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Abstract. The cooperating two-species Lotka-Volterra model is dis-
cussed. We study the blowup properties of the solution to a parabolic
system with homogeneous Dirichlet boundary conditions. The upper and
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1 Introduction and main results

The well-known Lotka-Volterra ecological model, which involves a coupled sys-
tem of two ordinary differential equations, has been given an enormous attention
in the past decades. When the effect of dispersion is taken into consideration
the densities u, v of the species are governed by

uy — diAu = u(a; — byu — cv), reQ, t>0,

vy — doAv = v(ag — byu — cov), xe, t>0,

u(z) =v(x) =0, r €N, t>0,

u(z,0) = ug(z), v(z,0)=1wv(z), z€Q,

(1.1)

where A is the Laplacian operator,  is a bounded domain in R™ with 09
uniformly C?**-smooth, uy(z) and vy(x) are nonnegative smooth functions with
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uo(x) = vo(x) = 0 on 0. d;, a;, b; and ¢; (i = 1,2) are positive constants. d;
represents its respective diffusion rate and the real number a;, its net birth rate.
b1 and ¢y are the coefficients of intra-specific competitions and by, ¢; are that
of inter-specific competitions. Here we consider the case with homogeneous
Dirichlet boundary conditions, which implies that the habitat is surrounded by
a totally hostile environment.

If the presence of one species encourages the growth of the other species then
the system (1.1) becomes so-called mutualistic model:

uy — diAu = u(a; — byu + c1v), reQ, t>0,
vy — daAv = v(ag + bou — cov), reQ, t>0,
u(z) =v(x) =0, red, t>0,
u(z,0) = ug(z), v(z,0) =wv(z), =€

(1.2)

Because of the quasimonotone nondecreasing of reaction functions in (1.2),
there is a quite different behavior of solutions compared with the solutions
of (1.1). The solution of (1.1) with any nonnegative initial data is unique and
global, while the blowup solutions are possible when the two species are strongly
mutualistic (byc; > bycy), which means that the geometric mean of the interac-
tion coefficients exceeds that of population regulation coefficients. Here we give
only the related result of Pao [20].

Theorem 1.1 (i) If byc; < bycs, the problem(1.2) hasa uniqueglofal solution
(u,v), whichis uniformly boundel in [0, 00) x ;

@ii) If bac; > bicy @and a; > Aq,ae > Ag, there existsa nite time 7' such
that the uniquesolution to (1.2) existsin [0, T") x Q2 and blowsup in the meaning
that limy, 7 max(|u(x,t)| + |v(z,t)|) = oo;

(@ii)y If bycy > bicy, the solution will blow up for any a; > 0 and ay, > 0
under suitableinitial data.

Based on the above result, we are chiefly interested in studying the blowup
properties of the solution. We derive the upper and lower bounds of blowup
rate, that is, there are positive constants ¢ and C' such that

(T —1t) ' <maxu(z,t) <C(T—1t) ', ¢(T—t) ' <maxv(z,t) <CO(T—t) *
Q )
fort € (0,7)if N = 1.
There are some related results on the blowup of solutions to nonlinear
parabolic systems, see for example [19] and [24]. In a recent paper, Lou etc.
in [18] considered (1.2) with homogeneous Neumann boundary conditions and
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gave a sufficient condition on the initial data for the solution to blow up in finite
time. For the blowup estimates, as we know, no result has been given owing to
the cross-coupled reactions.

For the related elliptic systems, there is an extensive literature regarding the
existence and uniqueness of positive solutions, the reader can see [1, 10, 12, 14,
15, 16, 17, 20, 23] and the references therein.

The paper is arranged as follows. In §2 the comparison principles for bounded
and unbounded domains are given. In §3, we derive the lower bound of blowup
rate and §4 deals with its upper bound.

2 Comparison principles

In this section, we show the comparison principle for unbounded domains, which
will be used in the sequel. For completeness, we also give the comparison
principle for bounded domains.

Lemma 2.1 Let 2 be a boundel domain with smath boundary 0. wu;,v; €
CQx[0,7)NC* (2 x (0,T)) (i=1,2) and satisfy

uyy — diAuy > ug(ag — byug + cyvy), x e, t>0,

vy — daAvy > vy (ag + baug — covy), x e, t>0,

U9y — diAuy < ug(ay — byug + c109), reQ, t>0, 2.1)
Vor — doAvy < vg(ag + baug — Cavs), reQ, t>0,

ur(x,t) > us(x,t), wvi(z,t) > vo(z,t), x €I, t>0,

ui(z,0) > uz(z,0), vi(z,0) > va(x,0), x €.

Then wy(z,t) > uy(z,t) and vi(z,t) > wve(x,t) in Q x [0,7). Moreover, if
ug(z,0) # ui(x,0) > uy(x,0) and vy(x, 0) # vy(z,0) > va(x,0), then uy(z,t) >
us(z,t) and vy (z,t) > vo(x,t) in Q x (0,7).

Lemma 2.2 Let (), be a unboundel domain with boundary 092 € C?*<. wu;,v; €
C(Q, x[0,7))NC* (0, x (0,7)) (i=1,2) and satisfy

uy — diAuy > uq(a; — byug + cyv1), r e, t>0,

vy — doAvy > v1(ag + boug — covy), x €, t>0,

U9 — diAuy < ug(ay — byug + c109), e, t>0, (2.2)
Vo — doAvy < vo(ag + baug — Cavs), €N, t>0,

uy(z,t) > us(x,t), wvi(z,t) > va(z,t), €0, t>0,

ui(z,0) > uz(z,0), vi1(z,0) > vo(x,0), z€Q,
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and there exist positive constants A and v suchthat

|ui(2, 1)] < Aexp(v|z]?)

o 1)] < Aexplyfefr) 28 oo O=t<T) (23)

Then uy(x,t) > us(x,t) and vy (z,t) > ve(z,t) in Q x [0,7).

Lemma 2.1 is followed by the strong Maximum principle and Lemma 2.2 is
followed by the Phragman-Lindeldf principle ( see [21], [22]).

Remark 2.1 When Q) = R", the boundaryinequality in 2.2 is redundant. The
condition in 2.3 is called the growth condition.

Remark 2.2 Since (0,0) is unique solution of (1.2) with u(x,0) = 0 and
v(xz,0) = 0. Lemma 2.1 implies that if (u,v) be the nonneyative solution of
(1.2), thenu,v =0 or u,v > 01in Q x (0,7).

Remark 2.3 Lemmas2.1 and 2.2 hold for the more geneal case. For example,
for the system

uy — diAu = f(z,t,u,v), €, t>0,

vy — doAv = g(z,t,u,v), =€, t>0, (2.4)
Lemmas?2.1 and 2.2 hold if f, ¢ are quasi-monotonenondecreasing, i.e. f is
nondecreasing with respect to the component of v and g is nondereasing with
respect to the component of u, see [21] in detail.

3 Lower blowup estimate

We first establish the relationship between u and v as the solution (u,v) of (1.2)
near the blow-up time.

Lemma 3.1 Let (u,v) be the nonnegative solution of (1.2), which blowsup at
t =T. Then there exists¢§ suchthat

0 max v(z,7) < max u(z,7) <
Q

1
— max v(z,7), te€(T/2,T). (3.1)
Q [0, [0,1] da

Proof: Let

U(t) = max u(z,7), V(t) = max v(x,7).
Q Q [0.]
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As in [2] or [3], we argue by contradiction. Without loss of generality we may
assume that there exists a sequence {t,,} with t,, — T as n — oo such that

V(t,)U *(t,) — 0. (3.2)
For each t,,, there exists
(Zn,1n) € Q x (0,t,] such that u(i,,t,) = U(t,). (3.3)

Since (u,v) blows up, we have that U(t,) — oo as t, — T and £, — T as
n — oo. Let d, denote the distant of Z,, to 0. Similarly as in [4], we distinguish

two cases:

() lim sup — =o0 and (i) lim sup — < oc.
nll n n!l n

Case (i) Choose a subsequence (denoted again by {t,}) such that

llilm =2 = 0.

We now introduce the scaling argument inspired by [9]. Let

Ao = Atn) :=U Y2(t,),
M (y,5) = Nuy + 3n, N2s+ 1), (y,8) € Q, x L(T), (3.5)
P (y,s) = Aoy + B, A2s + 1), (y,8) € Q, x L,(T),

where
Lo(t) = (=%t N2 (0 —1,)), Qo i={y: Ay + 3, € Q).
Clearly, A\, — 0 as n — oo and (¢, ¢*) solves

b~ iAd = G2 —bid+erdd),  y e, s € L(T),
Yy — o AY = P(a2 + bagp — c20), y € Qn, sel,(T)

and satisfies

@™ (0,0) = 1,
0 <M <1, y €Oy, s€ (=N, %,,0],
0 <YM <Vt )U Ytn), v € U, s € (=N, 1y, 0]

It follows from the parabolic estimates [11] that there is a € (0,1) such that

for any K > 0,
1™ llce = 2@uy i & [ o) < Cks
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An
™ | coe s e 2@y i & [ ko) < Ok
where the constant C'x is independent of n. Hence, we obtain a sequence con-
verging to a solution (¢,1)) of

¢5 - d1A¢ = ¢(_b1¢ + Clw)v ye RN) s € (_007 0]7 (37)
ws - dZA,le) = ¢(b2¢ - 62¢)7 Yy € RN) s € (_007 0] (38)
such that ¢(0,0) = 1 and ¢ < 1,9 = 0, which leads to a contradiction. In
fact, ¢ achieves its maximum at (0,0); therefore [¢, — d1A$](0,0) > 0, but

[6(—=b1d + c11)](0,0) = —b; < 0. This proves (3.1) in Case (i).
Case (ii) Choose a subsequence (denoted again by {t,}) such that
d
nl!ilm )\—Z =c>0.

Let Z,, € 09 such that d,, = |%, — Z,| and let R, be an orthonormal transfor-

mation in RY that maps —e; := (—1,0,---,0) onto the outer normal vector to
00 at Z,,. We now introduce the new scaling. Let
O (y,5) = AuMaRny + i, Ais + 1), (y,5) € Qu x [,(T),  (3.9)
DM (y,s) = NVaRay + &, Aps + 1), (y,5) € Qo x L(T), (3.10)
where

L) = (=X, %t0, N2 (t—1,)), Q= {y: \Ruy + &, € Q).

Clearly, A\, — 0 as n — oo, (), approaches the halfspace H. = {y; > —c} as
n — oo and (¢, ™) solves

¢s - d1A¢ = ¢(a1)‘i - b1¢ + 01’17/)), RS Qna ENS In(T)a
ws - d2A1/} = 1/}(0@)\3; + b2¢ - C2w>7 Yy S Qna ERS [n(T)a

¢ =1 =0, y €0, s € L,(T)
and satisfies
™ (0,0) = 1,
0<o¢™ < 1, yey, se (=, 0],
0<y™ < V(t)U *tn), y€Q, s€(=A\,%,0].

Noticing that 0 is of C**®, then uniform Schauder’s estimates for ¢* )
yield a subsequence converging to a solution (¢, ) of

Oy — diAp = ¢(—b1o + c17), y € H,, s€(—00,0], (3.11)
s — do At = Y(batp — 1)), y € H,, s€(—o0,0], (3.12)
¢ =1 =0, y1 = —c, s € (—00,0] (3.13)
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such that ¢(0,0) = 1 and ¢ < 1,9 = 0, which leads to a contradiction as in
Case (i). This prove (3.1) in Case (ii).

Remark 3.1 We claim from (3.1) that « and v blowup at the same nite time
T if (u,v) solves(1.2), that is

tl!m% supu(z,t) = tllm% supv(x,t) = 0.

Now we first give the lower bound of the blowup rate using the integral
equation.

Theorem 3.1 Let (u,v) be the nonnegative solution of (1.2), which blowsup
at t = T. Then there existsa constant ¢ suchthat

max u(z,7) >c(T —t) ', 0<t<T,

Q [0

[nax v(x,7)>c(T—1t) ', 0<t<T.
Q [0,]

Proof: Let Gi(z,t;y,7)(i = 1,2) be the Green’s function of the parabolic
operator (0/0t—d;A) in the bounded domain 2 x (0, 7| under the homogeneous
Dirichlet boundary condition on 92 x (0,7]. Then we have the representation
formula of (1.2):

u(z,t) = /QGl(x,t;y,z)u(y,z)dy

+/:/Qu(a1 —bu+ )Gy (x, t;y, T)dydr,
v(x,t) = /QGg(x,t;y,z)v(y, 2)dy

+/:/Qv(a2 + bou — cov)Go(z, t;y, T)dydT

for0<z<t<Tandxe Q.
Noticing that [, Gi(z,t;y, T)dy < 1 and the relationship (3.1), we have

Ut) < U(z)+ | Ular +b U+ V)(1)dr
< U(2) + (t = 2)U(ay + bU + e, V)(t)
< U(2) + (T - 2)U(a +blU+cl )(t)
< Uz)+ (T )U(a1+b1U+ U)@)

V(t) < V(z)+ (T —t)V(ay+ %QV + cV)(1).
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Next we use the argument as in [9]. By assumption, 7" is the blowup time, so
U(t) —» +ooast — T . Then we can choose z < t < T such that U(t) = 2U(z),
and hence the above inequality for U becomes

2U(2) < U(z) + (T — 2)2U(a; + 2b,U + 2%1(])(2),

which implies that

(T —2) > (4a1) ' or U(z)2(2bl+2%) NT—2)' 0<z<T

Take c such that ¢ < (2b; +2%) Land ¢ < ﬁ maxgq o; then
Ut)>c(T—1t) ', 0<t<T.

The proof for V(t) is similar.

4 Upper blowup estimate

For the upper bound of the blowup rate, we assume that bac; > bicp and N = 1.
The former assumption byc; > bicy is the sufficient condition for the solution
of (1.2) to have a finite time blowup, see Theorem 1.1 and the latter N =1 is
restriction for the solution of the related scalar problem to blow up in a finite
time, see Lemma 4.3.

Theorem 4.1 Let (u,v) be the nonnegative solution of (1.2), which blowsup
att="1T. If byey > by and N = 1, then there existsa constant C' suchthat

max u(z,7) <C(T—t) ', 0<t<T,
Q [0,]

max v(z,7) < C(T—t) ', 0<t<T.
Q [0,¢]

Proof: From Lemma 3.1 we only need to prove that U(t) < C(T —t) '. We
use a scaling argument inspired by [8]. Noticing that U(t) — oo as t — T, for
any given ty € (%, T) we can define

ts =t1(ty) == max{t € (to,T) : U(t) = 2U(ty)}.

Choose Ao = A(tg) = U '2(ty) as before. We claim that

T
A 2(to)(td —t)) <D, tye(

§,T), (4.1)
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where the constant D depends only N (it is independent of ¢ ).
Suppose that (4.1) is not true, then there exists ¢, — 7 such that

)‘n2<tn)<t: —t,) — 00

For each t,, choose (i,,t,) as in (3.3) and let d,, denote the distant of &, to
0. Similarly as in [4], we distinguish two cases:

dn dn
(7) lim sup N oo and (#) lim sup N < 0.
Case (i) Choose a subsequence (denoted again by {t,}) such that
d

lim — =

nll )\n

We introduce the scaling functions as before. Let

A= Alt) = U VR, (42)
o (y,s) = )\flu()\ny + T, )\is + fn), (y,s) € Q, x L,(T), )
P (y,8) = A0y + By A28+ 1), (y,8) € Q x L(T),  (4.4)

where
Lo(t) i= (=X %1, N2t —1,)), Q= {y: Ay + 2, € Q).
Clearly, (¢™, 1) has a sequence converging to a solution (¢, ) of

¢8 - d1A¢ - ¢(_b1¢ + Clw)v Yy S RN? ERS (_007 00)7 (45)
Yy — da Ay = P(bagp — 1)), yeRY, s € (—00,00) (4.6)

such that ¢(0,0) = 1 and ¢ < 1,9 < %. Moreover, since that ¢ achieves its
maximum at (0,0), ¥ must be nontrivial as in Lemma 3.1. Therefore ¢ and
are nontrivial nonnegative bounded functions, which leads to a contradiction to
the following Theorem 4.2 if N < 2. This prove (4.1) in Case (i).

For the Case (ii), it is easy to show as in Case (i) that there is nontrivial
nonnegative solution (¢, 1) of

(bs - dlA(b = (b(_bl(b + 011/1)7 Yy € ch s € (_007 OO), (47)
s — doAY) = (bep — 1)), y € H,, s€ (—00,00), (4.8)
¢ =1 =0, Y1 = —c¢, s € (—00,00) (4.9)

such that ¢(0,0) = 1 and ¢ < 1,9 < %, which leads to a contradiction to
Theorem 4.3 if N = 1. This prove (4.1) in Case (ii). Thus (4.1) is established.
Step 3 of proof of Theorem 2.1 in [8] shows that (4.1) implies that U(t) <
C(T—t) Yfor0<t<T.
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Theorem 4.2 If byc; > bico and N < 2, then any nontrivial nonnegative solu-
tion of
uy — dyAu = u(—=byu + c1v), r RN, t>0,
vy — doAv = v(bou — V), reRN, t>0,
u(z,0) >0, wv(z,0)>0, r € RV,
u(z,0), v(x,0) € L* (RY)

(4.10)

is nonglofal.

To prove Theorem 4.2, it suffices to find a lower solution of (4.10) that blows
up at a finite time 7j. First we show the following three useful Lemmas:

Lemma 4.1 Any nontrivial nonnegative solution of (4.10) is positive for ¢ > 0.

Proof: If there exist o € RY and t, > 0 such that u(xg,t9) = 0, then there
exist R > 0 and Ty with ¢, < 77 < T such that (zo,ty) € Bg x (0,71) and
u(x,t) # 0 in Bg x [0,T1]. Now let B = by maxy_ o7y W(2,1) and define the
function

w(x,t) = u(z,t)e’

We find from a straightforward computation that

wy — diAw = w[—bju+ c;v + B] > 0, x € Bg, 0<t<T,,
w(z,0) >0, x € Bg.

It follows form the strong maximum principle that w = 0 in Bg x [0,T}] or
w > 01in Bg x (0,T]. It leads to a contradiction. So u(x,t) > 0 for ¢ > 0 and
also v(z,t) > 0 for t > 0 similarly.

Lemma 4.2 Let w(x,t) be a nontrivial nonneyative solution of

dw, — Aw = bw?, reRN, t>0,
w(z,0) >0, r e RN, (4.11)
w(z,0) € LY (RY).

(i) If Aw(x,0)+ bw?(x,0) > 0, thenw(x,t) > 0in R x (0,T);
(i) If w(z,0) is radially symmetric, then w(z,t) is radial. Moreover, if
ulr0) < 0 for 7 > 0, then 2420 < 0 for r > 0,¢ > 0, wheer = \/x%+x§+~-+x§\,.

Proof: Since w satisfy the growth condition, using the comparison principle
(see Lemma 2.2 for the system) and the assumptions on w(x,0) yield w(z,t) >
w(z,0) in RN x (0, 7). Using again the comparison principle gives that w(x,t+
g) > w(z,t) in RN x (0,T — ¢) for ¢ > 0 arbitrarily small. Hence wy(z,t) > 0
in RY x (0,7).
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The result that the solution is radial follows by the uniqueness and the rota-
tion invariance of problem (4.11) in the case that w(z, 0) is radial. Furthermore,
if the initial data w(zx,0) is radially nonincreasing, then the solution w(x,t) is
also radially nonincreasing.

Lemma 4.3 All nontrivial nonneyative solutions of

dw, — Aw = bw?, xRN, t>0,
{ w(z,0) >0, r € RN (4.12)
are nonglofal if N < 2; all nontrivial nonnegative solutions of
dw; — Aw = bw?, reH, t>0,
( )—O 1 =0, t>0, (413)

w(zx,0) >0, x € H,
are nonglolal if N =1, whee H, := {z; > —c}.

The former blowup result is followed from the well-known result of the gen-
eral case wy — Aw = wP shown in [6] for 1 <p <1+ 2 and [7] forp =1+ %
the latter is followed from the result of the general case w; — Aw = wP shown
in [13] for 1 <p <1+ 25

Proof of Theorem 4.2 We look for a lower solution (u,v) of (4.10) such
that (u,v) blow up in finite time. Let (u,v) = (61w, dow), where §; and Jy are
some positive constants to be chosen later and w is a nonnegative function in
Q x (0,Tp) and unbounded in 2 at some Ty < +o0. From Lemma 2.2, (u,v) is
a lower solution of (4.10) in Q x [0, Tp) if

— dlAU} S w(—blélw -+ 0152’11]), RN X (0, To), (414)
— dgAU} < w(bgégw — 0252’11]), RN X (0, To), (415)
Siw(z,0) < u(z,0), dw(x,0) <v(r,0), v R, (4.16)

Since bac; > bicy, choose d1,dy as in [20] such that ¢o/by < §1/02 < ¢1/b; and
set

d =max{d, ', dy'},
b= min{(6152 — 6151)/611, (b251 — 6252)/612}.

Then d,b > 0 and (4.14), (4.15) hold if

d, 'wy — Aw < bw?,
dy 'wy — Aw < bw?.
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By choosing w as the solution of the scalar problem
dw, — Aw = bw?, (4.17)

(4.14), (4.15) hold provided that w; > 0.

Now for arbitrary nontrivial nonnegative solution (u,v) of (4.10), by Lemma
4.1, the solution is positive for ¢ > 0. Without loss of generality, we may assume
that u(z,0) > 0 and v(x,0) > 0 for z € RY, otherwise replace the initial
function (u(z,0),v(z,0)) by (u(x,t1),v(x,t1)) for t; > 0. Since the initial data
is positive, there exists a radially symmetric, radially nondecreasing function

¥ (x) such that

() < ufx,0), datp(x) <wv(x,0), zeRY,
AY(z) + by (z) > 0, zeRN

and define w be the solution of (4.17) when w(z,0) = ¢¥(z). By Lemma
4.2, w is monotone nondecreasing in t. Moreover, w is radially symmetric,
radially nondecreasing and therefore satisfies the growth condition. It follows
from comparison principle Lemma 2.2 that u(z,t) > §w (z,t) and v(z,t) >
dow (z,t) in RY x [0,Ty). Hence (u,v) = (6w ,dw ) is a lower solution of
(4.10).

On the other hand, Lemma 4.3 ensures the existence of a finite Tj such that
the solution w exists in RN x [0,Tp) and is unbounded in RN as t — Ty if
N < 2. Thus the solution of (4.10) cannot exist beyond 7j and is nonglobal.

Theorem 4.3 If byc; > bicy; and N = 1, then any nontrivial nonnegative solu-
tion of
u — diAu = u(—byu + c1v), x € H, t>0,

vy — doAv = v(bou — V), x € H., t>0,
u(z,t) =0, wv(x,t)=0, T, =—c, t>0, (4.18)
u(z,0) >0, wv(x,0)>0, x € H,,

u(z,0), v(z,0) € L* (H,)
is nonglofal.
Proof: The proof of Theorem 4.3 is similar to that of Theorem 4.2. The only
difference is that in the proof of Theorem 4.2 the related scalar problem (4.12) is

nonglobal if N < 2 and in the proof of Theorem 4.3, the related scalar problem
(4.13) is nonglobal if N =1, see Lemma 4.3.
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