Decay rates for solutions of semilinear wave
equations with a memory condition at the boundary

Mauro de Lima Sartos

Abstract

In this paper, we study the stability of solutions for semilinear wave equations whose
boundary condition includes an integral that represeris the memory e ect. We show that
the dissipation is strong enough to produce exponertial decay of the solution, provided
the relaxation function also decays exponertially. When the relaxation function decas
polynomially, we show that the solution decays polynomially and with the samerate.
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1. Intro duction

The main purpose of this work is to study the asymptotic behavior of solution of the
semilinear wave equation with a boundary condition of memory type. For this, we considerthe
following initial boundary-value problem

7 tUtt ( (X t)uyx)x + h(u)

u@;t) =0, u@;t)+ gt s) (1;s)ux(l;s)ds
0

0 in (0;1) (0;1); 1.1

0, 8t>0 (1.2)

u(x; 0) = uo(x); ut(x; 0) ui(x) in (0;1): (1.3)

The integral equation (1.2) is a boundary condition which includes the memory e ect. Here,
by u we are denoting the displacemen and by g the relaxation function. By = (x;t) we
represen a function of W:» (0;1 : H(0;1)), such that (x;t) 0> 0, {(x;t) 0 and

<(x;t)  Oforall (x;t) 2 (0;1) (0;1). We will assumein the sequelthat the function
h 2 C1(R) satis es the following conditions:

h(s)s 0 8s2R; 1.4)
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9 >0:h(s)s (2+ )H(s); 8s2R; (1.5)
jih(s) h(t)j ba+ijsj *+ijtj Hjs tj; 8s;t2R; (1.6)
b> 0; 1

where
Z

H(z) = ’ h(s)ds:
0

We refer to [4] for the physical motivation of this model.
Frictional dissipative boundary condition for the wave equation was studied by seweral authors,
seefor example[4, 5, 8, 9, 10, 11, 12, 16, 17] amongothers. In theseworks existenceof solutions
and exponertial stabilization were proved for linear or nonlinear equations. In cortrast with the
large literature for frictional dissipative, for boundary condition with memory, we have only a
few works as for example [2, 3, 7, 13, 14]. Let us explain briey ead of the above works. In
[2] Ciarletta establishedtheorems of existence,uniquenessand asymptotic stability for a linear
model of heat conduction. In this casethe memory condition describes a boundary that can
absorb heat and due to the hereditary term, can retain part of it. In [3] Fabrizio & Morro
considera linear electromagnetic model with boundary condition of memory type and proved
the existence,uniquenessand asymptotic stability of the solutions. While in [13] was shown the
existenceof global smooth solution for the one dimensional nonlinear wave equation, provided
the initial data (uo;u1) is smallin the H® H?2-norm and alsothat the solution tendsto zeroas
time goesto in nit y. In all the above works wasleft openthe rate of decg. In [7] Rivera& Doerty
considera nonlinear one dimensional wave equation with a viscoelastic boundary condition and
proved the existence,uniquenessof global smooth solution, provided the initial data (ug;uq) is
smallin the H?2 H-norm and alsothat the solution decays uniformly in time(exponertially or
algebraically). Finally, in [14] Qin proved a blow up result for the nonlinear onedimensionalwave
equation with boundary condition and memory. Our main result is to show that the solution
of system (1.1)- (1.3) decays uniformly in time, with rates depending on the rate of deca of
the relaxation function. More precisely denoting by k the resohert kernel of g° (the derivative
of the relaxation function) we show that the solution deca/s exponertially to zero provided k
decays exponertially to zero. When k decays polynomially, we show that the corresponding
solution also decagys polynomially to zerowith the samerate of decyy.

The method used here is based on the construction of a suitable Lyapunov functional L
satisfying
C2

d t d 1+i
Gt al®+ce oo ZL(1)  al(l) vy T

for somepositive constarts c;, ¢, and . To study the existenceof solution of (1.1)- (1.3) we
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intro duce the space
V = fv2 HY(0:1);v(0) = 0g:

The notation usedin this paper is standard and can be found in Lions's book [6]. In the sequel
by ¢ (sometime ci;cp;:::) we denote various positive constarts independert of t and on the
initial data. The organization of this paper is as follows. In section 2 we establish a existence
and regularity result. In section 3 we prove the uniform rate of exponertial decg. Finally in
section 4 we prove the uniform rate of polynomial decgy.

2. Existence and Regularit y

In this section we shall study an existenceand regularity of solutions to equation (1.1)-(1.3).
To this end we will assumethat the relaxation function g is positive and non decreasingand we
shall use(1.2) to estimate the value of (1;t)ux(1;t). Denoting by

Z t
(f ") = f(t s) (s)ds;
0
the cornvolution product operator and di erentiating (1.2) we arrive at the following Volterra
eqguation
(1;ux (1;1) + igo (1:)ux(1:1) = 1, (1:1):
() g0

Using the Volterra inverseoperator, we obtain

1
. . = _ 1. k 1. .
(L ux(1;t) g(O)fut( D+ K u(Lt)g;
where the resolent kernel satis es
1
k+ —q° k= —qg*
TOMEEE O
With = ﬁ and using the above identit y, we write
(L;Dux(L;0) = fug(1;t) + k(O)u(L;t)  k(t)ug(l) + k° u(1;t)g: (2.2)

Reciprocally, taking initial data such that up(1l) = 0, the identity (2.1) implies (1.2). Sincewe
are interested in relaxation function of exponertial or polynomial type and the identity (2.1)
involve the resohent kernel k, we want to know if k has the same properties. The following
Lemma answers this question. Let g be a relaxation function and k its resolert kernel, that is

k(t) k g(t) = g(t): (2.2)
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Lemma 2.1 If gis a positive continuous function, then k alsois a positive continuous function.
Moreover,

1. If there exist positive constantscy and with ¢cg < suchthat

g(t) coe

then, the function k satis es

k(t) Me t.

forall0< < Co.

R
2. Given p > 1, let us denote by ¢, := supr+ 3(1 +t)P(1+t s) P(1+ s) Pds. If there
exists a positive constant co with co¢y < 1 suchthat

g(t) co(l+1t) P

then, the function k satis es

Co
1 oo

k(t) 1+1) P
Pro of. Note that k(0) = g(0) > 0. Now, we take tg = infft 2 R* : k(t) = Og, sok(t) > 0
for all t 2 [0;to]. If top 2 R*, from equation (2.2) we get that k ¢(tg) = g(tp) but this is a
cortradiction. Thereforek(t) > Ofor all t 2 R;. Now, let us x , suchthat 0< < Co and
denote by

k (t) = e'k(t); g(t):= etg(t):

Multiplying equation (2.2) by e! we getk (t) = g (t)+ k g (t), hence

Z 1
sup k (s) sup g (s) + el 5ds sup k (s) Gt —2— sup k (s):
s2[0;t] s2[0;t] 0 s2[0;t] s2[0;t]
Therefore ( )
o
k (t _—
(t) o

which implies our rst assertion. To show the secondpart let us considerthe following notation

kp(t) := (L+ t)Pk(t); gp(t) == (1+ t)Pg(t):
Z
Multiplying equation (2.2) by (1+ t)P we getkp(t) = gp(t)+ tkp(t s)(1+t s) P(1+1t)Pg(s) ds,
0
hence

sup kp(s) Sup go(S) + CoCp SUP Kp(s)  Co+ CoCp SUP Kp(s):
s2[0;t] s2[0;t] s2[0;t] s2[0;t]
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Therefore

kp(t) 1 Cococp;

which provesour secondassertion.
Remark: The niteness of the constart ¢, can be found in [15 Lemma 7.4].
Due to this Lemma, in the remainder of this paper, we shall use (2.1) instead of (1.2). Let us

denote by
z t
(f2)) = , f(t s)j'(t) ' (9)i’ds:

The following lemma states an important property of the corvolution operator.

Lemma 2.2 For f;' 2 C([0;1 [: R) we have

Zt
f(t s)(s)ds'y = %f ()" (1) + %fOZ'
0
1d f2r (th(s)ds)j‘ ji2
2dt 0 '

The proof of this lemma follows by di erentiating the term f2' .

The rst order energy of system (1.1)-(1.3) is given by
YA 1
E(t) = : iu®+ (% t)juxj® + 2H (u)]dx + E(k(t)jU(l;t)j2 kqt)2 u(1;1)):
0

2
We summarizethe well-posednesof (1.1)-(1.3) in the following theorem.
Theorem 2.1 Letk 2 C?(R*) be suchthat
k: k%K o (2.3)

If (up;u1) 2 H2(0;1)\ V V satis es the compatibility condition

@OTW= uw (2.4
then there exists only one solution u of the system(1.1)-(1.3) satisfying

u2 Lt (0;T;H?0;1)\ V)\ WL (0:T;V)\ W2 (0;T;L2?(0;1)):

Pro of. To prove this Theorem we shall use the Galerkin method. Let fw;g be a complete
orthogonal systemof V sud that

fup;ui1g 2 Spanfwp;wiQ:

Let us considerthe following Galerkin approximation

um(t) = x him (H)w; :
j=0
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Standard results about ordinary di erential equations guararntee that there exists only one so-
lution of the approximate system,
Z 1 Z 1

@™ @vj.
ulw; dx + X; t dx +
it Wi . (X 1) —— & @ ,

= fu"(1;t) + kO)u(1;t)  k(t)up(l) + KO u(L;t)gw; (1); (2.5)

YA 1
h(u™)w; dx

for 0 j m, satisfying the following initial conditions
u™(0) = ug; u"(0) = us:

Our rst stepis to show that the approximate solutions remain bounded for any m 2 N. To do

this, let us multiply equation (2.5) by hj(;’m (t) and summing up the product resultsin j we get
Z, Z,

1d fiuMj2+  (x;t)julj?+ 2H (u™)gdx = t(x; t)julj2dx
0

2dt
fi uf" (1 1)j% + kO)u(L;ue(L;t)  k(Huo(Due(L;t) + kK u(L;)u(Lit)g:  (2.6)
Using Lemma 2.2 for the term
KO u(2;t)u(1;t)
and the properties of k, k® and k®from assumption (2.3) we concludeby (2.6)
d
o (tu™) cE@O;u™)
Taking into accourt the de nition of the initial data of u™ we concludethat
E(t;u™) ¢ 8t2[0;T]; 8m2N: (2.7)

Next, we shall nd an estimate for the secondorder energy First, let us estimate the initial
data u' (0) in the L2 norm. Letting t! 0" in the equation (2.5), multiplying the result by

hPm (0) and using the compatibility condition (2.4) we get
YA 1 z 1 YA 1
jiug (0)ji3 . (X; 0)ugx (O)ug' (0)dx + . x(X; 0)uy’ (O)ug' (0)dx . h(uo)ug (0)dx:

Sinceup 2 H?(0;1), the hypothesis (1.6) for the function h together with the Sobolev's imbed-
ding imply that h(ug) 2 L?(0;1). Hence

jjup )iz c; 8m2N:
Di eren tiating the equation (2.5) with respect to the time, multiplying by h’3 (t) and summing
up the product resultsin j, we arrive at

14”1
2dt

Z, Z,

ffuljz+ (x t)julj’gdx = 1(x; t)jul j2dx . £(X; t)ug ugy dx

NI

1
. hO(Um)Ut ug dx jU?(lit)jz
kO)u(L; uf (1;t) +  kYt)uo(1)uf (1;1)

(K% u(2;t)ug (1;1): (2.8)
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Note that
z 1 z 1
ugudx = (LouR (@ tug (L) xt Uy Ut dx
0 0
Z 1
Ul Ui dx:
0

Using the elemernary inequality 2ab  a? + I, the hypothesison  and the inequality

JuR (L)) off uf (L; 1) + K2(O)ju™ (1;1)j?
k(0)jk32u™(L;t) + k(O)K(t)ju™ (L;1)j%g

we obtain
Z 1
tuy U dx cfj uf" (1;1)j% + K*()juo(1)j* + k(0)jk32u™(1;t)
0 7 .
+k(0)k(t)ju™ (1;t)j*g + 21U T(LDiZ+ ¢ judjidx
z 1 Z 1 °
+c o jufjfdx+ S jugjldx: (2.9)
0 2 0
Note that
YA t
k® um@;t): = koum™@:t)+ k%t s)u™(1;s)ds
z5
= kque(1) + kYt s)ulM(1;s)ds: (2.10)
0

Substituting the inequality (2.9) and identity (2.10) into (2.8) and using Lemma 2.2 we arrive

at
d Z 1
@ . fJu 2+ (% t)jumj®gdx ¢(x; t)ju j2dx + cfj ul (1; 1)

NI =

0
k2(t)juo(1)j® + k(O)jk(i2ZUm(1: t)

+ NI

1
+k(Ok(®)ju™(L;t)j?g+ ¢ jufjZdx
0
z 1

hu™)uf"ug'd Eiu{‘t“(l:t)jz
0

+ E|<°(t)ju{“ (1;1)j? Eko% u(1;1)

" E% K2 UML) K(Ojul (L )2
1
o1 jum j2dx: (2.11)
2 9
From the condition (1.6) and from the Sobolev imbedding we have

Z, Z, E 1 7,

2
hQu™yuMulldx ¢ 1+ julj?)dx jum j2dx julj2dx
0 0 0

N

0
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Taking into accourt the rst estimate (2.7) we concludethat
Z 1 Z 1 z 1
hQu™uMufldx ¢ juljZdx +  jullj?dx - (2.12)
0 0 0
From the approximate system (2.5) we get
Z, Z, Z, Z,
jul j2dx = ug ugy dx xUy ug dx + h(u™)ug dx:
0 0 0

Using the elemenary inequality, the Sobolev's imbedding and the hypothesis(1.6) we obtain

121 Z, Z,
=~ julifdx ¢ juMjldx+  julj?dx : (2.13)
2 9 0 0

Denoting by
.m_lzl-m-z . -@'m-z M q.4Yi2 02m .
Eo(t;u™) = > . fiul"jic+ (x; t)jaj gdx + Ek(t)Ju (1;1)j Ek u™(1;t)

we nd by (2.11)

d 141
—Eo(tu") 5 (s hjuigifdx + cff ul (L))

dt 2 5

+k2(t)juo(L)j* + k(O)jk(i2ZUm(1: t)
1
+K(O)k(t)ju™(1;1)j?g+ ¢ jugj%dx
Z, 0

. hu™)uug'd —ju{{‘(l;t)jz

+ kO(t)Ju (1;1)j? ko%u (1;1)
1 12 !
+2 juljldx: (2.14)
2 o
Substituting the inequalities (2.12) and (2.13) into (2.14) and using Poincare's inequality , the
hypothesis(2.3), the rst estimate (2.7) and applying Gronwall's inequality we concludethat
Eo(t; u") «¢c; 8t2[0;T]; 8m2N: (2.15)

The rest of the proof is a matter of routine.

3. Exponential Decay

In this sectionwe shall study the asymptotic behavior of the solutions of system(1.1)-(1.3) when
the resohent kernel k is exponertially decreasing,that is, there exist positive constarts by, b,
suc that:

k(0)>0; Kkqt)  bik(t); k%)  bk%t): (3.1)
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Note that this conditions implies that
k(t) k(0)e ™t
The point of departure of this study is to establish someinequalities given in the next lemmas.

Lemma 3.1 Any strong solution of system(1.1)-(1.3) satis es

d . . N . .
HE® Siur(L; 1)j? + Ekz(t)luo(l)lz + Eko(t)JU(l; 1)j?
Z 1

SKR2UL D + 51 Djuxix
2 2 o
Pro of. Multiplying (1.1) by u; and integrating over [0; 1] we get
Z 1 Z 1
29 ui+ (6O 2HWIK = GOL@GOWLY + 5 (s Djudidx (§.2)
2dt 2 o
From equality (2.1) we have
LOu (L u(Lit) = jud;)j® kOu@;Hu L)+ k(Ouo(D)ue(;t) KO u(@;t)ug(1;t):

Using Lemma 2.2 we get

1d
2dt
Substituting the two above equalities into (3.2), our conclusionfollows.

© u@ouEn = KU+ ZKR2UWLY S K2uWY (k@) KO D]

Let us de ne the functional
1
1 : :
0= (ux+ (5 Juudx+ Sju(diiZ;
0 2 2
where is a positive number. The following Lemma plays an important role for the construction
of the Lyapunov functional.

Lemma 3.2 Any strong solution of system(1.1)-(1.3) satis es

d 21 5 1 21 5 21
0 Juffex (5) judfdx (5 @+ ) H(ux
+Gu (L)) + (c+ 2—)|<(t)21'Uo(1)j2 + ck(O)k(D)ju(L; 1);?
z 1
+(c+ 2—)k(0)jk‘i2 u(d;t) + % X x(X; t)juxj2dx
0
where = %, eis a positive constantand 0< < min(%;m).
Pro of. Using the equation (1.1) we get
Z VA
d~1 1 1. . o 1 : .
@, Wbt (G u)dx Siu (L0 ; jufdx + S (1;0)jux(1;0)j%
Z 1
@) jwidr (G ) GOuEGOULY
z 1 ° 1 z 1
+ Hudx (= ) uh(u)dx: (3.3)
0 2 0
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Using the hypotheses(1.5) we have
Z, Z,

(} ) uh(u)dx 2+ )(:—L ) H (u)dx: (3.4)
2 0 2 0

Note that
Z
k(Qu(;t) k% u(;t) = tkO(t s)[u(l;s) u(d;t)lds k(t)u(d;t)

t 1 1
( . ikYs)ids) 2 [ik92 u(L; )] + k(B)ju(L; t)j
k() k(@jz[kJ2u(Li )] + k(Dju(L;1)j: (3.5)

From equality (2.1), from the hypothesisfor the function and from the inequality (3.5) we
have

(L; t)jux (L; 1)j2 cfj ug(1; 1)} + k*(t)juo(1)j?

+k(0)ikt)j2 u(L; t) + k(Ok(Dju(L; t)i*g: (3.6)
From equality (2.1) we have
EOw@OULY = 5 SR KO Y]

+k(Ouo(Du(;t)  k° u(l;t)u(d;t):
Using (3.5), Poincare'sinequality and the elemenary inequality 2ab a2+ b? we concludethat

MG MER) S0 + K Ojus(Lf?

2dt
+ <2000 + ekOkmju( ;2
z 1
S juyjldx 3.7)
2
whereeis a xed positive constart. Substituting (3.6)-(3.7) into (3.3) and xing = ° follows
the conclusionof Lemma.
Let us introduce the functional
L(t)= NE(t)+ (t); (3.8)

with N > 0. It is not dicult to seethat L(t) veries

®E() L)  mE(®); (3.9)

where ¢ and ¢, are positive constarts. We will show later that the functional L satis es the
inequality of the following Lemma.
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Lemma 3.3 Letf be areal positive function of classC?. If there exist positive constants o; 1
and ¢y suchthat

f)  of () + e
then there exist positive constants and ¢ suchthat
f(t) (f0)+ce "
Pro of. First, let us supposethat o< 1. Dene F(t) by

Qo ot
0

F(t):= f(t)+

Then

Fa =19 —2L2 e 1t oF():
1 0
Integrating from 0 to t we arrive at

Co
0

Now, we shall assumethat ¢ 1. Under these conditions we get

F(t) F@Oe ° ) f@{) (f@O+ )e ot
fqt) ft)+ce ') (eMf(1)° oo
Integrating from 0 to t we obtain
f(t) (FO)+ cot)e t:
Sincet (1 )el1 Jforany0< < 1 we concludethat
f() (fFO+c(1 )e '

This completesthe presen proof.
Finally, we shall shav the main result of this section.

Theorem 3.1 Let us supmsethat the initial data (ug;u;) 2 V. L?(0;1) and that the resolvent
k satis es the conditions (3.1). Then there exist positive constants 1 and 1 suchthat

E(t) e ME(0); 8t O

Pro of. We will supposethat the initial data (ug;us) 2 H2(0;1)\ V V and satis es (2.3); our
conclusionwill follow by standard density argumerts. Using the Lemmas3.1 and 3.2 we get

d . . . . . .
—L(t) =Njur(L;1)j% + sNKk3(D)juo(1)j? + sNkYt)ju(L;1)j?
dt 2 2 Z 2 7
1 1
_NKO2 u(1;t) uPdx () (x Djuxi?dx
2 L o 2
1

(z @+ ) Hudx+ Gue(1;1)j% + ck?(t)juo(1)j®
0

+ ck(O)k(t)ju(L; 1)j2 + ck(0)jk32 u(L:1): (3.10)
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Then, choosing N large enoughwe obtain

%L(t) pE (t) + ck?(t)E(0);

where ¢ > 0 is a small constart. Here we usedthe assumptions(3.1) in order to concludethe
following estimates

Eko% u(l;t) cak2u(;t);

Ek(ju(l;t)j2 crkju(l; t)j2
for the corresponding two terms appearing in the inequality (3.8). Using (3.9) we obtain
d 82 2
—L —L k“(t)E (0):
G- gL+ COEQ)
Using the exponential decay of k and Lemma 3.3 we conclude
L(t) fL (0)+ cge *!

forallt O,where 1= min( o g—i). Use of (3.9) now completesthe proof.

4. Polynomial rate of decay

Here, our attention will be focusedon the uniform rate of decay when the resohent k decas
polynomially as (1 + t) P. In this casewe will shav that the solution also decays polynomially
with the samerate. Therefore, we will assumethat the resolhent kernel k satis es

k©O)> 0, KYt)  by[k*™e; k%Rt) b kYT (4.1)

for somep > 1 and some positive constarts b; and b,. The following lemmas will play an
important role in the sequel.

Lemma 4.1 Let m and h be integrablefunctions, andlet0 r < landq> 0. Then,fort O:
Z t Z t 1r q Z t 1
imt sh(s)ds ( jm(t )i @ jh(s)d9F( jm(t  s)j'jh(s)jds) ¥ :
0 0 0
Pro of. Let

v(s) = jm(t  9)it FTjh(s)jT;  w(s) = jm(t  s)jwT jh(s)jer:

Then using Helder's inequality with = % forvand = g+ 1for w we arrive at the conclu-
sion.
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Lemma 4.2 Letp> 1,0 r<21landt O. Thenforr > 0,

) 1+ 1)(p+D)
(k92 u(L;t)) & e
1 Z t

2T (- jkYs)i" dsjjujjf ©:T)H1:1)) " D (jk(}“p%lZ u(1;t));
0

andforr = 0
(K92u(L:t) b
Zt.. ) .. ) 1, 1+ L
2( , fiuC; 9)iif1 oy ds + tiuC:s)iife.y) P (K3 1 2u(1;t)):
Pro of. The above inequalitiy is a immediate consequencef Lemma 4.1 with
m(s) := jkYs)j; h(s) = ju(t) u(xs)i% gq:= (1 r)(p+ 1)

andt xed.

Lemma 4.3 Letf 0 be a dier entiable function satisfying

C2
(1+1)

£9¢t) 9ttt f0); for t O
£(0)"

for some positive constantscy;c;, and  suchthat
+ 1:

Then there exists a constant ¢z > 0 suchthat

C3

0 @+t

f); for t O
Pro of. Let us denote by
F(t)=f()+ @(1+ t) f(0):

Di eren tiating this function we have

FQt) = £qt)  2c(1+ )¢ *D£(0):

From hypothesison f 9and observing that + 1 we get
F 1) f(oclﬂ OF a+t) (Vi)
n 1+ l#
C f (t)1+ 1 + f (O)
f(0)" 1+1)
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Noting that
1
f (O) 1+ =

1+ 1 1+ 1
F(t) f(t) + a+ 1

we obtain

C 1
F Fit
R0) 0" (t)

Integrating the last inequality from O to t, it follows

cF(0) c

a+cy  @+p O

F(t)

Therefore

f(1) ﬁf 0):

This complete the presen proof.

Theorem 4.1 Let us supmsethat the initial data (ug;u;) 2 V' L2(0;1) and that the resolvent
k satis es the conditions (4.1). Then there is a positive constant ¢ for which we have

c

N e

E (0):

Pro of. We will supposethat the initial data (up;u1) 2 H?(0;1)\ V V and satis es (2.4);
our conclusionwill follow by standard density argumerts. We de ne the functional L asin (3.8)
and we have the equivalenceto the energyterm E asgive in (3.9) again. The negative term

ck(t)ju(1;1)j?
can be obtained from Lemma 3.1 and from the estimate
Z,
k(t)ju(L;t)j* ¢ (X; t)juyj®dx:
0

From the Lemmas 3.1 and 3.2, using the properties of k%from the assumptions (4.1) for the

term
Eko% u(l;t)
we obtain
Z 1
EL(t) ci( jug?+ (X t)juyj® + H(u)dx
dt 1 0 Jut) » [)JUx]
+ROUL 2+ N K FL2u(Li1) + k2(DE(0): (4.2)

Let us x 0< r < 1 sud that

<r< .
p+1 p+1
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Under this condition
Z 1 Z 1 1
. or .
0 k3" e o (1+ 1)) !

From the Lemma 4.2 we get

( K9 T 2u(L;t)

¢ ) T
E O (( K)2u(L;1)
(with ¢ = ¢(r)). On the other hand sincethe energyis bounded we have
z 1
KOO+ juf2+ (Djux2+ H(ud™ o e
1 ° Z 1
CE(0)@ e (k(t)ju(L; )i+ ju®+ (X t)juxj? + H(u)dx):
0

From inequality (4.2) using the last two inequalities we conclude:

c Z1
—————I[k®OjuL I+ ju?+ (6 )juy?
E(0)@ N+ 0

FH U)M@+ (( K92u(; 1) @ e [+ ck3(t)E (0):

d
Lo

This implies, observing (3.9)

EL(t) ;1L(t)1+ T + ck?(t)E (0): (4.3)
dt L(0)@ NP

Applying the Lemma4.3with f = L and = 2p we have:

c
1+ )@ NP

L(t) L(0): (4.4)

Since(1 r)(p+ 1) > 1 we obtain from the inequality (4.4)

Z, Z,

E(s)ds ¢ L(s)ds cL(0); (4.5)
0 0
UGty  ctL(t) () (4.6)
Z Z,
Ojju(:;s)jjﬁl(o;l) ¢ L(t)dt cL(0): 4.7)

With the estimates(4.5)-(4.7) and using Lemma 4.2 (caser = 0) we obtain

(KOMFr2ut)  ————(( K92u(t) e

0) p+1l

Hence,with the sameargumerts asin the derivation of (4.3), we have

4 ¢ L

dt L (0)FT

T+ ck2(t)E (0):
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Applying the Lemma 4.3, we obtain

c

L(t) WL(O);

and henceby (3.9) we conclude

c

"0 @

E(0);

which completesthe presen proof.
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