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Q�RTSVUXW�Y[Z\SV]^W`_�abY[SVZdcfe�gXY\h

ifRjZd]^SV][kT]�l`abmnSVmnWoWqpTr$stl�s u-ewv�x&Qwy�v{zX|b}b~

~X}q•€}X•K‚ƒSVmnmnW„]…abRTWokjZ\Wbpj†DY[abRj‡oW
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Š
˜‹žf•Ÿ­€®^•I•f‰‹®B¯D•Ÿ®^˜‘•o•°­>žf±Xžf•°®^“ u00+ f (u)u0 + g(u) = 0 ²

•••f‰³•o˜

•Ÿž°Š
´µ•o•°®…­¶›j®^•f•ŸŠq­X•Ÿˆ�ž°Š
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uégXRTZ[SnhTWoY¶]^êjW`Z\Wo‡ogbRjh�gbY[hjW�YthTSVëLWoY[W�R€]^S£aqm)Woì‹kDaq][SngXRægbí0]fî‘ïLW

(E � ) x00+ g(t; x; x0; � ) = 0

ð

êjW�Y[W

� > 0
SVZ
añZ[òBabmnmóïDaqY^abò�W�][WoYop

g
SnZ;a

T
côïLW�Y[Sng‘hjSV‡&íœkjRT‡�]^SVgXR�SVR

t
aqRjh

g(t; x; 0; 0) = g(x)
SnZ¶SVRjhjWoï¸WoRThjWoR€]tgbí

t õ

ifR;][êjW�‡
abZ\W

ð

êjWoY\W

g
SVZ-SnRThjWoï¸WoRjhTWoR€]ógbí

x0 abRjh
SVZ-‡ogXR€][SnR‹kjgXkjZ\mVîËhjSVëLWoY\WoR€]^SnaböjmnWtSnR

x
][êjWIW„÷øSnZd]^WoRT‡oWKïjY\gXöjmVWoò!gbíPRjgXR�‡�gXRjZd]…abR€]ƒï¸WoY\Sng‘hjSn‡�Z\gXmnkø]^SngbRjZógbí

(E � )
êDaqZ�ö¸WoW�R

Zd]^kjhjSVWoh&ö€î
òËaqR‹î
abkT]^êTgXY[Z

õ

ifRjhTWoWoh�p$SnR�][êjWKmnaq][][WoYw‡oabZ[W�‡oWoYd]…abSVRùabò�gXRjú�]^êjW�ò3ïjY\g6UbWoh�W„÷øSVZ\]^W�Rj‡oW*gqí�Z[gXmVkT]^SVgXRjZ

û”ü€ýƒþóÿƒû¶p��b•X•��¾etg

õ

•jpjï

õ��



gbí

x00+ g(t; x; � ) = 0:
†DgXY¶a¾Y[W�U‘SVW

ð

Z\WoW uéêjg

ð

c���abmnW�� u@c����0abRjh��wabmVW������

õ

	ékø]ËòBabR€î5W„÷Tabò�ïjmVWoZ�
 abZ¾]^êjW&gXRjWæúXSµUXW�R ö€î��wabYd]^òBabR�
�ïjY\g6UbWoh�RTgXR W+÷TSVZ\][WoRj‡�W

‡oabZ[W�ZBgbí�]^êDaÆ]¾Woì‹kDaq][SngXR SVí

ð

W&Z[kTïjïLgbZ[W

g
hjW�ïLW�RjhjWoR€]ËgXR

x0
õ��

W
]^êjW�R ‡oabRjRjgb]

W+÷Tï¸Wo‡„]�][g¾úXWoRjW�Y^abmVS���Wƒ]^êjW�SnY¶Y[W�Z[kjmµ]^Z

õ

r$W�]ó]^êTW`íœgbmnmng

ð

SVRjúKWoì‹kDaÆ]^SngbR)p

ð

êjSV‡…ê�SVZóa¾ï¸WoYd]^kjY\öLW�h�r$SVWoRDabY\h
]fîøï¸W

(1� ) x00+ f (x)x0+ g(x) = �h (
t
T

; x; x0; � )

ð

êjW�Y[W

h
SnZ

T
cfï¸WoY[SVgøhTSn‡`SnR

t
p

f
abRTh

g
abY[WIíœkjRj‡�][SngXRTZwgXRjmµî&hjWoï¸WoRjhTWoR€]`gXR

x
p)Z[aq]\c

SVZ\í î‘SnRjú&‡ogbRjhjSV][SngXRTZIhTW��DRjW�hñö¸Womng

ð

õ��

WBmVgøg���íœgXYIïLW�Y[Sng‘hjSV‡*Z[gXmVkT]^SVgXRjZ`gbí�


1�

ƒíœgXY

�
Z[òBabmnm”WoRjgbkjúXê kTRjhjWoY¾Z\gXòBW&abhThjSV][SngXRDaqméê€î‘ïLgb][êjWoZ\SnZ

õ

iô]�SnZ¾aqZ[Z[kTòBW�h ]^êjaq]*]^êjW

kjRTïLW�Y\]^kTY[ö¸Woh³Zdî‘Z\]^W�ò êjabZIabR³SVZ[gXmnaq]^W�h>ï¸WoY\Sng‘hjSn‡*Z\gXmnkø]^SngbR

õ

þ¶êjWËï¸WoYd]^kjY\öDaq]^SVgXR�SnZ

Z\kjïjï¸gXZ[W�hK]^gƒö¸W������ �"!���#$#&%(')#+*-, ./!/01�)2�01�$SnR�][êjW¶†—abY3�ÆabZ0Z[W�RjZ[W4� † ��� pXS

õ

W

õ

Sµ]PSnZ0ï¸WoY[SVgøhTSn‡

ð

Sµ]^ê&a*ïLW�Y[Sng‘h

ð

êjSn‡…ê&‡
aqR&ö¸W`‡…êjgXZ\WoR�aqïjïjY[gbïjY[Snaq]^W�mVî

õ

�

W`Z[êDabmVm)ïjY\g6UbW�aqR&W+÷øSnZ\][WoRj‡�WI][êjWogbY[Woò�íœgXY-]^êjSVZóWoì‹kDaq][SngXR

õ

r$gXkjh5� r6�GabmnY\W
abhøîBïTY[g«UXW�ZóíœgbYé]^êjWw‡
abZ\W

f (x) � c
pT][êjWƒW„÷øSVZ\]^W�Rj‡oW`gbí0aKï¸WoY\Sng‘hjSn‡

Z\gXmnkT][SngXR
gqí�][êjW`Woì‹kDaq][SngXR

x00+ cx0+ g(x) = �h (t);



�




ð

êjW�Y[W�]^êjW>ï¸WoY\][kjY[öjaq]^SVgXR hjgøW�Z�RTgb]&hjWoï¸WoRjh gXR ][êjW>Z\]…aÆ]^W

õ

��W�kjZ\WoZ�íœgbYæ][êDaq]

a³UqabY\S£abR€]
gbí`][êjWùSnò�ïjmnSV‡oSµ]�íœkTRj‡�][SngXR�][êjWogXY\Woò

õ

y&gXY[WùW+÷jaq‡�]^mµîXptêjW�‡ogXRTZ[SnhTWoY[Zæa

íœkjRT‡�]^SVgXR

g(x) = xk(x) ð

êjWoY\W

k
SVZ�‡ogbR‹][SnR‹kjgXkTZ[mVî�hTSVëLWoY[W�R€]^S£aqöjmnWBabRjh

k(x) >
0; x 6= 0 õ

y�gXY\Wog«UXW�Yop

x
d

dx
k(x) > 0; x 6= 0

gXY

x
d

dx
k(x) < 0; x 6= 0

abm

ð

a
î‘ZwêTgXmnhjZ

ð

SV][ê�][êjW�ï¸gXZ[Z\SnöjmVW`W„÷ø‡oW�ïT]^SVgXR�gbí�SVZ[gXmnaq]^W�h�ï¸gXSVR‹][Z

õ

e�gq]^Sn‡�WI][êDaq]t]^êjW

abö¸g«UXWƒ‡�gXRjhjSµ]^SVgXRjZ@Snò�ïjmVî*gbR;gXRjW�êDabRjh;][êjWwò�gXRjgb][gXRjSV‡oSV]fîKgbí$]^êjW�ïLW�Y[SVgøh�íœkjRj‡�][SngXR

T
íœgXYƒ]^êTW*Z\î‘Z\][Woò

x00+ g(x) = 0 õ��

êjWoR

g
SnZ�SnR�aqhjhjSV][SngXR�hjSVëLWoY\WoR€]^SnaböjmnWI]^êjW�Z[W

‡�gXRjhjSµ]^SngbRjZ-Snò�ïjmµîËgXR
][êjW`gb]^êjW�YóêDabRjh

g00(0) = 0 õ

r$W�]

u(t)
öLW`a¾RjgXRøcô‡ogXRTZ\]…aqR‹]

!
côïLW�Y[Sng‘hjSV‡�Z\gXmnkT][SngXR
gqí�][êjW`Woì‹kDaq][SngXR

x00+ g(x) = 0

û”ü€ýƒþóÿƒû¶p��b•X•��¾etg

õ

•jpjï

õ

�



abRTh&hTW��DRjW

F (s) =
Z 1

0
u0(t + s)f (t)dt:

s�mnZ[gTp � r �'gXöjZ\WoY\UbWoZ`]^êDaÆ]�SVíPíœgbYƒZ[gXò�W

s0; F (s0) = 0 ð

êjSnmVW

F 0(s0) 6= 0
]^êjW�R

íœgXYwZ[k

�

‡oSVWoR€]^mµîùZ[òBabmVm

� > 0
][êjWoY\W*W„÷øSnZd]^ZIabR

!
côïLW�Y[SVgøhjSV‡ Z\gXmVkT]^SVgXR

v(t; � )
gbí

][êjW`ïLW�Y\]^kTY[ö¸Woh&Woì‹kDaq][SngXR

x00+ g(x) = �f (t) = �f (t + ! )

� ���Ëè��$á	�óàæç
��� àæä à
ã à�
��
�Ëè��)á	�óàæç
�!ã������-â�è�ã�ä
èoç��$ã��oå�


áGè�ã à�� ã��

E �

����� � � �!�#"%$'&)(+*,"-� ./"10�"-(32 45*

s¶‡�‡ogXY\hjSnRjúI]^g�_

õ

�wabYd]^òBabR�
 � � � p‘ï

õ

}X~(
„p‹W�ì‘kjaq]^SVgXR 


1�

�SnR�úXW�RjWoY[abmLhTgøW�Z”Rjgq]éêDa
UbW

a*RjgXR&‡ogbRjZ\]^abR€]�ï¸WoY\Sng‘hjSn‡wZ[gXmVkT]^SVgXR)pTW„UXW�R�SVí

xg(t; x; x0) > 0 õ

þ¶êjW&íœgXmnmVg

ð

SnRjúùW+÷jaqòBïjmVW�úbSVUXW�R ö€î y�gXZ\WoYËïTY[g«UXW�ZË]^êjW�RjgXR W„÷øSnZd]^WoRT‡oW�gbí�a RjgXR

‡�gXRjZ\]^abR€]tïLW�Y[Sng‘hjSV‡ƒZ[gXmVkT]^SVgXR
gbí

x00+ � (t; x; x0) = 0:

r$W�]

� (t; x; y) = x + x3 + �f (t; x; y); � > 0
Z[aq]^SVZ\í î‘SnRjú”]^êjW�íœgXmVmng

ð

SnRjú”‡ogXRThjSV][SngXRjZ¸íœgXY

� 2 C1(R3); f (t+1; x; y) = f (t; x; y);
ð

Sµ]^ê

f (0; 0; 0) = 0; f (t; x; y) = 0 if xy = 0

�
x

! 1 when x ! 1
kjRTSVíœgXY\òBmµîBSVR

(t; y) 2 R2;

� f
� y

> 0 if xy > 0; and
� f
� y

= 0 otherwise:

x; y
UbWoY\SVí î‘SnRjú

j x j< �; j y j< �:
ifR�íOaq‡�]
p

ð

WéêDa
UXW

xf (t; x; y)
abRjh

yf (t; x; y)) > 0
Sµí

xy > 0; j x j< �; y
abY[öjSµ]^Y[abY\î

abRTh

� = 0
gq]^êjW�Y

ð

SnZ\W

õ

û”ü€ýƒþóÿƒû¶p��b•X•��¾etg

õ

•jpjï

õ

}



þ¶êjWtíœkjRj‡�][SngXR

V = 2x2 + x4 + 2x02 Z^aq][SnZ �jWoZ

V 0 = � 4�x 0f (t; x; x0)
p‘Z[g ][êDaq]

V 0 < 0
SVí

xx0 > 0; j x j< �
abRjh

V 0 = 0
gb][êjWoY

ð

SnZ[W

õ

þ¶ê‹kjZ

x
‡
abRTRjgb]töLW`ï¸WoY\Sng‘hjSn‡ƒkTRjmnW�Z[Z

V 0 = 0 õ

þ¶êjSVZ W+÷jaqòBïjmVW¾SnZ`Z[SVúXRjS �j‡
abR€]`ö¸Wo‡
aqkjZ[WBSV]`Z[êTg

ð

Z��‹SnRjh gbí-hjS

�

‡okjmµ]^SnW�Z�WoRj‡�gXkjRøc

][WoY[W�h
]^g¾WoZd]…aböjmVSnZ\ê
W„÷øSnZd]^WoRT‡oWIY[WoZ\kjmV][Z¶gbí0ïLW�Y[SVgøhjSV‡ƒZ[gbmnkT][SngXRjZ@íœgXYóû�ì‹kDaq]^SVgXR

E � õ

þ�g

][êDaq]ƒW�Rjh)p¸]^êjWKW+÷øSnZ\][WoRj‡�WKïjY\gXöjmnW�ò

ð

SnmnmGö¸WKò�gXY[WI‡ogXR€UbWoRjSVWoR€]�]^g;Zd]^kjhøî

ð

êjW�R�abhøc

hjSµ]^SVgXRDabm0ê€îøï¸gb][êjWoZ\WoZIgXRù]^êjW¾ï¸WoY[SVgøh�aqY[W*Y[W�ì‹kjSnY\Woh

õ

†DgXYƒW+÷TabòBïTmnWbp)][êjW*ï¸WoY[SVgøhùgqí

][êjWKï¸WoY\][kjY[ö¸Woh�r$SVWoRDabY\h�Woì‹kDaÆ]^SngbR

x00+ f (x)x0+ g(x) = �h (t; x; x0; � ):
êDabZw][g

ö¸W�� ‡�gXR€]^Y[gbmnmnW�h��TSVRægXY[hjW�Y¶]^g¾Z\]^aq]^W`W„÷øSVZ\]^W�Rj‡oWIgbí�ïLW�Y[SVgøhjSV‡ƒZ[gbmnkT][SngXR

õ

��� � ���!(3"��	� " 0�"

g
&)( &)��
 "�� "-��
 "-� * ��


x0

uégXRTZ[SnhTWoYtabRæWoì‹kDaq][SngXRægbí0]^êTW`]fî‘ï¸W

x00+ � (t; x; � ) = 0;

 � 


ð

êjW�Y[W

� > 0
SVZéa Z[òBabmnm—ïDabY[abò�W�]^W�Yop

�
SVZéa�‡�gXR€]^SVR‘kTgXkjZéíœkjRT‡�]^SVgXR)p

T�
ï¸WoY\Sng‘hjSn‡

SVR

t
Z[kT‡…ê�]^êjaq]

� (t; x; 0) = ~g(x) õ

y�gXY\WƒïjY\Wo‡oSVZ[W�mVîXpTkjRjhjW�Yé]^êjWƒíœgbmnmng

ð

SVRjú ê€î‘ï¸gb]^êjW�Z[W�ZóíœgbY”]^êTWƒíœkjRj‡�][SngXR

g
hjW��DRTWoh

gXR

R � (� ; � )� ]0; � 0]: �

8
><

>:

(1) � is T � periodic on t
(2) � (t; x; 0) = ~g(x)
(3) if x 6= 0; we have ~g(x)x > 0:


 }(


þ¶êDaq]tò�W
abRTZ-íœgXY

� = 0
]^êjWIabkT][gXRjgXò�gXkjZ¶Zdî‘Z\]^W�ò

�
x0 = y
y0 = � ~g(x)


O• 


êDabZ¶][êjW`gXY[SVúXSnR

(0; 0)
abZta*‡oWoR€][WoY

õ

þ¶êjSVZƒò�W
abRjZ�]^êjW��Dg

ð

SnRjhTkj‡oW�h>ö€î�]^êjWKUbWo‡�][gXY �DW�mnhùgbí�]^êTW �wabò�Snmµ]^gXRTS£abR&Z\î‘Z\][Woò


œ• 
”êDabZóa*Zd]…aq][SngXRDaqY\îBïLgXSVR€]¶aq]¶][êjW�gXY[SVúXSnRËabRjhæSnZéZ[kjY\Y[gXkjRThjWoh&ö€îæa�íOabò�SnmVî�gbí0ï¸W„c

Y\Sng‘hjSn‡ógXY\öjSV][Z

õ

û�ab‡…ê
gXY\öjSV]



gbí$][êjSnZ�íOabò�Snmµî*mnSVWoZ@gXR;abRËWoRjW�Y[úbîBmnW„UXWom pøZ[a
î

c
p;abRTh


 � 
 (c):
þ¶êTW�ï¸WoY[SVgøh
íœkTRj‡�][SngXR

T(c)
hjWoï¸WoRThjSnRjúBgXR

c
SVZó][êjWIòBSVRjSnòBabm¸ïLW�Y[Sng‘h

gbí�]^êjSVZégXY\öjSV]

õ �

W�Z^a
î

T
SVZ”ò�gXRjgq]^gXRjW�SVí)][êjW�íœkTRj‡�][SngXR

T(c)
SnZ”òBgbRjgb]^gbRjW

õ

þ¶êTW

hjW�ïLW�RjhjW�Rj‡oWƒgqí)]^êjWtï¸WoY[SVgøh�gXR�]^êjW�WoRjW�Y[úbîBabRjh�]^êjWtò�gXRjgb][gXRjSn‡�SV]fî�‡ogXRjhTSV]^SVgXRjZ�êDabZ

ö¸WoW�R
Z\]^kThjSnW�h;ö€î;a�R‹kjò�öLW�Y-gbí0abkT][êjgXY\Z

õ

†DgXY�]^êjW�Z[W�ì‹kjWoZd]^SVgXRjZop

ð

W�Y\W�íœW�Y”]^g�� u@c°u �

õ

û”ü€ýƒþóÿƒû¶p��b•X•��¾etg

õ

•jpjï

õ

•



Q�Z\SnRjú a�UXWoY\Z[SVgXRËgbíL]^êjW��T÷øWohBïLgbSnR€]�]^êjW�gXY[W�ò hjkjWó]^g

� õ

ÿ�SnRjújp‹_

õ

	ékT][]^a��)��gXRjS

abRTh�s

õ

†DgXRThDa � 	@cf† �GïjY[g«UbWoh�][êDaq]ó]^êjW�Y[W abY[WIï¸WoY[SVgøhTSn‡�Z[gbmnkT][SngXRjZ¶gqí�
 ��
¶ïTY[g«U‘SnhjW�h

][êDaq]¶]^êTW ï¸WoY\Sng‘h;íœkjRj‡�][SngXR

T = T(c)
gqí�][êjW�aqkT]^gXRTgXòBgbkjZóabZ[Z\gø‡�S£aq][WohæZ\î‘Zd]^Woò SVZ

ò�gXRjgb][gXRjWtabRjh�]^êDaÆ]

�
SnZ�Z[òBabmnmDW�RjgXkjúbê

õ �
SnZ@abZ\Z[kjò�WohË][g�ö¸W 
œgXRjmµî 
P‡�gXR€]^SnR‹kjgbkjZ

õ

y�gbY[W�ïjY[W�‡oSnZ\WomµîXpG]^êjW„î Z\êjg

ð

]^êjaq]�Sµí”][êjW¾íœkjRj‡�][SngXR

� (t; x; � )
SVZI‡�gXR€]^SVR‘kTgXkjZop0]^êjW�R

][êjWwï¸WoY\Sng‘hjSn‡óZ[gbmnkT][SngXRjZ@gbí$Z\kj‡…êæWoì‹kDaq][SngXRTZéòBa«î¾ö¸WwmVgø‡oaq]^W�hËRjWoabYéZ\gXmnkø]^SngbRjZ”gqí)]^êjW

abkø]^gXRjgbòBgXkTZ¶Woì‹kDaq][SngXR)pDïTY[g«U‘SnhjW�h&][êDaq]tïLW�Y[SVgøhjSV‡ƒZ[gbmnkT][SngXRjZ¶gqí 
œ• 
-W„÷øSnZd]waqRjh&][êDaq]

][êjW`ïLW�Y[Sng‘h;íœkjRj‡„]^SVgXRæSnZ¶Z\][Y[SV‡�]^mµîËò�gXRjgq]^gXRjW

õ

y�gXY\Wog«UXW�YopD]^êjW�Y[W`SnZóa*Z\gXmnkT][SngXR
òBa��Xc

SVRjú*W„÷Tab‡„]^mVî

N
Y[gb]^aq]^SVgXRjZóabY\gXkjRjh
]^êTWIgbY[SnúbSnR;SVRæ][êjW�]^SVòBW

kT:
þ¶êjW�SnYIY[W�Z[kjmµ]^Z�SVòBïTY[g«UXW¾]^êjgbZ[WËgqíór$gXkjh � r6� p

ð

êjgùabZ\Z[kjò�Woh ]^êDaq]I]^êTWBíœkjRj‡„]^SVgXR

�
êDaqhæ][gBö¸W�‡ogbR‹][SnR‹kjgXkTZ[mVî;hjSVëLWoY\WoR€]^SnaböjmnW

õ

y�gbY[Wog«UbWoYoptSnR mnSVúXê€]Bgqí�]^êjW�ïTY[Wo‡�WohjSVRjúñW+÷jaqòBïjmVW � � � péSµ]ËZ\WoW�òBZË][êDaq]B]^êjW�òBW„]^êøc

g‘hjZIhjWoZ\‡oY[SVöLW�h5abö¸g«UXWËhTg�Rjgb] úXW�RjWoY[abmnS �oW¾SVíégXRjWËZ\kjïjï¸gXZ[W�Z

�
hjWoï¸WoRjhTWoR€]*gXR

x0
�

� � � (t; x; x0; � ) õ

xøgTp�abRTgb]^êjW�Y�‡�gXRjhjSµ]^SVgXR�gbR�]^êTW�ï¸WoY[SVgøh�abïjï¸W
aqY[Z�][gËö¸W�RjW�‡oW�Z[Z^aqY\î&]^gËgböT]…abSVR�W+÷TSVZdc

][WoRj‡�WIgqíPï¸WoY[SVgøhTSn‡wZ\gXmnkø]^SngbRjZ¶gbí0]^êjW`ï¸WoY\][kjY[ö¸Woh&Woì‹kDaÆ]^SngbR

õ

etW�UXW�Y\][êjWomVWoZ[Z�p�gbRjWK‡
aqR>Z\êjg

ð

abR�aqRDabmngbúXgXkjZ�Y[WoZ\kjmV]w]^g;]^êTW*ïjY[W�‡oWohTSnRjúægXRjW*kTRjhjWoY

ò�gXY[WBY[W�Z\]^Y\Sn‡„]^SVUbWËê€î‘ïLgq]^êjW�Z[WoZ

õ

	@îñabRñabïjïjY\gXïjY[Snaq]^W�hñ‡…êjgXSV‡oW;gqí¶]^êjW;ï¸WoY\Sng‘h³gbíta

ï¸WoY\Sng‘hjSn‡ƒZ\gXmnkø]^SngbR
gbí�][êjW`ïLW�Y\][kjY[ö¸Woh�r$SnWoRjabY[hæWoì‹kDaÆ]^SngbR

õ

� � çéã à*á$â'ã�������� ��� ���-â�è„ãBä
è�ç ���-â0á0å
â�� �`áGè„ã à

�

RjW@Y[W„íœWoY[ZG]^g�a�ò�W�][êjg‘h hjkTW@][gw†—abY �qaqZ0SVRjZ[ïTSnY[W�h ö€î`]^êTW”gXRTW@gqí—_�gXSVRj‡
aqY	�

õ

þ¶êjW”hjW„c

][WoY[ò�SnRjaq]^SVgXRKgbí¸‡ogbR‹][Y[gXmVm£aböTmVîIïLW�Y[SVgøhjSV‡-ï¸WoY\][kjY[ö¸Woh�Z[gbmnkT][SngXR

õ

þ¶êjSVZ@ò�W�][êjg‘h*ïjY[g«UXW�h

][g ö¸W�Sµ]^Z\WomVí�UXW�Y\î W�ëLWo‡„]^SVUbW�ïDaqY\]^SV‡okjmnabY[mµî íœgbY¾][êjW�ï¸WoYd]^kjY\öDaq][SngXRjZ¾gbí�UqabY[SVgXkjZ�abkøc

][gXRjgXò�gXkjZ�Z\î‘Z\][Woò�Z

õ��

W �‹Rjg

ð

íœgbYƒW„÷Tabò�ïjmnWKa;úXgøg‘hùabïTïjmnSV‡
aq][SngXRæíœgXYƒï¸WoYd]^kjY\öLW�h

‚@abRùhTWoY`_�gbmPWoì‹kDaq][SngXRTZƒ]fîøï¸W � † ���

õ

þ¶êjW*ï¸WoYd]^kjY\öDaq][SngXRùSVZƒZ[kjïTïLgXZ\Woh�]^g
ö¸W�
 ‡�gXRøc

][Y[gXmVm£aböjmµî ïLW�Y[Sng‘hjSV‡ �µptS

õ

W

õ

p�SV]
SVZ
ïLW�Y[SVgøhjSV‡

ð

SV][ê a ï¸WoY\Sng‘h

ð

êjSn‡…ê ‡
abR ö¸W�‡…êjgXZ[W�R

abïTïjY[gXïTY[S£aÆ]^Womµî

õ

Q�RjhTWoYKUXW�Y\î5ò�SnmVhñ‡ogbRjhjSV][SngXRTZKSV]*SVZKïjY\g6UbWoh ]^êDaÆ]*]^gùW
aq‡…ê Z\òËabmVm

W�RjgXkjúXê�abò�ïjmnSµ]^kjhTWwgbí0]^êjW`ï¸WoYd]^kjY\öDaq]^SVgXR
]^êjW�Y[W`ö¸WomngbRjúXZóa*gXRjW`ïDabY[abò�W�]^W�Y-íOabò�SnmVî

gbíwïLW�Y[SVgøhjZ¾Z\kj‡…ê�]^êDaÆ]�][êjW�ï¸WoYd]^kjY\öLW�h ZdîøZd]^W�ò êDaqZËa>kjRjSnì‹kjW&ï¸WoY[SVgøhTSn‡
Z[gbmnkT][SngXR

ð

Sµ]^ê
]^êjSVZ¶ïLW�Y[SVgøh

õ

�

W;mngbúXSn‡oabmnmµî�òBa«î>W+÷Tï¸Wo‡„]*]^êDaÆ]�]^êTW
†—abY3�ÆabZ òBW„]^êjg‘hñ‡
aqR5öLW
aqú€abSnR³abïjïjmVSnW�h íœgXY

ï¸WoYd]^kjY\öLW�h5r$SnWoRjabY[hñW�ì‹kDaq]^SVgXRjZ

õ

þ¶êjSVZ�êDabZ öLW�WoR5‡�gXRjZ[SVhjWoY\Woh abRThñïjY[g«UbWoh5SnR>]^êjW

abkø]^gXRjgbòBgXkTZ¶‡
abZ\WIö€îæ†—abY �ÆabZ¶êjSnò�Z[W�mVí � †

�

�

õ

�

kjY�ïjY[g‘gbí

ð

W-úXSVUbWéêjW�Y[W¶òBabhjW”SV]�òBgXY\WéZ\Snò�ïjmnW@abRjh*‡�gXR€]…abSVRjZ'Z\gXò�W-Snò�ïjY[g«UbWoò�WoR€]^Z

û”ü€ýƒþóÿƒû¶p��b•X•��¾etg

õ

•jpjï

õ

|



SVR�kjZ[SVRjú;SVR�ïDabYd]^Sn‡�kjm£aqY�ò�W�][êjgøhTZwgbí � †

�

�0]^g
W�Z\]^SVòËaÆ]^WIW„÷øSnZd]^WoRT‡oW¾Y[W�úXSngXRTZwgbí�ï¸WoY\Sµc

g‘hjSn‡wZ[gXmVkT]^SVgXRjZ-íœgXY-][êDaq]óWoì‹kDaÆ]^SngbR

õ

etgb]^SV‡oW;]^êjaq]*]^êjWæZ[abòBWæïjY\gXöjmVWoò êjabZ¾öLW�WoR ‡ogXRjZ\SnhjW�Y[W�h ö¸W�íœgXY\W&SVRñ]^êjWæïDaqïLW�Y�gqí

†—abY �qaqZóabRjhæswö¸hjWom��`abY\Snò � †0côs �$öTkT]tgXkjY¶Y[W�Z[kjmµ]^ZtabY\WIò�gXY\WƒúXWoRTWoY^aqm

õ

�'��� ���!(,&). ��� � � * � "-(3"-(

r$W�]tkjZó‡�gXRjZ[SVhjWoY-][êjW 
OkjRTïLW�Y\]^kTY[ö¸Woh�
ór$SnWoRjabY[hæWoì‹kDaÆ]^SngbR

(L) u00+ f (u)u0+ g(u) = 0:
ifRægXY\hjWoY¶]^g¾êDa
UbW a*kjRTSnì‹kjW`ïLW�Y[SVgøhjSV‡ƒZ[gbmnkT][SngXR

ð

WIZ[kjïjï¸gXZ\W`][êjW�íœkjRj‡„]^SngbRjZ

f
abRTh

g
abY[W�gbí�‡omnabZ[Z

C2
õ

þ¶êjW SVR€]^WoúbY^abmVZ

F (x) =
Z x

0
f (t)dt; G(x) =

Z x

0
g(t)dt

gbí

f
abRTh

g
Y[W�Z[ï¸Wo‡„]^SVUbWomµîIabY[W�Z\kj‡…ê ][êDaq]

l im x!1 F (x) = 1 ;
abRjh

l im x!1 G(x) =
1 :

iô]ISVZ`abZ[Z\kjòBW�h>][êDaq]

F
êDabZIa
kjRjSnì‹kjW���WoY[g

õ

þ¶êTWoR>SV]`SnZ �‹Rjg

ð

R�� u@cfr6��]^êDaq]


Or 
éêjabZta¾Zd]…aböTmnW`RjgXRæ‡ogbRjZ\]^abR€]wï¸WoY\Sng‘hjSn‡�Z[gXmVkT]^SVgXR

u0(t)
ð

SV][ê�ï¸WoY\Sng‘h

� 0 õ

û�ì‹kDaq][SngXR 
 r 
'SVZ�kjZ[kDaqmnmVî Z\][kjhjSVWoh�ö‹îKòBWoabRjZ�gbí�abR¾Woì‹kjSµUbaqmnWoR€]�ïjmnabRjW¶ZdîøZd]^W�ò

õ

þ¶êjW

ò�gXZ\]ókTZ[Woh&gXRjW�ZwaqY[W

�

�
u0 = v
v0 = � g(u) � f (u)v


 | 


abRjh�abmVZ[g

�
u0 = v � F (u)
v0 = � g(u)


��(


ifRæíOab‡�]opT]^êjW„î&abY[W�W�ì‹kjSVUqabmVWoR€]ó]^g*]^êjW �6côhjSnò�WoRTZ[SngbRDabm¸Z\î‘Z\][Woò

(S) _x = h(x)
aqí ][WoY¶SVR‹][Y[g‘hjkj‡�SnRjúK][êjW`Rjgb]…aÆ]^SngbRjZ

x = col[x1; x2]

�
x1 = � _u(t) � F (u(t))
x2 = u(t)


 z 


û”ü€ýƒþóÿƒû¶p��b•X•��¾etg

õ

•jpjï

õ

�



ð

êjW�Y[W

x = col[x1; x2]
abRjh

h(x) = col[g(x2); � x1 � F (x2(t)) :
xøkTïjïLgbZ[W

u0(0) = a; u0
0(0) = 0 > 0

Z\g�][êDaq]¶]^êTWIï¸WoY\Sng‘hjSn‡wZ[gXmVkT]^SVgXR
gbí�ïLW�Y[Sng‘h

� 0
gbí�]^êjWƒUqabY\S£aq][SngXRjabmLZdî‘Z\]^W�ò

_y = h0
x (p(t))y

SVZ

_p(t) = col[g(u0(t)) ; _u0(t)];
ð

êjW�Y[W

p(t) = col[� _u0(t) � F (u0(t)) ; u0(t)]:
xøgjpj][êjW`SnRjSµ]^Snabm—‡ogXRjhTSV]^SVgXRjZóabY\W

p(0) = col[� F (a); a]; _p(0) = col[g(a); 0]:

r$W�]tkjZó‡ogbRjZ[SVhjWoY¶]^êTW`íœgbmnmng

ð

SVRjúKï¸WoY\][kjY[ö¸Woh�r$SnW�RDabY[hæW�ì‘kjaq]^SVgXRægbí�][êjW�íœgXY[ò

(LR ) •u + f (u) _u + g(u) = �
 (
t
�

; u; _u)

ð

êjW�Y[W

t 2 R; � 2 R
SVZ¶a*Z[òBabmnmLïDabY[abòBW„]^W�Yop

j � j< � 0; �
SnZóaKY\W
abm)ïjabY^abò�W�][WoY

Z\kj‡…ê�][êDaq]

j � � � 0 j< � 1
íœgbY¶Z[gXò�W

0 < � 1 < � 0
2 õ

y�gbY[Wog«UbWoYopD][êjW`‡omngbZ[Woh&gXY\öjSV]

f (u; v) 2 R2 : u(t) = u0(t); v(t) = _u0(t); t 2 [0; � 0]g

ö¸WomVgXRjúXZ-][g¾][êjW`Y[W�úXSngXR

f (u; v) 2 R2 : u2 + v2 < r 2g:
ifRæ]^êjW`Z[abòBW

ð

a
î&abZ-íœgXY

(L)
pj]^êTW �«cfhjSVòBW�RjZ[SVgXRDabmLWoì‹kjSVUqabmVWoR€]óZ\î‘Zd]^Woò!íœgbY

(LR )
SnZ

(SL ) _x = h(x) + �q(
t
�

; x)

ð

êjW�Y[W

q = col[q1; q2];

�
q1 = � 
 ( t

� ; x2; � x1 � F (x2))
q2 = 0


��(


û”ü€ýƒþóÿƒû¶p��b•X•��¾etg

õ

•jpjï

õ

z



�'� � � $'&)( *,"-� .%" ��
 � " 0�&)� 
 &�. (,�!4)2 *,&)�!� ( ��


(LR)
etg

ð ð

W

ð

Snmnm�kjZ[WK][êjW¾_�gbSnRj‡oabY	�Kò�W�][êjg‘h�íœgXYw]^êTW*hjW�][WoY[ò�SnRjaq]^SVgXR�gbí�]^êTW¾abïjïjY\g«÷‹c

SVòËaq][W Z\gXmnkø]^SngbR�gbí�]^êTWKïLW�Y\][kjY[ö¸Woh�Woì‹kDaÆ]^SngbR

(LR ) õ

þ¶êjW*W+÷TSVZ\][WoRj‡�W*gbí�]^êjW�íœkTRjhDaÆc

ò�WoR€]…aqm0òBaq][Y[Sµ÷
Z[gXmVkT]^SVgXR�gqíP]^êjW��DY[Zd]wUqabY\S£aq][SngXRDaqm)Z\î‘Z\][Woò2gbí

_x = h(x)
abRTh�]^êTW

kjRTSnì‹kjW`ïLW�Y[SVgøhjSV‡ƒZ[gbmnkT][SngXR

p(t)
‡�gXY[Y\WoZ\ïLgXRThjSnRjú*][g

u0(t)
SVZóabZ[Z\kjòBW�h

õ

ifR>gXY[hTWoY�]^g&úXW�]IW�Z\]^SVòËaÆ]^WoZƒíœgbY`][êjW¾W„÷øSnZd]^W�Rj‡oWBgbíéï¸WoY\Sng‘hjSn‡*Z\gXmnkø]^SngbRjZ

ð

W�êDa
UXW¾]^g

‡oabmn‡�kjm£aq][W¾Z[gXò�WB‡�gXRjZd]…abR€]^Z

õ

†—gbmnmng

ð

SVRjúæ†—abY3�ÆabZ�� †

�

� p�]^êTW;üXab‡�gXöjS@òËaÆ]^Y[SŸ÷

J
êDabZ

][êjW�íœgXmnmVg

ð

SVRjú�íœgXY\ò

J (� 0) = � I +
�

g(a) 0
0 0

�

+ Y(� 0)

I = I d2
abRjh

Y(t)
SnZ¾]^êjW�íœkjRjhDabò�WoR€]^abmóZ[gXmVkT]^SVgXR òBaq][Y[Sµ÷5gbíƒ]^êTW�UqabY^aÆ]^SngbRDabm

ZdîøZd]^W�ò

ð

SV]^ê

Y(0) = I

_y =
�

O g0(u0(t))
� 1 � f (u0(t))

�

y:

 ~(


iô]ISnZ�ïjY\g«UXWoh�p0][êDaq]`SVí

detJ(� 0) 6= 0
]^êjW�R>][êjWoY\W�W+÷øSnZ\]`kTRjSnì‹kjW�mVîùhjW„]^W�Y[ò�SnRjW�h

íœkjRT‡�]^SVgXRjZ

� (�; � )
abRTh

h(�; � )
hjW��jRjWohBSnR*]^êjWóRjW�SnúXê‹ö¸gXY[êTgøg‘h¾gbí

(0; 0)
Z\kj‡…êB][êDaq]

][êjW�íœkjRj‡�][SngXR

u(t; �; p0 + h(�; � ); �; � (�; � ))
SVZKa�ï¸WoY\Sng‘hjSn‡¾Z[gbmnkT][SngXR gbíóZ\î‘Z\][Woò

(SL ) ð

SV][ê

� (0; 0) = � 0
abRjh

h(0; 0) = 0 õ

y�gbY[Wog«UbWoYopPabR W�Z\][SnòBaq]^W¾SnZIúXSµUXWoR>íœgXY�]^êjW�Y[W�úXSngbR SVR

ð

êjSV‡…ê ][êjWB][êjW�UqabY\S£aböTmnWoZ

�
abRTh

�
òBa
î�UqabYdî

õ

†DgXYwW„÷Tabò�ïjmnWKSVRùW�UqabmVkDaq]^SVRjúË][êjW*RjgXY\ò3gbí@]^êjW*hTSVëLWoY[W�Rj‡oW*gqí

üXab‡�gXöjS$òBaq]^Y\Sn‡�WoZ

J (�; �; � ; h) � J (0; 0; � 0; 0):

s ][Y[SVU‘Snabm

� 0
côïLW�Y[Sng‘hjSV‡tZ\gXmnkø]^SngbRËgbí 
O~(
”SnZ

col[g(u0(t)) ; _u0(t)]:
s ][Y[SµUøSnabm—‡
abmV‡okøc

mnaq]^SVgXR;úXSµUXWoZ¶][êjW`gb]^êjW�YómnSnRTW
abY\mVî�SnRjhTWoï¸WoRjhjW�R€]wZ\gXmnkT][SngXR
gqí 
O~(


col[g(u0(t))v(t); _u0(t)v(t) +
g(u0(t))
g0(u0(t))

_v(t)]

ð

êjW�Y[W

v(t) =
Z t

0
[g0(s)]� 2g0(u0(t))exp[�

Z s

0
f (u0(� ))d� ]ds

íœgXY

t 2 [0; � 0] õ

û”ü€ýƒþóÿƒû¶p��b•X•��¾etg

õ

•jpjï

õ

�



þ¶êjW�R�]^êTW`íœkTRjhDabò�WoR€]…aqm)Z[gXmVkT]^SVgXR
òBaq]^Y\Sµ÷Ëgbí 
O~(


ð

SV][ê

Y(0) = I
SnZ

Y(t) =

0

@
g(u0 (t ))

g(a) g(a)g(u0(t))v(t)
_u0(t )
g(a) g(a) _u0(t)v(t) + g(a) g(u0 (t ))

g0(u0(t )) _v(t)

1

A :

s¶‡�‡ogXY\hjSnRjú ]^g r$SngbkTU‘SnmnmVW � Z
íœgXY[òKkTm£a ][êjW

�

Y[gbRjZ3�‹S£aqR{hjW�][WoY[ò�SnRjabR€]

W(t) ð

SV][ê

W(o) = 1
SVZ¶úXSVUbWoRæö€î

W(t) = exp[�
Z t

0
f (u0(� ))d� ]:

þ¶êjW`‡…êDaqY^ab‡„]^WoY\SnZd]^Sn‡`òKkTmV]^SVïjmnSVWoY\Z”gbí 
 ~ 
-abY[W

� 1 = 1
aqRjh

� 2 = W(� 0) = exp[�
Z � 0

0
f (u0(� ))d� ]:

� 2 < 1
Sµí�abRjh&gXRjmVîËSVí

Z � 0

0
f (u0(� ))d� > 0:




�

•(


þ¶êjWISnRjSµ]^Snabm—‡ogXRjhTSV]^SVgXRjZ¶úXSµUXW

Y(� 0) =
�

1 g2(a)v(� 0)
0 � 2

�

:

þ¶ê‹kjZ�p

ð

WIúXW�]

J =
�

g(a) g2(a)v(� 0)
0 � 2 � 1

�

;

J � 1 =
�

g� 1(a) g2(a)v(� 0)(1 � � 2)� 1

0 � (1 � � 2)� 1

�

:
þ¶êjW�Y[W„íœgXY[Wqp

jj J � 1 jj= 2 max [g� 1(a); (1 � � 2)� 1; g2(a)v(� 0)(1 � � 2)� 1]:
þ¶êjWISnR€UXW�Y[Z\W òBaq]^Y\Sµ÷Bgbí

Y(t)
SnZ

Y � 1(t) = W(t)

0

@
g(a) _u0(t)v(t) + g(a) g(u0 (t ))

g0(u0 (t )) _v(t) � g(a)g(u0(t))v(t)

� _u0 (t )
g(a)

g(u0 (t ))
g(a)

1

A :

e�g

ð ð

W�êDa
UXWƒ]^g�hjW�][WoY[ò�SnRTW�]^êTWƒ‡ogXRTZ\]…aqR‹][Z-íœgXYéZdî‘Z\]^W�ò

(LR ) õ

†DgXmVmng

ð

SnRjú � †

�

�

mVW�]ókjZóhjW�Rjgb]^W

S = f x = (x1; x2) 2 R2 = x2
2 + [� x1 � F (x2(t))]2 < r 2g

û”ü€ýƒþóÿƒû¶p��b•X•��¾etg

õ

•jpjï

õ

~



8
><

>:

g0 := maxx2 S j g(x2) j;
g1 := maxx2 S j g0(x2) j;
g2 = maxx2 S j g00(x2) j :




���




f 1 := maxx2 S j f (x2) j; f 2 := maxx2 S j f 0(x2) j

8
><

>:

q0 := maxx2 S;s2R j q(s;x) j;
q1 := maxx2 S;s2R j q0

x (s;x) j;
q2 := maxx2 S;s2R j q0

s(s;x) j :




�

� 


K := maxt2 [ � � 0
2 ;� 0 ] j Y (t) j; K � 1 := maxt2 [ � � 0

2 ;� 0 ] j Y � 1(t) j :
þ¶ê‹kjZ�p

ð

WIòËa
î;hTWohjkj‡�WI][êDaq]

P := maxt2 [ � � 0
2 ;� 0 ] j _p(t) j�

K
2

:

þ¶êjW`SVRjSV][S£abm¸ïjêDabZ\W

�
aqRjh
]^êjW`ï¸WoY[SVgøh

�
êDa
UXW�][g�UbWoY[Sµí î;]^êTWƒíœgXmnmVg

ð

SVRjújp

ð

êjSV‡…ê�‡oabR

ö¸W`W
abZ\SnmVîBgXöT]^abSnRTWoh
íœY[gXò ]^êjWIabö¸g«UXWIWoZd]^SnòBaq][WoZopTZ[WoW � †

�

�

� <
� 0

2
; j � � � 0 j<

� 0

2
:

iôí�SnR&abhjhTSV]^SVgXR

ð

WIZ\kjïjï¸gXZ[W

�
abRjh

h
abY\WIZ\kj‡…ê�][êDaq]

3
2

g0 j � j + j h j< � exp(�
3
2

g1� 0)


œêjWoY\W

�
SnZK][êjWæhjSnZd]…abRT‡oWæöLW„]

ð

W�WoR ][êjWæïDaq][ê gbít]^êTW&ï¸WoY\Sng‘hjSn‡ËZ[gXmVkT]^SVgXR abRjh ]^êjW

ö¸gXkjRjhjabY\î
gqí

S

”]^êTWoR�a¾Z\gXmnkø]^SngbR
gbí

(LR )
W„÷øSnZd]^Z

õ

þ¶êjW�R)p

ð

W`êDa
UbW ïjY\g«UXWoh&]^êjW�íœgXmVmng

ð

SnRTú

���������	��
 � 
��

1
0�� %��/0�� , #�. ��� %�! % �/� ./! 0��/� 01����� #+�"0 , #+01./! �

������� �
��� %��

� .3%��!� 0$� .#"$� %�#+0$�"*
��%�&��

� ��#&2	�
�

��� ./� ��� ./! .�%�! . �(' �
�

� � �/� 01���!�

� ; h : U ! R
%�� 2

% �����!�/� %�� �

� 1 < � 0
2

������� ��� %�� ��� .-, ./!/01�)2�01�)� ��#*� � 01���

u(t; �; a+ h(�; � ); �; � (� ))
�

�
.#"$� %��"01���

(LR ) •u + f (u) _u + g(u) = �
 (
t

� (� )
; u; _u)

.,+ 0��/���
�

��!

(�; � ) 2 U -

%�� 2

j � � � 0 j< � 1; � (0; 0) = � 0; h(0; 0) = 0:

û@ü€ýƒþóÿƒû¶p��b•X• �*etg

õ
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õ �

•



�'� � � � "-./& � 4 . � (3"-(

s�ZPa�‡�gXY[gbmnm£aqY\î

ð

W-òBa«î`hTWohjkj‡�W-íœY[gXò:][êjW-aqöLg«UXWéZ[gXò�W”Y\WoZ\kjmV][ZPabö¸gXkT]'abkT][gXRjgXò�gXkjZ

ï¸WoYd]^kjY\öDaq]^SVgXRjZ¶gbí0]^êTW r$SVWoRDabY\hæZ\î‘Z\][Woò

(LRA ) •u + f (u) _u + g(u) = �

ð

êjW�Y[Wó]^êjWtï¸WoY\][kjY[öjaq]^SVgXRBSVZ�SnRjhjW�ïLW�RjhjW�R‹]”gXR�]^êjWó]^SVòBW-UqabY\S£aböjmVW


 � 
 (u; _u; �; � ) õ

þ¶êjW`W�ì‘kTSVUqabmnW�R€]�ïTm£abRjW�Zdî‘Z\]^W�ò SnZ¶gbí0]^êTW`íœgbY[ò

_x = h(x) + �q(
t
�

; x)

ð

êjW�Y[W

q = col[q1; q2]:
uégXRTZ[SnhTWoY¶]^êjW�íœgXmVmng

ð

SnRTúKabkT][gXRjgXò�gXkjZ¶ï¸WoYd]^kjY\öLW�h�r$SVWoRDabY\hæWoì‹kDaq][SngXR&gbí0]^êjW�íœgXY\ò

(LRA ) •u + f (u) _u + g(u) = �
 � 
 (u; _u; �; � )
ð

êjW�Y[W

t 2 R; � 2 R
SVZ¶a*Z[òBabmnmLïDabY[abòBW„]^W�Yop

j � j< � 0; �
SnZóaKY\W
abm)ïjabY^abò�W�][WoY

Z\kj‡…ê�][êDaq]

j � � � 0 j< � 1
íœgbY¶Z[gXò�W

0 < � 1 < � 0
2 õ

y�gbY[Wog«UbWoYopD][êjW`‡omngbZ[Woh&gXY\öjSV]

f (u; v) 2 R2 : u(t) = u0(t); v(t) = _u0(t); t 2 [0; � 0]g
ö¸WomVgXRjúXZw][g;]^êjW*Y\WoúXSVgXR

S = f (u; v) 2 R2 : u2 + v2 < r 2g: 

SVZ`aËíœkjRj‡„]^SngbRùgbí

‡�m£abZ\Z

C2:
ifRæ]^êjSVZ¶‡
abZ\W�]^êjW`ï¸WoY\][kjY[öjaq]^SVgXRæSnZ¶SnRThjWoï¸WoRjhTWoR€]wgbRæ][êjW`SnRjSµ]^SnabmLïTêDabZ[W

� õ

�

W�]^êjW�R�êDa
UbWI][êjW�íœgXmnmVg

ð

SVRjú

�

���	�������!���	� 

� ,(, � � .�0$� .#"$� %�#+0$� *

��%�&��
� ��#&2	�

-

��� ./� ��� ./!�. %�! . �����!�/�1%�� ���

� 0
%�� 2

� 1 < � 0
2

��� ��� ��� %�� ���5.3% ���

� 2 [� � 0; � 0]
��� ./! .�.,+ 0��/� �(' �

�
� � �/�"01���!�

� ; h
��� #+*�2 . , ./� 2 ./� � ���

� : � � � (� ); h � h(� )
��� ��� ��� %��-��� . , !���')#�.��

�
LRA ) •u + f (u) _u + g(u) = �
 � �
 (u; _u; �; � )
u(0) = a + h(� ); _u(0) = 0
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� %	� % � � 0("$��.�, ./! 01�)2�01� � ��� �����!�/�1%�� � � ��#*� � 01���

u(t; � )
' 0$��� , ./!/01�)2

� (� ) �

� ��! .���
�./!

- � (0) = � 0;
%�� 2

j � � � 0 j< � 1; � (0) = � 0; h(0) = 0:
�

R�gb]^êjW�Y�êDabRjh�pGa;Z[Wo‡�gXRjh Z[ï¸Wo‡oSnabm'‡oabZ[W¾òBa
î�g‘‡o‡�kjY

ð

êjWoR�]^êTW�ï¸WoYd]^kjY\öDaq][SngXR

hjg‘WoZéRjgb]-hTWoï¸WoRjhægXRË][êjWƒZd]…aq][Wƒgbí$]^êTWƒZ\î‘Z\][Woò

õ

þ¶êDaq]¶ò�W
abRTZ”]^êTWƒïLW�Y\][kjY[öDaÆ]^SngbR;SnZ

SVRjhjWoï¸WoRThjWoR€]tgXR

u
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t
�
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õ

���������������	��


� 	@c°† � _

õ
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õ

†DgXRjhDa ��./! 01�)2�01� , ./! � � !�'�%�� 01���!� � � � �3%�#&%�!
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 ./! ./� � 0"%�# .#"$� %�� 01���!� ÿ�SnZ[‡�Y

õ
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õ

ÿ�î‘R

õ
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õ

p—UXgbm�}øp¸R �
}TpTï

õ

•‹|

�

cô•‹|X|øp 


�
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õ

� u@cdu � v

õ

uéêTgXkjS��‹êDa�abRjhæ†

õ

uékTUXW�mnSVWoY � .���%�!�� ����� � �	� . � ��� ������� 01�/0$�"*

����� 2�0$�"01���!� � ��! ��� . , ./!/01�)2 � � � �/�"01��� s�ïjïjm

õ

y�aÆ]^ê

õ

� ��pXRjg

õ

}Tp �Æ•€}�� �X| �øp 


�

~X~X~(


õ

� u@c�� � x

õ

e

õ

uéêjg

ð

cdü

õ

�wabmVW � ./��� �)2	� � � ')0 � � ! �3%�� 01��� ��� .���! *qp xøïjY[SVRjúXW�Yop

	éW�Y[mVSnR 


�

~ � � 


õ

� u@c°r6� û

õ

uégøhThjSnRjúq]^gXRøcfe

õ
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�
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ð

c ��SnmVm p‘e�W

ð

c��@gXY �—p 


�
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õ

� †

�

� y

õ

†—abY �ÆabZ � �/�"0���%�� .�� ��� ��� . .,+ 0��/��./� ��.�! .���01���!���
�

, ./! �(� !�'/.32 , .��
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õ
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õ
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õ

pøUXgXmG~TpTï

õ

� �€z6c �X~X•Tp 


�
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õ

� † ��� y

õ
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�
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abm xø‡�Sµc
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•b•

õ
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ð
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�
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õ

� †0cfs � y

õ
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�
���

01. � � %�!32!� ��.#"$� %�� 01��� _�W�Y[Sng‘hjSV‡
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õ
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õ
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�

�Ëï

õ

•

�

cf•‹|




�
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õ

� �wa � ü

õ
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�
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SVmnW„îXp”e�W

ð

c
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õ

� � � _

õ
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�
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x

õ
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�
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õ
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õ
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õ
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õ
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