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Abstract
This paper is concernedwith the nonlinear boundary eigenvalue problem

� (ju0jp� 2u0)0 = �m jujp� 2u u 2 I =] a;b[; u(a) = u(b) = 0;

where p > 1, � is a real parameter, m is an inde�nite weight, and a, b are real
numbers. We prove there exists a unique sequenceof eigenvalues for this problem.
Each eigenvalue is simple and veri�es the strict monotonicity property with respect
to the weight m and the domain I , the k-th eigenfunction,corresponding to the k-th
eigenvalue, hasexactly k � 1 zerosin (a;b). At the end, we give a simple variational
formulation of eigenvalues.
MSC 2000 35P30.
Key words and phrases: p-Laplacian spectrum, simplicit y, isolation, strict mono-
tonicit y property, zerosof eigenfunctions,variational formulation.

1 In tro duction

The spectrum of the p-Laplacian operator with inde�nite weight is de�ned as the set
� p(� � p; m) of � := � (m; I ) for which thereexistsa nontrivial (weak)solution u 2 W 1;p

0 (
)
of problem

(V:P (m; 
) )

(
� � pu = �m jujp� 2u in 
 ;

u = 0 on @
 ;

where p > 1, � p : is the p-Laplacian operator, de�ned by � pu := div(jr ujp� 2r u), in a
boundeddomain 
 � IRN , and m 2 M (
) is an inde�nite weight, with

M (
) := f m 2 L1 (
) =measf x 2 
 ; m(x) > 0g 6= 0g:
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The values � (m; 
) for which there exists a nontrivial solution of (V:P (m; 
) ) are called
eigenvalues and the corresponding solutions are the eigenfunctions. We will denote
� +

p (� � p; m) the set of all positive eigenvalues, and by � �
p (� � p; m) the set of negative

eigenvalues.

For p = 2 (� p = � Laplacian operator) it is well known (cf [4, 7, 8]) that,

� � +
2 (� � ; m) = f � k(m; 
) ; k = 1; 2; � � �g, with 0 < � 1(m; 
) < � 2(m; 
) � � 3(m; 
)

� � � � ! + 1 , � k(m; 
) repeatedaccordingto its multiplicit y.

� The k-th eigenfunctioncorresponding to � k(m; 
), hasat most k nodal domains.

� The eigenvalues � k(m; 
), k � 1, verify the strict monotonicity property (SMP in
brief), i.e if m; m0 2 M (
) ; m(x) � m0(x) a.e in 
 and m(x) < m0(x) in some
subsetof nonzeromeasure,then � k(m; 
) > � k(m

0
; 
).

� Equivalencebetweenthe SMP and the unique continuation one.

For p 6= 2 (nonlinear problem), it is well known that the critical point theory of
Ljusternik-Schnirelmann (cf [15]), provides a sequenceof eigenvaluesfor thoseproblems.
Whether or not this sequence,denoted� k(m; 
), constitutes the set of all eigenvaluesis
an open questionwhen N � 1, m 6� 1, and p 6= 2. The principal results for the problem
seemsto be given in (cf [1, 2, 3, 5, 6, 9, 10, 11, 12, 13]), whereis shown that there exists
a sequenceof eigenvaluesof (V:P (m; 
) ) given by,

� n (m; 
) = inf
K 2B n

max
v2 K

R

 jr vjp dx

R

 mjvjp dx

(1)

Bn = f K , symmetrical compact, 0 62K , and 
 (K ) � n g, 
 is the genus function, or
equivalently,

1
� n (m; 
)

= sup
K 2B n

min
v2 K

R

 mjvjp dx

R

 jr vjp dx

(2)

which can be written simply,

1
� n (m; 
)

= sup
K 2A n

min
v2 K

Z



mjvjp dx (3)

A n = f K \ S, K 2 Bng. S is the unit sphere of W 1;p
0 (
) endowed with the usual

norm (kvkp
1;p =

R

 jr vjp dx), the equation (2) is the generalizedRayleigh quotient for the

problem (V:P (m; 
) ). The sequenceis orderedas 0 < � 1(m; 
) < � 2(m; 
) � � 3(m; 
) �
� � � ! + 1 . The �rst eigenvalue � 1(m; 
) is of special importance. We give someof its
properties which will be of interest for us (cf [1]). First, � 1(m; 
) is given by,

1
� 1(m; 
)

= sup
v2 S

Z



mjvjp dx =

Z



mj� 1jp dx (4)

� 1 2 S is any eigenfunctioncorresponding to � 1(m; 
), for this reason� 1(m; 
) is called
the principal eigenvalue, also we know that � 1(m; 
) > 0, simple (i.e if v and u are two
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eigenfunctionscorresponding to � 1(m; 
) then v = � u for some� 2 IR), isolate (i.e there
is no eigenvalue in ]0; a[ for somea > � 1(m; 
), �nally it is the unique eigenvalue which
hasan eigenfunctionwith constant sign. We denote� 1(x) the positive eigenfunctioncor-
responding to � 1(m; 
), � 1(x) veri�es the strong maximum principle (cf [17]), @� 1

@n (x) < 0,
for x in @
 satisfying the interior ball condition.

In [14] Otani considersthe caseN = 1, m(x) � 1, and proves that , � p(� � p; 1) =
f � k(m; I ); k = 1; 2; � � �g, the sequencecan be ordered as 0 < � 1(m; 
) < � 2(m; 
) <
� 3(m; 
) < � � � ! + 1 , the k-th eigenfunctionhasexactly k � 1 zerosin I = (a;b). In [10]
Elbert proved the sameresults in the caseN = 1, m(x) � 0 and continuous, the author
givesan asymptotic relation of eigenvalues.

In this paper we considerthe generalcase,N = 1 and m(x) can changesign and is
not necessarilycontinuous. We prove that � +

p (� � p; m) = f � k(m; I ); k = 1; 2; � � �g, the
sequencecan be orderedas 0 < � 1(m; 
) < � 2(m; 
) < � 3(m; 
) < � � � � k(m; I ) ! + 1
ask ! + 1 , the k-th eigenfunctionhasexactly k � 1 zerosin I = (a;b). The eigenvalues
verify the SMP with respect to the weight m and the domain I .

In the next sectionwedenoteby: M (I ) := f m 2 L 1 (I )=measf x 2 I ; m(x) > 0g 6= 0g,
m=J the restriction of m on J for a subsetJ of I , Z (u) = f t 2 I =u(t) = 0g, a nodal
domain ! of u is a component of I nZ (u), where (u; � (m; I )) is a solution of (V:P (m;I )).
~u=! is the extension,by zero,on I of u=!

2 Results and technical Lemmas

We �rst state our main results

Theorem 1 Assumethat N=1 (
 =] a;b[= I ), m 2 M (I ) such that m 6� 1 and p 6= 2,
we have

1. Every eigenfunction corresponding to the k-th eigenvalue� k(m; I ), has exactly k-1
zeros.

2. For every k, � k(m; I ) is simple and veri�es the strict monotonicity property with
respect to the weightm and the domain I .

3. � +
p (� � p; m) = f � k(m; I ); k = 1; 2; � � �g, for any m 2 M (I ). The eigenvaluesare

ordered as 0 < � 1(m; 
) < � 2(m; 
) < � 3(m; 
) < � � � � k(m; I ) ! + 1 as k ! + 1 .

Corollary 1 For any integer n, we havethe simple variational formulation,

1
� n (m; I )

= sup
F 2F n

min
F \ S

Z b

a
mjvjp dx (5)

F n= f F / F is a n dimensionalsubspace of W 1;p
0 (I )g.
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For the proof of Theorem1 we needsometechnical Lemmas.

Lemma 1 Let m; m
0
2 M (I ), m(x) � m0(x), then for any n, � n (m0; I ) � � n (m; I )

Pro of Making useof equation (2), we obtain immediately � n (m0; I ) � � n (m; I ).

Lemma 2 Let (u; � (m; I )) be a solution of (V:P (m;I )), m 2 M (I ), then m=! 2 M (! ) for
any nodal domain ! of u.

Pro of Let ! be a nodal domain of u and multiply (V:P (m;I ) ) by ~u=! so that we obtain

0 <
Z

!
ju

0
jp dx = � (m; I )

Z

!
mjujp dx : (6)

This completesthe proof.

Lemma 3 The restriction of a solution (u; � (m; I )) of problem (V:P (m;I ) ), on a nodal
domain ! , is an eigenfunctionof problem(V:P (m=! ;! )), andwehave� (m; I ) = � 1(m=! ; ! ).

Pro of Let v 2 W 1;p
0 (! ) and let ~v be the extensionby zero of v on 
. It is obvious that

~v 2 W 1;p
0 (
). Multiply (V:P (m; 
) ) by ~v

Z

!
ju0jp� 2u0v0dx = � (m; I )

Z

!
mjujp� 2uv dx (7)

for all v 2 W 1;p
0 (! ). Hencethe restriction of u in ! is a solution of problem (V:P (m=! ;! ))

with constant sign. We then have � (m; 
) = � 1(m=! ; ! ); ! ), which completesthe proof.

Lemma 4 Each solution (u; � (m; I )) of the problem (V:P (m;I ) ) has a �nite number of
zeros.

Pro of This Lemmaplays an essential role in our work. We start by showing that u hasa
�nite number of nodal domains. Assumethat there exists a sequenceI k ; k � 1, of nodal
domains(intervals), I i \ I j = ; for i 6= j . We deduceby Lemmas3 and 1, respectively,
that

� (m; I ) = � 1(m; I k) � � 1(C; I k) =
� 1(1; I k)

C
=

� 1(1; ]0; 1[)
C(meas(I k))p

; (8)

whereC = kmk1 .
From equation (8) we deduce(meas(I k )) � ( � 1 (1;]0;1[)

� (m;I )C )
1
p , for all k, so

meas(I ) =
X

k� 1

(meas(I k )) = + 1 :

This yields a contradiction.
Let f I 1; I 2; � � � I kg be the nodal domainsof u. Put I i =] ai ; bi [, where a � a1 < b1 �

a2 < b2 � � � � ak < bk � b. It is clear that the restriction of u on ]a;b1[ is a nontrivial
eigenfunctionwith constant sign corresponding to � (m; I ). The maximum principle (cf
[17]) yields u(t) > 0 for all t 2 ]a;b1[, so a = a1. By a similar argument we prove that
b1 = a2, b2 = a3; � � � bk = b, which completesthe proof.

Lemma 5 (cf [16]) Let u be a solution of problem(V:P (m; 
) ) and u 2 W 1;p(
) \ L1 (
)
then u 2 C1;� (
) \ C1( �
) for some� 2 (0; 1).
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3 Pro of of main results

Pro of of Theorem 1
For n = 1, weknow that � 1(m; I ) is simple,isolateand the correspondingeigenfunction

hasconstant sign. Henceit hasno zero in (a;b) and it remainsto prove the SMP.

Prop osition 1 � 1(m; I ) veri�es the strict monotonicity property with respect to weight
m and the domain I . i.e If m; m

0
2 M (I ), m(x) � m0(x) and m(x) < m0(x) in some

subsetof I of nonzero measure then,

� 1(m0; I ) < � 1(m; I ) (9)

and, if J is a strict sub interval of I suchthat m=J 2 M (J ) then,

� 1(m; I ) < � 1(m=J ; J ): (10)

Pro of Let m; m
0

2 M (I ) as in Proposition 1 and recall that the principal eigenfunction
� 1 2 S corresponding to � 1(m; I ) has no zero in I ; i.e � 1(t) 6= 0 for all t 2 I . By (3), we
get

1
� 1(m; I )

=
Z

I
mj� 1jp dx <

Z

I
m

0
j� 1jp dx � sup

v2 S

Z

I
m

0
jvjp dx =

1
� 1(m0; I )

: (11)

Then inequality (9) is proved. To prove inequality (10), let J be a strict sub interval of
I and m=J 2 M (J ). Let u1 2 S be the (principal) positive eigenfunctionof (V:P (m;J ) )
corresponding to � 1(m=J ; J ), and denoteby ~u1 the extensionby zeroon I . Then

1
� 1(m=J ; J )

=
Z

J
mju1jp dx =

Z

I
mj~u1jp dx < sup

v2 S

Z

I
mjvjp dx =

1
� 1(m; I )

: (12)

The last strict inequality holds from the fact that ~u1 vanishesin I =J so can't be an
eigenfunctioncorresponding to the principal eigenvalue � 1(m; I ).

For n = 2 we start by proving that � 2(m; I ) hasa unique zero in (a;b).

Prop osition 2 There existsa unique real c2;1 2 I , for which we haveZ(u) = f c2;1g for
any eigenfunction u corresponding to � 2(m; I ). For this reason, we wil l say that c2;1 is
the zero of � 2(m; I ).

Pro of Let u bean eigenfunctioncorresponding to � 2(m; I ). u changessign in I . Consider
I 1 =] a;c[ and I 2 =] c0; b[ two nodal domainsof u, by Lemma 3, � 1(m=I 1 ; I 1) = � 2(m; I ) =
� 1(m=I 2 ; I 2). Assumethat c < c0, choosed 2]c;c0[ and put J1 =] a;d[, J2 =] d;b[; hence
J1 \ J2 = ; , and for i = 1; 2, I i � Ji strictly, and m=Ji 2 M (Ji ). Making useof Lemma 3,
by (10), we get

� 1(m=J1 ; J1) < � 1(m=I 1 ; I 1) = � 2(m; I ) (13)

and
� 1(m=J2 ; J2) < � 1(m=I 2 ; I 2) = � 2(m; I ): (14)

Let � i 2 S be an eigenfunctioncorresponding to � 1(m=Ji ; Ji ), by (4) we have for i = 1; 2

1
� 1(m; Ji )

=
Z

J i

mj� i jp dx (15)
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~� i is the extension by zero of � i on I . Consider the two dimensional subspaceF =
h~� 1; ~� 2i and put K 2 = F \ S � W 1;p

0 (I ). Obviously 
 (K 2) = 2 and we remark that for
v = � ~� 1 + � ~� 2, kvk1;p = 1 ( ) j� jp + j� jp = 1. Henceby (3), (13), (14) and (15) we
obtain,

1
� 2 (m;I ) � min

v2 K 2

Z

I
mjvjp dx

= min
v= � ~� 1 + � ~� 22 K 2

(j� jp
Z

J1

mj� 1jp + j� jp
Z

J2

mj� 2jp)

= j� 0jp
R

J1
mj� 1jp + j� 0jp

R
J2

mj� 2jp)
= j � 0 jp

� 1 (m=J 1
;J1) + j � 0 jp

� 1(m=J 2
;J2)

> j � 0 jp + j� 0 jp

� 2 (m;I )

= 1
� 2 (m;I ) ;

a contradiction; hencec = c0. On the other hand, let v be another eigenfunctioncorre-
sponding to � 2(m; I ). Denote by d its unique zero in (a;b). Assume,for example, that
c < d. By Lemma 3 and relation (10), we get

� 2(m; I ) = � 1(m=]a;d[; ]a;d[) < � 1(m=]a;c[; ]a;c[) = � 2(m; I ): (16)

This is a contradiction so c = d. We have proved that every eigenfunctioncorresponding
to � 2(m; I ) has one, and only one, zero in (a;b), and that the zero is the samefor all
eigenfunctions,which completesthe proof of the Proposition.

Lemma 6 � 2(m; I ) is simple, hence � 2(m; I ) < � 3(m; I ).

Pro of Let u and v be two eigenfunctionscorresponding to � 2(m; I ). By Lemma 3
the restrictions of u and v on ]a;c2;1[ and ]c2;1; b[ are eigenfunctionscorresponding to
� 1(m=]a;c2;1 [; ]a;c2;1[) and � 1(m=]c2;1 ;b[; ]c2;1; b[), respectively. Making use of the simplicity
of the �rst eigenvalue, we get u = � v in ]a;c2;1[ and u = � v in ]c2;1; b[. But both of u and
v are eigenfunctions,so then by Lemma 5, there are C1(I ). The maximum principle (cf
[17]) tell us that u0(c2;1) 6= 0, so � = � . Finally, by the simplicity of � 2(m; I ) and the
theoremof multiplicit y (cf [15]) we concludethat � 2(m; I ) < � 3(m; I ).

Prop osition 3 � 2(m; I ) veri�es the SMP with respect to the weight m and the domain
I .

Pro of Let m, m0 2 M (I ) such that, m(x) � m0(x) a.e in I and m(x) < m0(x) in
somesubsetof nonzeromeasure.Let c2;1 and c0

2;1 be the zerosof � 2(m; I ) and � 2(m
0
; I )

respectively. We distinguish three cases:

1. c2;1 = c0
2;1 = c, then meas(f x 2 I =m(x) < m

0
(x)\ ]a;c[g) 6= 0, or meas(f x 2

I =m(x) < m
0
(x)\ ]c;b[g) 6= 0, by Lemma 3 and (9) we obtain

� 2(m0; I ) = � 1(m0
=]a;c[; ]a;c[) < � 1(m=]a;c[; ]a;c[) = � 2(m; I ); (17)

or
� 2(m0; I ) = � 1(m0

=]c;b[; ]c;b[) < � 1(m=]c;b[; ]c;b[) = � 2(m; I ): (18)
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2. c2;1 < c0
2;1, by Lemmas1, 3 and (10), we get

� 2(m0; I ) = � 1(m0
=]a;c0

2;1 [; ]a;c0
2;1[) � � 1(m=]a;c0

2;1 [; ]a;c0
2;1[)

< � 1(m=]a;c2;1 [; ]a;c2;1[) = � 2(m; I ):
(19)

3. c0
2;1 < c2;1, as before,by Lemmas1, 3 and (10), we have

� 2(m0; I ) = � 1(m0
=]c0

2;1 ;b[; ]c0
2;1; b[) � � 1(m=]c0

2;1 ;b[; ]c0
2;1; b[)

< � 1(m=]c2;1 ;b[; ]c2;1; b[) = � 2(m; I ):
(20)

For the SMP with respect to the domain, put J =] c;d[ a strict sub interval of I with
m=J 2 M (J ), and denotec0

2;1 the zeroof � 2(m=J ; J ). As in the SMP with respect to the
weight, three casesare distinguished:

1. c2;1 = c0
2;1 = l, then ]c;l [ is a strict sub interval of ]a; l [ or ]l ; d[ is a strict sub interval

of ]l ; b[. By Lemma 3 and (10), we get

� 2(m; I ) = � 1(m=]a;l [; ]a; l [) < � 1(m=]c;l [; ]c; l [) = � 2(m=J ; J ) (21)

or
� 2(m; I ) = � 1(m=]l ;b[; ]l ; b[) < � 1(m=]l ;d[; ]l ; d[) = � 2(m=J ; J ): (22)

2. c2;1 < c0
2;1, again by Lemma 3 and (10), we obtain

� 2(m; I ) = � 1(m=]c2;1 ;b[; ]c2;1; b[) < � 1(m=]c0
2;1 ;d[; ]c0

2;1; b[) = � 2(m=J ; J ): (23)

3. c0
2;1 < c2;1, for the samereasonas in the last case,we get

� 2(m; I ) = � 1(m=]a;c2;1 [; ]a;c2;1[) < � 1(m=]c;c0
2;1 [; ]c;c2;1[) = � 2(m=J ; J ): (24)

The proof is complete.

Lemma 7 If any eigenfunctionu corresponding to someeigenvalue� (m; I ) is suchthat
Z (u) = f cg for somereal number c, then � (m; I ) = � 2(m; I ).

Pro of We shall prove that c = c2;1. Assume,for example, that c < c2;1. By Lemma 1
and (10) we get

� (m; I ) = � 1(m=]c;b[; ]c;b[) < � 1(m=]c2;1 ;b[; ]c2;1; b[) = � 2(m; I ): (25)

On the other hand,

� 2(m; I ) = � 1(m=]a;c2;1 [; ]a;c2;1[) < � 1(m=]a;c[; ]a;c[) = � (m; I ); (26)

a contradiction. Hence,c = c2;1 and � (m; I ) = � 2(m; I ). The proof is complete.

For n > 2, we usea recurrenceargument. Assumethat, for any k, 1 � k � n, that
the following hypothesis:
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1. H.R.1 For any eigenfunctionu corresponding to the k-th eigenvalue � k(m; I ), there
exists a unique ck;i ; 1 � i � k � 1, such that Z (u) = f ck;i ; 1 � i � k � 1g.

2. H.R.2 � k(m; I ) is simple.

3. H.R.3 � 1(m; I ) < � 2(m; I ) < � � � < � n+1 (m; I ).

4. H.R.4 If (u; � (m; I )) is a solution of (V:P (m;I ) ) such that Z (u) = f ci ; 1 � i � k� 1g,
then � (m; I ) = � k(m; I ).

5. H.R.5 � k(m; I ) veri�es the SMP with respect to the weight m and the domain I .

Holds, and prove them for n + 1.

Prop osition 4 There exists a unique family f cn+1 ;i ; 1 � i � ng such that Z (u) =
f cn+1 ;i ; 1 � i � ng, for any eigenfunctionu corresponding to � n+1 (m; I ).

Pro of Let u be an eigenfunctioncorresponding to � n+1 (m; I ). By H.R.3 and H.R.4, u
has at least n zeros. According to Lemma 4, we can considerthe n + 1 nodal domains
of u, I 1 =] a;c1[, I 2 =] c1; c2[, ... , I n =] cn� 1; cn [, I n+1 =] c;b[. We shall prove that c = cn .
Remark that the restrictions of u on ]a;ci +1 [, 1 � i � n � 1, are eigenfunctionswith i
zeros,by H.R.4 � n+1 (m; I ) = � i (m=]a;ci +1 [; ]a;ci +1 [). Assumethat cn < c, choosed in ]cn ; c[
and put, J1 =] a;d[, J2 =] d;b[. Remark that J1 \ J2 = ; , ]a;cn [ is a strict sub interval
of J1 � I , and ]c;b[ is a strict sub interval of J2 � I . It is clear that m=Ji 2 M (Ji ) for
i = 1; 2, by H.R.4 and H.R.5. We have

� n (m=J1 ; J1) < � n (m=]a;cn [; ]a;cn [) = � n+1 (m; I ); (27)

and
� 1(m=J2 ; J2) < � 1(m=]c;b[; ]c;b[) = � n+1 (m; I ): (28)

Denote by (� n+1 ; � 1(m=J2 ; J2)) a solution of (V:P (m;J 2 )), (v; � n(m=J1 ; J1)) a solution of
(V:P (m;J 1)), � i ; 1 � i � n the restrictions of v on I i , and ~� i ; 1 � i � n, their extensions,
by zero,on I . Let Fn+1 = h~� 1; ~� 2; � � � ; ~� n+1 i and K n+1 = Fn+1 \ S, then 
 (K n+1 ) = n + 1.
We obtain by (3) and the sameproof as in Proposition 2

1
� n+1 (m; I )

� min
K n +1

Z

I
mjvjp dx >

1
� n+1 (m; I )

; (29)

a contradiction, so c = cn . On the other hand, let v be an eigenfunctioncorresponding
to � n+1 (m; I ). Denote by d1; d2; � � � ; dn the zerosof v. If d1 6= c1, then � n+1 (m; I ) =
� 1(m=]a;d1 [; ]a;d1[) 6= � 1(m=]a;c1 [; ]a;c1[) = � n+1 (m; I ), so d1 = c1, by the sameargument
we concludethat di = ci for all 1 � i � n.

Lemma 8 � n+1 (m; I ) is simple, hence. � n+1 (m; I ) < � n+2 (m; I ).

EJQTDE, 2002No. 17, p. 8



Pro of Let u and v be two eigenfunctionscorresponding to � n+1 (m; I ). The restrictions
of u and v on ]a;cn+1 ;1[ and ]cn+1 ;1; b[ respectively, are eigenfunctionscorresponding to
� 1(m=]a;cn +1 ;1 [; ]a;cn+1 ;1[) and � n (m=]cn +1 ;1 ;b[; ]cn+1 ;1; b[). By H.R.2 and H.R.4 we have u =
� v in ]a;cn+1 ;1[ and u = � v in ]cn+1 ;1; b[. On the other hand, u and v are C1(I ) and
u0(cn+1 ;1) 6= 0, so � = � . From the simplicity of � n+1 (m; I ) and theorem of multiplicit y
we concludethat � n+1 (m; I ) < � n+2 (m; I ).

Prop osition 5 � n+1 (m; I ) veri�es the SMP with respect to the weightm and the domain
I .

Pro of Let m; m0 2 M (I ), such that m(x) � m0(x) with m(x) < m0(x) in somesubsetof
nonzeromeasureand (c

0

n+1 ;i )1� i � n the zerosof � n+1 (m
0
) three casesare distinguished,

1. cn+1 ;1 = c0
n+1 ;1 = c, oneof the subsetsis of nonzeromeasure,

f x 2 I =m(x) < m0(x)g\ ]a;c[ and f x 2 I =m(x) < m0(x)g\ ]c;b[:

By Lemma 3 and (9), we have

� n+1 (m0; I ) = � 1(m0
=]a;c[; ]a;c[) < � 1(m=]a;c[; ]a;c[) = � n+1 (m; I ) (30)

or
� n+1 (m0; I ) = � n (m0

=]c;b[; ]c;b[) < � n (m=]c;b[; ]c;b[) = � n+1 (m; I ): (31)

2. cn+1 ;1 < c0
n+1 ;1, by Lemmas1, 3 and (10) we have

� n+1 (m0; I ) = � 1(m0
=]a;c0

n +1 ;1 [; ]a;c0
n+1 ;1[)

� � 1(m=]a;c0
n +1 ;1 [; ]a;c0

n+1 ;1[)
< � 1(m=]a;cn +1 ;1 [; ]a;cn+1 ;1[) = � n+1 (m; I ):

(32)

3. c0
n;1 < cn;1, from the samereasonas before,we get

� n+1 (m0; I ) = � n(m0
=]c0

n +1 ;1 ;b[; ]c0
n+1 ;1; b[)

� � n(m=]c0
n +1 ;1 ;b[; ]c0

n+1 ;1[; b)
< � n(m=]cn +1 ;1 ;b[; ]cn+1 ;1; b[) = � n+1 (m; I ):

(33)

By similar argument as in proof of Proposition 3, we prove the SMP with respect to the
domain I .

Lemma 9 If (u; � (m; I )) is a solution of (V:P (m;I ) ) such that Z (u) = f d1; d2; � � � dng;
then � (m; I ) = � n+1 (m; I ).

Pro of It is su�cien t to prove that di = cn+1 ;i for all 1 � i � n. If cn+1 ;1 < d1 then, by
Lemma 1, (10), H.R.4 and H.R.5,

� (m; I ) = � 1(m=]a;d1 [; ]a;d1[) < � 1(m=]a;cn +1 ;1 [; ]a;cn+1 ;1[)
= � n+1 (m; I )
= � n (m=]cn +1 ;1 ;b[; ]cn+1 ;1; b[)
< � n (m=]d1 ;b[; ]d1; b[)
= � (m; I );

(34)
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a contradiction. If d1 < cn+1 ;1 then, by Lemma 1, (10), H.R.4 and H.R.5,

� n+1 (m; I ) = � 1(m=]a;cn +1 [; ]a;cn+1 [) < � 1(m=]a;d1 [; ]a;d1[)
= � (m; I )
= � n (m=]d1 ;b[; ]d1; b[)
< � n (m=]cn +1 ;1 ;b[; ]cn+1 ; b[)
= � n+1 (m; I );

(35)

a contradiction. The proof is then complete,which completesthe proof of Theorem1.

Pro of of Corollary 1. Sincefor F 2 F n , the compact F \ S 2 A n , by (3) we
have:

sup
F 2F n

min
v2 F \ S

Z



mjvjp dx �

1
� n(m; 
)

: (36)

On the other hand, for a n dimensional subspaceF of W 1;p
0 (I ), the compact set K =

F \ S 2 A n . Let u be an eigenfunctioncorresponding to � n(m; I ) and put

F = h~� 1(]a;cn;1[); ~� 1(]cn;1; cn;2[); � � � ; ~� 1(]cn1 ;n ; b[)i ;

to concludeF \ S 2 A n . By an elementary computation as in Proposition 2, one can
show that

1
� n (m; I )

= min
F \ S

Z

I
mjvjp dx: (37)

Then combine (36) with (37) to get (5). Which completesthe proof.

3.1 Remark

The spectrum of p-Laplacian, with inde�nite weight, in onedimension,is entirely deter-
mined by the sequence(� n (m; I ))n� 1 if m(x) � 0 a.ein I . Therefore,if m(x) < 0 in some
subsetJ � I of nonzeromeasure,replacem by � m; by Theorem 1, since� m 2 M (I )
we concludethat, the negative spectrum � �

p (� � p; m) = � � +
p (� � p; � m) of this operator

is constituted by a sequenceof eigenvalues� � n (m; I ) = � � n (� m; I ). Thus the spectrum
of the operator is,

� p(� � p; m) = � +
p (� � p; m) [ � �

p (� � p; m):
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