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Abstract

The linear stability of the travelling wave solutions of a general reaction-di usion system is in-
vestigated. The spectrum of the corresponding secondorder di eren tial operator L is studied. The
problem is reduced to an asymptotically autonomous rst order linear system. The relation between
the spectrum of L and the corresponding rst order system is dealt with in detail. The rst order
system is investigated using exponertial dichotomies. A self-cortained short presertation is showvn
for the study of the spectrum, with elemertary proofs. An algorithm is given for the determination of
the exact position of the essetial spectrum. The Evans function method for determining the isolated
eigervalues of L is also preserted. The theory is illustrated by three examples: a single travelling
wave equation, a three variable combustion model and the generalized KdV equation.

Keyw ords: linear stability of travelling waves, exponertial dichotomies, Evans function

AMS classi cation : 35K57, 35B32.

1 Intro duction
We investigate the stability of the travelling wave solutions of the system
@u=D@u+ f(u); @

whereu : R  R! R™, D is a diagonal matrix with positive diagonal elemens and f : R™ | R™
is a cortinuously di erentiable function. The travelling wave solution of this equation has the form
u( ;x) = U(x ¢ ), whereU:R! R™. For this function we have

DU%z) + cU%z) + f (U(z)) = O; (z=x ¢) 2)

The stability of U can be determined by linearization. Putting u( ;x) = U(x c¢ )+ v( ;x c¢)in (1)
the linearized equation for v takesthe form

@v=D@,v+ c@v+fAU@)v: ®)

According to well known stability theorems (seee.g. [21]) the stability of the travelling wave solution U
is determined by the spectrum of the secondorder di erential operator

(LV)(t) = DVR) + cVAL) + Q(t)V (1); (4)
de ned in Co(R;C™)\ C?(R;C™M), where Q(t) = f (U(t)),

Co(R;CM)=fV:R! C™ |V iscontinuous tIIim V(t) = 0Og;
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endowved with the supremum norm kVk = maxgjV (t)j. It is assumedthat Q : R! C™ ™ js continuous,
and the limits Q = limy;  Q(t) exist.

The complexnumber 2 CiscalledaregularvalueofL if the operatorL | hasboundedinversethat
is de ned in the whole spaceCy(R; C™). That is for any W 2 Cy(R; C™) there exists a unique solution of
LV V =W in Co(R;C™)\ C?(R;C™), and there exists M > 0 suc that for any W 2 Co(R;C™) we
have kVk M kWKk. The spectrum (L) of L consistsof non-regular values. The number is called an
eigervalueif L | hasnoinverse. The essetial spectrum of L consistsof those points of the spectrum
which are not isolated eigervalueswith nite multiplicit y. It is usefulto introducethe rst order system
corresponding to equationLV V. = W. Let x = (V;V9T,y= (0;W)T, then the rst order systemis

x(t) = A (Ox() + y(b); (®)

where
0 |

DI Q) <! ° ©)

The spectrum of L has beenwidely investigated. The position of the essetial spectrum has been
estimated, seee.g. [14], and Weyl's lemma in [21]. This can be done using exponertial dichotomies for
the rst order system (5), [5, 18]. This approach was also generalizedto in nite dimensional systems,
when A is a bounded operator on a Banach space[6] and also for unbounded operators [4]. Fredholm
properties are also relevant when determining the spectrum of L [11, 18]. The relation betweenthese
two conceptsis dealt with in [16, 18]. The determination of the isolated eigervalues requires to solve
a linear system with non-constart coe cien ts, which can be done in general only numerically. For the
investigation of the isolated eigervaluestwo conceptswere introduced. The rst wasthe Evans function
[10], which is an analytic function on the complex plane, the zerosof which are the isolated eigernvalues
of L. Later atopological invariant wasintro ducedfor the study of the spectrum [1]. Thesemethods were
applied for seweral systemsin physics[3, 12, 17], chemistry [2, 7, 13, 19] and biology [10, 15].

The aim of the paper is to presern a self-cortained detailed study of the spectrum of L, and to |l
the gap betweenthe abstract results (on exponertial dichotomiesand on topological invariants) and the
applications. The novelties of the paper are as follows.

A (1) =

An algorithm is given for the determination of the exact position of the essetial spectrum. The
statemerts concerning the essetial spectrum are proved by elemenary methods. (Most of the
known results give only su cien t conditions for the essetial spectrum to lie in the left half plane.)

All the theoremsare provedin the nite dimensionalcase.The preseration doesnot needabstract
techniques, hencefor those applying the theory a self-cortained method is shaown. (According to the
author's knowledge a self-cortained explanation, including the proofs, is only given for the caseof
unbounded operators [4]. The proof of the nite dimensional casemust be compiled from di erent
sources,e.g. [5, 8, 14, 16].)

The relation betweenthe spectrum of L and the corresponding rst order systemis dealt with in
detail. (The standard referencein this context is [14] but the relation is not proved in that book.)

2 Relation between the spectrum of L and the rst order system

Lemma 1 connectsthe determination of the spectrum of L with the study of system (5). In order to
prove the lemma we will needthe following Proposition.

Prop osition 1 If W 2 Co(R;C™) and V 2 Co(R;C™) is the solution of LV  V = W, thenV°2
Co(R;C™M).

Pr oof Wewill showthat V0! 0Oat+1 ,it canbe veried similarly, that V°! 0Oat 1 . Let usdenote
by z the real or imaginary part of the k-th coordinate of V, (k is arbitrary), and let d = Dyx. We will
prove that limy .1 z(t) = 0that implies the desired statemert. First we prove in the casec 6 0. Since
V and W tendto Oat +1 , for any " > 0 there exists tg such that

"< dz(t) + cz(t) <" for all t > to:
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Dividing by d and multiplying by exp(ct=d) we obtain

ae% < (z(t)e")°< ae% for all t > to:

Integrating in [to;t] we get

c(to V) c(to ) c(to V) c(to )
d

%(1 e 4 )+ z(tg)e d <z_(t)<%(1 e 4 )+ z(tp)e for all t > to: (7

In the casec > 0, there existst; > tg for which

2-< z(t) < 2- forallt>t
_ < 2(t) < 2 :

yielding lim,; z = 0, what we wanted to prove.

In the casec < 0 we prove by contradiction. Assumethat there exists > 0 and a sequence, ! 1,
such that jz(t,)j= . Let" = c¢=2andapply (7) for to = t, when n is large enough. If z(t,) = ,
then the inequality in the left hand side of (7) yields for t > t,, that

c(th t)

z_(t)>§(1+e a ) +1

ast! +1 . This contradicts to the boundednessof z. If z(t,) = , then the inequality in the right
hand side of (7) yields for t > t,, that

c(tp t)

2y < FA+re T 1

ast! +1 . This contradicts to the boundednessof z.

Finally, let us considerthe casec = 0. Then from the di erential equation we get that z tendsto zero
at in nit y. According to the Landau-Kolmogorov inequality (seee.g. [9]) kzk  4kzkkzk. De ning k k
asthe supremum norm on [T;+1 ) for T large enough,we getthat z! 0 at in nit y.

Lemma 1 (i) If system(5) has a unique solution x 2 Co(R;C?™) for any y 2 Co(R;C?™) and x
dependscontinuously ony, (i.e. thereexistsM > 0, suchthat kxk M (kyk for all y 2 Co(R; C?™)),
then is a regular valueof L.

(i) If is a regular value of L, then for any dier entiable function y 2 Co(R;C?"™), for which'y 2
Co(R; C?™), there exists a unique solution x 2 Co(R; C?™) of system(5); and there existsM > 0
such that for any y satisfying the above conditions the correspnding unique solution x satis es
kxk M (kyk + kyk).

Pr oof
(i)
Let W 2 Co(R;C™), andy = (O;W)T 2 Co(R;C?M). Then there exists a unique solution x 2

henceV is twice di erentiable, and LV ~ V = W. The continuity follows from kxk M kyk, namely

kVk kxk Mkyk= MkwWk:

(i)

First we shaw that for any y 2 Co(R; C?™) which is di erentiable andy 2 Co(R;C?™) there exists a
unique solution x 2 Co(R; C?™) of (5). Let x = (V;U)T,y = (y1;¥2)", whereV;U;y1;y, : R! C™, then
system (5) takesthe form

Vo= U+y
UL = DXl QV cDu+y

The di erentiabilit y of y; implies that V is twice di erentiable and V = U + y;, hencefrom the second
equation
DV +c\VL+QV V =Dy;+cyr+ Yo
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Since is a regular value of L, this equation has a unique solution V 2 Cy(R;C™), and there exists
M4 > O for which
kVk  Mi(kyik + ky;k + kyzk): (8)

Moreover, according to Proposition 1 \. 2 Cy(R;C™), yielding U = L y; 2 Co(R;C™). Thusx 2
Co(R; C?™) what we wanted to prove.

Now we show the cortinuous dependenceof x on y. Let us denote the maximum point of V4 (for
somek = 1;:::;m) by tx. Since\y ! Oat 1 ,the maximum point is not at in nit y, henceV (tx) = O.
Therefore using (8) we get that there exists M, > 0 for which

Mc(te)]  Ma(kysk + kyik + ky2k):

Similar inequality can be proved for the minimum of V4, and for all coordinates of V, hencethere exists
M3 > 0O for which kMk  Mga(ky;k + kyik + ky2k). SinceU = \L  yj, there exists M4 > 0 for which
kUk  Mg(kyik + ky;k + kyok). Thuswith M = 2(M1 + My4) we have kxk M (kyk + kyk).

Now we turn to the study of general rst order systems,the special caseof which is system (5).

3 First order systems

Now for short let Cq = Co(R; C") endaved with the supremum norm kxk = maxg jx(t)j, and let A : R !
C" " be a continuous function for which the limits

A =“I{m A(t)

exist. Let us considerthe rst order system

x(t) = A(tx(t) + y(b): 9)

Our aim is to give necessaryand su cien t condition for the existenceand uniquenessof a solution x 2 Cg
of (9) for any y 2 Cop, and for the continuous dependenceof x ony.

SinceA is cortinuous, system (9) has solutions for any y 2 Cy, that can be given by the variation of
constarts formula as

Zt
x()= (txo+ (1) (9 y(s)ds; (10)
0
where is the fundamenal system of solutions of the homogeneousequation satisfying (0) =1, i.e.
the n columns of the matrix ( t) are n independert solutions of the homogeneoussystem
x(t) = A(t)x(t): (11)

Hencethe question is that for a giveny 2 Cy doesthere exist a unique xo 2 C", such that x 2 Cy (x is
given by (10)), and that doesx depend cortinuously on y.

The dimension of the stable, unstable and certral subspaceof the matrices A play important role.
Let us denote the number of eigervalues (with multiplicit y) of A* with positive, negative, zeroreal part
by n{, n{, n{, respectively. Wede ne n,, ng, n, similarly usingA .

First we show that the cortinuous dependenceis violated whenn? > 0 or n, > 0. The main point
in these casesis to prove the existenceof a bounded solution of the homogeneousequation, which does

not tend to zero.

Theorem 1 Let us assumethat at least one of the following two conditions holds:

R+1
0

(b) nc >0and | jA(t) A j<1.

(@ nf > 0and jAt) A*j<1

Then the solution of (9) doesnot degend continuously ony, in the sensethat thereis no M > 0 for which
kxk M (kyk + kyk) holdsfor any di er entiable function y 2 Cy, for whichy 2 C,.
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Pr oof We prove in case(a), the other caseis similar. According to Theorem 1.10.1 of [8] there exists
Zo 2 C", sudh that the solution t 7! ( t)zo of (11) is boundedin [0;+1 ) but doesnot tend to zero as
t! +1 . Then there exista> 0 and a sequencey ! +1 ,sudthat j( tx)zoj = aforallk=1;2;:::.
Let hy : R! R be continuously di eren tiable functions satisfying the following conditions

2 71
hejr ;o0 =00 jh L g L he = 1 =0, lim hy = lim by =
0 0

Let yk(t) = hy(t) ( t)zo, then yx 2 Cy, yk is di erentiable and
Yic(t) = by (t) ( 1)zo + hie(t) £ t)Zo = By (t) ( t)Zo + he(DA(L) ( t)Zo:

Hencey, ! Oat +1, sincehy ! 0, hy ! 0 and A(t) is bounded. On the other hand, there exists
Mi > O for which kyyk Mg for all k= 1;2;:::. Let

7t

xk(M = (1) (s) ‘y(s)ds
0

R
Then x is a solution of (9) belongingto yk, and xx(t) = ( t)zo é h(s)ds, hencexy 2 Cy. However,

kxick = maxjxi (1) jxi(te)j = tea:

Sincekykk  k( )zok for all k = 1;2;:::, the inequality kxyk M (kyxk + kyxK) would mean txa
M (k( )zok+ My) for all k = 1;2;:::, which cortradicts to ty ! +1 .

In the further considerationswe will assumen? = 0or n, = 0. In this casewe will useexponertial
dichotomiesto answer the above question.

Denition 1 System(11) possessean exponertial dichotomy in the interval J if there exist a projection
P and positive numbersK; L; ; , suc that

k(P (s) 'k Ke 9  fort s;ts2J (12)
k(t)(I P)(s) *k Le &V fors t ts2J (13)

We will show that the exponertial dichotomy on R implies the existence, uniquenessand continuous
dependenceof the solution of (9). It can be showvn that system (11) possessean exponertial dichotomy
on R if A(t) is constart and it hasno eigervalueson the imaginary axis, that is whenn? = n, = 0. For
the time dependert casethere is no exponertial dichotomy on R in generalwhenn? = n. = 0. Howeer,
we will show that system (11) possessesxponertial dichotomieson R, and on R . If the projections of
thesetwo dichotomies are the same,then system (11) possessean exponertial dichotomy on R as well,
and the existence,uniquenessand cortin uous dependencefollows.
We will usethe following properties of exponertial dichotomies.

Lemma 2 (i) Let P; and P, be projections, for which Im P; = Im P,. If system(11) possessesan
exmpnential dichotomy in the interval J with the projection P, then it possessesan expnential
dichotomy in the interval J with the projection P, as well.

(i) System(11) possessesmn expnential dichotomy in any closel and bounde interval [a;b], with any
projection.

(iii) If system(11) possessesan expnential dichotomy in the intervals (a;b] and [b;c) with the same
projection P, then it possessesn exmnential dichotomy in the interval (a;c) (hereacanbe 1
andccanbe+1).

Pr oof
(i) This statemert is proved in [5] pp. 16.
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(i) The function (t;s) 7! k( t)P ( s) ke (t 9 is cortinuous on the square[a;b] [a;b], henceit hasa
maximum K , implying (12). Inequality (13) follows similarly.

(i) We only have to prove that (12) holds for t 2 [b;c), s 2 (a;b], and that (13) holds for s 2 [b;c),
t 2 (a;b]. Wewill show only the rst one,the proof of the secondoneis similar. Thusleta<s b t<ec.
Then

K(tP(s) *k=k(t)P(b (P (s) k Ke tPke (P9=K2 9.

The following Lemma can be proved using the results in [5].

Lemma 3 (i) If nf = 0, then system(11) possessesn exmnential dichotomy in [0;+ 1 ), the projec-
tion of which is denotal by P*. Moreover, dim(kerP*) = n;, dim(Im P*) = n}.

(i) If n, = 0O, then system(11) possessesn exmnential dichotomyin (1 ;0], the projection of which
is denoted by P . Moreover, dim(kerP ) =n,, dm(ImP )= ng.

Pr oof We prove only (i), the secondstatemert can be veri ed similarly. Sincen! = 0, systemx = A, x
with constart coe cien ts possessean exponertial dichotomy in [0;+ 1 ) the projection of which, denoted
by P, hasan n} dimensionalrangeand n;, dimensionalkernel, see[5] pp.10. For any > 0 there exists
to > 0, such that kA(t) A.k< fort> tg. Henceaccordingto proposition 1 of [5] on pp. 34 system
(11) possessean exponertial dichotomy in [to;+1 ) with projection P*. Applying statemerts (ii) and
(iii) of Lemma 2 we can complete the proof.

Let us introduce the following subspaces.

ES=ImP"; Ej=kerP"=Im(l P*); Eq =ImP ; E, =kerP =Im(l P ):

u

According to the next Proposition the subspaceE? consistsof thoseinitial conditions xq, for which the
solution of the homogeneousequationtend to O ast! +1 . Similarly, the subspaceE, consistsof those
initial conditions xg, for which the solution of the homogeneousquationtendto O ast! 1

Prop osition 2 (i) Assumen; = 0. Thenlimy +1 ( t)xo = Oif andonly if xo 2 E .
(i) Assumen, = 0. Then lim¢ 1 ( t)xo=0if andonly if xo 2 E, .

Pr oof Weproveonly (i), the secondstatemert canbeveri ed similarly. Forxo 2 E; wehaveP* xo = X,
hencesetting s= 0in (12)
J(txoj Ke 'jxoj t>0

Thus for xo 2 EZ we have provedlimy +1 ( t)xo = 0.
Let usassumenow limy +1 ( t)Xxg = 0. Sincexo = P*xo+ (I P*)xo and P*xo 2 E{ we have

0= lim (Oxo= [im (P xe+ lim ()1 P*)xe= fim (1 P*)xo  (14)

Applying (13)to ( s)(I P*)xo and setting t = 0 we get
i P™)xojL eS j(s)(I P")xe s>0:

Therefore (14) can be satis ed only in the case(l P*)xo = 0, which meansthat xo 2 EZ, what we
had to prove.

Corollary 1 Letusassumen; = n, = 0. The homgen®us equation (11) hasa unique solution in Cq
(it isx 0)if and only if dm(EZ \ E, )= 0.

Pr oof Let us assumedim(EZ \ E,) = 0. If for a solution x = ( )xo of (11) we havelim; x = 0,
then accordingto Proposition 2xo 2 EZ \ E, , hencexo = O, that isx 0.

Let us now assumedim(EZ \ E,) > 0. Let xo 2 EZ \ E,, Xo 6 0. Then x = ( )Xg is a nonzero
solution of (11) and lim; x = 0.

We will needthe following three lemmas. The rst is a generalization of Proposition 2 to the inho-
mogeneousequation.
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Lemma 4 Lety 2 Cp, Xo 2 C" and let x be given by (10).

(i) Assumenf = 0. Thenlim,1 x = 0 if and only if

71
(I P")xo= (I P")(s) 'y(s)ds (15)
0

(i) Assumen, = 0. Thenlim; x = 0if and only if

Z0
P xo= P () ly(s)ds (16)
1
Pr oof First we show that
Zt
t!Iir;nl (P *xo+ ()P" (s) 'y(s)ds=0 forall xo2 C": 17)

0
Applying (12) for P = P* and s = 0 we obtain
JCP*x0) Ke 'jxoj! O ast! +1:

Now we prove the corvergenceof the secondterm. Let " > 0 be an arbitrary positive number. Since
lim,; y = 0, there existst; > 0 such that, for t > t; we havejy(t)j < "= 2K. Let t, > t; be a number
for which

K "
—kyke (t+ U < 5 for all t > t,:

Then for t > t, we have

Zt 21 71
( P* ('s) 'y(s)ds JCHPT ('s) 'y(s)ids+  j(t)P* ('s) 'y(s)ids
0 0 ta
21 W 71
kykke ' eSds+ RKG t eSds< ™
0 ty

Thus (17) is veri ed. Similarly we can prove

0 2t 1

tII{m @(t)(I P )xo+ ()1 P )(s) y(s)dsA =0 forall xo2 C": (18)
0

Now we show that (15) is equivalent to

0 2t 1

Jim @(t)(I P )xe+ ()1 P*)( s) y(s)dsA = 0 (19)
0

Applying (13) for P = P* and t = 0 we can seethat the integral in (15) is convergern, sincey is a
bounded function. Let us assumerst that (15) holds. Then

z 71
(00 PYxe+ (1)1 P7)(s) 'y(s)ds= (O PY)(s) 'y(s)ds:

EJQTDE, 2003No. 15,p. 7



According to (13)

71 71
() P*)( s) ly(s)ds (malx)jy(t)j Le © Yds= (malx)jy(t)jE! 0 ast! +1:
t,+ t, +
t t

Now let us assumethat (19) holds. Let usintroducex by

71
(1 P)x = (I PY)(s) ly(s)ds

Then

Zt 71
(D0 P )xe+ (I PY)(s) 'y(s)ds= () P )(xo+x) (0 P*)( s) 'y(s)ds:

0 t

We have seenthat the secondterm tendsto zeroast! +1 , hence
. . _
t!I|[rnl () P )(xo+x)=0

implying xo + x = 0 accordingto Proposition 2, hencexo = x , yielding (15).
Similarly we can prove that (16) is equivalent to

0 2 1

fim @(t)P xo+ ()P ( s) y(s)dsA = O (20)
0

Now the proof of statemert (i) of the Lemma follows from the equation

z z
x()= (OPTxo+ (OYPT (') 'y(s)ds+ ()1 PT)xe+ ()1 PT)( s) y(s)ds:
0 0

According to (17) the rst and secondterms tend to zeroast! +1 . Hencelim.; x = Oif and only if
the sum of the third and fourth term tendsto zeroast! +1 . According to (19) this sumtendsto zero
if and only if that (15) holds, what we had to prove.

The proof of statement (ii) of the Lemma follows similarly from (18) and (20).

Lemma 5 Letusassumen? = n, = 0. The following two statementsare equivalent.
(i) Foranya?2 E} andany b2 E there exists a unique solution xq of
(I P")xo= g P xo=b:
(i) Eg E,=C"
Pr oof
Let us assumethat (i) holds. First we shov that EJ \ E, = fOg. Letz2 EJ\ E,,then(l P*)z=0

and P z = 0, henceapplying (i) with a= b= 0we get z= 0. Now we show that for any z 2 C" there
existz; 2 Ef,z, 2 E,, such that z= z; + z,. Let z; be the solution of (i) with a= 0,b= P z, that is

(I P")z1=0; P z1=P z
Let z; be the solution of (i) with a= (I P*)z, b= 0, that is
(I PYz=(U Pz P z=0:

Then (I P*)z=(1 P*)(z1+2z)andP z=P (z;+ z,), hencethe uniquenessimplies z = z; + z,.
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Now let us assumethat (i) holds. First we show that the solution in (i) is unique. Let us assume
that there are two solutions x§ and x3° Introducing xo = x3 x®wehaveP xo= 0and(I P*)xo = 0.
Hencexo 2 E, \ E}, yielding xo = 0, that is x3 = x32 Now we show that the solution xq in (i)
exists. Let z; 2 E}, zo 2 E,, sudhthat a b= z;+ z, andlet xo = b+ z = a z;. Then
(I P")o=(I P*)@a z)=a,sinceP*a=0and(l P*)z; = 0. Similarly P xo= P (b+2z)=h.

The following lemma is proved in [16] Prop. 2.1 and in [5] p. 19, but in order to make the paper
self-cortained we preser a short proof.

Lemma 6 Letusassumen = n, = 0andE; E, = C". Then system(11) possessesn expnential
dichotomy in R with a projection P , for whichimP = E!, kerP = E,.

Pr oof Assumption E; E, = C" implies that there exists a projection P , for which ImP = EJ,
kerP = E, . Namely, for an arbitrary vectorz2 C" wecandene P zasP z= z;, wherez= z; + 2,
with z; 2 Ef, zo 2 E,. SincelmP = ImP*, Lemma 2 and Lemma 3 imply that system (11)
possessean exponertial dichotomy in [0;+ 1 ) with the projection P . On the other handIm (I P )=
Im(l P ), henceLemma?2 and Lemma 3 imply that system(11) possessean exponertial dichotomy in
(1 ;0] with the projection P . Sincesystem (11) possessean exponertial dichotomy both in [0;+1 )
andin (1 ;0] with the projection P , accordingto Lemma 2 it possessean exponertial dichotomy in
R.

Theorem 2 Letusassumeni = n, = 0.

(i) If for any dier entiable function y 2 Cop, for whichy 2 Cy there exists a unique solution x 2 Cy of
9), theng; E, =C".

@iy If Ef E, = C", then system (9) has a unique solution x 2 Cy for any y 2 Coy, and there
exists M > 0, suchthat for any y 2 Cp and for the correspnding solution x 2 Cp the inequality
kxk M kyk holds.

Pr oof (i) Let us assumethat system (9) has a unique solution x 2 Cq for any di erentiable function
y 2 Co, for whichy 2 Cy. Let a2 E; and b2 Eg be arbitrary vectors. We will show that there exists a
di erentiable function y 2 Cgp, with y 2 Cop, such that

71 20
a= (I P*)( s) y(s)ds; b= P (s) ly(s)ds: (21)
0 1

Namely, let h: R! R be a continuously di eren tiable function satisfying

71 2
h(0) = 0; h(0) = O; h= 1 h=1 jh)j e @D ja)j re @D forjtj > 1;
0 1

with somer > 0, and whereq 2 R is chosento satisfy KA(t)k qfor all t 2 R. It can be easily shown
that there existsk > 0, such that k ( t)k ke™ for all t 2 R. Let

_ ( t)h(t)a; fort O
YO = Dhb: fort< o0

Then y and y are continuous (also in zero, becausetheir limits are zero from left and from right), and
y; ¥ 2 Cop, becausefor t > 1 we have

iy(®i  k(Hkih®iia ke'e @ tjaj = kjaje *;

and
jy(i (ke Okih(tj+ k ( tkiht)jiaj (a+ r)kjaje
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Similar estimate can be derived for t < 1. Finally, we obtain

71 71 71
(I P*)(s) 'y(s)ds= (I P*)(s) '(sh(s)ads= a h=a
0 0 0
Z0 Z0 Z0
P (s) y(sds= P (s) '(sh(s)bds=b h=b:
1 1 1

Let x 2 Cp be the solution of (9) belongingto y. Then accordingto Lemma 4 for xo = x(0) we have
a= (1  P%)xp; b= P Xo: (22)

HenceLemmab impliesE; E, = C".

(i) Now let usassumeE; E, = C". Lety 2 Cy and a;b given by (21). According to Lemma
5 there exists a unique xo 2 C" satisfying (22), henceLemma 4 implies x 2 Cy. If x 2 Cq is another
solution of (9), thenx  x 2 Cy is a solution of (11). However, accordingto Corollary 1x x 0, that
isSX  X.

Finally we prove the cortin uous dependence.According to Lemma 6 there exist a projection P , and
positive numbersK;L; ; , for which

k()P (s) 'k Ke 9 fort s;ts2R (23)
k() P)(s) 'k Le &V fors t ts2R (24)
Repeating the proof of Lemma 4 replacing P* and P with P we get
71 20
(I P )xo= (I P)(s) 'y(s)ds; P xo= P () ys)ds:
0 1

Therefore from the variation of constart formula (10)

Zt 7t

x()= (P xo+ (P (s) 'y()ds+ ()1 P Ixo+ ()1 P )( ) 'y(s)ds=
0 0
Zt 71

(P (s) 'y(s)ds+ ()1 P )(s) 'y(s)ds:

From (23) and (24)
Zt Zt
()P ( s) ly(s)ds kykKe ! eSds= kykﬁ;
1 1
71 71
()1 P)(s) ly(sds kykLe' e S3ds= kykE;
t t
hencekxk (K= + L= )kyk.

4 The spectrum of L

In Section 1 we have introduced the matrix functions A , see(6). Sincefunction Q tends to a limit at
1 , the limits
A = tII{m A (1)

exist. We have seenin Section 2 that the dimension of the stable, unstable and certral subspacef the
matrices A play important role. Let us denotethe number of eigervalues(with multiplicit y) of A™ with
positive, negative, zeroreal part by nj; ( ), nZ ( ), nf (), respectively. Wedene n,( ), ng( ), n. ()
similarly using A .
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Theorem 3 Let us assumethat at least one of the following two conditions holds:

R,
@ ni()>0and ;' jA () A*j<1

R
() n.()>0and § jA(t) Aj<1.

Then 2 (L).
Pr oof Let us assumethe cortrary, i.e. that is a regular value of L. Then according to (ii) of
Lemma 1 for any dierentiable function y 2 Co(R;C?™), for which y 2 Co(R;C?"M), there exists a

unique solution x 2 Co(R; C2™) of system (5); and there exists M > 0 such that for any y the inequality
kxk M (kyk+ kyk) holds. However, Theorem 1 yields that this M cannot exist, which is a cortradiction.

In the further considerationswe deal with the casen? ( ) = 0= n. ( ). In this casewe intro ducethe
subspaces

ES() Ef() Es() Eu()
in the sameway asin Section 2. (Now they depend alsoon , becauseA dependson .)
Theorem 4 Letusassumeni( )= 0= n¢( ).

(i) is an eigenvalueof L if and only if dim(EZ( )\ E, ( )) > 0.
(i) is aregular valueof L if andonly if EZ () E,( )= C2.

Pr oof
() If is an eigervalue of L, then there existsV 2 Co(R;C™), V 6 0, for which LV = V . According
to Proposition 1 V2 Co(R;C™M), hencefor x = (V;VYT we have x 2 Co(R;C?"™) and it is a nonzero
solution of x(t) = A (t)x(t). Therefore the statemert follows from Corollary 1.

If dim(EZ ( )\ E, ( )) > 0, then accordingto Corollary 1 there is a nonzerosolution x 2 Co(R; C2™)

di erentiable, V 6 0 (otherwiseU Oandx 0),andLV = V .
(i) If is aregular value of L, then accordingto (ii) of Lemma 1 for any di erentiable y 2 Co(R;C?™)
for which y 2 Co(R; C?™) there exists a unique solution x 2 Co(R;C?™) of (5). Then Theorem 2 implies
ES() E,()=cC™,

If EZ() E, ()= C2, then accordingto Theorem 2 for any y 2 Co(R;C2™) there exists a unique
solution x 2 Co(R; C?™) of (5) and it dependscortinuously ony. Henceby (i) of Lemmal is aregular
value of L.

Usingthat EZ () E, ()= C? isequivalent to dmE ( )+ dimE, ( ) = 2m and dim(E{ ( )\
E, ( )) = 0, the following statemerts are obvious consequencesf the theorem above.

Corollary 2 Letusassumeng( )=0=n¢( ).
1. If dmES( )+ dimE, ( ) > 2m, then is an eigenvalueof L.
2. If dmEZ( )+ dimE, ( ) < 2m, then 2 (L).
3. IfdmEZ( )+ dmE, ( )=2manddim(EZ( )\ E, ( )) = O, then is aregular valueof L.
4. If dmEJ( )+ dmE,( )=2manddim(ES( )\ E, ( )) > O, then is an eigenvalueof L.

Remark 1 If nf( ) = 0= n,( ), then the operator L | is Fredholm, and its Fredholm index is
(L 1)=dmEZ()+dmE,() 2m, see[l4,186].
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The dimensionof EJ ( ) and E,, ( ) can be determined explicitly, becauseonly the eigervaluesof the
matrices A have to be determined to get these dimensions. However, to get dm(EZ ( )\ E, ( )) the
time dependert system must be solved numerically. This leadsto the de nition of the Evans function.
Let

=f 2C :ni()=0=n,();ni()606n,();andni()+n,()=2mg:
For 2 let us denote the baseof the subspaceE{ () by v;;::: ;v:+ , and the baseof the subspace

E,() byvg ;i Vo The assumption dim(EJ ( )\ E, ( )) > 0 meansthat the two basestogether
give a linearly dependert system of vectors. The Evansfunction is de ned asthe determinant formed by
these 2m vectors. That is the determinant is zeroif is an eigenvalue.

De nition 2 The Evansfunction belongingto the operatorL isD: ! C

D( )= det vj :::v:;vl v
We have proved that the eigernvaluesare the zerosof the Evans function. It can be also shawn that the
multiplicit y of an eigervalue is equal to the multiplicit y of the zero of the Evans function, and that the
Evans function is an analytic function on the domain [1]. Hencethe zerosof D are isolated, that is in
the domain wheredimEJ ( ) + dimE, ( ) = 2m there can be only isolated eigervalues. This statemert
together with Corollary 2 enablesus to determine the essetial spectrum explicitly.

Corollary 3 The essentialspectrum of L is

e(L)y=f 2C: ni()>0orn,()>0o0rni()+n,()6 2mg:

The basesof the stable and unstable subspacescan be determined numerically in the following way.
We calculate the eigervaluesof A* with negative real part, and its corresponding eigervectors. Let us

denotetheseeigervaluesby i;:::; g, and the eigervectorsby uy;:::;uk (for short we usedthe notation
k = nZ( )). Similarly, let us denote the eigervaluesof A with positive real part by 1;:::; |, and the
corresponding eigervectors by vi;:::;v (for short we usedthe notation | = n, ( )). Then choosing a

independert (approximating) solutions of the dierential equations, therefore their valuesat O give a
baseof EJ ( ). Similarly, solving the dierential equationin [ ;0] we get a baseof E, ( ), and the
determinant de ning the Evansfunction can be computed. We note that if * is very large and there is a

the eigervalue with largest real part will dominate and the solutions starting from linearly independert
initial conditions will be practically linearly dependert at zero. (Similar casecanoccurin [ *; 0] aswell.)
To overcomethis dicult y the problem can be extendedto a wedgeproduct spaceof higher dimension

[3].

Now we shov a method to determine the eigervaluesand eigervectors of A , which determine the
dimensionsof EZ ( ) andE, ( ). Wewill dealwith the two casegogether, thereforefor short weintro duce

A= Dl(l0 Q) w1 (25)

where Q canbe Q* or Q . Let usdenotean eigervalue of A by and an eigervector by u = (ug;u,)’.
That is

0 | up  _ ua
DXl Q Dt u uz
Thenu,= u;andD (I  Q)uy cD uz= u,, hence

D (I Qui cD *uji= 2ug;

yielding
(?D+cl +Q I)up=0:

Thus we have proved the following proposition.
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Prop osition 3 The number s an eigenvalueand u = (ug;uy)" is an eigenvetor of A if and only if
det( D+ cl +Q 1)=0 (26)

and
up2ker( 2D+ ¢l +Q 1); Up= U1

Thus the eigervaluesof A are determined by equation (26) of degree2m. In the special casewhen
Q is an upper or lower triangular matrix the L.h.s. of the equation is a product of m seconddegree
polynomials, hencethe solutions can be computed explicitly [20].

5 Applications

5.1 Case of a single equation, m=1

Now let U : R! R be a solution of

U%+ cu®+ f (U)
Uil )=U,; UH1)

0 27)
Us; (28)

wheref : R! R isacontinuously di erentiable function, U ;U, 2 R and it is assumedthat ¢ 0. The
stability of U is determined by the spectrum of the operator

L(V) = V%% ¢cvo+ fqU)V: (29)
The function g(t) = f QU(t)) is continuous and haslimits at 1 ,
g =fqu.); aq =fAU ) (30)

If U tendsto the limits U, and U exponertially, then the integrals in the assumptionsof Theorem 3
are convergert. Now A are 2-by-2 matrices and accordingto Proposition 3 their eigervalues( 1.2) are
determined by the equation

2+c +q =0 (31)

The essetial spectrum can be determined by calculating the dimensionsof EZ ( ) and E, ( ). These
dimensions can be easily determined from the setswherenf( ) landn.,() 1. Thesesetsare
formed by those valuesof to which = i! is a solution of (31). Hencethe set of valueswhere

ng () 1isthe parabola ,

P*=f 1+i,2Cj 1=¢ ?2 g (32)
It is easyto show that on the left hand side of the parabola dimE; ( ) = 2, and on the right hand side
dmEJ ( ) = 1, seeFigure 1. Similarly, the setof valueswheren,( ) 1is the parabola

2

P =f 1+i,2Cj 1=q g (33)

2
c

It is easyto show that on the left hand side of the parabola dim E, ( ) = 0, and on the right hand side
dmE, ( ) = 1, seeFigure 1.
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Figure 1. The parabolas given by (32) and (33) for g. > q in (a) and for g > g in (b). The
dimensionsof the subspacesE? ( ) and E, ( ) are shown, the upper numbers correspond to the former
and the lower numbers correspond to the latter.

Now applying Theorem 3 and Corollary 2 we have the following results concerningthe spectrum of
L.

Both parabolas belongto the essetial spectrum of L.
The domain lying on the left hand side of both parabolas consistsof regular valuesof L.

The domain lying on the right hand side of both parabolas contains all the isolated eigervalues of
L the remaining points of this domain (which are not isolated eigervalues) are regular valuesof L.

If g* > q , then the domain betweenthe two parabolasis lled with eigenvalues.

If g° < g , then the domain between the two parabolas is lled with points belonging to the
essetial spectrum, but they are not eigernvalues.

In this special caseof m = 1 the location of the isolated eigervalueswith respect to the imaginary axis
canalsobe determined. It canbe shownn that zerois a simple eigervalue and all other isolated eigervalues
of L are negative (real) if and only if U is strictly monotoneand f QU ) < 0, f9qU,) < 0.

5.2 Flame propagation in a three variable model

Let us considerthe travelling wave solutions of the problem

@a = L,'da afi(b
@w = L, @w wfy(b
@b @b+ af1(b) w fa(b)

whereLa; Lw; ; are positive constarts (La; Lw arethe Lewis humbers) and

fa(b) = e D7 fo(h) = e > V=P,
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with somepositive" and . A travelling wave solution, propagating with velocity ¢, will alsobe denoted
by (a;w;b), and satis es the boundary conditions

ay)! L w(y)! L by)! 0 as y! 1 (34)
ay)! 0, wqy)! 0; bYy)! 0 as y! +1: (35)

Here a is the concerration of the fuel, w is the concernration of an inhibitor speciesand b is scaled
temperature. The travelling wave solution describesa ame propagating with velocity c. The number
and stability of travelling waves of this system was investigated in [19]. We proved that the solutions
a, w and b have limits at +1 , that are denoted by a., w. and b,. If b. = 0, then we refer to the
travelling wave solution as a pulse solution. If b, > 0 then we call it a front solution. In the latter case
a; = 0= w,;. It wasalso shown that a saddle-nale bifurcation may occur and there can be 1, 2 or
3 travelling wave solutions. The stability of these solutions can also change through Hopf bifurcation.

The saddle-nale and Hopf bifurcation curveswere determined numerically. Here we only shonv how the

method described in the previous Section works for this systemto determine the essetial spectrum of
the corresponding linearizdimen ed operator. The results obtained by the Evansfunction method will be
only cited from [19].

The operator corresponding to a travelling wave solution (a;w; b) of the above systemtakesthe form
0 LAtV oV (Vi af (b)Vs !
LV = @ L,V cvf  faVe  wid(b)Vs A (36)
V0 cVP+ fi(vi  f (Ve + (af Ab)  w (D) Vs

We considerL asan operator de ned for the C? functions in the space
Co=fV:R! C%jV iscontinuous Jimov(t) = 0g

endowed with the supremum norm.
Now A are the following 6-by-6 matrices

0 I
A DI Q) cD?
whereQ isa3 3 zeromatrix,
0 1 0 1
0 0O (o7} 0O O
Q"=@0 0 0A forpulses, Q" =@ 0 g O A for fronts,
0 0O G gz O
andg. = f1(1 = ), ="f2(1 = ). According to Proposition 3 the eigervalues( 1;:::; ) Of A
are determined by the equation
(La" 2 ¢ +Qp  NLw'? © +Qp N2 ¢ +Qyp )=0 (37)

sinceQ are lower triangular matrices. Therefore the set of those valuesfor which nf () 1, that is

=il (for some! 2 R) is a solution of equation (37), consistsof three parabolas, denoted by P, , P, ,
P, , seeFigure 2 (a) and (b). In Figure 2 (a) the parabolas are shavn in the caseof a pulse solution,
in Figure 2 (b) the parabolas corresponding to a front solution are shovn. We de ne the parabolas P, ,
P, , P; similarly asthe loci of those valuesfor which n. ( ) 1, they are showvn in Figure 2 (c). The
parabolas are given explicitly by

+ (Im )2 (Im )?
P, =f 2C :Re = ; P, =f 2C :Re = ;
N C e (o}] Lz 7 1 c e Lac2 ©

. (Im )? (Im )?
P, =f 2C :Re = ; P, =f 2C :Re = ;
2 € 7] LWC2 g 2 € LWC2 g
+ . (Im )* . (Im )*
P; =f 2C :Re = = g; P; =f 2C :Re = 2 :
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1 | I I I L I I I
-40 -35 -30 -25 -20 -15 -10 -5 0 5 10

~ | I I I L I I I
-40 -35 -30 -25 -20 -15 -10 -5 0 5 10

Figure 2. The parabolasdetermining the essetial spectrum of the operator (36). The dimension of
the subspaceE; () is shawn in part (a) and (b). The dimensionof the subspaceE,, ( ) is shown in part
(c). (a) correspondsto pulses,(b) correspondsto fronts.

It can easily be seenthat if is to the left of P, , then both solutions for ~ of equationL ,* 2 ¢ +
Qy = 0 have positive real part, and if is to the right of P;", then one of the solutions has positive
real part, the other one has negative real part. The sameis true for the other parabolas. Therefore we
can determine, for any , the value of n{ ( ), i.e. the dimensionof E} ( ), and the value of n, ( ), i.e.
the dimension of E, ( ). The values of these numbers are shown in Figure 2 in the di erent domains
determined by the parabolas. Now applying Theorem 3 and Corollary 2 we have the following results
concerningthe spectrum of L.

Prop osition 4 1. All paralolas belongto the essential spectrum of L.
2. The domain lying to the left of all paralolas consists of regular values.
3. The Evans function can be de ned in the domain lying to the right of all paratolas.

4. In the caseof fronts there are open domains | led with eigenvalues.In the case of pulsesthis kind
of domain does not exist.

Pr oof We will usethe dimensionsof the spacesE? ( ), E, ( ) asthey are givenin Figure 2.

1. This statemert is a direct consequencef Theorem 3.

2. If isin the domain lying to the left of all parabolas,then dim(EZ ( )) = O, dim(E, ( ) = 6, hence
conditions of statement 3 of Corollary 2 are ful lled, thus is aregular value.

3. If isin the domain lying to the right of all parabolas, then dim(EZ ( )) = 3, dim(E, ( )) = 3,
hence 2 , which is the domain of the Evans function.

4. In the caseof fronts in the domain lying betweenP; and P; we have dim(E; ( )) = 2 (seeFigure
2b), dim(E, ( )) = 6, henceconditions of Corollary 2 1. are ful lled, thus any point of this
domain is an eigervalue, i.e. this domain is lled with eigervalues. (We can nd other domains
where conditions of Corollary 2 1. areful lled.) In the caseof pulsesP,” = P, fori = 1;2;3, hence
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from Figure 2a and 2c we can seethat dim(E7 ( )) + dim(E, ( )) = 6 holds for any 2 C except
on the parabolas. Henceaccording to statemerts 3. and 4. of Corollary 2 any  which is not on
the parabolasis a regular value or an isolated eigervalue.

We can decidewhether there are eigervalueswith positive real part by computing the image of a half
circle certred at the origin and lying in the right half plane under the Evans function D. If the image
winds around the origin, then by the argumert principle there is (at leastone) zeroof D in the half circle.
Choosinga su cien tly large half circle all the eigenvalueswith positive real part are inside the half circle,
becausean estimate can be derived for the eigernvalueswith positive real part. In [19] we computed the
Evansfunction numerically and shoved that Hopf bifurcation occursfor somevalue of L o between3 and
4. (The bifurcation value was determined more exactly.) For L, = 3 the image of the half circle does
not wind around the origin, hencethere is no zero of D in the half circle. This value is below the Hopf
bifurcation value. For L o = 4 the image of the half circle winds twice around the origin, hencethere are
two zerosof D in the half circle. This value is above the Hopf bifurcation value. This shows that the
Hopf bifurcation value of L o is between3 and 4.

5.3 The generalized KdV equation

Let us considerthe travelling wave solutions of the problem
@u+ @f (u)+ @u=0 (38)

where f is a twice di erentiable convex function with f(0) = 0 = f %0) and f (u)=u increasing. The
motivating example is f (u) = uP*>=(p + 1). This equation has a solitary (travelling) wave solution
u( ;x) = U(x c ) foranyc> 0, satisfying the boundary conditions U(z) ! Oasjzj! 1, seee.g.[17].
(This solution can be given explicitly if f (u) = uP*! =(p+ 1)).

The operator determining the stability of a travelling wave solution U takesthe form

LV = v ¢cvOy+ (fqu)Vv)° (39)

The rst order system corresponding to the third order equation LV~ V = W can be written in
the form (5), wherex = (V;V% V9T y= (0;0;W)T and

0 1
0 1 0

AM=@ o 0 1A
alt) ¢ g(t) O

Here we usedthe notation g(t) = f QU(t)).
Now A are the samematrices 0 1

0
A =@o A

O Ok
o o

The eigervaluesof A are determined by the characteristic polynomial
3 ¢ =0

Substituting = il into the characteristic equation we obtain Re = 0, therefore the set of those
valuesfor which n, () 1is the imaginary axis.

SinceA" = A ,wehaveE}()=E,()andE}( )= E, (). Hencein the casen,( ) = 0 we
have dim(EZ ( )) + dim(E, ( )) = 3. In fact, as an elemeniary computation shaws, for Re > 0 we
have dim(EZ ( )) = 2,dim(E, ( )) = 1. For Re < O0we havedim(EZ ( )) = 1,dim(E, ( )) = 2. Now
applying Corollary 2 and Corollary 3 we have the following results concerningthe spectrum of L.

Prop osition 5 1. The essentialspectrum of L is the imaginary axis.
2. If is not purely imaginary, then it is either a regular value or an isolated eigenvalue.

3. The Evans function can be de ned either in the open right half complex plane or in the open left
half plane.
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In [17] a method is developped for the investigation of the behaviour of the Evans function on the
positive half of the real line. The essenceof the method is to compute the derivatives of the Evans
function at zeroand its limit at innit y. It is shovn in [17] that D( )! 1as ! +1 (and is real).
It is also shown that D(0) = 0 = DY0) and that D%0) < 0if p> 4 and f (u) = uP* =(p+ 1). Hence
D( ) < O for small valuesof , therefore D has a positive real root, that is the solitary wave solution is
unstable when p > 4.
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