1 gives:

(2.5) 0 �
1
2

[u0(1)]2 = �F (� ):

Sincefor � > 0 we have F (� ) � 0 if and only if � � � (by (1.4)), we seefrom (2.5) that:

(2.6) positive solutions of (1.1)-(1.2) satisfy � � � ; and

(2.7) positive solutions of (1.1)-(1.2) satisfy u0(1) < 0 if � > � and u0(1) = 0 if � = � :

Also observe that if u is a positive solution to (2.1)-(2.3), then u00(0) = � �f (� ) < 0 (by (1.1), (1.3), and
(2.6)) and therefore u0 < 0 on (0; � ) for some� > 0. In fact u0(x) < 0 on (0; 1) for if u0(x1) = 0 at some
�rst x1 2 (0; 1) then 0 < u(x1) < � while from (2.4) and (2.5) we have F (u(x1)) = F (� ) � 0. Thus by (1.4)
� < � � u(x1) < � . But this is impossiblesinceF is increasingfor x > � (by (1.3)) and thus:

(2.8) positive solutions of (1.1)-(1.2) satisfy u0(x) < 0 on (0; 1):

Next we observe that u(xd; �; � ) and u(x; �d 2; � ) satisfy the sameinitial value problem and soby uniqueness
of solutions of initial value problems we have:

u(xd; �; � ) = u(x; �d 2; � ):

After di�eren tiating this with respect to d and setting d = 1, we obtain:

(2.9) xu0(x; �; � ) = 2�
@u
@�

(x; �; � ):

Next let v denote the solution to the corresponding linearized problem of (1.1):

v00(x) + �f 0(u(x))v(x) = 0;(2:10)

v(0) = 1; v0(0) = 0;(2:11)

and let w denote the solution to the problem:

w00(x) + �f 0(u(x))w(x) + �f 00(u(x))v2(x) = 0;(2:12)

w(0) = 0; w0(0) = 0:(2:13)

That is, v and w are the �rst and secondderivatives of u with respect to � - i.e. v � ∂u
∂ρ (x; �; � ) and

w � ∂2 u
∂ρ2 (x; �; � ).

Now observe that by multiplying (2.10) by u0(x) and integrating on (0; x) we obtain:

(2:14) u0(x)v0(x) + �f (u(x))v(x) = �f (� ):

Similarly, multiplying (2.12) by u0(x) and integrating on (0; x) gives:

(2:15) u0(x)w0(x) + �f (u(x))w(x) + v02(x) + �f 0(u(x))v2(x) = �f 0(� ):
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Lemma 2.1. Suppose f satis�es (1.3). Let u(x; � 0; � 0) be a positive solution to (1.1)-(1.2). Then v(x) �
∂u
∂ρ (x; � 0; � 0) has at most one zero in [0, 1].

Proof. We �rst observe that if v(x0) = 0 then v0(x0) 6= 0 for if v0(x0) = 0 then by uniquenessof solutions of
initial value problems, it follows that v � 0. On the other hand, v(0) = 1 6= 0.

Now on to the proof of the lemma. Suppose by the way of contradiction that x1 and x2 are the �rst
two consecutive zerosof v. Then by the remarks in the previous paragraph and since v(0) = 1, we have
v0(x1) < 0 and v0(x2) > 0: Also by (2.14) it follows that u0(x2)v0(x2) = � 0f (� 0) and so we seethat u0(x2)
and f (� 0) have the samesign. But since � 0 � � (by (2:6)), it follows from (1.3)-(1.4) that f (� 0) > 0 and
henceu0(x2) > 0: But this contradicts (2.7)-(2.8). Hence,v(x) can have at most one zero on [0; 1]: �

Remark: Note that the above lemma doesnot rely on the concavit y properties of f . �

Lemma 2.2. Suppose f satis�es (1.3)-(1.5). Let u(x; � 0; � 0) be a positive solution to (1.1)-(1.2) with
� � � 0 � t � and supposealso that v(1) = ∂u

∂ρ (1; � 0; � 0) = 0: Then w(1) = ∂2 u
∂ρ2 (1; � 0; � 0) > 0.

Proof. Recall that v � ∂u
∂ρ satis�es (2.10)-(2.11) and w � ∂2 u

∂ρ2 satis�es (2.12)-(2.13). Multiplying (2.10) by
w and (2.12) by v, subtracting one from the other, integrating over (0; 1), and using v(1) = 0 we obtain:

(2.16) w(1)v0(1) =
∫ 1

0

� 0f 00(u(x))v3(x) dx:

Sincev(1) = 0, it follows from lemma 2.1 that we have v > 0 on [0; 1) and it also follows from the uniqueness
of solutions to initial value problems that v0(1) < 0. Since � � � 0 � t � and u(x) is decreasingon (0,1) (by
(2.8)), it follows that u(x) < � 0 � t � on (0; 1) and so by (1.5) we have f 00(u(x)) < 0 on (0; 1). These facts
and (2.16) imply w(1) > 0. This provesthe lemma. �

Lemma 2.3. If f satis�es (1.3)-(1.5), (1.5)2, and H (t � ) � 0, then the function de�ned by J : [0; 1 ) ! R,
J (t) = f 0(t)F (t) � 1

2 f 2(t) has exactly one positive zero, t �� ; and � < t � < t �� < t2:

Proof. By (1.5), t � > � . Combining this with the fact that H (t � ) � 0 implies F (t � ) � 1
2 t � f (t � ) > 0 (since

t � > � ) and so F (t � ) > 0 which implies t � > � (by (1.4)).

Next observe that J 0(t) = f 00(t)F (t) so J is increasing on (0; � ) [ (t � ; 1 ) and decreasingon (� ; t � ). Also,
observe J (� ) < 0 so that J < 0 on [0; t � ]: HenceJ has at most one positive zero.

Also, J = f 0H � f H 0 hence J (t2) = f 0(t2)H (t2) and f (t2) = t2f 0(t2) (by (1.5)2). Since t2 > t � > �
(by (1.5)2), we have t2f 0(t2) = f (t2) > 0 and so J (t2) > 0 becauseH has a maximum at t2 and so
H (t2) > H (t � ) � 0: Thus, J has exactly one positive zero, t �� ; and � < t � < t �� < t2: This completesthe
proof of the lemma. �

Lemma 2.4. Supposef satis�es (1.3)-(1.5) and (1.5)2. Let u(x; � 0; � 0) be a positive solution of (1.1)-(1.2)
with � 0 � t �� and supposealso that v(1) = ∂u

∂ρ (1; � 0; � 0) = 0: Then w(1) = ∂2 u
∂ρ2 (1; � 0; � 0) < 0.

Proof. We de�ne:
E = v02 + � 0f 0(u)v2

and observe (by (2.10)) that:
E 0 = � 0f 00(u)u0v2:

Since � 0 � t �� > t � , examining the sign of E 0 along with (1.5) and (2.8), we seethat E is decreasingon
(0; x � ) and increasingon (x � ; 1) where x � is the point at which u(x � ) = t � .

Thus, E hasexactly one local minimum and no local maxima on (0,1). Hencethe maximum of E on [0,1]
occurs either at x = 0 or x = 1.

Next, we seefrom lemma 2.3 that � 0 � t �� implies J (� 0) � 0. Using (2.4), (2.11), (2.14), and the fact that
v(1) = 0, we obtain:

E(0) � E (1) =
� 0

F (� 0)
[f 0(� 0)F (� 0) �

f 2(� 0)
2

] =
� 0

F (� 0)
J (� 0) � 0:
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Thus, for x 2 [0; 1] we have v02 + � 0f 0(u)v2 = E(x) � E (0) = � 0f 0(� 0): Hence,by (2.15):

u0w0+ � 0f (u)w � 0 on [0; 1]:

Now solving (2.4) for u0, using (2.8) and substituting into the above inequality gives:

w0 �

√

� 0

2
f (u)

√

F (� 0) � F (u)
w � 0 on (0; 1]:

Multiplying by the appropriate integrating factor and then integrating on (�; x) � (0; 1] for � > 0 we have:

∫ x

ε

(we
�

q
� 0
2

Rx
�

f ( u ) dtp
F ( � 0 ) � F ( u ) )0 � 0:

Now, for � small enough we have w(� ) < 0 becauseby (2.12)-(2.13) we have w(0) = 0; w0(0) = 0; and
w00(0) = � � 0f 00(� 0) < 0 since� 0 � t �� > t � . Therefore:

w(x)e
�

q
� 0
2

Rx
�

f ( u ) dtp
F ( � 0 ) � F ( u ) � w(� ) < 0:

Hencew(x) < 0 on (�; 1]. In particular, w(1) < 0. This completesthe proof of the lemma. �

3. Proof of Theorem 1

We begin by rewriting (2.4), and we obtain:

� u0(x)
p

2
√

F (� ) � F (u(x))
=

p
� on (0; 1):

Thus, after integrating on (x; 1) and using u(1) = 0 we obtain:

(3:1)
1

p
2

∫ u(x)

0

dt
√

F (� ) � F (t)
=

p
� (1 � x):

Letting x ! 0 gives:

(3:2)
p

� =
1

p
2

∫ ρ

0

dt
√

F (� ) � F (t)
� G(� ):

Thus, given a positive solution of (1.1)-(1.2) (and henceof (2.1)-(2.3) for some� � � ), we seethat � and �
are related by equation (3.2).

Conversely, given � 0 > 0, if there exists a � 0 2 [� ; 1 ) with G(� 0) =
p

� 0, then we can obtain a positive
solution of (1.1)-(1.2) as follows. De�ne K : [0; � 0] ! R by:

K (x) =
1

p
2

∫ x

0

dt
√

F (� 0) � F (t)
:

Since� 0 � � , it follows from (1.3)-(1.4) that 1=
√

F (� 0) � F (t) is integrable on [0; � 0]: Thus K is continuous
on [0; � 0] while from (3.2) we have K (� 0) = G(� 0) =

p
� 0. Also:

K 0(x) =
1

p
2

1
√

F (� ) � F (x)
> 0 on [0; � 0):
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Thus K is continuous and increasingon [0; � 0] and so K has an inverse. In addition,

(K � 1(x))0 =
p

2
√

F (� ) � F (K � 1(x)) :

Taking a hint from (3.1) which says a positive solution of (1.1)-(1.2) satis�es K (u(x)) =
p

� (1 � x), we de�ne

u(x) = K � 1(
p

� 0(1 � x)) :

It is then straightforward to show that u solves(2.1)-(2.3) with � = � 0 and � = � 0:

Thus, we seethat the set of � for which there is a positive solution of (1.1)-(1.2) is precisely those positive
� for which there is a solution - � - of G(� ) =

p
�: Therefore we now turn our attention to a study of the

function G =
p

� de�ned in (3.2).

We begin by changing variables in (3.2) and obtain:

√

� (� ) = G(� ) =
1

p
2

∫ 1

0

� dv
√

F (� ) � F (�v )

and from (1.3)-(1.4) it follows
√

� (� ) is a positive continuous function on [� ; 1 ). Also, by (1.3)-(1.4):

√

� (� ) = G(� ) =
1

p
2

∫ 1

0

� dv
√

� F (� v)
�

p
� � = �nite, positive:

In addition,
√

� (� ) is di�eren tiable over (� ; 1 ) and:

(3:3)
� 0(� )

2
√

� (� )
= G0(� ) =

1
p

2

∫ 1

0

H (� ) � H (�v )
[F (� ) � F (�v )]3/2

dv

where H is given by (1.6).

Sinceu(x; � (� ); � ) is a positive solution of (1.1)-(1.2), we also have:

u(1; � (� ); � ) = 0:

Di�eren tiating this with respect to � gives:

(3.4)
@u
@�

(1; � (� ); � )� 0(� ) +
@u
@�

(1; � (� ); � ) = 0:

We now show that lim
ρ! θ+

� 0(� ) = �1 : We know from above that lim
ρ! θ+

� (� ) = � (� ) = � � is positive and �nite.

Also, lim
ρ! θ+

∂u
∂λ (1; � (� ); � ) = lim

ρ! θ+

1
2λ(ρ)u0(1; � (� ); � ) = 1

2λ(θ)u0(1; � (� ); � ) = 0 by (2.7) and (2.9). On the other

hand, (2.7) and (2.14) imply lim
ρ! θ+

∂u
∂ρ (1; � (� ); � ) = f(θ)

f(0) < 0: It now follows from (3.4) that:

(3.5) lim
ρ! θ+

� 0(� ) = �1 :

We claim now that � 0(� ) < 0 for large � and lim
ρ!1

� (� ) = 0.

Since H 0 = 1
2 (f � tf 0) < 0 for � large and H 00= � 1

2 tf 00< 0 for � > t � , it follows that lim
ρ!1

H (� ) = �1 :

Combining thesefacts, it follows that for large � we have H (� ) < H (�v ) for all v 2 (0; 1): Therefore, by (3.3)

(3.6) � 0(� ) < 0 for large �:
EJQTDE, 2001No. 4, p. 7



Next, we rewrite
p

� as:

√

� (� ) = G(� ) =
1

p
2

∫ 1/2

0

� dv
√

F (� ) � F (�v )
+

1
p

2

∫ 1

1/2

� dv
√

F (� ) � F (�v )

From (1.5), f 00> 0 for t > t � and from (1.3) f (t)=t ! 1 as t ! 1 , thus f (= F 0) and f 0 are positive for
large t and lim

t!1
F (t) = 1 . Therefore, for 0 < v < 1

2 and � large we have F (�v ) � F ( 1
2 � ). And so by the

mean value theorem:
F (� ) � F (�v ) � F (� ) � F (

1
2

� ) �
1
2

�f (
1
2

� ):

Also for 1
2 < v < 1 and large � , we have again by the mean value theorem:

F (� ) � F (�v ) � �f (
1
2

� )(1 � v):

Combining theseestimates into the �rst and secondintegrals above respectively gives:

√

� (� ) = G(� ) �
1

p
2

∫ 1
2

0

�
√

1
2 �f ( 1

2 � )
+

1
p

2

∫ 1

1
2

�
√

�f ( 1
2 � )

1
p

1 � v
dv =

3
2

√

�
f ( 1

2 � )
:

Thus, by the superlinearity of f - (1.3) - we seethat

(3.7) lim
ρ!1

� (� ) = 0:

Consequently , since � (� ) is continuous on [� ; 1 ) and tends to 0 at in�nit y (by (3.7)), we seethat � (� ) is a
bounded function. Thus, (1.1)-(1.2) has no positive solutions for � > max

[θ,1 )
� (� ).

Case (1.5)1 : It remains to prove that � 0(� ) < 0 for � 2 (� ; 1 ): From (1.6) we have H 0(t) = 1
2 [f (t) � tf 0(t)]

and H 00(t) = � 1
2 tf 00(t). Since(1:5)1 holds we infer that H 0(t) � 0 (in fact, H 0(t) = 0 for at most one value

of t) and hence� 0(� ) < 0 follows from (3.3).
This together with that � (� ) is continuous on [� ; 1 ) implies that � (� ) has an inverse,� λ : (0; � � ] ! [� ; 1 )
and � 0

λ < 0 on (� ; 1 ) with � λ� = � and lim
λ! 0+

� λ = 1 : This completesthe proof of Case(1.5)1.

Case (1.5)2 : In view of (1:5)2 and (1.7) we have H 0(t) < 0 on [0; t1) [ (t2; 1 ) and H 0(t) > 0 on (t1; t2):
Thus for � 2 (t � ; t �� ) � (t1; t2) H is increasing and H (� ) > H (t � ) � 0. Also, since H (0) = 0 and H is
decreasingon (0; t1), it follows that H (�v ) < H (� ) for all v 2 (0; 1) and all � 2 (t � ; t �� ). Henceby (3.3):

(3.8) � 0(� ) > 0 for � 2 (t � ; t �� ):

Combining this with (3.5) and (3.6) we seethat � (� ) has at least one local minimum on (� ; t � ) and at least
one local maximum on (t �� ; 1 ). To complete the proof of theorem 1 we will show that these are the only
critical points of � (� ): First, suppose � 0 2 (� ; t � ) and � 0(� 0) = 0: From (3.4) we see ∂u

∂ρ (1; � (� 0); � 0) = 0:

From lemma 2.2 we seethat ∂2 u
∂ρ2 (1; � (� 0); � 0) > 0: Di�eren tiating (3.4) and evaluating at � 0 gives:

(3.9)
@u
@�

(1; � (� 0); � 0)� 00(� 0) +
@2u
@� 2

(1; � (� 0); � 0) = 0:

Since ∂u
∂λ (1; � (� 0); � 0) < 0 by (2.7) and (2.9), we seethat � 00(� 0) > 0. Hence, � 0 must be a local minimum

of � (� ). If there were a secondcritical point, � 1 2 (� ; t � ), of � (� ), the same argument shows that it too
would be a local minimum of � (� ) and thus between � 0 and � 1 there would be a local maximum, � 2, with
� 00(� 2) > 0 but this is clearly impossible. Thus, � 0 is the only critical point of � (� ) on (� ; t � ): Similarly,
suppose� 0 2 (t �� ; 1 ) and � 0(� 0) = 0: Then as before (3.4) implies ∂u

∂ρ (1; � (� 0); � 0) = 0: Now using lemma

2.4 we seethat ∂2 u
∂ρ2 (1; � (� 0); � 0) < 0: And as above, using (3.9) we seethat � 00(� 0) < 0: Hence, � 0 must be

a local maximum of � (� ) and as above this is the only critical point of � (� ) on (t �� ; 1 ). This completesthe
proof of theorem 1. �
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4. Examples

Consider f (t) = t3 � 3At 2 + 6B t � C whereA; B ; and C are positive. Then f is semipositoneand superlinear.
Also, f has exactly one in
ection point at t � = A. We have f 0(t) = 3t2 � 6At + 6B hencef 0(t) � 0 for all
t if and only if 2B � A2: Thus if 2B � A2, f has exactly one zero � and since we have f (t � ) = f (A) =
� 2A3 + 6AB � C; we seethat t � > � if 6AB > 2A3 + C: Next, H (t) = F (t) � 1

2 tf (t) = � 1
4 t4 + A

2 t3 � 1
2Ct,

H 0(t) = � t3 + 3A
2 t2 � 1

2C, and H 00(t) = � 3t2 + 3At: Thus, H 0 has exactly one local maximum at t � = A. If
H 0(A) > 0 then H 0 has two zeros,while H 0 � 0 if H 0(A) � 0. Note that H 0(A) > 0 if and only if A3 > C
and H (t � ) = H (A) � 0 if and only if A3 � 2C. Thus, (1.3)-(1.5) and (1.5)1 are satis�ed if we choose
positive A; B ; C sothat 6B > C

A + 2A2, C � A3 whereas(1.3)-(1.5) and (1.5)2 are satis�ed if 6B > C
A + 2A2,

A3 � 2C, and 2B � A2:
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