Electr onic Journal of Qualitative Theory of Dier ential Equations
2003, No. 14, 1-18; http://www.math.u-szeged.h u/ejqtde/

A FUNCTIONAL INTEGRAL INCLUSION INV OLVING
CARA THEODORIES

B. C. Dhage

Kasubai, Gurukul Colony
Ahmedpur-413 515, Dist: Latur
Maharasthira, India
e-mail: bcd20012001@ahoo.co.in

Abstract

In this paper the existenceof extremal solutions of a functional integral in-
clusioninvolving Caratheodory is proved under certain monotonicity conditions.
Applications are given to someinitial and boundary value problems of ordinary
di erential inclusionsfor proving the existenceof extremal solutions. Our results
generalizethe results of Dhage[8] under wealer conditions and complemer the
results of O'Regan [16].
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1 Intro duction

The topic of di erential and integral inclusionsis of much interestin the subject of set-
valued analysis. The existencetheoremsfor the problemsinvolving the inclusionsare
generallyobtainedunderthe assumptionthat the set-functionin questionis either lower
or upper semi-cotinuous on the domain of its de nition. SeeAubin and Cellina [2]
and the referencegherein. Recenly the Caratheodory condition of multi-function has
becomemost commonin the literature while proving the existencetheorems. But the
study of sud inclusionsfor the existenceof extremal solutionsis rare in the literature.
Most recerly the presen author has obtained someresults for di erential inclusion
in this direction with somestronger order relation of the multi-function. Thereforeit
is of interest to discussthe existencetheoremsfor the extremal solutions under the
wealer order relation of multi-function. In this paper we study the functional integral
inclusionsinvolving Carathedory .

Let IR denotethe real line. Let E be a Banad spacewith the norm k kg and let
2F denotethe classof all non-empty closedsubsetsof E. Given a closedand bounded
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interval J = [0; 1] in IR, considerthe integral inclusion
Z
x(t) 2 q(t) + k(t; s)F (s;x( (s))) ds (1)
0
fort 2 J,where ; :J! J;q:J! E;k:J J! IR; arecontinuous and
F:J E! 2E:

By the solution of the integral inclusion (1) we meana cortinuousfunction x : J !
E sud that Z
x(t) = q(t) + k(t; s)v(s) ds
0
for somev 2 B(J;IR) satisfying v(t) 2 F(t; x( (t))); 8t 2 J, where B(J;E) is the
spaceall E-valued Bochner integrable functionson J.

The integral inclusion (1) has beenstudied recerlly by O'Regan [16] for the exis-
tence result under Caratheadory condition of F: In the presem work we discussthe
existenceof extremal solutions of the integral inclusion (1) under certain monotonic-
ity condition of the set-function F: In the following sectionwe prove some xed point
theoremsfor monotoneincreasingset-mapson ordered Banad spaces.

2 Preliminaries

Let X beaBanad spacewith anormk k andlet 2* denotethe classof all non-empty
closedsubsetsof X: A correspndenceT : X ! 2X is called a multi-valued mapping
(in short multi-map) and a point u 2 X is calleda xed point of T if u 2 Tu: Let
T(A) = [ x2aTx: T is said to have closed(resp. convex and compact) valuesif Tx is
closed(resp. corvex and compact) subsetof X for eath x 2 X: T is called bounded
on boundedsubsetB of X if T(B) is boundedsubsetof X: T is called upper semi-
cortinuousif for any open subsetG of X the setfx 2 X jTx Ggisopenin X: T is
saidto be totally boundedif for any boundedsubsetB of X; T(B) is totally bounded
subsetof X : Again T is calledcompletely cortinuousif it is upper semi-cotinuousand
totally boundedon X: Finally T is calledcompactif T(X) is a compactsubsetof X: It
is known that if the multi-valued map T is totally boundedwith non-empty compact
valuesthen T is upper semi-coinuous if and only if T has a closedgraph (that is
Xn ! X3¥n! YiVn2Txn) y 2Tx).

A Kuratowski measureof noncompactness of a boundedsetA in X is a nonneg-
ative real number (A) de ned by

) )
(A)=inf r>0:A= A;; diam(A;)) r; 8i : (2)

i=1
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The function enjoys the following properties:

(1) (A)=0, A isprecompact.

( .) (A)= (A)= (coA); whereA and codenoterespectively the closureand the
closedcorvex hull of A:

(adA B) (A (B)
( 2) a(A[ B)=maxf (A); (B)g:
(s) (A)=jj (A8 2IR:
(e (A+B) (A)+ (B):

The details of measuresof noncompactnessnd their properties appear in Banasand
Goebel [4].

De nition 2.1 A mappingT : X ! 2X is called condensing(countably condensing)
if for any boundel (resp. boundeal and countable) subsetA of X; T(A) is boundel and
(T(A) < (A); (A)>0

A subsetA of X is called courtable if there exists a one-to-onecorrespndence
f :IN! A; wherelN is the set of natural numbers. The elemeh a= f(1) 2 A is
called the rst elemen of A: A multi-valued mapping T : X ! X is said to satisfy
Condition D if for any courtable subsetA of X;

A tcofag[ T(A))) A iscompact (3)

whereaisthe rst elemen of A: The xed point theory for the single-\alued mappings
T on a Banad spaceX satisfying Condition D have beendiscussedn Dhage[9].

Obviously every completely cortinuous multi-valued mapping T on a boundedsub-
setof X into X satis es Condition D.

A non-empty closedsubsetK of X is called a coneif it satises (i) K + K K;
(i) K K;8 2 IR" and (i) K\ K = 0; whereO is a zeroelemen of X. We
de ne an orderrelation in X by

X yi y x2K: (4)

Let X;y 2 X besud that X y: Then by the order interval [X; Y] we meana setin

X de ned by
Xiyl=fx2Xjx x vyg 5)
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A coneK in X is called normal if the norm k k is semi-monotoneon K i.e. for
givenx;y 2 K; with x vy there existsa constart N > 0 sud that kxk  Nkyk: It
is known that if the coneK in X is normal, then ewery order- boundedsetin X is
boundedin norm. The details of conesand their properties may be found in Amann
[3], Deimling [6] and Heikkila and Lakshmikantham [13].

Let A;B 2 2%: Thenby A B we meanthe following :

For every a2 A thereisapoint b2 B sudhthat a b
and for every 1’2 B thereis a point a°2 A such that a® B>

(6)
For any A 2 2X we denote

_A=inffx2 Xja x;8a2Ag
and

NA=supfx2 Xja x;8a2Ag:

De nition 2.2 A multi-valued mappingT : X ! 2% is called weakly isotoneincreas-
ing (resp. weakly isotone decreasing) if x  Tx (resp. x  Tx); 8x 2 X: A weakly
isotone multi-valued map is one which is either weakly isotone increasing or weakly
isotone decreasingon X:

De nition 2.3 A mappingT : X ! 2X is called isotone increasing if for any x;y 2
X; x y,wehavethat Tx Ty:

3 Fixed Point Theory

Before going to the main results of this paper, we give a useful de nition.

De nition 3.1 A multi-valued mappingT : X ! 2X is called Chandrabhan if A is
a countablesubsetof X; then

A cToC[ T(A)) A is compact (7)

wheee C is a precompact subsetof A:

Notice that a mapping T : X ! 2X satisfying Condition D is Chandrabhan, but
the corversemay not be true.

Theorem 3.1 LetT : X ! 2X be an upper semi-ontinuous and Chandrabhanmap
with closal values. Further if T is weakly isotone,then T hasa xed point.
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Pro of. Suppose rst that T is isotoneincreasingon X. Let x 2 X be arbitrary and
de ne a sequencd x,g X asfollows. Let X, = X. SinceT is isotoneincreasing,we
have X, TXg. Then thereis a point, say X; 2 TXg sud that X, X;. Continuing in
this way, by induction we have a sequencd x,g in X sud that

Xo= X; Xns1 2 TXy; N 0 (8)
and
Xo X1 Xo, i Xp
Take A = fXp;Xq;:::0: Then A is courtable and a = Xg isits rst elemen. Thus we
have
A = fXgX5:i0
= fxog[ fXxiX%z5:00
fag[ T(fXo;X1;:::Q)
= fag[ T(A)
cafag[ T(A)):

SinceT is Chandrabhan,we have that A is compact. Thereforethe sequencd x,,g
hasa convergen subsequenceornvergingto a point x 2 X: From (2.3) it follows that
f Xnhg is monotoneincreasingand sothe whole sequencesorvergesto x : By the upper
semi-cominuity of T,

X = limxpey 2 1IMmT(Xp) = T(limx,) = TX :
n n n

Similarly if T is weakly isotone decreasingthen it can be proved that T hasa xed
point. This completesthe proof.

Corollary 3.1 Let S be a closal and boundal subsetof a Banach space X and let
T:S ! 25 bean upper semi-ontinuous and countably condensingmap with closel
values. Further if T is weakly isotone,then T hasa xed point.

Pro of. To conclude,we simply show that T is a Chandrabhanmap on A: Let A bea
courtable subsetof S: Supposethat
A cTdC[ T(A)

where C is a precompactsubsetof A: We show that A is precompact. If not, then

(A) > 0: Now by the properties( ;) ( 4) of ; onehas

(A) (C[ T(A)

maxt (C); (T(A)g
maxf0; (A)g

(A)

N
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which is a cortradiction. HenceA is precompactand A is compactin view of complete-
nessof S. Thus T is Chandrabhanand now the conclusionfollows by an application
of Theorem3.1.

Corollary 3.2 Let S be a closal and boundal subsetof a Banach space X and let
T:S! 25 be a completelycontinuous multi-mapping with closel values. Further if T
is weakly isotone, then T hasa xed point.

Theorem 3.2 LetT :[x;y]! 2V be a Chandmbhanmulti-map suchthat

(@) T is upper semi-ontinuous ,and

(b) T is isotoneincreasing.

Then T hasa least xed point x and a greatest xed point x in [X;y]: Moreover the
sguenesfx,g and fy,g de ned by

bl

Xne1 = "TXn: N 0 with Xxq = (9)
and

Yn+1 = _TYn; N 0 with yg = (20)

<

convegeto X and x respectively.

Pro of. De ne the sequence$x,g and fy,g in [X;y] by (9) and (10) respectively. As
Tx is closedsubsetof [X;y] , _Tx;*"Tx 2 Tx for eat x 2 [X; V], and sothe sequences
fx,g and fy,g are well de ned. SinceT is isotone increasing,the sequencd x,g is
monotoneincreasingin [X; Y]: Let A = fXg;X1;:::9: Then A is courtable and a = Xg is
its rst elemen. Thus we have

A fXo;X1;:::0
fXog[ fX1;X2;:::0

fag[ T(A):

SinceT satis es Condition D, A is compact. Hencethe sequencd x,g converges
to apoint x 2 [X;Vy]: By the upper semi-cotinuity of T; x 2 Txy : Again considera
sequencdy,g [X;y] de ned by (10). SinceT is isotoneincreasing,we have that fy,g
is a monotonedecreasingsequenceén [X; ¥]: Then following the above argumerts, it can
be proved that the sequencdy,g convergesto a point x in [X;y]: By the upper semi-
cortinuity of T; we obtain x 2 Tx : Finally we show that x and x are respectively
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the least and the greatest xed points of T in [X;y]: Let z 2 [X;y] be any xed point
of T in [X;y]: Then by the isotonicity of T; onehas

X=Xo X1 i Xnp Z Yp Y1 Yo=Y

8n 2 IN: Passingto the limit asn! 1 ; we obtain x z X : This completesthe
proof.

Corollary 3.3 Let T :[x;y]! 2%V ke a continuous and countably condensing. Fur-
ther if T is isotoneincreasingand the coneK in X is normal, then T hasa least xed
point x and a greatest xed point x in [X;y]: Moreover the segquenesf x,g and fy,g
de ned by (9) and (10) convegeresyectively to x and x :

Pro of. We simply show that T satis es condition D on [X;y]: Let A be a countable
setin [X;y]; which is boundedin view of the normality of the coneK in X: Suppose
that A fag[ T(A); whereaisa rst elemen of A: We show that A is precompact.
Supposenot. Then by the properties ( 2)-( 4),

(A) (fag[ T(A))

maxf (fag); (T(A)g
maxf0; (A)g

= (A)

N

which is a cortradiction. HenceA is precompactand A is compactin view of the
completenesf X: Now the desiredconclusionfollows by an application of Theorem
3.2.

Corollary 3.4 LetT :[x;y]! 25 be a completelycontinuous multi-mapping. Fur-
ther if T is isotoneincreasingand the coneK in X is normal, then T hasa least xed
point X and a greatest xed point X in [X;y]: Moreover the sequenesfx,g and fy,g
de ned by (9) and (10) convergeto x and x respectively.

Remark 3.1 Note that when T = ff g, a singe-walued mapping, the results of this
sectionreduceto the xed point results of Dhage proved in [9].

4 Existence of extremal solutions

In this sectionwe shall prove the existenceof the extremal solutionsof integral equation
(1) betweenthe given lower and upper solutions on J and using the Caratheadory's
conditions of F:
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Dene anormk kin AC(J;E) by

kxk = supkx(t)ke: (11)

t2J

Clearly C(J;E) is a Banad spacewith this suprenum norm. We introduce an
order relation in AC(J;E) with the help of the coneK in C(J;E) de ned by the
cone

Kac = fx 2 C(J;E)jx(t) 2 Kg; 8t2 Jg; (12)

whereK g is a conein E.

The following result is crucial in the sequel.

Lemma 4.1 (Martin [15) Let T > O andlet E be a Banachspace. Then the following
statementshold.

i) If A C([0; T];E) is bounded, then

sup (A1)  (A(O;TD))  (A):

t2[0;T]
i) If A C([0;T]; E) is bounded and equi-continuous, then

(A)= sup (A(t) = (A(O;T]):
t2[0;T]

We also needthe following de nitions in the sequel.

De nition 4.1 A multi-valued map F : J ! 2F is said to be measurableif for any
y 2 X; thefunction t! d(y;F(t)) = inf fky xke :x 2 F(t)g is measurable.

Denote
KF (t; x)k = fk ukg :u 2 F(t;x)g

and
kjF (t; x)kj = supfk ukg : u 2 F(t; x)g:

De nition 4.2 A multi-valued function :J E ! 2F is called Caratheadory if

i) t! (t x) is measurablefor eachx 2 E; and
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i) x!  (tx) is an upper semi-ontinuous almost everywhee for t 2 J:
De nition 4.3 A Caratheadory multi-function F (t; x) is called L *-Caratheadory if for
everyreal numker r > 0 there existsa function h, 2 L*(J;IR) suchthat
kiF (t; x)kj h,(t) a.e. t2J
for all x 2 E with kxkg .

Denote
St(x) = fv2 B(J;E)jv(t) 2 F(t; x( (1)) ae.t2Jg

Then we have the following lemmasdue to Lasota and Opial [14].

Lemma 4.2 If dam(E)< 1 andF :J E! 2FisL!-Caratheadory, thenS}(x) 6 ;
for eachx 2 E:

Lemma 4.3 Let E be a Banach space, F an Caratheadory multi-map with St 6 ;
andletL : L(J;E)! C(J;E) be a continuous linear mapping. Then the operator
L St:C(JE)! 2°UE)

is a closal graph operator on C(J;E) C(J;E):
Following Dhageand Kang [10] and Dhageet.al. [11], we have

De nition 4.4 A function a ZRC(J; E) is called a lower solution of integral inclusion
(1) if it satises a(t) q(t)+ , " k(t;s)v(s)ds for all v 2 B(J;E) suchthat v(t) 2
F(t;a( (1)) a.e.t2 J. Similarly a function b2 IQ(J; E) is called an upper solution of
integral inclusion (1) if it satises b(t) q(t) + O(t) k(t; s)v(s)ds for all v 2 B(J;E)
suchthat v(t) 2 F(t; b( (1)) ae.t2J

De nition 4.5 A multi-function F(t; x) is said to be nondecreasing in x almost ev-
erywhee for t 2 J if for any x;y 2 E with x y we havethat F(t;x) F(t;y) for
almost everywhee t 2 J:

We considerthe following set of hypothesesin the sequel.
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(Ho) The function k(t; s) is cortinuousand nonnegativeonJ J with

K = supk(t; s):

t;s2J

(H1) The multi-valued function F (t; x) is Caratheadory.

(H,) For any courtable and boundedsetA of E; (F(J A)) (A), for somereal
number > 0.

(H3) The function F (t; x) is nondecreasingn x almost everywherefor t 2 J:
(Hs) SE(x) 6 ; for eadh x 2 C(J;E):
(Hs) The integral inclusion (1) hasa lower solution a and upper solution bwith a  b:

(He) The functiont! KjF(t;a( (1)) kje + KjF (t; b( (t))kje is Lebesgueintegrable on
J.

Remark 4.1 Note that if hypothesis (Hz) and (H4) hold, then the multi-map St :
C(J;E)! 2°UE) js isotoneincreasing.

Remark 4.2 Supmse that hyptheses(H;), (Hs), (Hs) hold and de ne a function
h:J! IR by
h(t) = kiF(t; a( (1)) kje + kiF (t; b( (t)Kje (13)

8 t 2 J: Then the function h is Lelesgueintegrableon J and
KF (6 x( ())ke h(t) (14)

8t2J and8x 2 [a;b]:

Theorem 4.1 Assumethat hypotheses(Hg)-(Hs) hold. If K < 1 and the cone K¢
in E is normal, then integral inclusion (1) hasa minimal solution x and a maximal
solution x in [a;b]: Moreover the sequenesf x,g and fy,g de ned by

Z,

Xns1 (1) = )+ k(G S)(MF(s;xn( (9)))) ds; n O with xo=a  (15)
0

and Z,
Yn+1 (t) = Yo + i K(t; S)(_F(siyn( (9)))) ds; n O with yo=b (16)

convemge respctively to x andx :
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Proof. Let X = C(J;E) and considerthe order interval [a;l in X which is well
de ned in view of (Hs). De ne amapping T : [a;b]! 2% by
( Z )

Tx= u:u(t)= gt)+ k(t; s)v(s)ds; v2 SE(x) : (17)
0

We shall shav that T satis es all the conditions of Corollary 3.3 on [a; b]: First we
show that T is isotoneincreasingon [a;b: Let x;y 2 [a;b] be such that x y. Then
by (H3) and Remark 4.1 we get

( Z o )
Tx = u:u(t) = q(t) + k(t; s)va(s) ds; vi 2 SE(X)
0
( Z o )
u:u(t) = qt) + k(t; S)va(s) ds; v, 2 SE(y)
0
= Ty

8t 2 J: Asaresult Tx  Ty: ThereforeT is isotone increasingon [a;b]: Next let
X 2 [a;b] be arbitrary. Thenwe havea x b:By (H3)-(Hs) we obtain

a Ta Tx Tb b:

HenceT de nesamapping T :[a;b! 2&Y: Again the coneK ¢ in C(J;E) is normal.
To seethis, let x;y 2 K¢ be sud that O X y: Then we have 0  x(t)

y(t);8t 2 J: Sincethe coneKg in E is normal, there is a constat N > 0 sud
that kx(t)ke  Nky(t)kg; 8 t 2 J: This further in view of relation (4) implies that
kxk  Nkyk and sothe coneK ¢ is normal in C(J;E): As a result the order interval
[a;b] is a norm-bounded subsetof C(J;E): Finally we show that T is a courtably
condensingmappingon [a;b]: Let A [a;b] be countable. Then for t 2 J; we have

( Z )!
(T(A(1))) [ alt)+ . k(t; s)F(s;x( (s))) ds:x 2 A
(7 © )!
(fa)g) + [ K(t; S)F (s:x( (s))) ds: x 2 A
0

!
Z

k(t; s)F (s;A( (s))) ds
0
ZAN0)

= k(t;s) (F(s;A( (9)) ds
0
Z
K (F@ AQ2))ds
0
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Z
K (A(J)) ds

0
K (AQ))

where A(J) = [ s23f (S): 2 Ag: Now an application of Lemma 4.1 yields that for
eath t 2 J; we have
(T(A(®)) K (A): (18)
Next we shav that T(A) is a uniformly boundedand equi-corinuous setin [a;b]: To
seethis, let u 2 Tx be arbitrary. Then thereis av 2 St (x) suc that
Z
u(t) = q(t) + k(t; s)v(s) ds:
0
Hence
Z
ku(t)ke kq(t)ke + kk(t; s)v(s)ke ds
°Z
kq(t)ke + K KF (s;x( (S))) ke ds
Z
kg(t)ke + K h(s) ds

0
= kq(t)ke + K khk:

for all x 2 A and soT(A) is a uniformly boundedsetin [a;b]: Againlett; 2 J; then
forany y 2 T(A) onehas

Z Z ()
ky(t) y( )ke ka(t) a( )ke + k i k(t; s)v(s) ds ) K( ;s)v(s) dske
Z Z
ka(t) q( )ke + k k(t; s)v(s) ds k( ;s)v(s) dske
0 0
Z Z ()
+k k( ;s)v(s)ds k( ;s)v(s)ke
0 Z " 0
ka(t) a( )ke + k [k(t;s)  K( ;s)]v(s) dske
zZ . 0
+K ()jk( ;S)jv(s) dske
0)
Z
ka(t) o ke + ) jk(t;s)  K( ;)] kv(s)ke dske
Z
+ JK( ;)] kv(s)ke ds

()
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for somev 2 St (x): This further implies that
Z
ky(t) y( ke ka(t) a( ke + . jk(t;s)  k( ;s)ih(s)ds
+jp(t)  p( )i
_« R .
wherep(t) = K " h(s) ds:

Notice that pand are cortinuousfunctions on J; sop is uniformly cortinuouson
J: As a result we have that

ky(t) y()ke! Oast!

This shavsthat T(A) is an equi-coninuoussetin X: Now an application of Lemma
4.1 (ii) to (18) yields that
(T(A) K (A)
where K < 1: This shovsthat T is a courtably condensingmulti-valued mapping on
[a;b]: Next we shaw that T is a upper semi-comin uous multi-valued mapping on [a; b):

Let fx,g be a sequencen [a; b sud that x, ! X : Let fy,g be a sequencesud that
Vn2 TX, andy,! y:Weshallshawthaty 2 Tx :

Sincey, 2 Tx,; there existsa v, 2 St (x,) sud that

Z

yn(t) = q(t) + K(t; S)va(s)ds; t 2 J:
0

We must prove that thereisav 2 St(x ) sud that

Z

y (1) = q(t) + k(t; s)v (s)ds; t 2 J:
0

Considerthe cortinuouslinear operator L : L1(J;IR) ! C(J;E) de ned by

Z

Lv(t) = k(t; s)v(s)ds; t 2 J:
0

Now ky, q(t) (y q(t))ke! Oasn! 1:

Next we shav that L St is a closedgraph operator on C(J;E) C(J;E). From
the de nition of L we have

ya(t) a(t)2 L SE(xn):
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Sincey, ! vy ;thereisapoint v 2 St(x ) sud that
Z t

y () = q(t) + k(t;s)v (s)ds; t 2 J:
0

This shavs that T is an upper semi-corin uous operator on [a; b|:

Next we show that Tx is closedsubsetof X for ead x 2 X: To nish, it is enough
to shav that the values of the operator St are closedin B(J;IR): Let f!,g be a
sequencen B(J;IR) suchthat ', ! !:Then!,! ! in measure.Sothere exists a
subsequencé of the positive integerssudi that ! , ! ! a.e.n! 1 through S: Since
the hypothesis(H,4) holds, the valuesof St are closedin B(J; IR): Thusfor eat x 2 X;
Tx is a non-emply, closedand boundedsubsetof X:

Thus T satis es all the conditions of Corollary 3.3 and therefore an application of
it yieldsthat T hasa least xed point x and a greatest xed point x in [a;b]: This
further implies that x and x are respectively the minimal and maximal solutions of
integral inclusion (1) on J; and the sequence$x,g and fy,g de ned by (15) and (16)
convergerespectively to x and x : This completesthe proof.

5 Applications

In this sectionwe obtain the existencetheoremsfor extremal solutions to initial and
boundary value problemsof ordinary di erential inclusionsby the applications of the
main existenceresult of the previoussection.

5.1. Initial Value Problem: Given a closedand boundedinterval J = [0; 1] in
IR; considerthe initial value problem (in short IVP) of ordinary functional di erential

inclusion, )
x°2 F(t;x( (1)) ae.t2J

X(0) = Xg 2 IR;

(19)

whereF :J IR! 2R and :J1! Jiscortinuous.

By a solution of the IVP (19) we meana function x 2 AC(J; IR) that satis es the
relationsin (19) on J; that is, there existsa v 2 L1(J;IR) with v(t) 2 F(t; x( (t))) for
all t 2 J sudh that xYt) = v(t) a.e.t 2 J and x(0) = Xo; whereAC (J; IR) is the space
of all absolutely cortinuous real-valued functions on J:

The IVP (19) hasbeenstudied in the literature for various aspects of the solution.
SeeAubin and Cellina [2], Deimling [7] and the referencedherein.
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Now AC (J; IR) is a Banad spacewith respect to the norm k k¢ given by
kxjjc = supfjx(t)jt2 Jg:
De ne an orderrelation in AC(J;IR) by the coneK oc in AC(J;R) given by
Kac = fx2 AC(J;IR)jx(t) 0;8 2 Jg (20)

It is known that the coneK ¢ is normal in AC(J;IR).

De nition 5.1 A function a 2 AC(J;IR) is called a lower solution of IVP (19) if
for all v 2 St(x);x 2 AC(J;IR) we havea¥t) v(t) for all t 2 J with x(0) = Xo.
Similarly an upper solution b of IVP (19) is de ned.

We needthe following hypothesisin the sequel.

(Hg) The IVP (19) hasa lower solution a and an upper solutionbonJ with a b

Theorem 5.1 Assumethat hypthesegH,)-(H4) and (Hg) hold. Then the functional
di er ential inclusion (19) hasa maximal and a minimal solution on J:

Pro of: A functionx : J ! IR isasolution of the IVP (19) if and only if it is a solution
of the integral inclusion
Z t
X(t) Xo2 F(s;x( () ds; t2J: (22)
0

Now the desiredconclusionfollows by an application of Theorem 4.1 with g(t) = Xo;
(t)=tforall t2J andk(t;s)=18t;s2 J;sinceAC(J;IR) BM(J;IR):

5.2. Boundary Value Problems: Given a closedand bounded interval J =
[0; 1] in IR; considerthe rst and secondboundary value problems(in short BVPS) of
functional di erential inclusions

x®t) 2 F(t; x( (1);a:et2 J )
(22)
x(0) = 0= x(1)
and )
x%U) 2 F(t; x( (1);aet2J
(23)
x(0) = 0= xY1)

whereF :J IR! 2R and :J1! Jiscortinuous.
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De nition 5.2 By a solution of the BVP (22) or (23) we mean a function x 2
AC1(J;IR) suchthat x°¢t) = v(t) for all t2 J for somev 2 St(x) , whee AC1(J;IR)
is the space of all continuous real-valual functions whose rst derivative existsand is
absolutelycontinuous on J:

The study of BVPs (19) and (21) for existenceresult has beenmade in Halidias
and Papageorgiou[12] via the method of Lower and upper solutions. In the preser
paper, we shall discussthe existenceof extremal solutionsbetweenthe given lower and
upper solutions.

De ne an order relation in AC*(J;IR) by the coneK ac givenby (20). Clearly K ac
is a normal conein AC1(J; IR).

A solution xy of BVP (22) or (23) is called maximal if for any solution x of sut
BVP, x(t) xm(t) for all t 2 J: Similarly a minimal solution of BVP (22) or (23) is
de ned.

De nition 5.3 A function a2 AC(J;IR) is called a lower solution of BVP (22) if for
all v2 St(x);x 2 AC(J;IR) we havea®ft) v(t) for all t2 J with a(0) = 0= a(l).
Again a function b 2 AC(J;IR) is called an upper solution of BVP (22) if for all
v 2 St(x);x 2 AC(J;IR) we have{t)  v(t) for all t 2 J with b(0) = 0= K(1).
Similarly an upper and lower solution of BVP (23) are de ned.

We considerthe following hypothesis:

(H7) The BVP (22) hasa lower solution a and an upper solution bwith a b.

(Hg) The BVP (23) hasa lower solution a and an upper solution bwith a b.

Theorem 5.2 Assumethat hyptheseqH,)-(H4) and (H;) hold. Then BVP (22) has
a minimal and a maximal solution on J:

Pro of: A function x : J ! R is a solution of BVP (22) if and only if it is a solution
of the integral inclusion

Z,

x(t) 2 G(t;s)F(s;x( (s)) ds; t2J (24)
0

where G(t; s) is a Green'sfunction assaiated with the homogeneousinear BVP

x)=0;, ae.t2J
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x(0) = 0= x(1):

It is known that G(t; ) is a cortinuousand nonnegatiwe real-valued functiononJ J:
Now an application of Theorem4.1with q(t) = 0; (t) = 1forall t2 J andk(t;s) =
G(t; s);8 t; s 2 J yields that BVP (22) has a minimal and a maximal solution on J;
AC1(J;IR) BM(J;IR):

Theorem 5.3 Assumethat hyptheseqH,)-(H4) and (Hg) hold. Then BVP (23) has
a minimal and a maximal solution on J:

Pro of: A function x : J ! IR is a solution of BVP (23) if and only if it is a solution
of the integral inclusion

Z,

X(t)2  H(ts)F(s;x( (s)) ds; 2 J;
0

whereH (t; s) is a Green'sfunction for the BVP

x®t)=0a.e. t2J;
x(0) = 0= xY1): (25)

It is known that H (t; s) is a cortinuousand nonnegatie real-valued function onJ  J:
Now an application of Theorem4.1with q(t) = 0; (t) = 1forallt2 J andk(t;s) =

H(t;s);8 t;s 2 J yields that BVP (23) hasa minimal and a maximal solution on J,
ACY(J;IR) BM(J;IR):
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