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Abstract
This paper is concernedwith the nonlinear boundary eigervalue problem

(ul® 2u%%= mjuP 2u w21 =lak; u(a) = u(b = 0;

wherep > 1, is a real parameter, m is an inde nite weight, and a, b are real
numbers. We prove there exists a unique sequenceof eigervalues for this problem.
Each eigervalue is simple and veri es the strict monotonicity property with respect
to the weight m and the domain I, the k-th eigenfunction, corresponding to the k-th
eigervalue, hasexactly k 1 zerosin (a;b). At the end, we give a simple variational
formulation of eigervalues.

MSC 2000 35P30.
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1 Intro duction

The spectrum of the p-Laplacian operator with inde nite weigh is de ned as the set

o(  pm)of = (m;l) forwhich thereexistsanortrivial (weak)solutionu 2 Wq™()
of problem (
_ pU = mijujP 2u in ;
(VP ) u= 20 on @;
wherep > 1, , :is the p-Laplacian operator, de ned by ,u := div(jr ujP ?r u), in a
boundeddomain IRN, andm 2 M () is aninde nite weigh, with

M() =fm2L*() =meagx2 ;m(x)> 0g6 0Og:
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The values (m; ) for which there exists a nontrivial solution of (V:P .y ) are called
eigervalues and the correspnding solutions are the eigenfunctions. We will denote

» ( pm) the set of all positive eigervalues,and by [ (  p;m) the set of negative
eigervalues.

Forp=2( p= Laplacianoperator) it is well known (cf [4, 7, 8]) that,

2 sm) =1 «(m;) k=12 g with0< (m;) < »(m;) 3(m; )
' +1, «(m;) repeatedaccordingto its multiplicit y.

The k-th eigenfunctioncorrespndingto ¢(m; ), hasat most k nodal domains.

The eigermvalues ((m; ), k 1, verify the strict monotonicity property (SMP in
brief), i.,eif m;m°2 M() ;m(x) mqx) a.ein and m(x) < mYx) in some
subsetof nonzeromeasurethen (m; ) > (m’; ).

Equivalencebetweenthe SMP and the unique cortinuation one.

For p 6 2 (nonlinear problem), it is well known that the critical point theory of
Ljusternik-Schnirelmann (cf [15]), provides a sequenceof eigervaluesfor those problems.
Whether or not this sequencedenoted ((m; ), constitutesthe set of all eigervaluesis
an open questionwhenN 1, m6 1,and p 6 2. The principal results for the problem
seemdo begivenin (cf[1, 2, 3,5, 6,9, 10,11, 12, 13]), whereis shavn that there exists
a sequencef eigervaluesof (V:P m.) ) given by,

R . .
Y = inf max jr vjPdx
n(m:) = KIQBn V2K mjvjP dx

1)

B, = fK, symmetrical compact,0 62K, and (K) n g, isthe gerusfunction, or
equivalertly,

R
. sup min mjvj" dx (2)
a(m;) KZBpn v2K jr vjPdx
which can be written simply,
1 z
———— = sup min  mjvj’dx 3
oy Supmin miv) 3)
An = fK\ S_K 2 Byg. Sis the unit sphereof W;P() endaved with the usual
norm (kvkl, = " jr vjPdx), the equation (2) is the generalizedRayleigh quotiert for the
problem (V:P .y ). The sequenceas orderedasO< i(m;) < »(m;) 3(m; )

I' +1 . The rst eigervalue ;(m; ) is of special importance. We give someof its
properties which will be of interest for us (cf [1]). First, 1(m; ) is given by,

4 y4

— — = sup mjvjiPdx= mj 4jPdx 4
) Sup. mjyj j o (4)

1 2 S is any eigenfunctioncorrespndingto :(m; ), for this reason ;(m; ) is called
the principal eigervalue, alsowe know that ;(m; ) > 0, simple (i.e if v and u are two
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eigenfunctionscorrespndingto ;(m; ) thenv = ufor some 2 IR), isolate (i.e there
is no eigervalue in ]0; a] for somea > 1(m; ), nally it is the unique eigervalue which
hasan eigenfunctionwith constart sign. We denote ;(x) the positive eigenfunctioncor-
respondingto 1(m; ), 1(X) veri es the strong maximum principle (cf [17]), %(x) <0,
for x in @ satisfying the interior ball condition.

In [14] Otani considersthe caseN = 1, m(x) 1, and provesthat , ,( 1) =

f «(m;l);k = 1,2, g, the sequencecan be orderedas0 < (m;) < ,(m;) <

3(m; ) < I +1 , the k-th eigenfunctionhasexactly k 1zerosin| = (a;b). In [10]

Elbert proved the sameresultsin the caseN = 1, m(x) 0 and cortinuous, the author
givesan asymptotic relation of eigervalues.

In this paper we considerthe generalcase,N = 1 and m(x) can changesign and is
not necessarilycortinuous. We prove that  J( ,;m) = f (m;1);k = 1,2, g, the
sequencecan be orderedas0< (m; ) < (m;) < 3(m;) < k(m;) ! +1
ask! +1 ,the k-th eigenfunctionhasexactly k 1 zerosin| = (a;b). The eigervalues
verify the SMP with respect to the weight m and the domain| .

In the next sectionwedenoteby: M (1) := fm2 L (I)=meagx 2 |; m(x) > Og 6 Og,
m-; the restriction of m on J for a subsetJ of I, Z(u) = ft 2 I=u(t) = Og, a nodal
domain! of u is a componert of I nZ(u), where (u; (m;1)) is a solution of (V:P .)).
uz Is the extension,by zero,on | of u-

2 Results and technical Lemmas

We rst state our main results

Theorem 1 Assumethat N=1 ( =]a;g= 1), m 2 M(l) suchthatm 6 1andp 6 2,
we have

1. Every eigenfunction correspnding to the k-th eigenvalue ((m;1), has exactly k-1
zers.

2. For everyk, (m;l1) is simple and veri es the strict monotonicity property with
resect to the weightm and the domain | .

3. p( pm)=1f (mlI);k=12 g, foranym 2 M(l). The eigenvaluesare
ordered as0< 1(m; ) < (m;) < 3(m;) < k(m;1)! +1 ask! +1.

Corollary 1 For any integer n, we havethe simple variational formulation,
Zy

_ . b
) FSZLIJ:F: mug . mjvj® dx (5)

F.=fF / F is an dimensionalsubspae of WP (l)g.
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For the proof of Theorem 1 we needsometechnical Lemmas.
Lemma 1 Letm;m’2 M(1), m(x) mYx), thenfor anyn, (m%1)  .(m;l)
Pro of Making useof equation (2), we obtain immediately ,(m%1) n(m;1).

Lemma 2 Let (u; (m;l)) be a solution of (V:P(yn;)), m2 M(l), thenm-, 2 M(!) for
any nodal domain! of u.

Pro of Let ! be a nodal domain of u and multiply (V:P (m,)) by u= sothat we obtain
z z

0< jujPdx= (m:1) mjujPdx: (6)
This completesthe proof. [ |

Lemma 3 The restriction of a solution (u; (m; 1)) of problem (V:P . )), on a nodal
domain! , is an eigenfunctionof problem(V:P _, 1)), andwehave (m;1) = 1(m=;!).

Pro of Let v 2 W,P(! ) and let v be the extensionby zeroof v on . It is obvious that
v2 WyP(). Multiply (V:P () ) by v
Z

z
jud® 2u%dx = (m;1)  mjuj® 2uvdx (7
forall v 2 Wol;p(! ). Hencethe restriction of u in ! is a solution of problem (V:P (n_, 1))
with constart sign. Wethen have (m; ) = (mz;!);!), which completesthe proof.
|

Lemma 4 Each solution (u; (m;I)) of the problem (V:P m,)) hasa nite numkber of
zers.

Pro of This Lemmaplays an essetial role in our work. We start by shaving that u hasa
nite number of nodal domains. Assumethat there existsa sequencd; k 1, of nodal

domains (intervals), I; \ |; = ; fori 6 j. We deduceby Lemmas3 and 1, respectively,
that
iy _ N (1 I ¢ S (U
(m;1) = a(m;l)  (Cily) = C -~ Cmeasi,)P (8)

whereC = kmk; .
From equation (8) we deduce(meaql)) (%)ﬁ, for all k, so

X

meadql) = (meadly)) = +1:

k 1

This yields a cortradiction.
Let fl4; 15, Ixg bethe nodal domainsof u. Put |; =]a;h[, wherea a; < b

a < b ax < b b It isclearthat the restriction of u on Ja;b[ is a nontrivial

eigenfunctionwith constart sign correspndingto (m;I). The maximum principle (cf
[17]) yields u(t) > O for all t 2]a;b,[, soa = a;. By a similar argumert we prove that
by = a;, b = az; b« = b, which completesthe proof. [ ]

Lemma 5 (cf [16]) Let u be a solution of problem(V:P .y ) andu 2 WP() \ L* ()
thenu2 C% () \ C() for some 2 (0;1).
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3 Pro of of main results

Pro of of Theorem 1
Forn = 1,weknow that ;(m;I) issimple,isolateand the correspnding eigenfunction
has constart sign. Henceit hasno zeroin (a;b) and it remainsto prove the SMP.

Prop osition 1 1(m;1) veries the strict monotonicity property with resgect to weight

m and the domain|. i.e If m;m’2 M(1), m(x) mYx) and m(x) < mYx) in some
subsetof | of nonzeo measure then,

(mS1) < o(m;l) )
and, if J is a strict subinterval of I suchthat m-; 2 M (J) then,

1(m; 1) < 1(m=y;J): (10)

Pro of Let m;m° 2 M (l) asin Proposition 1 and recall that the principal eigenfunction
1 2 S correspndingto 1(m;1) hasno zeroin |;i.e ((t)6 Oforallt2 1. By (3), we

get L z z z

= mj 4Pdx< mj 4Pdx sup mivjiPdx= ——:
(m ) | J 1 | J 4 stp | V] (me )
Then inequality (9) is proved. To prove inequality (10), let J be a strict sub interval of
| and m-; 2 M(J). Let u; 2 S be the (principal) positive eigenfunctionof (V:P .5))
correspndingto ;(m=;;J), and denoteby t+; the extensionby zeroon|. Then

(11)

1 z z z 1
———— =  mjuyPdx=  mjwjPdx < sup mjvjPdx = ———: 12
NG I UL Sup. mjvj ) (12)
The last strict inequality holds from the fact that t; vanishesin I=J so can't be an
eigenfunctioncorrespnding to the principal eigervalue 1(m;1). ]

For n = 2 we start by proving that ,(m; 1) hasa unique zeroin (a;b).

Prop osition 2 There existsa uniquereal c;; 2 |, for which we haveZ(u) = fc;,.1g for
any eigenfunctionu correspndingto ,(m;1). For this reason, we will say that c,.; is
the zeo of ,(m;1).

Pro of Let u bean eigenfunctioncorrespndingto ,(m;1). u changessignin I. Consider
I, =]a;c[ and I, =] c% K two nodal domainsof u, by Lemma3, (mz,;l1) = »(m;l) =

1(mz,;12). Assumethat ¢ < ¢ choosed 2]c;c] and put J; =]a;d[, J, =]d;H; hence
Ji\ J=;,andfori= 1;2,1; J strictly, and m-;, 2 M (J;). Making useof Lemma 3,
by (10), we get

1(M=y;5 1) < a(maygslh) = o(msl) (13)

and
1(M=3,3d2) < a(moy,s12) = o(msl): (14)
Let ; 2 S be an eigenfunctioncorrespndingto i(m=;,;J;), by (4) we have fori = 1;2

z
1

— = i ij°d 15
(myay g e 13)
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i Is the extensionby zeroof ; on|. Considerthe two dimensional subspaceF =
h=; >i andput K, = F\' S W;P(l). Obviously (K,) = 2 and we remark that for

v= T+ T kvkyp, =1() jjP+j jP = 1. Henceby (3), (13), (14) and (15) we
obtain, 7
1 - - .p
2(m;l) \Q;Lrl |mJVJ dx 7 7
= min (G mj P+ j P mj 5P
v= IR 22K o R 2
= JoolP g mj 4P+ ol 5, mj 2)P)
- jo? 4 _ o
1(M=y,331) 1(m=y,:J2)
s L oiP+j off
2l(m:|)

a cortradiction; hencec = ¢® On the other hand, let v be another eigenfunction corre-
spondingto ,(m;1). Denote by d its unique zeroin (a;b). Assume,for example,that
c< d. By Lemma 3 and relation (10), we get

o(m; 1) = 1(Mgagp]aid) < w(Mageplaic)) = 2(m;1): (16)

This is a contradiction soc = d. We have proved that ewery eigenfunctioncorresmpnding
to »(m;l) hasone, and only one, zeroin (a;b), and that the zerois the samefor all
eigenfunctions,which completesthe proof of the Proposition. ]

Lemma 6 ,(m;l) is simple,hene ,(m;1) < 3z(m;l).

Pro of Let u and v be two eigenfunctionscorrespnding to ,(m;1). By Lemma 3
the restrictions of u and v on ]a;c,.1[ and ]c,.1; b are eigenfunctionscorrespnding to

1(Myac,.p]ascal) and  1(Moe,., .45 ]C21; ), respectively. Making use of the simplicity
of the rst eigervalue,wegetu= vinJa;c;;[andu= vin]c; . But both of u and
v are eigenfunctions,sothen by Lemma5, there are C(1). The maximum principle (cf
[17]) tell us that uYc,1) 6 0,so = . Finally, by the simplicity of ,(m;l) and the
theorem of multiplicit y (cf [15]) we concludethat ,(m;1) < 3(m;1). ]

Prop osition 3 ,(m;1) veries the SMP with respect to the weightm and the domain
l.

Proof Let m, m®2 M(l) sudh that, m(x) mYx) a.ein I and m(x) < mYx) in
somesubsetof nonzeromeasure.Let c,; and ¢, be the zerosof ,(m;!) and ,(m’;1)
respectively. We distinguish three cases

1. ¢ = €3, = ¢, then meagfx 2 I=m(x) < m’(x)\ Ja;c[g) 6 O, or meagfx 2
I =m(x) < m°(x)\ ]c;b[g) 8 0, by Lemma 3 and (9) we obtain

M%) = (Mpplae) < a(Maaeplascd = o(m;1); (17)

or
2(mG1) = a(Mmeleib) < a(mageileit) = 2(m;1): (18)
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2. Cp1 < @4, by Lemmas1, 3 and (10), we get

2mS1) = 1M plarc3al) 1(Majacg, 5 18; )
211 (19)
< a(Maae,,plaica) = 2(m;l):
3. &, < Cy1, asbefore,by Lemmas1, 3 and (10), we have
2mG1) = 1(MS ;1205 1) (Mo ;1621 b) (20)

< a(Mye,, i lez ) = 2(msl):

For the SMP with respect to the domain, put J =]c;d[ a strict sub interval of I with
m-; 2 M(J), and denotec}, the zeroof ,(m-;;J). Asin the SMP with respectto the
weight, three casesare distinguished:

1. ¢ = &3, = |, then]c;I[ is a strict subinterval of Ja;I[ or ]I; d[ is a strict subinterval
of ]I; . By Lemma3 and (10), we get

2(m 1) = a(Maaplal) < a(maepleilD) = 2(m=3;J) (21)
or
2m; 1) = (Mo I HD) < a(mygap J1d) = 2(m=y; J): (22)
2. C1 < €34, againby Lemma3 and (10), we obtain
2mM;1) = 1(Mag,, il b) < 1(Mag a1 ) = 2(m=y;d): (23)

3. cg;l < 1, for the samereasonasin the last case,we get
2(m;1) = 1(Maac, s Cal) < a(Mae, 16C2al) = 2(mM=3;J): (24)

The proof is complete. [ |

Lemma 7 If any eigenfunctionu correspnding to someeigenvalue (m;l) is suchthat
Z(u) = fcg for somereal numker ¢, then (m;1) = ,(m;l).

Pro of We shall prove that ¢c = c,;. Assume,for example,that ¢ < c,;. By Lemmal
and (10) we get

(m;1) = 1(Mgcs o) < 1Mo, JC2 ) = 2(ms1): (25)
On the other hand,
2M; 1) = 1(Maac,,p]aiczal) < 1(MaaepJase) = (ml); (26)

a cortradiction. Hence,c= c;; and (m;l) = ,(m;I). The proof is complete. ]

For n > 2, we usea recurrenceargumen. Assumethat, forany k, 1 k n, that
the following hypothesis:
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1. H.R.1 For any eigenfunctionu correspnding to the k-th eigervalue ((m;1), there
existsauniquecgi; 1 i k 1,sudhthat Z(u)=fc.;1 1 k 1g.

2. HR.2 (m;l) is simple.
3. HR3 i(m;l) < o(ml)< < pa(mil).

4. HR.4 If (u; (m;l)) isasolutionof (V:P ) sudthat Z(u) = fc; 1 i Kk 1g,
then (m;1)=(m;l).

5. HR.5 (m;1) veries the SMP with respect to the weight m and the domain| .
Holds, and prove them for n + 1.

Prop osition 4 There exists a unique family fch.q.; 1 [ ng such that Z(u) =
fci+14; 1 1 ng, for any eigenfunctionu correspndingto n.; (M;1).

Pro of Let u be an eigenfunctioncorrespndingto ,+;(m;1). By H.R.3 and H.R.4, u
has at least n zeros. According to Lemma 4, we can considerthe n + 1 nodal domains
ofu, I, =]la;cyf, 12 =] ¢f, ..., In =]Gn 156, Th+r =] c; . We shall prove that ¢ = c,.
Remark that the restrictions of u on Ja;c+1[, 1 1 n 1, are eigenfunctionswith i
zerosby HR.4 i (M;1) = i(Myag., p]a; G+ [). Assumethat ¢, < ¢, choosed in ]c,;
and put, J; =]a;d[, J, =]d;H. Remarkthat J;\ J, = ;, ]a;c,[ is a strict sub interval
of J; |, and]c;H is a strict subinterval of J, |. It is clearthat m-; 2 M (J;) for
i = 1,2, by HRR.4 and H.R.5. We have

n(m=J1;\]1) < n(m=]a;cn[;]a;cn[) = nn1 (m; I ); (27)
and

1(M=3,;32) < a(Maep;Ieil) = nea (M 1): (28)
Denote by ( n+1; 1(mM=y,;J2)) a solution of (V:P(m.3,)), (Vi n(m=y,;J1)) a solution of
(ViPmuyy), ;1 1 ntherestrictionsofvonl;, and 5;1 i n, their extensions,
by zero,onl. Let Fhiy = ™ ™, ; sl and Koy, = Fpya \ S, then (Kpyp) = n+ 1.

We obtain by (3) and the sameproof asin Proposition 2

1 z

———  min mjvjPdx> ——; 29
ner (M) Kas M n+1 (M; 1) (29)

a cortradiction, soc = ¢,. On the other hand, let v be an eigenfunction correspnding

to ,+1(m;l). Denote by d;; d; ;dn the zerosof v. If d; 6 ¢, then L (M;l) =
1(Maaa,pladi)) 8 1(Mgacplacl) = naa(m;l), sod; = ¢, by the sameargumen
we concludethat d, = ¢ foralll i n. n

Lemma 8 .. (m;l) is simple,hen@. . (M;1)< no(m;l).
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Pro of Let u and v be two eigenfunctionscorrespndingto 1 (m;1). The restrictions
of u and v on Ja; cy+11[ and ]c,+1.1; b respectively, are eigenfunctionscorresmpnding to
1(Myaco o] Creral) @and  (Mae,,, o 1G4 ;15 ). By H.R.2 and H.R.4 we have u =

vin ]a;ci+1a[ and u = vin ]Jcy+1.1; 0. On the other hand, u and v are C!(1) and
uYcr+1:1) 6 0,s0 = . From the simplicity of .1 (m;1) and theorem of multiplicit y
we concludethat . (M;1) < 2(mM;1). n

Prop osition 5 41 (m;l) veri es the SMP with respct to the weightm and the domain
.

Pro of Let m; m®2 M (), such that m(x) mYqx) with m(x) < mqx) in somesubsetof
nonzeromeasureand (cfwl;i)l i n the zerosof n+1(m°) three casesare distinguished,

1. Che1 = Q411 = C, oneof the subsetsis of nonzeromeasure,
fx2 1=m(x) < mY{x)g\Ja;q] and fx 2 l=m(x) < m{x)g\ Jc;H:

By Lemma3 and (9), we have

i (MS1) = a(MEeilaie) < a(Maglaic) = na(mil)  (30)
or
(M) = (M leb) < a(Maegleit) = na(mil): (31)
2. Cns1;1 < G4y .1, by Lemmasi, 3 and (10) we have
n+1 (mO’- I ) = 1(m(:)]a;c2+1;l[;]a;cf1)+l;l[)
l(m:]a;02+1;1[;]a;cg+1;1[) (32)
< a(Mgacyn aplaCreral) = e (Myl):
3. &1 < Cpn;1, from the samereasonas before, we get
n+1 (mO; I ) = n(mglcg+l;l;b[;]cg+1;1;u)
a(Mae,, 0510l D) (33)
< n(m=]cn+1;1;b[;]cn+l;l;d) = n+1 (m’ I )

By similar argumen asin proof of Proposition 3, we prove the SMP with respect to the
domain . ]

Lemma 9 If (u; (m;l)) is a solution of (V:P)) suchthat Z(u) = fdi; do;  dag;
then (m;l1)= L (M;l).

Proof It issucient to provethat di = ¢,y foralll i n. If ¢4 < dp then, by
Lemmal, (10), H.R.4 and H.R.5,

1(Mgac, .y 10185 Ceral)

ne1 (M; 1)

n(m=]0n+1:l;b[;]cn+1;l; q) (34)
n(M=ja, 0y ]d1; BY)

(m; 1);

(m;1) = 1(Mgaa,;]a;di])

A 1A
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a cortradiction. If d; < Cy41.1 then, by Lemmal, (10), H.R.4 and H.R.5,
net (M3 1) = 1(Maac,. 1 ]a5 G ) 1(Mga,p; 125 daf)

(m; 1)

n(Mzga, ;15 11 D) (35)

n(m:]cn+1 ;1;b[; ]Cn+1 ; u:)

n+e1 (M;1);

A1 1A

a cortradiction. The proof is then complete,which completesthe proof of Theoreml. m

Pro of of Corollary 1. Sincefor F 2 F,, the compactF \ S2 A,, by (3) we
have: z

sup min mjvjP dx
F2F n V2F\ S

1 .
oy (36)

On the other hand, for a n dimensional subspaceF of WyP(l), the compactset K =
F\ S2 A,. Let u be an eigenfunctioncorrespndingto ,(m; 1) and put

F = ha(aenal); Tl s ez 5 TGy IS
to concludeF \ S 2 A,. By an elememary computation asin Proposition 2, one can
shaw that L z
N o
D) min ImJVJ dx: (37)
Then conmbine (36) with (37) to get (5). Which completesthe proof. ]

3.1 Remark

The spectrum of p-Laplacian, with inde nite weigh, in one dimension,is ertirely deter-
mined by the sequencd ,(m;l1)), 1if m(x) Oa.ein|. Therefore,if m(x) < 0in some

subsetdJ | of nonzeromeasure,replacem by m; by Theorem1, since m 2 M(l)
we concludethat, the negative spectrum ,(  ,;;m)= J( ;. m) of this operator
is constituted by a sequenceof eigervalues ,(m;l) = n( m;1). Thusthe spectrum

of the operator is,
p( pm)= ;( pmM[ ,( pm):
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