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Abstract

Using Lyapunov and Lyapunov-like functionals, we study the sta-

bilit y and boundednessof the solutionsof a systemof Volterra integro-

di�eren tial equations. Our results, also extending someof the more

well-known criteria, give new su�cien t conditions for stabilit y of the

zero solution of the nonperturb ed system, and prove that the same

conditions for the perturb ed systemyield boundednesswhen the per-

turbation is L 2.
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1 In tro duction

We considerthe stabilit y and boundednessof solutionsof systemsof Volterra

integro-di�erential equations,with forcing functions, of the form

d
dt

[x(t)] = A (t)f (x(t)) +
Z t

0
B(t; s)g(x(s))ds+ h(t) ; (1)
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in which A (t) is an n � n matrix function continuous on [0; 1 ), B (t; s) is

an n � n matrix continuous for 0 � s � t < 1 , f and g are n � 1 vector

functions continuous on (�1 ; 1 ) and h is an n � 1 vector function de�ned

almost everywhereon [0; 1 ). Here, h(t) represent the forcing functions or

external disturbancesor inputs into system(1).

The qualitativ e behaviour of the solutionsof systemsof Volterra integro-

di�erential equations,especially the casewheref (x) = g(x) = x and h(t) =

0, has been thoroughly analyzedby many researchers. Among the contri-

butions in the 1980s,thoseof Burton are worthy of mention. His work ([1],

[2]) laid the foundation for a systematictreatment of the basicstructure and

stabilit y properties of Volterra integro-di�erential equations,mainly, via the

direct method of Lyapunov. This paper essentially looks into someof the

many interesting results establishedby Burton and proposesways of utiliz-

ing the form of the Lyapunov functionals proposedby Burton to construct

new or similar onesfor system(1).

Now, if f (0) = g(0) = 0 and h(t) = 0, then system(1) reducesto

d
dt

[x(t)] = A (t)f (x(t)) +
Z t

0
B(t; s)g(x(s))ds; (2)

so that x(t) � 0 is a solution of (2) called the zero solution. The initial

conditions for integral equationssuch as (1) or (2) involve continuous initial

functions on an initial interval , say, x(t) = � (t) for 0 � t � t0. Hence,

x(t; t0; � ), t � t0 � 0 denotesthe solution of (1) or (2), with the initial

function � : [0; t0] ! R n assumedto be boundedand continuous on [0; t0].

The de�nitions of the stabilit y and the boundednessof solutionsof (1) are

given in Burton [1]. It is assumedthat the functions in (1) are well-behaved,

that continuousinitial functions generatesolutions,and that solutionswhich

remain boundedcan be continued.
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2 The Scalar Equation

2.1 Nonp erturb ed Case

Considerthe scalarequation

x0(t) = A(t)f (x(t)) +
Z t

0
B(t; s)g(x(s))ds: (3)

We supposethat

A(t) is continuous for 0 � t < 1 ; (4)

B(t; s) is continuous for 0 � s � t < 1 ; (5)
Z t

0
jB (u; s)jdu is de�ned and continuous for 0 � s � t < 1 ; (6)

f (x) and g(x) are continuouson (�1 ; 1 ); (7)

xf (x) > 0 8x 6= 0; and f (0) = g(0) = 0: (8)

For comparisonsake, we �rst state Burton's theoremregarding the stabilit y

of the zerosolution of (3).

Theorem 1 (Burton [3]). Let (4){(8) hold and supposethere are constants

m > 0 and M > 0 suchthat g2(x) � m2 f 2(x) if j x j� M . De�ne

� (t; k) = A(t) + k
Z 1

t
jB (u; t)jdu +

1
2

Z t

0
jB (t; s)jds

If there exists k > 0 with m2 < 2k and � (t; k) � 0 for t � 0, then the zero

solution of (3) is stable.

We next state an extensionof Theorem 1, which Burton proved via the

Lyapunov functional

V1(t; x(�)) =
Z x

0
f (s)ds+ k

Z t

0

Z 1

t
jB (u; s)jduf 2(x(s))ds; (9)

the time-derivative along a tra jectory of (3) of which is,

V 0
1(3) � � (t; k)f 2(x) � (2k � m2)

Z t

0
jB (t; s)jf 2(x(s))ds � � (t; k)f 2(x) :
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In the process,and motivated by the work of Miyagi et. al in the construction

of generalizedLyapunov functions for power systems[4] and single-machine

systems[5], we proposea newLyapunov functional. As a simpleexamplewill

show, the new stabilit y criterion may be usedin situations whereTheorem1

cannot be applied.

Theorem 2. Let (4){(8) hold, with A(t) < 0, andsupposethere are constants

m > 0 and M > 0 suchthat g2(x) � m2 f 2(x) if jxj � M ; (10)

� > 4 and N > 0 suchthat 4x2 � (� � 4) f 2(x) if jxj � N ; and(11)

J � 1 suchthat �
1

4A(t)

Z t

0
jB (t; s)jds <

1
J

for every t � 0:(12)

Supposefurther there is someconstant k > 0 suchthat

(1 + � )m2

J
< k ; (13)

and

A(t) + k
Z 1

t
jB (u; t)jdu � 0 (14)

for t � 0. Then the zero solution of (3) is stable.

Proof. Considerthe functional

V2(t; x(�)) =
1
2

x2 +
p

�
Z x

0

p
uf (u) du +

1
2

�
Z x

0
f (u)du

+ k
Z t

0

Z 1

t
jB (u; s)jduf 2(x(s))ds:

We have, along a tra jectory of (3),

V 0
2(3) = x x0+

p
�

p
xf (x) x0+

1
2

� f (x) x0

+
d
dt

�
k

Z t

0

Z 1

t
jB (u; s)jduf 2(x(s))ds

�
:

Recalling that A(t) < 0 for all t � 0 and noting that the Schwarz inequality

yields,

� Z t

0
B(t; s)g(x(s))ds

� 2

�
Z t

0
jB (t; s)jds

Z t

0
jB (t; s)jg2(x(s))ds;
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we have,

x x0 = A(t)xf (x) + x
Z t

0
B(t; s)g(x(s))ds

= A(t)xf (x) �

 
p

� A(t) x �
1

2
p

� A(t)

Z t

0
B(t; s)g(x(s))ds

! 2

� A(t)x2 �
1

4A(t)

� Z t

0
B(t; s)g(x(s))ds

� 2

� A(t)xf (x) �
1
4

(� � 4)A(t)f 2(x)

�
1

4A(t)

Z t

0
jB (t; s)jds

Z t

0
jB (t; s)jg2(x(s))ds

� A(t)xf (x) �
1
4

(� � 4)A(t)f 2(x) +
m2

J

Z t

0
jB (t; s)jf 2(x(s))ds

= A(t)xf (x) �
1
4

� A(t)f 2(x) + A(t)f 2(x) +
m2

J

Z t

0
jB (t; s)jf 2(x(s))ds;

and

p
�

p
xf (x) x0 = �

 p
�

2
p

� A(t)
x0 �

p
� A(t)

p
xf (x)

! 2

� A(t)xf (x) �
�

4A(t)
(x0)2

� � A(t)xf (x) �
1
4

� A(t)f 2(x) �
1
2

� f (x)
Z t

0
B(t; s)g(x(s))ds

�
�

4A(t)

� Z t

0
B(t; s)g(x(s))ds

� 2

� � A(t)xf (x) �
1
4

� A(t)f 2(x) �
1
2

� f (x)
Z t

0
B(t; s)g(x(s))ds

+
m2�

J

Z t

0
jB (t; s)jf 2(x(s))ds:

The third and fourth terms of V 0
2(3) yield

1
2

� f (x) x0 =
1
2

� A(t)f 2(x) +
1
2

� f (x)
Z t

0
B(t; s)g(x(s))ds;
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and

d
dt

�
k

Z t

0

Z 1

t
jB (u; s)jduf 2(x(s))ds

�
= k

Z 1

t
jB (u; t)jduf 2(x)

� k
Z t

0
jB (t; s)jf 2(x(s))ds;

respectively.

Thus,

V 0
2(3) �

�
A(t) + k

Z 1

t
jB (u; t)jdu

�
f 2(x)

�
�
k �

m2(1 + � )
J

� Z t

0
jB (t; s)jf 2(x(s))ds;

which will be nonpositive if equations(13) and (14) are satis�ed.

Finally, to prove the positive de�niteness of V2, we seethat if we de�ne

r (u) =

8
>>><

>>>:

� p
u + 1

2

p
�

p
f (u)

� 2
; u � 0;

�
� p

� u � 1
2

p
�

p
� f (u)

� 2
; u < 0;

then we can rewrite V2 as

V2(t; x(�)) =
Z x

0
r (u)du +

1
4

�
Z x

0
f (u)du

+ k
Z t

0

Z 1

t
jB (u; s)jduf 2(x(s))ds;

which is clearly positive de�nite given that ur (u) > 0 for u 6= 0.

This completesthe proof of Theorem2.

Thus, we have proposed an alternate stabilit y criterion for the scalar

equation (3), and the criterion may be consideredfor caseswhere Burton's

Theorem1, though simpler, cannot be applied.

Example 1. For the equation

x0 = � x +
Z t

0

1
(1 + t � s)2

�
x2(s) +

1
2

x(s)
�

ds;
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both Theorems1 and 2 establish the stabilit y of the zero solution. To see

this, Theorem 1 yields M = m � 1=2 so that jxj � m � 1=2. Also, we have

� (t; k) < � 1 + k + 1=2 � 0 so that 0 < k � 1=2. From m2 < 2k, we have,

if we choose k = 1=2, the inequality 0 < m < 1. Thus, we may choose

1=2 < m < 1 to satisfy all conditions of Theorem1. Theorem2 yields, from

(10), M = m � 1=2. From (11), � � 8 and N = 1 . From (12), 4 > J .

From (13), 0 < 9m2=4 < k if we pick � = 8. From (14), 0 < k � 1. Choose

k = 1. Then 0 < m < 2=3. Thus, we may choose1=2 < m < 2=3 to satisfy

all conditions of Theorem2.

2

Example 2. Analysis via Theorem2 shows that the zerosolution of

x0 = � x +
Z t

0
e� (t � s)=2

�
x2(s) +

1
4

x(s)
�

ds;

is stable. That is, Theorem 2 yields, from (10), M = m � 1=4. From (11),

� � 8 and N = 1 . From (12), 2 > J . From (13), 0 < 9m2=2 < k if we pick

� = 8. From (14), 0 < k � 1=2. Choosek = 1=2. Then 0 < m < 1=3. Thus,

we may choose1=4 < m < 1=3 to satisfy all conditions of the theorem.

Theorem1 is not applicable.

2

2.2 Perturb ed Case

The next two results, which extend Theorem 1 and Theorem 2, give a class

of forcing functions that maintains the boundednessof the solutions of the

equation

x0(t) = A(t)f (x(t)) +
Z t

0
B(t; s)g(x(s))ds+ h(t) ; (15)

whereh : [0; 1 ) ! R is de�ned almost everywhereon [0; 1 ).

Theorem 3. Let (4){(8) hold and supposethere is a constant m > 0 such

that g2(x) � m2 f 2(x) for all x 2 R. De�ne

� (t; k) = A(t) + k
Z 1

t
jB (u; t)jdu +

1
2

Z t

0
jB (t; s)jds
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and let there be constants � > 0 and k > 0 such that m2 < 2k and � (t; k) �

� � for t � 0. If Z x

0
f (x)dx ! 1 as jxj ! 1 ; (16)

and

h(�) 2 L2[0; 1 ) ;

then all solutions of (15) are bounded.

Proof. Let � > 0 and considerthe functional

V3(t; x(�)) = V1(t; x(�)) +
1
4�

Z 1

t
h2(u)du :

Since Z 1

0
[h(u)]2du < 1 ;

we have,

d
dt

� Z 1

t
h2(u)du

�
=

d
dt

� Z 1

0
h2(u)du �

Z t

0
h2(u)du

�
= � h2(t) ;

implying, therefore,the di�erentiabilit y and hencethe existenceon [0; 1 ) of

the secondterm of the functional V3. Thus, we have

V3
0
(15) � � (t; k)f 2(x) + f (x)h(t) �

1
4�

h2(t)

� � �f 2(x) + �f 2(x) +
1
4�

h2(t) �
1
4�

h2(t)

= � (� � � )f 2(x) :

This completesthe proof of Theorem3 sincewe can always �nd some� > 0

small enough such that (� � � ) > 0. Note that (16) ensuresthe radial

unboundednessof V3.

In the samefashion,we prove the following extensionof Theorem2.

Theorem 4. Let (4){(8) hold, with A(t) < 0, andsupposethere are constants

m > 0 suchthat g2(x) � m2 f 2(x) for all x 2 R ;

� > 4 suchthat 4x2 � (� � 4) f 2(x) for all x 2 R ; and

J � 1 suchthat �
1

4A(t)

Z t

0
jB (t; s)jds <

1
J

for every t � 0:
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Further, supposethere are constantsk > 0 and � > 0 suchthat

(1 + � )m2

J
< k ;

and

A(t) + k
Z 1

t
jB (u; t)jdu � � � ;

for all t � 0. If h(�) 2 L 2[0; 1 ), then all solutions of (15) are bounded.

Proof. For � > 0, the functional

V4(t; x(�)) = V2(t; x(�)) +
1
4�

Z 1

t
h2(u)du ;

yields, given the de�nition,

� =

0

@

s p
� � 4
2

+
p

�

1

A

2

;

the time-derivative,

V4
0
(15) �

�
A(t) + k

Z 1

t
jB (u; t)jdu

�
f 2(x)

+
�
x +

p
�

p
xf (x) +

1
2

� f (x)
�

h(t) �
1
4�

h2(t)

� � �f 2(x) +
hp

jxj +
p

�
p

jf (x)j
i 2

h(t) �
1
4�

h2(t)

� � �f 2(x) +

2

4

s p
� � 4
2

p
jf (x)j +

p
�

p
jf (x)j

3

5

2

h(t) �
1
4�

h2(t)

= � �f 2(x) + � jf (x)jh(t) �
1
4�

h2(t)

� � �f 2(x) + � 2�f 2(x) +
1
4�

h2(t) �
1
4�

h2(t)

= �
�
� � � 2�

�
f 2(x) :

This completesthe proof of Theorem4 sincewe can always �nd some� > 0

small enoughsuch that (� � � 2� ) > 0. We note that V4 ! 1 if jxj ! 1 .
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3 The Vector Equation

3.1 Nonp erturb ed Case

First, we considerthe nonperturbed system (2). If we supposethat f ; g 2

C1[R n ; R n ], then we can de�ne

D (x) = [dij (x)]n� n with dij (x) =
Z 1

0

@f i (ux)
@(ux j )

du ;

and

E(x) = [eij (x)]n� n with eij (x) =
Z 1

0

@gi (ux)
@(ux j )

du ;

which are de�ned for all x 2 R n . Hence,assumingf (0) = g(0) = 0, sys-

tem (2) can be written as

x0(t) = A (t)D (x(t))x(t) +
Z t

0
B(t; s)E(x(s))x(s) ds; (17)

the i -th component of which is

x0
i (t) = aii (t)

2

6
4dii (x)x i +

nX

j =1
j 6= i

dij (x)x j

3

7
5

+
nX

j =1
j 6= i

aij (t)

2

6
4dj i (x)x i +

nX

k =1
k 6= i

dj k(x)xk

3

7
5

+
nX

k=1

Z t

0

2

6
4bii (t; s)eik (x(s)) +

nX

j =1
j 6= i

bij (t; s)ej k(x(s))

3

7
5 xk(s)ds;

noting that in the above equation dij (x)x j and eij (x)x j , for i; j = 1; : : : ; n,

are continuously di�erentiable with respect to x 2 R n simply for the reason

that D (x)x = f (x) and E(x)x = g(x) with f ; g 2 C1[R n ; R n ].

The next result is new.

EJQTDE, 2002No. 12, p. 10



Theorem 5. Let f ; g 2 C1[R n ; R n ] , f (0) = g(0) = 0 and

� i (t; x) = aii (t)dii (x) +
nX

j =1
j 6= i

aij (t)dj i (x)

+
1
2

nX

j =1
j 6= i

[jaii (t)dij (x)j + jaj j (t)dj i (x)j + jaj i (t)dii (x)j + jaij (t)dj j (x)j]

+
1
2

nX

j =1
j 6= i

nX

k =1
k 6= i
k 6= j

[jaik (t)dkj (x)j + jaj k(t)dki (x)j]

+
1
2

nX

k=1

Z 1

t

2

6
4jbkk(u; t)je2

ki (x) +
nX

j =1
j 6= i

jbkj (u; t)je2
j i (x)

3

7
5 du

+
n
2

Z t

0

2

6
4jbii (t; s)j +

nX

j =1
j 6= i

jbij (t; s)j

3

7
5 ds:

(18)

Suppose � i (t; x) � 0 for i = 1; : : : ; n, t � 0 and x 2 R n . Then the zero

solution of system(2) is stable.

Proof. Considerthe functional

V5(t; x(�)) =
1
2

nX

i =1

x2
i (t)

+
1
2

nX

i =1

nX

k=1

Z t

0

Z 1

t

2

6
4jbii (u; s)je2

ik (x(s)) +
nX

j =1
j 6= i

jbij (u; s)je2
j k(x(s))

3

7
5 dux2

k(s)ds:
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Now,

1
2

nX

i =1

d
dt

�
x2

i =2
�

(2)
=

nX

i =1

x i x0
i

=
nX

i =1

x i

8
><

>:
aii (t)

2

6
4dii (x)x i +

nX

j =1
j 6= i

dij (x)x j

3

7
5

+
nX

j =1
j 6= i

aij (t)

2

6
4dj i (x)x i +

nX

k =1
k 6= i

dj k(x)xk

3

7
5

+
nX

k=1

Z t

0

2

6
4bii (t; s)eik (x(s)) +

nX

j =1
j 6= i

bij (t; s)ej k(x(s))

3

7
5 xk (s)ds

9
>=

>;

�
nX

i =1

8
><

>:
aii (t)dii (x) +

nX

j =1
j 6= i

aij (t)dj i (x)

9
>=

>;
x2

i +
nX

i =1

nX

j =1
j 6= i

aii (t)dij (x)x j x i

+
nX

i =1

nX

j =1
j 6= i

nX

k =1
k 6= i

aij (t)dj k(x)xkx i

+
1
2

nX

i =1

nX

k=1

Z t

0
jbii (t; s)j[e2

ik (x(s))x2
k(s) + x2

i ]ds

+
1
2

nX

i =1

nX

k=1

nX

j =1
j 6= i

Z t

0
jbij (t; s)j[e2

j k(x(s))x2
k(s) + x2

i ]ds

=
nX

i =1

8
><

>:
aii (t)dii (x) +

nX

j =1
j 6= i

aij (t)dj i (x) +
n
2

Z t

0

2

6
4jbii (t; s)j +

nX

j =1
j 6= i

jbij (t; s)j

3

7
5 ds

9
>=

>;
x2

i

+
nX

i =1

nX

j =1
j 6= i

aii (t)dij (x)x j x i +
nX

i =1

nX

j =1
j 6= i

nX

k =1
k 6= i

aij (t)dj k(x)xkx i

+
1
2

nX

i =1

nX

k=1

Z t

0

2

6
4jbii (t; s)je2

ik (x(s)) +
nX

j =1
j 6= i

jbij (t; s)je2
j k(x(s))

3

7
5 x2

k(s)ds;
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where

nX

i =1

nX

j =1
j 6= i

aii (t)dij (x)x j x i �
1
2

nX

i =1

nX

j =1
j 6= i

[jaii (t)dij (x)j + jaj j (t)dj i (x)j] x2
i ;

and

nX

i =1

nX

j =1
j 6= i

nX

k =1
k 6= i

aij (t)dj k(x)xkx i

=
nX

i =1

nX

j =1
j 6= i

aj i (t)dii (x)x j x i +
nX

i =1

nX

j =1
j 6= i

nX

k =1
k 6= i
k 6= j

aik (t)dkj (x)x j x i

�
1
2

nX

i =1

nX

j =1
j 6= i

[jaj i (t)dii (x)j + jaij (t)dj j (x)j] x2
i

+
1
2

nX

i =1

nX

j =1
j 6= i

nX

k =1
k 6= i
k 6= j

[jaik (t)dkj (x)j + jaj k(t)dki (x)j] x2
i :

Also, we have

1
2

nX

i =1

nX

k=1

d
dt

2

6
4

Z t

0

Z 1

t

0

B
@jbii (u; s)je2

ik (x(s)) +
nX

j =1
j 6= i

jbij (u; s)je2
j k(x(s))

1

C
A dux2

k(s)ds

3

7
5

=
1
2

nX

i =1

nX

k=1

8
><

>:

Z 1

t

2

6
4jbii (u; t)je2

ik (x(t)) +
nX

j =1
j 6= i

jbij (u; t)je2
j k(x(t))

3

7
5 dux2

k(t)

�
Z t

0

2

6
4jbii (t; s)je2

ik (x(s)) +
nX

j =1
j 6= i

jbij (t; s)je2
j k(x(s))

3

7
5 x2

k(s)ds

9
>=

>;

=
1
2

nX

i =1

nX

k=1

8
><

>:

Z 1

t

2

6
4jbkk(u; t)je2

ki (x(t)) +
nX

j =1
j 6= i

jbkj (u; t)je2
j i (x(t))

3

7
5 dux2

i (t)

�
Z t

0

2

6
4jbii (t; s)je2

ik (x(s)) +
nX

j =1
j 6= i

jbij (t; s)je2
j k(x(s))

3

7
5 x2

k(s)ds

9
>=

>;
:
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Thus,
d
dt

[V5](2) �
nX

i =1

� i (t; x)x2
i � 0 :

Moreover, V5 is clearly positive de�nite, given that

V5(t; x(�)) �
1
2

nX

i =1

x2
i (t) :

Hence,we obtain the conclusionof Theorem5.

Putting n = 1 in Theorem5 yields a new stabilit y criterion for the scalar

case(3),

x0(t) = A(t)f (x(t)) +
Z t

0
B(t; s)g(x(s))ds;

rewritten as

x0(t) = A(t)D(x(t))x(t) +
Z t

0
B(t; s)E(x(s))x(s)ds;

on the assumptionthat f ; g 2 C1[R ; R] and f (0) = g(0) = 0, and on letting

D(x) =

8
>><

>>:

f (x)
x

; x 6= 0;

f 0(0); x = 0;

and E(x) =

8
>><

>>:

g(x)
x

; x 6= 0;

g0(0); x = 0:

Now, if n = 1, then, from (18),

� 1(t; x1) = a11(t)d11(x1) +
1
2

Z 1

t
jb11(u; t)jdue2

11(x1) +
1
2

Z t

0
jb11(t; s)jds:

Putting x1 = x, a11(t) = A(t), d11(x1) = D(x), e11(x1) = E(x) and b11(t; s) =

B(t; s), we have the following result:

Corollary 1. Let f ; g 2 C1[R ; R], f (0) = g(0) = 0 and

� (t; x) = A(t)D(x) +
1
2

E 2(x)
Z 1

t
jB (u; t)j du +

1
2

Z t

0
jB (t; s)j ds:

If � (t; x) � 0 for t � 0 and x 2 R, then the zero solution of (3) is stable.
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Proof. Using V5, with n = 1, so that

V5(t; x(�)) =
1
2

x2(t) +
1
2

Z t

0

Z 1

t
jB (u; s)jduE2(x(s))x2(s)ds;

we get
d
dt

[V5](3) � � (t; x)x2 � 0 :

Corollary 1 is thus proved.

Example 3. For the equation

x0 = � et

�
x +

sinx
2

�
+ k

Z t

0
e� (t � s) [1 � cosx(s)] ds; k > 0; (19)

Corollary 1 is easierthan either Theorem 1 or Theorem 2 to apply. Thus,

we have, for all t � 0 and x 6= 0,

� (t; x) = � et

�
1 +

1
2

sinx
x

�
+

1
2

"

k
�

1 � cosx
x

� 2

+ k
�
1 � e� t

�
#

� � et +
1
2

et

�
�
�
�
sinx

x

�
�
�
� +

k
2

�
1 � cosx

x

� 2

+
k
2

�
�1 � e� t

�
�

� � et +
1
2

et + k � �
1
2

+ k ;

so that � (t; x) � 0 if 0 < k � 1=2. Moreover, for thesevaluesof k,

� (t; 0) = �
3
2

et +
k
2

j1 � e� t j � �
3
2

+
k
2

< 0:

Hence,by Corollary 1, the zerosolution of (19) is stable if k 2 (0; 1=2].
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Example 4. The system
"

x0
1(t)

x0
2(t)

#

=

"
a11(t) a12(t)

a21(t) a22(t)

# "
f 1(x1(t); x2(t))

f 2(x1(t); x2(t))

#

+
Z t

0

"
b11(t; s) b12(t; s)

b21(t; s) b22(t; s)

# "
g1(x1(s); x2(s))

g2(x1(s); x2(s))

#

ds;

is stable if f ; g 2 C1[R 2; R 2], with f (0) = g(0) = 0, and if for c1; c2 > 0,

t � 0 and x 2 R 2, we have, using (18) and condition (b) of Theorem5,

� 1(t; x)x2
1 = f a11(t)d11(x) + a12(t)d21(x)

+
1
2

[ja11(t)d12(x)j + ja22(t)d21(x)j + ja21(t)d11(x)j + ja12(t)d22(x)j]

+
1
2

Z 1

t

�
jb11(u; t)e2

11(x)j + jb12(u; t)e2
21(x)j + 2jb22(u; t)e2

21(x)j
�

du

+
Z t

0
[jb11(t; s)j + jb12(t; s)j] dsgx2

1 � � c1x2
1 ;

and

� 2(t; x)x2
2 = f a22(t)d22(x) + a21(t)d12(x)

+
1
2

[ja22(t)d21(x)j + ja11(t)d12(x)j + ja12(t)d22(x)j + ja21(t)d11(x)j]

+
1
2

Z 1

t

�
2jb11(u; t)e2

12(x)j + jb22(u; t)e2
22(x)j + jb21(u; t)e2

12(x)j
�

du

+
Z t

0
[jb22(t; s)j + jb21(t; s)j] dsgx2

2 � � c2x2
2 :

The following simple, but illustrativ e, caseis onesuch stable system:

"
x0

1(t)

x0
2(t)

#

=

2

6
6
6
4

10
t + 1

� 20

� 20
10

t + 1

3

7
7
7
5

2

6
6
6
4

x2(t) �
1
20

x1 tanh(x1(t))

x1(t) +
1
20

x2 tanh(x2(t))

3

7
7
7
5

+
Z t

0

2

6
4

1
(1 + t � s)2

0

0
1

4[(t � s)2 + 1]

3

7
5

"
x1(s) + x2(s)

x1(s) + x2(s)

#

ds;

(20)
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or, in the form of (17),

"
x0

1(t)

x0
2(t)

#

=

2

6
6
6
4

10
t + 1

� 20

� 20
10

t + 1

3

7
7
7
5

2

6
6
6
4

�
1
20

tanh(x1(t)) 1

1
1
20

tanh(x2(t))

3

7
7
7
5

2

6
4

x1(t)

x2(t)

3

7
5

+
Z t

0

2

6
4

1
(1 + t � s)2

0

0
1

4[(t � s)2 + 1]

3

7
5

"
1 1

1 1

# "
x1(s)

x2(s)

#

ds:

Now, for all t � 0 and for all x 2 R 2, we have,

� 1(t; x)x2
1 =

� �
10

t + 1

� �
�

tanh x1

20

�
+ (� 20) � 1

+
1
2

� �
�
�
�

10
t + 1

� 1

�
�
�
� +

�
�
�
�

10
t + 1

� 1

�
�
�
� +

�
�
�
� � 20

�
�

tanh x1

20

� �
�
�
� +

�
�
�
� � 20�

tanh x2

20

�
�
�
�

�

+
1
2

� Z 1

t

1
(1 + u � t)2

� 1 du + 2
Z 1

t

1
4[(u � t)2 + 1]

� 1 du
�

+
Z t

0

1
(1 + t � s)2

ds
�

x2
1

=
�

�
tanh x1

2(t + 1)
� 20+

10
t + 1

+
1
2

[j tanh x1j + j tanh x2j] +
1
2

�
1 +

2�
8

�

+
�
1 �

1
1 + t

��
x2

1 ;

which clearly shows that � 1(t; x)x2
1 is continuouson [0; 1 ) � R 2. Moreover

� 1(t; x)x2
1 � �

�
6 �

�
8

�
x2

1 � 0 :
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Next, we have,

� 2(t; x)x2
2 =

��
10

t + 1

� �
tanh x2

20

�
+ (� 20) � 1

+
1
2

� �
�
�
�

10
t + 1

� 1

�
�
�
� +

�
�
�
�

10
t + 1

� 1

�
�
�
� +

�
�
�
� � 20

�
tanh x2

20

� �
�
�
� +

�
�
�
� � 20

�
�

tanh x1

20

� �
�
�
�

�

+
1
2

�
2

Z 1

t

1
(1 + u � t)2

� 1 du +
Z 1

t

1
4[(u � t)2 + 1]

� 1 du
�

+
Z t

0

1
4[(t � s)2 + 1]

ds
�

x2
2

=
�

tanh x2

2(t + 1)
� 20+

10
t + 1

+
1
2

[j tanh x1j + j tanh x2j] +
1
2

h
2 +

�
8

i

+
tan� 1 t

4

�
x2

2 ;

which shows that � 2(t; x)x2
2 is continuouson [0; 1 ) � R 2. Moreover

� 2(t; x)x2
2 � �

�
7 �

�
4

�
x2

2 � 0 :

Hence,we have shown that � i (t; x)x2
i � 0 for i = 1; 2, t � 0 and x 2 R 2.

The zerosolution of system(20) is thereforestable by Theorem5.

3.2 Perturb ed Case

We �nally considersystem(1), whereh(t) = (h1(t); : : : ; hn (t))T .

Theorem 6. Let the conditions of Theorem 5 hold, with the last condi-

tion replaced by the assumption that there are constants ci > 0 such that

� i (t; x) � � ci for i = 1; : : : ; n, t � 0 and x 2 R n . If hi (�) 2 L2[0; 1 ) for

i = 1; : : : ; n, then all solutions of (1) are bounded.

Proof. Let � > 0 and considerthe functional

V6(t; x(�)) = V5(t; x(�)) +
1
4�

nX

i =1

Z 1

t
h2

i (u)du ;

which is clearly radially unbounded. Now, wehave, for c = � minf c1; : : : ; cng,
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t � 0 and x 2 R n ,

d
dt

[V6](1) �
nX

i =1

� i (t; x)x2
i +

nX

i =1

x i hi (t) �
1
4�

nX

i =1

h2
i (t)

� � (c � � )
nX

i =1

x2
i :

We have thusproved the boundednessof solutionsof (1), sincewe canalways

�nd � > 0 such that (c � � ) � 0.

The following corollary followsdirectly from Theorem6 by putting n = 1.

Corollary 2. Let the conditions of Corollary 1 hold, with the last condi-

tion replaced by the assumption that there is a constant c > 0 such that

� (t; x) � � c for t � 0 and x 2 R. If h(�) 2 L 2[0; 1 ), then all solutions

of the scalar equation (15) are bounded.
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