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Abstract

In this paper the existenceof extremal solutions of a functional integral in-
clusion involving Carath�eodory is proved under certain monotonicity conditions.
Applications are given to someinitial and boundary value problems of ordinary
di�eren tial inclusionsfor proving the existenceof extremal solutions. Our results
generalizethe results of Dhage [8] under weaker conditions and complement the
results of O'Regan [16].
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1 In tro duction

The topic of di�erential and integral inclusionsis of much interest in the subject of set-
valued analysis. The existencetheoremsfor the problemsinvolving the inclusionsare
generallyobtainedunder the assumptionthat the set-functionin questionis either lower
or upper semi-continuous on the domain of its de�nition. SeeAubin and Cellina [2]
and the referencestherein. Recently the Carath�eodory condition of multi-function has
becomemost commonin the literature while proving the existencetheorems.But the
study of such inclusionsfor the existenceof extremal solutionsis rare in the literature.
Most recently the present author has obtained someresults for di�erential inclusion
in this direction with somestronger order relation of the multi-function. Therefore it
is of interest to discussthe existencetheoremsfor the extremal solutions under the
weaker order relation of multi-function. In this paper we study the functional integral
inclusionsinvolving Carath�edory .

Let IR denote the real line. Let E be a Banach spacewith the norm k � kE and let
2E denotethe classof all non-empty closedsubsetsof E. Given a closedand bounded
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interval J = [0; 1] in IR, considerthe integral inclusion

x(t) 2 q(t) +
Z � (t )

0
k(t; s)F (s;x(� (s))) ds (1)

for t 2 J; where � ; � : J ! J; q : J ! E; k : J � J ! IR; are continuous and
F : J � E ! 2E :

By the solution of the integral inclusion (1) we meana continuousfunction x : J !
E such that

x(t) = q(t) +
Z � (t )

0
k(t; s)v(s) ds

for somev 2 B(J; IR) satisfying v(t) 2 F (t; x(� (t))) ; 8 t 2 J , where B(J; E) is the
spaceall E-valued Bochner integrable functions on J .

The integral inclusion (1) has beenstudied recently by O'Regan [16] for the exis-
tence result under Carath�eodory condition of F: In the present work we discussthe
existenceof extremal solutions of the integral inclusion (1) under certain monotonic-
it y condition of the set-function F: In the following sectionwe prove some�xed point
theoremsfor monotoneincreasingset-mapson orderedBanach spaces.

2 Preliminaries

Let X be a Banach spacewith a norm k� k and let 2X denotethe classof all non-empty
closedsubsetsof X : A correspondenceT : X ! 2X is called a multi-v alued mapping
(in short multi-map) and a point u 2 X is called a �xed point of T if u 2 Tu: Let
T(A) = [ x2 A Tx: T is said to have closed(resp. convex and compact) valuesif Tx is
closed(resp. convex and compact) subsetof X for each x 2 X : T is called bounded
on bounded subsetB of X if T(B) is bounded subsetof X : T is called upper semi-
continuous if for any open subsetG of X the set f x 2 X j Tx � Gg is open in X : T is
said to be totally boundedif for any boundedsubsetB of X ; T(B) is totally bounded
subsetof X : Again T is calledcompletelycontinuousif it is upper semi-continuousand
totally boundedon X : Finally T is calledcompactif T(X ) is a compactsubsetof X : It
is known that if the multi-v alued map T is totally boundedwith non-empty compact
values then T is upper semi-continuous if and only if T has a closedgraph (that is
xn ! x � ; yn ! y� ; yn 2 Txn ) y� 2 Tx � ).

A Kuratowski measureof noncompactness� of a boundedset A in X is a nonneg-
ative real number � (A) de�ned by

� (A) = inf

(

r > 0 : A =
n[

i =1

A i ; diam(A i ) � r; 8i

)

: (2)
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The function � enjoys the following properties:

(� 1) � (A) = 0 , A is precompact.

(� 2) � (A) = � (A) = � (coA); whereA and co denoterespectively the closureand the
closedconvex hull of A:

(� 3) A � B ) � (A) � � (B ).

(� 4) a(A [ B) = maxf � (A); � (B )g:

(� 5) � (�A ) = j� j� (A); 8� 2 IR:

(� 6) � (A + B) � � (A) + � (B):

The details of measuresof noncompactnessand their properties appear in Banasand
Goebel [4].

De�nition 2.1 A mapping T : X ! 2X is called condensing(countably condensing)
if for any bounded (resp. bounded and countable)subsetA of X ; T(A) is bounded and
� (T(A)) < � (A); � (A) > 0:

A subset A of X is called countable if there exists a one-to-onecorrespondence
f : IN ! A; where IN is the set of natural numbers. The element a = f (1) 2 A is
called the �rst element of A: A multi-v alued mapping T : X ! X is said to satisfy
Condition D if for any countable subsetA of X ;

A � co(f ag [ T(A)) ) A is compact (3)

wherea is the �rst element of A: The �xed point theory for the single-valuedmappings
T on a Banach spaceX satisfying Condition D have beendiscussedin Dhage[9].

Obviously every completelycontinuousmulti-v aluedmapping T on a boundedsub-
set of X into X satis�es Condition D.

A non-empty closedsubsetK of X is called a coneif it satis�es (i) K + K � K ;
(ii) �K � K ; 8� 2 IR+ and (iii) � K \ K = 0; where 0 is a zero element of X . We
de�ne an order relation � in X by

x � y i� y � x 2 K : (4)

Let x; y 2 X be such that x � y: Then by the order interval [x; y] we meana set in
X de�ned by

[x; y] = f x 2 X j x � x � yg: (5)
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A coneK in X is called normal if the norm k � k is semi-monotoneon K ; i.e. for
given x; y 2 K ; with x � y there exists a constant N > 0 such that kxk � N kyk: It
is known that if the coneK in X is normal, then every order- bounded set in X is
boundedin norm. The details of conesand their properties may be found in Amann
[3], Deimling [6] and Heikkila and Lakshmikantham [13].
Let A; B 2 2X : Then by A � B we meanthe following :

For every a 2 A there is a point b2 B such that a � b
and for every b0 2 B there is a point a0 2 A such that a0 � b0:

�
(6)

For any A 2 2X we denote

_A = inf f x 2 X j a � x; 8 a 2 Ag

and
^ A = supf x 2 X j a � x; 8 a 2 Ag:

De�nition 2.2 A multi-valued mappingT : X ! 2X is called weakly isotone increas-
ing (resp. weakly isotone decreasing) if x � Tx (resp. x � Tx); 8x 2 X : A weakly
isotone multi-valued map is one which is either weakly isotone increasing or weakly
isotone decreasing on X :

De�nition 2.3 A mappingT : X ! 2X is called isotone increasing if for any x; y 2
X ; x � y, we havethat Tx � Ty:

3 Fixed Poin t Theory

Beforegoing to the main results of this paper, we give a usefulde�nition.

De�nition 3.1 A multi-valued mappingT : X ! 2X is called Chandrabhan if A is
a countablesubsetof X ; then

A � co(C [ T(A)) ) A is compact (7)

where C is a precompact subsetof A:

Notice that a mapping T : X ! 2X satisfying Condition D is Chandrabhan, but
the conversemay not be true.

Theorem 3.1 Let T : X ! 2X be an upper semi-continuous and Chandrabhanmap
with closed values. Further if T is weakly isotone, then T hasa �xed point.
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Pro of. Suppose�rst that T is isotoneincreasingon X . Let x 2 X be arbitrary and
de�ne a sequencef xng � X as follows. Let x0 = x. SinceT is isotone increasing,we
have xo � Tx0. Then there is a point, say x1 2 Tx0 such that x0 � x1. Continuing in
this way, by induction we have a sequencef xng in X such that

x0 = x; xn+1 2 Txn ; n � 0 (8)

and
x0 � x1 � x2; � : : : � xn � : : : :

Take A = f x0; x1; : : :g: Then A is countable and a = x0 is its �rst element. Thus we
have

A = f x0; x1; : : :g

= f x0g [ f x1; x2; : : :g

� f ag [ T(f x0; x1; : : :g)

= f ag [ T(A)

� co(f ag [ T(A)):

SinceT is Chandrabhan,we have that A is compact. Thereforethe sequencef xng
hasa convergent subsequenceconverging to a point x � 2 X : From (2.3) it follows that
f xng is monotoneincreasingand so the whole sequenceconvergesto x � : By the upper
semi-continuity of T,

x � = lim
n

xn+1 2 lim
n

T(xn ) = T(lim
n

xn ) = Tx � :

Similarly if T is weakly isotone decreasing,then it can be proved that T has a �xed
point. This completesthe proof. �

Corollary 3.1 Let S be a closed and bounded subsetof a Banach space X and let
T : S ! 2S be an upper semi-continuous and countably condensingmap with closed
values. Further if T is weakly isotone, then T has a �xed point.

Pro of. To conclude,we simply show that T is a Chandrabhanmap on A: Let A be a
countable subsetof S: Supposethat

A � co(C [ T(A))

where C is a precompactsubsetof A: We show that A is precompact. If not, then
� (A) > 0: Now by the properties (� 2) � (� 4) of � ; onehas

� (A) � � (C [ T(A))

= maxf � (C); � (T(A)g

< maxf 0; � (A)g

= � (A)
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which is a contradiction. HenceA is precompactand A is compactin view of complete-
nessof S. Thus T is Chandrabhanand now the conclusionfollows by an application
of Theorem3.1. �

Corollary 3.2 Let S be a closed and bounded subsetof a Banach space X and let
T : S ! 2S be a completelycontinuous multi-mapping with closed values. Further if T
is weakly isotone, then T has a �xed point.

Theorem 3.2 Let T : [x; y] ! 2[x;y] be a Chandrabhanmulti-map suchthat

(a) T is upper semi-continuous ,and

(b) T is isotone increasing.

Then T has a least �xed point x � and a greatest �xed point x � in [x; y]: Moreover the
sequences f xng and f yng de�ned by

xn+1 = ^ Txn ; n � 0 with x0 = x (9)

and
yn+1 = _Tyn ; n � 0 with y0 = y (10)

converge to x � and x � respectively.

Pro of. De�ne the sequencesf xng and f yng in [x; y] by (9) and (10) respectively. As
Tx is closedsubsetof [x; y] , _Tx; ^ Tx 2 Tx for each x 2 [x; y], and so the sequences
f xng and f yng are well de�ned. SinceT is isotone increasing, the sequencef xng is
monotoneincreasingin [x; y]: Let A = f x0; x1; : : :g: Then A is countable and a = x0 is
its �rst element. Thus we have

A = f x0; x1; : : :g

= f x0g [ f x1; x2; : : :g

= f ag [ T(A):

SinceT satis�es Condition D, A is compact. Hencethe sequencef xng converges
to a point x � 2 [x; y]: By the upper semi-continuity of T; x � 2 Txx � : Again considera
sequencef yng � [x; y] de�ned by (10). SinceT is isotoneincreasing,we have that f yng
is a monotonedecreasingsequencein [x; y]: Then following the above arguments, it can
be proved that the sequencef yng convergesto a point x � in [x; y]: By the upper semi-
continuity of T; we obtain x � 2 Tx � : Finally we show that x � and x � are respectively
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the least and the greatest �xed points of T in [x; y]: Let z 2 [x; y] be any �xed point
of T in [x; y]: Then by the isotonicity of T; onehas

x = x0 � x1 � : : : � xn � z � yn � : : : � y1 � y0 = y

8n 2 IN: Passingto the limit as n ! 1 ; we obtain x � � z � x � : This completesthe
proof. �

Corollary 3.3 Let T : [x; y] ! 2[x;y] be a continuous and countably condensing. Fur-
ther if T is isotone increasingand the cone K in X is normal, then T hasa least �xed
point x � and a greatest �xed point x � in [x; y]: Moreover the sequences f xng and f yng
de�ned by (9) and (10) convergerespectively to x � and x � :

Pro of. We simply show that T satis�es condition D on [x; y]: Let A be a countable
set in [x; y]; which is bounded in view of the normality of the coneK in X : Suppose
that A � f ag [ T(A); wherea is a �rst element of A: We show that A is precompact.
Supposenot. Then by the properties (� 2)-( � 4),

� (A) � � (f ag [ T(A))

= maxf � (f ag); � (T(A)g

< maxf 0; � (A)g

= � (A)

which is a contradiction. HenceA is precompact and A is compact in view of the
completenessof X : Now the desiredconclusionfollows by an application of Theorem
3.2. �

Corollary 3.4 Let T : [x; y] ! 2[x;y] be a completelycontinuous multi-mapping. Fur-
ther if T is isotone increasingand the cone K in X is normal, then T hasa least �xed
point x � and a greatest �xed point x � in [x; y]: Moreover the sequences f xng and f yng
de�ned by (9) and (10) converge to x � and x � respectively.

Remark 3.1 Note that when T = f f g, a singe-valued mapping, the results of this
sectionreduceto the �xed point results of Dhageproved in [9].

4 Existence of extremal solutions

In this sectionweshall prove the existenceof the extremal solutionsof integral equation
(1) between the given lower and upper solutions on J and using the Carath�eodory's
conditions of F:
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De�ne a norm k � k in AC(J; E) by

kxk = sup
t2 J

kx(t)kE : (11)

Clearly C(J; E) is a Banach spacewith this supremum norm. We introduce an
order relation � in AC(J; E) with the help of the coneK in C(J; E) de�ned by the
cone

K AC = f x 2 C(J; E)jx(t) 2 K E ; 8t 2 Jg; (12)

whereK E is a conein E.

The following result is crucial in the sequel.

Lemma 4.1 (Martin [15]) Let T > 0 and let E be a Banachspace. Then the following
statementshold.

i) If A � C([0; T]; E) is bounded, then

sup
t2 [0;T ]

� (A(t)) � � (A([0; T])) � � (A):

ii) If A � C([0; T]; E) is bounded and equi-continuous, then

� (A) = sup
t2 [0;T ]

� (A(t)) = � (A([0; T])):

We alsoneedthe following de�nitions in the sequel.

De�nition 4.1 A multi-valued map F : J ! 2E is said to be measurable if for any
y 2 X ; the function t ! d(y; F (t)) = inf fk y � xkE : x 2 F (t)g is measurable.

Denote
kF (t; x)k = fk ukE : u 2 F (t; x)g

and
kjF (t; x)kj = supfk ukE : u 2 F (t; x)g:

De�nition 4.2 A multi-valued function � : J � E ! 2E is called Carath�eodory if

i) t ! � (t; x) is measurablefor each x 2 E; and

EJQTDE, 2003No. 14, p. 8



ii) x ! � (t; x) is an upper semi-continuous almost everywhere for t 2 J:

De�nition 4.3 A Carath�eodory multi-function F (t; x) is called L 1-Carath�eodory if for
every real number r > 0 there existsa function hr 2 L1(J; IR) suchthat

kjF (t; x)kj � hr (t) a.e. t 2 J

for all x 2 E with kxkE � r .

Denote
S1

F (x) = f v 2 B(J; E)jv(t) 2 F (t; x(� (t))) a.e. t 2 Jg:

Then we have the following lemmasdue to Lasota and Opial [14].

Lemma 4.2 If diam(E) < 1 and F : J � E ! 2E is L1-Carath�eodory, then S1
F (x) 6= ;

for each x 2 E:

Lemma 4.3 Let E be a Banach space, F an Carath�eodory multi-map with S1
F 6= ;

and let L : L1(J; E) ! C(J; E) be a continuous linear mapping. Then the operator

L � S1
F : C(J; E) ! 2C(J;E )

is a closed graph operator on C(J; E) � C(J; E):

Following Dhageand Kang [10] and Dhageet.al. [11], we have

De�nition 4.4 A function a 2 C(J; E) is called a lower solution of integral inclusion
(1) if it satis�es a(t) � q(t) +

R� (t )
0 k(t; s)v(s) ds for all v 2 B(J; E) such that v(t) 2

F (t; a(� (t))) a.e. t 2 J . Similarly a function b2 C(J; E) is called an upper solution of
integral inclusion (1) if it satis�es b(t) � q(t) +

R� (t )
0 k(t; s)v(s) ds for all v 2 B(J; E)

suchthat v(t) 2 F (t; b(� (t))) a.e. t 2 J

De�nition 4.5 A multi-function F (t; x) is said to be nondecreasing in x almost ev-
erywhere for t 2 J if for any x; y 2 E with x � y we havethat F (t; x) � F (t; y) for
almost everywhere t 2 J:

We considerthe following set of hypothesesin the sequel.
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(H0) The function k(t; s) is continuousand nonnegative on J � J with

K = sup
t;s2 J

k(t; s):

(H1) The multi-v alued function F (t; x) is Carath�eodory.

(H2) For any countable and boundedset A of E; � (F (J � A)) � �� (A), for somereal
number � > 0.

(H3) The function F (t; x) is nondecreasingin x almost everywherefor t 2 J:

(H4) S1
F (x) 6= ; for each x 2 C(J; E):

(H5) The integral inclusion (1) hasa lower solution a and upper solution b with a � b:

(H6) The function t ! kjF (t; a(� (t))) kjE + kjF (t; b(� (t))kjE is Lebesgueintegrableon
J .

Remark 4.1 Note that if hypothesis (H3) and (H4) hold, then the multi-map S1
F :

C(J; E) ! 2C(J;E ) is isotone increasing.

Remark 4.2 Suppose that hypotheses(H1), (H3), (H5) hold and de�ne a function
h : J ! IR by

h(t) = kjF (t; a(� (t))) kjE + kjF (t; b(� (t))kjE (13)

8 t 2 J: Then the function h is Lebesgueintegrableon J and

kF (t; x(� (t))) kE � h(t) (14)

8 t 2 J and 8x 2 [a;b]:

Theorem 4.1 Assumethat hypotheses(H0)-(H 5) hold. If �K < 1 and the cone K E

in E is normal, then integral inclusion (1) has a minimal solution x � and a maximal
solution x � in [a;b]: Moreover the sequences f xng and f yng de�ned by

xn+1 (t) = q(t) +
Z t

0
k(t; s)(^ F (s;xn(� (s)))) ds; n � 0 with x0 = a (15)

and

yn+1 (t) = y0 +
Z t

0
k(t; s)(_F (s;yn(� (s)))) ds; n � 0 with y0 = b (16)

converge respectively to x � and x � :
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Pro of. Let X = C(J; E) and consider the order interval [a;b] in X which is well
de�ned in view of (H5). De�ne a mapping T : [a;b] ! 2X by

Tx =

(

u : u(t) = q(t) +
Z � (t )

0
k(t; s)v(s) ds; v 2 S1

F (x)

)

: (17)

We shall show that T satis�es all the conditions of Corollary 3.3 on [a;b]: First we
show that T is isotone increasingon [a;b]: Let x; y 2 [a;b] be such that x � y. Then
by (H3) and Remark 4.1 we get

Tx =

(

u : u(t) = q(t) +
Z � (t )

0
k(t; s)v1(s) ds; v1 2 S1

F (x)

)

�

(

u : u(t) = q(t) +
Z � (t )

0
k(t; s)v2(s) ds; v2 2 S1

F (y)

)

= Ty

8 t 2 J: As a result Tx � Ty: Therefore T is isotone increasingon [a;b]: Next let
x 2 [a;b] be arbitrary. Then we have a � x � b: By (H3)-(H5) we obtain

a � Ta � Tx � Tb � b:

HenceT de�nes a mapping T : [a;b] ! 2[a;b]: Again the coneK C in C(J; E) is normal.
To see this, let x; y 2 K C be such that 0 � x � y: Then we have 0 � x(t) �
y(t); 8 t 2 J: Since the cone K E in E is normal, there is a constant N > 0 such
that kx(t)kE � N ky(t)kE ; 8 t 2 J: This further in view of relation (4) implies that
kxk � N kyk and so the coneK C is normal in C(J; E): As a result the order interval
[a;b] is a norm-bounded subset of C(J; E): Finally we show that T is a countably
condensingmapping on [a;b]: Let A � [a;b] be countable. Then for t 2 J; we have

� (T(A(t))) � �

 

[

(

q(t) +
Z � (t )

0
k(t; s)F (s;x(� (s))) ds : x 2 A

)!

� � (f q(t)g) + �

 

[

( Z � (t )

0
k(t; s)F (s;x(� (s))) ds : x 2 A

)!

� �

 Z � (t )

0
k(t; s)F (s;A(� (s))) ds

!

=
Z � (t )

0
k(t; s)� (F (s;A(� (s)))) ds

� K
Z � (t )

0
� (F (J � A(J )) ds
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� K
Z � (t )

0
�� (A(J )) ds

� �K � (A(J ))

where A(J ) = [ s2 J f � (s) : � 2 Ag: Now an application of Lemma 4.1 yields that for
each t 2 J; we have

� (T(A(t))) � �K � (A): (18)

Next we show that T(A) is a uniformly boundedand equi-continuous set in [a;b]: To
seethis, let u 2 Tx be arbitrary. Then there is a v 2 S1

F (x) such that

u(t) = q(t) +
Z � (t )

0
k(t; s)v(s) ds:

Hence

ku(t)kE � kq(t)kE +
Z � (t )

0
kk(t; s)v(s)kE ds

� kq(t)kE + K
Z � (t )

0
kF (s;x(� (s))) kE ds

� kq(t)kE + K
Z � (t )

0
h(s) ds

= kq(t)kE + K khkL 1

for all x 2 A and so T(A) is a uniformly boundedset in [a;b]: Again let t; � 2 J; then
for any y 2 T(A) onehas

ky(t) � y(� )kE � kq(t) � q(� )kE + k
Z � (t )

0
k(t; s)v(s) ds �

Z � (� )

0
k(� ; s)v(s) dskE

� kq(t) � q(� )kE + k
Z � (t )

0
k(t; s)v(s) ds �

Z � (t )

0
k(� ; s)v(s) dskE

+ k
Z � (t )

0
k(� ; s)v(s) ds �

Z � (� )

0
k(� ; s)v(s)kE

� kq(t) � q(� )kE + k
Z � (t )

0
[k(t; s) � k(� ; s)]v(s) dskE

+ k
Z � (t )

� (� )
jk(� ; s)jv(s) dskE

� kq(t) � q(� )kE +

�
�
�
�
�

Z � (t )

0
jk(t; s) � k(� ; s)j kv(s)kE dskE

�
�
�
�
�

+

�
�
�
�
�

Z � (t )

� (� )
jk(� ; s)j kv(s)kE ds

�
�
�
�
�
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for somev 2 S1
F (x): This further implies that

ky(t) � y(� )kE � kq(t) � q(� )kE +
Z � (t )

0
jk(t; s) � k(� ; s)jh(s) ds

+ jp(t) � p(� )j

wherep(t) = K
R� (t )

0 h(s) ds:

Notice that p and � are continuousfunctions on J; sop is uniformly continuouson
J: As a result we have that

ky(t) � y(� )kE ! 0 as t ! � :

This shows that T(A) is an equi-continuousset in X : Now an application of Lemma
4.1 (ii) to (18) yields that

� (T(A)) � �K � (A)

where�K < 1: This shows that T is a countably condensingmulti-v alued mapping on
[a;b]: Next we show that T is a upper semi-continuousmulti-v alued mapping on [a;b]:
Let f xng be a sequencein [a;b] such that xn ! x � : Let f yng be a sequencesuch that
yn 2 Txn and yn ! y� : We shall show that y� 2 Tx � :

Sinceyn 2 Txn ; there exists a vn 2 S1
F (xn ) such that

yn(t) = q(t) +
Z � (t )

0
k(t; s)vn (s) ds; t 2 J:

We must prove that there is a v� 2 S1
F (x � ) such that

y� (t) = q(t) +
Z � (t )

0
k(t; s)v� (s)ds; t 2 J:

Considerthe continuous linear operator L : L 1(J; IR) ! C(J; E) de�ned by

Lv(t) =
Z � (t )

0
k(t; s)v(s)ds; t 2 J:

Now kyn � q(t) � (y� � q(t))kE ! 0 as n ! 1 :

Next we show that L � S1
F is a closedgraph operator on C(J; E) � C(J; E). From

the de�nition of L we have

yn (t) � q(t) 2 L � S1
F (xn ):
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Sinceyn ! y� ; there is a point v� 2 S1
F (x � ) such that

y� (t) = q(t) +
Z t

0
k(t; s)v� (s) ds; t 2 J:

This shows that T is an upper semi-continuous operator on [a;b]:

Next we show that Tx is closedsubsetof X for each x 2 X : To �nish, it is enough
to show that the values of the operator S1

F are closed in B(J; IR): Let f ! ng be a
sequencein B(J; IR) such that ! n ! ! : Then ! n ! ! in measure. So there exists a
subsequenceS of the positive integerssuch that ! n ! ! a.e. n ! 1 through S: Since
the hypothesis(H4) holds, the valuesof S1

F areclosedin B(J; IR): Thus for each x 2 X ;
Tx is a non-empty, closedand boundedsubsetof X :

Thus T satis�es all the conditions of Corollary 3.3 and thereforean application of
it yields that T has a least �xed point x � and a greatest �xed point x � in [a;b]: This
further implies that x � and x � are respectively the minimal and maximal solutions of
integral inclusion (1) on J; and the sequencesf xng and f yng de�ned by (15) and (16)
convergerespectively to x � and x � : This completesthe proof. �

5 Applications

In this section we obtain the existencetheoremsfor extremal solutions to initial and
boundary value problemsof ordinary di�erential inclusionsby the applications of the
main existenceresult of the previoussection.

5.1. Initial Value Problem: Given a closedand bounded interval J = [0; 1] in
IR; considerthe initial value problem (in short IVP) of ordinary functional di�erential
inclusion,

x0 2 F (t; x(� (t))) a.e. t 2 J

x(0) = x0 2 IR;

)

(19)

whereF : J � IR ! 2IR and � : J ! J is continuous.

By a solution of the IVP (19) we meana function x 2 AC(J; IR) that satis�es the
relations in (19) on J; that is, there exists a v 2 L 1(J; IR) with v(t) 2 F (t; x(� (t))) for
all t 2 J such that x0(t) = v(t) a.e. t 2 J and x(0) = x0; whereAC(J; IR) is the space
of all absolutely continuous real-valued functions on J:

The IVP (19) hasbeenstudied in the literature for various aspectsof the solution.
SeeAubin and Cellina [2], Deimling [7] and the referencestherein.
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Now AC(J; IR) is a Banach spacewith respect to the norm k � kC given by

kxjj C = supfj x(t)j t 2 Jg:

De�ne an order relation � in AC(J; IR) by the coneK AC in AC(J; R) given by

K AC = f x 2 AC(J; IR)j x(t) � 0; 8 2 Jg (20)

It is known that the coneK AC is normal in AC(J; IR).

De�nition 5.1 A function a 2 AC(J; IR) is called a lower solution of IVP (19) if
for all v 2 S1

F (x); x 2 AC(J; IR) we havea0(t) � v(t) for all t 2 J with x(0) = x0.
Similarly an upper solution b of IVP (19) is de�ned.

We needthe following hypothesisin the sequel.

(H6) The IVP (19) hasa lower solution a and an upper solution b on J with a � b.

Theorem 5.1 Assumethat hypotheses(H1)-(H 4) and (H6) hold. Then the functional
di�er ential inclusion (19) hasa maximal and a minimal solution on J:

Pro of: A function x : J ! IR is a solution of the IVP (19) if and only if it is a solution
of the integral inclusion

x(t) � x0 2
Z t

0
F (s;x(� (s)))) ds; t 2 J: (21)

Now the desiredconclusionfollows by an application of Theorem 4.1 with q(t) = x0;
� (t) = t for all t 2 J and k(t; s) = 1 8 t; s 2 J; sinceAC(J; IR) � BM (J; IR): �

5.2. Boundary Value Problems: Given a closedand bounded interval J =
[0; 1] in IR; considerthe �rst and secondboundary value problems(in short BVPs) of
functional di�erential inclusions

x00(t) 2 F (t; x(� (t))) ; a:e:t 2 J

x(0) = 0 = x(1)

)

(22)

and
x00(t) 2 F (t; x(� (t))) ; a:e:t 2 J

x(0) = 0 = x0(1)

)

(23)

whereF : J � IR ! 2IR and � : J ! J is continuous.
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De�nition 5.2 By a solution of the BVP (22) or (23) we mean a function x 2
AC 1(J; IR) suchthat x00(t) = v(t) for all t 2 J for somev 2 S1

F (x) , where AC 1(J; IR)
is the space of all continuous real-valued functions whose�rst derivative exists and is
absolutelycontinuous on J:

The study of BVPs (19) and (21) for existenceresult has beenmade in Halidias
and Papageorgiou[12] via the method of Lower and upper solutions. In the present
paper, we shall discussthe existenceof extremal solutionsbetweenthe given lower and
upper solutions.

De�ne an order relation in AC 1(J; IR) by the coneK AC given by (20). Clearly K AC

is a normal conein AC 1(J; IR).

A solution xM of BVP (22) or (23) is called maximal if for any solution x of such
BVP, x(t) � xM (t) for all t 2 J: Similarly a minimal solution of BVP (22) or (23) is
de�ned.

De�nition 5.3 A function a 2 AC 1(J; IR) is called a lower solution of BVP (22) if for
all v 2 S1

F (x); x 2 AC(J; IR) we havea00(t) � v(t) for all t 2 J with a(0) = 0 = a(1).
Again a function b 2 AC 1(J; IR) is called an upper solution of BVP (22) if for all
v 2 S1

F (x); x 2 AC(J; IR) we haveb00(t) � v(t) for all t 2 J with b(0) = 0 = b(1).
Similarly an upper and lower solution of BVP (23) are de�ned.

We considerthe following hypothesis:

(H7) The BVP (22) hasa lower solution a and an upper solution b with a � b.

(H8) The BVP (23) hasa lower solution a and an upper solution b with a � b.

Theorem 5.2 Assumethat hypotheses(H1)-(H 4) and (H7) hold. Then BVP (22) has
a minimal and a maximal solution on J:

Pro of: A function x : J ! R is a solution of BVP (22) if and only if it is a solution
of the integral inclusion

x(t) 2
Z 1

0
G(t; s)F (s;x(� (s)))) ds; t 2 J (24)

whereG(t; s) is a Green'sfunction associated with the homogeneouslinear BVP

x00(t) = 0; a.e. t 2 J
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x(0) = 0 = x(1):

It is known that G(t; s) is a continuousand nonnegative real-valued function on J � J:
Now an application of Theorem4.1 with q(t) = 0; � (t) = 1 for all t 2 J and k(t; s) =
G(t; s); 8 t; s 2 J yields that BVP (22) has a minimal and a maximal solution on J;
AC1(J; IR) � BM (J; IR): �

Theorem 5.3 Assumethat hypotheses(H1)-(H 4) and (H8) hold. Then BVP (23) has
a minimal and a maximal solution on J:

Pro of: A function x : J ! IR is a solution of BVP (23) if and only if it is a solution
of the integral inclusion

x(t) 2
Z 1

0
H (t; s)F (s;x(� (s))) ds; 2 J;

whereH (t; s) is a Green'sfunction for the BVP

x00(t) = 0 a.e. t 2 J;
x(0) = 0 = x0(1):

�
(25)

It is known that H (t; s) is a continuousand nonnegative real-valued function on J � J:
Now an application of Theorem 4.1 with q(t) = 0; � (t) = 1 for all t 2 J and k(t; s) =
H (t; s); 8 t; s 2 J yields that BVP (23) has a minimal and a maximal solution on J;
AC 1(J; IR) � BM (J; IR): �
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