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Abstract

In this paper we investigatethe existenceof mild solutionsfor rst and second
order impulsive semilinear ewlution inclusionsin real separableBanad spaces.
By using suitable xed point theorems,we study the casewhen the multiv alued
map has corvex and noncorvex values.
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1 Intro duction

In this paper, we shall be concernedwith the existenceof mild solutionsfor rst and
secondorder impulsive semilineardampeddi erential inclusionsin areal Banad space.
Firstly, we considerthe following rst orderimpulsive semilineardi erential inclusions
of the form:

yO Ay2By+ F(ty); aet2J:=[0b;t6t:; k=1::::m; (2)
Yitzte = Iy (t))s k= 1:00m; )
y(0) = Yo; 3)

whereF :J E ! P(E) is a multivalued map (P(E) is the family of all nonempty
subsetsof E), A is the in nitesimal generatorof a family of semigroupfT(t) :t Og,
B is a boundedlinear operator from E into E;yg 2 E;0< t; < ::: <ty < tmsr =
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by 1 2 C(ESE) (k= Liiiim)s iy = Y(t)  Y(t); ¥(t) = lim y(t + h) and
y(t,) = h'.'”Q y(tx h) represen the right and left limits of y(t) at t = ty, respectively

and E areal separableBanad spacewith normj j.
Later, we study the secondorder impulsive semilinearewlution inclusions of the
form:

yO Ay 2 By’+ F(tjy); ae.t2J:=[0b; t6 t; k= 1:::;m; 4)
Yizu = he(y(te))s k= Lom; ®)

Y=t = Te(y(t)); k= L:m; (6)

y(0) = yo; y10) = yi; (7)

whereF; ;B and y, are asin problem (1){(3), A is the in nitesimal generatorof a
family of cosineoperatorsfC(t) :t 0g; 12 C(E;E) andy; 2 E.

The study of the dynamical buckling of the hinged extensiblebeamwhich is either
stretched or compressedby axial force in a Hilbert space,can be modeled by the
following hyperbolic equation

!
L 2
Qe T %ha 2 o @
@2 @ 0 @ @

where ; ;L > 0; u(t; x) is the de ection of the point x of the beamat the time t; g
is a nondecreasinghumerical function, and L is the length of the beam.
Equation (E) hasits analoguein IR" and canbeincludedin a generalmathematical
model
u%% A%u+ M (kA¥ukZ)Au + g(u% = 0; (E1)

where A is a linear operator in a Hilbert spaceH and M and g are real functions.
Equation (E) wasstudied by Patcheu[26]and the equation (E 1) by Matos and Pereira
[25]. Theseequationsare special casesof the equations(4), (7).

Impulsive di erential and partial di erential equationshave becomemore impor-
tant in recen yearsin some mathematical models of real phenomena,esgecially in
cortrol, biological or medical domains, seethe mongraphsof Lakshmikantham et al
[20], Samoilenk and Perestuk [28], and the papersof Ahmed [2], Agur et al [1], Erbe
et al [13], Goldbeter et al [16], Kirane and Rogovchenko [18], Liu et al [22], Liu and
Zhang [23].

This paper will be organizedas follows. In Section 2 we will recall briey some
basic de nitions and preliminary facts from multiv alued analysis which will be used
later. In Section 3 we shall establishtwo existencetheoremsfor the problem (1){(3)
whenthe right hand sideis corvex aswell asnoncorvex valued. In the rst casea xed
point theoremdue to Bohnerblust and Karlin [8] (seealso[32)]) is used. A xed point
theoremfor cortraction multivalued mapsdue to Covitz and Nadler [10]is applied in
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the secondone. In Section4 existencetheoremsfor the both casesare presened for
the problem (4){(7) in the spirit of the analysisusedin the previoussection.

The special case(for B=0) of the problem (1){(3) was studied by Bendohra et
al in [5] by using the conceptof upper and lower mild solutions combined with the
semigrouptheory and by Bendohra and Ntouyasin [7] with the aid to a xed point
theorem due to Martelli for condensingmultivalued maps[24]. Notice that when the

by Bendohra et al in [6]. Hencethe results of the prese paper can be seenas an
extensionof the problemsconsideredin [6], [5] and [7].

2 Preliminaries

We will briey recall somebasicde nitions and facts from multivalued analysisthat
we will usein the sequel.

C([0; b; E) is the Banad spaceof all cortinuous functions from [0; b into E with
the norm

kyk; = supfjy(t)j:0 t b

B (E) is the Banad spaceof all linear boundedoperator from E into E with norm

KN kg ey = supj N (y)j :jyj = 1g:

A measurabldunctiony : J ! E is Bochnerintegrableif and only if jyj is Lebesgue
integrable. (For properties of the Bochner integral, seefor instance, Yosida[31]).

L1(J; E) denotesthe Banad spaceof functionsy : J | E which are Bochner
integrable normed by Z .

kykie = jy(t)jdt:
0

Let (X;] j) beanormedspaceand Py(X) =fY 2 P(X) :Y closed), PyX) =
fY 2 P(X) : Y boundedy: Pp(X) = fY 2 P(X) : Y compact: Pgyo(X) = fY 2
P(X) : Y compact, corvexg: A multivaluedmap G : X ! P(X) is convex (closed)
valuedif G(x) is corvex (closed)for all x 2 X: G is boundedon boundedsetsif G(B) =
[ x28 G(X) is boundedin X for all B 2 Py(X) (i.e. supfsupfjyj:y 2 G(x)gg< 1):

x2B

G is called upper semi-cotinuous (u.s.c.) on X if for ead xg 2 X the set G(xp) is a
nonempty, closedsubsetof X , and if for eat opensetN of X cortaining G(x,), there
exists an open neighbourhood Ng of Xo sud that G(Ny) N:

G is said to be completely cortinuousif G(B) is relatively compact for every B 2
Py(X). If the multivalued map G is completely cortinuous with nonempty compact
values,then G is u.s.c. if and only if G hasa closedgraph (i.,e. x, ! X ; vy, !
Vi VYn 2 G(X,) imply y 2 G(x )). G hasa xed point if thereis x 2 X sud that
X 2 G(x): The xed point setof the multivalued operator G will be denotedby FixG.
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A multivaluedmap N :J ! Pg(E) is said to be measurable,if for everyy 2 E,
the function t 7! d(y;N(t)) = infffy zj :z 2 N(t)g is measurable,whered is the
metric induced by the norm of the Banad spaceE. For more details on multivalued
maps seethe books of Aubin and Cellina [3], Aubin and Frankowska [4], Deimling [11]
and Hu and Papageorgiou[17] .

We say that a family fC(t) : t 2 IRg of operatorsin B(E) is a strongly cortinuous
cosinefamily if:

(1) C(0) =1 (I isthe idertity operatorin E),
(2) C(t+s)+ C(t s)=2C(t)C(s) for all s;t 2 IR;
(3) themapt 7! C(t)y is strongly cortinuousfor eahhy 2 E:

The strongly cortinuoussinefamily f S(t) : t 2 IRg, assa&iatedto the given strongly
cortinuous cosinefamily fC(t) :t 2 IRg; is de ned by

YA t
S(t)y = C(s)yds; y2 E; t2 IR:
0

The in nitesimal generatorA :D(A) E ! E ofacosinefamily fC(t) :t 2 IRg

is de ned by
2

d
Ay = @C(t)y o

For more details on strongly cortinuous cosineand sine families, we refer the readerto
the books of Goldstein [15], Fattorini [14], and to the papers of Travis and Webb [29],
[30]. For properties of semigrouptheory, we refer the interestedreaderto the books of
Goldstein [15] and Pazy [27].

De nition 2.1 The multivalued mapF :J E ! P(E) is saidto be anL!-Carathealory
if

() t7! F(t;y) is measurablefor eachy 2 E;
(i) y7! F(ty) is upper semiontinuous for almostall t 2 J;
(i) For eachr > 0, there exists' ; 2 L(J;IR,) suchthat
kF(t;y)k=supjvj:v2 F(t;y)g '((t) forall jyj r andforae. t2J:
For eah y 2 C(J; E), de ne the set of selectionsof F by
Seyy = fv2 LYJE) tv(t) 2 F(t; y(t) ae.t 2 Jg:

The following Lemmasare crucial in the proof of our main results.
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Lemma 2.2 [21]. Let X be a Banachspace. Let F :J X | Pgo(X) beanL?-
Caratheadory multivalued map with Sg(yy 6 ; andlet be a linear continuous mapping
from L1(J;X) to C(J; X), then the operator

SeiC(IX) 1 Pee(C(I X)) y 7t (0 Se)Y) = (Sey)
is a closal graph operator in C(J; X) C(J;X):

Lemma 2.3 (Bohnenblust-Karlin [8], see also[32] p. 452). Let X be a Banachspce
and K 2 Pg..(X) and supmsethat the operator G : K | Pg..(K) is upper semi-
continuous and the set G(K) is relatively compact in X: Then G hasa xed point in
K.

3 First Order Impulsiv e Dieren tial Inclusions

In this section we are concernedwith the existenceof solutions for problem (1){(3)
when the right hand side has corvex aswell as noncorvex values. Initially we assume
that F :J E ! P(E) is compactand convex valued multivalued map. In order to
de ne the solution of (1){(3) we shall considerthe following space

where yi is the restriction of y to Jx = (tk;tk+1]; k = 0;:::;m: Solet us start by
de ning what we meanby a mild solution of problem (1){(3).

De nition 3.1 A functiony 2 is saidto be a mild solution of (1){(3) if there exists
a function v 2 L(J; E) suchthat v(t) 2 F(t; y(t)) a.e. onJ and

Z, Z, X
y(t) = T(t)yo + i T(t s)B(y(s)ds+ ) T(t s)v(s)+ Tt t)l(y(t)):

o<t <t
Let usintroducethe following hypotheses:

(H1) F:J E ! Pg(E)isanL!-Caratheadory mapandfor eah xed y 2 C(J;E)

the set
Sy = fV2 LYJE) @ v(t) 2 F(t; y(t) a.e.t2 Jg
IS hnonempty.
(H2) There exist constarts ¢; sud that jly(y)j c;k=1;:::;mforeahy 2 E:
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(H3) A : D(A) E ! E is the in nitesimal generator of a strongly cortinuous
semigroupT (t);t  O; which is compactfor t > 0O; and there existsa constart M
sud that kT (t)ksey M foreaht O.

(H4) There exists a cortinuous nondecreasingfunction : [0;1) ! (0;1) and
p2 LY(J;IR.) sud that

KF(t;y)k p(t) (jyj)) fora.e.t2Jandeahy?2 E;
ith

du
. m(s)ds < i TESY ok

where
xXn
m(t) = max(M kBkgEy; M p(t)) andc= Mjyoj + Ck:
k=1

Remark 3.2 (i) If dimE < 1 thenfor eachy 2 C(J;E), Sg(y) 6 ; (see Lasota
and Opial [21]).

(i) If dimE = 1 then Sg(y) is nonemptyif and if the function Y :J ! IR de ned

by
Y(t) = inffjvj:v2 F(t;y(t))g;

kelongsto L(J;IR) (see Hu and Papagergiou [17]).
(i) Assumption (H4) is satis ed if for exampleF satis es the standaid domination
KF(t;y)k pt)A+jyj); p2 L*(JIRT); t2J; y2 E:

Theorem 3.3 Assumethat hyptheses(H1)-(H4) hold. Then the IVP (1){(3) has
least one mild solution.

Pro of. Transform the problem (1){(3) into a xed point problem. Consider the

multiv alued operator N : I P() dened by:
n Z,
N(y)= h2 =:h(t) =T()yo+ T(t s)B(y(s)ds
Z, 0 X 0
+ Tt 9ge)ds+ Tt t)h(y(t)): 92 Srqy) ¢
0 O<t <t

Remark 3.4 Clearly the xed points of N are mild solutionsto (1){(3).
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We shall show that N satis es the assumptionsof Lemma2.3. The proof will be given
in seeral steps. Let
K:=fy2 :kyk at);t2Jg;

where Z,

at)=1"1 m(s)ds ;
0

and Z

2 du
I (2) = i m:

It is clearthat K is a closedboundedcorvex set. Let k = suptkyk :y2 Kg:
Step 1: N(K) K:

Indeed,lety 2 K and x t 2 J. We must shov that N(y) 2 K. There exists
92 Sg(y) sud that foreah t 2 J

Z, Z, X
h(t) = T(t)yo + . T(t s)B(y(s)ds+ . T(t s)g(s)ds+ Tt t)h(y(ty)):
0<t , <t
Thus
X Z
ih(t)j Miyoj+ M o+ . m(s)(jy(s)i + (iy(s)i))ds
Mjyoj + M &+  m(s)(a(s) + (a(s)))ds
— 0
= Mjy+M g+ aYs)ds
k=1 0
= a(t);
since Z oo Z .
du m( )d

c u-+ (U)_ 0
ThusN(y) 2 K;So, N:K ! K.

Step 2: N(K) is relatively compact.
SinceK is boundedand N(K) K, it is clearthat N(K) is bounded. N (K) is

equicoriinuous. Indeed,let ;; ,2J; 1< ,and > Owith 0< 1 < o Let
y 2 K andh 2 N(y): Then there existsg 2 Sg(yy sud that for ead t 2 J we have
Z, Z, X
h(t) = T()yo+  T(t s)(By(s)ds+  T(t s)g(s)ds+ Tt t)h(y(ty)):
0 0 O<t y <t
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Then

jh( 2)  h(4)j Er( 2)Yo  T( 1)Yo]

+ KT(2 s) T(1 9S)ksE)By(s)jds
z

+ kT( 2 S) T( 1 S)kB(E)JBy(S)de
le

+ KT( 2 9s)ksE)jBy(s)jds
le

+ KT(2 s) T(1 s)ksE)jo(s)jds
ZO

+ KT(2 s) T(1 9s)ksE)ja(s)ids
le

+ KT( 2 S)keE)ja(s)ids+ Mc( 2 1)

X
+ &kT(1 t) T(2 tkee):

O<ty< 1

The right-hand sidetendsto zeroas ,, ;! 0,and suciently small, sinceT(t)
is a strongly cortinuous operator and the compactnessof T(t) for t > 0 implies the
comtinuity in the uniform operator topology. As a consequencef the Arzela-Ascoli
theoremit su ces to show that the multivalued N mapsK into a precompactsetin
E.Let0O<t bbe xed andlet be areal number satisfying0< < t: Fory 2 K
we de ne
Z t
T(tyo+ T() T(t s )(By(s)ds
0
Z t
+ T() T(t s )g(s)ds
X
+ T() Tt )h(y(t))

o<t <t

h (1)

whereg 2 Sg(yy: SinceT (t) is a compactoperator, the setH (t) = fh (t) :h 2 N(y)g
is precompactin E for every ; 0< < t: Moreover, for every h 2 N (y) we have

Zt
jh ()  h(t)j kBKg gk KT(t s)kg)ds
Z, !
+ KTt 9ksja(s)ids
X
+ CkkT(t tk)kB(E):

o te<t
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Therefore there are precompactsets arbitrarily closeto the setfh(t) : h 2 N(y)g:
Hencethe setfh(t) : h 2 N(y)g is precompactin E.

Step 3: N hasa closedgraph.

Lety, ! y; hy 2 N(y,) and h, ! h . Weshallprovethat h 2 N(y).
h, 2 N(y,) meansthat there existsg, 2 Sg(y,) sud that for eadt 2 J
Z, Z, X
ha(t) = T(t)yo+  T(t S)Byn(s)dst T(t s)gn(s)ds+ Tt t)lk(yn(ty)):
0 O<t y <t
We must prove that there existsg 2 Sgy sud that for eaht 2 J
Z, Z, X
h(t)=T{My+ T(t 9s)By(s)ds+ T(t s)g(s)ds+ Tt t)l(y (t)):

0 0 O<t y <t

X Z,

h, T(t)Yyo Tt t)lk(ya(ty)) OT(t S)By,(s)ds
0<;(k<t Zt

h  T(t)yo T(t  t)lk(y (t)) OT(t s)By (s)ds . 0
0<t y <t

asn! 1 : Considerthe linear cortinuous operator

LYJ:E) ! C(J;E)
Zt
g7t (g(t)y= T( s)g(s)ds:

0
From Lemma 2.2, it follows that Sk is a closedgraph operator. Moreover, we

have that

z
X t
ha(t)  T(t)Yo Tt t)lk(yn(ty)) T(t s)Byn(s)ds2 ( Sg(yy):
0<t <t 0
Sincey, ! vy ; it followsfrom Lemma2.2 that
X Z, Z,
h (t) T()yo Tt t)h(y (t)) T(t s)By(s)ds= T(t s)g(s)ds
O<t y <t 0 0

for someg 2 Sg(y ).

As a consequencef Lemma2.3we deducethat N hasa xed point which is a mild
solution of (1){(3).
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We presert now a result for the problem (1){(3) with a noncorvex valued right
hand side.

Let (X;d) be a metric spaceinduced from the normed space(X;j j). Consider
Hq:P(X) P(X) ! IR:[ flg , givenby

Hg4(A;B) = max supd(a;B);supd(A;b ;
B

az2A b2
whered(A;b) = iQ/I d(a;b); d(a;B) = li)glg; d(a;b). Then (Py.c(X);Hg) is a metric space
a.
and (Py(X); Hg) is a generalized(complete) metric space(see[19]).
De nition 3.5 A multivalued operator G: X ! Pg(X) is called

a) -Lipschitz if and only if there exists > 0 suchthat

Ha(G(x); G(y)) d(x;y); for eachx; y2 X:

b) a contraction if and only if it is -Lipschitz with < 1.

Our considerationsare basedon the following xed point theorem for cortraction
multiv alued operators given by Covitz and Nadler in 1970[10] (seealsoDeimling, [11]
Theorem11.1).

Lemma 3.6 Let (X;d) be a completemetric space. If G: X ! Py(X) is a contrac-
tion, then FixG 6 ;.

Let us introducethe following hypotheses:
(H5) F:J E ! Peg(E); (t:) 7! F(ty) is measurablefor eahy 2 E:
(H6) There exists constars ¢?; sud that
il@y) L] djy vyiforeahk=1:::;m; andforally;y2 E:
(H7) There existsa function | 2 L1(J;IR") sud that
Ho(F(t;y);F(ty)  [(t)jy Vj; forae.t2J andall y;y¥y2 E;

and
d(O;F(t;0)) I(t) fora.e. t2 J:

Theorem 3.7 Suppsethat hyptheses(H3), (H5){(H7) are satis ed. If
—+ M c < 1,

whee 2 IR*; thenthe IVP (1){(3) hasat least one mild solution.
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Remark 3.8 For eachy 2  the set Sg(y) is nonempty since by (H5) F hasa mea-
surable seletion (see [9], Theorem 111.6).

Pro of of the theorem. Transform the problem (1){(3) into a xed point problem.
Let the multivaluedoperatorN : | P() de ned asin Theorem3.3. We shall show
that N satis es the assumptionsof Lemma 3.6. The proof will be givenin two steps.

Step 1: N(y) 2 Py() foreathhy?2 .

Indeed, let (Yn)n 02 N(y) sudhhthaty, ! win . Theny2 and there exists
On 2 Sk(y) sud that foread t 2 J

Z, Z, X
Ya() = T(yo+  T(t 9)By(s)ds+  T(t s)gu(s)ds+ T t)le(y(ty)):

0 0 0<t y <t

Usingthe fact that F hascompactvaluesand from (H7), we may passto a subsequence
if necessanyto get that g, convergesto g in L(J;E) and henceg 2 Sg(y). Then for
eaht2J

Z, Z, X
Ya(t) ! Wt) = T(t)yo+ ; T(t s)By(s)ds+ . T(t s)g(s)ds+ T(t t)l(y(ty)):

O<t y <t

Soy 2 N(y).
Step 2: Thereexists < 1; sud that

Ha(N(y):N(Y))  ky Yk foreah y;y2

Lety;y2 andh2 N(y). Thenthereexistsg(t) 2 F(t; y(t)) sut that foreat t 2 J
Z, Z, X

h(t) = T(t)yo + T(t s)By(s)ds+ T(t s)g(s)ds+ T t)he(y(ty)):

0 0 O<t <t
From (H7) it follows that

Hq(F (t y(1); F (5 (1) 1Ojy(t)  y(b)i:
Hencethereisw 2 F(t; y(t)) sud that
jot)  wi 1()jy(t) yO)j; t2J:
ConsiderU : J ! P(E); given by
Ult) =fw2E:jo(t) wj [®)jy(t) y(t)ig:
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Sincethe multivalued operator V (t) = U(t)\ F(t; y(t)) is measurable(seeProposition
1.4 in [9]), there exists a function g(t), which is a measurableselectionfor V. So,

o(t) 2 F(t;y(t)) and
jo(t) a®)j 1v)jyt) y)j; foread t2J:
Let usdene foreathh t 2 J
Z, Z, X
n(t)=T()yo+ T(t s)By(s)ds+ T(t s)g(s)ds+ Tt t)l(Y(t,)):

0 0 O<t <t
We de ne on anequivalent normto k k by
kyk; = supfe “Ojy(t)jg forally?2 :
t2J

Z t
whereL (t) = M (s)ds; 2 IR" and M (t) = max(M kBkgg); MI(1)).
Then °
z t z t
jih()  h(v)j M (s)iy(s) v(s)ids+ K (s)iy(s) ¥(s)jds

0 0

>(n O. .
+ M Gly(s) (s
k=1

Z

t
2 M(s)e "“PetBjy(s) y(s)jds
0
X
+ M ge "PetOly(s) y(9)]

k=1
Z

t xn
2 (e"®)Usky yki+ M  LelOky yk
0 k=1

g v L(t) X 0 ol L(t).
ky vyk;e + M cky ykie -'%:
k=1
Then !
_ 2 X"
kh  hk; -+ M @ ky Yk
k=1
By an analogousrelation, obtained by interchanging the roles of y and y; it follows

that I
xn

2
HaN(I;N(@y)  =+M ¢ ky ko
k=1
So,N is a cortraction and thus, by Lemma3.6,N hasa xed point y; which is a mild
solution to (1){(3).
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4 Second Order Impulsiv e Dieren tial Inclusions

In this sectionwe study the problem (4){(7) whenthe right hand side has corvex and
noncorvex values. We give rst the de nition of mild solution of the problem (4){(7)

De nition 4.1 A functiony 2 is saidto be a mild solution of (4){(7) if there exists
v 2 LY(J;IR™) suchthat v(t) 2 F(t; y(t)) a.e. on J, y(0) = yo; yY0) = y; and
Z t
y() = (C(t) S(t)B)yo+ S(t)ys+ C(t s)By(s)ds
Z, X 0 )
+ S(t  s)v(s)ds+ [C(t t)h(y(t)) + St t)lk(y(t))]:
0 <t <t
Theorem 4.2 Assume(H1){(H2) and the conditions:
(A1) There existsconstantsdy, suchthat jl (y)j dq foreach y2 E; k= 1;:::;m;

(A2) A : D(A) E ! E is the innitesimal genemator of a strongly continuous
cosine family fC(t) : t 2 Jg which is compact for t > 0; and there exists a
constant M4 > 0 suchthat kKC(t)kge) < M, for all t 2 IR;

(A3) there existsa continuous nondecreasing function :[0;1) ! (0;1) andp 2
L1(J;IR;) suchthat

kF(t;y)k p(t) (Jyj) fora.e.t2J andeachy 2 E

with Z, Z,

d
)

whele

xn
e= M(1+ b)jyoj+ bM4jyij+ M1 [oc+ bd] and mm(t) = max(M1kBk; bM;p(t))
k=1

are satis ed. Then the IVP (4)-(7) hasat least one mild solution.

Pro of. Transform the problem (4){(7) into a xed point problem. Consider the

multivalued operator N : ! P() dened by:
n Z,
N(y)= h2 :h{t) =(C@t) S()yo+ S(t)yr+ . C(t s)By(s)ds
Z t X
+  S(t s)v(s)ds+ [C(t  t)lk(y(ty))
0 O<ty<t o

+S(t t)lk(Yt )] V2 Sk -
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As in Theorem 3.3 we shall shav that N satis es the assumptionsof Lemma 2.3. Let

where

and

Ky:=fy2 :kyk bh(t); t2 Jg;

Z t
b(t)=1 1 m(s)ds ;

0

Z 2 du

I (z) =

e Ut (U)
It is clearthat K is a closedboundedcornvex set.
Step 1: W(Kl) Kiq:

Indeed,let y 2 K, and x t 2 J. We must shav that N(y) K;. Let h 2 N(y):
Thus there existsv 2 Sg(yy sud that for eah t 2 J
VA t
h(t)y = (C(O SO)yo+ S(y.+ C(t s)By(s)ds
Z, x
+  S(t s)v(s)ds+ [Ct tlely(t)) + St t)lly (L))

0 <t <t

This implies by (H2) and (Al1)-(A2) that for eath t 2 J we have
yA t YA t
ih(t)j (M1 + bMi)jyoj + bMyjysj + M1 jBy(s)ids+  Mibp(s) (jy(s)j)ds
0 0
X0
+ M [+ bd]
k=1 v t
(M1 + bMy)jyoj + bMyjyij + M1kBkgE)  jy(s)jds
0
Z t . . Xn
+ Mib p(s) (jy(s)j)ds+ M1 [ac+ bd]
0 =1
Zap
(Mg + bMy)jyoj + bMyjysj +  im(s)(b(s) + (K(s))ds
0
X0
+ M [+ bd]
k=1 )(n Z ¢
= (M1 + bMy)jyoj + bMijysj+ M1 [ac+ bd]+  BYs)ds
0

k=1
= K(1);
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since
Zus 4y z
€ u+ (U) - 0
ThusN(y) Ki;So, N:K;! Kj: B
As in Theorem 3.3 we can shaw that N (K) is relatively compact and henceby
Lemma 2.3 the operator N has a least one xed point which is a mild solution to
problem (4){(7).

i )d -

In this last part we considerproblem (4){(7) with a noncorvex valued right-hand
side.

Theorem 4.3 Supmsethat hyptheses(H5){(H7), (A2) and

(A4) There existsconstantst,; suchthat
ite(y) Tw(y)j djy vyj;foreachk= 1;:::;m; andfor all y;y2 E

are satis ed. If

2 X 0 .
=+ My g+ bl < 1

k=1
thenthe IVP (4){(7) hasat least one mild solution.
Pro of. Transform the problem (4){(7) into a xed point problem. Consider the
multivaledmapN : ! P() whereN is de ned asin the theorem4.2. As in the

proof of theorem 3.7 we can shaw that N is a closedvalues. Here we repeat the proof
that N is a cortraction i.e. there exists < 1; sud that

Ho(N(y);N(y)) ky yk foreah y;y2

Lety;y2 andh 2 N(y). Thenthereexistsg(t) 2 F(t; y(t)) sud that foreah t 2 J
Z t Z t
h(t) = (C(t) S(t))yo+ S(t)y:+ C(t s)By(s)ds+ S(t  s)g(s)ds
X 0 B 0
+ [C(t  t)l(y(te)) + S(t t)lk(y(t, )]

O<t g <t

From (H7) it follows that

Ho(F (6 y(0)); F(E YD) 10iy()  y(oi:

Hencethereisw 2 F(t; y(t)) sud that
jot)  wj I(®)jy() vy t2J:

EJQTDE, 2003No. 11,p. 15



ConsiderU : J ! P(E); given by
U) =fw2 E:jo(t) wj I()jy(t) y(b)ig:

Sincethe multivalued operator V (t) = U(t)\ F(t; y(t)) is measurable(seeProposition
I11.4 in [9]), there exists a function g(t), which is a measurableselectionfor V. So,

a(t) 2 F(t; y(t)) and
jat)y a®)j 1®iy) y()j; foreah t2 J:

Let usdene foreathht 2 J
Z t Z t
h(t) = (C() S(t)yo+ S(t)y:+ C(t s)By(s)ds+ S(t s)g(s)ds
X 0 B 0
+ [C(t  t)lk(Y(te)) + St t)l(y(t )]

o<t <t

We de ne on an equivalert norm by
kyk, = supe EOjy(t)] forally 2
t2J

Z t
whereB(t) = M(s)ds; 2 IR* and M (t) = max(M;kBkg); M1bl(t)): Then we
0

have

Zt Zt
jh(t)  h(t)] . MijBy(s) BYy(s)jds+ . Mibg(s) d(s)jds
>(n . .
+ M1 jh(y(t))  Te(Y(te )]
k=1
X . - .
+ Mib o jhe(y(t))  Te(Y(t))]
z, Z,
. M1kBKge)jy(s) V(s)jds+ i Mibl(s)jy(s) Y(s)jds
>(n . . >(n . .
+ Mp o qiy(t)  Y(t))i+ Mib - dliy(t)  Y(t)i
ZI:=1 k=1

2 M(s)etWe EOjy(s) y(s)jds
0

X0
+ M;e O [+ bdlky yk;
k=1

xn
Zef0ky g+ Mie €O [+ bflky ko
k=1
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By an analogousrelation, obtained by interchanging the roles of y and y; it follows
that |

o 2 X '
Ha(N (y); N(Y)) =+ M [q+bd] ky yko:
k=1

So,N is a cortraction and thus, by Lemma3.6,N hasa xed point y; which is a mild
solution to (4){(7).

Acknowledgemen t: The authors are grateful to the refereefor his/her remarks
and suggestions.
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