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Abstract

We give a complete description of the set of solutions to the boundary value
problem
w0 %=f (u)in (0:1); u@©)=u(l)=0

where' is an odd increasinghomeomorphismof R and f 2 C (R, R) is odd.
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1 Intro duction

The purposeof this paper is to give a completedescription of the set of solutionsto the
boundary value problem

(" (u9)°=f (u) in (0;1) 1
u@=u()=0 (1)

where' is an odd increasinghomeomorphismof R and f is an odd function of C (R, R):

By a solution of (1), we meana function u 2 C*([0; 1]) satisfying (" (u9)°= f (u)
in (0; 1) and the Dirichlet conditionsu (0) = u(1) = O:

Note that the dierential operator u ! (' (uo))0 is linear if and only the function
x ! ' (x) is linear, hencethe ODE in (1) is said strongly nonlinear.

This work is motivated by the previousonesdonein [13],[14], [15], [8] and essetially
by [16)].

In [16] Garc a-Huidobro & Ubilla study problem (1) under the following hypothesis
on the functionsf and'

jim ¢ %)

im0 = 9 1for someq> landforall 2 (0;1);
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(%) _
xt +1 " (X)
lim w = aand lim Tﬂ: A:
x1 0" (X) xt+1 " (X)

Using time-maps approad they give a multiplicit y result when a and A lie in some
resonanceantervals.

In this work we will replacethe growing conditionson' andf at 0Oand+1 by global
conditions on the cornvexity of ' and f: Thesenew conditions which will play signi cant
role in the proof of existenceof solutions as well asin the proof of uniquenessof these
solutionsin someareasof C? ([0; 1]); can appear very restrictive: However we think that
this condition is usual, indeedthis kind of assumptionis often met in the literature when
an exactitude result is aimed (see[3], [6] and [18]).

Our strategy is as follows:

In a rst stage,we locate the possiblesolutions of problem (1) in somesubsetsA,,
(wherefork 2 N and = +; A, isde ned in section2) of C* ([0; 1]) and we give some
properties of these solutions. An immediate consequencef theseresultsis: u 2 A, is
solution to problem (1) if and only if u is a positive solution to the problem

¢ u°=f(u)in 0%

u(@)=u® 5 =0 2)

P 1for somep> landforall 2 (0;1);

Then we assaiate to problem (2) the auxiliary Sturm-Liouville problem

(

VOO(X) =f ROX (Vo(t)) dt in 0; i (3)
vi0)=Vv° &+ =0

: . : : : Ry :

sudh that u is positive solution to problem (2) if and only if v(x) = ' (uo(t)) dt is a
positive solution to the auxiliary Sturm-Liouville problem (3). Thus we are brought to
investigate a nonlinear Sturm-Liouville problem for which after addition of a linear part
cornaining a real parameter existenceof a positive solution will be proved by the use of
Rabinowitz global bifurcation theory (see[19], [20] and [21]).

At the end, we will useassumptions(5) and (7) to prove uniquenesf the solution in
ead subsetA,:

The paper is organizedas follows: Section?2 is dewted to the statemen of the main
results and somenecessarynotations. In section3 we exposesomepreliminary results we
needin the proof of the principal results. In the last sectionwe give the proofs of main
results.

2 Notations and main results

In the following we denoteby E = C*([a; b]) with its norm kuk, = kuk, + ku%,
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Let, for any integerk landa<b

gt = U 2 E:uadmits exactly (k 1) zerosin Ja;q
k ™ all are simple,u(a) = u(b) = 0Oandu®(a) > 0
Sc= S;andS=S; [ S

Let u be a function belongingto C ([a;l]) which vanishesat x; and X, (X; < X). If
u doesnot vanish at any point of the open interval | = ]x; X[ we call its restriction to
this interval | { hump of u. When there is no confusionwe say a hump of u:

With this de nition in mind, ead function in S; hasexactly k humps suc that the
rst oneis positive, the secondis negative, and soon with alterations.

Let A; (k 1) the subsetof S; composedby the functions u satisfying:

Every hump of u is symmetrical about the certer of the interval of its de nition.

Every positive (resp. negative) hump of u can be obtained by translating the rst
positive (resp. negative) hump.

The derivative of ead hump of u vanishesone and only onetime.

Let A, = A andAc=A; [ A.:

We recall that the boundary value problem:
u®= u in (a;b
u@=u=0

2 2
has an increasingsequenceof eigervalues( | ([a;b])), , with | ([a;0]) = %
a
We will usein this work the so called Jenseninequality given by:
0 . » 1 ) »
@~ A =
F b a u (t) dt b a F (u(t)) dt
a a
whereF : R! R is aconcae function and u is a function in C ([a;b)]) :
Moreoverif b a< landF (0) = Othen
0 e 1 e
F@ u(t)dtA F (u(t)) dt (4)
a a

Let S be the set of solutionsto problem (1), then our main results are :

Theorem 1 ( Superline ar case ) :
Supmsethe functions' andf satisfy the following conditions:

' is concaveon R"; (5)
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f(x) f(x)

)I(i!mo W = 0and X!Iir+nl W =+1; (6)
the function s'! ( S) is increasingon (0;+1 ) (7
Then
s fog[ [ A

and for eachintegerk 1 there existsuy 2 A; suchthat
S\ Ak="fu; ug:

Theorem 2 ( Subline ar case ) :
Supmsethe functions' andf satisfy the following conditions:

' is convexon R™; (8)
- f(x) _ . f(x) _
)|(I!m0 W =+1 and X!I|r+nl W =0 (9)
f is increasingand concavein R*: (20)
Then
s fogl [ A«

and for eachintegerk 1 there existsuy 2 A; suchthat
S\ Ak="fu; wg:

Remark 1 The alove theorems give a complete description of the solution set of the
problem(1), indeed the theoremsstate that there is no solution exept the trivial solution
and thosebelongingto k[ . Ay, andin each A, there is exactly one solution.

Remark 2 Hypothesis(7) is similar to (3-3) assumd in [4]. To obtain the exactnumter
of solutionsto the boundary value problem

u®= u+f (u) in (0;1)
u(0)=u(1)=0 (1)

f (s)

according  in a resonane interval, the author assume the function s ! e and

Sl f()

Notethat hypothesis(7) impliesthat f is increasing,andif f is convexthen hypothesis
(7) is satis ed.
( s)

are increasingon (0;+1 ):

In the sublinaar case, hypothesis(10) implies that the function s !
on(0;+1):

is decreasing
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3 Some preliminary results:

In this sectionwe give somelemmaswhich will be crucial for the proof of our main results.
Considerthe boundary value problem

¢ (u9)°=g(u) in (a;b
u@ = u=0 (12)

where' isan odd increasinghomeomorphisnof R andgisafunction in C (R, R) satisfying
xg(x) > Oforallx2 R : (13)

We de ne a solution of problem (12) to be a function u 2 E satisfying (' (u9)° =
g(u) in (a;b) andu(a) = u(b = O:
If uis a solution to problem (12), then there existsa real constart C 0 sud that

(" (U°(x))) + G(u(x)) = C for all x 2 [a;b] (14)
Z X Z X
whereG (x) = g(t)dt, (x)= (t)dt with ="' %
0 0 R
Notethat the Legendretransform of the corvex function where (s) = OS' (t) dt;

iseven, (0)=0and (s)> Oforall s6 O:
Then the rst result in this sectionis:

Lemma 3 Supmsethat hypothesis(13) holdstrue. If u is a nontrivial solutionto problem
(12), then there existsan integerk 1 suchthat u 2 Ay:

Pro of. Let u be a nontrivial solution to problem (12). We begin the proof by shaving

u(a) 6 O:
Let us supposethe cortrary. Then, if we put x = a in equation (14), we get C = 0.
Thus, for any x 2 [0; 1], G(u(x)) = (" (u°(x))) 0. SinceG is strictly positive on

R and G(0) = 0; u(x) = Ofor all x 2 [a;b]. This is impossiblesinceu is a nontrivial
solution.

Now, let us shav that u hasa nite number of zeros. Supposethe cortrary and let
(zn) the in nite sequenceof zerosof u and z an accunulate point of (z,) : Then we have

Uz) u() _
z

u(z)= uo(z):nl!ilm .

Again, putting X = z in equation (14) we get the samecortradiction asabove.

Let z; and z, two consecutie zerosof u, and supposethat u > 0in (z;; z,) andy
is a critical point of u in (z;; z,): It follows from equation (12) that (' (u9)°= g(u)
in (z1; z»). Since' is an increasingodd homeomorphismof R; u®> 0in (z1; y ), u’°< 0
in (y ; z) and u’(y ) = 0: Thusy is the unique critical point of u at which u read its
maximum value.
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Let
=u(y)= max u(x)

X2 (21; 22)
It follows from equation (14) that
u’(t) = L(G() Gu()) forallt2[z;y]
and
u’(t) = L(G() Gu() forallt2[y;z)]

where ,!isthe inverseof onR*. Then

Ugx) Ugx)
_ du(t) _ du(t) :
AT Wo T T @0 sy ooy
and
Ugx) UgX)
V2 du(t) _ du(t) forall x 2 [y ;z]

uo(t) . S(G() Guy

0
Putting x = y in equations(17) and (18) we get
z du (t)

yooas TG cumy 27

which yields
_ 4t 7p

2

Z1+ 2o
For the symmetry of the (z1;z,) hump of u about

(15)

(16)

(17)

(18)

, it su ces to shaw that for

all x 2 [z1;25] u(zy+ zz x) = u(x):This becomesvery easyif we obsene that x =
(z1+ 22) (z1+ 2z x) and make useof equations(17) and (18); then we get: in ead

+ +
of the casesx 2 21;21222 orx2 212,
Ugx)
du (t)
x n =z ([mrn XS G() Gu®)
u(z1yz2 x)
7 du ()

(G() Gum)
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which leadsto u(z;+ z,  x) = u(x) for all x 2 [ zy; 2]

It remainsto show that if z3 < 2z, aretwo consecutie zerosof uandu > 0in [ z3; z4],
then ur;; ,,) is the translation of u,, .~

To do this it su ces to prove that u(23 + (X z1)) = u(x) for all x 2 [z1;2,].

Z1+ Z Zg+ Zy . .
Putting respectively x = 2andx = 5 in equation (14) we deduce
21+ 2y Z3t+ 24
C=0G =G u
2 2
+ +
SinceG is strictly increasingon (0;+1 ); u =l > 2 u % > Z
Making useof equations(17) and (18), we get :
. 23+ Z4 _ Zy Z3
N 2 2
u('%,)
_ du (t)
. L Gu ria G (u(t))
u(*2"2)

du (t)
LG ou iz G (u(t))

21+ 7z, 72, oo

= 2

which yields zz + (z,  z1) = z4:
If wesetv(x) =u(zz+ (X z)) forall x 2 [z;; 5], then we have
V(z1) = u(z)=0
V(zz) = u(z)=0
Obsene that u and v are solutions of the problem

(" (W9)°= g(w) in (z;2)

W(z1) = w(z2) = 0

1+ Z»

have:
> , we have

So,forany x 2 z; z

2 du (t)

TGuEE G

0

2 dv (t)

S Gy aiz G (v ()

0

z a Zyp
'Wehave f (t)dt= f (t) dt with f > O:
0 0
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21+ 2o

2

Using the symmetry of the function u we deducethat v (x) = u(x) for all x 2 [z3; z,].
This completesthe proof of the lemma. B

which leadsto v(x) = u(x) for all x 2 z;

Lemma 4 Supmsethat hypothesis(13) holdstrue and g is odd. If u2 A; (resp.A, )
is solution to problem(12) with k 2 then the rst negative ( resp. positive ) hump of u
is a translation of the rst negative ( resp. positive ) of ( u):

Pro of. Let u2 A; be a solution to problem (12) and (zi)::g the nite sequenceof zeros
ofusudhthat 0= zy< 21 < o < <z=1
Sincethe positive ( resp. negative ) humps of u are translations of the rst positive (

resp. negative ) hump one, it su ces to prove that ug, ,,j is a translation of  u.;,;:
Z;

Let us prove that the two humps have the the samelength.. Putting x = > and
1+ 2,
=2 2 (14) we get
_ 2 21+ 2
C=Gu 5 G u 5
SinceG is even and increasingin R*
u 4 - u 21+ 723
2
Set =u 2—21 = u Zl+222 , asin the proof of Lemma 3
z
7 _ ds
A IO IC)
and 7
Z, 7y _ 41t Zp 2. = 0 ds
2 2 ! u(772) S Gu az G(s)
_ Rou(2) ds
° 5 L Gu stz Gy
_ ds _
0 S(G() G) 2
which leedsto
Zy 21 = 7.
Settingv(x) = u(z; + x) for all x 2 [0; z;] and arguing asin the proof of Lemma 3,

wegetu(x) =v(x)= u(zy+ x) forall x 2 [0;z;]: Sothe lemmais proved ®

Lemma 5 Supmsethat hypothesis(13) holdstrue. If u; 6 u, are two positives solutions
of problem(12), then u;and u, are ordered, namely u;<u, in (a;b) or u;<u, in (a;b).
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Pro of. Let u; and u, be two solutions of the lemma.
We have
either u? (a) = u9(a)
oruf(a) 6 ud(a):
Assume rst that the rst situation holds. We deducefrom equation (14) :

Gu 2 = ((W@)N=G6Gu 3% = ( (u@):
. . . : . a+b a+b
SinceG is strictly increasing,we get u; —— = Uy >
Let =u; a; b = U, %b ; then (17) written for u; and u, gives:
Z
« a= u1(x) du(t)
7 0 J(G() G(u(v))
= e du(t) forany x 2 a; ib :
0 S(G()  G(ua(1)) 2

a+b . .
Hence,u; (X) = u,(x) for all x 2 a;T . Sinceu, and u, arein A7; namely u,

and u, are symmetrical about %’ up (X) = uy(x) for all x 2 [a;b], which cortradicts the
statemen of the lemma.

. . a+b
Now, supposethat u?(a) <u(a). Sinceu; and u, are symmetrical about — we

: a+b
will prove that u; (x) < uz(x) for all x 2 a;T :

Let A= x2 a;%J ;U (X) = ua(x) : AssumeA 6 ; and let xo = infA and
u=u; Uy
Then X >a, indeedif Xg = a and (X,) is a sequencesud that lim x,, = X, we get :
n +1

Uz (Xn) U1 (Xn) _
X, a B

0

O<ud(@ W(a)= im

which is impossible.
Thus, let (y,) be a sequencen (a;Xxg) sud that 'Iirpl Yn = Xo: We get:
Yn  Xo nt +1 ¥Yn Xo

u®(xo) = lim
nl +1

then,
0 u2(Xo) Uz1(Xo):
Using again (14), we obtain:

( (@) (Ul (x0)) = G (us(x0))
=Gui(xo) = (" (u3(®@)) (" (u3(x0))
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SO
0> ( (@) @)= ¢ Uix)) ( (uz(x)) O

which is impossible,thereforeA = ; R

4 Pro of of the main results

Sincethe function f is odd and satis es hypothesis(13); it leadsfrom lemma3 any non
trivial solution to problem (1) belongsto k[ ) Ag:

4.1 Existence of solutions

It arisesfrom lemmas3 and 4: to get a solution belongingto A; (resp.A, ) to problem
(1) it su ces to prove that the problem

(" (UEY)’=f (u(x) in 0%
u@=uw 5 =0: (19)
admits a positive (resp. negative ) solution.?
Setf ™ = max(f;0) and considerthe boundary value problem
R
0 — f+ X 0 i -1
Y O(f) p f1 o (V(t))dt in 05 (20)
v(0)=V" 5 =0
R
Obsenethat if v is a positive solution to problem (20) if and only if u (x) = OX (u®(t)) dt is
a positive solution to the problem (19)3:
Hence,we are brought to look for positive solutionsto the problem

VOUx) = f * R (vO(t))dt in (0;a)

0
v(0)=Vva) =0 (21)
wherea 2 (0;1):
Considerthe boundary value problem
viqx) = v (x) + f* (u(x)) in (0;a) (22)

v(0) = v®(a) = O:

R
where is areal parameterand u (x) = 3‘ (VO(t)) dt:

We meanby asolution of problem(22) apair (; v) 2 R C*([0; a]) satisfying v®{x) =

v x)+f" (;‘ (VO(t)) dt x 2 (0;a) and the boundary conditions v (0) = v°(a) = O:

2Any positive solution of (19) is concave. to seethat one can use (14):
3Any solution of (20) is concave.
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4.1.1 Existence in the superlinear case:

Let " > 0; we deducefrom assumption(6) existenceof > 0 sud that
forall x 2 R; jxj < implies jf (x)j< "] (X)j="" (jxj):

Since is an odd increasingfunction on R*, we have for v 2 C([0; a]) and for all
X 2 [0, a] Rx Rx ‘ . Rx . ‘
o (VO()dt Jj (VO)jdt= 5 (vO()j)dt
(kvk,)
Thus,if :="' () thenfor all v2 C([0;a])
Z X
kvk, < implies (VO(1)) dt for all x 2 [0; a]
0

then R R
fog (Vo) dg = f o (VO(1) dt
" (VoY) dt

(0 (kvky))
" kvk,

which meansf (u) = (kvk,) andf ™ (u) = (kvk,)
Therefore, Rabinowitz global bifurcation theory (see[19] and [20]) states: the pair

( 1;0) is a bifurcation point for a componert S| R S, of positive solutionsto (22)
which is unboundedin R C!([0;a]) where ; = ,([0;a]) and

+

S;= v2C!(o;a):v()=v’a)=0andv> 0in (0;a)

Thus, to prove existenceof a positive solution to problem (21) it su ces to show the
following

Theorem 6 S; crossesfOg C*!([0;a]):

Before proving theorem 6, we needthe following lemma:
Lemma 7 If (; v) 2 S then < g:
Pro of. Let bethe rst positive eigenfunctionof

0=, in (0;a)
0= °a=0:
Multiplying (22) by and integrating on (0; a) we get:

Y} Y3 2

v = v + f*(u)
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Then, two integrations by parts give

p:! !
(2 ) v = f"(u >0
0 0
which leadsto
< 1

|
Proof of theorem 6
Supposethe gortrary, and let ( n;Vn) S; an unbounded sequencen R C*([0; a])

and setu, (x) = OX (V8 (t)) dt. An immediate consequencef Lemma7is: 0< , < ;

and (v,) is unboundedin C* ([0; a]).

First Let us prove that v, is unboundedwith the respect of the C° norm. Suppose
the cortrary; Since v°= v, + f (u,) and v®%s unbounded with the respect of the C°
norm, u, is unboundedwith the respect of the C° norm on [0; a] :

Letforany R>0 J,=fx2[0;a]: " (uy(x)) Rg:

We claim that there exist Ro > 0 sud that | (J,)) 2_1a .This is dueto:

Denote by |, the real number belongingto [0;a] sud that ' (u,( »)) = R and let
n and 1., berespectively the rst positive eigenfunctionand the rst eigervalue of the
problem

v= v in ( »;a)
V(n)=Vva)=0:

Multiplying (22)by , and integrating between , and a we get
Y} y: Y

ViPn= n Vpont  fT(Up)

After two integrations by parts we obtain:

A A A
1;n Vi n n Vi n+ 1:Jr(un) n- (23)

n n n

f* ) 2
X

We deducefrom hypothesis (6) that Iiml = +1,soforM = o there
x! +

exists Ry > 0 sud that

X Rgimpliesf™ ( (x)) Mx:

40therwise v? will be boundedon [0; a] with the respect of the C° norm, and then v,, with the respect
of the C* norm.
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Thus, we deducefrom (23):
Z

a a
(zn n) Voo F* )(C (un))
n Z, (24)
M " (Un)
Since' is concave, Jenseninequality (4) leadsto
"(Un (X)) v (x) forall x2 [ n;a]:
Thus, we deducefrom (24):
2
(l;n (n+M)) Vh n 0:
then
2
(nt+ M)
@ n)?
nally
1 1
)= 5 0 5 (25)
Now let usreturn to the equation satis ed by u,: We have
(" ()= Vo + 7 (uy) in (0;)
Multiplying by u®and integrating [x; a] ; we get
Z a
C W) =F " (,) F"'Uu )+ » vyl forall x2[0;a]
X
R
where , = u, (@) andF* (x) = f* (t)dt:
Then asin the proof of Lemma 3 we obtain
Z z
_ T Rodu,(t) T Re ds _
n- Uﬁ (t) a 1 + + 1 0
o WO 0 R BT el (g
Ro ds
0 JFF (0 Fr(s)
Thus, on one hand, since T ! " is boundedin [0; Rg] and lim
S (F(n) FT(9) nil
n=+1:
R
i ds

lim = |im =0
L R CEEIEC)
0
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and onthe other handit arisesfrom (25) , % which isimpossibleand v, is unbounded
in C°([0; a]):
Now arguing asabove, let forany R > 0J, = fx 2 [0;a] : v, (X) Rg, Rp > 0 sud
that | (J,) 2—1a and | the real number belongingto [0; a] sud that v, ( ) = Ro.
Thus, in one hand

Zn
1
Ro=  vi(dt Svi(n) (27)
0
and on the other hand,
1 A iy A
Vo 5= VO()dt= V2 (t)dt+  vO(t)dt (28)
0 0 n
1
Ro + EVg( n)

which is impossiblebecausefrom (27) we deducethat v° ( ) is boundedand (28) leads
to v2 ( ) is unbounded. This completesthe proof of theorem 6. m

4.1.2 Existence in the sublinear case:

Let " > 0; we deducefrom hypothesis(9) existenceof > 0 sud that
x> impliesf® (x) <™ (x):
Note that since is concave and increasing,and f is increasing

R
fr 0 o) dt f( (v(x)
f*( (kvk,)) forall x 2 [0; a]

Thusif ="' (), thenforall v2 C!([0;a]) and for all x 2 [0; a]
Z X

kvk, > impliesf” (V1)) dt < "kvk,
0

RX
andf* S (V(t)dt = (kvk,)

Therefore,Rabinowitz global bifurcation theory states(see[21]): the pair ( 1;+1 ) is

a bifurcation point for acomponert S; R S, of positive solutionsto (22) suc that:
If is a neighborhood of ( 1;+1 ) whose projection on R is bounded and whose
projection on C* ([0; a]) is boundedaway from 0 then either

1. S8 isboundedin R C!([0;a]); in which a caseS; 8 meetsR fOg or

2. S; 8 isunboundedin R C!([0; a]) : Moreover if S; 8 hasa boundedprojection on
R then S{ 8 meets( ,([0;a]);+1 ) with k 2
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Thus, to prove existenceof a positive solution to problem (21) it su ces to show the
following

Theorem 8 S; crossesfOg C!([0;a]):

Proof of theorem 8:
To obtain theorem 8 it su ces to prove that if is asabove, then S; 8 don't meet
( «(0;a]);+1 ) with k 2anddon't meetR* f0g:
Let bethe rst positive eigenfunctionof
0=, in (0;a)
©0)= °@a@-=o:

and (; v) 2 S;: Arguing asin the proof of lemma7 we get
< 1

which meansthat S; 8 don't meet( , ([0;a]);+1 ) with k 2
Now supposethat ( ,;v,) is a sequencein S; converging to ( ;0) with , > O
Multiplying (22) by and integrating on (0; a) we get

.. ..
(1 n) Ve = 7 (un)
0 0
RX
whereu, (x) = (va (1)) dt:
Using the concavity of f we get
A .. 0 z2 1
(2 n) () (H)dt @ £ (V(9) (s)dsAdt:
0 0 0
ft 2
We deducefrom hypothesis(9) that lilm0 w = +1 andforM = ?; there

exist > 0 sud that
0 x< impliesf*( (x))> Mx:

Hence,For n large
F7C (v(s)) MV (s)
..
(1 n M) v (t) (t)dt O
0

and

This is impossiblesince
1 n M< ;3 M<O

which completesthe proof of theorem 8.

Svp I 0 with the respect of the C* norm.
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4.2 Uniqueness in A,

We will exposein this paragraphthe proof of uniqguenessn A, in the superlinear case.
The other casewill be treated similarly.

We deducefrom Lemma 3 and Lemma 4 that: to shav uniquenessof the solution to
problem (1) in eah A, ; it su ces to show that the boundary value problem

(" (u)°=f (u) in (a;b
u@=u()=0 (29)

hasa unique solution in A7 :
Now, if u and v are two solutionsin A; to problem (29); then we have

y.s] Y]
C W+ Pou= fuv fu
or 2_1)
, , y.s]
2 (l;g (\? ud®= tw v uv: (30)
u V u V

First we deducefrom Lemma 5 that u and v are ordered and from assumption (7)
0
that f is increasingin R*: Then, if we supposeu < vin (0;1) weget (' (u9 ' (V9) =

+ +
(f (u f(v)<O0in a;aTb , namely u®< v%in a;a2 b
In one hand, it follows from assumption(7) that
Y.y
w m uv< 0: (31)
u v
a
In the other hand, the concavity of ' involve that the function s'! g is decreasing
on (0;+1 ); then
Z
W) (V9 0s O
5 oo uv’>o (32)

a

Inequalities (31) and (32) cortradict equation (32); so uniquenessof the solution to
problem (29) is proved. m
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