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Abstract

The small-amplitude motion of a thin elastic membrane is investi-
gated in n-dimensionalboundedand unboundeddomains,with n 2 N.
Existenceand uniquenessof the solutions are established. Asymptotic
behavior of the solutions is proved too.

1 In tro duction

The one-dimensionalequation of motion of a thin membrane �xed at both
endsand undergoingcylindrical bending can be written as

utt (x; t) �
�

� 0 + � 1

Z



jux(t)j2dx + �

Z



ux (t)uxt (t)dx

�
uxx (x; t)

+ uxxxx (x; t) + � uxxxxt (x; t) = 0 in Q;
(1.1)

where u is the plate transversedisplacement, x is the spatial coordinate in
the direction of the 
uid 
o w, and t is the time. The viscoelastic struc-
tural damping terms are denote by � and � ; � 1 is the nonlinear sti�-
nessof the membrane, � 0 is an in-plane tensile load, and (x; t) belongsto
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Q = 
 � [0; 1 [ with 
 = (0; 1) . All quantities are physically non-dimensio-
nalized, � ; � ; � 1 are �xed positive and � 0 is �xed non-negative.

Equation (1.1) is related to the 
utter panel equation, i.e.,

utt (x; t) �
�

� 0 + � 1

Z



jux(t)j2dx + �

Z



ux (t)uxt (t)dx

�
uxx (x; t)

+
p

� � ut (x; t) + �u x (x; t) + uxxxx (x; t) + � uxxxxt (x; t) = 0 in Q;
(1.2)

when the internal aerodynamic pressureof plate motion � is assumedne-
gligible. In equation (1.2) it meansthat the sum

p
�� ut + �u x is negligible.

From the mathematical viewpoint, this hypothesisdoes not have a signi�-
cant in
uence in the formulation (1.2) when the interest is to obtain exis-
tenceand asymptotic behavior of the solutions,becausethe hight-order sum
uxxxx + � uxxxxt hasa dominant performanceabout

p
�� ut + �u x .

Equation (1.2) arisesin a wind tunnel experiment for a panelat supersonic
speeds. For a derivation of this model see, for instance, Dowell [12] and
Holmes[15].

Existenceof global solutionsfor the mixed problem associated with equa-
tion (1.2) was investigatedby Hughes& Marsden [18], and with respect to
asymptotic stabilit y of solutions, Holmes & Marsden [16] supposing some
restrictive hypothesesabout the aerodynamic pressure � the authors con-
cluded that the derivative of the solution is negative.

Equation (1.1) includes some special situations in elasticity. Namely,
omitting the dissipative terms we have the beamequation

utt (x; t) �
�

� 0 + � 1

Z



jux(t)j2dx

�
uxx (x; t) + uxxxx (x; t) = 0 in Q: (1.3)

The beam equation (1.3) has been studied by several authors, among
them, Ball [2, 3], Biler [4], Brito [5, 6], Pereira [27] and Medeiros[24] . The
precedent works investigatethe equation in several contexts.

By omissionof the term uxxxx in (1.3) we have the well known Kirchho�
equation

utt (x; t) �
�

� 0 + � 1

Z



jux(t)j2dx

�
uxx (x; t) = 0 in Q: (1.4)

Equation (1.4) has also been extensively studied by several authors in
both f 1; 2; � � � ; ng-dimensionalcasesand generalmathematical models in a
Hilbert spaceH . Both local and global solutions have beenshown to exist
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in several physical-mathematical contexts. Among them, Arosio-Spagnolo
[1], Carrier [7], Clark [8, 9], Dickey [10], Kirchho� [19], Matos-Pereira [23],
Narashinham[26],Pohozaev[28] and a number of other interesting references
cited in the previously mentioned papers,mainly in Medeirosat al [25].

The investigationof existenceof a solution for the Cauchy problemassoci-
ated with equation (1.1) in n -dimensionalboundedand unboundeddomain
will bemadeby the application of diagonalizationtheoremof Dixmier & Von
Neumann. The use of the diagonalization theorem allows us to study the
Cauchy problem associated with equation (1.1) independently of compact-
ness,and in this way, the result obtained here leadsto the conclusionthat
the inherent properties of such problem are valid in bounded, unbounded,
and exteriors domains.

The useof the diagonalization theorem in the study of Cauchy problem
associated with the Kirchho� equationwasinitially utilized by Matos [22] to
prove existenceof a local solution. Subsequently, Clark [8] alsoutilizing the
diagonalizationtheoremproved existenceand uniquenessof a global classical
solutions supposing that the initial datum are A-analytics such as Arosio-
Spagnolo[1] on boundeddomain.

This paper is divided in four sections,wherethe emphasisis to describe
the propertiesin a mathematically rigorousfashion. In x2, the basicnotations
arelaid out. Sectionx3 is devoted to investigatethe existenceand uniqueness
of global solutionsof the Cauchy problem associated with the equation(1.1).
In x4, the asymptotic behavior to the energyof the solutions of the section
3 is established.Finally, in x4 is concernedwith applications.

2 Notation and terminology

We shall use, throughout this paper, the following terminology. Let X be
a Banach or Hilbert space,T is a positive real number or T = + 1 and
1 � p � 1 . Lp(0; T; X ) denotesthe Banach spaceof all measurablefunctions
u :]0; T[! X such that t 7! ku(t)kX belongsto Lp(0; T) and the norm in
Lp(0; T; X ) is de�ned by

kukp =
� Z T

0
ku(t)kp

X dt
� 1=p

if 1 � p < 1 ;

and if p = 1 then
kuk1 = esssup

t2 [0;T ]
ku(t)kX :
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For m 2 N; Cm ([0; T]; X ) represents the spaceof m-times continuously
di�erentiable functions v : [0; T] ! X , whereX can be either R, a Banach
spaceor a Hilbert space.

In the context of hilbertian integral a �eld of the Hilbert spaceis, by
de�nition, a mapping � ! H (� ) where H(� ) is a Hilbert spacefor each
� 2 R. A vector �eld on R is a mapping � ! u(� ) de�ned on R such that
u(� ) 2 H(� ).

We represent by F the real vector spaceof all vector �elds on R and by
� a positive real measureon R.

A �eld of the Hilbert spaces� ! H (� ) is said to be � -measurablewhen
there exists a subspaceM of F satisfying the following conditions

� The mapping � ! ku(� )kH (� ) is � -measurablefor all u 2 M .
� If u 2 F and � ! (u(� ); v(� ))H (� ) is � -measurablefor all v 2 M

then u 2 M .
� There existsin M a sequence (un )n2 N suchthat (un (� ))n2 N is total

in H(� ) for each � 2 R.
The objects of M are called � -measurablevector �elds. In the following,

� ! H (� ) represents a � -measurable�eld of the Hilbert spacesand all the
vector �elds consideredare � -measurable.

The spaceH 0 =
Z �

H(� )d� (� ) will be de�ned by

A vector �eld � ! u(� ) is in H 0 if, and only if
Z

R
ku(� )k2

H (� )d� (� ) < 1 .

The scalarproduct in H 0 is de�ned by

(u; v)0 =
Z

R
((u(� ); v(� ))) H (� ) d� (� ) for all u; v 2 H 0: (2.1)

With (2.1) the vector spaceH 0 becomesa Hilbert spacewhich is called the
hilbertian integral, or measurablehilbertian sum, of the �eld � ! H (� ).

Given a real number `, we denoteby H ` the Hilbert spaceof the vector
�elds u such that the �eld � ! � `u(� ) belongsto H 0. In H ` we de�ne the
norms by

juj2` = j� `uj20 =
Z

R
� 2`ku(� )k2

H (� ) d� (� ) for all u 2 H ` : (2.2)

Let us �x a separableHilbert spaceH with scalarproduct (�; �) and norm
j�; �j . We considera self-adjoint operator A in H such that

(Au; u) � #juj2 for all u 2 D(A) and # > 0: (2.3)
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With the hypothesis(2.3) the operator A satis�es all the hypothesesof
the diagonalizationtheorem,cf. Dixmier [11], Gelfand & Vilenkin [13], Huet
[17] and Lions & Magenes[21]. Thus, it follows that there existsa Hilbertian
integral

H 0 =
Z �

H(� )d� (� );

and an unitary operator U from H onto H 0 such that

U(A`u) = � `U(u) for all u 2 D(A ` ) and ` � 0; (2.4)

U : D(A` ) ! H ` is an isomorphism: (2.5)

The domain D(A ` ) is equipped with the graph norm and � is a positive
Radon measurewith support in ]� 0; 1 [ for 0 < � 0 < # where # is the
constant de�ned in (2.3).

Observe that as supp(� ) � ]� 0; 1 [ then for ` � � , where` and � are real
numbers,we have

H ` ,! H � ; (2.6)

juj2� � � (` � � )
0 juj2` for all u 2 H � : (2.7)

3 Existence and uniqueness of solutions

Our goal in this section is to inquire the existenceand uniquenessof solu-
tions of the Cauchy problem associated with equation (1.1) in a bounded
and unbounded domain. Thus, changing the Laplace operator � @2

@x2 by a
self-adjoint, positive and unboundedoperator A in a real Hilbert spaceH ,
satisfying the hypothesis(2.3) we have the following Cauchy problem

u00(t) +
�

M
�
jA 1=2u(t)j2

�
+ � (Au(t); u0(t))

	
Au(t)+

A 2u(t) + � A 2u0(t) = 0 for all t � 0;

u(0) = u0 and u0(0) = u1;

(3.1)

where A 1=2 represents the squareroot of A ; A 2 is de�ned by hA2v; wi =
(Av; Aw) ; D(A )0 is the dual of D(A ); h�; �i denotesthe duality pairing
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D(A)0� D(A ); M (� ) = � 0 + � 1� for all � 2 [0; 1 [; and �nally , the symbol
0 represents the derivative in the senseof distributions.

We assumethe following natural hypothesison the real function M

M is locally Lipschitz function on [0; 1 [: (3.2)

De�nition 3.1 A function u is solution of (3.1) if, and only if
u : [0; 1 [! H satis�es

(u00(t); w)0 + M
�
jA 1=2u(t)j20

� �
A 1=2u(t); A 1=2w

�
0

+

� (Au(t); u0(t))0

�
A 1=2u(t); A 1=2w

�
0

+

(Au(t); Aw)0 + � (Au0(t); Aw)0 = 0;

u(0) = u0 and u0(0) = u1;

(3.3)

for all w 2 D(A ).

The existenceand uniquenessof solutions for the Cauchy problem (3.1)
is guaranteed by

Theorem 3.1 Let u0 and u1 belong to D(A ). If the operator A is a self-
adjoint, unbounded and positive on a real Hilbert space H satisfying the hy-
pothesis (2.3) and the real function M satis�es the hypothesis (3.2), then
there existsa unique function u : [0; 1 [! H solution of the Cauchyproblem
(3.1) in the senseof the de�nition 3.1 in the class

u 2 C0 ([0; 1 [; D (A )) ; u0 2 C0
�
[0; 1 [; D

�
A 1=2

��
; (3.4)

u002 L2([0; 1 [; H ): (3.5)

Existence. Assuming the hypotheseson the operator A we have by dia-
gonalizationtheoremthat there existsan unitary operator U de�ned in (2.4)
and (2.5) such that U : H ! H 0 is an isomorphism. Thus, u is a solution
of the Cauchy problem (3.1) if, and only if v = U(u) is a solution of the
following systemof ordinary di�er ential equations

v00(t) +
n

M
�

jv(t)j21=2

�
+ � (�v (t); v0(t))0

o
�v (t)

+ � 2v(t) + � � 2v0(t) = 0 for all t � 0;

v(0) = v0 = U(u0) 2 H 1 and v0(0) = v1 = U(u1) 2 H 1;

(3.6)
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whereequation (3.6)1 is veri�ed in the senseof L 2 ([0; 1 [; H 0).
Our next task is to prove the existenceand uniquenessof local solution

for the system(3.6) in the classC2 ([0; Tp] ; H 0;p) for p 2 N �xed.

Truncated problem - Lo cal solution. Let p 2 N be. We denoteby H 0;p

the subspaceof H 0 of the �elds v(� ) such that v(� ) = 0; � - a. e. on the
interval [p;+ 1 [. Under theseconditions H 0;p equipped with the norm of H 0

is a Hilbert space.
For each vector �eld v 2 H ` with ` 2 R we denote by vp the truncated

�eld associated with v, which is de�ned on the following way

vp =

(
v � � a. e. on ]� 0; p[;

0 � � a. e. on [p;+ 1 [;

where 0 < � 0 < # and # > 0 is the constant de�ned in (2.3). Hence,it is
easyto prove that vp 2 H 0;p and vp � ! v strongly in H ` for all ` 2 R.

The truncated problemassociatedwith (3.6) consistsof �nding a function
vp : [0; Tp] ! H 0;p such that vp 2 C2([0; Tp]; H 0;p) for all Tp > 0 satisfying

v00
p(t) +

n
M

�
jvp(t)j21=2

�
+ �

�
�v p(t); v0

p(t)
�

0

o
�v p(t)

+ � 2vp(t) + � � 2v0
p(t) = 0 for all t � 0;

vp(0) = v0p � ! v0 strongly in H 1;

v0
p(0) = v1p � ! v1 strongly in H 1:

(3.7)

Let Vp =

 
vp

v0
p

!

be. Hencethe system(3.7) is equivalent to

d
dt

Vp = F (Vp) ;

Vp(0) = V0p � ! V0;
(3.8)

where

F (Vp) =

0

@
v0

p

�
n

M
�

jvpj21=2

�
+ �

�
�v p; v0

p

�
0

o
�v p � � 2vp � � � 2v0

p

1

A ;

EJQTDE, 2002No. 11, p. 1-21,7



and

V0p =

 
v0p

v0
0p

!

:

As M is a locally Lipschitz function then F is alsolocally Lipschitz func-
tion andby Cauchy theoremit followsthat thereexistsa uniquelocal solution
Vp of the Cauchy problem (3.8) in the classC1 ([0; Tp] ; H 0;p � H 0;p).

The interval [0; Tp] will be extended to the whole interval [0; 1 [ as a
consequenceof the �rst estimatebelow.

Estimate I. Taking the scalar product on H 0 of 2v0
p with both sidesof

(3.7)1 and integrating from 0 to t � Tp yields

�
�v0

p(t)
�
�2

0
+ cM

�
jvp(t)j21=2

�
+ �

Z t

0

�
�v p(s); v0

p(s)
� 2

0
ds+

jvp(t)j21 + �
Z t

0

�
�v0

p(s)
�
�2

1
ds = jv1pj20 + M̂

�
jv0pj21=2

�
+ jv0pj21 ;

where cM (� ) =
Z �

0
M (� )d� . Hence, from initial conditions (3.7)2; 3 and as

�
Z t

0

�
�v p(s); v0

p(s)
� 2

0
ds � 0 we have the estimates

(vp)p2 N belongsto L1 (0; 1 ; H 1) ;
�
v0

p

�
p2 N

belongsto L1 (0; 1 ; H 0) \ L2 (0; 1 ; H 1) :
(3.9)

Estimate I I. Taking the scalar product on H 0 of 2v00
p with both sidesof

(3.7)1, using Cauchy-Schwartz inequality in someterms and the identit y

2
�
� 2vp(t); v00

p(t)
�

0
= 2

d
dt

�
�v p(t); �v 0

p(t)
�

0
� 2

�
�v0

p(t)
�
�2

1
;

yields

�
�v00

p (t)
�
�2

0
+ 2

d
dt

�
�v p(t); �v 0

p(t)
�

0
+ �

d
dt

�
�v0

p(t)
�
�2

1
� 2

�
�v0

p(t)
�
�2

1
+

2
n

M
�

jvp(t)j21=2

�
+

�
2

�
jvp(t)j21 +

�
�v0

p(t)
�
�2

0

� o �
1
4�

jvp(t)j21 + �
�
�v00

p(t)
�
�
1

�
;
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where � is a suitable positive constant to be chosenlater. Hence,using the
estimate(3.9), the continuous injection (2.6) and hypothesis(3.2) we obtain

(2 � c1� )
�
�v00

p(t)
�
�2

0
+ 2

d
dt

�
�v p(t); �v 0

p(t)
�

0
+ �

d
dt

�
�v0

p(t)
�
�2

1
� c0 + 2

�
�v0

p(t)
�
�2

1
;

wherec0 and c1 represent positive constants dependent only on initial data.
Hence,integrating from 0 to t � T we have

(2 � c1� )
Z t

0

�
�v00

p (s)
�
�2

0
ds+ 2

�
vp(t); v0

p(t)
�

1
+ �

�
�v0

p(t)
�
�2

1
�

c0T + 2(v0; v1)1 + � jv1j21 + 2
Z t

0

�
�v0

p(s)
�
�2

1
ds:

Choosing0 < c1� < 1
2, using the initial conditions (3.7)2;3 and the estimate

(3.9) we have the estimates
�
v0

p

�
p2 N

belongsto L1 (0; T; H 1) ;
�
v00

p

�
p2 N

belongsto L2 (0; T; H 0) :
(3.10)

The estimates(3.9) and (3.10) are su�cien t to take the limit in (3.7)1.

Limit of the truncated solutions. From estimates(3.9) and (3.10) it
follows

(vp)p2 N belongsto C0 ([0; T]; H 1) ;
�
v0

p

�
p2 N

belongsto C0
�
[0; T]; H 1=2

�
:

Hence,the sequencesof real functions (f p)p2 N and (gp)p2 N de�ned by

f p(t) = jvp(t)j21=2 for all t 2 [0; T];

gp(t) =
�
vp(t); v0

p(t)
�

1=2
for all t 2 [0; T];

are continuous on [0; T].
On the other hand, given t and s in [0; T] we get

jf p(t) � f p(s)j2R � 2
�

jvp(t)j21=2 + jvp(s)j21=2

�
jvp(t) � vp(s)j21=2

� c0 jvp(t) � vp(s)j21=2 �
Z t

s
jvp(� )j21=2 d�

� cjt � sj2R for all p 2 N:
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That is,

jf p(t) � f p(s)jR �
p

cjt � sjR for all p 2 N and s; t 2 [0; T]: (3.11)

Analogously,

jgp(t) � gp(s)jR �
p

cjt � sjR for all p 2 R and s; t 2 [0; T]: (3.12)

As a consequenceof (3.11), (3.12) and the Arzel�a-Ascoli theorem there are
subsequencesof (f p)p2 N and of (gp)p2 N ; which wewill still continueto denote
by (f p)p2 N and (gp)p2 N respectively, and functions f ; g 2 C0([0; T]; R) such
that

f p � ! f and gp � ! g uniformly in C0([0; T]; R): (3.13)

Hence,from estimates(3.9), (3.10) and hypothesis(3.2) we obtain that there
exists a function v such that

vp � ! v weak star in L 1 (0; T; H 1) ;

v0
p � ! v0 weak star in L 1 (0; T; H 1) ;

v00
p � ! v00 weakly in L2 (0; T; H 0) ;

M
�

jvpj21=2

�
� ! M (f ) in C0 ([0; T]; R) ;

gp =
�
vp; v0

p

�
1=2

� ! g in C0 ([0; T]; R) :

(3.14)

From the precedingconvergence(3.14) and taking the limit in (3.7)1 yields

v00(t) + f M (f (t)) + � g(t)g�v (t)

+ � 2v(t) + � � 2v0(t) = 0 in L2 (0; T; H 0) :
(3.15)

Our next task is to prove that f (t) = jv(t)j21=2 and g(t) = (v(t); v0(t))1=2 for
all t 2 [0; T]. To do this we will prove the following result

Lemma 3.1 Let p 2 N be. If wp = vp � v where vp and v satisfy (3.7)1 and
(3.15) respectively, then

�
�w0

p(t)
�
�2

0
+ jwp(t)j

2
1 � ! 0 as p � ! 1 for all t 2 [0; T]: (3.16)
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Pro of. The function wp previously de�ned satis�es

w00
p(t) + M (f (t)) �w p(t) + � g(t)�w p(t) + � 2wp(t) + � � 2w0

p(t) =
n

M (f (t)) � M
�

jvp(t)j21=2

� o
�v p(t)+

�
n �

vp(t); v0
p(t)

�
1=2

� g(t)
o

�v p(t);

wp(0) � ! 0 strongly in H 1 as p � ! 1 ;

w0
p(0) � ! 0 strongly in H 1 as p � ! 1 :

(3.17)

Taking the scalarproduct on H 0 of w0
p with both sidesof (3.17)1 yields

1
2

d
dt

n �
�w0

p(t)
�
�2

0
+ jwp(t)j

2
1

o
+ �

�
�w0

p(t)
�
�2

1
(3.18)

� M (f (t)) jwp(t)j1
�
�w0

p(t)
�
�
0

+ � jg(t)j jwp(t)j1
�
�w0

p(t)
�
�
0

+
�
�
�M (f (t)) � M

�
jvp(t)j21=2

� �
�
�
R

jvp(t)j1
�
�w0

p(t)
�
�
0

+ �
�
�
�
�
vp(t); v0

p(t)
�

1=2
� g(t)

�
�
�
R

jvp(t)j1
�
�w0

p(t)
�
�
0

:

Using the estimate (3.9), the convergence(3.13) and the continuity of the
function M we have

�
�
�M (f (t)) � M

�
jvp(t)j

2
1=2

� �
�
�
R

jvp(t)j1
�
�w0

p(t)
�
�
0

� c� + 1
2

�
�w0

p(t)
�
�2

0
;

�
�
�
�
�
vp(t); v0

p(t)
�

1=2
� g(t)

�
�
�
R

jvp(t)j1
�
�w0

p(t)
�
�
0

� c� + 1
2

�
�w0

p(t)
�
�2

0
;

(3.19)

where c > 0 is a constant independent of p and 0 < � � 1 is a suitable
constant. Observingthat

�
�
�w0

p(t)
�
�2

1
� 0 for all t 2 [0; T] and g 2 C0([0; T]; R);

we get by substitution of (3.19) into (3.19) that

1
2

d
dt

n
jwp(t)j21 +

�
�w0

p(t)
�
�2

0

o
� c� + c

n
jwp(t)j

2
1 +

�
�w0

p(t)
�
�2

0

o
;

wherec is a generalpositive real constant independent of p. Hence,integra-
ting form 0 to t � T, using (3.17)2; 3 and applying the Gronwall's inequality
we have

jwp(t)j21 +
�
�w0

p(t)
�
�2

0
� c�T exp(cT):
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Hence,for 0 < � � 1 arbitrarily small we concludethat (3.16) holds.
Now, we can justify that jf (t)j = jv(t)j21=2 and g(t) = (v(t); v0(t))1=2. In

fact, given t 2 [0; T] we have
�
�
�f (t) � jv(t)j21=2

�
�
�
2

R

� 2 jf (t) � f p(t)j2R + 2
�
�f p(t) � jv(t)j21=2

�
�2

R

� 2 jf (t) � f p(t)j2R + 4
n

jvp(t)j
2
1=2 + jv(t)j21=2

o
jvp(t) � v(t)j2R :

Hence,from estimate (3.9) and inequality (2.7) we get
�
�
�f (t) � jv(t)j21=2

�
�
�
2

R
� 2 jf (t) � f p(t)j2R + c� � 1

0 jwp(t)j
2
1 :

Thus, from convergence(3.13) and (3.16) we obtain

f (t) = jv(t)j21=2 for all t 2 [0; T]: (3.20)

Analogously, we obtain

g(t) = (v(t); v0(t))1=2 for all t 2 [0; T]: (3.21)

Substituting (3.20) and (3.21) into (3.15) we can concludethe existenceof
the function v : [0; T] ! H 0 satisfying (3.6)1 in L2 ([0; T]; H 0).

As a consequenceof the convergence
�
vp(t); v0

p(t)
�

1=2
� ! (v(t); v0(t))1=2 for all t 2 [0; T];

the initial conditions (3.6)2 hold. Therefore, the function v : [0; T] ! H 0 is
a solution of the Cauchy problem (3.6) in the senseof de�nition 3.1.

Uniqueness. If v1 and v2 are two solutions of the Cauchy problem (3.6)
then the function w = v1 � v2 satis�es the problem

w00(t) + � 2w(t) + M
�

jv1(t)j21=2

�
�w (t)+

� (v1(t); v0
1(t))1=2 �w (t) + � � 2w0(t) =

n
M

�
jv2(t)j21=2

�
� M

�
jv1(t)j

2
1=2

�o
�v 2(t)+

�
n

(v1(t); v0
1(t))1=2 � (v2(t); v0

2(t))1=2

o
�v 2(t);

w(0) = w0(0) = 0:

(3.22)
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Taking the scalar product on H 0 of w0 with both sides of the equation
(3.22)1, observing that � jw0(t)j21 � 0 for all t 2 [0; T], v and v0 belong
to L1 (0; T; H 1) and alsousing (2.7) and (3.2) yields

�
�
�M

�
jv2(t)j

2
1=2

�
� M

�
jv1(t)j

2
1=2

� �
�
�
R

� cjw(t)j1=2 � c� � 1=2
0 jw(t)j1 for all t 2 [0; T]:

Thus we obtain

1
2

d
dt

�
jw0(t)j20 + jw(t)j21

	

�
1
2

�
c0 + � c1

� �
jw0(t)j20 + jw(t)j21

	

+
1
2

c2
�

jw0(t)j20 + � � 1
0 jw(t)j21

	
+

1
2

(� c3 + 1) jw0(t)j20:

Hence,integrating from 0 to t � T yields

jw0(t)j20 + jw(t)j21 � c4

Z t

0

�
jw0(s)j20 + jw(s)j21

	
ds;

where c4 = max
�

c0 + � (c1 + c3) + c2; c0 + � c1 + c2� � 1
0

	
. From this and

Gronwall's inequality we have w = 0 for all t 2 [0; T].

Global solutions. Let us justify that the function limit v is a solution of
the Cauchy problem (3.6) for all t in [0; 1 [. In fact, we proved that the
function limit v is a uniquesolution of the Cauchy problem (3.6) in the sense
of L2 (0; T; H 0). It meansthat for all � 2 D(0; T) and � eigenvector of A the
following equation holds

Z T

0
(v00(t); � ) � (t)dt +

Z T

0
(�v (t); �� ) � (t)dt+

�
Z T

0
(�v (t); �� 0) � (t)dt +

Z T

0
M

�
jv(t)j21=2

�
(�v (t); � ) � (t)dt+

Z T

0
� (�v (t); v0(t)) (�v (t); � ) � (t)dt = 0:

(3.23)
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From estimate(3.9) we have that v belongsto L 1 (0; 1 ; H 1) and v0 belongs
to L1 (0; 1 ; H 0) \ L2 (0; 1 ; H 1) : Thus, we obtain that

M
�
jvj21=2

�
+ � (�v ; v0) belongsto L1 (0; 1 );

and consequently
�

M
�
jvj21=2

�
+ � (�v ; v0)

	
�v belongsto L 1 (0; 1 ; H 0) :

Therefore, from (3.10), (3.23) and uniquenessof solutions we have that the
equation (3.6)1 is veri�ed in L2 (0; 1 ; H 0). This way we concludethat

v00 belongsto L2 (0; 1 ; H 0) ; (3.24)

and from convergence(3.14)1-(3.14)3 we have that

v belongsto C0 ([0; 1 [; H 1) ;

v0 belongsto C0
�
[0; 1 [; H 1=2

�
:

(3.25)

Finally, as the operator U : D
�
A `

�
! H ` , for all ` 2 R, is an isomorphism

we concludefrom (3.6), (3.24), (3.25) and uniquenessof solutions that the
vector function u : [0; 1 [ ! H de�ned by u = U� 1(v) is the unique global
solution of the Cauchy problem (3.1) in the senseof de�nition 3.1 in the class
(3.4) and (3.5)

4 Asymptotic behavior

The aim of this sectionis to prove that the total energyassociated with the
solutions of the Cauchy problem (3.1) has exponential decay when the time
t goesto + 1 .

For the sake of simplicity we will utilize for (3.1)1 the representation

u00(t) +
�

� 0 + � 1jA 1=2u(t)j2 + � (Au(t); u0(t))
	

Au(t)

+ A 2u(t) + � A 2u0(t) = 0 for all t � 0:
(4.1)

The total energyof the system(4.1) is given, for all t � 0, by

E(t) =
1
2

�
ju0(t)j2 + � 0

�
�A 1=2u(t)

�
�2

+
� 1

2

�
�A 1=2u(t)

�
�4

+ jA u(t)j2
�

: (4.2)
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Taking the scalarproduct on H of u0 with both sidesof (4.1) and observing
that � (Au(t); u0(t))2 � 0 for all t � 0 we obtain

d
dt

E(t) � � � jA u0(t)j2 for all t � 0: (4.3)

Therefore,the energyE(t) is not increasing.To obtain the asymptotic beha-
vior of E(t) we will use the method idealized by Haraux-Zuazua[14], see
also,Komornik-Zuazua[20]. Thus, we can prove the following result

Theorem 4.1 If u is the solution of the Cauchyproblem(3.1), guaranteed
by Theorem 3.1, then the energy E(t) de�ned in (4.2) satis�es

E(t) � � exp(� ! t) for all t � 0; (4.4)

where ! = ! (� ) > 0; � = 2E(0) + �F (0): The function F (t) and the
constants � are de�ned by

F (t) =
1
2

n
� jA u(t)j2 +

�
2

�
�A 1=2u(t)

�
�4

o
; � = min

�
1

p
c
; c�

�
; (4.5)

and c > 0 is the constant of the immersion of D(A ) into H .

Pro of. For each � > 0 we considerthe auxiliary function:

E � (t) = E(t) +
�
2

(u0(t); u(t)) for all t � 0: (4.6)

As D(A ) is continuously embeddedin H we obtain after application of the
usual inequalities that

�
2

(u0(t); u(t)) �
1
4

ju0(t)j +
� 2c
4

jAu(t)j2 : (4.7)

Combining this with the hypothesis(4.5)2 we get

E � (t) �
3
2

E(t) for all t � 0:

On the other hand, we get from (4.6) and (4.7) the following inequality

E � (t) � E(t) �
�
2

j(u0(t); u(t)) j

�
1
2

E(t) for all t � 0:
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Thus, the function E � satis�es both inequalities,namely

1
2

E � (t) � E(t) �
3
2

E � (t) for all t � 0: (4.8)

Now, di�erentiating the function E � with respect to t yields

E 0
� (t) = E 0(t) +

�
2

(u00(t); u(t)) +
�
2

ju0(t)j2 for all t � 0:

Replacing u00 by �
�

� 0 + � 1jA 1=2uj2 + � (Au; u0)
	

Au � A 2u � � A 2u0 in the
secondterm of the right-hand side of the identit y above and using the de�-
nition of the function F yields

E 0
� (t) +

�
2

F 0(t) =

E 0(t) +
�
2

ju0(t)j2 �
�
2

�
� 0

�
�A 1=2u(t)

�
�2

+
� 1

2

�
�A 1=2u(t)

�
�4

+ jA u(t)j2
�

;

for all t � 0: Hence,(4.3) and (4.5)2 we obtain

E 0
� (t) +

�
2

F 0(t) � �
�
2

E(t) for all t � 0: (4.9)

Using the de�nitions of the functions E, E � and F it is easyto seethat there
exists a real positive constant c0 = c0(� ) > 0 such that

E � (t) +
�
2

F (t) � c0E(t) for all t � 0: (4.10)

Thus, from inequalities (4.9) and (4.10) there exists a suitable real positive
constant ! = ! (� ) > 0 such that

E 0
� (t) +

�
2

F 0(t) � !
n

E � (t) +
�
2

F (t)
o

� 0 for all t � 0:

Therefore,

E � (t) +
�
2

F (t) �
n

E � (0) +
�
2

F (0)
o

exp(� ! t) for all t � 0:

From this and inequality (4.8) we concludethat the inequality (4.4) holds.
Thus, the demonstrationof the Theorem4.1 is completed
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5 Commen ts & Applications

(I) The theorem 3.1 is still valid if we supposethe operator A satisfying
the property (Au; u) � 0 for all u 2 D(A ) instead of ellipticit y's propriety
(2.3). In fact, in this case,we considerthe operator A � = A + �I , where I
is the identit y operator on the Hilbert spaceH , and � is a suitable constant
such that 0 < � � 1. Under theseconditions the operator A � satis�es the
hypothesesof the diagonalization theorem and the solution for the Cauchy
problem (3.1) will be obtained as a limit of the family u� of the solutions to
the Cauchy problem

u00
� (t) +

n
M

�
jA 1=2

� u� (t)j2
�

+ � (A � u� (t); u0
� (t))

o
A � u� (t)

+ A 2
� u� (t) + � A 2

� u
0
� (t) = 0 for all t � 0;

u� (0) = u0 and u0
� (0) = u1:

(5.1)

The convergenceof the family u� of the solutions of (5.1) to the func-
tion solution u of the Cauchy problem (3.1) is guaranteed by convergence
(3.14) and identities (3.20) and (3.21). That is, from (3.14) and the Uniform
boundednesstheoremthe following estimateshold

ju� (t)j2 = jv� (t)j
2 � lim inf

p!1
jv�p (t)j2 � c;

ju0
� (t)j

2 = jv0
� (t)j

2 � lim inf
p!1

�
�v0

�p (t)
�
�2

� c;

ju00
� (t)j2 = jv00

� (t)j2 � lim inf
p!1

�
�v00

�p (t)
�
�2

� c;

(5.2)

wherev� (t) = U (u� (t)) and c is a positive constant independent of � and t.
Consequently, we have the sameconvergenceof (3.14) for u� .

As an application of Theorem 3.1, Theorem 4.1 and the precedingcom-
mentary (I) we have the particular cases.

(I I) Let 
 a smooth-bounded-open set of Rn ; n 2 N; with C2 boundary �
and Q = 
 � [0; 1 [. If A is the Laplaceoperator � � de�ned by the tripletn

H 1
0 (
) ; L2 (
) ; (( ; ))H 1

0 (
)

o
we have asa consequenceof Theorem3.1 and
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Theorem4.2 that the mixed problem

u00(t) �
�

M
� Z



jr u(t)j2 dx

�
+ �

Z



r u(t)r u0(t)dx

�
� u(t)

+� 2u(t) + � � 2u0(t) = 0 in Q;

u(x; 0) = u0(x) and u0(x; 0) = u1(x) in 
 ;

u(x; t) = ux (x; t) = 0 on � � ]0; 1 [;

hasa unique solution u : [0; 1 [! L 2(
) and the energyassociated with the
solutions is asymptotically stable.

(I I I) Let n 2 N and 
 = Rn be. We consider in L 2 (Rn ) the Laplace
operator A = � � with domain D (A ) = H 2 (Rn ). Under theseconditions
there exists a unique global solution u : [0; 1 [! L 2(Rn) of the Cauchy
problem

u00(t) �
�

M
� Z

Rn
jr u(t)j2 dx

�
+ �

Z

Rn
r u(t)r u0(t)dx

�
� u(t)+

� 2u(t) + � � 2u0(t) = 0 in Rn � [0; 1 [;

u(x; 0) = u0(x) and u0(x; 0) = u1(x) in Rn ;

and the total energyof the systemdecay exponentially .

(IV) Finally, let 
 c the complement of 
 in Rn , where 
 is a smooth-
bounded set. In L2 (
 c) we consider the Laplace operator A = � � with
domain D (A ) = H 2 (
 c). Thus, we obtain the sameresults obtained in the
precedingapplications for the Cauchy problem

u00(t) �
�

M
� Z


 c
jr u(t)j2 dx

�
+ �

Z


 c
r u(t)r u0(t)dx

�
� u(t)+

� 2u(t) + � � 2u0(t) = 0 in 
 c � [0; 1 [;

u(x; 0) = u0(x) and u0(x; 0) = u1(x) in 
 c
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