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Abstract

In this paper we investigatethe existenceof mild solutions for �rst and second
order impulsive semilinear evolution inclusions in real separableBanach spaces.
By using suitable �xed point theorems,we study the casewhen the multiv alued
map has convex and nonconvex values.
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1 In tro duction

In this paper, we shall be concernedwith the existenceof mild solutions for �rst and
secondorder impulsivesemilineardampeddi�erential inclusionsin a realBanach space.
Firstly, we considerthe following �rst order impulsive semilineardi�erential inclusions
of the form:

y0 � Ay 2 By + F (t; y); a.e. t 2 J := [0; b]; t 6= tk ; k = 1; : : : ; m; (1)

� yj t= tk = I k(y(t �
k )) ; k = 1; : : : ; m; (2)

y(0) = y0; (3)

where F : J � E ! P(E) is a multiv alued map (P(E) is the family of all nonempty
subsetsof E), A is the in�nitesimal generatorof a family of semigroupf T(t) : t � 0g,
B is a bounded linear operator from E into E; y0 2 E; 0 < t1 < : : : < tm < tm+1 =
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b; I k 2 C(E; E) (k = 1; : : : ; m); � yj t= tk = y(t+
k ) � y(t �

k ); y(t+
k ) = lim

h! 0+
y(tk + h) and

y(t �
k ) = lim

h! 0�
y(tk � h) represent the right and left limits of y(t) at t = tk , respectively

and E a real separableBanach spacewith norm j � j.
Later, we study the secondorder impulsive semilinearevolution inclusions of the

form:

y00� Ay 2 By0+ F (t; y); a.e. t 2 J := [0; b]; t 6= tk ; k = 1; : : : ; m; (4)

� yj t= tk = I k(y(t �
k )) ; k = 1; : : : ; m; (5)

� y0j t= tk = I k(y(t �
k )) ; k = 1; : : : ; m; (6)

y(0) = y0; y0(0) = y1; (7)

where F; I k ; B and y0 are as in problem (1){(3), A is the in�nitesimal generatorof a
family of cosineoperators f C(t) : t � 0g; I k 2 C(E; E) and y1 2 E.

The study of the dynamical buckling of the hingedextensiblebeamwhich is either
stretched or compressedby axial force in a Hilbert space,can be modeled by the
following hyperbolic equation

@2u
@t2

+
@4u
@x4

�

 

� + �
Z L

0

�
�
�
�
@u
@t

(� ; t)

�
�
�
�

2

d�

!
@2u
@x2

+ g
�

@u
@t

�
= 0; (E)

where � ; � ; L > 0; u(t; x) is the de
ection of the point x of the beam at the time t; g
is a nondecreasingnumerical function, and L is the length of the beam.

Equation (E) hasits analoguein IRn and canbe included in a generalmathematical
model

u00+ A2u + M (kA1=2uk2
H )Au + g(u0) = 0; (E1)

where A is a linear operator in a Hilbert spaceH and M and g are real functions.
Equation (E) wasstudied by Patcheu [26]and the equation(E1) by Matos and Pereira
[25]. Theseequationsare special casesof the equations(4), (7).

Impulsive di�erential and partial di�erential equationshave becomemore impor-
tant in recent years in somemathematical models of real phenomena,especially in
control, biological or medical domains, seethe mongraphsof Lakshmikantham et al
[20], Samoilenko and Perestyuk [28], and the papersof Ahmed [2], Agur et al [1], Erbe
et al [13], Goldbeter et al [16], Kirane and Rogovchenko [18], Liu et al [22], Liu and
Zhang [23].

This paper will be organizedas follows. In Section 2 we will recall brie
y some
basic de�nitions and preliminary facts from multiv alued analysiswhich will be used
later. In Section3 we shall establish two existencetheoremsfor the problem (1){(3)
whenthe right hand sideis convex aswell asnonconvex valued. In the �rst casea �xed
point theoremdue to Bohnenblust and Karlin [8] (seealso [32]) is used. A �xed point
theorem for contraction multiv alued mapsdue to Covitz and Nadler [10] is applied in
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the secondone. In Section4 existencetheoremsfor the both casesare presented for
the problem (4){(7) in the spirit of the analysisusedin the previoussection.

The special case(for B=0) of the problem (1){(3) was studied by Benchohra et
al in [5] by using the concept of upper and lower mild solutions combined with the
semigrouptheory and by Benchohra and Ntouyas in [7] with the aid to a �xed point
theorem due to Martelli for condensingmultiv alued maps [24]. Notice that when the
impulsesare absent (i.e. I k ; I k = 0; k = 1; : : : ; m) the problem (4){(7) was studied
by Benchohra et al in [6]. Hencethe results of the present paper can be seenas an
extensionof the problemsconsideredin [6], [5] and [7].

2 Preliminaries

We will brie
y recall somebasic de�nitions and facts from multiv alued analysis that
we will usein the sequel.

C([0; b]; E) is the Banach spaceof all continuous functions from [0; b] into E with
the norm

kyk1 = supfj y(t)j : 0 � t � bg:

B(E) is the Banach spaceof all linear boundedoperator from E into E with norm

kN kB (E ) = supfj N (y)j : jyj = 1g:

A measurablefunction y : J ! E is Bochner integrableif and only if jyj is Lebesgue
integrable. (For properties of the Bochner integral, seefor instance,Yosida[31]).

L1(J; E) denotesthe Banach spaceof functions y : J � ! E which are Bochner
integrable normed by

kykL 1 =
Z b

0
jy(t)jdt:

Let (X ; j � j) be a normed spaceand Pcl(X ) = f Y 2 P(X ) : Y closedg, Pb(X ) =
f Y 2 P(X ) : Y boundedg: Pcp(X ) = f Y 2 P(X ) : Y compactg: Pcp;c(X ) = f Y 2
P(X ) : Y compact, convexg: A multiv alued map G : X ! P(X ) is convex (closed)
valuedif G(x) is convex (closed)for all x 2 X : G is boundedon boundedsetsif G(B) =
[ x2 B G(x) is bounded in X for all B 2 Pb(X ) (i.e. sup

x2 B
f supfj yj : y 2 G(x)gg < 1 ):

G is called upper semi-continuous (u.s.c.) on X if for each x0 2 X the set G(x0) is a
nonempty, closedsubsetof X , and if for each open set N of X containing G(x0), there
exists an open neighbourhood N0 of x0 such that G(N0) � N:

G is said to be completely continuous if G(B) is relatively compact for every B 2
Pb(X ). If the multiv alued map G is completely continuous with nonempty compact
values, then G is u.s.c. if and only if G has a closedgraph (i.e. xn � ! x � ; yn � !
y� ; yn 2 G(xn ) imply y� 2 G(x � )). G has a �xed point if there is x 2 X such that
x 2 G(x): The �xed point set of the multiv alued operator G will be denotedby F ixG .
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A multiv alued map N : J ! Pcl(E) is said to be measurable,if for every y 2 E,
the function t 7�! d(y; N (t)) = inf fj y � zj : z 2 N (t)g is measurable,whered is the
metric induced by the norm of the Banach spaceE. For more details on multiv alued
mapsseethe booksof Aubin and Cellina [3], Aubin and Frankowska [4], Deimling [11]
and Hu and Papageorgiou[17] .

We say that a family f C(t) : t 2 IRg of operators in B(E) is a strongly continuous
cosinefamily if:

(1) C(0) = I (I is the identit y operator in E),

(2) C(t + s) + C(t � s) = 2C(t)C(s) for all s; t 2 IR;

(3) the map t 7�! C(t)y is strongly continuous for each y 2 E:

The strongly continuoussinefamily f S(t) : t 2 IRg, associated to the givenstrongly
continuouscosinefamily f C(t) : t 2 IRg; is de�ned by

S(t)y =
Z t

0
C(s)yds; y 2 E; t 2 IR:

The in�nitesimal generatorA : D(A) � E � ! E of a cosinefamily f C(t) : t 2 IRg
is de�ned by

Ay =
d2

dt2
C(t)y

�
�
�
t=0

:

For more details on strongly continuouscosineand sinefamilies, we refer the readerto
the books of Goldstein [15], Fattorini [14], and to the papersof Travis and Webb [29],
[30]. For properties of semigrouptheory, we refer the interestedreaderto the booksof
Goldstein [15] and Pazy [27].

De�nition 2.1 The multivalued mapF : J � E ! P(E) is said to be an L 1-Carath�eodory
if

(i) t 7�! F (t; y) is measurablefor each y 2 E;

(ii) y 7�! F (t; y) is upper semicontinuous for almost all t 2 J ;

(iii) For each r > 0, there exists ' r 2 L1(J; IR+ ) suchthat

kF (t; y)k = supfj vj : v 2 F (t; y)g � ' r (t) for all jyj � r and for a.e. t 2 J:

For each y 2 C(J; E), de�ne the set of selectionsof F by

SF (y) = f v 2 L1(J; E) : v(t) 2 F (t; y(t) a.e. t 2 Jg:

The following Lemmasare crucial in the proof of our main results.
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Lemma 2.2 [21]. Let X be a Banach space. Let F : J � X � ! Pcp;c(X ) be an L1-
Carath�eodory multivalued map with SF (y) 6= ; and let � be a linear continuousmapping
from L1(J; X ) to C(J; X ), then the operator

� � SF : C(J; X ) � ! Pcp;c(C(J; X )); y 7�! (� � SF )(y) := �( SF (y))

is a closed graph operator in C(J; X ) � C(J; X ):

Lemma 2.3 (Bohnenblust-Karlin [8], see also [32] p. 452). Let X be a Banachspace
and K 2 Pcl;c(X ) and suppose that the operator G : K � ! Pcl;c(K ) is upper semi-
continuous and the set G(K ) is relatively compact in X : Then G has a �xed point in
K .

3 First Order Impulsiv e Di�eren tial Inclusions

In this section we are concernedwith the existenceof solutions for problem (1){(3)
when the right hand sidehasconvex as well as nonconvex values. Initially we assume
that F : J � E ! P(E) is compact and convex valued multiv alued map. In order to
de�ne the solution of (1){(3) we shall considerthe following space


 = f y : [0; b] ! E : yk 2 C(Jk ; E); k = 0; : : : ; m and there exist y(t �
k )

and y(t+
k ); k = 1; : : : ; m with y(t �

k ) = y(tk)g

which is a Banach spacewith the norm

kyk
 = maxfk ykkJk ; k = 0; : : : ; mg;

where yk is the restriction of y to Jk = (tk ; tk+1 ]; k = 0; : : : ; m: So let us start by
de�ning what we meanby a mild solution of problem (1){(3).

De�nition 3.1 A function y 2 
 is said to be a mild solution of (1){(3) if there exists
a function v 2 L 1(J; E) suchthat v(t) 2 F (t; y(t)) a.e. on J and

y(t) = T(t)y0 +
Z t

0
T(t � s)B(y(s))ds+

Z t

0
T(t � s)v(s) +

X

0<t k <t

T(t � tk)I k(y(t �
k )) :

Let us introducethe following hypotheses:

(H1) F : J � E � ! Pcp;c(E) is an L1-Carath�eodory map and for each �xed y 2 C(J; E)
the set

SF (y) = f v 2 L1(J; E) : v(t) 2 F (t; y(t)) a.e. t 2 Jg

is nonempty.

(H2) There exist constants ck ; such that jI k(y)j � ck ; k = 1; : : : ; m for each y 2 E:
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(H3) A : D(A) � E ! E is the in�nitesimal generator of a strongly continuous
semigroupT(t); t � 0; which is compact for t > 0; and there existsa constant M
such that kT(t)kB (E ) � M for each t � 0.

(H4) There exists a continuous nondecreasingfunction  : [0; 1 ) � ! (0; 1 ) and
p 2 L1(J; IR+ ) such that

kF (t; y)k � p(t) (jyj) for a.e. t 2 J and each y 2 E;

with Z b

0
m(s)ds <

Z 1

c

du
u +  (u)

;

where

m(t) = max(M kBkB (E ) ; M p(t)) and c = M jy0j +
mX

k=1

ck :

Remark 3.2 (i) If dimE < 1 then for each y 2 C(J; E), SF (y) 6= ; (see Lasota
and Opial [21]).

(ii) If dimE = 1 then SF (y) is nonempty if and if the function Y : J ! IR de�ned
by

Y(t) = inf fj vj : v 2 F (t; y(t))g;

belongsto L 1(J; IR) (see Hu and Papageorgiou [17]).

(ii) Assumption (H4) is satis�ed if for exampleF satis�es the standard domination

kF (t; y)k � p(t)(1 + jyj); p 2 L 1(J; IR+ ); t 2 J; y 2 E:

Theorem 3.3 Assume that hypotheses(H1)-(H4) hold. Then the IVP (1){(3) has
least one mild solution.

Pro of. Transform the problem (1){(3) into a �xed point problem. Consider the
multiv alued operator N : 
 � ! P(
) de�ned by:

N (y) =
n

h 2 
 : h(t) = T(t)y0 +
Z t

0
T(t � s)B(y(s))ds

+
Z t

0
T(t � s)g(s)ds+

X

0<t k <t

T(t � tk)I k(y(t �
k )) ; g 2 SF (y)

o
:

Remark 3.4 Clearly the �xed points of N are mild solutions to (1){(3).
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We shall show that N satis�es the assumptionsof Lemma2.3. The proof will be given
in several steps. Let

K := f y 2 
 : kyk
 � a(t); t 2 Jg;

where

a(t) = I � 1

� Z t

0
m(s)ds

�
;

and

I (z) =
Z z

c

du
u +  (u)

:

It is clear that K is a closedboundedconvex set. Let k � = supfk yk
 : y 2 K g:

Step 1: N (K ) � K :

Indeed, let y 2 K and �x t 2 J . We must show that N (y) 2 K . There exists
g 2 SF (y) such that for each t 2 J

h(t) = T(t)y0 +
Z t

0
T(t � s)B(y(s))ds+

Z t

0
T(t � s)g(s)ds+

X

0<t k <t

T(t � tk)I k(y(t �
k )) :

Thus

jh(t)j � M jy0j + M
mX

k=1

ck +
Z t

0
m(s)( jy(s)j +  (jy(s)j))ds

� M jy0j + M
mX

k=1

ck +
Z t

0
m(s)(a(s) +  (a(s))) ds

= M jy0j + M
mX

k=1

ck +
Z t

0
a0(s)ds

= a(t);

since Z a(s)

c

du
u +  (u)

=
Z s

0
m(� )d� :

Thus N (y) 2 K ; So, N : K ! K .

Step 2: N (K ) is relatively compact.

SinceK is boundedand N (K ) � K , it is clear that N (K ) is bounded. N (K ) is
equicontinuous. Indeed, let � 1; � 2 2 J; � 1 < � 2 and � > 0 with 0 < � � � 1 < � 2: Let
y 2 K and h 2 N (y): Then there exists g 2 SF (y) such that for each t 2 J we have

h(t) = T(t)y0 +
Z t

0
T(t � s)(By(s))ds+

Z t

0
T(t � s)g(s)ds+

X

0<t k <t

T(t � tk)I k(y(t �
k )) :
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Then

jh(� 2) � h(� 1)j � jT(� 2)y0 � T(� 1)y0j

+
Z � 1 � �

0
kT(� 2 � s) � T(� 1 � s)kB (E ) jBy(s)jds

+
Z � 1 � �

� 1

kT(� 2 � s) � T(� 1 � s)kB (E ) jBy(s)jds

+
Z � 2

� 1

kT(� 2 � s)kB (E ) jBy(s)jds

+
Z � 1 � �

0
kT(� 2 � s) � T(� 1 � s)kB (E ) jg(s)jds

+
Z � 1 � �

� 1

kT(� 2 � s) � T(� 1 � s)kB (E ) jg(s)jds

+
Z � 2

� 1

kT(� 2 � s)kB (E ) jg(s)jds+ M ck (� 2 � � 1)

+
X

0<t k <� 1

ckkT(� 1 � tk) � T(� 2 � tk)kB (E ) :

The right-hand side tends to zero as � 2 � � 1 ! 0, and � su�cien tly small, sinceT(t)
is a strongly continuous operator and the compactnessof T(t) for t > 0 implies the
continuity in the uniform operator topology. As a consequenceof the Arzel�a-Ascoli
theorem it su�ces to show that the multiv alued N maps K into a precompactset in
E. Let 0 < t � b be �xed and let � be a real number satisfying 0 < � < t: For y 2 K
we de�ne

h� (t) = T(t)y0 + T(� )
Z t � �

0
T(t � s � � )(By(s))ds

+ T(� )
Z t � �

0
T(t � s � � )g(s)ds

+ T(� )
X

0<t k <t � �

T(t � tk � � )I k(y(t �
k ))

whereg 2 SF (y) : SinceT(t) is a compactoperator, the set H � (t) = f h� (t) : h� 2 N (y)g
is precompactin E for every �; 0 < � < t: Moreover, for every h 2 N (y) we have

jh� (t) � h(t)j � kBkB (E )k�
Z t

t � �
kT(t � s)kB (E )ds

+
Z t

t � �
kT(t � s)kB (E ) ja(s)jds

+
X

t � � � tk <t

ckkT(t � tk)kB (E ) :
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Therefore there are precompact sets arbitrarily close to the set f h(t) : h 2 N (y)g:
Hencethe set f h(t) : h 2 N (y)g is precompactin E.

Step 3: N hasa closedgraph.

Let yn � ! y� ; hn 2 N (yn ) and hn � ! h� . We shall prove that h� 2 N (y� ).
hn 2 N (yn ) meansthat there exists gn 2 SF (yn ) such that for each t 2 J

hn (t) = T(t)y0 +
Z t

T(t � s)Byn (s)ds+
Z t

0
T(t � s)gn (s)ds+

X

0<t k <t

T(t � tk )I k(yn (t �
k )) :

We must prove that there exists g� 2 SF;y� such that for each t 2 J

h� (t) = T(t)y0 +
Z t

0
T(t � s)By� (s)ds+

Z t

0
T(t � s)g� (s)ds+

X

0<t k <t

T(t � tk)I k(y� (t �
k )) :

Clearly sinceI k ; k = 1; : : : ; m and B are continuouswe have that







�

hn � T(t)y0 �
X

0<t k <t

T(t � tk)I k(yn(t �
k )) �

Z t

0
T(t � s)Byn(s)ds

�

�
�

h� � T(t)y0 �
X

0<t k <t

T(t � tk)I k(y� (t �
k )) �

Z t

0
T(t � s)By� (s)ds

� 






1
� ! 0;

as n ! 1 : Considerthe linear continuousoperator

� : L1(J; E) � ! C(J; E)

g 7�! �( g)( t) =
Z t

0
T(t � s)g(s)ds:

From Lemma 2.2, it follows that � � SF is a closedgraph operator. Moreover, we
have that

hn (t) � T(t)y0 �
X

0<t k <t

T(t � tk)I k(yn (t �
k )) �

Z t

0
T(t � s)Byn(s)ds 2 �( SF (yn )):

Sinceyn � ! y� ; it follows from Lemma 2.2 that

h� (t) � T(t)y0 �
X

0<t k <t

T(t � tk)I k(y� (t �
k )) �

Z t

0
T(t � s)By� (s)ds =

Z t

0
T(t � s)g� (s)ds

for someg� 2 SF (y� ) .

As a consequenceof Lemma2.3 we deducethat N hasa �xed point which is a mild
solution of (1){(3). �
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We present now a result for the problem (1){(3) with a nonconvex valued right
hand side.

Let (X ; d) be a metric spaceinduced from the normed space(X ; j � j). Consider
Hd : P(X ) � P(X ) � ! IR+ [ f1g , given by

Hd(A ; B) = max
�

sup
a2A

d(a;B); sup
b2B

d(A ; b)
�

;

whered(A ; b) = inf
a2A

d(a;b); d(a;B) = inf
b2B

d(a;b). Then (Pb;cl(X ); Hd) is a metric space

and (Pcl(X ); Hd) is a generalized(complete) metric space(see[19]).

De�nition 3.5 A multivalued operator G : X ! Pcl(X ) is called

a) 
 -Lipschitz if and only if there exists 
 > 0 suchthat

Hd(G(x); G(y)) � 
 d(x; y); for each x; y 2 X :

b) a contraction if and only if it is 
 -Lipschitz with 
 < 1.

Our considerationsare based on the following �xed point theorem for contraction
multiv alued operatorsgiven by Covitz and Nadler in 1970[10] (seealsoDeimling, [11]
Theorem11.1).

Lemma 3.6 Let (X ; d) be a completemetric space. If G : X ! Pcl(X ) is a contrac-
tion, then F ixG 6= ; .

Let us introducethe following hypotheses:

(H5) F : J � E � ! Pcp(E); (t; :) 7�! F (t; y) is measurablefor each y 2 E:

(H6) There exists constants c0
k ; such that

jI k(y) � I k(y)j � c0
k jy � yj; for each k = 1; : : : ; m; and for all y; y 2 E:

(H7) There exists a function l 2 L 1(J; IR+ ) such that

Hd(F (t; y); F (t; y)) � l(t)jy � yj; for a.e. t 2 J and all y; y 2 E;

and
d(0; F (t; 0)) � l(t) for a.e. t 2 J:

Theorem 3.7 Supposethat hypotheses(H3), (H5){(H7) are satis�ed. If

2
�

+ M
mX

k=1

ck < 1;

where � 2 IR+ ; then the IVP (1){(3) has at least one mild solution.
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Remark 3.8 For each y 2 
 the set SF (y) is nonempty since by (H5) F has a mea-
surableselection (see [9], Theorem III.6).

Pro of of the theorem. Transform the problem (1){(3) into a �xed point problem.
Let the multiv aluedoperator N : 
 ! P(
) de�ned asin Theorem3.3. We shall show
that N satis�es the assumptionsof Lemma 3.6. The proof will be given in two steps.

Step 1: N (y) 2 Pcl(
) for each y 2 
.

Indeed, let (yn )n� 0 2 N (y) such that yn � ! ~y in 
. Then ~y 2 
 and there exists
gn 2 SF (y) such that for each t 2 J

yn (t) = T(t)y0 +
Z t

0
T(t � s)By(s)ds+

Z t

0
T(t � s)gn(s)ds+

X

0<t k <t

T(t � tk)I k(y(t �
k )) :

Using the fact that F hascompactvaluesand from (H7), we may passto a subsequence
if necessaryto get that gn convergesto g in L 1(J; E) and henceg 2 SF (y) . Then for
each t 2 J

yn (t) � ! ~y(t) = T(t)y0+
Z t

0
T(t� s)By(s)ds+

Z t

0
T(t� s)g(s)ds+

X

0<t k <t

T(t� tk)I k(y(t �
k )) :

So ~y 2 N (y).

Step 2: There exists 
 < 1; such that

Hd(N (y); N (y)) � 
 ky � yk
 for each y; y 2 
 :

Let y; y 2 
 and h 2 N (y). Then there existsg(t) 2 F (t; y(t)) such that for each t 2 J

h(t) = T(t)y0 +
Z t

0
T(t � s)By(s)ds+

Z t

0
T(t � s)g(s)ds+

X

0<t k <t

T(t � tk)I k(y(t �
k )) :

From (H7) it follows that

Hd(F (t; y(t)) ; F (t; y(t))) � l (t)jy(t) � y(t)j:

Hencethere is w 2 F (t; y(t)) such that

jg(t) � wj � l(t)jy(t) � y(t)j; t 2 J:

ConsiderU : J ! P(E); given by

U(t) = f w 2 E : jg(t) � wj � l(t)jy(t) � y(t)jg:

EJQTDE, 2003No. 11, p. 11



Sincethe multiv alued operator V(t) = U(t) \ F (t; y(t)) is measurable(seeProposition
I I I.4 in [9]), there exists a function g(t), which is a measurableselectionfor V. So,
g(t) 2 F (t; y(t)) and

jg(t) � g(t)j � l (t)jy(t) � y(t)j; for each t 2 J:

Let us de�ne for each t 2 J

h(t) = T(t)y0 +
Z t

0
T(t � s)By(s)ds+

Z t

0
T(t � s)g(s)ds+

X

0<t k <t

T(t � tk)I k(y(t �
k )) :

We de�ne on 
 an equivalent norm to k � k
 by

kyk1 = sup
t2 J

f e� � L (t) jy(t)jg for all y 2 
 ;

whereL(t) =
Z t

0

cM (s)ds; � 2 IR+ and cM (t) = max(M kBkB (E ) ; M l(t)).

Then

jh(t) � h(t)j �
Z t

0

cM (s)jy(s) � y(s)jds+
Z t

0

cM (s)jy(s) � y(s)j ds

+ M
mX

k=1

c0
k jy(s) � y(s)j

� 2
Z t

0

cM (s)e� � L (s)e� L (s) jy(s) � y(s)jds

+ M
mX

k=1

c0
ke� � L (s)e� L (s) jy(s) � y(s)j

� 2
Z t

0
(e� L (s))0dsky � yk1 + M

mX

k=1

c0
ke� L (s)ky � yk1

�
2
�

ky � yk1e� L (t) + M
mX

k=1

c0
kky � yk1e� L (t) :

Then

kh � hk1 �

 
2
�

+ M
mX

k=1

c0
k

!

ky � yk1:

By an analogousrelation, obtained by interchanging the roles of y and y; it follows
that

Hd(N (y); N (y)) �

 
2
�

+ M
mX

k=1

c0
k

!

ky � yk1:

So,N is a contraction and thus, by Lemma3.6, N hasa �xed point y; which is a mild
solution to (1){(3). �
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4 Second Order Impulsiv e Di�eren tial Inclusions

In this sectionwe study the problem (4){(7) when the right hand sidehasconvex and
nonconvex values. We give �rst the de�nition of mild solution of the problem (4){(7)

De�nition 4.1 A function y 2 
 is said to be a mild solution of (4){(7) if there exists
v 2 L1(J; IRn ) suchthat v(t) 2 F (t; y(t)) a.e. on J , y(0) = y0; y0(0) = y1 and

y(t) = (C(t) � S(t)B)y0 + S(t)y1 +
Z t

0
C(t � s)By(s)ds

+
Z t

0
S(t � s)v(s)ds+

X

0<t k <t

[C(t � tk)I k(y(t �
k )) + S(t � tk)I k(y(t �

k ))] :

Theorem 4.2 Assume(H1){(H2) and the conditions:

(A1) There existsconstantsdk , suchthat jI k(y)j � dk for each y 2 E; k = 1; : : : ; m;

(A2) A : D(A) � E ! E is the in�nitesimal generator of a strongly continuous
cosine family f C(t) : t 2 Jg which is compact for t > 0; and there exists a
constant M 1 > 0 suchthat kC(t)kB (E ) < M 1 for all t 2 IR;

(A3) there exists a continuous nondecreasing function  : [0; 1 ) � ! (0; 1 ) and p 2
L1(J; IR+ ) suchthat

kF (t; y)k � p(t) (jyj) for a.e. t 2 J and each y 2 E

with Z b

0
bm(s)ds <

Z 1

~c

d�
� +  (� )

;

where

~c = M 1(1+ b)jy0j + bM1jy1j + M 1

mX

k=1

[ck + bdk ] and bm(t) = max(M 1kBk; bM1p(t))

are satis�ed. Then the IVP (4)-(7) has at least one mild solution.

Pro of. Transform the problem (4){(7) into a �xed point problem. Consider the
multiv alued operator N : 
 ! P(
) de�ned by:

N (y) =
n

h 2 
 : h(t) = (C(t) � S(t))y0 + S(t)y1 +
Z t

0
C(t � s)By(s)ds

+
Z t

0
S(t � s)v(s)ds+

X

0<t k <t

[C(t � tk)I k(y(t �
k ))

+ S(t � tk)I k(y(t �
k ))] ; v 2 SF (y)

o
:
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As in Theorem3.3 we shall show that N satis�es the assumptionsof Lemma 2.3. Let

K 1 := f y 2 
 : kyk
 � b(t); t 2 Jg;

where

b(t) = I � 1

� Z t

0
bm(s)ds

�
;

and

I (z) =
Z z

~c

du
u +  (u)

:

It is clear that K is a closedboundedconvex set.

Step 1: N (K 1) � K 1:

Indeed, let y 2 K 1 and �x t 2 J . We must show that N (y) � K 1. Let h 2 N (y):
Thus there exists v 2 SF (y) such that for each t 2 J

h(t) = (C(t) � S(t))y0 + S(t)y1 +
Z t

0
C(t � s)By(s)ds

+
Z t

0
S(t � s)v(s)ds+

X

0<t k <t

[C(t � tk)I k(y(t �
k )) + S(t � tk)I k(y(t �

k ))] :

This implies by (H2) and (A1)-(A2) that for each t 2 J we have

jh(t)j � (M 1 + bM1)jy0j + bM1jy1j + M 1

Z t

0
jBy(s)jds+

Z t

0
M1bp(s) (jy(s)j)ds

+ M 1

mX

k=1

[ck + bdk ]

� (M 1 + bM1)jy0j + bM1jy1j + M 1kBkB (E )

Z t

0
jy(s)jds

+ M 1b
Z t

0
p(s) (jy(s)j)ds+ M 1

mX

k=1

[ck + bdk ]

� (M 1 + bM1)jy0j + bM1jy1j +
Z t

0
bm(s)(b(s) +  (b(s))ds

+ M 1

mX

k=1

[ck + bdk ]

= (M 1 + bM1)jy0j + bM1jy1j + M 1

mX

k=1

[ck + bdk ] +
Z t

0
b0(s)ds

= b(t);
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since Z b(s)

~c

du
u +  (u)

=
Z s

0
bm(� )d� :

Thus N (y) � K 1; So, N : K 1 ! K 1:
As in Theorem 3.3 we can show that N (K 1) is relatively compact and henceby

Lemma 2.3 the operator N has a least one �xed point which is a mild solution to
problem (4){(7). �

In this last part we considerproblem (4){(7) with a nonconvex valued right-hand
side.

Theorem 4.3 Supposethat hypotheses(H5){(H7), (A2) and

(A4) There existsconstantsck ; suchthat

jI k(y) � I k(y)j � d0
k jy � yj; for each k = 1; : : : ; m; and for all y; y 2 E

are satis�ed. If
2
�

+ M 1

mX

k=1

[c0
k + bd0

k ] < 1;

then the IVP (4){(7) has at least one mild solution.

Pro of. Transform the problem (4){(7) into a �xed point problem. Consider the
multiv aled map N : 
 ! P(
) where N is de�ned as in the theorem 4.2. As in the
proof of theorem3.7 we can show that N is a closedvalues. Here we repeat the proof
that N is a contraction i.e. there exists 
 < 1; such that

Hd(N (y); N (y)) � 
 ky � yk
 for each y; y 2 
 :

Let y; y 2 
 and h 2 N (y). Then there existsg(t) 2 F (t; y(t)) such that for each t 2 J

h(t) = (C(t) � S(t))y0 + S(t)y1 +
Z t

0
C(t � s)By(s)ds+

Z t

0
S(t � s)g(s)ds

+
X

0<t k <t

[C(t � tk)I k(y(t �
k )) + S(t � tk)I k(y(t �

k ))] :

From (H7) it follows that

Hd(F (t; y(t)) ; F (t; y(t))) � l (t)jy(t) � y(t)j:

Hencethere is w 2 F (t; y(t)) such that

jg(t) � wj � l(t)jy(t) � y(t)j; t 2 J:
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ConsiderU : J ! P(E); given by

U(t) = f w 2 E : jg(t) � wj � l(t)jy(t) � y(t)jg:

Sincethe multiv alued operator V(t) = U(t) \ F (t; y(t)) is measurable(seeProposition
I I I.4 in [9]), there exists a function g(t), which is a measurableselectionfor V. So,
g(t) 2 F (t; y(t)) and

jg(t) � g(t)j � l (t)jy(t) � y(t)j; for each t 2 J:

Let us de�ne for each t 2 J

h(t) = (C(t) � S(t))y0 + S(t)y1 +
Z t

0
C(t � s)By(s)ds+

Z t

0
S(t � s)g(s)ds

+
X

0<t k <t

[C(t � tk)I k(y(t �
k )) + S(t � tk)I k(y(t �

k ))] :

We de�ne on 
 an equivalent norm by

kyk2 = sup
t2 J

e� � eL (t) jy(t)j for all y 2 
 ;

where eL(t) =
Z t

0

fM (s)ds;� 2 IR+ and fM (t) = max(M 1kBkB (E ) ; M1bl(t)) : Then we

have

jh(t) � h(t)j �
Z t

0
M1jBy(s) � By(s)jds+

Z t

0
M1bjg(s) � g(s)j ds

+ M 1

mX

k=1

jI k(y(t �
k )) � I k(y(t �

k )) j

+ M 1b
mX

k=1

jI k(y(t �
k )) � I k(y(t �

k )) j

�
Z t

0
M1kBkB (E ) jy(s) � y(s)jds+

Z t

0
M1bl(s)jy(s) � y(s)jds

+ M 1

mX

k=1

c0
k jy(tk) � y(tk)) j + M 1b

mX

k=1

d0
k jy(tk) � y(tk)j

� 2
Z t

0

fM (s)e� eL (t)e� � eL (t) jy(s) � y(s)jds

+ M 1e� eL (t)
mX

k=1

[c0
k + bd0

k ]ky � yk2

�
2
�

e� eL (t)ky � yk2 + M 1e� eL (t)
mX

k=1

[c0
k + bd0

k ]ky � yk2:
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By an analogousrelation, obtained by interchanging the roles of y and y; it follows
that

Hd(N (y); N (y)) �

 
2
�

+ M 1

mX

k=1

[c0
k + bd0

k ]

!

ky � yk2:

So,N is a contraction and thus, by Lemma3.6, N hasa �xed point y; which is a mild
solution to (4){(7). �
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