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Abstract
We dewelop the harmonic analysis approach for parabolic operator with
one order term in the parabolic Kato classon C-cylindrical domain .
We study the boundary behaviour of nonnegative solutions. Using these
results, we prove the integral represernation theorem and the existence of
nontangertial limits on the boundary of  for nonnegative solutions. These
results extend some rst onesproved for lessgeneral parabolic operators.
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1. INTRODUCTION

In this paper we areinterestedin someaspectsof the theory of the di erential
parabolic operator

L= g div(A(x; )r ) + B(x;t):r «
dened on = D ]0;T[, whereD is a bounded C**-domain of R" and

0< T < 1. The matrix A(x;t) is assumedo be real, symmetric, uniformly
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elliptic, i.e. I  A(x;t) | for some 1, with Lipschitz coe cients.
The vector B(x; t) is assumedo bein the parabolic Kato classasintroduced
by Zhangin [15],i.e. B 2 L}, and satis es rI1i'm0Nh (B) = 0, where
zZ, Z 1
Nn(B) = sup B(Y:S)j——m exp
xt t h D (t S) 2
Z S+h Z - -
+ sup iB(X; 1)j

yis s D

|
X yj?
t |
x vyj?
t s

dyds

1
———exp dxdt
s) =

(t
for someconstart > 0.

In fact, the real starting points of this work are the famous papers [10]
of Kemper, [5] of Fabes, Garofalo and Salsa, [9] of Heurteaux and [12] of
Nystrom. We recall herethat, aswas initially studied for the Laplace oper-
ator by Hunt and Wheedenin [7] and [8], the notion of kernel function, the
integral represemation theorem and the existenceof nontangertial limit at
the boundary for nonnegatiwe solutions (Fatou's theorem) for the heat equa-
tion have beendeweloped by Kemper in [10] on Lipschitz domains. In his
work an important role was played by the invarianceof the heat equationun-
der translations. The results of Hunt and Wheedenhave beenlater extended
to more general elliptic equationsby Ancona in [1] and Ga arelli, Fabes,
Mortola and Salsain [6]. In [5], Fabes, Garofalo and Salsaare interestedin
the sameproblemfor parabolic operatorsin divergencdorm with measurable
coe cien ts on Lipschitz cylinders. When they attempted to adapt the tech-
niquesof [6] for their case,an interesting di cult y occurs, namely to prove
the \doubling" property, which wasessetial for the proof of Fatou's theorem
and which is equivalert to the existenceof a \backward" Harnad inequality
for nonnegatiwe solutions (we refer the reader to [5] for more details). By
proving someboundary Harnad principles for nonnegatiwe solutions, they
succeededn resolvingthe problem for parabolic operators with time inde-
penden coe cien ts and they establishedall of Kemper's resultsin this case.
In [9], Heurteaux took up the sameproblem for parabolic operators in di-
vergenceform with Lipschitz coe cien ts on more generalLipschitz domains,
and by a straightforward adaptation of the idea of Ancona[1], he was able
to extend the results of Fabes,Garofalo and Salsato his situation. Recerly,
Nystrom studied in [12] parabolic operators in divergenceform with mea-
surablecoe cien ts on Lipschitz domainsand he proved amongother things,
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the existenceand uniquenessf a kernelfunction and establishedthe integral
represemation theorem.

In this paper, our aim is to investigate the above mertioned results for
our operator. The main di cult y is createdby the lower order term where
we cannot bene t from results proved for L having adjoint companionsasis
the caseof operatorsin divergencgorm in [5]; [9]; [10]and [12]. To overcome
this di cult y our idea is basedon the Green function estimatesproved by
the author in [13] and the Harnad inequality recenly proved by Zhang in
[15], under the above assumptions.Our method seemdo be newand applies
to similar parabolic operators and our results include their courterparts for
the elliptic operator div(A(X)r )+ B(x%:r « With B in the elliptic Kato class,

iB(y)i

i.e. B 2 Ll (D) and satis es Ii!m sup S

loc 0 x Vi iX

studied by se\eral authors. Our paper ijs o?garfizedasfollows.
In Sectionl, we give somenotations and we state someknown results that
will be usedthroughout this paper. In Section2, basingon the Greenfunc-
tion estimates(Theorem 2.2, below), we prove a boundary Harnad principle
and a comparisontheorem for nonnegatiwe L-solutions vanishing on a part
of the parabolic boundary @ of . In Section3, usingthe previousresults
andthe Harnad inequality (Theorem 2.1, below), we characterizethe Martin
boundary of the cylinder  with respect to the classof parabolic operators
L that we deal with. More precisely we prove that for every point Q 2 @
there existsa unique (up to a multiplicativ e constart) minimal nonnegatiwe
L-solution, and then the Martin boundary of  with respectto L is homo-
morphic (or identical) to the parabolic boundary @ of . In Section4,
we are able to de ne the kernel function and prove, basingon the previous
results, the integral represetation theorem for nonnegative L-solutions on

In particular, we deducea Fatou type theoremfor our operator by prov-
ing that any nonnegatiwe L-solution on  has a nontangertial limit at the
boundary exceptfor a set of zeroL -parabolic measure.

dy = 0, which was

2. NOTATIONS AND KNOWN RESULTS

Let G bethe L-Greenfunction on = D ]0;T[. We simply denoteby G
the function G(; ;y;s) If A= (y;s) 2 .

A point x 2 R" will be alsodenotedby (x%x,) with x°2 R" ' andx, 2 R,
when we need.
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For x 2 D, let d(x) denotesthe distancefrom x to the boundary @ of D.

Foranopenset of R"*!, let @ be the parabolic boundaryof , i.e. @
is the set of points on the boundary of  which can be connectedto some
interior point of by a closedcurve having a strictly increasingt-coordinate.
For an arbitrary set in and a function u on , we denoteby R u the
nonnegative L-superparatolic ernvelope of u with respect to  which also
called the \reduct" of u with respectto , and de ned by

R u=inffv: v nonnegatie L supersolutionon withv uon g:
We next recall someknown results that will be usedin this work.

Theorem 2.1.(Harnadk inequality [15]). Let0< < < ;< ;< 1land

2 (0;1) be given. Then there are constantsC > 0 and ro > 0 suchthat for
all (x;s) 2 R" R, all positiver < rq and all nonnegative weak L -solutions
uin B(x;r) [s r?s], onehas

supu  Cinfuy;

whee =B(x; r) [s ir%s ar?land *=B(x; r) [s r?s r?.
All constantsdependon B only in terms of the rate of convelgene of N, (B)
to zeo whenh! 0.

Theorem 2.2.(Greenfunction estimates[13]). There exist positive constants
k; ¢, and ¢, dependingonly onn; ; T; D andon B only in terms of the rate
of convergene of N, (B) to zero whenh! 0 suchthat

1 exp " exp o0
_l . . . . . kl . .
. (xyitos) @ 92 G(x; t;y;s) (xyit s) @ 92

: Vv v = min 1- 990§y . dedy) .
forallx; y2 Dand0< s<t T,whee' (x;y;u)=min 1;$2; 2, dd0)
Theorem 2.3.(Minimum principle). Let be a boundel open set of R"*?

and u an L-supersolutionin satisfyingligp iznf u Oforallzp2 @ . Then
t 20
u 0in
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3. BOUNDARY BEHAVIOUR

We prove in this section a boundary Harnadk principle and a comparison
theorem for nonnegative L-solutions vanishing on a part of the parabolic
boundary, which will be usedin the next sectionto characterizethe Martin

boundaryof =D ]0;T[.

D is a CY'-bounded domain, then for eath z 2 @ there exists a local
coordinate system( ¢ ,) 2 R" ' R, afunction onR" ! and constarns
Co > 0 andrg 2]0; 1] sud that

i) r o is co-Lipschitz,

ii)D\ B(z;ro) = B(z;ro)\ (% n): n> (9g and

i) @\ B(z;rg) =B(z;ro)\ (% ): n= (9.

By compactnessof @, the constaris ¢, and ro can be chosenindependert

ofz2 @.

For Q2 R"*;r > 0and h > 0, we denoteby Tqo(r; h) the cylinder

n (0]
To(r;h) = Q+ (X%xyt) 2R™M:jx§<rjti<r?jxaj< h :

We have the following result.

Theorem 3.1(Boundary Harnad principle). LetQ 2 @ ]O;T[; r 2]0;rq]
and > 0. ThenthereexistsaconstantC > Odegendingonlyonn; ; ; D; T
and on B in terms of the rate of convegene of N, (B) to zeo whenh! 0
such that for all nonnegative L-solutionsu on  n Tq(5; 5) continuously
vanishingon @ nTq(5; 5), wehave

u(M)  Cu(My)

forallM 2 nTg(r;r ), wheeM, = Q+ (O; r r?).

Proof. Without loss of generality we assumeQ = (0;0;S) (0; (0);S),
where as de ned above is the function which, after a suitable rotation,
descrites@ asa graph around (0; 0). In view of the minimum principle, it
su ces to prove the theoremfor M 2\ @q(r; r ).
We rst considerthe particular caseu = G, with A2\ To(5; 3).
We write
: _ ... L r r.. r2
A=Q+(yis) Q+(yms)with jy] Z:0<yn s
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M=Q+ (xit) Q+ (X%xn;t); and M, =Q+ (0; r;r?:
By Theorem 2.2, we have
D =os ) Yy . o)
GaM) o r* s T d(x) 1Y el '3 G S

—2exp ¢ c
Ga(M,) t s r P G r2 s s

Using the fact that
it owit+jyy® 4

2+ 1
r2 s 3
and . .
dx)  Xa (X9 XaFjrx jix§ rtcr_ +o
r r r ro ’
we have | e |
Ga(M) 2 s 7 x_yi®
k :
Ga(M;) s &P G t s
From the inequality e ()™, forallm>0; > 0,it follows that
0 I I
2 *n=2+1 2 *on=2+1
GaM) ko, min @ r S ; ! i A
Ga(My) t s Xyl

SinceM 2\ @yq(r; r ), we needto study the following three cases:

ft=r20<x, r,andjx§ r,then
Ga(M)
Ga(My)

k2:

If xo, = r;jtj r2 andjx§ r,then
!

GA(M) . r2 g n=2+1 . i n=2+1
Ga(M) 7 JXn  Ynj? 2 2

If xXJ=r;0< x,< r;andjtj r? then

= C:

.
GA(M ) r2 S * n=2+1 _

ky —— k,5"%* = C:
Ga(M;) X0 g2 ’
Note that the sameestimate holds whenthe pole A liesin  \ To("r; "r )
with 0< " < 1. The constart C then dependsalsoon".
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For the general case,by consideringthe set = n TQ(gr;g r) we see
that the function v = R u is an L-potertial on  with support in \ @
and thelg there exists a positive measure supported in  \ @ sud that
Ru= g Gad (A).
Forall M 2 nTgu(r; r ), we have

Z

R uM) = Ga(M)d (A)
y@
c Ga(Mp)d (A)
\@
= CR u(M,)
= Cu(M,);
which completesthe proof. 2

In the sequel,for > 0, we denoteby C the set
( )

- -2'
C= (xt)2R"™:t> sup jx‘]z;anzJ

We next have the following result.

Theorem 3.2(Comparisontheorem). Let Q 2 @ 10;T[; > O, and for

> 0 denoteM = Q+ (0; ; 2. Then there existsa constant C > 0
degendingonlyonn; ; ; D; T andonB in terms of the rate of convelgene
of Ny, (B) to zelo whenh ! 0 suchthat for all r 2]0; rzo] and for any two

nonnegativeL-solutionsu; v on nTq(r; r ) continuously vanishingon @ n
To(r; r ), wehave

u(M) V(M)
u(Mzr) V(Ma)’
forall M 2[ \ (Q+ C)\ To(ro; r o)l nTo(2r;2r ).
Proof. Without lossof generality we assumeQ = (0;0;S). We rst prove

the estimatefor u= G, andv = Gg with A;B 2\ To(r; r).
Let

M= Q+ (XSxn;t) with jx§ ro;0<xq rodr®<t rg;

|
jXnj? )

and t sup jx3% 55
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Put

A=Q+ (Yoynis) with jy§ r0<y, rijs r%
and
B=Q+ (z%z:; ) with jz§ r;0<z, r:jj r%
By Theorem 2.2, we have
" _—
Ga(M)Ge(Mar) | (£ )@dr? s ™"
Ga(M2)Gg(M) (t s)@rz ) |
x Zi® ¥ +i2r oA
exp t * 4r2 s )
Using the fact that
t S 2r? 5
- = - 1+ — = —;
t s t s 32 3
42 s 52 _ 5
4r2 2 3
. . . >
X 7 S IXT 514
t t t
o -
- - t )X + 044
t t t
r? ) 1+ ?)r2
2(1+ ﬁ)(u )+ R A
10
— (1 + 2y.
3( )’
and
V324 j2r  yoi? 12+ 42 _1+4°2
4r2 s I¥2 3
hold, we obtain
Ga(M2)Gg (M) '

For the generalcase,by consideringthe set

functionsR uandR v aretwo L-potentials on

NTo(r; r ) we seethat the
with support in @gq(r; r )
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and then there e@,st two positive measures anlg supported in @q(r; r )
suhthat R u= g (. )Gad (A)andR v= g .. )Gsd (B).
From the last inequality we then deduce
zz zZz
Ga(M)Gg(Mz)d (A)d (B) C  Gg(M)Ga(Mz)d (A)d (B);

which means
R uM)R v(Myx) CR v(M)R u(My);

and sothe required estimate follows from the equalitesR u= uon and
R v=von.

4. MINIMAL NONNEGATIVE L-SOLUTIONS

In this sectionwe exploit the results of Section2 to characterizethe Martin
boundary of . More preciselywe shov that for every point Q 2 @ there
exists a unique (up to a multiplicativ e constart) minimal nonnegatiwe L-
solution, and then the Martin boundary is idertical to @ .

We rst introducethe notion of minimal nonnegatiwe L-solution.

De nition  4.1. A nonnegati\e L-solution u on agivendomain of R"*! is
calledminimal if every L-solutionv on satisfyingthe inequalitiesO v u
is a constart multiple of u.

In view of a limiting argumen given by Lemma2.1in [15], we may assume
that jBj 2 L' . We denoteby H the set of L-solutionson . We recall that

( ;H) is a P-Bauer spacein the senseof [4] and any minimal nonnegatie
L-solution is the limit of a sequencef extreme potertials (see[11], Lemma
1.1). Note that an extreme potertial is a potential with point support, and
by Theoremlll in [2] any two potertials in the wholespaceR" R with the

samepoint support are proportional. Sincethe hypothesisof proportionality

is satis ed if and only if it is satis ed locally (see[11] Lemma 1.3), this

property holdsin . It followsthat every minimal nonnegatiwe L-solution is
the limit of a sequence,G(X; t; yk; Sk) for somesequencef poles(yy; Sk)

and constarts ¢, 2 R,. By compactnessof , it is clear that if h(x;t) =

k'Iir+nl cG(X; t; yk; Sk) is a minimal nonnegatiwe L-solution, then there exists

a subsequencef ((yx;sk))x which corvergesto a point (y;s) 2 @. The
reverseof this result constitutes the object of the following theorem.
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Theorem 4.2. For each point Q = (y;s) 2 @ , there exist sejuenes
((yk; sk))k convergentto Q and (ck)x in R: suchthat the function h(x;t) =
I('Iirpl cG(X; t; yk; Sk) is a minimal nonnegative L-solution.
Proof. Casel: y2 @ ands> 0.

Considera sequencgAnp), convergeri to Q and put ' A,
whereM,, = Q+ (0; r ¢;r3).

By Theorem 3.1, there existsa constart C = C(n; ; ; T;B) > 0 sud that
for all r 2]0;rgl; n n(r) 2 N, we have

IAn(M) CIAn(Mr);

_ G,
GAn (M l’o) ’

foralM 2 nTg(r; r).

On the other hand by the Harnad inequality (Theorem 2.1), there exists a
constart C°= CYn; ; ; T;B) > 0 sud that

l An(Mr) CO An(Mro) = CQ
Therefore,for all r 2]0;ro]; N n(r) 2 N, we have
'an (M) CCt

foralM 2 nTg(r; r).

This meansthat (' A, )n islocally uniformly boundedand then it hasa subse-
guencecorvergingto a nonnegatiwe L-solution' on vanishingon @ nf Qg.
To prove that ' is minimal, denoteby Cqo() the setof all nonnegatiwe L -
solutionson vanishingon @ nf Qg. We will shav that Cq() is ahalf-line
generatedby a minimal nonnegatiwe L-solution. Using the Harnad inequal-
ity and Theorem 3.1 againwe seethat Cq() is aconvex conewith compact
baseB = fu2 Cqo() :u(M,,) = 19, and by the Krein-Milman theoremit is
generatedby the extremal elemerts of B which are the minimal nonnegative
L-solutions. To complete the proof, it suces to prove that two minimal
nonnegatie L-solutionsin  are proportional.
Recallthat if h is a minimal nonnegative L-solutionin  andE , then

E = hor RE isan L-potertial of , whereRE is the lower semi-cotinuous
regularization of RE. We say E is thin at h if RE is an L-potertial of .
Using Theorem3.1and Theorem3.2we prove asin [9] (Proposition 4.2) that

\ (Q+ C) isnot thin at h.
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Let hy; h, two minimal nonnegative L-solutionsof Cq(). By Theorem3.2,
there existsC = C(n; ; ; T;B) > 0 sud that

hy(M) . ha(M)
n(Mz) (M)’

forO<r %0; M2[ \ (Q+ C)\ To(ro; r o)JnTa(2r;2r ), and this also
gives

(M) o ha(M)
hl(Mfo) hZ(Mro),

forallM 2 \ (Q+ C)\ To(ro; r o).

Using the non-thinnessof \ (Q+ C) at h; and h, we seethat the previous
inequality holdson  which meansh; h,; 0, and consequetty hq; h,
are proportional.

Case2: y2 @ ands= 0.

By the rst case,there exists a minimal nonnegative L-solution f on € =
D ] LT[ vanishingon @ nfQg. In view of the minimum principle,
A(x;t) = Ofort < 0. Clearly, the function h  R- is a minimal nonnegatiwe
L-solution on .

Case3:y2 D ands= 0.

Let h(x;t) = G(x;t;y;s). We prove that h is a minimal nonnegatie L-
solutionon . Let u be a nonnegatiwe L-solutionon sud that u h. We
de ne & by

u(x;t) if 0<t<T

0 if 1 t O
Denote by @ the lower semi-cotinuous regularization of &, then b is a
nonnegative L-superparabolic function on € = D ] 1;T[ with harmonic
support f(y;0)g and a(x;t)  G&(x;t;y;0), where G is the L-Green func-
tion of €. It follows that & is an L-potential of € with support f(y;0)g
and so there exists C 0 sud that @i(x;t) = CG(x;t;y;0). This gives
u(x;t) = CG(x;t;y; 0)= Ch(x;t), and then h is minimal.

a(x;t) =

5. INTEGRAL REPRESENTATION AND NONTANGENTIAL LIMITS

Following the characterization of the Martin boundary in Section 3, we are
now able to de ne the kernel function assaiated to our operator and the
cylinder . Let Qg = (Xo;tp) be a given point in .
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De nition 5.1. We sg that a function K : ! [0;+1 ] is an L-kernel

function at Q = (y;s) 2 @ normalized at Qq if the following conditions are

ful lled:

K (x;t) Oforead (x;t) 2 andK(Qp) = 1,

ii)K(; ) isanL-solutionin ,

ii)K(;)2C( nfQg)and lim K(x;t)=0if (yo;S0) 2 @ nfQg,
(xt)! (yoiso)

v)K(;) 0,ifs to.

It is clearthat by meansof Theorem4.2, for ead point Q 2 @, there exists
a unique L-kernel function at Q normalized at Qo. We denote this unique
kernel function by Kq.

Note that from the proof of Theorem4.2, Ko = G G(% y’ when Q = (y; 0).
o\o

: G
Forp2 \ ft< tyg, we alsodenoteby K, the function K, = P

Gp(Qo)

We have the following cortinuity property of the L-kernel function.

Prop osition 5.2. Under the previousnotations we have

im Kp(M) = Kpy(M);
p! po;p2

forallpp2 @ \ ft<tpgandall M 2

Proof. Denoteby pp = (y;s). Wheny 2 D ands = 0, i.e. po = (y;0), the
proposition holds by the cortinuity of the Greenfunction.

By considering® = D ] 1;T[insteadof = D ]0;T[ it is enoughto
prove the proposition fory 2 @ ands > 0. In the sequelwe treat this case.
Let (0h)n  beasequencesorvergern to py. By Theorem 3.1 there exists
C > 0 sudh that for n suciently largeandr su ciently small we have

Kau(M)  CKg, (My);

foral M 2 nTy(r; r ), whereM, = po+ (0; r ;r?).
We deducefrom the minimum principle that

an(l\/l) CKQn(Mr)hr(M);

holds for all M 2 n T, (r; r ), whereh, is the L-parabolic measureof
@p(r;r)in nTp(r;r).
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On the other hand, there exists, by the Harnadk inequality (Theorem 2.1), a
constart C°> 0 sud that

Kg (Mr)  CKg, (Qo) = C°
Combining the two previousinequalities, we obtain
Kg,(M) CChi(M);

forall M 2 nTp(r; r).

This inequality provesthat any adherencevalue of (Kg,) is an elemen of
Cp (), the coneof nonnegatiwe L-solutions vanishingon @ n fpyg which
is a half-line generatedby K,,. The sequenceK, ), is locally uniformly
bounded,henceit hasadherencevaluesand by evaluating at Qq, we conclude
that K, is the only adherencevalue of (K, )n. Thus (K4, (M)), corverges
to Ky, (M) forall M 2 .

Theorem 5.3 (Integral represetation). Let u be a nonnegativelL -solution in
= D ]O;T[. Then there existstwo unique positive Borel measures ;; »
on @ ]0;to[ and D, respectively, suchthat
z z
u(x; t) = Ky (X t) 1(dy;ds)+ G(x;t;y;0) 2(dy);
@ ot D
for all (x;t) 2 \ ft< teg.

Proof. Let E be the real vector spacegeneratedby the di erences of any
two nonnegatiwe L-solutionson . E endoved with the topology of uniform
convergenceon compact subdomainsis a locally corvex vector spacewhich
is metrizable. The setC= fu ¢ :u2 E;u 0gis a corvex conewhich
is reticulate for the natural orderand B = fu 2 C: u(Qop) = 1g is a baseof
C which is compact and metrizable. Note that the extremal elemers of B
are exactly the minimal nonnegatiwe L-solutionson \ ft tyg normalized
at Qo. To clarify this point, let u be an extremal elemen of B and v an
L-solution satisfying0 v uwith v6 Oandv 6 u. Then v(Qy) 6 0 and
v(Qp) 6 1 and the equality

\% u

Vv
vy T V) TGy

u = v(Qo)
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implies
% u v

" V(Q) 1 v(Qo)

u

which meansv = v(Qo)u.
Conversely let u 2 B be a minimal nonnegative L-solution and suppose
that there exist 2]0;1[; u;; u, 2 B sudhthat u= u;+ (1 )u,; then

u; uand(l Ju,  u which impliesu; = ;uandu, = ,u for some

1; 22 R.. By ewluating at Qp, wehave ;= ,=1landsou= u; = u,.
Denoteby E the setof extremal elemens of B. By the Choquet theorem, for
any u 2 B thege exists a unique positive Radon measure supported in E
sud that u= chd (h). This alsoimplies

z
u(M)=_h(M)d (h);

forall M 2 , sincethe maph! h(M) is a cortinuouslinear form.

Onthe other hand, the Martin boundaryof \ ft tegis =@ \ft tog
and by Proposition 5.2, the kernelfunctions K o are cortinuousasa functions
of Q. Thereforethe map ! E Q! Kg, is a homeomorphismwhich
transforms into a positive Radon measure on . Hence,the previous
equality gives Z

uM) = Kq(M)d (Q)
foralM 2 \ ft tq0.

By proportionality this represetation holds for any nonnegatiwe L-solution

on . Using the fact that = (@ [0t [ (D f0Og) and denoting
1
by 1= @ [otp @aNd 2= ————~ =pt oy, We oObtain the equality
_ G(Xo; to; ;)
assertedin the theorem. 2

At this point we have all the tools we needto study nontangertial limits
for nonnegative L-solutions on the boundary of . Basing on the integral
represemation theoremand the abstract Fatou's theorem[14] we may prove
in the sameway asin [9] (Theorem 6.2) the existenceof nontangertial limits
for nonnegatie L-solutionsin  (Theorem 5.6, below). Sincethe theory is
by now standard we will not give the details of the proof but we only state
the result. We rst introducethe notion of nontangertial limit.
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De nition 5.4. Let beanopensetof R"*! and(Q,), asequenc®f points
in . We sa that (Qn), convelgesnontangentialy to a point Q 2 @, if
. .. d(Qn; @
im Q= Qandinf —————
I CE5)
is de ned by d((x;1); (y;9)) = jx yj+jt si*?

> 0, whered is the parabolic distancewhich

De nition 5.5. Let beanopensetof R"*! andu afunction de ned on .
We say that u hasa nontangentiallimit | 2 R at Q 2 @, if for any sequence
(Qn)n converging nortangertially to Q, one hasnllirpl u(Qn) = I

We have the following interesting result.

Theorem 5.6. Let u be a nonngyative L-solutionin = D ]0;T[. Then
u hasa nite nontangential limit for d *ot)-almost every point Q 2 @ ,
where d xoito) denotesthe L -paralolic measure ass@iated with a given point

(X0 to) In

REFERENCES

[1] A. Ancona, Princip e de Harnack a la fronti ere et theoremede Fatou pour un operateur
elliptique dansun domaine Lipschitzien, Ann. Inst. Fourier, 4 (1978), 162-213.

[2] D. G. Aronson, Isolated singularities of positive solution of secondorder parabolic
equations, Arch. for Rat. Mech. and Analysis 19 (1965), 231-238.

[3]1D. G. Aronson, Nonnegative solutions of linear parabolic equations,Annali Della Scuola
Norm. Sup. Pisa 22 (1968), 607-694.

[4] C. Constartinescu and A. Cornea, Potential theory on harmonic spaces Springer Ver-
lag, Berlin 1972.

[5] E. B. Fabes, N. Garofalo and S. Salsa, A backward Harnack inequality and Fatou
theorem for nonnegative solutions of parabolic equations, Il linois Journal of Math. 30, 4
(1986), 536-565.

[6]L. Ga arelli, E. B. Fabes,S. Mortola and S. Salsa,Boundary behaviour of nonnegative
solutions of elliptic operators in divergenceform, Indiana Univ. Math. Journal, vol. 30
(1981), 621-640.

[7]R. Hunt and R. Wheeden,On the boundary valuesof harmonic functions, Trans. Amer.
Math. Scc., 32 (1968), 307-322.

[8] R. Hunt and R. Wheeden, Positive harmonic function on Lipschitz domains, Trans.
Amer. Math. Scc., 147 (1970), 507-528.

EJQTDE, 2003No. 12,p. 15



[9]1Y. Heurteaux, Solutions positiveset mesuresharmoniquespour desoperateursparaboliques
dans desouverts Lipschitziens, Ann. Inst. Fourier, Grenoble41, 3 (1991), 601-649.

[10] J. T. Kemper, Temperatures in seweral variables: kernel functions, represertations
and parabolic boundary values, Trans. Amer. Math. Scc., 167 (1972), 243-262.

[11] B. Mair and J. C. Taylor, Integral represenation of positive solutions of the heat
equation, Lectures Notes in Mathematics 1096.

[12] K. Nystrom, The Dirichlet problem for secondorder parabolic operators, Indiana
Univ. Math. Journal vol. 46, 1 (1997), 183-245.

[13] L. Riahi, Comparison of Green functions and harmonic measuresfor parabolic oper-
ators, to appear.

[14] D. Sibony, Theoremede limites nes et probleme de Dirichlet, Ann. Inst. Fourier,
Grenoble18-2 (1968), 121-134.

[15] Q. Zhang, A Harnack inequality for the equationr (ar u)+ br u= 0,whenjh 2 K41,
Manuscripta Math. 89 (1995), 61-77.

EJQTDE, 2003No. 12,p. 16



