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Abstract

We develop the harmonic analysis approach for parabolic operator with
one order term in the parabolic Kato class on C1;1-cylindrical domain 
.
We study the boundary behaviour of nonnegative solutions. Using these
results, we prove the integral representation theorem and the existenceof
nontangential limits on the boundary of 
 for nonnegative solutions. These
results extend some�rst onesproved for lessgeneralparabolic operators.

2000 Mathematics Subject Classi�cations. 31B05, 31B10, 31B25, 35C15.

Key words and phrases. Parabolic operator, Boundary behaviour, Martin boundary, Min-

imal function.

1. INTR ODUCTION

In this paper weareinterestedin someaspectsof the theory of the di�erential
parabolic operator

L =
@
@t

� div(A(x; t)r x ) + B(x; t):r x

de�ned on 
 = D� ]0; T[, where D is a bounded C1;1-domain of R n and
0 < T < 1 . The matrix A(x; t) is assumedto be real, symmetric, uniformly
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elliptic, i.e. 1
� I � A(x; t) � �I for some� � 1, with Lipschitz coe�cien ts.

The vector B(x; t) is assumedto be in the parabolic Kato classasintroduced
by Zhang in [15], i.e. B 2 L 1

loc and satis�es lim
h! 0

N �
h (B ) = 0, where

N �
h (B ) = sup

x;t

Z t

t � h

Z

D
jB (y; s)j

1

(t � s)
n +1

2

exp

 

� �
jx � yj2

t � s

!

dyds

+ sup
y;s

Z s+ h

s

Z

D
jB (x; t)j

1

(t � s)
n +1

2

exp

 

� �
jx � yj2

t � s

!

dxdt

for someconstant � > 0.

In fact, the real starting points of this work are the famouspapers [10]
of Kemper, [5] of Fabes, Garofalo and Salsa, [9] of Heurteaux and [12] of
Nystr•om. We recall here that, as was initially studied for the Laplaceoper-
ator by Hunt and Wheedenin [7] and [8], the notion of kernel function, the
integral representation theorem and the existenceof nontangential limit at
the boundary for nonnegative solutions(Fatou's theorem) for the heat equa-
tion have been developed by Kemper in [10] on Lipschitz domains. In his
work an important role wasplayed by the invarianceof the heat equationun-
der translations. The resultsof Hunt and Wheedenhave beenlater extended
to more general elliptic equations by Ancona in [1] and Ga�arelli, Fabes,
Mortola and Salsain [6]. In [5], Fabes,Garofalo and Salsaare interested in
the sameproblemfor parabolic operatorsin divergenceform with measurable
coe�cien ts on Lipschitz cylinders. When they attempted to adapt the tech-
niquesof [6] for their case,an interesting di�cult y occurs, namely to prove
the \doubling" property, which wasessential for the proof of Fatou's theorem
and which is equivalent to the existenceof a \backward" Harnack inequality
for nonnegative solutions (we refer the reader to [5] for more details). By
proving someboundary Harnack principles for nonnegative solutions, they
succeededin resolving the problem for parabolic operators with time inde-
pendent coe�cien ts and they establishedall of Kemper's results in this case.
In [9], Heurteaux took up the sameproblem for parabolic operators in di-
vergenceform with Lipschitz coe�cien ts on more generalLipschitz domains,
and by a straightforward adaptation of the idea of Ancona [1], he was able
to extend the resultsof Fabes,Garofaloand Salsato his situation. Recently,
Nystr•om studied in [12] parabolic operators in divergenceform with mea-
surablecoe�cien ts on Lipschitz domainsand he proved amongother things,
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the existenceand uniquenessof a kernel function and establishedthe integral
representation theorem.

In this paper, our aim is to investigate the above mentioned results for
our operator. The main di�cult y is createdby the lower order term where
we cannot bene�t from results proved for L having adjoint companionsas is
the caseof operatorsin divergenceform in [5]; [9]; [10]and [12]. To overcome
this di�cult y our idea is basedon the Green function estimatesproved by
the author in [13] and the Harnack inequality recently proved by Zhang in
[15],under the above assumptions.Our method seemsto be newand applies
to similar parabolic operators and our results include their counterparts for
the elliptic operator div(A(x)r x )+ B(x):r x with B in the elliptic Kato class,

i.e. B 2 L1
loc(D) and satis�es lim

� ! 0
sup

x

Z

jx � yj� �

jB (y)j
jx � yjn� 1

dy = 0, which was

studied by several authors. Our paper is organizedas follows.
In Section1, we give somenotations and we state someknown results that
will be usedthroughout this paper. In Section2, basingon the Greenfunc-
tion estimates(Theorem2.2,below), we prove a boundary Harnack principle
and a comparisontheorem for nonnegative L-solutions vanishing on a part
of the parabolic boundary @p
 of 
. In Section3, using the previousresults
and the Harnack inequality (Theorem2.1,below), wecharacterizethe Martin
boundary of the cylinder 
 with respect to the classof parabolic operators
L that we deal with. More precisely, we prove that for every point Q 2 @p

there exists a unique (up to a multiplicativ e constant) minimal nonnegative
L-solution, and then the Martin boundary of 
 with respect to L is homo-
morphic (or identical) to the parabolic boundary @p
 of 
. In Section 4,
we are able to de�ne the kernel function and prove, basingon the previous
results, the integral representation theorem for nonnegative L-solutions on

. In particular, we deducea Fatou type theoremfor our operator by prov-
ing that any nonnegative L-solution on 
 has a nontangential limit at the
boundary except for a set of zeroL-parabolic measure.

2. NOTATIONS AND KNOWN RESULTS

Let G be the L-Greenfunction on 
 = D� ]0; T[. We simply denoteby GA

the function G(�; �; y; s) if A = (y; s) 2 
.

A point x 2 R n will be alsodenotedby (x0; xn ) with x0 2 R n � 1 and xn 2 R,
when we need.
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For x 2 D, let d(x) denotesthe distancefrom x to the boundary @D of D.

For an open set 
 of R n+ 1, let @p
 be the parabolic boundary of 
, i.e. @p

is the set of points on the boundary of 
 which can be connectedto some
interior point of 
 by a closedcurve having a strictly increasingt-coordinate.

For an arbitrary set � in 
 and a function u on 
, we denote by R � u the
nonnegative L-superparabolic envelope of u with respect to � which also
called the \reduct" of u with respect to �, and de�ned by

R� u = inf f v : v nonnegative L � supersolution on 
 with v � u on � g :

We next recall someknown results that will be usedin this work.

Theorem 2.1.(Harnack inequality [15]). Let 0 < � < � < � 1 < � 1 < 1 and
� 2 (0; 1) be given. Then there are constantsC > 0 and r 0 > 0 suchthat for
all (x; s) 2 R n � R , all positive r < r 0 and all nonnegative weak L-solutions
u in B(x; r ) � [s � r 2; s], one has

sup

 �

u � C inf

 +

u;

where 
 � = B(x; � r )� [s� � 1r 2; s� � 1r 2] and 
 + = B(x; � r )� [s� � r 2; s� � r 2].
All constantsdependon B only in terms of the rate of convergence of N �

h (B )
to zero whenh ! 0.

Theorem 2.2.(Greenfunction estimates[13]). There exist positive constants
k; c1 and c2 dependingonly on n; �; T; D and on B only in terms of the rate
of convergence of N �

h (B ) to zero whenh ! 0 suchthat

1
k

' (x; y; t � s)
exp

�
� c2

jx� yj2

t � s

�

(t � s)n=2
� G(x; t; y; s) � k' (x; y; t � s)

exp
�
� c1

jx� yj2

t � s

�

(t � s)n=2

for all x; y 2 D and0 < s < t � T, where ' (x; y; u) = min
�
1; d(x)p

u ; d(y)p
u ; d(x)d(y)

u

�
:

Theorem 2.3.(Minim um principle). Let 
 be a bounded open set of R n+ 1

and u an L-supersolution in 
 satisfying lim inf
z! z0

u � 0 for all z0 2 @p
 . Then
u � 0 in 
 .
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3. BOUNDARY BEHAVIOUR

We prove in this section a boundary Harnack principle and a comparison
theorem for nonnegative L-solutions vanishing on a part of the parabolic
boundary, which will be usedin the next sectionto characterizethe Martin
boundary of 
 = D� ]0; T[.

D is a C1;1-bounded domain, then for each z 2 @D there exists a local
coordinate system(� 0; � n ) 2 R n � 1 � R , a function  on R n � 1 and constants
c0 > 0 and r 0 2]0; 1] such that

i ) r � 0 is c0-Lipschitz,

ii ) D \ B(z; r 0) = B(z; r 0) \ f (� 0; � n) : � n >  (� 0)g, and

iii ) @D \ B(z; r 0) = B(z; r 0) \ f (� 0; � n ) : � n =  (� 0)g.

By compactnessof @D, the constants c0 and r0 can be chosenindependent
of z 2 @D.

For Q 2 R n+ 1; r > 0 and h > 0, we denoteby TQ(r; h) the cylinder

TQ(r; h) = Q +
n

(x0; xn ; t) 2 R n+ 1 : jx0j < r; jtj < r 2; jxn j < h
o

:

We have the following result.

Theorem 3.1(Boundary Harnack principle). Let Q 2 @D� ]0; T[; r 2]0; r 0]
and � > 0. Then there existsa constantC > 0 dependingonly on n; �; �; D ; T
and on B in terms of the rate of convergence of N �

h (B ) to zero whenh ! 0
such that for all nonnegative L-solutions u on 
 n TQ( r

2; � r
2) continuously

vanishingon @p
 n TQ( r
2; � r

2), we have

u(M ) � C u(M r )

for all M 2 
 n TQ(r; �r ), where M r = Q + (0; �r ; r 2).

Proof. Without loss of generality we assumeQ = (0; 0; S) � (0;  (0); S),
where  as de�ned above is the function which, after a suitable rotation,
describes@D as a graph around (0; 0). In view of the minimum principle, it
su�ces to prove the theoremfor M 2 
 \ @TQ(r; �r ).
We �rst considerthe particular caseu = GA with A 2 
 \ TQ( r

2 ; � r
2).

We write

A = Q + (y; s) � Q + (y0; yn ; s) with jy0j �
r
2

; 0 < yn � �
r
2

; jsj �
r 2

4
;
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M = Q + (x; t) � Q + (x0; xn ; t); and M r = Q + (0; �r ; r 2):

By Theorem2.2, we have

GA (M )
GA (M r )

� k2

 
r 2 � s
t � s

! n=2+1 d(x)
�r

exp

 

c2
j�r � yn j2 + jy0j2

r 2 � s
� c1

jx � yj2

t � s

!

:

Using the fact that
j�r � yn j2 + jy0j2

r 2 � s
�

4
3

� 2 + 1

and
d(x)
�r

�
xn �  (x0)

�r
�

xn + jr x0 jj x0j
�r

�
�r + c0r

�r
=

� + c0

�
;

we have
GA (M )
GA (M r )

� k1

 
r 2 � s
t � s

! n=2+1

exp

 

� c1
jx � yj2

t � s

!

:

From the inequality e� � � ( m
�e )m , for all m > 0; � > 0, it follows that

GA (M )
GA (M r )

� k2 min

0

@

 
r 2 � s
t � s

! n=2+1

;

 
r 2 � s

jx � yj2

! n=2+1
1

A :

SinceM 2 
 \ @TQ(r; �r ), we needto study the following three cases:
If t = r 2; 0 < xn � �r , and jx0j � r , then

GA (M )
GA (M r )

� k2:

If xn = �r ; jtj � r 2, and jx0j � r , then

GA (M )
GA (M r )

� k2

 
r 2 � s

jxn � yn j2

! n=2+1

� k2

� 5
� 2

� n=2+1

= C:

If jx0j = r; 0 < xn < �r ; and jtj � r 2, then

GA (M )
GA (M r )

� k2

 
r 2 � s

jx0 � y0j2

! n=2+1

� k25n=2+1 = C:

Note that the sameestimate holds when the pole A lies in 
 \ TQ("r ; �"r )
with 0 < " < 1. The constant C then dependsalsoon ".
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For the general case,by considering the set � = 
 n TQ( 2
3r; 2

3 �r ) we see
that the function v = R� u is an L-potential on 
 with support in 
 \ @�
and then there exists a positive measure� supported in 
 \ @� such that
R� u =

R

 \ @� GA d� (A).

For all M 2 
 n TQ(r; �r ), we have

R� u(M ) =
Z


 \ @�
GA (M )d� (A)

� C
Z


 \ @�
GA (M r )d� (A)

= CR� u(M r )

= Cu(M r );

which completesthe proof. 2

In the sequel,for � > 0, we denoteby C� the set

C� =

(

(x; t) 2 R n+ 1 : t > sup

 

jx0j2;
jxn j2

� 2

!)

:

We next have the following result.

Theorem 3.2(Comparison theorem). Let Q 2 @D� ]0; T[; � > 0, and for
� > 0 denote M � = Q + (0; ��; � 2). Then there exists a constant C > 0
dependingonly on n; �; �; D ; T and on B in terms of the rate of convergence
of N �

h (B ) to zero when h ! 0 such that for all r 2]0;
r0

4
] and for any two

nonnegativeL-solutionsu; v on 
 nTQ(r; �r ) continuouslyvanishingon @p
 n
TQ(r; �r ), we have

u(M )
u(M2r )

� C
v(M )

v(M 2r )
;

for all M 2 [
 \ (Q + C� ) \ TQ(r0; �r 0)] n TQ(2r; 2�r ).

Proof. Without loss of generality we assumeQ = (0; 0; S). We �rst prove
the estimate for u = GA and v = GB with A; B 2 
 \ TQ(r; �r ).
Let

M = Q + (x0; xn ; t) with jx0j � r0; 0 < xn � �r 0; 4r 2 < t � r 2
0;

and t � sup

 

jx0j2;
jxn j2

� 2

!

:
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Put
A = Q + (y0; yn ; s) with jy0j � r; 0 < yn � �r ; jsj � r 2;

and
B = Q + (z0; zn ; � ) with jz0j � r; 0 < zn � �r ; j� j � r 2:

By Theorem2.2, we have

GA (M )GB (M2r )
GA (M2r )GB (M )

� k

"
(t � � )(4r 2 � s)
(t � s)(4r 2 � � )

#n=2+1

� exp

 

c2(
jx � zj2

t � �
+

jy0j2 + j2�r � yn j2

4r 2 � s
)

!

:

Using the fact that

t � �
t � s

= 1 +
s � �
t � s

� 1 +
2r 2

3r 2
=

5
3

;

4r 2 � s
4r 2 � �

�
5r 2

3r 2
=

5
3

;

jx � zj2

t � �
� 2

jxj2

t � �
+ 2

jzj2

t � �

= 2
t

t � �
jxj2

t
+ 2

jzj2

t � �

� 2(1+
r 2

3r 2
)(1 + � 2) + 2

(1 + � 2)r 2

3r 2

=
10
3

(1 + � 2);

and
jy0j2 + j2�r � yn j2

4r 2 � s
�

r 2 + 4� 2r 2

3r 2
=

1 + 4� 2

3
hold, we obtain

GA (M )GB (M2r )
GA (M2r )GB (M )

� C:

For the generalcase,by consideringthe set � = 
 nTQ(r; �r ) we seethat the
functions R� u and R� v are two L-potentials on 
 with support in @TQ(r; �r )
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and then there exist two positive measures� and � supported in @TQ(r; �r )
such that R� u =

R
@TQ (r ;�r ) GA d� (A) and R� v =

R
@TQ (r ;�r ) GB d� (B).

From the last inequality we then deduce
Z Z

GA (M )GB (M2r )d� (A)d� (B) � C
Z Z

GB (M )GA (M2r )d� (A)d� (B);

which means

R� u(M )R� v(M 2r ) � CR� v(M )R� u(M2r );

and so the required estimate follows from the equalitiesR� u = u on � and
R� v = v on �.

4. MINIMAL NONNEGATIVE L-SOLUTIONS

In this sectionwe exploit the results of Section2 to characterizethe Martin
boundary of 
. More preciselywe show that for every point Q 2 @p
 there
exists a unique (up to a multiplicativ e constant) minimal nonnegative L-
solution, and then the Martin boundary is identical to @p
.
We �rst introducethe notion of minimal nonnegative L-solution.

De�nition 4.1. A nonnegative L-solution u on a given domain 
 of R n+ 1 is
calledminimal if every L-solution v on 
 satisfyingthe inequalities0 � v � u
is a constant multiple of u.

In view of a limiting argument given by Lemma 2.1 in [15], we may assume
that jB j 2 L1 . We denoteby H the set of L-solutions on 
. We recall that
(
 ; H ) is a P-Bauer spacein the senseof [4] and any minimal nonnegative
L-solution is the limit of a sequenceof extremepotentials (see[11], Lemma
1.1). Note that an extremepotential is a potential with point support, and
by TheoremII I in [2] any two potentials in the wholespaceR n � R with the
samepoint support are proportional. Sincethe hypothesisof proportionalit y
is satis�ed if and only if it is satis�ed locally (see [11] Lemma 1.3), this
property holds in 
. It follows that every minimal nonnegative L-solution is
the limit of a sequenceckG(x; t; yk ; sk) for somesequenceof poles(yk ; sk) � 

and constants ck 2 R + . By compactnessof 
 , it is clear that if h(x; t) =
lim

k! + 1
ckG(x; t; yk ; sk) is a minimal nonnegative L-solution, then there exists

a subsequenceof ((yk ; sk))k which convergesto a point (y; s) 2 @p
. The
reverseof this result constitutes the object of the following theorem.
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Theorem 4.2. For each point Q = (y; s) 2 @p
 , there exist sequences
((yk ; sk))k convergent to Q and (ck)k in R + such that the function h(x; t) =
lim

k! + 1
ckG(x; t; yk ; sk) is a minimal nonnegative L-solution.

Proof. Case1: y 2 @D and s > 0.

Considera sequence(An )n � 
 convergent to Q and put ' A n =
GA n

GA n (M r 0 )
,

whereM r 0 = Q + (0; �r 0; r 2
0).

By Theorem 3.1, there exists a constant C = C(n; �; �; T; B) > 0 such that
for all r 2]0; r 0]; n � n(r ) 2 N , we have

' A n (M ) � C ' A n (M r );

for all M 2 
 n TQ(r; �r ).

On the other hand by the Harnack inequality (Theorem 2.1), there exists a
constant C0 = C0(n; �; �; T; B) > 0 such that

' A n (M r ) � C0' A n (M r 0 ) = C0:

Therefore,for all r 2]0; r 0]; n � n(r ) 2 N , we have

' A n (M ) � CC0;

for all M 2 
 n TQ(r; �r ).

This meansthat (' A n )n is locally uniformly boundedand then it hasa subse-
quenceconvergingto a nonnegativeL-solution ' on 
 vanishingon @
 nf Qg.
To prove that ' is minimal, denoteby CQ(
) the set of all nonnegative L-
solutionson 
 vanishingon @
 nf Qg. We will show that CQ(
) is a half-line
generatedby a minimal nonnegative L-solution. Using the Harnack inequal-
it y and Theorem3.1 againwe seethat CQ(
) is a convex conewith compact
baseB = f u 2 CQ(
) : u(M r 0 ) = 1g, and by the Krein-Milman theoremit is
generatedby the extremal elements of B which are the minimal nonnegative
L-solutions. To complete the proof, it su�ces to prove that two minimal
nonnegative L-solutions in 
 are proportional.

Recall that if h is a minimal nonnegativeL-solution in 
 and E � 
, then
R̂E

h = h or R̂E
h is an L-potential of 
, whereR̂E

h is the lower semi-continuous
regularization of RE

h . We say E is thin at h if R̂E
h is an L-potential of 
.

UsingTheorem3.1and Theorem3.2we prove asin [9] (Proposition 4.2) that

 \ (Q + C� ) is not thin at h.
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Let h1; h2 two minimal nonnegative L-solutionsof CQ(
). By Theorem3.2,
there exists C = C(n; �; �; T; B) > 0 such that

h1(M )
h1(M2r )

� C
h2(M )

h2(M2r )
;

for 0 < r �
r0

4
; M 2 [
 \ (Q + C� ) \ TQ(r0; �r 0)] nTQ(2r; 2�r ), and this also

gives
h1(M )

h1(M r 0 )
� C2 h2(M )

h2(M r 0 )
;

for all M 2 
 \ (Q + C� ) \ TQ(r0; �r 0).
Using the non-thinnessof 
 \ (Q + C� ) at h1 and h2 we seethat the previous
inequality holdson 
 which meansh1 � � h2; � � 0, and consequently h1; h2

are proportional.

Case2: y 2 @D and s = 0.
By the �rst case,there exists a minimal nonnegative L-solution eh on e
 =
D� ] � 1; T[ vanishing on @e
 n f Qg. In view of the minimum principle,
eh(x; t) = 0 for t < 0. Clearly, the function h � eh=
 is a minimal nonnegative
L-solution on 
.

Case3: y 2 D and s = 0.
Let h(x; t) = G(x; t; y; s). We prove that h is a minimal nonnegative L-
solution on 
. Let u be a nonnegative L-solution on 
 such that u � h. We
de�ne eu by

eu(x; t) =
�

u(x; t) if 0 < t < T
0 if � 1 � t � 0:

Denote by bu the lower semi-continuous regularization of eu, then bu is a
nonnegative L-superparabolic function on e
 = D� ] � 1; T[ with harmonic
support f (y; 0)g and bu(x; t) � eG(x; t; y; 0), where eG is the L-Green func-
tion of e
 . It follows that bu is an L-potential of e
 with support f (y; 0)g
and so there exists C � 0 such that bu(x; t) = C eG(x; t; y; 0). This gives
u(x; t) = C G(x; t; y; 0) = C h(x; t), and then h is minimal.

5. INTEGRAL REPRESENTATION AND NONTANGENTIAL LIMITS

Following the characterization of the Martin boundary in Section3, we are
now able to de�ne the kernel function associated to our operator and the
cylinder 
. Let Q0 = (x0; t0) be a given point in 
.
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De�nition 5.1. We say that a function K : 
 ! [0; + 1 ] is an L-kernel
function at Q = (y; s) 2 @p
 normalized at Q0 if the following conditions are
ful�lled:
i ) K (x; t) � 0 for each (x; t) 2 
 and K (Q0) = 1,
ii ) K (�; �) is an L-solution in 
,
iii ) K (�; �) 2 C(
 n f Qg) and lim

(x;t )! (y0 ;s0)
K (x; t) = 0 if (y0; s0) 2 @p
 n f Qg,

iv ) K (�; �) � 0, if s � t0.

It is clear that by meansof Theorem4.2, for each point Q 2 @p
, there exists
a unique L-kernel function at Q normalized at Q0. We denote this unique
kernel function by K Q.

Note that from the proof of Theorem4.2, K Q =
GQ

GQ(Q0)
, when Q = (y; 0).

For p 2 
 \ f t < t0g, we alsodenoteby K p the function K p =
Gp

Gp(Q0)
.

We have the following continuity property of the L-kernel function.

Prop osition 5.2. Under the previousnotations we have

lim
p! p0;p2 


K p(M ) = K p0 (M );

for all p0 2 @
 \ f t < t0g and all M 2 
 .

Proof. Denote by p0 = (y; s). When y 2 D and s = 0, i.e. p0 = (y; 0), the
proposition holds by the continuity of the Greenfunction.
By considering e
 = D� ] � 1; T[ instead of 
 = D� ]0; T[ it is enoughto
prove the proposition for y 2 @D and s > 0. In the sequelwe treat this case.
Let (qn )n � 
 be a sequenceconvergent to p0. By Theorem 3.1 there exists
C > 0 such that for n su�cien tly large and r su�cien tly small we have

K qn (M ) � CK qn (M r );

for all M 2 
 n Tp0 (r; �r ), whereM r = p0 + (0; �r ; r 2).
We deducefrom the minimum principle that

K qn (M ) � CK qn (M r )hr (M );

holds for all M 2 
 n Tp0 (r; �r ), where hr is the L-parabolic measureof
@Tp0 (r; �r ) in 
 n Tp0 (r; �r ).
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On the other hand, there exists,by the Harnack inequality (Theorem 2.1), a
constant C0 > 0 such that

K qn (M r ) � C0K qn (Q0) = C0:

Combining the two previous inequalities,we obtain

K qn (M ) � CC0hr (M );

for all M 2 
 n Tp0 (r; �r ).
This inequality proves that any adherencevalue of (K qn ) is an element of
Cp0 (
), the coneof nonnegative L-solutions vanishing on @p
 n f p0g which
is a half-line generatedby K p0 . The sequence(K qn )n is locally uniformly
bounded,henceit hasadherencevaluesand by evaluating at Q0, we conclude
that K p0 is the only adherencevalue of (K qn )n . Thus (K qn (M ))n converges
to K p0 (M ) for all M 2 
.

Theorem 5.3 (Integral representation). Let u be a nonnegativeL-solution in

 = D� ]0; T[. Then there exists two unique positive Borel measures � 1; � 2

on @D� ]0; t0[ and D, respectively, suchthat

u(x; t) =
Z

@D � ]0;t [
K (y;s) (x; t)� 1(dy; ds) +

Z

D
G(x; t; y; 0)� 2(dy);

for all (x; t) 2 
 \ f t < t0g.

Proof. Let E be the real vector spacegeneratedby the di�erences of any
two nonnegative L-solutionson 
. E endowed with the topology of uniform
convergenceon compact subdomains is a locally convex vector spacewhich
is metrizable. The set C = f u=f t � t0 g : u 2 E; u � 0g is a convex conewhich
is reticulate for the natural order and B = f u 2 C : u(Q0) = 1g is a baseof
C which is compact and metrizable. Note that the extremal elements of B
are exactly the minimal nonnegative L-solutionson 
 \ f t � t0g normalized
at Q0. To clarify this point, let u be an extremal element of B and v an
L-solution satisfying 0 � v � u with v 6= 0 and v 6= u. Then v(Q0) 6= 0 and
v(Q0) 6= 1 and the equality

u = v(Q0)
v

v(Q0)
+ (1 � v(Q0))

u � v
1 � v(Q0)
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implies

u =
v

v(Q0)
=

u � v
1 � v(Q0)

;

which meansv = v(Q0)u.
Conversely, let u 2 B be a minimal nonnegative L-solution and suppose
that there exist � 2]0; 1[; u1; u2 2 B such that u = � u1 + (1 � � )u2; then
� u1 � u and (1 � � )u2 � u which implies u1 = � 1u and u2 = � 2u for some
� 1; � 2 2 R + . By evaluating at Q0, we have � 1 = � 2 = 1 and sou = u1 = u2.
Denoteby E the set of extremal elements of B. By the Choquet theorem,for
any u 2 B there exists a unique positive Radon measure� supported in E
such that u =

R
E hd� (h). This also implies

u(M ) =
Z

E
h(M )d� (h);

for all M 2 
, sincethe map h ! h(M ) is a continuous linear form.
On the other hand, the Martin boundaryof 
 \ f t � t0g is � = @p
 \ f t � t0g
and by Proposition 5.2, the kernel functions K Q arecontinuousasa functions
of Q. Therefore the map � ! E; Q ! K Q , is a homeomorphismwhich
transforms � into a positive Radon measure� on �. Hence, the previous
equality gives

u(M ) =
Z

�
K Q(M )d� (Q);

for all M 2 
 \ f t � t0g.

By proportionalit y this representation holds for any nonnegative L-solution
on 
. Using the fact that � = (@D � [0; t0[) [ (D � f 0g) and denoting

by � 1 = � =(@D � [0;t 0 [) and � 2 =
1

G(x0; t0; �; �)
� =(D �f 0g) , we obtain the equality

assertedin the theorem. 2

At this point we have all the tools we need to study nontangential limits
for nonnegative L-solutions on the boundary of 
. Basing on the integral
representation theoremand the abstract Fatou's theorem[14] we may prove
in the sameway asin [9] (Theorem 6.2) the existenceof nontangential limits
for nonnegative L-solutions in 
 (Theorem 5.6, below). Sincethe theory is
by now standard we will not give the details of the proof but we only state
the result. We �rst introducethe notion of nontangential limit.
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De�nition 5.4. Let 
 bean opensetof R n+ 1 and (Qn )n a sequenceof points
in 
. We say that (Qn )n convergesnontangentially to a point Q 2 @
, if

lim
n! + 1

Qn = Q and inf
n

d(Qn ; @
)
d(Qn ; Q)

> 0, whered is the parabolic distancewhich

is de�ned by d((x; t); (y; s)) = jx � yj + jt � sj1=2.

De�nition 5.5. Let 
 bean opensetof R n+ 1 and u a function de�ned on 
.
We say that u hasa nontangential limit l 2 R at Q 2 @
, if for any sequence
(Qn )n � 
 converging nontangentially to Q, onehas lim

n! + 1
u(Qn ) = l:

We have the following interesting result.

Theorem 5.6. Let u be a nonnegative L-solution in 
 = D� ]0; T[. Then
u has a �nite nontangential limit for d� (x0 ;t0 )-almost every point Q 2 @
 ,
where d� (x0 ;t0 ) denotesthe L-parabolic measure associated with a given point
(x0; t0) in 
 .
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