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Abstract

It was shown in [1] that for a wide class of dieren tial equations
there exist in nitely many binary laws of addition of solutions such that
every binary law hasits conjugate. From this set of operations we extract
commutativ e algebraic object that is a pair of two alternative to each
other elds with common identit y elemerts.

The goal of the presert paper is to detect those mathematical con-
structions that are related to the existenceof alternativ e elds dictated by
di eren tial equations. With this in mind we investigate di eren tial and
integral calculus based on the commutativ e algebra that is generated by
a given di eren tial equation. It turns out that along with the standard
di eren tial and integral calculus there always exists an isomorphic alter-
nativ e calculus. Moreover, every system of di eren tial equations generates
its own calculus that is isomorphic (or homomorphic) to the standard one.
The given system written in its own calculus appearsto be linear.

It is also shown that there always exist two alternativ e to eac
other geometries,and matrix algebra hasits alternativ e isomorphic to the
classical one.

x1. Double Field

In [1] we showed that every quasilinear system of equations has a corre-
sponding system of linear homogeneousequations, and their algebro-geometric
structures are isomorphic (a discrete b er of the spaceof solutions of a nonlinear
equation is consideredas a singleelemen). The linear systemis diagonalizable.

1. Under thesecircumstances,we can simplify the problem and study those
algebraicoperations that arisein linear equations. We considerone-dimensional

linear equation in the complex plane:
dw
— = Aw; 1.1
at w (1.1)
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where A - is a given complex number, and t - a real variable. By W we denote
the spaceof solutions of (1.1). We concertrate on commutativ e groups. Assume
that wy, w, are nonzeroelemerns of W. In [1] it was shown that in the space
of solutions there always exist two alternativ e to eat other groupswith binary
operations:

WitWe = W1 + W (1.2)

and
Wit Ws = 1 1L
1PWo = Wy T+ W, : (1.3)

In the future (1.3) will be called an alternative summation. The mutually con-
jugate identit y elemens arew = 0 andw = 1 . The following is easily derived:

w+0=0; w+l =1 ; (1.4)

and
wtl =w; w0 =0 (1.5)

In thesegroupsw and w are opposite elemerts.

From (1.4) and (1.5) the identity elemernis w = O and w = 1 unite the
alternative commutativ e groups (1.2) and (1.3) into a single algebraic object.
It is important to note that w= 0andw = 1 play equalrolesin the obtained
algebra.

From (1.1) we seethat if w is a solution, then aw is alsoa solution where
a is an arbitrary complex number. The distributiv e property can be obtained
from (1.1-4):

a wptw, = awiptaws; (1.6)

a witws = aw;taws:

Sowe have arrived at the commutativ e algebra acting in W.
2. Now let us put asidethe equation (1.1) for a momert, and think of W as
a set of all complex numbers plus a point at in nit y. We intro duce operations
(1.2-3)on W. Elements 0 and 1 satisfy (1.4-5), and we also assumethat the
standard complex multiplication in W together with the distributiv e property
is valid:

W1 WotWs =  WiWo+tWiWs3; a.7)

W1 WotWs = WiWotW;Ws3:

If operation (1.3) is remaved, then W becomesthe standard complex eld. If
instead operation (1.2) is removed , then W will be isomorphicto the complex
eld. We call thesetwo objects alternative elds.

Therefore (1.1) generatesan algebraic object consisting of two alterna-
tive elds that act (alternativ ely) in W. We call this object a double eld .

The existenceof the double eld is not an exclusive property of (1.1),
and it will be showvn below that double elds arise for a wide set of di eren tial
equations.
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3. Within the frames of this work it would be super uous to discussan
importance of di erential equationsfor the description of physical phenomena.
We only point out that an equation carries a law of motion of a described phe-
nomenon. But then we haveto admit that algebraicproperties of the di eren tial
equation re ect the properties of the phenomenonitself at least within the pre-
cision limits of the mathematical model. It follows that the dierential and
integral calculus that arise in continuous processesshould be constructed on
the baseof a double eld in order for the mathematical picture to be complete
and agreeableto the laws of motion of the phenomenon.

x2. Dieren tial Calculus

Our task is to construct di erential calculusbasedon algebra(1.2-7) with-
out leaving its frameworks. To do that, we considera setL of su cien tly smooth
complex-valued functions de ned in someneighbourhood of a given point in the
set R of real numbers. We restrict to functions that in the neighbourhood may
have only isolated zerosand singularities.

1. We know that the derivative of a function f (t) 2 L, t,tp 2 R, is de ned
as: 1
lim —— (f (t) f (to)) = f (to): (2.1)
th tot  fp
Note that the function under the limit sign is formed using algebraic operations
(1.2) and (1.7).
2. By analogy with (2.1), using (1.3), we can consider the di erence
F £°F fy, whereF £ 2 L is a given function in the neighbourhood of
fy 2 R. This di erence can be written as:

FE& Ff
FEFf =—F5——FK:
" Ff Ff
Applying the mean theorem, we obtain:
FE£eF f
lim — 1 = I (2.2)
1 o F g 1
F(f) =,

Here we used operations (1.3) and (1.7).
3. To simplify the preseriation and x the notation, we introduce the
following
De nition 2.1 If two magnitudesA and B satisfy A B = 1, then we call
them algebaically conjugate or a-conjugate magnitudes.
The relations
t f=1;

ft) ff)=1 (2.3)
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imply that t, £ and f (t), f'\(f) by de nition are a-conjugate magnitudes.
In (2.2) let us put
F(B =f(v); (2.4)

wheret and f are related as (2.3). But sincef (t) and f(f) are a-conjugates,we
derive:

1 1
ffy= — = —_: 25
O= 10" Fo @9
The following is clear
11
< = teto 2.6
£ 5 0 (2.6)
Taking into accourt (2.4-6) it immediately follows from (2.2) that
lim — f(t)*f (to) =1 (2.7)
ttol®to " ) .
We denote the limit of the left-hand side of this equality as
f O(to) = lim f(t)*f(to) : (2.8)
th tot® 1o

The conclusionis that the function f (t) at the same point t has two
alternativ e derivatives(2.1) and (2.8). The term "alternativ e" is a consequence
of algebra (1.2-7).

De nition 2.2 In the future (2.1) will be called a standard derivative and
(2.8) an alternative derivative.
From (2.7-8) it immediately follows that:

FO@) ) =1 (2.9)

In other words, if f (t) and f’\(f‘) a-conjugate functions, i.e. satisfy (2.3), then
the corresponding derivativesare also a-conjugate functions.
4. Let usstudy properties of alternativ e derivatives.
a) Let f(t) = c= const: From (2.9) it follows that:

1 1
) =z —=Z=1": 2.10
C CO 0 ’ ( )
wherec ¢= 1.
b) For the function ¢ f (t) we have:

f(t O = 1 = 1 = f(') t);
(c f(1) ef“(f)o e 0 c (1)
i.e.
(c f)Y =c fO@); (2.11)

wherec €= 1.
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c) If f(t), f’\(f) and g(t), g(f) are a-conjugate functions respectively,
then f (t)+ g(t) and f(f)+g(f) are also a-conjugate. Obviously

1 1
f(t)+g(t) = = :

Basedon (2.9), we can obtain:
f)rg) @ =10 @1+g?(0): (2.12)
It is worth mertioning that the following equalities do not hold:
(F O+ gt =101+ g

and o .
FO*+g®) =1 @O*g(t):

d)
(F@) g =1O@1) g)+f ) g (1): (2.13)
e)
f) O _ 101 g f@) g0,
W - ) : (2.14)

f) Taking into accoun (2.9) one can write the alternativ e derivativ e for
the composite function:

(ORI . 19 T Aon fl el A GLONRNOF
i.e.
@ =f0¢ @ O w: (2.15)
Example 2.1
? 1 1
()= ===t *
Then
(t )(!) - }t 1
b)
N S S
° 7 a%o_a%lna_tzma’
SO
g 02 @

EJQTDE, 2003No. 2,p. 5



In particular a = e, sothen:

c 0 1
e = t—ze.
5. Usingrelations (2.9), it is easyto nd higher order derivatives:

_t
AN

6. We de ne the di erentiabilit y of a function in a standard way. Function
f (t) is called alternativ ely di erentiable at a point tg, if the incremert of the
function

HORRE (2.16)

" (to) = f (1) *f (to) (2.17)
in someneighbourhood of this point can be preserted in the form:
(o) = ANtr1 Tt Nt (2.18)

where
“t=teto (2.19)

In (2.18) the term ! "t isinnitely largewhen “t! 1 . If we divide (2.18)
by "t and take a limit, we will have:

N
. f .
lim ﬂz lim A+ "t = A
M1 t "t
Thus from this and (2.8) relations we conclude:
A=f0 (to) (2.20)

Now we de ne a di erential of a function.
De nition 2.3 An alternative di er ential of a function is the rst term in
the right hand side of (2.18), and it is denotal by

df (t) = 1O (1) dt. (2.21)

From this equality it follows that:

dr (1)
= =0y, 2.22
& (t) (2.22)
Obviously L1 L L
f\:f\ f\(): Y E: t'tO: A—t (223)
Sowe can write: 1
Gr= =
dft
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From(2.9) and (2.21) we have:

Gt df'= 1,
g (t) df" £ = 1. (2.24)
7. Recall the Taylor formula
£ (to) £ (to) "
FO)="f)+ —— @ to)+ +—7—( to) +Rn, (2.25)
where the remainder can be written as:
— f(n+l) ( ) n+l .,
Using (2.3) and (2.25), we obtain:
8 ) f
fM=2=(fo + —— £ o+ +—=f "
f"(n+1) N
n+l
e C RO
From (2.16) and (2.23), it follows that
1 1 1 1 1 1 1
f (t) = 1= + — + + — +
® (f (to) 2O (tg) tetg ntfm (to) tety "
1 1 1

nifOeD) (1) feq, " ):

Or

n

f)="f(t)*l O (t) toto + +nl FM(t) toto "+ (2.27)
(n+ 1)1 £ () ey "7

where and” arerelatedas "= 1.

Thus we concludethat for any smooth function f (t) at point tg, there
is an alternative expansion (2.27) along with the standard Taylor expansion
(2.25).

Example 2.2 Suppse
f(t) = t% (2.28)

We can expand this function at point to = 1 according to the alternative Taylor
formula (2.27). From examplea) it follows that:
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) . 1
2@, =2 (2.29)

2,
t? (!n)jtzl =1, forn> 3.

But then from (2.27) and (1.5) we have:

1 2! 2
f)y=1*+= t°1 +—= t*1": 2.30
(t)= 1+ > (2.:30)
Easy transformations show that the right hand side identically coincides with
t?, that agrees with (2.28). If we restrict ourselvesto (2.30) terms, we obtain

1
y= 1"‘5 te 1l y

or ‘

y = 1 (2.31)

8. The conducted study shows that the construction of the standard dif-

ferertial calculusis restricted to the eld (1.2), (1.4), (1.7,) of the double eld

(1.2-7), whereasthe one of the alternative dierential calculus - to the eld

(1.3), (1.5), (1.72). The identity elemen O plays an essetial role in the stan-

dard calculus also by announcing its conjugate identity 1 a singular number.
In the alternativ e calculus0 and 1 exdangetheir roles.

We saw that both standard and alternativ e calculushave the sameprop-

erties. Therefore if we considerthem as algebraic objects, then there should be

an isomorphic relation betweenthem. Somekind of relativit y of calculus arises.

x3. Integral Calculus

1. Let acontinuousfunction f (t) be de ned on [a;b]. Perform a partition of
[a;b] into n parts: a= tp < t; < < t, = b. Recall that the usual Cauchy
integral on [a; ] is de ned asa limit of the partial sum

f (W) t (3.1)
k=1

when mkaxj txj! O; where | 2 [ty 1;t«], and

tk =tk tk 1. (3.2)
So
X0 s
lim f(y) tk= f(t)dt 3.3)
m&:lxl t j! Ok:l a
2. Let usform the alternativ e partial sum basedon (1.3):
n

() "t (3.4)
k=1
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where
Atk =tttk 1. (3.5)

If the limit of (3.4) when mkin "t 1 1 exists,wecallit an alternative integral
of f (t) on [a;h]:

b

X z
lim f() "te= £ ()4t (3.6)
min "t il oy a
3. Rewrite (3.4) asfollows:
X X |
1 1
fo'ws o
k=1 k=1 k)t

Using (2.3) and (2.23) we obtain:
n ' 1

X X0
f() "te= " f
k=1 k=1

Obviously, mkin e 11 implies mlf\x fi ! 0. But then
b OZB 1,

i
=B 7t dx 3.7)

a a
wherea &= 1,b H= 1. From this we immediately conclude that integrals

R
f (t)dtand f* f df are a-conjugate numbers.
a a
4. Considerthe function:

t

z
F@y= f()d, (3.8)
and introduce
7t
Fft= f()d, (3.9)
a

wheret f= 1. Then it follows from (3.7) that

F(t) F £ =1 (3.10)
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Let us take the alternativ e derivative of (3.8). Using (2.9), we obtain:

0Zt 1w
O () = -1 _ 1
FO (1) %)af()d‘ﬁ =
But since f (t) £ =1, nally we have
0 ., 10
VA
FOm=0 f)d%x = f@: (3.11)

a

Sowe showed that F (t) is an alternativ e antiderivative of f (t).
5. From (3.9) it follows that

zb
fi()d =F b F@: (3.12)

a
But then from (3.7) and (3.10) we have:
b

Z . h i
f()yd=#¢F56 F@O = (F@O ' F@ '
Or nally
Zb
f()d =F()*F(a). (3.13)

6. Let usstudy properties of the alternativ e integral:
a) From (3.7) it immediately follows that

z° Z°

cf@dt=c f(t)dt (3.14)

a a

b) Letf (t) = f1(t) +f,(t). Using equality

1 1
(D) 24 (1) = = ;
1(t) +f2(t) fll(t) + fz%t) f1(6) + f2(f)
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from (3.7) we derive:
b 0 1, 0 1

Z 2y i z
f+0) &= NO+HO ok =B fidds  odk
a a a a
1 .31 Zb

20 1, 0
2z z 2z’
5% fl(t)d‘t§ +% fz(t)&§ Z = fit)dtr  fo(t)d.

a

Or
z z 2z
fo)+fa(t) dt=  fo(t)deer  fo(t)dt. (3.15)
7. Consider
Zb
f(t) g® (1) 4.

a

Using (2.3), (2.9) and (3.7), we obtain:
b 0 1

z 2
F) ©Od=% & ¢ ¢ df

a a

Integrating the right hand side by parts:

0 1
7 Vi !

) Omat=2" b b @ g@) £ gt dx

a a
or equivalertly:

Z Z°

f) g di=1() g f(a g@-° O g)d (3.16)

a a

In particular if we put f (t) 1 in (3.16), then taking into accourt
fO(t)=1,it is easyto seethat

Zb

g () dt=g(b) *g(a). (3.17)
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8. Lett="(), wherea=" (), b="(). " () isdierentiable and
monotone function. It is easyto seethat

z z

faodt= f¢ ()04, (3.18)

a
9. If function f (t) is continuous on [a; b], then the following takesplace

Zb

f(t)dt=1(c) b*a , (3.19)

wherec 2 [a; b].

Thus we constructed the alternativ e integral calculus basedon algebra
(2.3), (1.5) and (1.7). This calculus is isomorphic to the standard integral
calculus.

x4. Alternativ e Matrix Algebra

1. Considera su cien tly smooth function of seweral variables

v=1f xooxN (4.1)
de ned on RN. We introduce a-conjugate (to f) function f* ®%;::::2N | ie.
sud that:

xI Rl= 1oooxN gN = 1)
f Xl;...;XN f/\kl,,kN =1 (42)
2. Tointroducethe formula of the alternativ etotal di erential of f x;:::;xN
welet M = x5 xN and Mg = x3;:::;x)  be points in RN. The alter-

native incremert is
“v=f(x)*f (Xo).

Then from (4.2) we obtain:

")(4 @ # .
1
"v= ') (R = (’i‘)) R LR k)
k=1 @
where! ! 0, whenewer 2 ! Rp, and there is a summation from 1 to N along

the index k: Using results of x 2, it is easyto show that (asin (2.9)) the following
takesplace

Bx) @R)_, . B FR)_, (4.3)

Y a B~ @
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Then

Ny = @(XO)Axl-r-:::-F@(XO) AXN-F#, (4.4)
@ @N I "x
where
Axk = xkexk gk = gk gk,

De nition 4.1 First N terms in (4.4) are called the alternative total dif-
ferential of the function (4.1):

Y
d = @d‘x , (4.5)
whete the alternative summation takes place along the repeated indices K.

In the future we assumethat the usual summation is performed along
the repeated indices. If these indices have the sign ~ , then the alternative
summation is performed instead.

3. Let usnow considerN functions of N variables:

yk=fk xbioooxN (4.6)
(k=1;:::;N)
The alternativ e di erentials are
k
dyk = @@(:() axt, 4.7)
(k=1;:::;N)
Let o
xl= N (4.8)
(i=1:::;N)
Then obviously (4.7) will be
@ of
k- =& = &
dy* = & 4’ (4.9)
It follows that B¢ B¢ B
5 = @ @ (4.10)

4. Consider matrices A, B, C with matrix elemeris % % % respec-
tively. Then (4.10) will become
C = A"B, (4.12)

where matrix elemerts c¢ are computed as follows:
o = af B =ak b+ ral o' (4.12)

EJQTDE, 2003No. 2, p. 13



and we call (4.12) the alternative matrix multiplication.
5. Toinvestigate matrix algebrabasedon operations (1.3), (1.7), we deter-
mine how the matrices basedon the alternativ e algebra are added.
Let

Q“(x) = fX )+ (x); (4.13)
where
fRx);gc(x)2LN; x2 RN,

Since dQK (x) = df k (x) + dgk (x), the expandedform can be written as:

@ (x) A = @* (x) axte @ (x) At

4.14
& & 6 (@14
k=(;::5;N):
In the right hand side of (4.14) we can factor dxt. Becausex!;:::;xN are

independert variables, their di erentials are alsoindependert. Then we can set
the coe cien ts of dx! in the left and right hand sidesequal to ead other.
Fixing the notation

k K k
A= 8209 g @00, o BT (4.15)
I @I I @I I @I
we obtain:
Ck = Al B,
or in matrix form
C = A+B. (4.16)
To prove the distributiv e law
AN B+C = AB+AC,
for matrices A, B, C; let
Q= Q(p(x)), (4.17)
where
Q(P(x); f(x); g(x)2LY; p(x)=f(x)+g(x); x2RN.
Using dp' = df ' (x) +dd' (x) and di erentiating (4.17), we have:
k k
. @ ot - B 2 4ot
= —d flagt = — + 4.1
dQ @fd‘g@f&d‘g, (4.18)
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dqQk _ @ —drfts @d‘f 4.19
= o & g (4.19)
k=(1:::;N)
Expressdf t and dgt via dxt: Then from (4.18) and (4.19) we obtain
@ b, @, @

N

From independenceof x';:::;

CC
-:xN and from

i Q i @ k — @~
Aj = @(j, B] @| C @)|

we derive:

Cen Af+BE = cirafecenBf,
or in matrix form:

Cr A+B = CrA+(C’B.
6. We now introducethe identity matrix. Let

AN = dx,

or in the expandedform:

A\ N\
akdxte sieal AN = dxk

(4.20)
If ¥ are conjugates,®k = xik; (k = 1;::N);then (4.20) will have the form
1dkl+"'+ 1de l_ 1
ak A T ARk

or

1 1
—kdkl*‘ D _kde = dkk
ak ak
This equality for derivativesd&k will be satis ed if

1 _ k_fl;k:i;
ak ' Ok6i:

Thus the a-conjugateidentity matrix is:
1:k6i: (4.21)
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We denote this matrix by 4. It is easyto verify that:
A= A =A. (4.22)

De nition 4.2 If the matrices A and B satisfy
AB = %; (4.23)

then we call them alternatively inverse matrices.
Therefore the conjugate commutativ e group (1.3) and (1.5) generatesthe
alternativ e matrix algebraisomorphic to the standard one.

x5. Alternativ e Geometry

1. Consider N -dimensional space RN with zero curvature. Let x be co-
ordinates. As we know the change of coordinates is performed by the linear
transformation:

X =ax +a, (5.1)

where the matrix A (= a ) is not singular.
Choosetwo points M 2 RN and Mg 2 RN with coordinates x and x,
respectively. The distance betweenthese points is de ned as:

ds? =g dx dx , (5.2)

where
dX =X Xg=X Xg, (5.3)

and g is a metric tensor. SinceRN is of zero curvature, metric tensorg is
constart.
2. From (5.3) and x4, we can write:

dx = adx . (5.4

In order for the tranformations (5.1) and (5.4) to presene the metric (5.2), the
matrix of coordinate changeA hasto be orthogonal:

g aa=g . (5.5)

The set of all orthogonal matrices forms a noncomnutativ e group.

3. We de ne the dierential dx in the form of (5.3). But a dierential
equation dictates the existenceof the alternativ e algebra(1.3). Thus along with
dx there exist the alternativ e di eren tials:

ax =x *x,. (5.6)
As it follows from the above in this casethe transformations (5.1) and (5.6)

will not be compatible.
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To reach the compatibility of (5.6) with the coordinate change,we in-
tro duce a-conjugate coordinates ® that are related to x as follows:

1
R = = (5.7)
Then from (5.1) we nd:
R = a.r"+a, (5.8)
where
a = i a = i (5.9)
a a

Recall that the alternative summation is performed along the indices *.
4. It follows from (5.7) that:

1
R = —. A
é; ™ (5.10)
Then the metric (5.2) will be:
1 1
ds? = —
O & &
or o
4e? = g.. 2" ", (5.11)
where
6 = - (5.12)
g .
As for d8 and ds, they are related by the equality
ds ds= 1. (5.13)

Let us go back to subsection1. Let x be coordinates in RN. Two
geometriesarise depending on how we de ne the di erentials of coordinatesx .
a) If dx = x X, = X Xg, the metric has the form (5.2),
and the group of coordinate changesbecomes(5.1) with imposedorthogonality
condition (5.5).
b) If & = x *x,, then the metric becomes:

ds2 = GundX 4", (5.14)

[0}
whereg and g are related to ead other by (5.12). It should be mertioned
that (5.2) and (5.14) are written in the samecoordinate system. In this case
the coordinate changewill be:

X = bx"*b. (5.15)
The orthogonality condition becomes:

o (o]

bbb =g . (5.16)

Thusdi erential equationspoint out the existenceof two alternativ e and
isomorphic geometriesin the space. Wewill call them the alternative geometries.
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x6. Double eld in nonlinear equations

We will construct an algebrageneratedby a system of nonlinear equations
and study the properties of mathematical objects de ned and built on the base
of this algebra.

Let the following system of N complex autonomous di erential equa-
tions be de ned:

— = F* uluN 1
dt H y il (6 )
(k=1;:5N )

Likein [1], we assumethat FX ul;:::;uN arede ned and smooth everywhere

in their domains, and F (u) as a vector eld can have only isolated zerosand
in nities. t is an independert real variable.

In [1] it was shown that the spaceJ of solutions of (6.1) is a discrete
b er bundle [2]. The basespaceis W - spaceof solutions of the systemof linear
equations (1.13) [1]. The projection is the mapping exp' :J ! W, where

spaceJ.

We intro duce a smooth dicrete b er manifold P; elemertis of which are
arbitrary, su cien tly smooth functions of the real independert variable t. Let
the basespacebe a smooth N -dimensional manifold BN ; the projection be the
samemapping asin the discrete b er bundle J, i.e. exp' : P! BN; and the
structure group that actsin discrete b ersof P be the samegroup D that acts
in discrete b ersJ [1].

1. First we extend the binary operations (1.9) [1] and (1.11) [1] to the
elemens of P asfollows:

fitfo=" 1 In exp' (f1)texp' (f2) ; (6.2)
fitfo=" 1 In exp' (f)*exp' (f2) ; (6.3)

wheref1;f, 2 P. In the right hand sidesof (6.2-3) operations"+" and"+" are
the sameas (1.2-3).

Note that in (6.2-3) aswell asfurther we usethe compact notation. For
example, (6.2) in an expandedform is:

k

fief, = ' 1 “On exp' t fhfN wexpt fiinfN i
In exp' M floinfY wexpt N o2 f) ),
k= (L;::55N)

The identity and conjugate identity elemens in P are e and h [1]:
fre=1f; f+h=nh; (6.4)

fre=e f+h="f;
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wheref is an elemen of P. Recallthat e and h are singular points of the vector
eld F (u).

In [1] every u 2 J hasits inversein algebra (1.9) [1], (1.11) [1]. We
extend the notion of inversefor all elemens of manifold P and introduce the
following

De nition 6.1 If the following equalities hold

f+f"=e f2+f"=h; (6.5)
then f =2 P is called a ' -inverse of f 2 P in algebrn (6.2-4).

Let us study someaspects of the inverseof f ~. Basedon (1.18) [1], the
following immediately takesplace:

(e = 1 ; (6.6)
"(h)y = +1
From (6.2) and (6.5) we have that:
exp' (e) = exp' (f)+ exp' f~
Taking into accourt (6.6), we can write:
exp' f7 = exp' (f)=-exp(" (fF)+i):
Then
fo=" ¢ (f)+i): (6.7)
Sameway we can conclude (6.7) for (6.3).
In the future instead of f;+f; we usethe notation:
fi_for
Then (6.7) implies:
fi_fo = ' 1n exp' (f1) _exp' (f2) ; (6.8)
fiefo = ' 1n exp' (f1)* exp' (f2) (6.9)

2. Let usgobadk to (1.13) [1], where matrix bis diagonal. Then if w (t) =

as elemens of BN), is also a solution of the same equation. But becauseof
" 1(@n) :W ! J weconcludethat ' (In(c w))2J.
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Sincec2 BN, clearly
c=" 1(n(c) (6.10)

will be an elemen of P. Using (6.10), the solution ' *(In (c w)) 2 J hasthe
form: ' 1 (In(exp[ (c)+ ' (u)])). For simplicity of notation we introduce

c u=" 1 @+ (u); (6.11)
wherec, u, ¢ u are elemers of P: Then the operation
fi fo=' 1 (f)+' (f2); (6.12)

will be calleda' - productin P.
3. ' -product hasthe following properties.
a) From (6.12) it follows that it is commutativ e

f 1 fz = fg f 1-
b) To prove assciativit y:

fi (f2 fa)y="' 1 (F)+"' (f2 fa) ="' (" (F)+"' (F2)+ "' (fa) =
O (fr f)+ ' (fa) = (fr f2) fa

c) Distributivit y:
g fitf, =g fitg f» (6.13)

wherefq; f,; f32 P.
To prove (6.13) we use (6.2), (6.12):

g firf, ="' 1 ' (g+' firf, =

Lnexp' (g)+ In exp' (f1)+exp' (f2) =
Ynexp(’ (9)+ " (f)) £exp( (9)+ ' (f2)) =
Ln exp' (g fi)+texp' (g fo) =
g fitg fu

Sameway can be proved that
g fitf, =g fitg f2 (6.14)

d) The following are easyto ched:

e f=e¢; (6.15)
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where e;h 2 P are the identity and conjugate identity elemeris, and f 2 P.
The rst equality, for example, follows from (6.6) and (6.12), so we have

e f=" 1@+ (()=' (1)=e

4. Let us study the identity elemen of the operation (6.12). Consider the
' -product of two elemerts from P:

E f=' 1C(E)+ ()

If we demand
"(E)=0;

then forany f 2 P:
E f=" 1 (f)=t: (6.16)

This meansif there exists a solution of ' (E) = 0, then E 2 P plays the role of
the unit elemen of the ' -product (6.12).

5. To study the inverseoperation of ' -product, let us consider elemers
f; f 2P, that satisfy the following:

f f =E: (6.17)
Using' (E) = 0 and (6.12) we have:
)+ f =0 (6.18)

Of course, here we assumethat element E 2 P exists, and equation (6.18) is
solvable for f 2 P. Then from (6.18) we nd:

fo=' (" (f): (6.19)

In the future the elemeri f 2 P will be called' -inverse elementfor f.
We x the notation for the ' -product of elemens f; g 2 P:

o= f g="1"(f)+" g
Since' (g )= ' (g), nally obtain:
R U (6.20)

The operation (6.20) is inverseof (6.12). We call it ' -relation for elementsf
and gin P.
By analogy with (6.15) it is easyto prove the following property:

- e (6.21)
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6. In x2 a-conjugate functions arosein the construction of the di eren tial
calculus satisfying conditions (2.3). By the sametoken we can introduce a-
conjugate functions in the discrete b er manifold P.

Denition 6.2 If f (t), f* £ 2 P satisfy
t f=1; (6.22)

f@a ff=Eg;

where E 2 P is the unit elementof ' -product, then f (t) and f* £ will be
called a-conjugate functions in P.
From (6.18) we can write:

)+ =o (6.23)

The existenceof f* £ 2 P for givenf (t) 2 P follows from (6.19).

Letg(t); g f 2 BN be projections of functions f (t), f* £ 2 P respec-
tively, i.e. |

gt)=exp' F(); gf =exp £ : (6.24)

Let us form a product of g(t) § f : In the coordinate notation
I

g“(t) o £ =exp K(f (1) exprk T £

where no summation is performed along the index k. From (6.23) it follows
that:
t =1
g () o f =1 (6.25)

Thuswe concludethat if f (t), f* £ area-conjugatefunctions in P; then
their projectionsg(t); g £ onthe basespaceBN are a-conjugate functions in
the senseof x2.

. du . - L
Example 6.1 For the equation rri sinu the characteristic function is

[1]: J
" (u) Inth =t+c (6.26)
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In [1] we have shownthat the alternative additive operations (6.2-3) are:
f1+f, = 2arctg tg%+ tg%2 +2 m;
fi f2
f1+f, = 2arcctg ctg? + ctg? +2 m;

with the identity and conjugate identity elements
e=2m, h= +2 m:

From (6.12) we can nd the ' -product:
fi  f5
f1 f,= 2arctg tg? th +2 m:

The unit elementis

E=-+2m
5 m

For the ' -relation we have
fq fq fo
== 2 — = +2m;
( >f2 arctg tg 5 Ct92 m;
and the ' -inverse elementf of f is:
f
f = 2arctg ctgz +2 m:

Thus a di erential equation via its characteristic function ' introduces
the discrete b er bundle. Moreover, it generatesan algebraically closed com-
mutativ e object that acts in the discrete b er manifold P.

To decipherthis result let usreturn to the mapping' *(In) :BN ! P.
Recall that it was found in [1], and it mapped the spaceW of solutions of
linear equations(1.13) [1] to the spaceJ of solutions of (6.1). But (1.13) [1]isa
diagonalizablesystem of N equations. Then it follows from x1 that the double
eld arisesfor every componert. In other words the basespaceBN cortains
N double elds and eath of them, generally speaking, acts independertly from
the other on the corresponding coordinates of BN . The mapping' *(In) maps
thesedouble elds into the manifold P. The algebraic object which arisesand
acts in P is homomorphic (isomorphic) to the double elds. We leave open
the question about irreducible represertations. One of the represenations of
the double eld is described in subsections1-5. In the future we call it ' -
representation of the double eld or ' -double eld .

We already saw that the characteristic function ' takesin nite value at
the identity elemens e and h. Many key topological properties of the spaceof
solutions of (6.1) seemto hide in the neighborhoods of theseelemerns. However
at this point we allow ourselvesnot to considerthem but stressout that these
properties are clearly no lessimportant for the completenessof the theory than
algebraic ones.
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X7. Dieren tial calculus based on ' -double eld
1. Basedon (6.8) the incremert of function f (t) 2 P is:
f=1f() f (o) =" Ln exp' (f (1) —_exp' (f (to)) : (7.2)
The mean value theorem implies
'k 'k _d 'k .
exp’ T (F (1) exp’ T (f (to)) = rexp’ "(F () ¢ (7.2)

where t=1t to, 2 (to;t). By substituting (7.2) in (7.1) we nd:

- d |
f='1n 5 &P ) t (7.3)

Let T 2 BN be an elemen that has all its coordinates equal to the
independert variable t. Let

= Y(nT); (7.4)
where 2 P, T = (t;:::;t) 2 BN. Then = _ o. From(7.1) and (7.4) we
derive:

=" Yn T)=" Y(n t:::n t): (7.5)

Clearly 2 P. After simple calculations, (6.20) together with (7.3) and (7.5)
implies:

H—="1"1In %exp' fC) (7.6)

Sincethe given fucntions are su cien tly smooth, the limit of the right hand side
of (7.6), whent! tg, exists. Let us denoteit by
- f
) — fm .1
fr " (to) = lim ¢)—;
or nally:
fOt="1In %exp' ) (7.7)
In the future we will call (7.7) the ' -derivative of the function f (t) 2 P
basedon the algebraic operation (6.2).

2. It is easyto provethe analogof the meanvalue theoremin algebra(1.3):

F@M)*F(t)=FO() teto ; (7.8)
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where 2 (to;1).
To study the derivative basedon the algebraic operation (6.3), we form
the incremert of function f (t) 2 P using (6.9):

"tEf@efto)=" i exp (f (1) exp' (f(to)

From (7.8) we have:
" #!

6 N N .
In aexp () (7.9)

/\f:, 1

Whered\i: is the operator of the alternativ e derivative (2.22), and "t = t* to.
Taking into accourt (6.9), the increment for (7.4) will have the form:

Tz e o=t PN T =0 T InTgunn Tt (7.10)
Taking ' -relation of (7.9) and (7.10), we obtain:
' " #!
N
f N a
y—=" In —exp' (f
b & &P (fFC)
Then the limit, whent! tq, is:
" #!
(") o1 d ' .
fo ()= In aexp (f @) : (7.12)

In the future we will call (7.11) an alternative ' -derivative.
3. Let us study someproperties of ' -derivatives.
a) Let c= const: 2 P, e - the identity elemen of ' -double eld. Then

') =e: (7.12)
It follows from (7.7) that
")y 1 d ' — 1 — 1 — A
(0 ' = In o exp' (¢) = (In0) = (1 )=e:
b) If fl; fz 2 P,
‘) i i
foefy =450 (7.13)

By the de nition of ' -derivative
)

f]_"|'_f2 = 1 n %exp' f]_"|'_f2 ;
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and, using (6.2) in the right hand side, we obtain

‘)
fitfo =+ 1 In% exp' (f1)+exp' (f2) (7.14)
On the other hand, again from (6.2) we have:
h [
£l )1-_f§ Y= 1 n exp' ) texpr £

Then, by de nition (7.7) for elemers ff ) and f; ) in the right hand side we
can write

(Oerf= t i Sep (nrden () ¢ (719)

Comparing (7.14) and (7.15), we arrive at (7.13).
The sameway we can show that the following properties are true:

c)
(fr )00 =600 foefy £0); (7.16)
d)
(O f{) fofy f5)
¢ )E =) f, f, (7.17)
The alternative ' -derivative has the analogousproperties:
a)
(c)(!' )=h; c= const;
b)
(!') " "
PRI PR SURES SURF
c)
(Ffr f2)!) =) £ty 157
d)
foe RIS PLE PR SO
( )5 =) f2 f2

4. 1t is easyto show that the ' -derivative and alternative ' -derivative of
higher order have the form:

f0) = 1 In(;j—nnexp' (f) ;
t |

femy=r 1 In%exp' (f)
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5. Let us study the existence of ' -dierential. First we prove that if
01,0 2 BN, then

“hnogitge =" M(ng)t M(ng): (7.18)
From (6.2) for the right hand side we have:

fing) e Tng) =

Yinexp' ' l(ng) texp' ' Y(ng) =

Lin gitgp

We form the incremert (7.1) for the function f (t) 2 P. Sincethe func-

tions under consideration are su cien tly smooth, andif T = ( t:::; t)2
BN, 1 ()= 1Y t);:itN(Ct) 2BN,and!%( t),(k=1;:::;N) are
in nitely small with respectto t, we can write:

f="11In %exp' (f(o) TH () T (7.19)

Then from (7.18) for (7.19) it follows that:

=t Qe (o) T & 'nE (Y Th= (720

1 In%exp' (fto)£in T + (nt( +In T):

Taking into account (7.5), (7.7), the equality
Int ( t)y=" " L(n! ( 1) ;
and using (6.12), (7.20) will have the form:

'f:ft(')(to) | + I(nt (1) - (7.21)

As one would expect, when t! O, I eand' (n! ( t)! e

De nition 7.1 The rst term of (7.21) by analogy with the standard di er-
ential calculus will be called the ' -di er ential of the function f (t) 2 P and be
denota by d- f:

af=f0) d ; (7.22)
wheed ="' I(Indt:::;Indt)2P.
fd& ="' 1 Indt:::;;Indt 2 P:the alternative' -di erential will be
de=¢") & (7.23)

EJQTDE, 2003No. 2, p. 27



Sinced ;4 2 P,the equalities (7.22-23) can be written as:

. )w =t @) ¢ )w =i (7.24)

6. Letf (1), £ 2P be a-conjugate functions (in the senseof x 6). Then
(6.22-25) are true.

From (6.24) we can write the alternative' -derivative (7.11) as follows:
#!
r . d
(o= 290

But becauseof (6.25), from (2.9) we obtain:

#!
' 1
f7m=" 1 In : (7.25)
t %\g f\
Then (7.7) implies
) L # 0 1)t
In = '@t A (7.26)
ig £
df ¢
Equalities (7.25-26) immediately lead to
0 ‘ e )l
il @ e A=p
¢
which is the sameas ey
8w = E: (7.27)
¢

Thus by analogy with x2, we conclude that if f (t) and f* £ are a-

conjugate elemerts of manifold P; then their alternative derivatives are also
a-conjugate elemerns in P:

As in (2.24), we can show that the following is true:
Gt df=1 (7.28)
df@) df £ =E

7. Let usreturn to (7.7) that computesthe ' -derivative. From (7.7) it

follows that the given function f (t) 2 P is projected on the basespaceBN :

g(t) = exp[ (f ())];
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where g(t) 2 BN. But sinceBN arosefrom the spaceof solutions of equation
(1.13) [1] which is a collection of N equations(1.1), we can di eren tiate g(t) by
the rule described in x 2. This takesplacein (7.7). Next from (7.7) it follows
that the obtained derivative g0 (t) 2 BN is mapped to the b er manifold P
under the mapping' *(In):

go ) ' !1(In)
By analogy the alternative ' -derivative can be found from (7.11).
Therefore if we consider' -di erential calculus with its properties as
an algebraic object, the mapping exp(' ) establisheshomomorphic relations
betweenthis object and the standard and alternativ e di eren tial calculus.
8. What will the equation (6.1) look likeif written in ' -di erential calculus
that it generates?To seethis, we considerthe characteristic function [1]:

£8) () 2 P

" (u) = bt+ ¢ (7.29)

whereb;c2 BN are constarts. Recall that u 2 P is a solution of (6.1).
If we di erentiate (7.29) with respectto t and substitute the result into
(7.7), we obtain:

W= 1 In%exp' (W) =" *(nbexp’ (W): (7.30)

Sinceb2 BN, it can be represerted as
b= exp' (B);
whereB 2 P. Then using (6.12) and (7.24), from (7.30) one nally derives:

( )d' =B wu (7.31)
9. Equation (6.1) is written in the standard di erential calculusthat arises
from one-dimensionallinear equation (1.1). Written in its own algebra the
equation (6.1) hasthe form (7.31).
Let usreturn to  ((7.4)) that arisesduring the construction of the
di erential calculusin the b er manifold P. Looking at (7.21-23) we conclude
that the incremert of the function f 2 P is proportional to the incremert of
the variable 2 P. The rate of change of function f is equal to the relation
of dierentials of f and . Thereforeif t in (6.1) plays the role of time, then
probably it will not be very far from the truth to interpret the multi-comp onert
object asinner times of the phenomenondescribed by the equation (6.1). As
for t, it is an inner time for the equation (1.1) and an outer time for (6.1).
It hasto be noted that alongwith t there is the a-conjugatetime f, satis-
fying the equality (2.3). By analogythere existsthe conjugate multi-comp onert
object #; satisfying the following:

Nz E;
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whereE 2 P is the unit elemer of the ' -product.

Example 7.1
a) Consider the equation:
du
—=u(1 :
il G

The characteristic function is:

u
'(u):In1 u:t+c:

Computethe ' -product of u (t):

d‘ u _ 1 d ' _
GG T Inaexp (u =
" ln exp (u)d—l = 1t w=u
dt '
Finally we get:
LU
( )d' = U
From (7.4) we nd the inner time
= L AN = L
1+t’ 1+
whee t f= 1:
b) Let
du_ sinu:
dt '
The characteristic function is (6.26). Then
LU
( )d' = U

The inner times are:

2arctgt+ 2 m;
2arctg £+ 2 m;

AN

wher t £ = 1: From this equality it follows that every leaf has its own inner
time.

Summary

The found complexesof the alternativ e integral and di erential calculus,
their represenations, the rise of multi-comp onert inner times, the existenceof
two geometriesthat are alternativ e to ead other, are the direct consequencef
the algebraic properties of di erential equations. We can hardly avoid taking
them into accourt without proper justi cation and violation of the complete
mathematical picture.
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