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Abstract

In this paper, we obtain some results on the nonoscillatory be-
haviour of the system (1), which contains as particular cases,some
well known systems. By negation, oscillation criteria are derived for
these systems. In the last section we present someexamplesand re-
marks, and various well known oscillation criteria are obtained.
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1 In tro duction and physical motiv ations

We are concernedwith the oscillatory behaviour of solutionsof the following
secondorder nonlinear di�erential system:

x0 = a(t)x + b(t)f (y);

(1)

y0 = � c(t)g(x) + d(t)y;

wherethe functions a;b;c;d of the independent variable t are real-valued
and continuous on [t0; + 1 ), for somet0 � 0 with b(t) > 0. The functions f
and g are alsoreal-valued continuous functions on R such that:

i) g0(x) > 0 for all x 2 R and xg(x) > 0 for all x6=0.
ii) yf (y) > 0 for all y6= 0.

Further conditions will be imposedin the appropriate moments.
A solution (x(t); y(t)) of (1) is said to be continuable if it exists on some

interval [t0; + 1 ). A continuable solution is said to be oscillatory if one (or
both) of its components has an in�nite number of zeroswith 1 as the only
accumulation point. The system(1) is said to be oscillatory if all continuable
solutions (x(t); y(t)) are oscillatory.

That the oscillatory nature of the equation:

y" + q(t)y = 0; t 2 [0; 1 ) (2)

and the existenceof solutionsof Riccati equations:

r 0(t) = r 2(t) + q(t); t 2 [a;1 ), a > 0; (3)

are closelyrelated is well known. Many important results in the oscillation
theory of (2) are in fact establishedby studying (3), see[17-18] and [21].
Particularly useful in those studies is the theory of di�erential and integral
inequalities (see[13] and [27]). The present work supports this view point.

Kwong and Wong (see[20]) have studied the oscillatory nature of the
system:

x0 = a1(t)f (y);

(4)

y0 = � a2(t)g(x);
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which includesthe classicalEmden-Fowler systems:

x0 = a1(t) jyj � sgny;

(5)

y0 = � a2(t) jxj � sgnx;

studied by Mirzov in the papers[27-29].Further details can be found in [17].
In [7] Elbert studied somenonlinear systemof the type:

x0 = a(t)y + b(t)y
�
1
n ;

(6)

y0 = � c(t)x
�
n + d(t)y;

wherethe number n is positive and the star above the exponent denotesthe
power function preserves the sign of function, for example,x

�
n = jxjn sgnx.

It is clear that system(6) is an Emden-Fowler type system(5).
A particular caseof system(5), the Emden-Fowler equation:

d
dt

�
t � du

dt

�
= t � up; (7)

hasreceived a good deal of attention, beingboth a physically important and
a mathematically signi�cant nonlineardi�erential equation(see[4], [16], [25],
[26], [37] and [42]). This equation is familiar in the context of the theory of
di�usion and reaction [11] as governing the concentration u of a substance
which disappears by an pth order isothermal reaction at each point x of a
slab of catalyst. When such an equation is normalized, in the special case
� + � = 0, making �x = t1� �

1� � (� 6= 1), or �x = ln t, � = 1, u(x) is the
concentration as a fraction of the concentration outside the slab and x the
distance from the central plane as a fraction of the half thicknessof the
slab, the parameter � 2 may be interpreted as the ratio of the characteristic
di�usion rate. It is known in the chemicalengineeringliterature asthe Thiele
modulus.

Considerthe boundary condition:

u =
du
dx

= 0; x = x0:
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In this context there is alsoan important functional of the function

� =
Z 1

0
up(x)dx =

1
� 2

�
du
dx

�

x=1

:

Physically, it represents the ratio of the total reaction rate to the maxi-
mum possiblereaction rate and it is known asthe e�ectivenessfactor. It is a
function of the parameter � and its behavior as this goesto zeroor to in�n-
it y is signi�cant. The study of the Emden-Fowler equation for this casemay
seemrather special, but the asymptotic results are much more important.

The particular caseof equation (7)

u00+ x � un = 0;

in which � and n can take di�erent numerical values,occursin astrophysics.
This wasstudied by Emden[9] and others in their research on polytropic gas
spheres.That equation is a generalizationof the Thomas-Fermi equation of
atomic physics.

The physical origin of the problem will now be discussedbrie
y . The
researches of Lord Kelvin [15] on convective equilibrium led to subsequent
studies in this �eld by Lane, Emden and others. Lane [22] was interested
in the density and the temperature in the solar atmosphere,consideredas a
con�guration under its own gravitation. Ritter [41] independently conducted
investigations into the nature of the equilibrium of stellar con�gurations.
Emden [9] systematizedearlier work and addeda number of important con-
tributions to the theory. He consideredthe thermal behavior of a spherical
cloud of gasacting under the mutual attraction of its moleculesand subject
to the classicallaws of thermodynamics. Fowler [10] presented a much more
rigorousmathematical treatment of the theory and obtained the asymptotic
behavior of the solutions.

The goal of this work is to obtain someresults on the nonoscillatory be-
haviour of the system(1), which contains asparticular cases,the systems(2),
(5), (6) and (7). By negation, oscillation criteria are derived. The method
usedcontains the Hartman's method applied to the linear secondorder dif-
ferential equation (see[12, Ch XI]). In section3 we present someexamples
and remarks,and various well known oscillation criteria are obtained.
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2 The system (1).

First we generalizethe Riccati equationsto the system(1).
Let the system(1) be nonoscillatory and the interval [t1; + 1 ) be a dis-

conjugacyinterval (see[2] or [12]) and (x(t); y(t)) be a solution of (1) such
that x(t)6= 0 for t� t1. Let the function r = r (t) be de�ned by:

r =
f (y)
g(x)

; (8)

then r is continuousand satis�es the generalizedRiccati equation:

r 0+ p(t)r 2 + q(t)r + s(t) = 0; (9)

where p(t) = b(t)g0(x(t)), s(t) = c(t)f 0(y(t)) and q(t) = a(t) g0(x(t))
g(x(t)) x(t) �

d(t) f 0(y(t))
f (y(t)) y(t):

This easily follows by di�erentiating (8) and making useof (1).
For convenience,we introducethe following function:

� � (t) = exp
� Z t

t1

q(s)ds
�

: (10)

Thus we can de�ne the set A of the admissiblepairs (�; � ) (see[7]) of the
functions � (t); � (t) by the following restrictions:

6a) � (t); � (t) arecontinuous,positiveand � � is continuouslydi�erentiable
on [t1; + 1 ),

6b)
R1

t1

� (t )
� (t )

�
�
� (� � (t )) 0

� � (t ) � � 0(t )
� (t )

�
�
�
2

dt < 1 ;

6c) lim
T !1

RT
t1

� (t)dt = 1 ;

6d) lim sup
T � !1

RT
t 1

� 2 ( t ) � ( t )
p( t )

� RT
t 1

� (t )dt
� 2 < 1 :

Clearly, the existenceof the set A depends heavily on the coe�cien ts
a;b;d of the system(1) and we will supposethat it is nonempty, moreover,
for the sake of convenience,there are functions � such that (� � ; � ) 2 A.

Regardingthe fourth coe�cien t c, we will research the behaviour of the
function H (T) de�ned by

H (T) =

RT
t1

� (t)
� Rt

t t
� (u)s(u)du

�
dt

RT
t1

� (t)dt
: (11)
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This function can be consideredas the quasi average of the function
h(t) =

Rt
t1

� (u)s(u)du. It is clear that if the relation Lim
t !1

h(t) = C holds

whereC may be �nite or in�nite then Lim
t !1

H (t) = C. This property will be

called the averagingproperty of H (T).
In this paper, we will usethe well known inequality:

2 juvj � juj2 + jvj2 : (12)

We now state the following results related to the function H (T).

Lemma 1. Let the system(1) be nonoscillatory and let (x(t); y(t)) be a
solution such that x(t) 6= 0 on [t1; 1 ) with somet1 � t0. Let the function
r (t) be given by (8). If for somefunction � = � (t) of a pair (�; � ) 2 A the
inequality: Z 1

t1

p(s)r 2(s)� (s)ds < 1 ; (13)

holds, then the function H (T) de�ned by (11), corresponding � , is bounded
on [t1; 1 ). If � = � � then Lim

t !1
H (t) = C exists and is �nite.

Pro of. Multiplying (9) by � and integrating from t1 to t, we obtain:

r (t)� (t) +
Z t

t1

r (s)
�
� (s)

(� � (s))0

� � (s)
� � 0(s)

�
ds+

(14)
Z t

t1

p(s)r 2(s)� (s)ds+
Z t

t1

� (u)s(u)du � r (t1)� (t1) = 0;

sinceq(s) = (� � (s)) 0

� � (s) . Putting:

u(t) = (2(1 � ")p(t)� (t))
1
2 r (t)

and (15)

v(t) =
�
� (t)

(� � (t))0

� � (t)
� � 0(t)

�
(2(1 � " )p(t)� (t)) � 1

2 ;

we deducefrom (12), with 0 < " < 1, that:

�
�
�
�r (t)

�
� (t)

(� � (t))0

� � (t)
� � 0(t)

� �
�
�
� � (1� " )p(t)� (t) jr (t)j2+ 
 (" )

�
�
� � (t) (� � (t )) 0

� � (t ) � � 0(t)
�
�
�
2

p(t)� (t)
;
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where
 (") = 1
4(1� " ) . Hence:

�
�
�
�r (t)� (t) +

Z t

t1

p(s)r 2(s)� (s)ds+
Z t

t1

� (u)s(u)du � r (t1)� (t1)

�
�
�
� �

�
Z t

t1

jr (s)j

�
�
�
� � (s)

(� � (s))0

� � (s)
� � 0(s)

�
�
�
� ds � (16)

� (1 � " )
Z t

t1

p(s)� (s) jr (s)j2 ds+ 
 (" )
Z t

t1

�
�
� � (s) (� � (s)) 0

� � (s) � � 0(s)
�
�
�
2

p(s)� (s)
ds:

From this inequality it follows that:

r (t)� (t) + "
Z t

t1

p(s)r 2(s)� (s)ds+
Z t

t1

� (u)s(u)du � r (t1)� (t1) �

(17)

� 
 (" )
Z t

t1

�
�
� � (s) (� � (s)) 0

� � (s) � � 0(s)
�
�
�
2

ds

p(s)� (s)
:

Using (6b) and (13):
Z t

t1

� (u)s(u)du � C1 � � (t) jr (t)j ; (18)

where C1 = r (t1)� (t1) + 
 (" )
R1

t1

�
�
�
� � (s) ( � � ( s) )0

� � ( s) � � 0(s)

�
�
�
�

2

p(s)� (s) ds: Multiplying (18) by � ,
integrating over [t1; T] and using the de�nition of function H, we obtain:

H (T) � C1 �

RT
t1

� (t)� (t) jr (t)j dt
RT

t1
� (t)dt

:= L(T): (19)

From this we can derive two relations for the function L(T). The �rst is
a simple consequenceof the Holder inequality:

0 � L(T) �

2

6
4

RT
T1

� (t )� 2 (t )
p(t) dt

� RT
t1

� (t)dt
� 2

3

7
5

1
2 � Z T

T1

p(t)� (t)r 2(t)dt
� 1

2

: (20)
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Let T1 be an arbitrary number such that T1 > t1. Using again the Holder
inequality we get the secondrelation:

L(T) �

RT
t1

� (t)� (t) jr (t)j dt
RT

t1
� (t)dt

+

2

6
4

RT
t1

� (t )� 2(t )
p(t) dt

� RT
t1

� (t)dt
� 2

3

7
5

1
2 � Z T

t1

p(t)� (t)r 2(t)dt
� 1

2

:

From (6c)-(6d) we obtain:

lim sup
T � !1

L(T) �

2

6
4 sup

T >T 1

R1
t1

� (t )� 2(t )
p(t) dt

� RT
t1

� (t)dt
� 2

3

7
5

1
2 � Z 1

T1

p(t)� (t)r 2(t)dt
� 1

2

;

from this, (13) and the secondrelation for L(T) wehave,by letting T1 � ! 1 :

Lim
T !1

L(T) = 0: (21)

Then it follows by (19) that lim sup
T � !1

H (T) � C1: It is easyto obtain the

formulation of a lower estimatefor H (T) usingthe secondinequality involved
in (12) and we leave that to the reader. So,wehave that H (T) � C2� � L(T),
where:

C2 = r (t1)� (t1)� (2� " )
Z 1

t1

p(s)� (s)r (s)2ds� 
 (" )
Z 1

t1

�
�
� � (s) ( � � (s)) 0

� � (s) � � 0(s)
�
�
�
2

p(s)� (s)
ds;

usingagain(13) we obtain lim inf
T � !1

H (T) � C2. This, together with the above

relations, provesthe �rst part of the lemma.
If � = � � , from (14) we have:

0 = r (t)� � (t) �
Z 1

t1

p(s)r 2(s)� � (s)ds+
Z t

t1

� � (u)s(u)du � C; (22)

with C = r (t1)�
� (t1) �

R1
t1

p(s)r 2(s)� � (s)ds. (22) after multiplying by � and
integrating betweent1 and T (T > t1) yields:

jH (T) � Cj �

RT
t1

� (t)
R1

t1
p(s)� � (s)r 2(s)dsdt

RT
t1

� (t)dt
+

RT
t1

� (t)� � (t) jr (t)j dt
RT

t1
� (t)dt

;
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(13) implies that
R1

t1
p(t)� � (t)r 2(t)dt tends to zero as t1 � ! 1 . Hence

the �rst term of the right hand side tends to zero, while the secondterm is
L(T), which tends to zero using (20) and (21), therefore Lim

T !1
H (T) = C:

Thus, the proof is complete.�

Let the functions S(T) and M (T) be introducedfor T > t1 by

S(T) =
Z T

t1

� (t)
� Z t

t1

p(s)� (s)r 2(s)ds
�

dt;

(23)

M (T) =
Z T

t1

� (t)dt:

By (6c), Lim
T !1

M (T) = 1 . We assumethat:

Lim
T !1

Z T

t1

p(t)� (t)r 2(t)dt = 1 : (24)

Using the averagingproperty of the function H (T) we have:

Lim
T !1

S(T)
M (T)

= 1 : (25)

and
Lim
T !1

S(T) = 1 : (26)

But, by the inequality (6b) we can write (17) as

r (t)� (t) + "
Z t

t1

p(s)r 2(s)� (s)ds � C1 �
Z t

t1

� (u)s(u)du;

where the constant is the sameas in (18). Multiplying this last inequality
by � and using (11) after integration we have:

RT
t1

� (t)� (t)r (t)dt

M (T)
+ "

S(T)
M (T)

� C1 � H (T): (27)

Putting:
lim inf
T � !1

H (T) > �1 ; (28)
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we have that the right hand side of (27) is bounded from above, then from
(25) it will be lessthan "

2
S(T )
M (T ) for T > T1 with someT1 su�cien tly large.

Consequently we obtain:

"
S(T)
M (T)

<

RT
t1

� (t)� (t)r (t)dt

M (T)
= L(T); T > T1; (29)

with L(T) as in (19). From (23) we deduce:

S0(T) = � (T)
Z T

t1

p(t)� (t)r 2(t)dt; M 0 = �;

the estimate (20) with (19) implies:

L2 �

0

@

RT
t1

� (t )� 2 (t )
p(t) dt

M 2(T)

1

A

1
2

S0(T)
M 0(T)

; (30)

from (6d) we have su�cien tly large T1 and N such that:

0

@

RT
t1

� (t )� 2 (t )
p(t) dt

M 2(T)

1

A

1
2

< N; T > T1:

Combining this with (29) and (30) we get that:


 1M
0M � 2 < N

1
2 S0S� 2; T > T1; (31)

where
 1 is a positive constant depending only on N.
We have, by (26) and (6c) that 
 1M

1
2 < N

1
2 S

1
2 , hence S

M < N 
 � 2
1 for

T > T1 which contradicts (24), hencethe relation (13) is valid. This shows
that we can apply the lemma and we can obtain, under simple conditions,
the following result.

Theorem 1. Let us supposethat system(1) be nonoscillatory and dis-
conjugate on [t1; 1 ), and the pair of the functions (�; � ) be admissiblefor
(1). If the function H (T) de�ned by (7) full�ls the inequality (28), then the
relation (13) is valid and the function H (T) is boundedon [t1; 1 ). Moreover
in the case� = � � , the limit

Lim
t !1

H (t) = C; (32)
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with C �nite, holds.

Remark 1. It is clear that the above theoremis a conversionof Lemma
1, under suitable assumptions.

In the next result, we formulate a su�cien t criterion for oscillation of the
solutionsof the system(1).

Theorem 2. Let (�; � ) be an admissible pair for the system (1). If
for somet1 > t0 the relation Lim

t !1
H (t) = 1 holds then the system (1)

is oscillatory. Also, if for an admissible pair (� � ; � ) the relations lim sup
T !1

H (T) > lim inf
T !1

H (T) > �1 hold then the system(1) is oscillatory.

Pro of. Assumingthe opposite, supposethat the system(1) is nonoscil-
latory. By the assumptionson H (T) the condition (28) is ful�lled, hence
Theorem 1 is valid. Thus the limit of the function H (T), if any, had to be
�nite. This is the desiredcontradiction. This completesthe proof.�

Remark 2. It is not di�cult to show that the limits hereareindependent
of the choiceof the value t1.

Theorem2 may be simpli�ed by the following:

Corollary . Let � bea function such that thereexistsat leastonefunction
� satisfying (� ; � ) 2 A. If the relation:

Lim
T !1

Z T

t1

� (t)s(t)dt = 1 ; (33)

holds for somet1� t0 then system(1) is oscillatory.
Pro of. We considerthe function H (T) for T > t1. From de�nition of

H (T) the limit in (33) yields the samelimit for H (T), i.e., Lim
t !1

H (t) = 1 .

Theorem2 implies that the system(1) can be only oscillatory.�

Under stronger restrictions on the pairs (�; � ) can be establisheda more
stringent criterion for nonoscillation, thus we have:

Theorem 3. Let us supposethat the system(1) be nonoscillatory and
disconjugate on [t1; 1 ). Let (� � ; � ) be a pair of functions satisfying the
conditions (6a), (6c) and

lim sup
t � !1

� � (t )
p(t)

Rt
t1

� (s)ds
< 1 : (34)
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Moreover let the relation (28) be valid. Then the relation (32) holds and

Lim
T !1

RT
t1

� (t)
�
�
�C �

Rt
t1

� � (u)s(u)du
�
�
�
2

dt
RT

t1
� (t)dt

= 0: (35)

Pro of. We show that the pair (� � ; � ) under restrictions of Theorem3 is
admissible,i.e., it ful�lls (6d), too. We have, from (34), for su�cien tly large
N and T1 that:

� � (t )� (t )
p(t)

M (t)
< N , t > T1; (36)

whereM is de�ned by (23). SinceM 0(t) = � (t), we have that:

� � (t)� 2(t)
p(t)

< N M (t)M 0(t), t > T1;

putting K (T) =
RT

t1

� � (t )� 2(t )
p(t) dt we have by integration:

K (T) � K (T1) < N
M 2(T) � M 2(T1)

2
, T > T1:

From herewe obtain lim sup
T � !1

K (T )
M 2(T ) � N

2 in other words, the relation (6d)

holds.
Thus the pair (� � ; � ) is admissibleand the conditions of Theorem 1 are

satis�ed, thereforethe relation (13) holdsand Lim
T !1

H (T) = C (with C �nite).

Repeating the proof of the lemma and rewriting (22) in the form:
�
�
�
�C �

Z t

t1

� � (u)s(u)du

�
�
�
�

2

=

�
�
�
� r (t)� � (t) �

Z 1

t1

p(s)� � (s)r (s)ds

�
�
�
�

2

:

Wehave
�
�
�C �

Rt
t1

� � (u)s(u)du
�
�
�
2

� 2
�

r 2(t) (� � (t))2 +
� R1

t1
p(s)� � (s)r (s)ds

� 2
�

and then

0 �

RT
t1

� (t)
�
�
�C �

Rt
t1

� � (u)s(u)du
�
�
�
2

dt

M (T)
� 2

RT
t1

� (t)r 2(t) (� � (t))2 dt

M (T)

(37)
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+2

RT
t1

� (t)
�R 1

t b(s)r 2(s)ds
� 2

dt

M (T)
= M 1(T) + M 2(T):

From the averagingproperty of function H (T), M 2 tends to zeroasT !
1 . Let T1 be as large as in (36), then we have for all T� T2 > T1:

M1(T)
2

=

RT2

t1
� (t)r 2(t) (� � (t))2 dt +

RT
T2

p(t)� � (t )r 2 (t )( � � (t )) � (t )
p(t) dt

M (T)
<

<

RT2

t1
� (t)r 2(t) (� � (t))2 dt + N M (T)

RT
T2

p(t)� � (t)r 2(t)dt

M (T)
;

therefore:

lim sup
T � !1

M1(T)
2

� N
Z 1

T2

p(t)� � (t)r 2(t)dt, T2 > T1:

Henceby (13), Lim
T !1

M1(T) = 0 = Lim
T !1

M2(T). Thus (37) implies the

desiredconclusion.This completesthe proof.�

In the next theorem, we obtain a companioncriterion for oscillation of
system(1).

Theorem 4. Let (� � ; � ) be an admissiblepair for the system (1) sat-
isfying the relation (34). If the function H (T) de�ned by (11) satis�es the
relation (32) and

lim sup
T � !1

RT
t1

� (t)
�
�
�C �

Rt
t1

� � (u)s(u)du
�
�
�
2

dt

M (T)
> 0;

then system(1) is oscillatory.

The proof of this last result is omitted becauseit is basedon ideasof the
proof of Theorem2.

Another nonoscillation criterion can be establishedif the relation (6b) is
omitted. But it is necessaryto de�n the set A of the pairs (�; � ) by the
conditions (6a), (6c) and (6d).

Hencethe requirement (6b) is dropped and therefore A � A: Similarly,
let

H (T) =

RT
t1

� (t)

0

@
Rt

t1
� (u)s(u)du � 
 (")

�
�
�
� � (t ) ( � � ( t ) )0

� � ( t ) � � 0(t )

�
�
�
�

2

p(t)� (t )

1

A dt

RT
t1

� (t)dt
: (38)
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Thus, we can rewrite (17) as:

r (t)� (t) +
Z t

t1

p(s)r 2(s)� (s)ds � r (t1)� (t1)+

+
Z T

t1

0

B
@� (t)s(t) � 
 (")

�
�
� � (s) (� � (s)) 0

� � (s) � � 0(s)
�
�
�
2

p(t)� (t)

1

C
A dt � 0;

henceby (38):

H (T) � r (t1)� (t1) �

RT
t1

� (t)� (t) jr (t)j dt
RT

t1
� (t)dt

= L(T): (39)

By (6c)-(6d) and (13) the relation (21) is true, so the function H (T) is
boundedfrom above. We supposethat the relation (13) is not true, then the
functions S(T), M (T) given by (23) satisfy the relations in (25), (26). From
(39) we have:

RT
t1

� (t)� (t)r (t)dt

M (T)
+ "

S(T)
M (T)

� H (T) � r (t1)� (t1):

But the right hand side is bounded from above, hencewe have for suf-
�ciently large T1 the relation (29) and in the sameway we would have the
boundednessof the quotient S

M for large T� T1, but this contradicts (25).
Again the inequality (13) holds and according to the above formulae, the
function H (T) is boundedabove. Hencewe have the following:

Theorem 5. Let us supposethat system(1) be nonoscillatory and let
(x(t); y(t)) be a solution such that x(t)6=0 on [t1; 1 ). Let r be as above. If
for the function � of a pair (�; � ) 2 A the inequality (13) holds then with
the corresponding � the function H (T) is boundedfrom above. On the other
hand if H (T) in (38) is boundedfrom below and system(1) is nonoscillatory
then the inequality (9) holdsagainand, consequently, H (T) is boundedfrom
above.

The next result is obtained as a consequenceof this theorem.
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Theorem 6. Let the pair (�; � ) 2 A. If for somet1 � t0 and 0 < " < 1
the relation:

Lim
T !1

RT
t1

� (t)

0

@
Rt

t1
� (u)s(u)du � 
 (")

�
�
�
� � (t ) ( � � ( t ) )0

� � ( t ) � � 0(t )

�
�
�
�

2

(p(t)� (t )) n

1

A dt

RT
t1

� (t)dt
= 1 ;

holds, then system(1) is oscillatory.

Remark 3. The results obtained are consistent with the well known
oscillatory casex0 = by, y0 = � cx (b, c positive constants). It is enoughtake
the pair � (t) = [b(t � t1)]� ; � < 1 and � (t) = bt.

Remark 4. Elbert [7] gave information on the oscillatory nature of

equation (E), i.e., system(1) with f (y) = y
�
1
n and g(x) = x

�
n . So,our results

contain thosegiven in that paper. In particular, the Examples1, 2 and 3 are
still valid.

Metho dological Remark. From Theorem 2 and (11), we can obtain
variouswell known integral criteria for oscillation of someclassof di�erential
equationsof secondorder, rewritten in the Riccati form (9). The following
results are devoted to clarify that.

In [46] the author gave the following oscillation result for equation

x00+ p(t)x0(t) + q(t)x(t) = 0; (40)

wherep and q are continuous on [t0; 1 ), t0 > 0, and p and q are allowed to
take on negative valuesfor arbitrarily large t.

[46, Theorem] . If there exist � 2 (1; 1 ) and � 2 [0; 1) such that

lim sup
t � !1

1
t �

Z t

t0

(t � s) � s� q(s)ds = 1 ; (41)

lim sup
t � !1

1
t �

Z t

t0

[(t � s)p(s)s + �s � � (t � s)]2 (t � s) � � 2s� � 2ds < 1 ; (42)

then (40) is oscillatory.
From the de�nition of H (t) andour Theorem2, taking � (t) = � (t � t0)� � 1,

we obtain the desiredconclusionwithout making useof (42).

EJQTDE, 2002No. 1, p. 15



In [5] it is studied the equation

(r (t)x0(t))0+ h(t)f (x(t))x0(t) + y(t; x(t)) = H (t; x(t); x0(t)) (43)

where f : R ! R, r; h : [t0; 1 ) ! R, t0� 0 and 	 : [t0; 1 )xR � ! R,
H : [t0; 1 )xRxR ! R are continuous functions, r( t) > 0 for t� t0. For all
x6=0 and for t 2 [t0; 1 ) we assumethat there exist continuous functions
g : R ! R and p;q : [t0; 1 ) ! R such that

xg(x) > 0; g0(x) � k > 0; x 6= 0;
	( t; x)
g(x)

� q(t);
H (t; x; x0)

g(x)
� p(t); x 6= 0:

(44)
And the authors consideredthe equation (43) of sublinear type, e.g.,

satisfying

0 <
Z "

0

du
g(u)

< 1 ; 0 <
Z � "

0

du
g(u)

< 1 ; " > 0: (45)

The main result of that paper is the following result.

[5, Theorem 1]. Suppose(44) and (45) hold. Furthermore, assumethat

f (x)� � c;c > 0; x 2 R;

0 < r (t) � a; a > 0; t 2 [t0; 1 );

there exists a continuously di�erentiable function � (t) on [t0; 1 ) such that

� (t) > 0; � 0(t)� 0; � 00(t) � 0; [t0; 1 );

and


 (t) = � 0(t)r (t) + c� (t)h(t)� 0; 
 0(t) � 0; t� t0;

lim inf
t � !1

Z t

t0

� (s)(q(s) � p(s))ds > �1 (46)

lim inf
t � !1

� Z t

t0

ds
� (s)

� � 1 Z t

t0

1
� (s)

Z s

t0

� (u)(q(u) � p(u))duds= 1 : (47)

Then equation (43) is oscillatory.

We easily obtain the assumption (47) from the de�nition of H (t) and
making useof Theorem2. Let us note that assumption(46) holds.
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3 Some particular cases and related results.

We present heresomeillustrativ e examplesto show how well-known oscilla-
tion criteria for di�erent equationscan be obtained using Corollary 1.

Example 1. Kwonghasshown in [18] that for the equationx" + q(t)x =
0, a su�cien t condition for oscillation is that

R1
0 Q(t)dt = 1 for some
 > 1

and whereQ(t) = min(Q+ ; 1) = min(max(Q(t); 0); 1) with Q(t) =
Rt

0 q(s)ds.
In this case� � (t)� 1, and we choose� (t) = � (t)� 1. It is not di�cult to show
that they form an admissiblepair for this equationif Q(1 ) = 1 . Therefore,
we have a criterion comparablewith the Corollary 5 of this paper.

Example 2. For the equation

x" + a(t)g(x) = 0; (48)

studied by Burton and Grimmer in [1], we know that if a(t) > 0 for t 2
[0; 1 ) and g satis�es the condition (ii) of section1, a necessaryand su�cien t
condition for the oscillation of this equation is that:

Z 1

t1

a(t)g[� k(t � t1)]dt = �1 ; (49)

for somek > 0 and all t1. Also in this case� � (t)� 1. Let � (t)� 1, � (t) =
g[k(t � t1)] with k > 0 and t1� 0. Then the pair (1; a(t)g[k(t � t1)]) is
admissiblefor this equation if

Z 1

t1

a(t)dt = 1 ; (50)

which coincideswith the su�ciency of the above result.
Another admissiblepair is � = t � (� < 1) and � (t)� 1, under the same

condition (53).
On the other hand, under assumption(50), the classof equations(48) is

not very large, but if this condition is not ful�lled, we can exhibit equations
that have nonoscillatory solutions. For example,the equation

x" + (kt � sin t) jxj 
 sgn x = 0; t > 0;

(see[30]) wherek; 
 and 
 > 0 are constants, has a nonoscillatory solution
if and only if
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�< -1 for 
 > 1,
�< -1, k arbitrary and 
 =1,
� =-1, jkj � 2� 1

2 and 
 =1,
�< -
 for 0<
 < 1.

Further details can be found in [30-34].

Example 3. The Corollaries1 and 3 of [19] for the equation

y"( t) + a(t) jy(t)j 
 sgn y(t) = 0 (
 > 1);

canbe obtainedchoosingthe following pairs � (t)� 1, � (t) =
Rt

t1
a(s)ds, under

condition (37) (Corollary 1) and � (t) = � (t), � (t)� 1, with � somepositive
nondecreasingfunction of classC1[0; 1 ) satisfying:

Z 1

0

(� 0(t))2

� (t)
dt < 1 ; Lim

T !1

Z T

0
� (s)a(s)ds = 1 ;

for integrablecoe�cien t case,
R1 a(t)dt < 1 , (Corollary 3).

Remark 5. Using theseexamplesand Theorems2 and 4, it is easyto
seehow to obtain the oscillation results of Kwong and Zettl [21] (Theorems
4 and 7 and Corollaries9 and 10), Wong [45], Yan [47] (seeexample2 and,
mainly, �nal remark), Kwong and Wong [19] (Theorems1, 2 and 3), Lewis
and Wright [23] (seeexample1 of this work with m = n� 1) and Repilado
and Ruiz [40](Theorem1, alsocf. Example1 above). The detailsare lengthy
but essentially routine, thereforethey are left to the reader.

Remark 6. Our results are consistent with several earlier results on the
oscillatory nature of secondorder nonlinear di�erential equation closedto
system(1). We considerthe equation (see[24]):

[r (t)�( u0(t))]0+ c(t)�( u(t)) = 0:

Making v(t) = r (t)�( u(t)) we obtain the Emden-Fowler type system:

u0 = � � 1

�
v(t)
r (t)

�
; v0 = � c(t)�( u(t)) : (51)

If in (51) we make r (t)� 1 and �( s) = s, then that system reducesthe
linear equation (L). Many criteria for oscillation of (2) have been found
which involve the behaviour of the integral of c(t). It is easily seenfrom
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Theorem 2 (or Theorem 4) we can obtain special casesof results of [3], [8],
[24], [43] and results of Wintner [44] and Kamenev[14].

Remark 7. The above remark is still valid if we considerthe equation
(p(t)x0(t))0+ q(t)x(t) = 0 (see[36]).

Remark 8. In [6] the authors studied the secondorder nonlinear di�er-
ential equation:

(r (t)f (x0))0+ p(t)f (g(x); r (t)f (x0)) + q(t)g(x) = 0;

under suitable assumptions. An admissiblepair is (1; � (t)q(t)), where � is
a positive and di�erentiable function de�ned on [t0; 1 ). It is clear that
Theorem3 of [6] can be obtained from Theorem4 under milder conditions.

Remark 9. From results of [38], [39] and ideaspresented here, we can
obtain generalizationsto bidimensionalsystem:

x0 = � (y) � � (y)f (x); y0 = � a(t)g(x); (52)

(which contain the classicalLi�enardequation). This is not a trivial problem.
The resolution implies obtaining results similar to Theorems 2 and 4 for
completing the study of oscillatory nature of solutionsof (52).

Remark 10. In [35] the author studied the equation

(p(t)' (x0(t))) 0+ f (t; x(t); x0(t)) = 0;

which is equivalent to system:

x0 = ' � 1

�
y

p(t)

�
; y0 = � f

�
t; x; ' � 1

�
y

p(t)

��
;

a systemof type(1) with a� 0, b� 1 and � c(t)g(x)+ d(t)y = � f
�

t; x; ' � 1
�

y
p(t)

��
.

From that paper and ideasusedhere,arisesthe following open problem:

Under which conditions can we obtain analogousresults to Theorems 2
and 4, valid for the equation (p(t)' (x0(t))) 0+ f (t; x(t); x0(t)) = 0 ?
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