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Abstract

Using Lyapunov and Lyapunov-like functionals, we study the sta-
bility and boundednes®f the solutions of a systemof Volterra integro-
di erential equations. Our results, also extending some of the more
well-known criteria, give new su cien t conditions for stability of the
zero solution of the nonperturb ed system, and prove that the same
conditions for the perturb ed systemyield boundednesswvhen the per-
turbation is L2.
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1 Intro duction

We considerthe stability and boundednes®f solutionsof systemsof Volterra
integro-di erential equations,with forcing functions, of the form

d 21

GO = AQTx(®) + Bt s)g(x(s))ds+ h(t); 1)

0
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in which A(t) isan n n matrix function cortinuouson [0;1 ), B(t;s) is
ann n matrix cortinuousfor0 s t< 1,f andg aren 1 vector
functions cortinuouson (1 ;1 ) andhisann 1 vector function de ned
almost everywhereon [0;1 ). Here, h(t) represen the forcing functions or
external disturbancesor inputs into system(1).
The qualitativ e behaviour of the solutions of systemsof Volterra integro-
di erential equations,especially the casewheref(x) = g(x) = x and h(t) =
0, has beenthoroughly analyzedby many researbers. Among the cortri-
butions in the 1980s,those of Burton are worthy of mertion. His work ([1],
[2]) laid the foundation for a systematictreatment of the basicstructure and
stability properties of Volterra integro-di erential equations,mainly, via the
direct method of Lyapunos. This paper essetially looks into someof the
many interesting results establishedby Burton and proposesways of utiliz-
ing the form of the Lyapunov functionals proposedby Burton to construct
new or similar onesfor system(1).
Now, if f(0) = g(0) = 0 and h(t) = 0, then system(1) reducesto
d 21
G X1 = AOTx(©) +  B(t s)g(x(s))ds; (2)

0

sothat x(t) O is a solution of (2) called the zem solution. The initial
conditions for integral equationssud as (1) or (2) involve cortinuousinitial
functions on an initial interval, say, x(t) = (t) for0 t to. Hence,
X(t;tg; ), t to 0 denotesthe solution of (1) or (2), with the initial
function :[0;tp]! R" assumedo be boundedand cortinuouson [0; to].

The de nitions of the stability and the boundednes®f solutionsof (1) are
givenin Burton [1]. It is assumedhat the functionsin (1) are well-behared,
that cortinuousinitial functions generatesolutions,and that solutionswhich
remain boundedcan be cortinued.

EJQTDE, 2002No. 12,p. 2



2 The Scalar Equation

2.1 Nonp erturb ed Case

Considerthe scalarequation

YA t
xqt) = ADFf (x(1) +  B(t s)g(x(s))ds: (3)
0
We supposethat
A(t) is cortinuousfor0 t< 1 ; 4)
%(t; S) is cortinuousfor0 s t<1; (5)
t
jB(u;s)jdu is de ned and cortinuousfor0O s t<1; (6)
0
f (x) and g(x) are cortinuouson (1 ;1 ); (7
xf(x) >0 8x 6 0; andf (0) = g(0) = O: (8)

For comparisonsale, we rst state Burton's theoremregardingthe stability
of the zero solution of (3).

Theorem 1 (Burton [3]). Let (4){(8) holdand supmsethere are constants
m> 0andM > O suchthat g?(x) m?f?(x)if jxj M. Dene
Z, 1Z ‘
(t; k) = A(t) + k : jB(u;t)jdu + > ) jB(t; s)jds
If there existsk > 0 with m? < 2k and (t;k) Ofort O, then the zero
solution of (3) is stable.

We next state an extensionof Theorem 1, which Burton proved via the
Lyapunov functional
YA X YA tZ 1
Vit x()) = f(s)ds+ k jB(u; s)jduf *(x(s))ds; 9)
0 0 t
the time-derivative along a trajectory of (3) of which is,
Z t

Vl%) (tK)F3(x) 2k m?)  jB(t; s)jf %(x(s))ds (t; K)f 2(x) :
0
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In the processand motivated by the work of Miyagi et. al in the construction
of generalizedLyapunor functions for power systems[4] and single-madine
systemsg[5], we proposea new Lyapunor functional. As a simpleexamplewill
show, the new stability criterion may be usedin situations whereTheorem 1
cannot be applied.

Theorem 2. Let(4){(8) hold,with A(t) < 0, and supmsethere are constants

m> 0andM > Osuchthat g?(x) m?f2(x)if jxj M; (10)
> 4andN > 0 suchthatz4x2 (  AHf%x)ifjxj N; and(1l)

t

J 1 suchthat jB(t; s)jds < Jl forevery t 0:(12)

4A(1) o
Supmsefurther there is someconstant k > 0 suchthat
2
a+ )m <
J

and Z,
A(t) + k jB(u;t)jdu O (14)

t

K; (13)

for t 0. Then the zer solution of (3) is stable.

Proof. Considerthe functional
Z Z

X X
Vo(t; x()) = %x2+ P— 7P uf (u) du + % f (u)du
+k jB (u; s)jduf 2(x(s))ds:

0 t

We have, along a trajectory of (3),

_p—
Vyg = xx%+ P xf (x) x°+ % f (x) x°
d YA tZ 1
+ 2y iB (u; s)jduf 2(x(s)) ds
dt 0 i

Recallingthat A(t) < Oforallt 0 and noting that the Sdwarz inequality
yields,
Z, 2 Z, Z,
B(t; s)g(x(s))ds jB(t; s)jds  jB(t; s)jg’(x(s))ds;
0 0 0
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we have,

Z t
xx% = A()xf (x)+ x  B(t; s)g(x(s))ds
0 |
Z P2
-— p NEY 1 t .
=  A(t)xf (x) A(t) x Epﬁ . B (t; s)g(x(s))ds
Z, 2
2 . d
A(t)x YOI B(t; s)g(x(s))ds
AMX () 3( DAWDK)
VA t VA t
. o
A0 . iB(t; s)jds . iB(t; s)jg (xZ(s))ds
2 t
A(t)xF () %1( HA)F 2(x) + mT iB(t: 8)jf 2(x(s))ds
0
z t
= A(t)xf (x) % At 2(x) + A(DF 2(x) + mTZ iB (t; 9)jf (x(s))ds;
0
and
p_p P— p o2
- wf (v) vO — 0
xf (x) x° = 5pﬁx A(t)  xf(x)
A(t)xf (x) m(xo)z

Z,
A(t)xf (x) % AT 2(x) f(x) B(t;s)g(x(s))ds
Z, 2 °

B (t; s)g(x(s))ds
0

NI =

4A(Y) .
A(t)xf (x) % AT 2(x) % f (X) . B (t; s)g(x(s))ds
Z t
+ M B 1 9)if 2(9)ds:
J o

The third and fourth terms of Vy,, yield
YA t

% f(x) x°= % A(t)fz(x)+% f0) Bt 9gx(s)ds:
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d Z tZ 1 Z 1
5 K iB(u:s)jduf (x(s)ds = k  jB(u;t)jduf 2(x)
0 t t
Z t

k  B(t; s)if %(x(s))ds;
0

respectively.
Thus,
Z 1
Vyia) A+ k  jB(u;t)jdu f23(x)

t
Z

2 t

c TEED e it xsnas:

0

which will be nonpositive if equations(13) and (14) are satis ed.
Finally, to prove the positive de nitenessof V,, we seethat if we de ne

% pu+% f(u) ; u O0;
r(u) =
2

then we can rewrite V, as

Vo(t; x()) = r(u)du+ % f (u)du
0 7 tZ L 0
+ k B (u; s)jduf 2(x(s))ds;
0 t
which is clearly positive de nite giventhat ur(u) > 0 for u 6 0.
This completesthe proof of Theorem2. O

Thus, we have proposed an alternate stability criterion for the scalar
equation (3), and the criterion may be consideredfor caseswhere Burton's
Theorem 1, though simpler, cannot be applied.

Example 1. For the equation

Z, 1 1
0— 2 - :
X°= X+ CTet 92 x(s) + 2x(s) ds;
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both Theorems1 and 2 establishthe stability of the zero solution. To see
this, Theorem1lyieldsM = m 1=2sothat jx;j m 1=2. Also, we have

(k)< 1+ k+ 1=2 Osothat 0< k 1=2. From m? < 2k, we have,
if we choosek = 1=2, the inequality 0 < m < 1. Thus, we may choose
1=2 < m < 1 to satisfy all conditions of Theorem 1. Theorem 2 yields, from
(10), M = m 1=2. From (11), 8and N = 1. From (12), 4 > J.
From (13), 0 < 9m2=4 < k if we pick = 8. From (14),0< k 1. Choose
k= 1. Then 0< m < 2=3. Thus, we may choosel=2 < m < 2=3 to satisfy
all conditions of Theorem 2.

Example 2. Analysisvia Theorem 2 shows that the zerosolution of
YA t

- 1
= x+ e 9% xXg)+ ZX(S) ds;
0

is stable. That is, Theorem 2 yields, from (10), M = m 1=4. From (11),
8andN = 1 . From (12), 2> J. From (13), 0 < 9m?=2 < k if we pick
= 8. From (14),0< k 1=2. Choosek = 1=2. Then 0< m < 1=3. Thus,
we may choosel=4 < m < 1=3to satisfy all conditions of the theorem.
Theorem1 is not applicable.

2.2 Perturb ed Case

The next two results, which extend Theorem 1 and Theorem 2, give a class
of forcing functions that maintains the boundednesf the solutions of the
equation

q Z,

xqt) = AMF(x(1) +  B(t; s)g(x(s))ds+ h(t); (15)
0
whereh : [0;1 ) ! R is de ned almost everywhereon [0; 1 ).

Theorem 3. Let (4){(8) hold and supmsethere is a constant m > 0 such
that g?(x) m?2f?(x) for all x 2 R. De ne
Z 1
(tk)y=AM)+k  jB(ut)du+

t

Z,

iB(t; s)jds
0

NI =
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and let there be constants > 0 and k > 0 suchthat m? < 2k and (t; k)
fort O If 7

f(x)dx! 1 asjxj! 1 ; (16)
0

and
h()2 L*[0;1);

then all solutions of (15) are bounded.

Proof. Let > 0 and considerthe functional
Z
1 1
Va(t; x()) = Va(t; x()) + T h?(u)du:
t
Since Z,

[h(udu< 1 ;
0

we have,
d V4 1 d Z 1 Z t
— h%(u)du = — h2(u)du h*(u)du = h?(t):
at at .

implying, therefore,the di erentiabilit y and hencethe existenceon [0; 1 ) of
the secondterm of the functional V5. Thus, we have

Ve P00+ R0 Th()
200+ 1200+ 7020 b
= (O

This completesthe proof of Theorem 3 sincewe can always nd some > 0
small enough sud that ( ) > 0. Note that (16) ensuresthe radial
unboundednesf Vs. O

In the samefashion, we prove the following extensionof Theorem 2.

Theorem 4. Let (4){(8) hold,with A(t) < 0, and suppsethere are constants

m > 0 suchthat g?(x) m?f?(x) forallx2 R ;

> 4 suchthat 4x> ( Z4)f %(x) for all x 2 R ; and
t

. . 1
J 1 suchthat jB(t; s)jds < 3 for every t O:

4A(1) o
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Further, supmsethere are constantsk > 0 and > 0 suchthat

2
L+ m? _
J

and Z,
A(t) + k |B(u;t)jdu

t

forallt 0. If h() 2 L2?[0;1 ), then all solutionsof (15) are bounde.

K;

Proof. For > 0O, the functional
141
Va(t; X()) = Va(t; x()) + 7 h*(u)du;

t

yields, given the de nition,

0 1
S ‘pj4 0 2
= @ + 7 TA
2
the time-derivative,
yA 1
Vais) AMt)+k  jB(u;t)jdu f2(x)
t
v x+ PP (x)+% f(x) h(t) 43h2(t)
hy i,
f200+  pa+ " G0 ) o hE
2s p—— 3

f200+4 — 2 e+ T FGOB ) o hE

f2(x)+ jf(x)jh(t) %hz(t)
F2x)+ 2f2(x)+ 43h2(t) 41h2(t)
2 f2(x):

This completesthe proof of Theorem4 sincewe can always nd some > 0
small enoughsud that ( 2)> 0. Wenotethat V,! 1 ifjxj! 1. O
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3 The Vector Equation

3.1 Nonp erturb ed Case

First, we considerthe nonperturbed system (2). If we supposethat f;g 2
CY[R™;R"], then we cande ne

Z
- Id th o= @i
D(x) = [dj (X)], ,, Wwith dj(x) ) @ux) du;
e | 1 @(uo
E0) = o (), , with & ()= “gr=odu;

which are de ned for all x 2 R". Hence,assumingf(0) = g(0) = 0, sys-
tem (2) can be written as

z t
xqt) = A(t)D (x(t))x(t) + B (t; S)E(x(s))x(s) ds; (17)
0
the i-th component of which is
2 3
X
X0 = a®Tde0x+ & 05
5 e 3

xXn xn
+ gy (t) gdji(x)xi + djk(X)ng
Jj;i > K6 | 3
xo 2y X
+ th (t; s)ex (x(s)) +
k=1 O

b (t; )& (X(S)) 5 xi (5)ds:

j=1
i6i

are cortinuously di erentiable with respectto x 2 R" simply for the reason
that D (x)x = f(x) and E(x)x = g(x) with f;g 2 C![R";R"].
The next result is new.
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Theorem 5. Letf;g 2 CR";R"], f(0) = g(0) = 0 and

xXn
i(t x) = a; (t)di (x) + 8 (t)dji(x)

X0
- Dai (Ody ()5 + jay; (Odi(x)) + jayi(t)di ()] + Jag ()d; (x)]]

j6i

+

1 XX
t5 [ai (t)dyj (x)j + jayk(t)dyi (X)]]
@ 5
2 3
1@ 2

1 X
5 A0+ by (i€ 08 du

J. =l.
2 3
Z
n

t X0
+ 0 Qb+ b (t9)jb ds:

0

N |

(18)
Supmse i(t;x) Ofori = 1;:::;n,t Oandx 2 R".

Then the zer
solution of system(2) is stable.

Proof. Considerthe functional

RN
Vs(t; x()) = 5 X (t)
=l 9 3
10 x 22y

+ —

xXo
Qb (u; s)je? (x(s)) +

j=1
j8i

i=1 k=1 0 t

iby (u; S)j €t (x(s)) & dux?(s)ds:
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+

+
B NI

+

>

XX

2

Xi _ @i (1) Qdii (X)x; +

X
dij (X)Xj g

2 e 3

xXn
a; (1) dei(x)xi + d; k(X)xkg

X

Z t
th (t; s)ew (x(s)) +
0

k=1
k6i

3

VvV ©

xn 2
by (t; s)g k(X(S))g xk(s)ds>

j§i9
X0 2 XX

S @ (Mdi(x)+ & (Ddji(x) xi + a; (t)d;j (X)X Xi

i=1 -

j=1 i=1 j=1
isi jei

XX x

a (1) dj i (X)X Xi

i=1 j=1 k=1
i6i k6i

XX

N 00 N |

VA t
LaOd00+ a0+ s e+

1 XX

i=1 k=1

ibi (t; s)iles (x(s))xic(s) + x71ds

% 2.
iy (& 9)ilgf (x(s))xi(s) + x{Ids

2 3 9
N 2

i=1 k=1 j=1 0O
I

j6

X] - - 2
iby (t; 9)i5 ds_ xi
JVJ;li jizli ’

XX X
a; (t)dj (X)x;x; + a; () dj ik (X)XiXi

i=1 j=1 k=1

2 i6i k6i 3

Z, X0
Ribi (t )€k (x(9) + iy (& S)J'e,zk(X(S))g Xi(s)ds;

j=1
iei
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where

1 XX o .
a; () dy (x)x; X > lia ()i (x)j + jay ()dji (x)i1x?;
i=1 =t i=1 =t

XX xn
aj (t)dik (X)XiX;

XX XX X
= ai (t)dii (x)x; xj + aik (1) dj (X)X Xi
i=1 j=1 i=1 =1 k=1

6i
! k6 j

X-I X] . - - .

- liagi (t)di (xX)j + jay (t)di; (X)j1x?
i=1 i;li
1 XXX o .

+ - o liau (t)d (X)j + jay k(t)dii (X)j]1 %7

6i
! k6 j

Also, we have

2 0 1 3
XX 4 altln X
248 B o) i (K du(s)ash
i=1 k=1 8 ) Jj;i 3
1 XX RZ, _ . X .
=5 t Qi (U e (x(1) + b (u; )i (X (1) 5 dux?(t)
Zl—2 k=1 Jj;i 3 9
t X =
it N x() + iy (6 9ex(N 6 (),
8 5 jei ’ 3
10 24 . X .
=20 L Tibau i) + by (U Dig(x(0)5 du()
i=1 k=1 - ¢ j=1
5 isi 3 9

N

=

t . . X.I . . -
AN + by (6 e xS (s,
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Thus,
X

d
a[\/5](2) {(tx)x?  0:

i=1
Moreover, Vs is clearly positive de nite, given that

. 1)@ 2 .
V(G x() 5 XD

i=1
Hence,we obtain the conclusionof Theorem5. O

Putting n = 1in Theorem5 yields a new stability criterion for the scalar

case(3), z,

xqt) = A (x(t)) +  B(t; s)g(x(s))ds;
0
rewritten as
Z t
x°(t) = A)D(x(t))x(t) + B (t; S)E(X(s))x(s)ds;
0

on the assumptionthat f; g2 C![R;R] andf (0) = g(0) = 0, and on letting

8 8
5@; X6 0, 5@; x 6 0;

D(x) = 5 and E(x) = 5
fY0); x = 0; " g¥0); x=0:

Now, if n = 1, then, from (18),
1 Z, L Z,
1(t; X1) = aga(t)dig(x1) + > jbua(u; t)jduey(xq) + 5 jbua(t; s)jds:
0

t

Putting X1 = X, a11(t) = A(t), d11(X1) = D(X), e11(X1) = E(x) and byy(t; s) =
B (t; s), we have the following result:

Corollary 1. Letf;g2 C!R;R], f(0)= g(0) = 0and
1 Z1
(t; x) = A(t)D(x) + éEz(x) jB(u;t)j du +

t

Z,

jB(t; s)j ds:
0

NI =

If (t;x) Ofort Oandx 2 R, thenthe zew solution of (3) is stable.
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Proof. Using Vs, with n = 1, sothat

Z tZ 1
Vs(t; x()) = %xz(t) + % iB (u; s)jduE?(x(s))x?(s)ds;
0 t
we get
d . 2 .
a[\/5](3) (t; x)x= O
Corollary 1 is thus proved. O

Example 3. For the equation

: Z

t SInX ‘ t s) ) .

e X+ — +k e [1 cosx(s)]ds; k> 0; (29)
0

x0=

Corollary 1 is easierthan either Theorem 1 or Theorem 2 to apply. Thus,
we have,forallt Oandx 6 O,

" #
1sinx 1 1 cosx °
t; = & 1+ /= ~ k +k1 e
(%) 2 X 2 X
1, sinx k 1 cosx ° k
ty =t 222 2 = M52 + = t
©T2% T2 T x ;1 ¢
1 1
e€+ze+k  S+k;
2 2 ’
sothat (t;x) Oif 0< k 1=2. Moreover, for thesevaluesof k,
3, k. t 3 k
0)= —é+ = —+ -<0:
(t; 0) 2e 2]1 e >t 5 0

Hence,by Corollary 1, the zerosolution of (19) is stableif k 2 (0; 1=2].
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Example 4. The system

# #" #
x(t) _ ara(t) ago(t) f1(Xa(t); X2(1))
x3(t) a(t) ax(t) fZ(Xl(Q';'XZ(t))
Z, #

bi(t; s) bia(t; S) d1(x1(8); X2(8))
o b(ts) bt s) %2(X1(S); X2(s))

is stable if f;g 2 C[R? R?], with f(0) = g(0) = 0, and if for ¢;;¢c, > O,
t 0andx 2 R?, we have, using (18) and condition (b) of Theorem5,

1(t x)xF = fagy(t)dig(x) + aia(t)da(x)

+ D 0G00) 200 + (000 * Jarh00)
1 1
2 .

ibua(u; )€f1 ()] + jbra(u; 1)€5, ()] + 2jbpo(us t)e5y(x)j du
+  [ibu(t 9)i + jbia(t; 9)ildsgxi  cixi;

0

+

and

2(t; X)X5 = fag(t)da(X) + ax(t)dia(x)
+ %gaZZ(t)dﬂ(X)j + jay1(t)dia(X)j + jawz(t)dza(X)j + jazu(t)dia(x)j]

1 1
2

2ibua (s )&,(X)j + jboa(u; t)€5,(X) + jbaa(u; t)€,(x)j du
t
+  [ibe(t; 8)j + jbau(t; S)jldsgx  Cox5:

0

+

The following simple, but illustrativ e, caseis one sud stable system:

2 32 3
0
) Xcl)(t) # B E tili-—l 20 zg X (1) 2—10x1tanh(x1(t)) z
20 i+ 1 Xq(t) + 20%2 tanh(xx(t))
Z 2 1 3. #
+ tg m 0 X1(S) + X»(S)
0 0 1 X1(S) + X2(S)
4t s)*+ 1]
(20)
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or, in the form of (17),

2 32 3
. 10 1 2 3
o # t+—1 20 Z)tanh(xl(t)) 1 X]_(t)
x3(t) _
x3(t) 1 1
20 t+01 1 55 tanh(xa(t) X2(t)
2 1 g" n
7 # #
t 2 0 11 x(9)
0 0 - - 11 X2(S)
4[(t s)2+ 1]
Now, for all t 0 and for all x 2 R?, we have,
10 tanh x4
tx)xi= +( 20) 1
1 10 10 tanh x tanh x,
+- 1+ — 1+ +
22t+1 1 t+ 1 1 ZZO 20 20 20
1 -1 1 ! 1
+ -~ ——— 1ldu+ 2 1d
3« @ru 7 T A oreq
t . ds x2
o I+t 9)2 !
tanh x 10 1. o L1 2
= 20+ —— + — hxyj + h + - 1+ —
20+ 1) 20t ra gt plenhxd+jtanhxjl+ 3 8
1
+ 1 x2;

which clearly shavsthat (t; x)x? is cortinuouson [0;1 ) R?2. Moreover

1(t; X)x2 6 3 x2 0:
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Next, we have,

10 tanh x»

. = +
2(t; X)X5 1 20 ( 20 1
1 10 10 tanh x, tanh x
+ - — 1+ — 1+ 20 20
2 %+ 1 t+ 1 - 20 20
1 1 1 1 1
+= 2 ——  — 1du+ 1d
2% @+u vz "M qu vz o™
Z, L )
- ds
o At s+ 2 |
tanh x, 10 h :

1 1
+ —— + —[jtanhXxqj + jtanhxyj]+ = 2+ —
20+ 1) +1 20 U+l A+ 5 2+ 3
tan 't
+ X5

4 20

which shows that ,(t; X)x3 is cortinuouson [0;1 ) R2. Moreover

o(t; X)X5 [, x5 O:

Hence,we have shown that (t;x)x? Ofori = 1;2,t Oandx 2 R2
The zerosolution of system(20) is therefore stable by Theorem5.

3.2 Perturb ed Case

Theorem 6. Let the conditions of Theorem 5 hold, with the last condi-
tion replaed by the assumptionthat there are constants ¢; > 0 such that

i(t; x) ¢ fori=1:::;n,t Oandx 2 R". If hj() 2 L?[0;1) for
i = 1;:::;n, then all solutionsof (1) are boundel.

Proof. Let > 0 and considerthe functional
1 X Z 1
Ve(t; (1)) = Vs(t; x()) + 7 h?(u)du;

i=1 !t

which is clearly radially unbounded. Now, wehave,forc=  minfcy;:::; 0,
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t Oandx 2 R",

X

%[\/6](1) (xX)x2+  xihi(t) 41 hi(®)

i=1 i=1 i=1

We have thus proved the boundednes®f solutionsof (1), sincewe can always
nd >Osudthat(c ) O.
]

The following corollary follows directly from Theorem®6 by putting n = 1.

Corollary 2. Let the conditions of Corollary 1 hold, with the last condi-
tion replaed by the assumptionthat there is a constant ¢ > 0 such that

(t; x) cfort Oandx2 R. If h() 2 L?[0;1), thenall solutions
of the salar equation (15) are boundes.
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