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Abstract

The linear stabilit y of the travelling wave solutions of a general reaction-di�usion system is in-
vestigated. The spectrum of the corresponding secondorder di�eren tial operator L is studied. The
problem is reduced to an asymptotically autonomous �rst order linear system. The relation between
the spectrum of L and the corresponding �rst order system is dealt with in detail. The �rst order
system is investigated using exponential dichotomies. A self-contained short presentation is shown
for the study of the spectrum, with elementary proofs. An algorithm is given for the determination of
the exact position of the essential spectrum. The Evans function method for determining the isolated
eigenvalues of L is also presented. The theory is illustrated by three examples: a single travelling
wave equation, a three variable combustion model and the generalized KdV equation.
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1 In tro duction

We investigate the stabilit y of the travelling wave solutions of the system

@� u = D@xx u + f (u); (1)

where u : R+ � R ! Rm , D is a diagonal matrix with positive diagonal elements and f : Rm ! Rm

is a continuously di�eren tiable function. The travelling wave solution of this equation has the form
u(� ; x) = U(x � c� ), where U : R ! Rm . For this function we have

DU00(z) + cU0(z) + f (U(z)) = 0; (z = x � c� ) (2)

The stabilit y of U can be determined by linearization. Putting u(� ; x) = U(x � c� ) + v(� ; x � c� ) in (1)
the linearized equation for v takesthe form

@� v = D@zz v + c@z v + f 0(U(z))v: (3)

According to well known stabilit y theorems(seee.g. [21]) the stabilit y of the travelling wave solution U
is determined by the spectrum of the secondorder di�eren tial operator

(LV )( t) = DV 00(t) + cV0(t) + Q(t)V (t); (4)

de�ned in C0(R; Cm ) \ C2(R; Cm ), where Q(t) = f 0(U(t)),

C0(R; Cm ) = f V : R ! Cm j V is continuous; lim
t !�1

V (t) = 0g;
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endowed with the supremum norm kVk = maxR jV (t)j. It is assumedthat Q : R ! Cm � m is continuous,
and the limits Q� = lim t !�1 Q(t) exist.

The complexnumber � 2 C is calleda regular valueof L if the operator L � �I hasboundedinversethat
is de�ned in the whole spaceC0(R; Cm ). That is for any W 2 C0(R; Cm ) there exists a unique solution of
LV � �V = W in C0(R; Cm ) \ C2(R; Cm ), and there exists M > 0 such that for any W 2 C0(R; Cm ) we
have kV k � M kW k. The spectrum � (L ) of L consistsof non-regular values. The number � is called an
eigenvalue if L � �I has no inverse. The essential spectrum of L consistsof those points of the spectrum
which are not isolated eigenvalueswith �nite multiplicit y. It is useful to intro duce the �rst order system
corresponding to equation LV � �V = W . Let x = (V; V 0)T , y = (0; W )T , then the �rst order system is

_x(t) = A � (t)x(t) + y(t); (5)

where

A � (t) =
�

0 I
D � 1(�I � Q(t)) � cD � 1

�
: (6)

The spectrum of L has been widely investigated. The position of the essential spectrum has been
estimated, seee.g. [14], and Weyl's lemma in [21]. This can be done using exponential dichotomies for
the �rst order system (5), [5, 18]. This approach was also generalizedto in�nite dimensional systems,
when A is a bounded operator on a Banach space[6] and also for unbounded operators [4]. Fredholm
properties are also relevant when determining the spectrum of L [11, 18]. The relation between these
two concepts is dealt with in [16, 18]. The determination of the isolated eigenvalues requires to solve
a linear system with non-constant coe�cien ts, which can be done in general only numerically. For the
investigation of the isolated eigenvaluestwo conceptswere intro duced. The �rst was the Evans function
[10], which is an analytic function on the complex plane, the zerosof which are the isolated eigenvalues
of L . Later a topological invariant was intro ducedfor the study of the spectrum [1]. Thesemethods were
applied for several systemsin physics [3, 12, 17], chemistry [2, 7, 13, 19] and biology [10, 15].

The aim of the paper is to present a self-contained detailed study of the spectrum of L , and to �ll
the gap betweenthe abstract results (on exponential dichotomies and on topological invariants) and the
applications. The novelties of the paper are as follows.

� An algorithm is given for the determination of the exact position of the essential spectrum. The
statements concerning the essential spectrum are proved by elementary methods. (Most of the
known results give only su�cien t conditions for the essential spectrum to lie in the left half plane.)

� All the theoremsare proved in the �nite dimensionalcase.The presentation doesnot needabstract
techniques,hencefor thoseapplying the theory a self-contained method is shown. (According to the
author's knowledgea self-contained explanation, including the proofs, is only given for the caseof
unbounded operators [4]. The proof of the �nite dimensional casemust be compiled from di�eren t
sources,e.g. [5, 8, 14, 16].)

� The relation between the spectrum of L and the corresponding �rst order system is dealt with in
detail. (The standard referencein this context is [14] but the relation is not proved in that book.)

2 Relation between the spectrum of L and the �rst order system

Lemma 1 connects the determination of the spectrum of L with the study of system (5). In order to
prove the lemma we will needthe following Proposition.

Prop osition 1 If W 2 C0(R; Cm ) and V 2 C0(R; Cm ) is the solution of LV � �V = W , then V 0 2
C0(R; Cm ).

Pr oof We will show that V 0 ! 0 at + 1 , it can be veri�ed similarly, that V 0 ! 0 at �1 . Let us denote
by z the real or imaginary part of the k-th coordinate of V , (k is arbitrary), and let d = D kk . We will
prove that lim t ! + 1 _z(t) = 0 that implies the desiredstatement. First we prove in the casec 6= 0. Since
V and W tend to 0 at + 1 , for any " > 0 there exists t0 such that

� " < d•z(t) + c_z(t) < " for all t > t0:
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Dividing by d and multiplying by exp(ct=d) we obtain

�
"
d

e
ct
d < ( _z(t)e

ct
d )0 <

"
d

e
ct
d for all t > t0:

Integrating in [t0; t] we get

�
"
c

(1 � e
c ( t 0 � t )

d ) + _z(t0)e
c ( t 0 � t )

d < _z(t) <
"
c

(1 � e
c ( t 0 � t )

d ) + _z(t0)e
c ( t 0 � t )

d for all t > t0: (7)

In the casec > 0, there exists t1 > t0 for which

� 2
"
c

< _z(t) < 2
"
c

for all t > t1

yielding lim+ 1 _z = 0, what we wanted to prove.
In the casec < 0 we prove by contradiction. Assumethat there exists � > 0 and a sequencet n ! 1 ,

such that j _z(tn )j = � . Let " = � c�= 2 and apply (7) for t0 = tn when n is large enough. If _z(tn ) = � ,
then the inequality in the left hand side of (7) yields for t > tn that

_z(t) >
�
2

(1 + e
c ( t n � t )

d ) ! + 1

as t ! + 1 . This contradicts to the boundednessof z. If _z(tn ) = � � , then the inequality in the right
hand side of (7) yields for t > tn that

_z(t) < �
�
2

(1 + e
c ( t n � t )

d ) ! �1

as t ! + 1 . This contradicts to the boundednessof z.
Finally, let us considerthe casec = 0. Then from the di�eren tial equation we get that •z tends to zero

at in�nit y. According to the Landau-Kolmogorov inequality (seee.g. [9]) k _zk � 4k•zkkzk. De�ning k � k
as the supremum norm on [T; + 1 ) for T large enough,we get that _z ! 0 at in�nit y. �

Lemma 1 (i) If system (5) has a unique solution x 2 C0(R; C2m ) for any y 2 C0(R; C2m ) and x
dependscontinuously on y, (i.e. there existsM > 0, suchthat kxk � M (kyk for all y 2 C0(R; C2m )),
then � is a regular value of L .

(ii) If � is a regular value of L , then for any di�er entiable function y 2 C0(R; C2m ), for which _y 2
C0(R; C2m ), there exists a unique solution x 2 C0(R; C2m ) of system(5); and there exists M > 0
such that for any y satisfying the above conditions the corresponding unique solution x satis�es
kxk � M (kyk + k _yk).

Pr oof
(i)

Let W 2 C0(R; Cm ), and y = (0; W )T 2 C0(R; C2m ). Then there exists a unique solution x 2
C0(R; C2m ) of (5). Let V = (x1; : : : ; xm )T , U = (xm +1 ; : : : ; x2m )T , then V 2 C0(R; Cm ) and U = V 0,
henceV is twice di�eren tiable, and LV � �V = W . The continuit y follows from kxk � M kyk, namely

kVk � kxk � M kyk = M kW k:

(ii)
First we show that for any y 2 C0(R; C2m ) which is di�eren tiable and _y 2 C0(R; C2m ) there exists a

unique solution x 2 C0(R; C2m ) of (5). Let x = (V; U)T , y = (y1; y2)T , where V; U;y1; y2 : R ! Cm , then
system (5) takesthe form

_V = U + y1

_U = D � 1(�I � Q)V � cD � 1U + y2

The di�eren tiabilit y of y1 implies that V is twice di�eren tiable and •V = _U + _y1, hencefrom the second
equation

D •V + c _V + QV � �V = D _y1 + cy1 + y2:
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Since � is a regular value of L , this equation has a unique solution V 2 C0(R; Cm ), and there exists
M 1 > 0 for which

kV k � M 1(k _y1k + ky1k + ky2k): (8)

Moreover, according to Proposition 1 _V 2 C0(R; Cm ), yielding U = _V � y1 2 C0(R; Cm ). Thus x 2
C0(R; C2m ) what we wanted to prove.

Now we show the continuous dependenceof x on y. Let us denote the maximum point of _Vk (for
somek = 1; : : : ; m) by tk . Since _Vk ! 0 at �1 , the maximum point is not at in�nit y, hence •Vk (tk ) = 0.
Therefore using (8) we get that there exists M 2 > 0 for which

j _Vk (tk )j � M 2(k _y1k + ky1k + ky2k):

Similar inequality can be proved for the minimum of _Vk , and for all coordinates of V , hencethere exists
M 3 > 0 for which k _V k � M 3(k _y1k + ky1k + ky2k). Since U = _V � y1, there exists M 4 > 0 for which
kUk � M 4(k _y1k + ky1k + ky2k). Thus with M = 2(M 1 + M 4) we have kxk � M (kyk + k _yk). �

Now we turn to the study of general �rst order systems,the special caseof which is system (5).

3 First order systems

Now for short let C0 = C0(R; Cn ) endowed with the supremum norm kxk = maxR jx(t)j, and let A : R !
Cn � n be a continuous function for which the limits

A � = lim
t !�1

A(t)

exist. Let us consider the �rst order system

_x(t) = A(t)x(t) + y(t): (9)

Our aim is to give necessaryand su�cien t condition for the existenceand uniquenessof a solution x 2 C0

of (9) for any y 2 C0, and for the continuous dependenceof x on y.
SinceA is continuous, system (9) has solutions for any y 2 C0, that can be given by the variation of

constants formula as

x(t) = 	( t)x0 +

tZ

0

	( t)	( s) � 1y(s)ds; (10)

where 	 is the fundamental system of solutions of the homogeneousequation satisfying 	(0) = I , i.e.
the n columns of the matrix 	( t) are n independent solutions of the homogeneoussystem

_x(t) = A(t)x(t): (11)

Hencethe question is that for a given y 2 C0 does there exist a unique x0 2 Cn , such that x 2 C0 (x is
given by (10)), and that doesx depend continuously on y.

The dimension of the stable, unstable and central subspacesof the matrices A � play important role.
Let us denote the number of eigenvalues(with multiplicit y) of A+ with positive, negative, zero real part
by n+

u , n+
s , n+

c , respectively. We de�ne n �
u , n�

s , n�
c similarly using A � .

First we show that the continuous dependenceis violated when n+
c > 0 or n�

c > 0. The main point
in these casesis to prove the existenceof a bounded solution of the homogeneousequation, which does
not tend to zero.

Theorem 1 Let us assumethat at least one of the following two conditions holds:

(a) n+
c > 0 and

R+ 1
0 jA(t) � A+ j < 1

(b) n�
c > 0 and

R0
�1 jA(t) � A � j < 1 .

Then the solution of (9) doesnot depend continuously on y, in the sensethat there is no M > 0 for which
kxk � M (kyk + k _yk) holds for any di�er entiable function y 2 C0, for which _y 2 C0.
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Pr oof We prove in case(a), the other caseis similar. According to Theorem 1.10.1 of [8] there exists
z0 2 Cn , such that the solution t 7! 	( t)z0 of (11) is bounded in [0; + 1 ) but does not tend to zero as
t ! + 1 . Then there exist a > 0 and a sequencetk ! + 1 , such that j	( tk )z0j = a for all k = 1; 2; : : :.
Let hk : R ! R be continuously di�eren tiable functions satisfying the following conditions

hk j( �1 ;0] = 0; jhk j � 1; j _hk j � 1;

t kZ

0

hk = 1;

+ 1Z

0

hk = 0; lim
+ 1

hk = 0 lim
+ 1

_hk = 0:

Let yk (t) = hk (t)	( t)z0, then yk 2 C0, yk is di�eren tiable and

_yk (t) = _hk (t)	( t)z0 + hk (t) _	( t)z0 = _hk (t)	( t)z0 + hk (t)A(t)	( t)z0:

Hence _yk ! 0 at + 1 , since hk ! 0, _hk ! 0 and A(t) is bounded. On the other hand, there exists
M 1 > 0 for which k _yk k � M 1 for all k = 1; 2; : : :. Let

xk (t) =

tZ

0

	( t)	( s) � 1yk (s)ds

Then xk is a solution of (9) belonging to yk , and xk (t) = 	( t)z0
Rt

0 hk (s)ds, hencexk 2 C0. However,

kxk k = max
t 2 R

jxk (t)j � jxk (tk )j = tk a:

Since kyk k � k	( �)z0k for all k = 1; 2; : : :, the inequality kxk k � M (kyk k + k _yk k) would mean tk a �
M (k	( �)z0k + M 1) for all k = 1; 2; : : :, which contradicts to tk ! + 1 . �

In the further considerationswe will assumen+
c = 0 or n�

c = 0. In this casewe will useexponential
dichotomies to answer the above question.

De�nition 1 System(11) possessesan exponential dichotomy in the interval J if there exist a projection
P and positive numbers K ; L; �; � , such that

k	( t)P 	( s) � 1k � K e� � ( t � s) for t � s; t; s 2 J (12)

k	( t)( I � P)	( s) � 1k � Le� � (s� t ) for s � t; t; s 2 J (13)

We will show that the exponential dichotomy on R implies the existence, uniquenessand continuous
dependenceof the solution of (9). It can be shown that system (11) possessesan exponential dichotomy
on R if A(t) is constant and it has no eigenvalueson the imaginary axis, that is when n+

c = n�
c = 0. For

the time dependent casethere is no exponential dichotomy on R in generalwhen n+
c = n�

c = 0. However,
we will show that system(11) possessesexponential dichotomies on R+ and on R� . If the projections of
these two dichotomies are the same,then system (11) possessesan exponential dichotomy on R as well,
and the existence,uniquenessand continuous dependencefollows.

We will usethe following properties of exponential dichotomies.

Lemma 2 (i) Let P1 and P2 be projections, for which Im P1 = Im P2. If system (11) possessesan
exponential dichotomy in the interval J with the projection P1, then it possessesan exponential
dichotomy in the interval J with the projection P2 as well.

(ii) System(11) possessesan exponential dichotomy in any closed and bounded interval [a; b], with any
projection.

(iii) If system (11) possessesan exponential dichotomy in the intervals (a; b] and [b;c) with the same
projection P, then it possessesan exponential dichotomy in the interval (a; c) (here a can be �1 ,
and c can be + 1 ).

Pr oof
(i) This statement is proved in [5] pp. 16.
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(ii) The function (t; s) 7! k	( t)P 	( s) � 1ke� ( t � s) is continuous on the square[a; b] � [a; b], henceit has a
maximum K , implying (12). Inequality (13) follows similarly.
(iii) We only have to prove that (12) holds for t 2 [b;c), s 2 (a; b], and that (13) holds for s 2 [b;c),
t 2 (a; b]. Wewill show only the �rst one,the proof of the secondoneis similar. Thus let a < s � b � t < c.
Then

k	( t)P 	( s) � 1k = k	( t)P 	( b) � 1	( b)P	( s) � 1k � K e� � ( t � b) K e� � (b� s) = K 2e� � ( t � s) :

The following Lemma can be proved using the results in [5].

Lemma 3 (i) If n+
c = 0, then system(11) possessesan exponential dichotomy in [0; + 1 ), the projec-

tion of which is denoted by P + . Moreover, dim(kerP + ) = n+
u , dim(Im P+ ) = n+

s .

(ii) If n�
c = 0, then system(11) possessesan exponential dichotomy in (�1 ; 0], the projection of which

is denoted by P � . Moreover, dim(kerP � ) = n�
u , dim(Im P � ) = n�

s .

Pr oof We prove only (i), the secondstatement can be veri�ed similarly. Sincen+
c = 0, system _x = A+ x

with constant coe�cien ts possessesan exponential dichotomy in [0; + 1 ) the projection of which, denoted
by P+ , hasan n+

s dimensional rangeand n+
u dimensionalkernel, see[5] pp.10. For any � > 0 there exists

t0 > 0, such that kA(t) � A+ k < � for t > t0. Henceaccording to proposition 1 of [5] on pp. 34 system
(11) possessesan exponential dichotomy in [t0; + 1 ) with projection P + . Applying statements (ii) and
(iii) of Lemma 2 we can complete the proof. �

Let us intro duce the following subspaces.

E +
s = Im P+ ; E +

u = kerP + = Im (I � P + ); E �
s = Im P � ; E �

u = kerP � = Im (I � P � ):

According to the next Proposition the subspaceE +
s consistsof those initial conditions x0, for which the

solution of the homogeneousequation tend to 0 as t ! + 1 . Similarly, the subspaceE �
u consistsof those

initial conditions x0, for which the solution of the homogeneousequation tend to 0 as t ! �1 .

Prop osition 2 (i) Assumen+
c = 0. Then lim t ! + 1 	( t)x0 = 0 if and only if x0 2 E +

s .

(ii) Assumen�
c = 0. Then lim t !�1 	( t)x0 = 0 if and only if x0 2 E �

u .

Pr oof Weproveonly (i), the secondstatement canbeveri�ed similarly. For x0 2 E +
s wehaveP + x0 = x0,

hencesetting s = 0 in (12)
j	( t)x0 j � K e� �t jx0 j t > 0:

Thus for x0 2 E +
s we have proved lim t ! + 1 	( t)x0 = 0.

Let us assumenow lim t ! + 1 	( t)x0 = 0. Sincex0 = P+ x0 + (I � P + )x0 and P+ x0 2 E +
s we have

0 = lim
t ! + 1

	( t)x0 = lim
t ! + 1

	( t)P+ x0 + lim
t ! + 1

	( t)( I � P + )x0 = lim
t ! + 1

	( t)( I � P + )x0 (14)

Applying (13) to 	( s)( I � P + )x0 and setting t = 0 we get

j(I � P+ )x0 jL � 1e� s � j	( s)( I � P + )x0j s > 0:

Therefore (14) can be satis�ed only in the case(I � P + )x0 = 0, which meansthat x0 2 E +
s , what we

had to prove. �

Corollary 1 Let us assumen+
c = n�

c = 0. The homogeneous equation (11) has a unique solution in C0

(it is x � 0) if and only if dim(E +
s \ E �

u ) = 0.

Pr oof Let us assumedim(E +
s \ E �

u ) = 0. If for a solution x = 	( �)x0 of (11) we have lim �1 x = 0,
then according to Proposition 2 x0 2 E +

s \ E �
u , hencex0 = 0, that is x � 0.

Let us now assumedim(E +
s \ E �

u ) > 0. Let x0 2 E +
s \ E �

u , x0 6= 0. Then x = 	( �)x0 is a nonzero
solution of (11) and lim �1 x = 0. �

We will need the following three lemmas. The �rst is a generalization of Proposition 2 to the inho-
mogeneousequation.
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Lemma 4 Let y 2 C0, x0 2 Cn and let x be given by (10).

(i) Assumen+
c = 0. Then lim+ 1 x = 0 if and only if

(I � P+ )x0 = �

+ 1Z

0

(I � P+ )	( s) � 1y(s)ds (15)

(ii) Assumen�
c = 0. Then lim �1 x = 0 if and only if

P � x0 =

0Z

�1

P � 	( s) � 1y(s)ds (16)

Pr oof First we show that

lim
t ! + 1

	( t)P+ x0 +

tZ

0

	( t)P+ 	( s) � 1y(s)ds = 0 for all x0 2 Cn : (17)

Applying (12) for P = P + and s = 0 we obtain

j	( t)P+ x0 j � K e� �t jx0 j ! 0 as t ! + 1 :

Now we prove the convergenceof the secondterm. Let " > 0 be an arbitrary positive number. Since
lim + 1 y = 0, there exists t1 > 0 such that, for t > t1 we have jy(t)j < "�= 2K . Let t2 > t1 be a number
for which

K
�

kyke� ( t 1 � t ) <
"
2

for all t > t2:

Then for t > t2 we have
�
�
�
�
�
�

tZ

0

	( t)P+ 	( s) � 1y(s)ds

�
�
�
�
�
�

�

t 1Z

0

j	( t)P+ 	( s) � 1y(s)jds +

+ 1Z

t 1

j	( t)P+ 	( s) � 1y(s)jds �

kykK e� �t

t 1Z

0

e�s ds +
"�
2K

K e� �t

+ 1Z

t 1

e�s ds < ":

Thus (17) is veri�ed. Similarly we can prove

lim
t !�1

0

@	( t)( I � P � )x0 +

tZ

0

	( t)( I � P � )	( s) � 1y(s)ds

1

A = 0 for all x0 2 Cn : (18)

Now we show that (15) is equivalent to

lim
t ! + 1

0

@	( t)( I � P + )x0 +

tZ

0

	( t)( I � P + )	( s) � 1y(s)ds

1

A = 0: (19)

Applying (13) for P = P + and t = 0 we can seethat the integral in (15) is convergent, since y is a
bounded function. Let us assume�rst that (15) holds. Then

	( t)( I � P + )x0 +

tZ

0

	( t)( I � P + )	( s) � 1y(s)ds = �

+ 1Z

t

	( t)( I � P + )	( s) � 1y(s)ds:
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According to (13)
�
�
�
�
�
�

+ 1Z

t

	( t)( I � P + )	( s) � 1y(s)ds

�
�
�
�
�
�

� max
( t; + 1 )

jy(t)j

+ 1Z

t

Le� � (s� t ) ds = max
( t; + 1 )

jy(t)j
L
�

! 0 as t ! + 1 :

Now let us assumethat (19) holds. Let us intro duce x � by

(I � P+ )x � :=

+ 1Z

0

(I � P+ )	( s) � 1y(s)ds

Then

	( t)( I � P + )x0 +

tZ

0

	( t)( I � P + )	( s) � 1y(s)ds = 	( t)( I � P + )(x0 + x � ) �

+ 1Z

t

	( t)( I � P + )	( s) � 1y(s)ds:

We have seenthat the secondterm tends to zero as t ! + 1 , hence

lim
t ! + 1

	( t)( I � P + )(x0 + x � ) = 0

implying x0 + x � = 0 according to Proposition 2, hencex0 = � x � , yielding (15).
Similarly we can prove that (16) is equivalent to

lim
t !�1

0

@	( t)P � x0 +

tZ

0

	( t)P � 	( s) � 1y(s)ds

1

A = 0: (20)

Now the proof of statement (i) of the Lemma follows from the equation

x(t) = 	( t)P + x0 +

tZ

0

	( t)P+ 	( s) � 1y(s)ds + 	( t)( I � P + )x0 +

tZ

0

	( t)( I � P + )	( s) � 1y(s)ds:

According to (17) the �rst and secondterms tend to zero as t ! + 1 . Hencelim + 1 x = 0 if and only if
the sum of the third and fourth term tends to zeroas t ! + 1 . According to (19) this sum tends to zero
if and only if that (15) holds, what we had to prove.

The proof of statement (ii) of the Lemma follows similarly from (18) and (20). �

Lemma 5 Let us assumen+
c = n�

c = 0. The following two statementsare equivalent.

(i) For any a 2 E +
u and any b 2 E �

s there exists a unique solution x0 of

(I � P+ )x0 = a; P � x0 = b:

(ii) E +
s � E �

u = Cn

Pr oof
Let us assumethat (i) holds. First we show that E +

s \ E �
u = f 0g. Let z 2 E +

s \ E �
u , then (I � P + )z = 0

and P � z = 0, henceapplying (i) with a = b = 0 we get z = 0. Now we show that for any z 2 Cn there
exist z1 2 E +

s , z2 2 E �
u , such that z = z1 + z2. Let z1 be the solution of (i) with a = 0, b = P � z, that is

(I � P+ )z1 = 0; P � z1 = P � z:

Let z2 be the solution of (i) with a = (I � P + )z, b = 0, that is

(I � P+ )z2 = (I � P + )z; P � z2 = 0:

Then (I � P + )z = (I � P + )(z1 + z2) and P � z = P � (z1 + z2), hencethe uniquenessimplies z = z1 + z2.
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Now let us assumethat (ii) holds. First we show that the solution in (i) is unique. Let us assume
that there are two solutions x0

0 and x00
0 . Intro ducing x0 = x0

0 � x00
0 we have P � x0 = 0 and (I � P + )x0 = 0.

Hence x0 2 E �
u \ E +

s , yielding x0 = 0, that is x0
0 = x00

0 . Now we show that the solution x0 in (i)
exists. Let z1 2 E +

s , z2 2 E �
u , such that a � b = z1 + z2 and let x0 = b + z2 = a � z1. Then

(I � P+ )x0 = (I � P + )(a� z1) = a, sinceP + a = 0 and (I � P + )z1 = 0. Similarly P � x0 = P � (b+ z2) = b.
�

The following lemma is proved in [16] Prop. 2.1 and in [5] p. 19, but in order to make the paper
self-contained we present a short proof.

Lemma 6 Let us assumen+
c = n�

c = 0 and E +
s � E �

u = Cn . Then system(11) possessesan exponential
dichotomy in R with a projection P � , for which Im P � = E +

s , kerP � = E �
u .

Pr oof Assumption E +
s � E �

u = Cn implies that there exists a projection P � , for which Im P � = E +
s ,

kerP � = E �
u . Namely, for an arbitrary vector z 2 Cn we can de�ne P � z as P � z = z1, where z = z1 + z2

with z1 2 E +
s , z2 2 E �

u . Since Im P � = Im P+ , Lemma 2 and Lemma 3 imply that system (11)
possessesan exponential dichotomy in [0; + 1 ) with the projection P � . On the other hand Im (I � P � ) =
Im (I � P � ), henceLemma 2 and Lemma 3 imply that system(11) possessesan exponential dichotomy in
(�1 ; 0] with the projection P � . Sincesystem (11) possessesan exponential dichotomy both in [0; + 1 )
and in (�1 ; 0] with the projection P � , according to Lemma 2 it possessesan exponential dichotomy in
R. �

Theorem 2 Let us assumen+
c = n�

c = 0.

(i) If for any di�er entiable function y 2 C0, for which _y 2 C0 there exists a unique solution x 2 C0 of
(9), then E +

s � E �
u = Cn .

(ii) If E +
s � E �

u = Cn , then system (9) has a unique solution x 2 C0 for any y 2 C0, and there
exists M > 0, such that for any y 2 C0 and for the corresponding solution x 2 C0 the inequality
kxk � M kyk holds.

Pr oof (i) Let us assumethat system (9) has a unique solution x 2 C0 for any di�eren tiable function
y 2 C0, for which _y 2 C0. Let a 2 E +

u and b 2 E �
s be arbitrary vectors. We will show that there exists a

di�eren tiable function y 2 C0, with _y 2 C0, such that

a = �

+ 1Z

0

(I � P+ )	( s) � 1y(s)ds; b =

0Z

�1

P � 	( s) � 1y(s)ds: (21)

Namely, let h : R ! R be a continuously di�eren tiable function satisfying

h(0) = 0; _h(0) = 0;

+ 1Z

0

h = � 1;

0Z

�1

h = 1; jh(t)j � e� (q+1) j t j ; j _h(t)j � r e� (q+1) j t j for jt j > 1;

with somer > 0, and where q 2 R is chosento satisfy kA(t)k � q for all t 2 R. It can be easily shown
that there exists k > 0, such that k	( t)k � keqt for all t 2 R. Let

y(t) =
�

	( t)h(t)a; for t � 0
	( t)h(t)b; for t < 0

Then y and _y are continuous (also in zero, becausetheir limits are zero from left and from right), and
y; _y 2 C0, becausefor t > 1 we have

jy(t)j � k	( t)kjh(t)jjaj � keqt e� (q+1) t jaj = kjaje� t ;

and
j _y(t)j � (k _	( t)kjh(t)j + k	( t)kj _h(t)j)jaj � (q + r )kjaje� t :

EJQTDE, 2003No. 15, p. 9



Similar estimate can be derived for t < � 1. Finally, we obtain

�

+ 1Z

0

(I � P+ )	( s) � 1y(s)ds = �

+ 1Z

0

(I � P+ )	( s) � 1	( s)h(s)ads = � a

+ 1Z

0

h = a;

0Z

�1

P � 	( s) � 1y(s)ds =

0Z

�1

P � 	( s) � 1	( s)h(s)bds = b

0Z

�1

h = b:

Let x 2 C0 be the solution of (9) belonging to y. Then according to Lemma 4 for x0 = x(0) we have

a = (I � P + )x0; b = P � x0: (22)

HenceLemma 5 implies E +
s � E �

u = Cn .
(ii) Now let us assumeE +

s � E �
u = Cn . Let y 2 C0 and a; b given by (21). According to Lemma

5 there exists a unique x0 2 Cn satisfying (22), henceLemma 4 implies x 2 C0. If x � 2 C0 is another
solution of (9), then x � � x 2 C0 is a solution of (11). However, according to Corollary 1 x � � x � 0, that
is x � � x.

Finally we prove the continuousdependence.According to Lemma 6 there exist a projection P � , and
positive numbers K ; L; �; � , for which

k	( t)P � 	( s) � 1k � K e� � ( t � s) for t � s; t; s 2 R (23)

k	( t)( I � P � )	( s) � 1k � Le� � (s� t ) for s � t; t; s 2 R (24)

Repeating the proof of Lemma 4 replacing P + and P � with P � we get

(I � P � )x0 = �

+ 1Z

0

(I � P � )	( s) � 1y(s)ds; P � x0 =

0Z

�1

P � 	( s) � 1y(s)ds:

Therefore from the variation of constant formula (10)

x(t) = 	( t)P � x0 +

tZ

0

	( t)P � 	( s) � 1y(s)ds + 	( t)( I � P � )x0 +

tZ

0

	( t)( I � P � )	( s) � 1y(s)ds =

tZ

�1

	( t)P � 	( s) � 1y(s)ds +

+ 1Z

t

	( t)( I � P � )	( s) � 1y(s)ds:

From (23) and (24)
�
�
�
�
�
�

tZ

�1

	( t)P � 	( s) � 1y(s)ds

�
�
�
�
�
�

� kykK e� �t

tZ

�1

e�s ds = kyk
K
�

;

�
�
�
�
�
�

+ 1Z

t

	( t)( I � P � )	( s) � 1y(s)ds

�
�
�
�
�
�

� kykLe� t

+ 1Z

t

e� � sds = kyk
L
�

;

hencekxk � (K =� + L=� )kyk. �

4 The spectrum of L

In Section 1 we have intro duced the matrix functions A � , see(6). Since function Q tends to a limit at
�1 , the limits

A �
� = lim

t !�1
A � (t)

exist. We have seenin Section 2 that the dimension of the stable, unstable and central subspacesof the
matrices A �

� play important role. Let us denote the number of eigenvalues(with multiplicit y) of A+
� with

positive, negative, zero real part by n+
u (� ), n+

s (� ), n+
c (� ), respectively. We de�ne n �

u (� ), n�
s (� ), n�

c (� )
similarly using A �

� .
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Theorem 3 Let us assumethat at least one of the following two conditions holds:

(a) n+
c (� ) > 0 and

R+ 1
0 jA � (t) � A+

� j < 1

(b) n�
c (� ) > 0 and

R0
�1 jA � (t) � A �

� j < 1 .

Then � 2 � (L ).

Pr oof Let us assumethe contrary , i.e. that � is a regular value of L . Then according to (ii) of
Lemma 1 for any di�eren tiable function y 2 C0(R; C2m ), for which _y 2 C0(R; C2m ), there exists a
unique solution x 2 C0(R; C2m ) of system(5); and there exists M > 0 such that for any y the inequality
kxk � M (kyk+ k_yk) holds. However, Theorem 1 yields that this M cannot exist, which is a contradiction.
�

In the further considerationswe deal with the casen+
c (� ) = 0 = n�

c (� ). In this casewe intro duce the
subspaces

E +
s (� ); E +

u (� ); E �
s (� ); E �

u (� )

in the sameway as in Section 2. (Now they depend also on � , becauseA dependson � .)

Theorem 4 Let us assumen+
c (� ) = 0 = n�

c (� ).

(i) � is an eigenvalueof L if and only if dim(E +
s (� ) \ E �

u (� )) > 0.

(ii) � is a regular value of L if and only if E +
s (� ) � E �

u (� ) = C2m .

Pr oof
(i) If � is an eigenvalue of L , then there exists V 2 C0(R; Cm ), V 6= 0, for which LV = �V . According
to Proposition 1 V 0 2 C0(R; Cm ), hencefor x = (V; V 0)T we have x 2 C0(R; C2m ) and it is a nonzero
solution of _x(t) = A � (t)x(t). Therefore the statement follows from Corollary 1.

If dim(E +
s (� ) \ E �

u (� )) > 0, then according to Corollary 1 there is a nonzerosolution x 2 C0(R; C2m )
of _x(t) = A � (t)x(t). Let V = (x1; : : : ; xm )T , U = (xm +1 ; : : : ; x2m )T , then U = V 0, hence V is twice
di�eren tiable, V 6= 0 (otherwise U � 0 and x � 0), and LV = �V .
(ii) If � is a regular value of L , then according to (ii) of Lemma 1 for any di�eren tiable y 2 C0(R; C2m )
for which _y 2 C0(R; C2m ) there exists a unique solution x 2 C0(R; C2m ) of (5). Then Theorem 2 implies
E +

s (� ) � E �
u (� ) = C2m .

If E +
s (� ) � E �

u (� ) = C2m , then according to Theorem 2 for any y 2 C0(R; C2m ) there exists a unique
solution x 2 C0(R; C2m ) of (5) and it dependscontinuously on y. Henceby (i) of Lemma 1 � is a regular
value of L . �

Using that E +
s (� ) � E �

u (� ) = C2m is equivalent to dim E +
s (� ) + dim E �

u (� ) = 2m and dim(E +
s (� ) \

E �
u (� )) = 0, the following statements are obvious consequencesof the theorem above.

Corollary 2 Let us assumen+
c (� ) = 0 = n�

c (� ).

1. If dim E +
s (� ) + dim E �

u (� ) > 2m, then � is an eigenvalueof L .

2. If dim E +
s (� ) + dim E �

u (� ) < 2m, then � 2 � (L ).

3. If dim E +
s (� ) + dim E �

u (� ) = 2m and dim(E +
s (� ) \ E �

u (� )) = 0, then � is a regular value of L .

4. If dim E +
s (� ) + dim E �

u (� ) = 2m and dim(E +
s (� ) \ E �

u (� )) > 0, then � is an eigenvalueof L .

Remark 1 If n+
c (� ) = 0 = n�

c (� ), then the operator L � �I is Fredholm, and its Fredholm index is
� (L � �I ) = dim E +

s (� ) + dim E �
u (� ) � 2m, see[14, 16].
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The dimensionof E +
s (� ) and E �

u (� ) can be determined explicitly , becauseonly the eigenvaluesof the
matrices A �

� have to be determined to get these dimensions. However, to get dim(E +
s (� ) \ E �

u (� )) the
time dependent system must be solved numerically. This leads to the de�nition of the Evans function.
Let


 = f � 2 C : n+
c (� ) = 0 = n�

c (� ); n+
s (� ) 6= 0 6= n�

u (� ); and n+
s (� ) + n�

u (� ) = 2mg:

For � 2 
 let us denote the baseof the subspaceE +
s (� ) by v+

1 ; : : : ; v+
n +

s
, and the baseof the subspace

E �
u (� ) by v�

1 ; : : : ; v�
n �

u
. The assumption dim(E +

s (� ) \ E �
u (� )) > 0 means that the two basestogether

give a linearly dependent systemof vectors. The Evans function is de�ned as the determinant formed by
these2m vectors. That is the determinant is zero if � is an eigenvalue.

De�nition 2 The Evans function belonging to the operator L is D : 
 ! C

D(� ) = det
�

v+
1 : : : v+

n +
s

v�
1 : : : v�

n �
u

�

We have proved that the eigenvaluesare the zerosof the Evans function. It can be also shown that the
multiplicit y of an eigenvalue is equal to the multiplicit y of the zero of the Evans function, and that the
Evans function is an analytic function on the domain 
 [1]. Hencethe zerosof D are isolated, that is in
the domain where dim E +

s (� ) + dim E �
u (� ) = 2m there can be only isolated eigenvalues. This statement

together with Corollary 2 enablesus to determine the essential spectrum explicitly .

Corollary 3 The essentialspectrum of L is

� e(L ) = f � 2 C : n+
c (� ) > 0 or n�

c (� ) > 0 or n+
s (� ) + n�

u (� ) 6= 2mg:

The basesof the stable and unstable subspacescan be determined numerically in the following way.
We calculate the eigenvalues of A+

� with negative real part, and its corresponding eigenvectors. Let us
denote theseeigenvaluesby � 1; : : : ; � k , and the eigenvectorsby u1; : : : ; uk (for short we usedthe notation
k = n+

s (� )). Similarly, let us denote the eigenvaluesof A �
� with positive real part by � 1; : : : ; � l , and the

corresponding eigenvectors by v1; : : : ; vl (for short we used the notation l = n �
u (� )). Then choosing a

su�cien tly large number ` we solve the homogeneousequation _x(t) = A � (t)x(t) in [0; `] starting from
the right end point with initial condition x(`) = ui e� i ` for i = 1; : : : ; k. Hencewe get k = n+

s (� ) linearly
independent (approximating) solutions of the di�eren tial equations, therefore their values at 0 give a
base of E +

s (� ). Similarly, solving the di�eren tial equation in [� `; 0] we get a base of E �
u (� ), and the

determinant de�ning the Evans function can be computed. We note that if ` is very large and there is a
signi�can t di�erence betweenthe real parts of the eigenvalues� 1; : : : ; � k , then the solution belonging to
the eigenvalue with largest real part will dominate and the solutions starting from linearly independent
initial conditions will be practically linearly dependent at zero. (Similar casecan occur in [� `; 0] aswell.)
To overcomethis di�cult y the problem can be extended to a wedgeproduct spaceof higher dimension
[3].

Now we show a method to determine the eigenvalues and eigenvectors of A �
� , which determine the

dimensionsof E +
s (� ) and E �

u (� ). Wewill dealwith the two casestogether, thereforefor short we intro duce

A � =
�

0 I
D � 1(�I � Q) � cD � 1

�
; (25)

where Q can be Q+ or Q� . Let us denote an eigenvalue of A � by � and an eigenvector by u = (u1; u2)T .
That is �

0 I
D � 1(�I � Q) � cD � 1

� �
u1

u2

�
= �

�
u1

u2

�
:

Then u2 = �u 1 and D � 1(�I � Q)u1 � cD � 1u2 = �u 2, hence

D � 1(�I � Q)u1 � cD � 1�u 1 = � 2u1;

yielding
(� 2D + �cI + Q � �I )u1 = 0:

Thus we have proved the following proposition.
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Prop osition 3 The number � is an eigenvalueand u = (u1; u2)T is an eigenvector of A � if and only if

det(� 2D + �cI + Q � �I ) = 0 (26)

and
u1 2 ker(� 2D + �cI + Q � �I ); u2 = �u 1:

Thus the eigenvalues of A �
� are determined by equation (26) of degree2m. In the special casewhen

Q is an upper or lower triangular matrix the l.h.s. of the equation is a product of m seconddegree
polynomials, hencethe solutions can be computed explicitly [20].

5 Applications

5.1 Case of a single equation, m = 1

Now let U : R ! R be a solution of

U00+ cU0+ f (U) = 0 (27)

U(�1 ) = U� ; U(+ 1 ) = U+ ; (28)

where f : R ! R is a continuously di�eren tiable function, U� ; U+ 2 R and it is assumedthat c � 0. The
stabilit y of U is determined by the spectrum of the operator

L (V ) = V 00+ cV0+ f 0(U)V: (29)

The function q(t) = f 0(U(t)) is continuous and has limits at �1 ,

q+ = f 0(U+ ); q� = f 0(U� ): (30)

If U tends to the limits U+ and U� exponentially , then the integrals in the assumptionsof Theorem 3
are convergent. Now A �

� are 2-by-2 matrices and according to Proposition 3 their eigenvalues(� 1;2) are
determined by the equation

� 2 + c� + q� � � = 0: (31)

The essential spectrum can be determined by calculating the dimensionsof E +
s (� ) and E �

u (� ). These
dimensions can be easily determined from the sets where n+

c (� ) � 1 and n�
c (� ) � 1. These sets are

formed by those values of � to which � = i! is a solution of (31). Hence the set of � values where
n+

c (� ) � 1 is the parabola

P+ = f � 1 + i� 2 2 C j � 1 = q+ �
�

� 2

c

� 2

g: (32)

It is easyto show that on the left hand side of the parabola dim E +
s (� ) = 2, and on the right hand side

dim E +
s (� ) = 1, seeFigure 1. Similarly, the set of � valueswhere n �

c (� ) � 1 is the parabola

P � = f � 1 + i� 2 2 C j � 1 = q� �
�

� 2

c

� 2

g: (33)

It is easyto show that on the left hand side of the parabola dim E �
u (� ) = 0, and on the right hand side

dim E �
u (� ) = 1, seeFigure 1.
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Figure 1. The parabolas given by (32) and (33) for q+ > q� in (a) and for q� > q+ in (b). The
dimensionsof the subspacesE +

s (� ) and E �
u (� ) are shown, the upper numbers correspond to the former

and the lower numbers correspond to the latter.

Now applying Theorem 3 and Corollary 2 we have the following results concerning the spectrum of
L .

� Both parabolas belong to the essential spectrum of L .

� The domain lying on the left hand side of both parabolas consistsof regular valuesof L .

� The domain lying on the right hand side of both parabolas contains all the isolated eigenvaluesof
L the remaining points of this domain (which are not isolated eigenvalues) are regular valuesof L .

� If q+ > q� , then the domain betweenthe two parabolas is �lled with eigenvalues.

� If q+ < q� , then the domain between the two parabolas is �lled with points belonging to the
essential spectrum, but they are not eigenvalues.

In this special caseof m = 1 the location of the isolated eigenvalueswith respect to the imaginary axis
can alsobe determined. It can be shown that zero is a simple eigenvalue and all other isolated eigenvalues
of L are negative (real) if and only if U is strictly monotone and f 0(U� ) < 0, f 0(U+ ) < 0.

5.2 Flame propagation in a three variable model

Let us consider the travelling wave solutions of the problem

@� a = L � 1
A @2

x a � af 1(b)

@� w = L � 1
W @2

x w � � wf 2(b)

@� b = @2
x b+ af 1(b) � �w f 2(b)

where L A ; L W ; �; � are positive constants (L A ; L W are the Lewis numbers) and

f 1(b) = e(b� 1)="b ; f 2(b) = e� (b� 1)="b ;
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with somepositive " and � . A travelling wave solution, propagating with velocity c, will also be denoted
by (a; w; b), and satis�es the boundary conditions

a(y) ! 1; w(y) ! 1; b(y) ! 0 as y ! �1 ; (34)

a0(y) ! 0; w0(y) ! 0; b0(y) ! 0 as y ! + 1 : (35)

Here a is the concentration of the fuel, w is the concentration of an inhibitor speciesand b is scaled
temperature. The travelling wave solution describes a 
ame propagating with velocity c. The number
and stabilit y of travelling waves of this system was investigated in [19]. We proved that the solutions
a, w and b have limits at + 1 , that are denoted by a+ , w+ and b+ . If b+ = 0, then we refer to the
travelling wave solution as a pulse solution. If b+ > 0 then we call it a front solution. In the latter case
a+ = 0 = w+ . It was also shown that a saddle-node bifurcation may occur and there can be 1, 2 or
3 travelling wave solutions. The stabilit y of these solutions can also change through Hopf bifurcation.
The saddle-node and Hopf bifurcation curveswere determined numerically. Here we only show how the
method described in the previous Section works for this system to determine the essential spectrum of
the corresponding linearizdimen ed operator. The results obtained by the Evans function method will be
only cited from [19].

The operator corresponding to a travelling wave solution (a; w; b) of the above systemtakesthe form

LV =

0

@
L � 1

A V 00
1 � cV0

1 � f 1(b)V1 � af 0
1(b)V3

L � 1
W V 00

2 � cV0
2 � � f 2(b)V2 � � wf 0

2(b)V3

V 00
3 � cV0

3 + f 1(b)V1 � �f 2(b)V2 + (af 0
1(b) � �w f 0

2(b))V3

1

A (36)

We considerL as an operator de�ned for the C2 functions in the space

C0 = f V : R ! C3 j V is continuous; lim
t !�1

V (t) = 0g

endowed with the supremum norm.
Now A �

� are the following 6-by-6 matrices

A �
� =

�
0 I

D � 1(�I � Q� ) cD � 1

�

where Q� is a 3 � 3 zero matrix,

Q+ =

0

@
0 0 0
0 0 0
0 0 0

1

A for pulses, Q+ =

0

@
� q1 0 0

0 � � q2 0
q1 � �q 2 0

1

A for fronts,

and q1 = f 1(1 � �=� ), q2 = f 2(1 � �=� ). According to Proposition 3 the eigenvalues(� 1; : : : ; � 6) of A �
�

are determined by the equation

(L � 1
A � 2 � c� + Q�

11 � � )(L � 1
W � 2 � c� + Q�

22 � � )( � 2 � c� + Q�
33 � � ) = 0; (37)

sinceQ� are lower triangular matrices. Therefore the set of those � valuesfor which n+
c (� ) � 1, that is

� = i! (for some! 2 R) is a solution of equation (37), consistsof three parabolas, denoted by P +
1 , P+

2 ,
P+

3 , seeFigure 2 (a) and (b). In Figure 2 (a) the parabolas are shown in the caseof a pulse solution,
in Figure 2 (b) the parabolas corresponding to a front solution are shown. We de�ne the parabolas P �

1 ,
P �

2 , P �
3 similarly as the loci of those � valuesfor which n �

c (� ) � 1, they are shown in Figure 2 (c). The
parabolas are given explicitly by

P+
1 = f � 2 C : Re� = � q1 �

(Im � )2

L A c2 g; P �
1 = f � 2 C : Re� = �

(Im � )2

L A c2 g;

P+
2 = f � 2 C : Re� = � � q2 �

(Im � )2

L W c2 g; P �
2 = f � 2 C : Re� = �

(Im � )2

L W c2 g;

P+
3 = f � 2 C : Re� = �

(Im � )2

c2 g; P �
3 = f � 2 C : Re� = �

(Im � )2

c2 g:
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Figure 2. The parabolas determining the essential spectrum of the operator (36). The dimension of
the subspaceE +

s (� ) is shown in part (a) and (b). The dimensionof the subspaceE �
u (� ) is shown in part

(c). (a) corresponds to pulses,(b) corresponds to fronts.

It can easily be seenthat if � is to the left of P +
1 , then both solutions for � of equation L � 1

A � 2 � c� +
Q�

11 � � = 0 have positive real part, and if � is to the right of P +
1 , then one of the solutions has positive

real part, the other one has negative real part. The sameis true for the other parabolas. Therefore we
can determine, for any � , the value of n+

s (� ), i.e. the dimension of E +
s (� ), and the value of n �

u (� ), i.e.
the dimension of E �

u (� ). The values of these numbers are shown in Figure 2 in the di�eren t domains
determined by the parabolas. Now applying Theorem 3 and Corollary 2 we have the following results
concerningthe spectrum of L .

Prop osition 4 1. All parabolas belong to the essentialspectrum of L .

2. The domain lying to the left of all parabolas consists of regular values.

3. The Evans function can be de�ned in the domain lying to the right of all parabolas.

4. In the caseof fronts there are open domains �l led with eigenvalues.In the caseof pulsesthis kind
of domain does not exist.

Pr oof We will usethe dimensionsof the spacesE +
s (� ), E �

u (� ) as they are given in Figure 2.

1. This statement is a direct consequenceof Theorem 3.

2. If � is in the domain lying to the left of all parabolas, then dim(E +
s (� )) = 0, dim(E �

u (� ) = 6, hence
conditions of statement 3 of Corollary 2 are ful�lled, thus � is a regular value.

3. If � is in the domain lying to the right of all parabolas, then dim(E +
s (� )) = 3, dim(E �

u (� )) = 3,
hence� 2 
, which is the domain of the Evans function.

4. In the caseof fronts in the domain lying betweenP +
1 and P+

3 we have dim(E +
s (� )) = 2 (seeFigure

2b), dim(E �
u (� )) = 6, hence conditions of Corollary 2 1. are ful�lled, thus any point � of this

domain is an eigenvalue, i.e. this domain is �lled with eigenvalues. (We can �nd other domains
whereconditions of Corollary 2 1. are ful�lled.) In the caseof pulsesP +

i = P �
i for i = 1; 2; 3, hence
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from Figure 2a and 2c we can seethat dim(E +
s (� )) + dim(E �

u (� )) = 6 holds for any � 2 C except
on the parabolas. Henceaccording to statements 3. and 4. of Corollary 2 any � which is not on
the parabolas is a regular value or an isolated eigenvalue.

We can decidewhether there are eigenvalueswith positive real part by computing the image of a half
circle centred at the origin and lying in the right half plane under the Evans function D. If the image
winds around the origin, then by the argument principle there is (at least one) zeroof D in the half circle.
Choosinga su�cien tly large half circle all the eigenvalueswith positive real part are inside the half circle,
becausean estimate can be derived for the eigenvalueswith positive real part. In [19] we computed the
Evans function numerically and showed that Hopf bifurcation occurs for somevalue of L A between3 and
4. (The bifurcation value was determined more exactly.) For L A = 3 the image of the half circle does
not wind around the origin, hencethere is no zero of D in the half circle. This value is below the Hopf
bifurcation value. For L A = 4 the image of the half circle winds twice around the origin, hencethere are
two zerosof D in the half circle. This value is above the Hopf bifurcation value. This shows that the
Hopf bifurcation value of L A is between3 and 4.

5.3 The generalized KdV equation

Let us consider the travelling wave solutions of the problem

@� u + @x f (u) + @3
x u = 0 (38)

where f is a twice di�eren tiable convex function with f (0) = 0 = f 0(0) and f (u)=u increasing. The
motivating example is f (u) = up+1 =(p + 1). This equation has a solitary (tra velling) wave solution
u(� ; x) = U(x � c� ) for any c > 0, satisfying the boundary conditions U(z) ! 0 as jzj ! 1 , seee.g. [17].
(This solution can be given explicitly if f (u) = up+1 =(p + 1)).

The operator determining the stabilit y of a travelling wave solution U takesthe form

LV = V 000� cV0+ (f 0(U)V )0 (39)

The �rst order system corresponding to the third order equation LV � �V = W can be written in
the form (5), where x = (V; V 0; V 00)T , y = (0; 0; W )T and

A � (t) =

0

@
0 1 0
0 0 1

� � _g(t) c � g(t) 0

1

A

Here we usedthe notation g(t) = f 0(U(t)).
Now A �

� are the samematrices

A �
� =

0

@
0 1 0
0 0 1
� c 0

1

A

The eigenvaluesof A �
� are determined by the characteristic polynomial

� 3 � �c � � = 0:

Substituting � = i! into the characteristic equation we obtain Re� = 0, therefore the set of those �
values for which n�

c (� ) � 1 is the imaginary axis.
Since A+

� = A �
� , we have E +

s (� ) = E �
s (� ) and E +

u (� ) = E �
u (� ). Hence in the casen �

c (� ) = 0 we
have dim(E +

s (� )) + dim(E �
u (� )) = 3. In fact, as an elementary computation shows, for Re� > 0 we

have dim(E +
s (� )) = 2, dim(E �

u (� )) = 1. For Re� < 0 we have dim(E +
s (� )) = 1, dim(E �

u (� )) = 2. Now
applying Corollary 2 and Corollary 3 we have the following results concerningthe spectrum of L .

Prop osition 5 1. The essentialspectrum of L is the imaginary axis.

2. If � is not purely imaginary, then it is either a regular value or an isolated eigenvalue.

3. The Evans function can be de�ned either in the open right half complex plane or in the open left
half plane.
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In [17] a method is developped for the investigation of the behaviour of the Evans function on the
positive half of the real line. The essenceof the method is to compute the derivatives of the Evans
function at zero and its limit at in�nit y. It is shown in [17] that D(� ) ! 1 as � ! + 1 (and � is real).
It is also shown that D(0) = 0 = D0(0) and that D00(0) < 0 if p > 4 and f (u) = up+ =(p + 1). Hence
D(� ) < 0 for small valuesof � , therefore D has a positive real root, that is the solitary wave solution is
unstable when p > 4.
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