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Abstract

In this paper, we obtain some results on the nonoscillatory be-
haviour of the system (1), which cortains as particular cases,some
well known systems. By negation, oscillation criteria are derived for
these systems. In the last section we presen someexamplesand re-
marks, and various well known oscillation criteria are obtained.
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1 Intro duction and physical motiv ations

We are concernedwith the oscillatory behaviour of solutions of the following
secondorder nonlinear di erential system:

a(t)x + B(O)f (y);
(1)

0

y c(t)a(x) + d(t)y;

wherethe functions a;b;c;d of the independen variable t are real-valued
and cortinuouson [tg; +1 ), for somet, 0 with b(t) > 0. The functions f
and g are alsoreal-valued cortinuous functions on R sud that:

i) gqx) > Ofor all x 2 R and xg(x) > 0 for all x80.
i) yf (y) > Ofor all y60.

Further conditions will be imposedin the appropriate momerts.

A solution (x(t); y(t)) of (1) is saidto be cortinuableif it existson some
interval [to; +1 ). A cortinuable solution is said to be oscillatory if one (or
both) of its componerts hasan in nite number of zeroswith 1 asthe only
accunulation point. The system(1) is saidto be oscillatory if all cortinuable
solutions (x(t); y(t)) are oscillatory.

That the oscillatory nature of the equation:

y"+qlt)y=0;t2[0;1) 2)
and the existenceof solutions of Riccati equations:
rqt) = r2(t) + q(t); t2 [a;1 ), a> O; (3)

are closelyrelated is well known. Many important resultsin the oscillation
theory of (2) are in fact establishedby studying (3), see[17-18]and [21].
Particularly useful in those studiesis the theory of di erential and integral
inequalities (see[13] and [27]). The presen work supports this view point.

Kwong and Wong (see[20]) have studied the oscillatory nature of the
system:

° = af(y)

X
|

(4)

v = a(t)o(x);
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which includesthe classicalEmden-Fowler systems:

0

X ai(t) jyj sgny;

(5)

0

y

a(t) jxj sgnx;

studied by Mirzov in the papers[27-29]. Further details canbe foundin [17].
In [7] Elbert studied somenonlinear systemof the type:

1
0 o

a(t)y + b(t)yn;

X

(6)

0

y c(t)x" + d(t)y;

wherethe number n is positive and the star above the exponert denotesthe

power function presenesthe sign of function, for example,x" = jxj" sgnx.
It is clearthat system(6) is an Emden-Fowler type system(5).
A particular caseof system(5), the Emden-Fowler equation:

d du _ .

It t il t ub (7)
hasreceived a good deal of attention, beingboth a physically important and
a mathematically signi cant nonlineardi erential equation(see[4], [16], [25],
[26], [37] and [42]). This equationis familiar in the cortext of the theory of
di usion and reaction [11] as governing the concertration u of a substance
which disappearsby an pth order isothermal reaction at eat point x of a
slab of catalyst. When sud an equation is normalized, in the special case

+ = 0, making x = tll— ( 6 1),or x = Int, =1, u(x) is the
concerration as a fraction of the conceiration outside the slab and x the
distance from the certral plane as a fraction of the half thicknessof the
slab, the parameter 2 may be interpreted as the ratio of the characteristic
di usion rate. It is known in the chemicalengineerinditerature asthe Thiele
modulus.

Considerthe boundary condition:

_ du_

= —=0x= :
u i 'X = Xo
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In this corntext there is alsoan important functional of the function
Z 1
1 du
= uP(x)dx = = —
0 dX x=1

Physically, it represets the ratio of the total reaction rate to the maxi-
mum possiblereaction rate and it is known asthe e ectivenesdactor. It isa
function of the parameter and its behavior asthis goesto zeroor to in n-
ity is signi cant. The study of the Emden-Fowler equation for this casemay

seemrather special, but the asymptotic results are much more important.

The patrticular caseof equation (7)

u%% x u" = 0

in which  and n cantake di erent numerical values,occursin astrophysics.
This was studied by Emden [9] and othersin their researt on polytropic gas
spheres.That equationis a generalizationof the Thomas-Fermi equation of
atomic physics.

The physical origin of the problem will now be discussedbriey. The
researbes of Lord Kelvin [15] on convective equilibrium led to subsequen
studiesin this eld by Lane, Emden and others. Lane [22] was interested
in the density and the temperature in the solar atmosphere,consideredas a
con guration under its own gravitation. Ritter [41]independerily conducted
investigations into the nature of the equilibrium of stellar con gurations.
Emden|[9] systematizedearlier work and addeda number of important con-
tributions to the theory. He consideredthe thermal behavior of a spherical
cloud of gasacting under the mutual attraction of its moleculesand subject
to the classicallaws of thermodynamics. Fowler [10] presered a much more
rigorous mathematical treatment of the theory and obtained the asymptotic
behavior of the solutions.

The goal of this work is to obtain someresults on the nonoscillatory be-
haviour of the system(1), which cortains asparticular casesthe systems(2),
(5), (6) and (7). By negation, oscillation criteria are derived. The method
usedconains the Hartman's method applied to the linear secondorder dif-
ferertial equation (see[12, Ch XI]). In section3 we presen someexamples
and remarks, and various well known oscillation criteria are obtained.
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2 The system (1).

First we generalizethe Riccati equationsto the system(1).

Let the system (1) be nonoscillatory and the interval [t1;+1 ) be a dis-
conjugacyinterval (see[2] or [12]) and (x(t);y(t)) be a solution of (1) sud
that x(t)60fort t;. Let the function r = r(t) be de ned by:

f(y)
r=—-—=; 8
69 ®
then r is cortinuous and satis es the generalizedRiccati equation:
r+ p(t)r?+ qo)r + s(t) = 0; 9)
where p(t) = B()g¥x(1)), s(t) = c(t)f Yy(1)) and q(t) = a(t) LEOx(t)
d(t) e V-
This easily follows by di erentiating (8) and making useof (1).
For convenience,we introduce the following function:
YA t
(t) = exp g(s)ds : (20)

t1
Thus we cande ne the setA of the admissiblepairs (; ) (see[7]) of the
functions (t); (t) by the following restrictions:

6a) (t); (t) arecortinuous,positiveand iscortinuouslydi erentiable
on[ty;+1 ),

Rl 0 opy 2
EORNEN0)) (t) .
6b) , ® —m T dt<1;

. T _ .
GC)TIHn o (Ddt=1;

Rr 24

6d) lim sup g—9— < 1 :

T (t)dt

t1

Clearly, the existenceof the set A depends heavily on the coe cients

a; b;d of the system(1) and we will supposethat it is nonempty, moreover,
for the salke of corvenience there are functions sud that ( ; ) 2 A.

Regardingthe fourth coe cient c, we will researt the behaviour of the

function H(T) de ned by

R R

a ®

H(T) = Re

t1

(u)s(u)du dt

(t)dt )
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Thisgfunction can be consideredas the quasi average of the function
h(t) = ttl (u)s(u)du. It is clear that if the relation It_lllm h(t) = C holds

whereC may be nite or in nite then It_lllm H(t) = C. This property will be
called the averagingproperty of H(T). '
In this paper, we will usethe well known inequality:
2juvj  juj?+ jvj?: (12)
We now state the following results related to the function H(T).

Lemma 1. Let the system(1) be nonoscillatory and let (x(t);y(t)) be a
solution sud that x(t) 6 0 on [ty;1 ) with somet; to. Let the function

r(t) be given by (8). If for somefunction = (t) ofapair (; ) 2 A the
inequality: Z,
p(s)ré(s) (s)ds< 1 ; (13)
t1
holds, then the function H(T) de ned by (11), correspnding , is bounded
onft;;1). If = thenLim H(t) = C existsand is nite.
Pro of. Multiplying (9) 'by and integrating from t; to t, we obtain:
YA t 0
r(t) ()+  r(s) (s)( () Us) ds+
t1 (S)
14
z. z. (14)
P(S)ré(s) (s)ds+ (us(uydu r(ty) (t)) = O
11 t1

sinceq(s) = —9°. putting:

(s)
ut) = (2@ ")pt) ©)r ()
and (15)
w = 0D 1 ea o o
we deducefrom (12), with 0< " < 1, that:
( ®° OIS

r@® (0 W @ e Oir®i*+ ()

p(t) (1)
EJQTDE, 2002No. 1,p. 6
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where (") = 4(1—1) Hence:

z t z t
) () +  p(s)ri(s) (s)ds+ (Ws(u)du  r(ty) (1)
Z, 0
el g 19 ds (16)
Z, Z, (S)( ((5)))0 O(S) 2
" . .2 " s .
@ " . p(s) (s)jr(s)i“ds+ (") . o(s) (5) ds:
From this inequality it follows that:
VA t VA t
rt) (M)+"  p(s)ri(s) (s)ds+ (Ws(u)du  r(ts) (ta)
(17)
Z, (99 49 ds
") :
ty p(s) (s)
Using (6b) and (13):
Z t
t (Ws(u)du C;  (B)jr(t)j; (18)

(S)( (S))O 0,

2
® O

R
whereC; = r(ty) (to) + () ti "GRG ds: Multiplying (18) by
integrating over [t;; T] and using the de nition of function H, we obtain:

"t i)
R- Ot = L(T): (19)

t1

H(T) C

From this we can derive two relations for the function L(T). The rst is
a simple consequencef the Holder inequality:

2 R 31
T Wy, Zt 1
T1 t
0 L(T) Q%E o(t) (Hr(t)dt (20)
(t)dt T
t1
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Let T, be an arbitrary number sud that T; > t;. Usingagainthe Holder
inequality we get the secondrelation:

R 2 R 31
T N T (1) 2(1) 4
o (O (©jr(nidt A B(C) dt T

= g t) (t)r3(t)dt
J oy Ft et 5 . p(t) (Hre(t)

N

L(T)

From (6c¢)-(6d) we obtain:

2 31
Ry 2 A 1
limsupL(T) 3 sup %ng p(t) (Dr3(t)dt ;
T T>T, T (t)dt T

t1
from this, (13) andthe secondrelation for L(T) we have, by letting T; ! 1 :
Iﬂl1m L(T) = 0: (22)

Then it follows by (19) that limsupH(T) C;: It is easyto obtain the
Tn1

formulation of alower estimatefor H (T) usingthe secondnequality involved

in (12) and we leave that to the reader. So,wehavethat H(T) C, L(T),
where:

) " Z, , ) Z, (S)%) 1s) i _
C=rlt) () @) p(e) (Ir(ds () CECHE

usingagain (13) we obtain IiTrqlinf H(T) C,. This, togetherwith the above
relations, provesthe rst part of the lemma.

If =, from (14) we have:
VA 1 z t
O=r(t) (1) p(s)r(s) (s)ds+ (Ws(u)du C; (22)

R
with C = r(ty) (ty) ti p(s)r3(s) (s)ds. (22) after multiplying by and
integrating betweent, and T (T > t,) yields:

"ot e ragdsdt @ ©jrmid
jH(T) Ccj = LR + ——Rr :
(Ddt (t)dt

t1
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R
(13) implies that ti p(t) (t)r2(t)dt tendsto zeroast; ! 1 . Hence
the rst term of the right hand side tendsto zero, while the secondterm is
L(T), which tends to zero using (20) and (21), therefore IT_Iilm H(T) = C:

Thus, the proof is complete.
Let the functions S(T) and M (T) beintroducedfor T > t; by
ya Z,

S(T) = (t) p(s) (s)r(s)ds dt;
i1 t1
23
7. (23)
M(T) = (t)dt:
t1
By (6¢), Iﬂilm M(T) = 1 . We assumethat:
Z ¢
Lim p(t) (Or3(t)dt= 1 : (24)
! "
Using the averaging property of the function H(T) we have:
. S(T) _ ..
Hlm M) 1: (25)
and
TL!|1m S(MT)=1": (26)
But, by the inequality (6b) we canwrite (17) as
Z t Z t
re) O+"  pEris) (9ds Ci (u)s(u)du;

t1 t1

where the constart is the sameasin (18). Multiplying this last inequality
by andusing(11) after integration we have:

Ry
o (O (Ort)dt L S(T)

M) M (T) C, H(T): (27)

Putting:
IiTmllinf H(T)> 1 ; (28)
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we have that the right hand side of (27) is boundedfrom above, then from
(25) it will be lessthan 5% for T > T, with someT; suciently large.
Consequetly we obtain:

R
ST _ (O Or()dt

M (T) M T) = L(T); T> Ty (29)
with L(T) asin (19). From (23) we deduce:
Z

s{M= (M) pt) O} OdEmM°=;

t1
the estimate (20) with (19) implies:
Rr ) 20 1 3
(1 “ 2
12 @t p0 dt,  SqT).
M2(T) MQT)’

(30)

from (6d) we have su ciently large T; and N sud that:

1
Ry (1) 2 :

@tl p(t) A <N T>Tq
M 2(T) ’ !

Combining this with (29) and (30) we get that:
MM 2< N2SS 2 T > Ty (31)

where , is a positive constart dependingonly on N.

We have, by (26) and (6¢) that 1M% < NzSz, henceMi < N ,2?for
T > T, which cortradicts (24), hencethe relation (13) is valid. This showvs
that we can apply the lemma and we can obtain, under simple conditions,
the following result.

Theorem 1. Let us supposethat system(1) be nonoscillatory and dis-
conjugateon [t;;1 ), and the pair of the functions (; ) be admissiblefor
(2). If the function H(T) de ned by (7) full s the inequality (28), then the
relation (13) is valid and the function H (T) is boundedon [t;; 1 ). Moreover
in the case = , the limit

Lim H(t) = C; (32)

til
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with C nite, holds.

Remark 1. It is clearthat the above theoremis a conversionof Lemma
1, under suitable assumptions.

In the next result, we formulate a su cien t criterion for oscillation of the
solutions of the system(1).

Theorem 2. Let (; ) be an admissible pair for the system (1). If
for somet; > ty the relation It_ljll.m H(t) = 1 holds then the system (1)

is oscillatory. Also, if for an admissible pair ( ; ) the relations lim sup
T1
H(T)> Iimlinf H(T)> 1 hold then the system(1) is oscillatory.

Pro of. Assumingthe opposite, supposethat the system(1) is nonoscil-
latory. By the assumptionson H(T) the condition (28) is ful lled, hence
Theorem 1 is valid. Thus the limit of the function H(T), if any, had to be
nite. This is the desiredcortradiction. This completesthe proof.

Remark 2. It isnot di cult to show that the limits hereareindependert
of the choice of the valuet;.

Theorem 2 may be simpli ed by the following:
Corollary . Let beafunction sud that there existsat leastonefunction
satisfying ( ; ) 2 A. If the relation:
VA T
IT_Iilm (t)s(t)dt= 1 ; (33)

t1

holds for somet; t, then system(1) is oscillatory.
Pro of. We considerthe function H(T) for T > t;. From de nition of
H (T) the limit in (33) yields the samelimit for H(T), i.e., It_lllm H()=1.

Theorem 2 implies that the system(1) can be only oscillatory.

Under stronger restrictions on the pairs (; ) canbe establisheda more
stringent criterion for nonoscillation, thus we have:

Theorem 3. Let us supposethat the system(1) be nonoscillatory and
disconjugateon [t;;1 ). Let ( ; ) be a pair of functions satisfying the
conditions (6a), (6¢) and

_O

limsup R < 1 ; (34)
t 11 (s)ds

t1
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Moreover let the relation (28) be valid. Then the relation (32) holds and

Lim R = 0 (35)

Ti1 r: (t)dt

R; R 2
(t) C (wWs(u)du dt

Pro of. We show that the pair ( ; ) under restrictions of Theorem3 is
admissible,i.e., it ful lls (6d), too. We have, from (34), for su cien tly large

N and T; that:
(t) (1)

p(t) .
M (O < N,t> Ty (36)
whereM is de ned by (23). SinceM {t) = (t), we have that:
(t) (1

o) < NM @MY1), t > Ty

R
putting K(T) = %dt we have by integration:

M2(T) M?*Ty)
2

K(T) K(Ty) <N , T > Tq:

From herewe obtain lim sup K(TT))
1

M 2(
T !
holds.

Thus the pair ( ; ) is admissibleand the conditions of Theorem 1 are
satis ed, thereforethe relation (13) holdsand IT_Iilm H(T) = C (with C nite).
Repeating the proof of the lemmaand rewriting (22) in the form:

zZ, 2 Z, 2
C (u)s(uydu = r(t) (t) p(s) (s)r(s)ds

11 t1

'\'7 in other words, the relation (6d)

R, 2 2. Ry 2
Wehave C | (u)s(u)du 2 () ( )+ . p(s) (s)r(s)ds
and then

Ry

R, 2 R
w O C - (Ustududt o T e ( (1)t
M (T) M (T)

(37)
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Rr (t) R Ks)ra(s)ds > dt
+2 U tM(T) = My(T) + Ma(T):

From the averagingproperty of function H(T), M, tendsto zeroasT !
1 . Let T, beaslargeasin (36), then we haveforall T T, > Ty:

My(T) Fﬁz (t)r2(t) ( (t)%dt+ RTT2 P(t) (t)rzp((tt))( ) O ¢ )
2 . M (T)
L) (@)2dt+ NM(T) L op(t)  (Oré(de
M (T) !
therefore:
. M (T) Z 1 5
I|Tm!1$up > N - p(t) (re(t)dt, T, > Ty

Henceby (13), IT_'ilm M(T) =0 =H1m M,(T). Thus (37) implies the
desiredconclusion. This completesthe proof.

In the next theorem, we obtain a companion criterion for oscillation of
system(1).

Theorem 4. Let ( ; ) be an admissiblepair for the system (1) sat-
isfying the relation (34). If the function H(T) de ned by (11) satis es the
relation (32) and

Ry t 2
o ©C ", (swdudt R
b M (T) '

then system(1) is oscillatory:.

The proof of this last result is omitted becauset is basedon ideasof the
proof of Theorem 2.

Another nonoscillation criterion can be establishedif the relation (6b) is
omitted. But it is necessaryto de n the set A of the pairs (; ) by the
conditions (6a), (6¢) and (6d).

Hencethe requiremen (6b) is dropped and therefore A A: Similarly,

let 0 1

R R W
T 0@ (usudu (") o A dt

t1 p(t) (1)

H(T) = R, O : (38)

t1
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Thus, we can rewrite (17) as:
YA t
() (+  ps)r¥(s) (9)ds r(t) (ta)+

t1

0 1
Z; NEON

SO
fBWOS) ()R d O

henceby (38):

Ry N
- 4 t) (t)jr(t)jdt
H(T) r(ty) (td) gr:’\T ()t

t1

= L(T): (39)

By (6c)-(6d) and (13) the relation (21) is true, so the function H(T) is
boundedfrom above. We supposethat the relation (13) is not true, then the
functions S(T), M (T) given by (23) satisfy the relationsin (25), (26). From
(39) we have:

Rr
i (O (Hr(t)dt L+ S(M

M (T) M (T) H(T) r(t1) (ta):

But the right hand side is bounded from above, hencewe have for suf-
ciently large T, the relation (29) and in the sameway we would have the
boundednesof the quotient > for large T Ty, but this cortradicts (25).
Again the inequality (13) holds and accordingto the above formulae, the
function H(T) is boundedabove. Hencewe have the following:

Theorem 5. Let us supposethat system(1) be nonoscillatory and let
(x(t);y(t)) be a solution sud that x(t)60 on [ty;1 ). Let r be asabove. If
for the function of a pair (; ) 2 A the inequality (13) holds then with
the correspnding the function H(T) is boundedfrom above. On the other
handif H(T) in (38) is boundedfrom belowv and system(1) is nonoscillatory
then the inequality (9) holdsagainand, consequetty, H(T) is boundedfrom
above.

The next result is obtained as a consequencef this theorem.
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Theorem 6. Let the pair (; ) 2 A. If for somet; toand0< "< 1
the relation:

0 1
Ry @Rt ' ((tt)))o W A
v OF Wsudu ) —Famom dt
Hr RT -1
| T (@t

holds, then system(1) is oscillatory.

Remark 3. The results obtained are consistem with the well known
oscillatory casex®= by, y°= cx (b, c positive constarts). It is enoughtake
the pair (t)=[bt t3)] ; < land (t) = bt

Remark 4. Elbert [7] gave information on the oscillatory nature of

equation (E), i.e., system(1) with f (y) = y» and g(x) = x". So,our results
contain thosegivenin that paper. In particular, the Examplesl, 2 and 3 are
still valid.

Metho dological Remark. From Theorem 2 and (11), we can obtain
variouswell known integral criteria for oscillation of someclassof di erential
equationsof secondorder, rewritten in the Riccati form (9). The following
results are dewoted to clarify that.

In [46] the author gave the following oscillation result for equation

x%%+ p(t)xqt) + o(t)x(t) = O; (40)

wherep and q are cortinuouson [tg; 1 ), to > 0, and p and g are allowed to
take on negative valuesfor arbitrarily larget.

[46, Theorem] . If thereexist 2 (1;1 ) and 2 [0;1) sud that
1 Z4
Imsup— (t s) sqg(s)ds=1; (41)
tn Uy
1 24
|itmllsur>t— t [t 9p(s)s+ s (t 9°(t s) s Zds<1; (42)
: 0

then (40) is oscillatory.
Fromthe de nition of H (t) andour Theorem2,taking (t) = (t to) *
we obtain the desiredconclusionwithout making useof (42).
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In [5] it is studied the equation

(r(OxA)°+ hOf (x)xAL) + y(t x(1)) = H(Ex(®);xAY)  (43)

wheref : R! R, rh:Jtg;1)! R,t, Oand : Jtg;1 )xR ! R,
H : [to;1 )XRXR ! R are cortinuous functions, r(t) > O for t to. For all
x60 and for t 2 [to;1 ) we assumethat there exist cortinuous functions
g:R! Randp;q:[to;1)! R sud that

. .  (tx) H (% x9) . .
xg(x) > 0;g4x) k> 0;x 6 O; 900 q(t); 900 p(t);x 6 O
(44)
And the authors consideredthe equation (43) of sublinear type, e.g.,
satisfying 7. 7 .
0< M oi1.0< WMogsp (45)
o 9(u) ’ o 9(u) ’

The main result of that paper is the following result.
[5, Theorem 1]. Suppose(44) and (45) hold. Furthermore, assumethat
f (x) c;c> 0;x 2 R;

O<r() aa>0;t2][ty;1);
there exists a cortinuously di erentiable function (t) on [to;1 ) sud that
®>0 9 0 %Y O [to1);

and

)= AOrt)+c (ht) 0 ) 0t to;

Zt
Iitrqlinf (s)(a(s) p(s))ds> 1 (46)
24 ds 12 1 Zs
|ItrT!]1Inf . NC) . o) . (W(g(u) p(u))duds=1 : (47)

Then equation (43) is oscillatory.

We easily obtain the assumption (47) from the de nition of H(t) and
making useof Theorem2. Let us note that assumption(46) holds.
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3 Some particular casesand related results.

We presen here someillustrativ e examplesto shov how well-known oscilla-
tion criteria for di erent equationscan be obtained using Corollary 1.

Example 1. Kwonghasshown in [18]thas for the equationx” + g(t)x =
0, asu cient condition for oscillation is that 01 Q(t)dt=1 forsqme > 1
and where Q(t) = min(Q, ; 1) = min(max(Q(t); 0); 1) with Q(t) = c:q(s)ds.
In this case (t) 1,andwechoose (t) = (t) 1. It isnotdicult to show
that they form an admissiblepair for this equationif Q(1 ) = 1 . Therefore,
we have a criterion comparablewith the Corollary 5 of this paper.

Example 2. For the equation
x" + a(t)g(x) = 0 (48)

studied by Burton and Grimmer in [1], we know that if a(t) > O for t 2
[0; 1 ) and g satis es the condition (ii) of section1, a necessaryand su cien t
condition for the oscillation of this equationis that:
Z 1
a(t)gl k(t tyldt= 1 ; (49)

t1
for somek > 0 and all t;. Also in this case (t) 1. Let (t) 1, (t) =
glk(t ty)] with kK > 0 and t; 0. Then the pair (1;a(t)glk(t t;)]) is
admissiblefor this equation if
Z 1
a(t)dt=1 ; (50)
t1
which coincideswith the su ciency of the above result.
Another admissiblepairis =1t ( < 1) and (t) 1, underthe same
condition (53).
On the other hand, under assumption(50), the classof equations(48) is

not very large, but if this condition is not ful lled, we can exhibit equations
that have nonoscillatory solutions. For example,the equation

x" + (kt sin t)jxj sgn x = 0; t > O;

(see[30]) wherek; and > 0 are constaris, has a nonoscillatory solution
if and only if
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< -1for >1,

< -1, k arbitrary and =1,
=-1, jkj 2 7z and =1,
< - forO< <1.

Further details can be found in [30-34].
Example 3. The Corollaries1 and 3 of [19] for the equation

y"(1) + a(t) jy(t)] sgny(t)=0( > 1);

R
can be obtained choosingthe following pairs (t) 1, (t) = ttl a(s)ds, under
condition (37) (Corollary 1) and (t) = (t), (t) 1, with somepositive
nondecreasindgunction of classC*[0; 1 ) satisfying:

z ) z
PO o1 Um | (9asds= 1
0 (1) T g

R
for integrable coe cient case, ! a(t)dt< 1 , (Corollary 3).

Remark 5. Using theseexamplesand Theorems2 and 4, it is easyto
seehow to obtain the oscillation results of Kwong and Zettl [21] (Theorems
4 and 7 and Corollaries9 and 10), Wong [45], Yan [47] (seeexample2 and,
mainly, nal remark), Kwong and Wong [19] (Theorems1, 2 and 3), Lewis
and Wright [23] (seeexample 1 of this work with m = n 1) and Repilado
and Ruiz [40](Theorem 1, alsocf. Example 1 above). The details are lengthy
but essetially routine, thereforethey are left to the reader.

Remark 6. Our results are consistemn with se\eral earlier results on the
oscillatory nature of secondorder nonlinear di erential equation closedto
system(1). We considerthe equation (see[24]):

[r (t) ( uAON°+ c(t) ( u(t) = O
Making v(t) = r(t) ( u(t)) we obtain the Emden-Fowler type system:

u= ! % V0= o(t) (u(t): (51)

If in (51) we maker(t) 1and ( s) = s, then that systemreducesthe
linear equation (L). Many criteria for oscillation of (2) have been found
which involve the behaviour of the integral of c(t). It is easily seenfrom
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Theorem 2 (or Theorem 4) we can obtain special casesof results of [3], [8],
[24], [43] and results of Wintner [44] and Kamenev[14].

Remark 7. The above remark is still valid if we considerthe equation
(P()x1))°+ a(t)x(t) = O (see[36]).

Remark 8. In [6] the authors studied the secondorder nonlinear di er-
ertial equation:

(r(OF (x9)°+ pO)f (9(x); r (OF (x9) + a(t)g(x) = 0;

under suitable assumptions. An admissiblepair is (1; (t)q(t)), where is
a positive and di erentiable function de ned on [to;1 ). It is clear that
Theorem 3 of [6] can be obtained from Theorem4 under milder conditions.

Remark 9. From results of [38], [39] and ideaspreserted here, we can
obtain generalizationsto bidimensionalsystem:

0= () WF); ¥°= at)g(x); (52)

(which cortain the classicalLienard equation). This is not a trivial problem.
The resolution implies obtaining results similar to Theorems 2 and 4 for
completing the study of oscillatory nature of solutions of (52).

Remark 10. In [35] the author studied the equation

(p(t)" (xY0)) %+ f (t x(1); xAt) = O;

which is equivalert to system:

asystemoftype(l)with a 0,b land c(t)g(x)+dt)y= f tx' * 5

From that paper and ideasusedhere, arisesthe following open problem:

Under which conditions can we obtain analogousresultsto Theorems 2
and 4, valid for the equation (p(t)" (xXt))) %+ f (t; x(t);xYt)) = 0?2
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