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Abstract

In this article, we consider the secondorder quasilinear elliptic system of
the form

� pi ui = H i (jxj)u� i
i +1 ; x 2 RN ; i = 1; 2; � � � ; m

with nonnegative continuous functions H i . Su�cien t conditions are given to
have nonnegative nontrivial radial entire solutions. When H i ; i = 1; 2; � � � ; m,

behave like constant multiples of jxj � ; � 2 R, we can completely characterize
the existenceproperty of nonnegative nontrivial radial entire solutions.
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1 In tro duction
This paper is concernedwith existenceand nonexistenceof nonnegative radial

entire solutions of secondorder quasilinear elliptic systemsof the form

(1.1)

8
>>>>>>><

>>>>>>>:

� p1 u1 = H1(jxj)u� 1
2 ;

� p2 u2 = H2(jxj)u� 2
3 ;

...

� pm um = Hm (jxj)u� m
m+1 ; um+1 = u1;

x 2 RN ;

where � pu = div(jDujp� 2Du), jxj denotesthe Euclidean length of x 2 RN , m �

2; N � 1; pi > 1 and � i > 0; i = 1; 2; � � � ; m, areconstants satisfying � 1� 2 � � � � m >

(p1 � 1)(p2 � 1) � � � (pm � 1), and the functions H i ; i = 1; 2; � � � ; m, are nonnegative

continuous functions on [0; 1 ). When p = 2, � p reducesto the usual Laplacian.

EJQTDE, 2002No. 16, p. 1



An entire solution of (1.1) is de�ned to be a function (u1; u2; � � � ; um ) 2 (C1(RN ))m

such that jDui jpi � 2Dui 2 C1(RN ) and satisfy (1.1) at every point of RN . Such a

solution is said to be radial if it dependsonly on jxj.

The problem of existenceand nonexistenceof nonnegative radial entire solutions

for the scalar equation

� pu = f (jxj; u); x 2 RN ;

hasbeeninvestigatedby several authors, and numerousresults have beenobtained;

see,e.g. [3, 6, 7, 10] and referencestherein. In particular, when f has the form

f (jxj; u) = � H (jxj)u� with � > 0 and positive function H , critical decay rate of H

to admit nonnegative radial entire solutions has been characterized. However, as

far asthe author knows, very little is known about this problem for the system(1.1)

except for the casepi = 2; i = 1; 2; � � � ; m. For pi = 2, we refer to [2, 5, 11, 13, 14].

Recently, in [12], the author has consideredthe elliptic system (1.1) with m = 2

and has obtained existenceand nonexistencecriteria of nonnegative nontrivial ra-

dial entire solutions. The results in [12] are described roughly as follows :

Theorem 0.1 [12, Theorems 1 and 2] Let m = 2. Supposethat H i ; i = 1; 2,

satisfy

(1.2)
C1

jxj � i
� H i (jxj) �

C2

jxj � i
; jxj � r 0 > 0; i = 1; 2;

where Ci > 0; i = 1; 2, are constants and � i ; i = 1; 2, are parameters.

(i) If � i ; i = 1; 2, satisfy

(1.3)

8
>>><

>>>:

� 1 � p1 +
� 1(� 2 � p2)

p2 � 1
>

� 1� 2 � (p1 � 1)(p2 � 1)
(p1 � 1)(p2 � 1)

maxf 0; p1 � N g and

� 2 � p2 +
� 2(� 1 � p1)

p1 � 1
>

� 1� 2 � (p1 � 1)(p2 � 1)
(p1 � 1)(p2 � 1)

maxf 0; p2 � N g;

then the system(1.1) has in�nitely many positive radial entire solutions.

(ii) If � i ; i = 1; 2, satisfy
8
>>><

>>>:

� 1 � p1 +
� 1(� 2 � p2)

p2 � 1
�

� 1� 2 � (p1 � 1)(p2 � 1)
(p1 � 1)(p2 � 1)

maxf 0; p1 � N g or

� 2 � p2 +
� 2(� 1 � p1)

p1 � 1
�

� 1� 2 � (p1 � 1)(p2 � 1)
(p1 � 1)(p2 � 1)

maxf 0; p2 � N g;

then the system(1.1) does not possessany nonnegative nontrivial radial entire so-

lutions.
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Theorem 0.2 [12, Theorems 3 and 4] Let m = 2 and pi = N; i = 1; 2.

Suppose that H i ; i = 1; 2, satisfy

C1

jxjN (log jxj) � i
� H i (jxj) �

C2

jxjN (log jxj) � i
; jxj � r 0 > 1; i = 1; 2;

where Ci > 0; i = 1; 2, are constants and � i ; i = 1; 2, are parameters.

(i) If � i ; i = 1; 2, satisfy
8
>>><

>>>:

� 1 � N +
� 1(� 2 � N )

N � 1
>

� 1� 2 � (N � 1)2

N � 1
and

� 2 � N +
� 2(� 1 � N )

N � 1
>

� 1� 2 � (N � 1)2

N � 1
;

then the system(1.1) has in�nitely many positive radial entire solutions.

(ii) If � i ; i = 1; 2, satisfy
8
>>><

>>>:

� 1 � N +
� 1(� 2 � N )

N � 1
<

� 1� 2 � (N � 1)2

N � 1
or

� 2 � N +
� 2(� 1 � N )

N � 1
<

� 1� 2 � (N � 1)2

N � 1
;

then the system(1.1) has no nonnegative nontrivial radial entire solutions.

Theorem 0.1 characterizesthe decay rates of H 1 and H2 for the system(1.1) to

admit nonnegative nontrivial radial entire solutions. That is, under the assumption

(1.2) the system(1.1) hasa nonnegative nontrivial radial entire solution if and only

if (1.3) holds.

Considering someresults in [11], we conjecture that the conclusion(ii) of The-

orem 0.2 is still true even if the condition for (� 1; � 2) is weakened to
8
>>><

>>>:

� 1 � N +
� 1(� 2 � N )

N � 1
�

� 1� 2 � (N � 1)2

N � 1
or

� 2 � N +
� 2(� 1 � N )

N � 1
�

� 1� 2 � (N � 1)2

N � 1
:

The aim of this paper is to extend Theorems 0.1 and 0.2 to the system (1.1)

with m � 3 and to answer the conjecture mentioned above a�rmativ ely.

For nonnegative functions f i ; i = 1; 2, there have beena great number of works

on qualitativ e theory for solutions of the elliptic system
8
<

:

� � p1 u1 = f 1(x; u1; u2);

� � p2 u2 = f 2(x; u1; u2);
x 2 RN :
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We can �nd in many works necessaryand/or su�cien t conditions for this systemto

have positive entire solutions with (or without) prescribed asymptotic forms near

+ 1 ; see,e.g.[1, 8, 9] and referencestherein.

Let us introduce somenotation usedthroughout this paper. Denote

A = � 1� 2 � � � � m

and

P = (p1 � 1)(p2 � 1) � � � (pm � 1):

It follows from these de�nitions that our assumption is written as A > P. For

any sequencef s1; s2; � � � ; sm g, we always make the agreement that sm+ j = sj ; j =

1; 2; � � � ; m, that is, the su�xes should be taken in the senseZ=mZ. For real con-

stants � 1; � 2; � � � ; � m , we put

� i = � i � pi +
(� i +1 � pi +1 )� i

pi +1 � 1
+

(� i +2 � pi +2 )� i � i +1

(pi +1 � 1)(pi +2 � 1)
+ � � �(1.4)

+
(� i + m� 1 � pi + m� 1)� i � i +1 � � � � i + m� 3� i + m� 2

(pi +1 � 1)(pi +2 � 1) � � � (pi + m� 2 � 1)(pi + m� 1 � 1)

= � i � pi +
m� 1X

j =1

(

(� i + j � pi + j )
j � 1Y

k=0

� i + k

pi +1+ k � 1

)

;

and

(1.5) � i =
P� i

(A � P)(pi � 1)
;

i = 1; 2; � � � ; m. Since our assumptions imposedon H i ; i = 1; 2; � � � ; m, take the

forms

lim inf
jx j!1

jxj � i H i (jxj) > 0

or

lim sup
jx j!1

jxj � i H i (jxj) < 1 ;

all our results are formulated by meansof the numbers � i ; � i ; � i ; i = 1; 2; � � � ; m.

This paper is organized as follows. In Section 2, we consider the existenceof

positive radial entire solutions. In Section 3, we give estimates for nonnegative

entire solutions of (1.1). In Section 4, we give nonexistencecriteria of nonnegative

nontrivial radial entire solutions of (1.1) basedon the results in Section 3.
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2 Existence results
In this section we consider the existenceof positive radial entire solutions of

(1.1).

We �rst observe that (u1; u2; � � � ; um ) is a positive radial entire solution of (1.1) if

and only if the function (v1(r ); v2(r ); � � � ; vm (r )) = (u1(jxj); u2(jxj); � � � ; um (jxj)) ; r =

jxj, satis�es the systemof secondorder ordinary di�eren tial equations

(2.1)

8
<

:

r 1� N (r N � 1jv0
i j

pi � 2v0
i )

0 = H i (r )v� i
i +1 ; r > 0;

v0
i (0) = 0;

i = 1; 2; � � � ; m;

where 0 = d=dr. Furthermore, integrating (2.1) on [0; r ] twice, we obtain the system

of integral equationsequivalent to (2.1) :

(2.2)

vi (r ) = ai +
Z r

0

�
s1� N

Z s

0
tN � 1H i (t)vi +1 (t)� i dt

� 1
pi � 1

ds; r � 0; i = 1; 2; � � � ; m;

whereai = vi (0). Thereforea positive radial entire solution of (1.1) canbeobtained,

under suitable conditions on H i , by solving the system of integral equations (2.2).

Theorem 2.1 Suppose that H i ; i = 1; 2; � � � ; m, satisfy

(2.3) H i (jxj) �
Ci

jxj � i
; jxj � r 0 > 0;

where Ci > 0 and � i ; i = 1; 2; � � � ; m, are constants. Moreover, for these � i , � i

de�ned by (1.4) satisfy

� i >
A � P

P
maxf 0; pi � N g; i = 1; 2; � � � ; m:

Then (1.1) has in�nitely many positive radial entire solutions.

Theorem 2.2 Let pi � N ; i = 1; 2; � � � ; m. Suppose that H i ; i = 1; 2; � � � ; m,

satisfy

(2.4) H i (jxj) �
Ci

jxjpi (log jxj) � i
; jxj � r 0 > 1;

where Ci > 0 and � i ; i = 1; 2; � � � ; m, are constants. Moreover

� i >
(A � P)(pi � 1)

P
; i = 1; 2; � � � ; m:

Then (1.1) has in�nitely many positive radial entire solutions.
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Remark 2.1 (i) When m = 2, Theorem 2.1 reducesto Theorem 1 of [12].

(ii) When pi = 2; i = 1; 2; � � � ; m, and N 6= 2, Theorem 2.1 reducesto Theorems

3.1 and 3.3 of [13].

(iii) When pi = N = 2; i = 1; 2; � � � ; m, Theorem 2.2 reducesto Theorem 3.2 of [13].

Pro of of Theorem 2.1. Without loss of generality, we may assumethat

r0 = 1 in (2.3). Chooseconstants ai > 0; i = 1; 2; � � � ; m, so that

(2.5)

8
>>>><

>>>>:

�
(2ai +1 )� i

Z 1

0
H i (s)ds

� 1
pi � 1

�
ai

2
;

M i

�
2(2ai +1 )� i max

� Z 1

0
sN � 1H i (s)ds;

Ci

N � � i + � i � i +1

�� 1
pi � 1

�
ai

2
;

where

M i =

8
>><

>>:

pi � 1
pi � � i + � i � i +1

; pi � N ;

pi � 1
pi � N

; pi > N;

and � i ; i = 1; 2; � � � ; m, are de�ned by (1.5). It is possibleto choosesuch constants

by the assumption A > P. From the de�nitions of � i and � i we can seethat

pi � � i + � i � i +1

= pi � � i +
P� i

(A � P)(pi +1 � 1)

8
<

:
� i +1 � pi +1 +

m� 1X

j =1

(

(� i +1+ j � pi +1+ j )
j � 1Y

k=0

� i +1+ k

pi +2+ k � 1

) 9
=

;

= pi � � i +
P

A � P

8
<

:
� i (� i +1 � pi +1 )

pi +1 � 1
+

m� 1X

j =1

(

(� i +1+ j � pi +1+ j )
j � 1Y

k= � 1

� i +1+ k

pi +2+ k � 1

) 9
=

;

= pi � � i +
P

A � P

m� 1X

j =0

(

(� i +1+ j � pi +1+ j )
j � 1Y

k= � 1

� i +1+ k

pi +2+ k � 1

)

= pi � � i +
P

A � P

2

4
m� 2X

j =0

(

(� i +1+ j � pi +1+ j )
j � 1Y

k= � 1

� i +1+ k

pi +2+ k � 1

)

+
A
P

(� i � pi )

3

5

=
P(� i � pi )

A � P
+

P
A � P

m� 1X

j =1

(

(� i + j � pi + j )
j � 1Y

k=0

� i + k

pi +1+ k � 1

)

=
P� i

A � P
> maxf 0; pi � N g:
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De�ne the functions Fi ; i = 1; 2; � � � ; m, by

Fi (r ) =

8
<

:

1; 0 � r � 1;

r � i ; r � 1:

We regard the space(C[0; 1 )) m as Fr�echet spaceequipped with the topology of

uniform convergenceof functions on each compact subinterval of [0; 1 ). Let X �

(C[0; 1 ))m denotesthe subsetde�ned by

X = f (v1; v2; � � � ; vm ) 2 (C[0; 1 ))m ; ai � vi (r ) � 2ai Fi (r ); r � 0; 1 � i � mg:

Clearly, X is a non-empty closedconvex subsetof (C[0; 1 )) m . Consider the map-

ping F : X ! (C[0; 1 ))m de�ned by F (v1; v2; � � � ; vm ) = (~v1; ~v2; � � � ; ~vm ), where

~vi (r ) = ai +
Z r

0

�
s1� N

Z s

0
tN � 1H i (t)vi +1 (t)� i dt

� 1
pi � 1

ds; r � 0; i = 1; 2; � � � ; m:

In order to apply the Schauder-Tychono� �xed point theorem, we will show that F

is a continuous mapping from X into itself such that F (X ) is relatively compact.

(I) F maps X into itself. Let (v1; v2; � � � ; vm ) 2 X . Clearly, ~vi (r ) � ai ; r � 0.

For 0 � r � 1, we have

~vi (r ) � ai +
Z r

0

� Z s

0
H i (t)vi +1 (t)� i dt

� 1
pi � 1

ds

� ai +
Z 1

0

� Z 1

0
H i (t)(2ai +1 Fi +1 (t)) � i dt

� 1
pi � 1

ds

= ai +
�

(2ai +1 )� i

Z 1

0
H i (t)dt

� 1
pi � 1

� ai +
ai

2
< 2ai ; i = 1; 2; � � � ; m:

For r � 1; we then write

~vi (r ) = ai +
� Z 1

0
+

Z r

1

� �
s1� N

Z s

0
tN � 1H i (t)vi +1 (t)� i dt

� 1
pi � 1

ds

� ai + I 1 + I 2:
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A similar computation shows that I 1 � ai =2; i = 1; 2; � � � ; m. When pi � N , we

seethat

I 2 �
Z r

1

�
s1� N

Z s

0
tN � 1H i (t)(2ai +1 Fi +1 (t)) � i dt

� 1
pi � 1

ds

�
Z r

1
s

1� N
pi � 1

�
(2ai +1 )� i

Z 1

0
tN � 1H i (t)dt + (2ai +1 )� i Ci

Z s

1
tN � 1� � i + ai � i +1 dt

� 1
pi � 1

ds

�
�

2(2ai +1 )� i max
� Z 1

0
tN � 1H i (t)dt;

Ci

N � � i + � i � i +1

�� 1
pi � 1

Z r

1
s

1� � i + � i � i +1
pi � 1 ds

� M i

�
2(2ai +1 )� i max

� Z 1

0
tN � 1H i (t)dt;

Ci

N � � i + � i � i +1

� � 1
pi � 1

r
pi � � i + � i � i +1

pi � 1

�
ai

2
r

pi � � i + � i � i +1
pi � 1 =

ai

2
r � i :

When pi > N , we seethat

I 2 �
Z r

1
s

1� N
pi � 1 ds

� Z r

0
tN � 1H i (t)(2ai +1 Fi +1 (t)) � i dt

� 1
pi � 1

� M i r
pi � N
pi � 1

�
(2ai +1 )� i

Z 1

0
tN � 1H i (t)dt + (2ai +1 )� i Ci

Z r

1
tN � 1� � i + � i � i +1 dt

� 1
pi � 1

� M i r
pi � N
pi � 1

�
2(2ai +1 )� i max

� Z 1

0
tN � 1H i (t)dt;

Ci

N � � i + � i � i +1

�
r N � � i + � i � i +1

� 1
pi � 1

�
ai

2
r

pi � � i + � i � i +1
pi � 1 =

ai

2
r � i :

Thus we obtain

~vi (r ) �
3
2

ai +
ai

2
r � i � 2ai r � i ; r � 1; i = 1; 2; � � � ; m:

Therefore, F (X ) � X :

(II) F is continuous. Let f (v1;l ; v2;l ; � � � ; vm;l )g1
l=1 be a sequencein X which

convergesto (v1; v2; � � � ; vm ) 2 X uniformly on each compact subinterval of [0; 1 ).

We put

� i;l (r ) = r 1� N
Z r

0
sN � 1H i (s)vi +1 ;l (s)� i ds

and

� i (r ) = r 1� N
Z r

0
sN � 1H i (s)vi +1 (s)� i ds:
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Then we have

j� i;l (r ) � � i (r )j �
Z r

0
H i (s)jvi +1 ;l (s)� i � vi +1 (s)� i jds:

Let R > 0 be an arbitrary constant. Since f vi;l g1
l=1 ; i = 1; 2; � � � ; m, converge

to vi uniformly on [0; R], it follows that f � i;l g1
l=1 ; i = 1; 2; � � � ; m, converge to

� i uniformly on [0; R]; and hence f �
1

pi � 1

i;l g1
l=1 ; i = 1; 2; � � � ; m, converge to �

1
pi � 1

i

uniformly on [0; R]. From this fact and

j~vi;l (r ) � ~vi (r )j �
Z r

0

�
�
� � i;l (s)

1
pi � 1 � � i (s)

1
pi � 1

�
�
� ds;

we can seethat f ~vi;l g1
l=1 ; i = 1; 2; � � � ; m, convergeto ~vi uniformly on [0; R]. These

imply that f ~vi;l g1
l=1 ; i = 1; 2; � � � ; m, converge to ~vi uniformly on each compact

subinterval of [0; 1 ). Therefore F is continuous.

(III) F (X ) is relatively compact. It is su�cien t to verify the local equicontinuit y

of F (X ), sinceF (X ) is locally uniformly boundedby the fact that F (X ) � X . Let

(v1; v2; � � � ; vm ) 2 X and R > 0. Then we have

~v0
i (r ) =

� Z r

0

� s
r

� N � 1
H i (s)vi +1 (s)� i ds

� 1
pi � 1

�
� Z R

0
H i (s)(2ai +1 Fi +1 (s)) � i ds

� 1
pi � 1

< 1 ; i = 1; 2; � � � ; m:

Obviously, theseimply the local boundednessof the set f (~v0
1; ~v0

2; � � � ; ~v0
m )j(v1; v2; � � � ; vm ) 2

X g. Hencethe relative compactnessof F (X ) is shown by the Ascoli-Arzel�a theorem.

Therefore, there existsan element (v1; v2; � � � ; vm ) 2 X such that (v1; v2; � � � ; vm ) =

F (v1; v2; � � � ; vm ) by the Schauder-Tychono� �xed point theorem, that is, (v1; v2; � � � ; vm )

satis�es the systemof integral equations(2.2). The function (u1(x); u2(x); � � � ; um (x)) =

(v1(jxj); v2(jxj); � � � ; vm (jxj)) then gives a solution of (1.1). Since in�nitely many

(a1; a2; � � � ; am ) satisfy (2.5), we can construct an in�nitude of positive radial entire

solutions of (1.1). This completesthe proof.�

Pro of of Theorem 2.2. Without lossof generality, we may assumethat r 0 = e

in (2.4). Take constants ai > 0; i = 1; 2; � � � ; m, so that
8
>>>><

>>>>:

e
�

(2ai +1 )� i

Z e

0
H i (t)dt

� 1
pi � 1

�
ai

2
;

�
2(2ai +1 )� i max

� Z e

0
tpi � 1H i (t)dt;

Ci

1 � � i + � i � i +1

�� 1
pi � 1

�
ai

2
:
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It is possibleto take such constants by the assumption A > P.

De�ne the functions Fi ; i = 1; 2; � � � ; m, by

Fi (r ) =

8
<

:

1; 0 � r � e;

(log r ) � i ; r � e:

Consider the set

Y = f (v1; v2; � � � ; vm ) 2 (C[0; 1 ))m ; ai � vi (r ) � 2ai Fi (r ); r � 0; 1 � i � mg

and the mapping F : Y ! (C[0; 1 )) m de�ned by F (v1; v2; � � � ; vm ) = (~v1; ~v2; � � � ; ~vm ),

where

~vi (r ) = ai +
Z r

0

�
s1� N

Z s

0
tN � 1H i (t)vi +1 (t)� i dt

� 1
pi � 1

ds:

Obviously, the set Y is closedconvex subsetof Fr�echet space(C[0; 1 )) m . We �rst

show that F (Y ) � Y . Let (v1; v2; � � � ; vm ) 2 Y . Clearly, ~vi (r ) � ai ; r � 0. For

0 � r � e we have

~vi (r ) � ai +
Z r

0

� Z s

0
H i (t)vi +1 (t)� i dt

� 1
pi � 1

ds

� ai +
Z e

0

� Z e

0
H i (t)(2ai +1 Fi +1 (t)) � i dt

� 1
pi � 1

ds

= ai + e
�

(2ai +1 )� i

Z e

0
H i (t)dt

� 1
pi � 1

� ai +
ai

2
< 2ai ; i = 1; 2; � � � ; m:

For r � e, we then write

~vi (r ) = ai +
� Z e

0
+

Z r

e

� �
s1� N

Z s

0
tN � 1H i (t)vi +1 (t)� i dt

� 1
pi � l

ds

� ai + I 1 + I 2:

A similar computation shows that I 1 � ai =2; i = 1; 2; � � � ; m. The integral I 2 is
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estimated as follows:

I 2 �
Z r

e

�
s1� pi

Z s

0
tpi � 1H i (t)vi +1 (t)� i dt

� 1
pi � 1

ds

�
Z r

e
s� 1ds

� Z r

0
tpi � 1H i (t)vi +1 (t)� i dt

� 1
pi � 1

�
�

(2ai +1 )� i

Z e

0
tpi � 1H i (t)dt + (2ai +1 )� i Ci

Z r

e
t � 1(log t) � � i + � i � i +1 dt

� 1
pi � 1

log r

�
�

2(2ai +1 )� i max
� Z e

0
tpi � 1H i (t)dt;

Ci

1 � � i + � i � i +1

�
(log r )1� � i + � i � i +1

� 1
pi � 1

logr

�
ai

2
(log r )

pi � � i + � i � i +1
pi � 1 =

ai

2
(log r ) � i :

Thus we obtain

~vi (r ) �
3
2

ai +
ai

2
(log r ) � i � 2ai (log r ) � i ; r � e; i = 1; 2; � � � ; m:

Therefore, F (v1; v2; � � � ; vm ) 2 Y .

The continuit y of F and the relative compactnessof F (Y ) can be veri�ed with-

out di�cult y, and so by the Schauder-Tychono� �xed point theorem there exists

(v1; v2 � � � ; vm ) 2 Y such that (v1; v2; � � � ; vm ) = F (v1; v2; � � � ; vm ). It is clear that

this �xed point (v1; v2; � � � ; vm ) givesrise to a positive radial entire solution of (1.1).

The proof is �nished. �

3 Gro wth estimates for nonnegativ e entire solutions
In this section we consider estimates for nonnegative radial entire solutions of

(1.1) which will play an important role to prove nonexistencetheoremsfor nonneg-

ative nontrivial radial entire solutions.

Theorem 3.1 Suppose that H i ; i = 1; 2; � � � ; m, satisfy

(3.1) H i (jxj) �
Ci

jxj � i
; jxj � r 0 > 0;

where Ci > 0 and � i are constants. Let (u1; u2; � � � ; um ) be a nonnegative radial

entire solution of (1.1). Then ui ; i = 1; 2; � � � ; m, satisfy

(3.2) ui (r ) � ~Ci r � i at 1 ;
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where ~Ci > 0; i = 1; 2; � � � ; m, are constants and � i ; i = 1; 2; � � � ; m, are de�ned by

(1.5).

Theorem 3.2 Let pi = N; i = 1; 2; � � � ; m. Suppose that H i ; i = 1; 2; � � � ; m,

satisfy

(3.3) H i (jxj) �
Ci

jxjN (log jxj) � i
; jxj � r 0 > 1;

where Ci > 0 and � i are constants. Let (u1; u2; � � � ; um ) be a nonnegative radial

entire solution of (1.1). Then ui ; i = 1; 2; � � � ; m, satisfy

(3.4) ui (r ) � ~Ci (log r ) � i at 1 ;

where ~Ci > 0; i = 1; 2; � � � ; m, are constants, and � i ; i = 1; 2; � � � ; m, are de�ned

by (1.5).

Pro of of Theorem 3.1. Let (u1; u2; � � � ; um ) be a nonnegative radial en-

tire solution of (1.1). We may assumethat (u1; u2; � � � ; um ) 6� (0; 0; � � � ; 0). Then

(u1; u2; � � � ; um ) satis�es the following systemof ordinary di�eren tial equations

(3.5)8
<

:

(r N � 1ju0
i (r )jpi � 2u0

i (r ))0 = r N � 1H i (r )ui +1 (r )� i ; r > 0;

u0
i (0) = 0;

i = 1; 2; � � � ; m:

Integrating (3.5) over [0; r ], we have

r N � 1ju0
i (r )jpi � 2u0

i (r ) =
Z r

0
sN � 1H i (s)ui +1 (s)� i ds; i = 1; 2; � � � ; m:

Hence,we seethat u0
i (r ) � 0 for r � 0. Integrating (3.5) twice over [R; r ]; R � 0,

we have

(3.6)

ui (r ) � ui (R) +
Z r

R

�
s1� N

Z s

R
tN � 1H i (t)ui +1 (t)� i dt

� 1
pi � 1

ds; i = 1; 2; � � � ; m:

Sinceui ; i = 1; 2; � � � ; m, are nonnegative and nontrivial, there exists a point x � 2

RN such that ui 0 (r � ) > 0; r � = jx � j for somei 0 2 f 1; 2; � � � ; mg. We may assume

that r � � r0. Therefore we seefrom (3.6) with R = r � that ui (r ) > 0 for r > r � ; i =

1; 2; � � � ; m.
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Let us �x R > r � arbitrarily . Using (3.1) and the inequality
�

t
s

� N � 1

�
�

1
3

� N � 1

; R � t � s � 3R

in (3.6), we have

ui (r ) � ui (R) +
Z r

R

 Z s

R

�
1
3

� N � 1

Ci t � � i ui +1 (t)� i dt

! 1
pi � 1

ds

� ~Ci R
� � i

pi � 1

Z r

R

� Z s

R
ui +1 (t)� i dt

� 1
pi � 1

ds; R � r � 3R;

where ~Ci > 0; i = 1; 2; � � � ; m, are someconstants independent of r and R. From

now on, we use C to denote various positive constants independent of r and R as

we will have no confusion. Put

(3.7) f i (r ) = ~Ci R
� � i

pi � 1

Z r

R

� Z s

R
ui +1 (t)� i dt

� 1
pi � 1

ds; R � r � 3R:

Clearly, f i ; i = 1; 2; � � � ; m, satisfy

ui (r ) � f i (r ); R � r � 3R;

f i (R) = f 0
i (R) = 0;

f 0
i (r ) = ~Ci R

� � i
pi � 1

� Z r

R
ui +1 (s)� i ds

� 1
pi � 1

� 0; R � r � 3R;

f 00
i (r ) > 0; R < r � 3R;

and

(f 0
i (r )pi � 1)0 = CR� � i ui +1 (r )� i(3.8)

� CR� � i f i +1 (r )� i ; R � r � 3R:

From (3.7) and the monotonicity of ui , we seethat

(3.9) f i (r ) � CR� � i
pi � 1 ui +1 (R)

� i
pi � 1 (r � R)

pi
pi � 1 ; R � r � 3R:

Let us �x i 2 f 1; 2; � � � ; mg. Multiplying (3.8) by f 0
i+1 (r ) � 0 and integrating

by parts the resulting inequality on [R + "; r ]; " > 0, we have

f 0
i+1 (r )f 0

i (r )pi � 1 � CR� � i (f i +1 (r )� i +1 � f i +1 (R + ") � i +1 ); R + " � r � 3R:
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Letting " ! 0, we get

f 0
i (r )f 0

i+1 (r )
1

pi � 1 � CR� � i
pi � 1 f i +1 (r )

� i +1
pi � 1 ; R � r � 3R:

Multiplying this inequality by f 0
i+1 and integrating by parts on [R + "; r ] and letting

" ! 0, we obtain

f i (r )f 0
i+1 (r )

pi
pi � 1 � CR� � i

pi � 1 f i +1 (r )
� i + pi
pi � 1 ; R � r � 3R:

From (3.8), we have

(f 0
i � 1(r )pi � 1 � 1)0f 0

i+1 (r )
pi � i � 1

pi � 1 � CR�
� i � i � 1

pi � 1 � � i � 1 f i +1 (r )
( � i + pi ) � i � 1

pi � 1 ; R � r � 3R:

Again, multiplying this relation by f 0
i+1 and integrating by parts on [R + "; r ]

and letting " ! 0 twice, we get

f i � 1(r )f 0
i+1 (r )

pi � i � 1
( pi � 1)( pi � 1 � 1) +

pi � 1
pi � 1 � 1

� CR
�

� i � i � 1
( pi � 1)( pi � 1 � 1) �

� i � 1
pi � 1 � 1 f i +1 (r )

( � i + pi ) � i � 1
( pi � 1)( pi � 1 � 1) +

pi � 1
pi � 1 � 1 ; R � r � 3R:

From (3.8), we obtain

(f 0
i � 2(r )pi � 2 � 1)0f 0

i+1 (r )
pi � i � 1 � i � 2

( pi � 1)( pi � 1 � 1) +
pi � 1 � i � 2

pi � 1 � 1

� CR
�

� i � i � 1 � i � 2
( pi � 1)( pi � 1 � 1) �

� i � 1 � i � 2
pi � 1 � 1 � � i � 2 f i +1 (r )

( � i + pi ) � i � 1 � i � 2
( pi � 1)( pi � 1 � 1) +

pi � 1 � i � 2
pi � 1 � 1 ; R � r � 3R:

By repeating this procedurewe get

(f 0
i � (m� 1)(r )pi � ( m � 1) � 1)0f 0

i+1 (r )K i(3.10)

= (f 0
i+1 (r )pi +1 � 1)0f 0

i+1 (r )K i � CR� L i f i +1 (r )M i ; R � r � 3R;

where

K i =
m� 1X

j =1

8
<

:
pi � (j � 1)

m� 1Y

k= j

� i � k

pi +1 � k � 1

9
=

;
;

L i =
m� 1X

j =1

8
<

:
� i � (j � 1)

m� 1Y

k= j

� i � k

pi +1 � k � 1

9
=

;
+ � i +1 ;
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and

M i =
A

m� 2Y

j =0

(pi � j � 1)

+
m� 1X

j =1

8
<

:
pi � (j � 1)

m� 1Y

k= j

� i � k

pi +1 � k � 1

9
=

;

=
A(pi +1 � 1)

P
+ K i :

Multiplying (3.10) by f 0
i+1 (r ) � 0 and integrating by parts on [R + "; r ] and

letting " ! 0, we have

(3.11) f 0
i+1 (r )f i +1 (r )

� M i +1
K i + pi +1 � CR

� L i
K i + pi +1 ; R < r � 3R:

Since(M i + 1)=(K i + pi +1 ) > 1, we can set

M i + 1
K i + pi +1

= � i + 1; � i =
(A � P)(pi +1 � 1)

(K i + pi +1 )P
:

Integrating (3.11) on [2R; 3R], we get

f i +1 (2R) � � i � CR
� L i

K i + pi +1
+1

:

From (3.9) with r = 2R and this inequality, we have

ui +2 (R) � CR� i ;

where

� i =
pi +1 � 1
� i +1 � i

�
L i

K i + pi +1
� 1 +

(� i +1 � pi +1 )� i

pi +1 � 1

�
:

From the de�nitions of K i ; L i and � i , we seethat

� i =
pi +1 � 1

� i +1 � i (K i + pi +1 )

�
L i � K i � pi +1 +

(A � P)( � i +1 � pi +1 )
P

�

=
P

� i +1 (A � P)

2

4
m� 1X

j =1

8
<

:
(� i � j +1 � pi � j +1 )

m� 1Y

k= j

� i � k

pi +1 � k � 1

9
=

;
+

A(� i +1 � pi +1 )
P

3

5

=
P

� i +1 (A � P)

2

4
m� 2X

j =0

8
<

:
(� i � j +1 � pi � j +1 )

m� 1Y

k= j

� i � k

pi +1 � k � 1

9
=

;
+

(� i +2 � pi +2 )� i +1

pi +2 � 1

3

5
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=
P

(A � P)(pi +2 � 1)

2

4
m� 2X

j =0

8
<

:
(� i � j +1 � pi � j +1 )

m� 2Y

k= j

� i � k

pi +1 � k � 1

9
=

;
+ � i +2 � pi +2

3

5

=
P

(A � P)(pi +2 � 1)

�
(� i +1 � pi +1 )� i � i � 1 � � � � i � m+2

(pi +1 � 1)(pi � 1) � � � (pi � m+3 � 1)

+
(� i � pi )� i � 1� i � 2 � � � � i � m+2

(pi � 1)(pi � 1 � 1) � � � (pi � m+3 � 1)
+ � � � +

(� i � m+4 � pi � m+4 )� i � m+3 � i � m+2

(pi � m+4 � 1)(pi � m+3 � 1)

+
(� i � m+3 � pi � m+3 )� i � m+2

pi � m+3 � 1
+ � i +2 � pi +2

�

=
P

(A � P)(pi +2 � 1)

2

4 � i +2 � pi +2 +
m� 1X

j =1

(

(� i +2+ j � pi +2+ j )
j � 1Y

k=0

� i +2+ k

pi +3+ k � 1

) 3

5

=
P� i +2

(A � P)(pi +2 � 1)
:

Therefore we obtain (3.2) by the de�nition of � i . Thus the proof is completed.�

The next lemma is neededin proving Theorem 3.2.

Lemma 3.3 Let pi = N; i = 1; 2; � � � ; m, and (u1; u2; � � � ; um ) be a nonnegative

radial entire solution of (1.1). Then ui ; i = 1; 2; � � � ; m, satisfy

ui (r ) � ui (0) +
� Z r

0
sN � 1H i (s)

�
log

� r
s

�� N � 1
ui +1 (s)� i ds

� 1
N � 1

; r � 0:

Pro of. Let (u1; u2; � � � ; um ) be a nonnegative radial entire solution of (1.1).

Then ui ; i = 1; 2; � � � ; m, satisfy the following systemof ordinary di�eren tial equa-

tions
8
<

:

(r N � 1ju0
i (r )jN � 2u0

i (r ))0 = r N � 1H i (r )ui +1 (r )� i ; r > 0;

u0
i (0) = 0;

i = 1; 2; � � � ; m:

Integrating theseequationson [0; r ] twice, we have

ui (r ) = ui (0) +
Z r

0

 Z s

0

�
t
s

� N � 1

H i (t)ui +1 (t)� i dt

! 1
N � 1

ds

= ui (0) +
Z r

0

� Z r

0
� i (s; t)dt

� 1
N � 1

ds; r � 0;
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where

� i (s; t) =

8
<

:

s1� N tN � 1H i (t)ui +1 (t)� i for 0 � t � s;

0 for t > s:

Using Minkowski's inequality (cf. [4, p.148]), we seethat

Z r

0

� Z r

0
� i (s; t)dt

� 1
N � 1

ds �

 Z r

0

� Z r

0
� i (s; t)

1
N � 1 ds

� N � 1

dt

! 1
N � 1

; r � 0:

Then we have

ui (r ) � ui (0) +

 Z r

0

� Z r

0
� i (s; t)

1
N � 1 ds

� N � 1

dt

! 1
N � 1

= ui (0) +

 Z r

0

� Z r

t
s� 1tH i (t)

1
N � 1 ui +1 (t)

� i
N � 1 ds

� N � 1

dt

! 1
N � 1

= ui (0) +
� Z r

0
tN � 1H i (t)

�
log

r
t

� N � 1
ui +1 (t)� i dt

� 1
N � 1

:

Thus the proof is �nished. �

Pro of of Theorem 3.2. Let (u1; u2 � � � ; um ) be a nonnegative radial entire

solution of (1.1). We may assumethat (u1; u2 � � � ; um ) 6� (0; 0; � � � ; 0). As in the

proof of Theorem 3.1 we seethat ui (r ) > 0; r � r � ; i = 1; 2; � � � ; m, for some

r � > r0.

Let us �x R � r � arbitrarily . From Lemma 3.3, we seethat u i ; i = 1; 2; � � � ; m,

satisfy

ui (r ) � ui (0) +
� Z r

0
sN � 1H i (s)

�
log

r
s

� N � 1
ui +1 (s)� i ds

� 1
N � 1

(3.12)

�
� Z r

eR
sN � 1H i (s)(log r � logs)N � 1ui +1 (s)� i ds

� 1
N � 1

; r � eR :

Let logs = t; log r = � . Then (3.12) becomes

ui (e� ) �
� Z �

R
eN t H i (et )( � � t)N � 1ui +1 (et )� i dt

� 1
N � 1

; � � R; i = 1; 2; � � � ; m:
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Now we discussonly on the interval [R; 3R] for a moment. Let R � � � 3R.

Then, from (3.3), we have

ui (e� ) �
�

Ci

Z �

R
t � � i (� � t)N � 1ui +1 (et )� i dt

� 1
N � 1

�
�

~Ci R� � i

Z �

R
(� � t)N � 1ui +1 (et )� i dt

� 1
N � 1

; R � � � 3R;

where ~Ci > 0 are someconstants independent of r and R. From now on we usethe

sameletter C to denote various positive constants.

De�ne the functions f i ; i = 1; 2; � � � ; m, by

(3.13) f i (� ) = ~Ci R� � i

Z �

R
(� � t)N � 1ui +1 (et )� i dt; R � � � 3R:

Then we seethat f i ; i = 1; 2; � � � ; m, are of classCN [R; 3R] and satisfy

ui (e� ) � f i (� )
1

N � 1 ; R � � � 3R;

f (k)
i (r ) � 0; R � � � 3R; f (k)

i (R) = 0; k = 0; 1; 2; � � � ; N � 1;

and

f (N )
i (� ) = CR� � i ui +1 (e� )� i(3.14)

� CR� � i f i +1 (� )
� i

N � 1 ; R � � � 3R:

From (3.13) and the monotonicity of ui we have

f i (� ) � CR� � i ui +1 (eR )� i

Z �

R
(� � t)N � 1dt(3.15)

� CR� � i (� � R)N ui +1 (eR )� i ; R � � � 3R:

Let us �x i 2 f 1; 2; � � � ; mg. Multiplying (3.14) by f 0
i+1 and integrating by parts

the resulting inequality on [R; � ], we have

f (N � 1)
i (� )f 0

i+1 (� ) � CR� � i f i +1 (� )
� i

N � 1 +1 ; R � � � 3R:

By repeating this process(N � 1) times, we get

f i (� )f 0
i+1 (� )N � CR� � i f i +1 (� )

� i
N � 1 + N ; R � � � 3R:
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From (3.14) we have

f (N )
i � 1 (� )f 0

i+1 (� )
N � i � 1

N � 1 � CR�
� i � i � 1

N � 1 � � i � 1 f i +1 (� )
� i � i � 1
( N � 1) 2 +

N � i � 1
N � 1 ; R � � � 3R:

Multiplying this inequality by f 0
i+1 and integrating by parts N times on [R; � ], we

have

f i � 1(� )f 0
i+1 (� )

N � i � 1
N � 1 + N � CR�

� i � i � 1
N � 1 � � i � 1 f i +1 (� )

� i � i � 1
( N � 1) 2 +

N � i � 1
N � 1 + N

; R � � � 3R:

From (3.14) we have

f (N )
i � 2 (� )f 0

i+1 (� )
N � i � 1 � i � 2

( N � 1) 2 +
N � i � 2

N � 1

� CR
�

� i � i � 1 � i � 2
( N � 1) 2 �

� i � 1 � i � 2
N � 1 � � i � 2 f i +1 (� )

� i � i � 1 � i � 2
( N � 1) 3 +

N � i � 1 � i � 2
( N � 1) 2 +

N � i � 2
N � 1 ; R � � � 3R:

By repeating this procedurewe get

f (N )
i � (m� 1)(� )f 0

i+1 (� )K i(3.16)

= f (N )
i +1 (� )f 0

i+1 (� )K i � CR� L i f i +1 (� )M i ; R � � � 3R;

where

K i =
m� 1X

j =1

8
<

:
N

(N � 1)m� j

m� 1Y

k= j

� i � k

9
=

;
;

L i =
m� 1X

j =1

8
<

:
� i � (j � 1)

(N � 1)m� j

m� 1Y

k= j

� i � k

9
=

;
+ � i +1 ;

and

M i =

m� 1Y

j =0

� i � j

(N � 1)m +
m� 1X

j =1

8
<

:
N

(N � 1)m� j

m� 1Y

k= j

� i � k

9
=

;

=
A

(N � 1)m + K i :

Multiplying (3.16) by f 0
i+1 and integrating by parts (N � 1) times on [R; � ], we

get

f 0
i+1 (� )f i +1 (� )� A � ( N � 1) m

( K i + N )( N � 1) m � 1 � CR� L i
K i + N ; R < � � 3R:

EJQTDE, 2002No. 16, p. 19



Integrating this inequality on [2R; 3R], we have

f i +1 (2R) � A � ( N � 1) m

( K i + N )( N � 1) m � CR� L i
K i + N +1 :

From (3.15), we get

ui +2 (eR )� i +1 � R
( N � 1) m

A � ( N � 1) m

n
L i � K i +

A ( � i +1 � N )
( N � 1) m � � i +1

o

:

From the de�nitions of K i and L i , we seethat

L i � K i +
A(� i +1 � N )

(N � 1)m � � i +1

=
m� 1X

j =1

8
<

:
� i � j +1

(N � 1)m� j

m� 1Y

k= j

� i � k

9
=

;
�

m� 1X

j =1

8
<

:
N

(N � 1)m� j

m� 1Y

k= j

� i � k

9
=

;
+

A(� i +1 � N )
(N � 1)m

=
m� 2X

j =1

8
<

:
(� i +1 � j � N )
(N � 1)m� j

m� 1Y

k= j

� i � k

9
=

;
+

� i +1 (� i +2 � N )
N � 1

+
A(� i +1 � N )

(N � 1)m

=
� i +1

N � 1

8
<

:
� i +2 � N +

m� 2X

j =0

8
<

:
(� i +1 � j � N )
(N � 1)m� j � 1

m� 2Y

k= j

� i � k

9
=

;

9
=

;

=
� i +1

N � 1

�
� i +2 � N +

(� i +1 � N )� i � i � 1 � � � � i � (m� 2)

(N � 1)m� 1 +
(� i � N )� i � 1� i � 2 � � � � i � (m� 2)

(N � 1)m� 2

+ � � � +
(� i � m+4 � N )� i � m+3 � i � m+2

(N � 1)2 +
(� i � m+3 � N )� i � m+2

N � 1

�

=
� i +1

N � 1

8
<

:
� i +2 � N +

m� 1X

j =1

(
(� i +2+ j � N )

(N � 1)j

j � 1Y

k=0

� i +2+ k

) 9
=

;

=
� i +1 � i +2

N � 1
:

Therefore we seethat

ui +2 (eR )� i +1 � CR
� i +1 ( N � 1) m � 1 � i +2

A � ( N � 1) m :

Thus we obtain

ui +2 (e� ) � C�
( N � 1) m � 1 � i +2

A � ( N � 1) m at 1 ; i = 1; 2; � � � ; m:

Hencewe obtain (3.4) since� = log r . The proof is completed.�
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4 Nonexistence results
In this sectionwe study the nonexistenceof nonnegative nontrivial radial entire

solutions of (1.1).

Theorem 4.1 Suppose that H i ; i = 1; 2; � � � ; m, satisfy

(4.1) H i (jxj) �
Ci

jxj � i
; jxj � r 0 > 0;

where Ci > 0 and � i ; i = 1; 2; � � � ; m, are constants. Moreover

� i �
A � P

P
maxf 0; pi � N g for some i 2 f 1; 2; � � � ; mg:

If (u1; u2; � � � ; um ) is a nonnegative radial entire solution of (1.1), then

(u1; u2; � � � ; um ) � (0; 0; � � � ; 0):

Remark 4.1 (i) When m = 2, Theorem4.1 reducesto Theorem2 of [12]. However,

the proof presented here is simpler than that of Theorem 2 of [12].

(ii) When pi = 2; i = 1; 2; � � � ; m, and N 6= 2, Theorem 4.1 reducesto Theorems

2.3 and 2.5 of [13].

Theorem 4.2 Let pi = N; i = 1; 2; � � � ; m. Suppose that H i ; i = 1; 2; � � � ; m,

satisfy

(4.2) H i (jxj) �
Ci

jxjN (log jxj) � i
; jxj � r 0 > 1;

where Ci > 0 and � i ; i = 1; 2; � � � ; m, are constants. Moreover

� i �
A � (N � 1)m

(N � 1)m� 1 for some i 2 f 1; 2; � � � ; mg:

If (u1; u2; � � � ; um ) is a nonnegative radial entire solution of (1.1), then

(u1; u2; � � � ; um ) � (0; 0; � � � ; 0):

Remark 4.2 (i) Theorem 4.2 shows that the conjecture stated in the intro duction

is true.

(ii) When pi = 2; i = 1; 2; � � � ; m, Theorem 4.2 reducesto Theorem 2.4 of [13].

EJQTDE, 2002No. 16, p. 21



We give an example to show the sharpnessof our results.

Example . Let us consider the elliptic system

(4.3)

8
>>>>>>>>>>>>><

>>>>>>>>>>>>>:

� p1 u1 =
1

(1 + jxj) � 1
u� 1

2 ;

� p2 u2 =
1

(1 + jxj) � 2
u� 2

3 ;

...

� pm um =
1

(1 + jxj) � m
u� m

1 ;

x 2 RN ;

where N � 1; pi > 1; � i > 0; i = 1; 2; � � � ; m, are constants satisfying A > P.

Since
Ci

jxj � i
�

1
(1 + jxj) � i

�
~Ci

jxj � i
; jxj � 1; i = 1; 2; � � � ; m

hold for somepositive constants Ci and ~Ci ; i = 1; 2; � � � ; m, we can seefrom Theo-

rems2.1 and 4.1 that a necessaryand su�cien t condition for (4.3) to have a positive

radial entire solution is

� i >
A � P

P
maxf 0; pi � N g; i = 1; 2; � � � ; m:

Pro of of Theorem 4.1. Let (u1; u2; � � � ; um ) be a nonnegative nontrivial

radial entire solution of (1.1). From Theorem 3.1 and its proof, we see that

ui (r ) > 0; r � r � ; i = 1; 2; � � � ; m, for some r � > r0 and ui ; i = 1; 2; � � � ; m,

satisfy

(4.4) ui (r ) � Ci r � i at 1 ; i = 1; 2; � � � ; m

for someconstants Ci > 0; i = 1; 2; � � � ; m.

If there exists an i 0 2 f 1; 2; � � � ; mg such that

� i 0 <
A � P

P
maxf 0; pi 0 � N g;

then we can seefrom the de�nition of � i 0 that
8
><

>:

� i 0 < 0 if pi 0 � N ;

� i 0 <
pi 0 � N
pi 0 � 1

if pi 0 > N:
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If pi 0 � N , then it is found that lim r !1 ui 0 (r ) = 0. On the other hand, sinceui 0 is

nondecreasingand ui 0 (r � ) > 0, we have

ui 0 (r ) � ui 0 (r � ) > 0; r � r � :

This is a contradiction. If pi 0 > N , then integrating (3.5) on [0; r ] twice we have

ui 0 (r ) = ui 0 (0) +
Z r

0
s

1� N
pi 0

� 1

� Z s

0
tN � 1H i 0 (t)ui 0+1 (t)� i 0 dt

� 1
pi 0

� 1

ds

�
Z r

r �

s
1� N

pi 0
� 1 ds

� Z r �

0
tN � 1H i 0 (t)ui 0+1 (t)� i 0 dt

� 1
pi 0

� 1

=
� Z r �

0
tN � 1H i 0 (t)ui 0 +1 (t)� i 0 dt

� 1
pi 0

� 1 pi 0 � 1
pi 0 � N

(

r
pi 0

� N

pi 0
� 1 � r

pi 0
� N

pi 0
� 1

�

)

� Cr
pi 0

� N

pi 0
� 1 ; r � ~r � > r �

for someconstant C > 0. This contradicts to (4.4) with � i 0 < (pi 0 � N )=(pi 0 � 1).

It remains to discussthe casethat

� i �
A � P

P
maxf 0; pi � N g; i = 1; 2; � � � ; m:

From the assumption of � i , there exists an i 0 2 f 1; 2; � � � ; mg such that

� i 0 =
A � P

P
maxf 0; pi 0 � N g:

Without lossof generality, we may assumethat i 0 = m, that is,

� i �
A � P

P
maxf 0; pi � N g; i = 1; 2; � � � ; m � 1

and

� m =
A � P

P
maxf 0; pm � N g:

We �rst observe that

� i �
m� i � 1X

j =1

(

(pi + j � � i + j )
j � 1Y

k=0

� i + k

pi +1+ k � 1

)

+ minf pi ; N g(4.5)

+ maxf 0; pm � N g
m� i � 1Y

k=0

� i + k

pi +1+ k � 1
; i = 1; 2; � � � ; m � 2;
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and

(4.6) � m� 1 �
� m� 1 maxf 0; pm � N g

pm � 1
+ minf pm� 1; N g:

In fact, from the de�nition of � i , we obtain

� i � �
m� 1X

j =1

(

(� i + j � pi + j )
j � 1Y

k=0

� i + k

pi +1+ k � 1

)

+ pi +
A � P

P
maxf 0; pi � N g

= �

0

@
m� i � 1X

j =1

+
m� 1X

j = m� i +1

1

A

(

(� i + j � pi + j )
j � 1Y

k=0

� i + k

pi +1+ k � 1

)

� (� m � pm )
m� i � 1Y

k=0

� i + k

pi +1+ k � 1
+ pi +

A � P
P

maxf 0; pi � N g

� � S1 � S2 � S3 + pi +
A � P

P
maxf 0; pi � N g:

From the assumption of � m we have

� m � pm = �
m� 1X

j =1

(

(� m+ j � pm+ j )
j � 1Y

k=0

� m+ k

pm+1+ k � 1

)

+
A � P

P
maxf 0; pm � N g:

Substituting this relation to S3 we have

S3 = �
m� 1X

j =1

(

(� m+ j � pm+ j )
j � 1Y

k=0

� m+ k

pm+1+ k � 1

)
m� i � 1Y

k=0

� i + k

pi +1+ k � 1

+
A � P

P
maxf 0; pm � N g

m� i � 1Y

k=0

� i + k

pi +1+ k � 1

= �
m� 1X

j =1

(

(� m+ j � pm+ j )
m� i+ j � 1Y

k=0

� i + k

pi +1+ k � 1

)

+
A � P

P
maxf 0; pm � N g

m� i � 1Y

k=0

� i + k

pi +1+ k � 1

= �
2m� i � 1X

j = m� i +1

(

(� i + j � pi + j )
j � 1Y

k=0

� i + k

pi +1+ k � 1

)

+
A � P

P
maxf 0; pm � N g

m� i � 1Y

k=0

� i + k

pi +1+ k � 1
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= �
m� 1X

j = m� i +1

(

(� i + j � pi + j )
j � 1Y

k=0

� i + k

pi +1+ k � 1

)

�
2m� i � 1X

j = m

(

(� i + j � pi + j )
j � 1Y

k=0

� i + k

pi +1+ k � 1

)

+
A � P

P
maxf 0; pm � N g

m� i � 1Y

k=0

� i + k

pi +1+ k � 1

= � S2 �
m� i � 1X

j =0

(

(� i + j � pi + j )
j + m� 1Y

k=0

� i + k

pi +1+ k � 1

)

+
A � P

P
maxf 0; pm � N g

m� i � 1Y

k=0

� i + k

pi +1+ k � 1

= � S2 �
A
P

S1 �
A
P

(� i � pi ) +
A � P

P
maxf 0; pm � N g

m� i � 1Y

k=0

� i + k

pi +1+ k � 1
:

Thus, we obtain

� i �
�

A
P

� 1
�

S1 +
A
P

(� i � pi ) + pi +
A � P

P
maxf 0; pi � N g

�
A � P

P
maxf 0; pm � N g

m� i � 1Y

k=0

� i + k

pi +1+ k � 1
;

namely,

0 � S1 + � i � pi + maxf 0; pi � N g � maxf 0; pm � N g
m� i � 1Y

k=0

� i + k

pi +1+ k � 1

=
m� i � 1X

j =1

(

(� i + j � pi + j )
j � 1Y

k=0

� i + k

pi +1+ k � 1

)

+ � i � minf pi ; N g

� maxf 0; pm � N g
m� i � 1Y

k=0

� i + k

pi +1+ k � 1
:

Therefore we obtain (4.5). Similarly we obtain (4.6). From the above computation

we seethat if

� i >
A � P

P
maxf 0; pi � N g;

then "< " holds in (4.5) and (4.6), and if

� i =
A � P

P
maxf 0; pi � N g;

then "=" holds in (4.5) and (4.6).
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From now on, the letter C denotesvarious positive constants independent of r

and R. Integrating (3.5) twice over [r � ; r ], from (4.1), we have

ui (r ) � ui (r � ) +
Z r

r �

�
s1� N

Z s

r �

tN � 1H i (t)ui +1 (t)� i dt
� 1

pi � 1

ds(4.7)

� C
Z r

r �

�
s1� N

Z s

r �

tN � 1� � i ui +1 (t)� i dt
� 1

pi � 1

ds; i = 1; 2; � � � ; m:

In what follows of the proof the argument is divided into two casesaccordingto pm .

(i) Let pm � N . We �rst consider the casethat

� m� 1 =
A � P

P
maxf 0; pm� 1 � N g:

Then from (4.6) we seethat � m� 1 = minf pm� 1; N g. From (4.7) with i = m � 1 we

have

um� 1(r ) � Cum (r � )
� m � 1

pm � 1 � 1

Z r

r � +1

�
s1� N

Z s

r �

tN � 1� min f pm � 1 ;N gdt
� 1

pm � 1 � 1

ds:

Therefore we seethat, for pm� 1 < N

um� 1(r ) � C
Z r

r � +1

�
s1� N

Z s

r �

tN � 1� pm � 1 dt
� 1

pm � 1 � 1

ds

� C
Z r

r � +1
s� 1ds

� C logr; r � r 1 > r � + 1;

for pm� 1 = N

um� 1(r ) � C
Z r

r � +1

�
s1� N

Z s

r �

t � 1dt
� 1

pm � 1 � 1

ds

� C
Z r

r � +1
s� 1(log s)

1
pm � 1 � 1 ds

� C(log r )
pm � 1

pm � 1 � 1 ; r � r 1 > r � + 1;
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and for pm� 1 > N

um� 1(r ) � C
Z r

r � +1

�
s1� N

Z s

r �

t � 1dt
� 1

pm � 1 � 1

ds

� C
Z r

r � +1
s

1� N
pm � 1 � 1 (log s)

1
pm � 1 � 1 ds

� Cr
pm � 1 � N
pm � 1 � 1 (log r )

1
pm � 1 � 1 ; r � r 1 > r � + 1:

Here, the last inequality is given by integration by parts. On the other hand, from

(4.4) with i = m � 1 and the de�nition of � m� 1 we seethat

um� 1(r ) �

8
><

>:

C if pm� 1 � N ;

Cr
pm � 1 � N
pm � 1 � 1 if pm� 1 > N

for large r > r � . This is a contradiction.

Next we consider the casethat

� m� 2 =
A � P

P
maxf 0; pm� 2 � N g:

Then we seefrom (4.5) with i = m � 2 and (4.6) that

� m� 1 < minf pm� 1; N g and � m� 2 =
(pm� 1 � � m� 1)� m� 2

pm� 1 � 1
+ minf pm� 2; N g:

From (4.7) with i = m � 1 we have

um� 1(r ) � Cum (r � )
� m � 1

pm � 1 � 1

Z r

r � +1

�
s1� N

Z s

r �

tN � 1� � m � 1 dt
� 1

pm � 1 � 1

ds

� C
Z r

r � +1
s

1� � m � 1
pm � 1 � 1 ds

� Cr
pm � 1 � � m � 1

pm � 1 � 1 ; r � r 1 > r � + 1:

From this estimate and (4.7) with i = m � 2 we obtain

um� 2(r ) � C
Z r

r 1+1

�
s1� N

Z s

r 1

t
N � 1� � m � 2+

� m � 2 ( pm � 1 � � m � 1 )
pm � 1 � 1 dt

� 1
pm � 2 � 1

ds

= C
Z r

r 1+1

�
s1� N

Z s

r 1

tN � 1� min f pm � 2 ;N gdt
� 1

pm � 2 � 1

ds:
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Therefore we seethat for r � r 2 > r1 + 1

um� 2(r ) �

8
>>>><

>>>>:

C logr if pm� 2 < N;

C(log r )
pm � 2

pm � 2 � 1 if pm� 2 = N;

Cr
pm � 2 � N
pm � 2 � 1 (log r )

1
pm � 2 � 1 if pm� 2 > N:

On the other hand, from (4.4) with i = m � 2 and the de�nition of � m� 2 we see

that

um� 2(r ) �

8
<

:

C if pm� 2 � N ;

Cr
pm � 2 � N
pm � 2 � 1 if pm� 2 > N;

for large r � r � . This is a contradiction.

Similarly, supposethat there exists an i 0 2 f 1; 2; � � � ; mg such that

� i 0 =
A � P

P
maxf 0; pi 0 � N g

and

� i >
A � P

P
maxf 0; pi � N g; i = i 0 + 1; � � � ; m � 1:

Then we seefrom (4.6) and (4.7) with i = m � 1 that

um� 1(r ) � Cr
pm � 1 � � m � 1

pm � 1 � 1 ; r � r 1 > r � + 1:

From this estimate, (4.5) with i = m � 2, (4.7) with i = m � 2 we have

um� 2(r ) � C
Z r

r 1+1

�
s1� N

Z s

r 1

t
N � 1� � m � 2+

� m � 2 ( pm � 1 � � m � 1 )
pm � 1 � 1 dt

� 1
pm � 2 � 1

ds

� C
Z r

r 1+1
s

1� � m � 2
pm � 2 � 1 +

� m � 2 ( pm � 1 � � m � 1 )
( pm � 1 � 1)( pm � 2 � 1) ds

� Cr
pm � 2 � � m � 2

pm � 2 � 1 +
� m � 2 ( pm � 1 � � m � 1 )
( pm � 1 � 1)( pm � 2 � 1) ; r � r 2 > r1 + 1:

By repeating this procedure,we get a sequencef r j gm� i 0 � 1
j =2 such that

ui (r ) � Cr � i ; r � r j > r j � 1 + 1; i = m � 2; m � 3; � � � ; i 0 + 1;

where

� i =
1

pi � 1

8
<

:
pi � � i +

m� i � 1X

j =1

(

(pi + j � � i + j )
j � 1Y

k=0

� i + k

pi +1+ k � 1

) 9
=

;

=
pi � � i + � i � i +1

pi � 1
:
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From this estimate, (4.5) with i = i 0, (4.7) with i = i 0 we have

ui 0 (r ) � C
Z r

r m � i 0 � 1+1

 

s1� N
Z s

r m � i 0 � 1

tN � 1� � i 0 + � i 0 � i 0 +1 dt

! 1
pi 0

� 1

ds

= C
Z r

r m � i 0 � 1+1

 

s1� N
Z s

r m � i 0 � 1

tN � 1� min f pi 0 ;N gdt

! 1
pi 0

� 1

ds:

Therefore we seethat for r � r m� i 0 > rm� i 0 � 1 + 1

ui 0 (r ) �

8
>>>>><

>>>>>:

C logr if pi 0 < N;

C(log r )
pi 0

pi 0
� 1 if pi 0 = N;

Cr
pi 0

� N

pi 0
� 1 (log r )

1
pi 0

� 1 if pi 0 > N:

On the other hand, from (4.4) with i = i 0 and the de�nition of � i 0 we seethat

ui 0 (r ) �

8
><

>:

C if pi 0 � N ;

Cr
pi 0

� N

pi 0
� 1 if pi 0 > N;

for large r � r � . This is a contradiction. Thus the proof is completed for the case

pm � N .

(ii) Let pm > N . Then, integrating (3.5) on [0; r ] twice, we have

um (r ) = um (0) +
Z r

0
s

1� N
pm � 1

� Z s

0
tN � 1Hm (t)u1(t)� m dt

� 1
pm � 1

ds(4.8)

�
Z r

r �

s
1� N

pm � 1 ds
� Z r �

0
tN � 1Hm (t)u1(t)� m dt

� 1
pm � 1

� Cr
pm � N
pm � 1 ; r � r 1 > r � :

Let us consider the casethat

� m� 1 =
A � P

P
maxf 0; pm� 1 � N g:

Then from (4.6) we seethat

� m� 1 =
� m� 1(pm � N )

pm � 1
+ minf pm� 1; N g:
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From (4.7) with i = m � 1 and (4.8) we have

um� 1(r ) �
Z r

r 1+1

�
s1� N

Z s

r 1

tN � 1� � m � 1+
� m � 1 ( pm � N )

pm � 1 dt
� 1

pm � 1 � 1

ds

=
Z r

r 1+1

�
s1� N

Z s

r 1

tN � 1� min f pm � 1 ;N gdt
� 1

pm � 1 � 1

ds:

Therefore we seethat for r � r 2 > r1 + 1

um� 1(r ) �

8
>>>><

>>>>:

C logr if pm� 1 < N;

C(log r )
pm � 1

pm � 1 � 1 if pm� 1 = N;

Cr
pm � 1 � N
pm � 1 � 1 (log r )

1
pm � 1 � 1 if pm� 1 > N:

On the other hand, from (4.4) with i = m � 1 and the de�nition of � m� 1 we see

that

um� 1(r ) �

8
<

:

C if pm� 1 � N ;

Cr
pm � 1 � N
pm � 1 � 1 if pm� 1 > N;

for large r � r � . This is a contradiction.

Using similar arguments as in (i), we can get a contradiction for the casethat

� i 0 =
A � P

P
maxf 0; pi 0 � 1 � N g for some i 0 2 f 1; 2; � � � ; mg;

and

� i >
A � P

P
maxf 0; pi � 1 � N g; i = i 0 + 1; i 0 + 2; � � � ; m � 1:

The proof is �nished. �

Pro of of Theorem 4.2. Let (u1; u2; � � � ; um ) be a nonnegative nontrivial ra-

dial entire solution of (1.1). From Theorem 3.2 and its proof we seethat u i (r ) >

0; r � r � ; i = 1; 2; � � � ; m, for somer � > r0 and ui ; i = 1; 2; � � � ; m, satisfy

(4.9) ui (r ) � Ci (log r ) � i at 1 ;

where Ci > 0; i = 1; 2; � � � ; m, are constants. If there exists an i 0 2 f 1; 2; � � � ; mg

such that

� i 0 <
A � (N � 1)m

(N � 1)m� 1 ;
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then we seethat � i 0 < 1 by the de�nition of � i 0 . On the other hand, integrating

(3.5) on [0; r ] twice, we have

ui 0 (r ) = ui 0 (0) +
Z r

0
s� 1

� Z s

0
tN � 1H i 0 (t)ui 0+1 (t)� i 0 dt

� 1
N � 1

ds(4.10)

�
Z r

r �

s� 1ds
� Z r �

0
tN � 1H i 0 ui 0+1 (t)� i 0 dt

� 1
N � 1

� C log r; r � r 1 > r �

for some constant C > 0. This contradicts to (4.9) with � i 0 < 1. It remains to

discussthe case

� i �
A � (N � 1)m

(N � 1)m� 1 ; i = 1; 2; � � � ; m:

From the assumption of � i there exists an i 0 2 f 1; 2; � � � ; mg such that

� i 0 =
A � (N � 1)m

(N � 1)m� 1 :

Without lossof generality we may assumethat i 0 = m, that is,

� i �
A � (N � 1)m

(N � 1)m� 1 ; i = 1; 2; � � � ; m � 1

and

� m =
A � (N � 1)m

(N � 1)m� 1 :

A similar computation as was used in the proof of Theorem 4.1 shows that

(4.11)

� i � �
m� i � 1X

j =1

(
(� i + j � N )
(N � 1)j

j � 1Y

k=0

� i + k

)

+

m� i � 1Y

k=0

� i + k

(N � 1)m� i � 1 + 1; i = 1; 2; � � � ; m � 2;

and

(4.12) � m� 1 � � m� 1 + 1:

We notice that "< " holds in (4.11) and (4.12) if

� i >
A � (N � 1)m

(N � 1)m� 1 ;
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and "=" holds in (4.11) and (4.12) if

� i =
A � (N � 1)m

(N � 1)m� 1 :

First we consider the casethat

� m� 1 =
A � (N � 1)m

(N � 1)m� 1 :

Using the samecomputation as (4.10), we have

um (r ) � C logr; r � r 1 > r �

for someconstant C > 0. From this estimate, (4.7) with i = m � 1, (4.12) we have

um� 1(r ) � C
Z r

r 1+1
s� 1

� Z s

r 1

t � 1(log t) � � m � 1+ � m � 1 dt
� 1

N � 1

ds

= C
Z r

r 1+1
s� 1

� Z s

r 1

t � 1(log t) � 1dt
� 1

N � 1

ds

� C
Z r

r 1+1
s� 1(log(log s))

1
N � 1 ds

� C logr (log(log r ))
1

N � 1 ; r � r 2 > r1 + 1

for someconstant C > 0. On the other hand, from (4.9) with i = m � 1 and the

de�nition of � m� 1 we seethat

um� 1(r ) � Cm� 1 logr at 1 :

This is a contradiction.

Using similar arguments as in the proof of Theorem 4.1, we get a contradiction

for the casethat

� i 0 =
A � (N � 1)m

(N � 1)m� 1 for some i 0 2 f 1; 2; � � � ; mg

and

� i >
A � (N � 1)m

(N � 1)m� 1 ; i = i 0 + 1; i 0 + 2; � � � ; m � 1:

The proof is completed.�
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