EXACT MULTIPLICITY OF POSITIVE SOLUTIONS
IN SEMIPOSITONE PROBLEMS WITH
CONCAVE-CONVEX TYPE NONLINEARITIES

SUDHASREE GADAM AND JOSEPH A. IAlA

Abstra ct. We study the existence, multiplicit y, and stabilit y of positiv e solutions to:

ufx) = f (u(x)) for x 2 ( 1;1); > O

u( 1)=0 = u(@);
where f : [0;1 ) ! R is semipositone (f (0) < 0) and superlinear (lim1  f(t)=t = 1 ). We consider the case
when the nonlinearit y f is of concave-corvex type having exactly one in ection point. We establish that f should
be appropriately concave (by establishing conditions on f) to allow multiple positive solutions. For any > 0, we
obtain the exact number of positiv e solutions as a function of f (t)=t and establish how the positiv e solution curves

to the above problem change. Also, we give examples where our results apply. This work extends the work in [1]
by giving a complete classi cation of positiv e solutions for concave-corvex type nonlinearities.

1. INTRODUCTION

We study the positive solutions to the two point boundary value problem:

(1:1) u®x) = f (u(x)) forx2 ( 1;1); > 0;
(1:2) u( 1)= 0= u(l);

wheref :[0;1)! R is atwice di erentiable function sud that:

(1:3) f (0) < O (semipositone); tllllm g = 1 (superlinear); and f hasa unique positive zero

Wedene F by F(t) = fotf (s) ds, and we obsene that by (1.3):
(1:4) F hasa unique positive zero >
We also assumethat f hasexactly onein ection point t with:

(1.5) fO%t)<0on(;t); fRt)>0on(t; 1) andt >
Since (L) = 20 SO ang (tf At)  f (1))°= tf ) with f (0) < 0, it follows from (1.5) that either:
(1:5), (f(t)=t° oforallt> 0; or

(1:5), (f()=t)°> 0fort 2 (0;t1) [ (t2;1 ) and (f (t)=t)°< O for t 2 (t;ty)
for somety;ty with 0< t; <t < to.
1991 Mathematics Subject Classic ation. Primary 34B15: Secondary 35J65.

Key words and phrases. Semipositone, concave, convex.

EJQTDE, 2001No. 4,p. 1



For future referencewe de ne:

1
(1.6) H(t) = F(1) Etf (1)
and obsenre that:

(1.7) H%t) = %IQ(f (t)=t)®

Finally, for a positive solution of (1.1)-(1.2), we de ne:

= sup u(x):
(1LY

We refer the readerto [2, 3] where the classi cation (1.5),, (1.5)2 helpsin giving a complete description of
positive solution curvesfor concase nonlinearities. In [7], Shiand Shivaji consider(1.5), and obtain a similar
result to Theorem 1 section (2) with reasonablydi erent methods from ours.

We also note that in [9], Wang considersthe positone problem (f (0) > 0) with f initially cornvex and
then concave. Finally, semipositone problems occur in seweral harvesting models (see [4]) and have been
extensively studied in [1-3] and [5-8].

Our main results are:

Theorem 1.

(1) If f satises (1.3)-(1.5) and (1.5), then there exists  with 0 < < 1 suchthat (1.1)-(1.2) has
no positive solutions for > and has a unique positive solution for 2 (0; ] (see Fig. 1).

/O Figure 1

o
|
|
>\*
In addition, A is a decreasing function of with ,:(0; ]! [;1) suchthat 5 = and
/\|Im y= +1.
I o*

(2) If f satises (1.3)-(1.5), (1.5)2, andH(t ) O; thenthereexist ;; 5; withO< ;< 5,<1 and
1< < 1 suchthat (1.1)-(1.2) has no positive solutions for > maxf ,; g and hasa unique

positive solution for < ; while for = ; it hasexactly two positive solutions. Also, , = and
im ,=+1.

Al o

SUBCASE A: If 4 thenfor 2 ( 1; 2) (1.1)-(1.2) hasexactly three positive solutions while for

= , it hasexactly two positive solutions. Finally, if 2 ( 2; ]then (1.1)-(1.2) has exactly one
positive solution (see Fig. 2A).
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/O Figure 2A
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SUBCASE B: If o> thenfor 2 ( 1; ](1.1)-(1.2) hasexactly three positive solutions while for
2 ( ; 2)(1.1)-(1.2) hasexactlytwo positive solutions. Finally, for = 5 the problem(1.1)-(1.2)
has exactly one positive solution (see Fig. 2B).

/O Figure 2B
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This paper is organizedasfollows. In Section2, we study the variations of the positive solutions with respect

to the parameters and . We prove Theorem 1 in Section 3. In Section 4 we give a family of examples
which satis es the hypothesesof Theorem 1.

2. FIRST AND SECOND VARIATIONS WITH RESPECT TO PARAMETERS

We rst obsenethat any positive solution of (1.1)-(1.2) must be symmetric about the origin. To seethis,
let xo 2 ( 1;1) bethe point at which u attains its maximum. Denoteu(xy) = > 0. Thusu¥x,) = O and it
followsthat u(xy+ x) and u(x, Xx) satisfy the di erential equation (1.1) aswell asthe sameinitial conditions
at Xo. Therefore, by uniquenessof solutions of initial value problems, we must have u(xp + X) = u(xy  X).
Soassumingwithout lossof generality that xo 0, we seethen that 0= u(1) = u(2x, 1) and sinceu > 0
on( 1;1), wemust have2x, 1= 1-i.e.Xo= 0andthusu is symmetric about the origin.

With this result, for any > Oandany > Owedene u(x; ; ) to bethe solution to the initial value
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problem:
(2:1) ulx)+ f (ux)) =0, > 0;
(2:2) u@©)= > 0;u%0) =0

where ° denotesdi eren tiation with respect to x. Observingthat u( x; ; ) alsosolves(2.1) and (2.2), it
follows from the uniquenessof solutions of initial value problemsthat u( x; ; )= u(x; ; ). Thuswe see
that the set of positive solutions of (1.1)-(1.2) is preciselythe set of solutions of (2.1)-(2.2) for which:

(2.3) u(x; ; )>0for x2 (0;1)andu(;; )=0:

We now prove some elemeriary properties of positive solutions of (1.1)-(1.2) (and henceof (2.1)-(2.3) for
some > 0). Multiplying (2.1) by u9x), integrating over (0;x), and using (2.2) yields:

2.9 SO + F (ue) = F ()

Evaluating this at x = 1 gives:

(2.5) 0 %[uo(l)]Q = F ()

Sincefor > OwehaveF( ) 0if and only if (by (1.4)), we seefrom (2.5) that:
(2.6) positive solutions of (1.1)-(1.2) satisfy ; and

(2.7) positive solutions of (1.1)-(1.2) satisfy u%1) < 0if > andu%1)=0if =

Also obsene that if u is a positive solution to (2.1)-(2.3), then u®0) = f () < 0 (by (1.1), (1.3), and

(2.6)) and therefore u®< 0 on (0; ) for some > 0. In fact uqx) < 0 on (0;1) for if uYx;) = 0 at some

rst x; 2 (0;1) then 0< u(xy) < while from (2.4) and (2.5) we have F (u(x1)) = F( ) 0. Thusby (1.4)
< u(x1) < . But this is impossiblesinceF is increasingfor x >  (by (1.3)) and thus:

(2.8) positive solutions of (1.1)-(1.2) satisfy u%x) < 0 on (0; 1):

Next we obsenethat u(xd; ; ) andu(x; d 2; ) satisfy the sameinitial value problem and soby uniqueness
of solutions of initial value problems we have:

u(xd; ; ) =u(x d? )

After dierentiating this with respectto d and setting d = 1, we obtain:

(2.9) xu%x; ; ) =2 %(x; DL

Next let v denote the solution to the corresponding linearized problem of (1.1):

(2:10) vE(x) + f Qu(x))v(x) = 0;

(2:11) v(0) = 1; vY0) = 0;

and let w denote the solution to the problem:

(2:12) wBx) + f Qux)wx) + f Qu(x)v3(x) = 0;

(2:13) w(0) = 0; w%0) = O

That is, v and w are the rst and secondderivatives of u with respectto -ie. v g—;j(x; ; ) and

Pufy. -
w 6—}];(x,, ).

Now obsene that by multiplying (2.10) by u%x) and integrating on (0; x) we obtain:

(2:14) ud)VIx) + £ (u(x)v(x) = f ():
Similarly, multiplying (2.12) by u%x) and integrating on (0; x) gives:
(2:15) uCOWIX) + f (UEOWX) + vE(x) + F QuE))Vi(x) = | A ):
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Lemma 2.1. Suppsef satises (1.3). Let u(x; o; o) be a positive solution to (1.1)-(1.2). Then v(x)
g—;j(x; 0; o) hasat most one zer in [0, 1].

Proof. We rst obsenethat if v(xo) = 0 then v9(x,) 6 O for if vq(x,) = 0 then by uniquenessof solutions of
initial value problems, it followsthat v 0. On the other hand, v(0) = 16 0.

Now on to the proof of the lemma. Supposeby the way of corntradiction that x; and x, are the rst
two consecutive zerosof v. Then by the remarks in the previous paragraph and sincev(0) = 1, we have
vi(x;) < 0 and vqxy) > 0: Also by (2.14) it follows that u%(x2)vi(xs2) = of ( o) and sowe seethat u%x,)
and f ( ¢) have the samesign. But since g (by (2:6)), it follows from (1.3)-(1.4) that f ( o) > 0 and
henceu{x,) > 0: But this contradicts (2.7)-(2.8). Hence,v(x) can have at most one zero on [0; 1]:

Remark: Note that the above lemma doesnot rely on the concavity properties of f .

Lemma 2.2. Supmsef satises (1.3)-(1.5). Let u(x; o; o) be a positive solution to (1.1)-(1.2) with
o t andsupmsealsothat v(1) = g—z(l; 0; 0) = 0: Then w(1) = ‘327;‘(1; 0; 0)> 0.

Proof. Recall that v g—z satis es (2.10)-(2.11) and w gip? satis es (2.12)-(2.13). Multiplying (2.10) by
w and (2.12) by v, subtracting one from the other, integrating over (0; 1), and using v(1) = 0 we obtain:

-1
(2.16) w(L)vi1) = / of Qu(x))v3(x) dx:

0
Sincev(1) = 0, it followsfrom lemma2.1that we havev > 0on [0; 1) and it alsofollows from the uniqueness
of solutions to initial value problems that v%(1) < 0. Since o t andu(x) is decreasingon (0,1) (by
(2.8)), it follows that u(x) < o t on (0;1) and soby (1.5) we have f °u(x)) < 0 on (0;1). Thesefacts
and (2.16) imply w(1) > 0. This provesthe lemma.

Lemma 2.3. If f satises (1.3)-(1.5), (1.5)2, andH(t ) 0, then the function dened by J : [0;1 )! R,
J(t) = fYt)F(t) if %(t) hasexactly one positive ze, t ;and <t <t <t

Proof. By (1.5),t > . Combining this with the fact that H(t ) O implies F(t ) %t f(t)> 0 (since
t > )andsoF(t)> 0whichimpliest > (by (1.4)).

Next obsene that JYt) = f ®(t)F (t) soJ is increasingon (0; )[ (t ;1) and decreasingon ( ;t ). Also,
obsene J( ) < Osothat J < 0on [0;t ]: HenceJ has at most one positive zero.

Also, J = fH fH%hencel(ty) = fYty)H(tz) and f (t) = tof Atz) (by (1.5)2). Sincety > t >
(by (1.5)2), we have tof (ty) = f(t) > 0 and so J(t3) > O becauseH has a maximum at t, and so
H(t:) > H(t ) 0: Thus, J has exactly one positive zero,t ;and <t <t < t;: This completesthe
proof of the lemma.

Lemma 2.4. Supmsef satises (1.3)-(1.5) and (1.5),. Letu(x; o; o) be a positive solution of (1.1)-(1.2)
with ¢ t and supmsealsothat v(1) = g—z(l; 0, 0) = 0: Thenw(1) = aipy(l; 0; o)< O.

Proof. We de ne:
E=v®+ of Qu?

and obsene (by (2.10)) that:
E%= of Qu)ud?:

Since , t >t , examining the sign of E° along with (1.5) and (2.8), we seethat E is decreasingon
(0;x ) and increasingon (x ;1) wherex isthe point at whichu(x )=t .

Thus, E hasexactly onelocal minimum and no local maxima on (0,1). Hencethe maximum of E on [0,1]
occurs either at x = 0 or x = 1.

Next, we seefrom lemma2.3that o t impliesJ( o) 0. Using (2.4), (2.11), (2.14), and the fact that
v(1) = 0, we obtain:

2
e (g o

EQ) E@= =Y 0F(0) 0
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Thus, for x 2 [0;1] we have v® + of (u)vZ = E(x) E(0) = of Y o): Hence,by (2.15):
uWl+ of (uw Oonl0;1]:
Now solving (2.4) for u® using (2.8) and substituting into the above inequality gives:

o /o f (u)

5 mw 0 on (0;1]:

Multiplying by the appropriate integrating factor and then integrating on (; x)  (0;1] for > 0 we have:

T q IRX p_fa
/ (We 2 m)o 0:
€

Now, for small enoughwe have w( ) < 0 becauseby (2.12)-(2.13) we have w(0) = 0;w%0) = 0; and

w@0) = f% ¢)<Osince ¢ t >t . Therefore:
a o Ry f(u)dt
w(x)e 2 F( o) F(u) w()<O0:

Hencew(x) < 0 on (; 1]. In particular, w(1) < 0. This completesthe proof of the lemma.

3. PROOF OF THEOREM 1
We begin by rewriting (2.4), and we obtain:

~ u%(x)
"2VF() FuX)

Thus, after integrating on (x; 1) and using u(1) = 0 we obtain:

-~ on (0; 1):

_ 1 [u@ dt _p- _

Letting x ! O gives:

(3:2) G():

D—:pl_/” dt
2Jo VF() F(@)

Thus, given a positive solution of (1.1)-(1.2) (and henceof (2.1)-(2.3) for some ), we seethat and
are related by equation (3.2).

Conversely given ¢ > 0, if there existsa ¢ 2 [ ;1) with G( ) = p_o’ then we can obtain a positive
solution of (1.1)-(1.2) asfollows. Dene K :[0; o]! R by:

—_— 1 § .
0= 83 [ e

Since , it follows from (1.3)-(1.4) that 1=y/F ( f)) F (1) is integrable on [0; (]: Thus K is continuous
on [0; o] while from (3.2) we have K ( o) = G( o) = . Also:

0 — 1 1 . .
K*x) = p_i—F( E0) >0 on [0; o):
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Thus K is continuous and increasingon [0; (] and soK hasan inverse. In addition,

(K 0)°="2VF() F(K 1(0):

Taking a hint from (3.1) which says a positive solution of (1.1)-(1.2) satis es K (u(x)) = P (1 x), wede ne

p—
u(x)= K '(C o@ x):
It is then straightforward to show that u solves(2.1)-(2.3) with = jand =

Thus, we seethat the set of for which there iB a positive solution of (1.1)-(1.2) is precisely those positive
for which tr]@r_e isasolution - -of G( ) = : Therefore we now turn our attention to a study of the
function G = de ned in (3.2).

We begin by changing variablesin (3.2) and obtain:

1 ! dv

vV ()=6()=ps / R

2Jo F() F(Vv)

and from (1.3)-(1.4) it follows y/ ( ) is a positive continuous function on [ ;1 ). Also, by (1.3)-(1.4):
1 [t dv pP—
=G()= p—_/ _— = nite, positive
Vo ( () 2 )y T E(Y p

In addition, / () is dierentiable over( ;1 ) and:

0O H() H(v)

1 1
(3:3) 27 ) G1() p_é/o F() F(Vv)3?

dv

where H is given by (1.6).

Sinceu(x; ( ); ) is a positive solution of (1.1)-(1.2), we also have:

u@; () )==0
Di eren tiating this with respectto gives:
@ 0 @
34 = () + =1 () )=0
(3.4) @( (1)) () @( ():)
We now show that Iin; %)= 1 :Weknow from above that Iin; ()= ()= is positive and nite.
p! 0% pl 0*

Also, p!ir791+ gu@; () )= p!irr91+ Tl(p)uo(l; () )= ﬁw)u"(l; (); )= 0by (2.7) and (2.9). On the other

hand, (2.7) and (2.14) imply _ lim u(t; () )= % < 0: It now follows from (3.4) that:
pl +

(3.5) im %)= 1
ol o

We claim now that % ) < O for large and m ()=0
p!

SinceH?= 1(f tf9 < O0for largeand H®= 1tf P< 0for >t it follows that m H()= 1
p!

Combining thesefacts, it followsthat for large wehaveH ( ) < H(v) for all v 2 (0;1): Therefore, by (3.3)

(3.6) % ) < 0for large :
EJQTDE, 2001No. 4,p. 7
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Next, we rewrite as:

. 1/2 1 [t dv
v - ()_p_/ s/F() F(v 2/1/2,/F() F(v)

From (1.5), f%°> O0fort >t andfrom (1.3) f(t)=t! 1 ast! 1 ,thusf(= F9 and f°are positive for
large t and I|m F(t) = 1. Therefore,for 0< v < % and large we have F (V) F(% ). And so by the

meanvaluetheorem 1 11
F() F(v) F() F(3) 31G)
Also for £ < v < 1and large , we have again by the mean value theorem:
1
FO) F(v) ()@ v

Combining these estimatesinto the rst and secondintegrals above respectively gives:

_ 1
vV (=6() p‘z/o

! 1 3
/ p dv= - /——:
/11:(1 /f(%) 1 v 2 f(ﬁ)
Thus, by the superlinearity of f - (1.3) - we seethat
(3.7) im ()=0:
o1

Consequetly, since ( ) is continuouson| ;1) andtendsto O at innit y (by (3.7)), we seethat ( )isa
bounded function. Thus, (1.1)-(1.2) has no positive solutions for > [ry?)g ().

Case (1.5); : It remainsto provethat % ) < Ofor 2 ( ;1 ): From (1.6) wehave Hqt) = 1[f (t) tf {t)]
and HQt) =  1tf °t). Since(1:5), holds we infer that HYt) 0 (in fact, HYt) = O for at most one value
of t) and hence Y ) < 0O follows from (3.3).

This together with that () is continuouson [ ;1 ) impliesthat ( ) hasaninverse, ,:(0; ]! [;1)
and {<0on(;1)with , = and AIlirrg+ » = 1 : This completesthe proof of Case(1.5);.

Case (1.5), : In view of (1:5); and (1.7) we have HYt) < 0 on [0;t;) [ (t2;1 ) and HYt) > 0 on (t;ts):
Thusfor 2 (t;t ) (ty;te) H isincreasingand H( ) > H(t ) 0. Also, sinceH(0) = 0Oand H is
decreasingon (0;t,), it followsthat H(v) < H( ) forallv2 (0;1) andall 2 (t ;t ). Henceby (3.3):

(3.8) )>o0 for 2(t;t):

Combining this with (3.5) and (3.6) we seethat () hasat least onelocal minimum on ( ;t ) and at least
one local maximum on (t ;1 ). To complete the proof of theorem 1 we will show that these are the only
critical points of ( ): First, suppose ¢ 2 ( ;t ) and % () = 0: From (3.4) we seeg—Z(l; (0); o) =0

From lemma 2.2 we seethat 22712‘(1; ( 0); o) > O: Dierentiating (3.4) and ewaluating at  gives:

@“(1 () 0)=0:

@
(3.9) —(1; (o) o) W o)+
@
Since %(1; ( 0); o) < Oby (2.7) and (2.9), we seethat X ) > 0. Hence, o must be a local minimum
of (). If there were a secondcritical point, | 2 ( ;t ), of (), the sameargumert shows that it too
would be a local minimum of ( ) and thus between ¢ and ; there would be a local maximum, 5, with
D 5) > 0 but this is clearly impossible. Thus,  is the only critical point of () on ( ;t ): Similarly,
suppose (2 (t ;1) and Y o) = 0: Then as before (3.4) |mpI|es (1 ( 0); o) = 0: Now using lemma
2.4 we seethat gip?(l; ( 0); o) < 0: And as above, using (3.9) we seethat D o) < 0: Hence, ( must be
a local maximum of () and asabove this is the only critical point of ( ) on(t ;1 ). This completesthe

proof of theorem 1.
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4. EXAMPLES

Considerf (t) = t> 3At2+ 6Bt C whereA; B; and C are positive. Then f is semipositone and superlinear.
Also, f has exactly onein ection point att = A. We have f {t) = 3t> 6At + 6B hencef qt) 0 for all
tif and only if 2B A2 Thusif 2B A2, f hasexactly one zero and sincewe havef (t ) = f(A) =

2A3+ 6AB  C;weseethat t > if 6AB > 2A%+ C: Next, H(t) = F(t) itf (t)= 1t*+ 23 Llct,
HYt) = t3+ 32 1C,andHt) = 3t + 3At: Thus, Hhasexactly onelocal maximum att = A. If
HYA) > 0then H? hastwo zeros,while H® 0if HYA) 0. Note that HYA) > 0if and only if A3 > C
and H(t ) = H(A) 0if and only if A2  2C. Thus, (1.3)-(1.5) and (1.5); are satis ed if we choose
positive A; B;C sothat 6B > £+ 2A2, C A3 whereas(1.3)-(1.5) and (1.5), are satis ed if 6B > & + 2A2,
A3 2C,and2B AZ
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