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Abstract The author provesthe WP convergenceof the symmetric
minimizers u- = (u-1; U-»; u-3) of a p-energyfunctional as" ! 0, andthe
zerosof u?, + u?, are located roughly. In addition, the estimates of the
corvergert rate of u?; (to 0) are presened. At last, basedon researding
the Euler-Lagrange equation of symmetric solutions and establishing its
Cl  estimate, the author obtains the C* corvergenceof somesymmet-
ric minimizer.
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1 Intro duction
DenoteB = fx 2 R?;x?+x3 < 1g. Forb> 0,let E(b) = fx 2 R3;x2+ x3+ E_Zg =
1g be a surfaceof an ellipsoid. Assumeg(x) = (€ ;0) wherex = (cos ;sin )
on @, d2 N. We concernwith the minimizer of the energy functional

Z Z

E-(u;B) = 1 jr ujPdx + 1 usdx (p> 2)
B B

P 2

in the function class
W = fu(x) = (sinf (r)€¢ ;bcosf (r)) 2 WHP(B;E(b); Uje = gg;

which is named the symmetric minimizer of E-(u; B).

When p = 2, the functional E-(u; B) wasintroduced in the study of some
simplied model of high-energy physics, which cortrols the statics of planar
ferromagnets and antiferromagnets (see [5][8]). The asymptotic behavior of
minimizers of E-(u; B) hasbeenconsideredin [3]. In particular, they discussed
the asymptotic behavior of the symmetric minimizer with E (1)-value of E- (u; B)
in X5. When the term ﬁ is replacedby % the functional is the Ginzburg-
Landau functional, which was well studied in [1], [4] and [7]. The works in [1]
and [3] enunciated that the study of minimizers of the functional E-(u;B) is
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connectedtightly with the study of harmonic map with E(1)-value. Due to
this we may alsoreseart the asymptotic behavior of minimizers of E- (u; B) by
referring to the p-harmonic map with ellipsoid value (which was discussedin
(2]).

In this paper, we always assumep > 2. As in [1] and [3], we are interested
in the behavior of minimizers of E-(u;B) as" ! 0. We will prove the W,&p
convergenceof the symmetric minimizers. In addition, some estimates of the
corvergernt rate of the symmetric minimizer will be preserted and we will discuss
the location of the points where u3 = 1.

In polar coordinates, for u(x) = (sinf (r)e? ;bcosf (r)), we have

jrui?= @+ @ 1)sinf)f2+ d’r ?sin’f;
z z,
jr ujPdx = 2 r(1+ (0 1)sinf)f2+ d’r 2sin®f)P=2dr:
B 0

If we denote

V= ff 2 WEP(0; 1];r¥Pf,;r® PP sinf 2 LP(O;1);f (r)  O;f (1) = 59
then V = ff (r);u(x) = (sinf (r)é ;bcosf (r)) 2 Wg. It is not dicult to see
VvV ff 2 C[0;1];f (0) = 0g. Substituting u(x) = (sinf (r)e :bcosf (r)) 2 W
into E-(u; B) we obtain

E-(u;B) =2 E-(f;(0;1));

where

z
11

[B(frz(l+ (¥ 1)sin?f)+ d’r 2sin?f)P=2+ 1 cog f rdr:
0

E-(f;(0;1)) = >p
This shows that u = (sinf (r)e? ;bcosf (r)) 2 W is the minimizer of E-(u; B)
if and only if f(r) 2 V is the minimizer of E-(f;(0;1)). Applying the direct
method in the calculus of variations we can seethat the functional E-(u;B)
achieves its minimum on W by a function u-(x) = (sinf-(r)eé? ;bcosf-(r)),
hencef.(r) is the minimizer of E-(f; (0; 1)) in V. Observing the expressionof
the functional E-(f; (0; 1)), we may assumethat, without lossof generality, the
function f satises0 f 5.
We will prove the following

Theorem 1.1 Let u- be a symmetric minimizer of E«(u;B) on W. Then for
any small positive constant b, there exists a constant h = h( ) which is
independentof " 2 (0;1) suchthat Z- = fx 2 B;ju-3j> g B(0;h").
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This theorem shaows that all the points where u?; = k? are contained in
B(0;h"). Henceas" ! 0, thesepoints corvergeto 0.

Theorem 1.2 Letu-(x) = (sinf-(r)e€? ;bcosf-(r)) be a symmetric minimizer
of E-(u;B) on W. Then

Jim u- = (€4 ;0); in WIP(K;R® (1:1)
for any compact subsetK B nfO0g.

Theorem 1.3 (convemgent rate) Let u-(x) = (sinf«(r)e¢ ;bcosf-(r)) be a
symmetric minimizer of E-(u;B) on W. Then for any 2 (0;1) and K =
B nB(0; ), there exist C;"o > 0 suchthat as" 2 (0;"o),

Z, 1
r(f AP + ﬁcoszfu]dr C"P: (1:2)

supju-z(x)j c'i (1:3)
x2K

(1.2) givesthe estimate of the corvergert rate of f+ to =2 in WHP( ;1]
senseand that of convergenceof ju-3(x)j to 0in C(K) senses shaoved by (1.3).
However, there may be seweral symmetric minimizers of the functional in
W. We will prove that one of the symmetric minimizer & can be obtained as
the limit of a subsequencel.« of the symmetric minimizer u. of the regularized

functionals
Z Z

E.(u;B) = 1 (r uj>+ )P2dx + i usdx; (2 (0;1))
P B 2'P g
onW as ! 0. In fact, there exist a subsequenceu.* of u. and o+ 2 W such
that
lim u* = w; in WY (B;E(b): (1:4)

K!
Here & is a symmetric minimizer of E-(u; B) in W. The symmetric minimizer
t is called the regularized minimizer. Recall that the paper [3] studied the
asymptotic behavior of minimizers u- 2 Hgl(B;E(l)) of the energy functional
E-(u;B) as"! 0. It turns out that

lim u- = (u ;0); in Cs. (BnA) (1:5)

for some 2 (0;1), whereu is a harmonic map, A is the set of singularities of
u . Theorem 1.2 has shown the W,l;p(g nf0g) corvergence(weaker than (1.5))

oc
of the symmetric minimizer. We will prove that the corvergenceof (1.5) is still
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true for the regularized minimizer. The result holds only for the regularized
minimizer, sincethe Euler-Lagrange equation for the symmetric minimizer u-
is degenerate. To derive the C* corvergenceof the regularized minimizer t-,
we try to set up the uniform estimate of u. by researding the classicalEuler-
Lagrangeequation which u. satis es. By this and applying (1.4), onecan seethe
CY convergenceof &. So,the following theorem holds only for the regularized
minimizer.

Theorem 1.4 Let &~ be a regularized minimizer of E-(u;B). Then for any
compact subsetKk B nf0g, we have

Jim e = (€4 :0); in CY¥ (K;E(b); 2 (0;1=2):

At the sametime, the estimates of the convergert rate of the regularized
minimizer, which is better than (1.3), will be preseried as following

Theorem 1.5 Letu(X) betheregularized minimizer of E-(u; B). Then for any
compact subsetK of (0; 1] there exist positive constants "y and C (independent
of "), suchthat as" 2 (0;"o),

supjegj  C" P (1:6)
K
where = % Furthermore, if K is any compact subsetof (0; 1), then (1.6) holds
with = 1.

The proof of Theorem 1.1 will be givenin x2. In x3, we will set up the
uniform estimate of E- (u-; K') which implies the conclusionof Theorem 1.2. By
virtue of the uniform estimate we can also derive the proof of Theorem 1.3 in
x4. For the regularized minimizer, we will give the proofs of Theorems 1.4 and
1.5in x5 and x6, respectively.

2 Proof of Theorem 1.1
Prop osition 2.1 Letf- be a minimizer of E-(f;(0;1)). Then
E.(f+;(0;1)) C"2P

with a constant C independentof " 2 (0; 1).
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Pro of. Denote
R
I(R) = Minf J[A(F2A+ (P 1)sinf)+ &sin?f)%
+ s cog flrdr;f 2 Vrg;

where Vg = ff (r) 2 W2P(0;R];f (R) = E;sinf(r)r% L£9r)rs 2 LP(O;R)g:
Then

I(";1)= E«(f+;(0;1)) = %Rol r((f)2(1+ (¥ 1)sin*f)
+dr 2(sinf.)2)P=2dr + L Rol rb? cog fdr

LTI 5 - sy s _2 (2:1)
=9 o0 P((f+)2(1+ (¥ 1)sin®f)+ d?s 2sin®f.)P=2ds

+

R. 1
z-'ip 0 23b2 COSzf"dS: 2 p) (1; 1):
Let f, be the minimizer for I (1;1) and de ne

fo=1f,; as 0<s< ], f2=§;

We have

JEHS

R 1

L7 S92+ (P 1)sin?f)+ s 2sin?f]P2ds

Z 0

1R g 1 R 2 in2 20 2gin2 £, )P=2

L st PdPds+ L s((fYP(L+ (PP 1)sin®f)+ d?s 2sin’f1)P=2ds
Rl

2 o

=L@ : o = o
=@ PATIWLY) gy tlED=C

+ " s cog f ,ds

+ sk? cog f 1ds

Substituting into (2.1) follows the conclusionof Proposition 2.1.
By the embedding theoremwe derive, from ju-j = maxf 1; bg and proposition
2.1, the following

Prop osition 2.2 Let u- be a symmetric minimizer of E-(u;B). Then there
exists a constant C independent of " 2 (0; 1) suchthat

ju(x)  u(xo)j C"@ Pjx  xejt P 8x;xo 2 B:

As a corollary of Proposition 2.1 we have
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Prop osition 2.3 Let u- be a symmetric minimizer of E-(u;B). Then

4
1

= Ufdx C

with some constant C > 0 independentof " 2 (0;1).

Prop osition 2.4 Let u- be a symmetric minimizer of E-(u; B). Then for any
2 (0; o) with o < b suciently small, there exist positive constants ;
independent of " 2 (0; 1) suchthat if

1 Z
= uZ,dx (2:2)
B\ B2
wher B2" is somedisc of radius 21" with | , then
jus()j 8x2B\ B": (2:3)

Pro of. First we obsene that there exists a constart > 0 sudc that for any
X 2 B and 0 < 1, mes(B \ B(x; )) 2: To prove the proposition,

2p

we choose = (E)DD_Z, = Z(%)p z 25 where C is the constart in
Proposition 2.2.
Supposethat there is a point xo 2 B\ B" sud that (2.3) is not true, i.e.

jus(x0)j > (2:4)
Then applying Proposition 2.2 we have
ju(x)  u(x0)j  C"® Pjx  xojl 2P C"@ PI(r)L 2
=C ! % =5 8x2B(xo")
which implies ju-3(x)  u-3(Xo)j 5. Noticing (2.4), we obtain jur3(x)j?
[ju"3(Xo)j E]Z > 72, 8x 2 B(Xp; " ): Hence

z 2 2
u?zdx > —mes(B\ B(xo; ")) —(")?>="2% (2:5)
B(xo:" )\ B 4 4
Sincexo 2 B" \ B, and (B(xo; ")\ B) (B?"\ B), (2.5) implies
Z

2 n 2.
uszdx > X

B2"\ B

which contradicts (2.2) and thus the proposition is proved.
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To nd the points where u?; = b basedon Proposition 2.4, we may take
(2.2) asthe ruler to distinguish the discsof radius " which contain thesepoints.

Let u- be a symmetric minimizer of E-(u; B). Given 2 (0;1). Let ; be
constarts in Proposition 2.4 corresponding to . If

y4
1

ufdx
B(x";2" )\ B

thenB(x"; " )iscalled good disc, or simply good disc. Otherwise B (x"; ")
is called bad disc or simply bad disc.
Now supposethat fB(x;; " );i 2 1gis a family of discssatisfying

(i):xji2B;i21;  (i):B [i2iB(X; ")
(i ) :B(x;; "= 4\ B(x;; "=4)=;;i 6] (2:6)
Denote J- = fi 2 1;B(x;; ") is a bad discg: Then, one has

Prop osition 2.5 There existsa positive integer N (independentof ") suchthat
the number of bad discsCard J-  N:

Pro of. Since (2.6) implies that every point in B can be covered by nite,
say m (independert of ") discs, from Proposition 2.3 and the de nition of bad
discs,we have
" 2CardJ- P R .
23+ B(x;;2" )\
R

M [yBx2" N8

g Uf3dx

2 R 2 n2
utzdx m g ufdx  mC
and henceCard J- ™& N

Applying TheoremlV.1 in [1], we may modify the family of bad discs sudc
that the new one, denoted by fB(x;;h");i 2 Jg, satis es

[i20.B(X; ") [i20B(x ;h"); h; CardJ CardJ:;

i xjj>8h"ij2J;i6j
The last condition implies that every two discsin the new family are not inter-
sected. From Proposition 2.4 it is deducedthat all the points where ju-3j = b

are contained in these nite, disintersectedbad discs.
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Pro of of Theorem 1.1. Supposethere exists a point xo 2 Z- sud that
Xp2B (0;h"). Then all points on the circle Sp = fx 2 B; jxj = jXojg satisfy

U25(x) = P cod f- (jxj) = 1 cog - (jxo) = UP5(xo) >

By virtue of Proposition 2.4 we can seethat all points on Sy are cortained in
bad discs. However, sincejxogj h"; Sg can not be coveredby a single bad disc.
As aresult, Sg hasto be coveredby at least two bad disintersecteddiscs. This
is impossible.

3 Proof of Theorem 1.2

Let u«(x) = (sinf-(r)€Y ;bcosf(r)) be a symmetric minimizer of E-(u;B),
namely f- be a minimizer of E-(f; (0;1)) in V. From Proposition 2.1, we have

E-(f+;(0;1)) C"2°P (3:1)

for someconstart C independert of " 2 (0;1). In this sectionwe further prove
that for any 2 (0;1), there exists a constart C( ) sud that

Er(fes )= Ex(fi( 1) C() (3:2)

for " 2 (0;"p) with small "¢ > 0. Basedon the estimate (3.2) and Theorem 1.1,
we may obtain the WP corvergencefor minimizers.
To establish (3.2) we rst prove

Prop osition 3.1 Given 2 (0;1). There exist constants ; 2 [42; ],
(N = [p]) and Cj, suchthat

E-(f; ) ¢ P (33)
for J = 2;::N, where " 2 (O;"O)-

Pro of. Forj = 2, the inequality (3.3) is just the onein Proposition 2.1.
Supposethat (3.3) holds for all j  n. Then we have, in particular

E-(f; n) Cp"" P: (3:4)
If n = N then we are done. Supposen < N. We want to prove (3.3) for
j =n+ 1.
Obviously (3.4) implies
o
il . wnop
i t? cogf.rdr C,

N +1
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from which we seeby integral mean value theorem that there exists 41 2
n_- () 1 gy that

N+1’' N+1
1 nn p. .
[sz cogf+l= .., Cn : (3:5)
Consider the functional
1 Z1 1 Z1
E(; nJ,l)zf) (2+ 1)p=2dr+E b’ cog dr:
n+1 n+1

It is easyto prove that the minimizer 1 of E(; ns1) in WP (( na1 ;1);RY)
exists and satis es

--p(v(p =2 r)r = sin2; in (n+1sl) (3:6)
jr= v =0 e =0 = 5 (3:7)
wherev = 2+ 1. It follows from the maximum principle that ; =2 and

sin? (r) sin® (n+1)=sinfe(pa)=1 coffe( ) 1 2% (3:8)

the last inequality of which is implied by Theorem 1.1. Noting minf 1; b’g
1+ (¥ 1)sin’f  maxf 1; b?g, applying (3.4) we seeeasily that

E( 1; n+1) E(f"; n+l) C(b)E(f, n+1) Cn"n P (39)
for " 2 (0;") with "o > 0 sucien tly small.
Now, choosinga smooth function (r) suchthat = 1on(0; ); = Onear
r = 1, multiplying (3.6) by ( = 1) andintegrating over ( ,+1 ;1) we obtain
Z, 1 Z,
v 22 2y vP D72 (L h dr = o sin2  dr:
n+: n+ (3:10)

Using (3.9) we have

Ry - :

| vip 2=2 r(ror o pp)dr

R R R
Lovle 222 j2dgr+ L)t (weR2 ) dr Y P2 dr
n+1 r p n+1 n+1 i
Ry 2 1,,p=2 c Ry 2 (3:11)

p= 1\p=2; c p=
c .,V dr + VP = vy LY dr
Cn P %Vp:zjfz n+1
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and using (3.5)(3.9) we have

R R R
j& . rsin2drj= 4t Pcogdr T (KPcod ) drj

R
1 ; c'1 wn p.
wbPcos ji= ., + s cosdr  Cy"t P

(3:12)
Combining (3.10) with (3.11)(3.12) yields
VP 22 5 Gt P }szzjm net -
Hence
Ve iy = VP A2 D),
Cn"n p+ %Vp:zjr: n+1 + V(p 2):2jf= n+1
Co™" P+ (B4 o, +C()
from which it follows by choosing > 0 small enoughthat
i A oA L (3:13)

Noting (3.8), we can seesin > 0. Multiply both sidesof (3.6) by cot =

95 and integrate. Then

sin

Z, 1 Z,
"y A2 cot L= P viP 2=2 2 dr+ 2 cog dr:
n+ sin

n+1 n+1

Noting cot (1) = O (which is implied by (3.7)) and =% 1, we have

E( 1; n+1) = %

R
c[t

n+1

Ry Ry

n+1

vP=2dr + &4 cos dr

R
viP 272 2qr + L 1“ cog dr] CvlPP 272 cot j= . :
From this, using(3.13)(3.5) and noticing that n < p, we obtain

E( 1, n+l) CV(p 2)=2 r cot jr: na

Cv(P D=2 cot Jr= (Cy"" p)(p 1):p(1C€:In'n“n )2 (3:14)
Cn+l wn+l p+(n=2 n=p) Cn+l nn+l p-
Dene w- = fu; forr 2 (0; n+1); W = q; forr 2 [ p+1;1]: Sincef- isa
minimizer of E-(f ), we have E-(f-)  E-(w-); namely,
E"(f"; n+1)
Rl

n+l P

R

L (2@+ (P 1)sin® )+ d?r 2sin® )P2rdr+ & cog rdr
R R

% Yoz2s 1)P=2dr + % 1n+1 cog dr + C=CE( 1; n+1)+ C:

n+l

EJQTDE, 2003No. 22, p. 10



Thus, using (3.14) yields
E"(f"; n+1) Cn+1 nnoprl
for " 2 (0;"p). This isjust (3.3) forj = n+ 1.

Prop osition 3.2 Given 2 (0;1). There exist constants n+1 2 [—NN+1; ] and
Cn+1 suchthat
121
w(fur oNoptl 4 — -
E-(fr; n+1) Cn+1 + o i dr (3:15)

where N = [p].

Pro of. Similar to the derivation of (3.5) we may obtain from Proposition 3.1

for j = N that there exists 1 2 [por; O], such that

%co§fujr: wa  Cn"N P (3:16)

Also similarly, considerthe functional
141 141
E(; n+1)= = (2+ 1)p:2dr+m cog dr

P va N+
whoseminimizer , in WP (( n+1;1); R*) existsand satis es
"PvP 272 1) =sin2;  in (n+13l)
jr= o =T = @)= 5
wherev =2+ 1. From (3.4) for n = N it follows immediately that
E(2; n+1) E(f+; n+1) CnE-(fr; na1) CNE«(fr; n) Cy"™M P

Similar to the proof of (3.13) and (3.14), we get, from Proposition 3.1and (3.16),

V2o o, G P oand E( 25 na) Cna"MT P (3:17)

Now we de ne

we = fu; forr2(0; n+1); W= o forr2[ n+1;l]
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and then we have E-(f+)  E-(w-): Notice that

R
! ( t?(l+ (b2 1)Sin2 )+ dzr zsinz )p=2rdr

N +1

R
1N+1 (d?r 2sin® )P=2rdr

=g Rol[( 21+ (P 1)sin® )+ dr Zsin® )s

2 N+#

+(d?r 2sin? )1 s)]®P 272]ds 2rdr
et ( 2+ d?r 2sin® )P 272 2rqr Rige 2=2s
N+t T r 0

R R
+C - (d®r 2sin? )P 272 2rgr (1 5)(P 2=2gs

N +1

R R R
C( ', Pdr+ 2 C . (2+1)Pdn

N +1
Hence

R R
Er(fr; ne1) & 0 (dPr Zsin? )P2rdr+ S (cos p)%dr

p N +1

R R
+C L (2R 1pdr L (P 2)Pdr + CE( 2f na):

N +1

Using (3.17) we have

E-(fr; n+1) % r(d’r 2)P=2dr + Cys "N P

N +1

This is my conclusion.

Pro of of Theorem 1.2. W.ithout lossof generality, we may assumeK = B n
B(0; n+1). From Proposition 3.2, We have E«(u-;K) = 2 E«(f+; n+1) C
where C is independert of ", namely

z

jr u-jPdx  C; (3:18)
K
Z

ju-sj?dx C"P: (3:19)
K
(3.18) and ju-j maxf 1;bg imply the existenceof a subsequences-, of u- and
afunction u 2 WP(K;R?®), sud that

Jim o= u s weakly in WLP(K;R3)
k!

lim u, =u; in C (K;R%; 2(0;1 =) (3:20)
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(3.19) and (3.20) imply u = (€9 ;0). Noticing that any subsequencef u- has
a corvergencesubsequencend the limit is always (€ ;0), we can assert

Jim u- = (€9 :0); weakly in WYP(K;R3): (3:21)

R
From this and the weakly lower semicortinuity of | jr ujP, using Proposition
3.2, we have

R . R . — R . :
T €d jPdx lim. o  jr u-jPdx lim=y o jr u-jPdx
R
Climw o"N*t P+ 2 1 (d?r 2)P2rdr
and hence Z Z
lim  jruwjPdx= jr €9 jPdx
10 g K
since 7 Z,
jr €4 jPdx =2 (d?r 2)P=2rdr:
K N +1

Combining this with (3.21)(3.20) complete the proof.

4 Pro of of Theorem 1.3

Firstly, it follows from Jensen'sinequality that

R
Eo(fr; ) 1 NEOPL+ (B 1)sin?f)P2rdr
R R
+ ot 1b2cos2f--rdr+% L sinP f.rdr:

Combining this with (3.15) yields
5 Rl(f P+ (B 1)sin®f)P2rdr + Sh "2 cogferdr
%Rl (1 sinPf.)rdr+ ClPlFL P
Noticing that 1 sinPf- C(1 sin?f.) = Ccogf- and (3.19), we obtain
Rl(f 9Prdr + Re b2 cog f-rdr

Rl (4:1)
C 1 co@furdr+ CUPFL P Crp 4 CUL P CrDL b

e

Using (4.1) and the integral mean value theorem we can seethat there exists
12[; (1+1=2)] [R=2;R]sud that

[% cogf-]=, Cy"lPI PHL: (4:2)
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Consider the functional

z 1 1 VA 1
E(; 1)= ( 2+ 1)P=2dr + 55 co€ dr:
1

Tl

It is easyto provethat the minimizer 3 of E(; 1) in Wfl,fp(( 1;1);R*) exists.
By the sameway to proof of (3.14), using (3.2) and (4.2) we have

[pl*1 p_ p
2 tz-

2 .
E( 3 1) vz 4 cot sjr=, Cycot 3( 1) C"
Hence,similar to the derivation of (3.15), we obtain

Z
i o1 P+l L p 1 ! dP i
Be(fs ) CmEa O e

1

Thus (4.1) may be rewritten as

Zl
b+ p 4D,

171 !
(f9Prdr + o KPcodf.rdr C" b4 P
1

1

Let n» = RQ1 2%) whereR < 1. Proceedingin the way above (whoseidea

is improving the exponert of " from 7 P 4 (Zkzkl)p L (Zk;ﬂ Lp
step by step), we can get that forany m 2 N,
Z1 1 Z1 (e} ( )
+1 2M 1
(f9Prdr + o K2 codf.rdr C" et w4 CP:
Letting m! 1 , we derive (1.2).
From (1.2) we can seethat
ufzdx  C"%: (4:3)

K
On the other hand, for any xp 2 K, we have

jurs(x)  ura(xg)j C"@ Pjx  xejt ZP: 8x 2 B(xo) " ):

by applying Proposition 2.2, where = (W";%)pp_z. Thus
. - . - 1 :
jus(x)j  jus(xe)j C P EJU"S(XO)J:
Substituting this intg (4.3) we ozbtain

cn2p uZ,dx u#ydx Zju"3(xo)jz( ")
K B (xo0;" )

which implies ju-3(xg)j C" Eat Noting Xg is an arbitrary point in K, we have
supju-a(x)j €7
x2K

Thus (1.3) is derived and the proof of Theorem is complete.
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5 Proof of Theorem 1.4

By the method in the calculus of variations we can seethe following

Prop osition 5.1 The minimizer f- 2 V of the functional E-(f;(0; 1)) satis es
the following equality

Z,
_ 1
v(P 2)—2[fr .+ B

Zl
(sin2f)r dr
0

d2
2(ai ; —
. fo(sin2f) + —2r2(5|n2f) Jrdr = >

for any function 2 C} [0;1], wherev = f2(1+ (b» 1)sin?f)+ dzsr'#

Assumeu. = (€9 sinf. ;cosf.) is the minimizer of the regularized func-
tional E. (u; B). It is easyto prove that the minimizer f. is a classicalsolution
of the equation

- r(? 1) - . _,sin2f  rsin2f
(rA®P 272f 3+ — AP 2=2f 25inof + PAP 2 2—2r =
(5:1)

where A = v+ . By the sameargumert of Theorem 1.1 and Proposition 3.2,
we can also seethat for any compact subsetK 2 (0; 1], there exist constarts
2 (0;1=2) and C > 0 which are independent of " and , such that

() 5 r2kK; (5:2)
E.(f.;K) C; (5:3)
where
z 1 1
E.(f;K) = [B(frZ(1+ (2 1)sin?f)+ d’r ?sin’f + )P72+ ﬁbz cog f ]rdr:
K

Prop osition 5.2 Denotef. = f. Then for any closal subsetK  (0;1), there
exists C > 0 which is independentof ;  suchthat

kf kc1: (KR ) C, 8 1=2:

Pro of. Without loss of the generality, we assumed = 1. TakeR > 0 su -
ciently small such that K (2R;1 2R). Let 2 C} ([0; 1];[0; 1]) be a func-
tion satisfying = 0on[O;R][ [1 R;1], =1on[2R;1 2R]andj ] C(R)
on (0;1). Dieren tiating (5.1), multiplying with f, ? and integrating, we have

R R
o (AP 2%2f) (F, Z)dr (r TAP 222, (f, 2)dr
v Ry

R
+1 01[(r 2+ (P DEHAP 2=2sin2f | (f, 2)dr = & (cos2f )f 2 2dr:
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Integrating by parts and noting cos2f = 2cos’f 1, we obtain
R
o (AP 2728) (f, 2) dr
R 2 .
= AP 2=2(f 2y [+ B Lf2)sin2f 1 f ]dr

R R
+2 J(PPcogf)f2 2dr A f2 2dr:
R
Denote | = é Ro2(AP 222§2 4 (p  2)AP 9=2f2f2)dr. Then for any 2
(0; 1), there holds
z 1R 2 z 1R
I 1+C() AP=2 2(dr + 5 (t? cog £)f 2 2dr (5:4)
R R
by using Younginequality. Noticing that (5.2) impliessinf > Oasr 2 [R;1 R],
from (5.1) we can seethat

2 (cosf)? =4r tcotf[ (AP 272f), r AL 2=2f,
+AP 27201 4 (00 D 2)yginof):

Substituting it into the last term of the right hand side of (5.4) and applying
Young inequality again we obtain that for any 2 (0;1),

2 z 1R z 1R

— (cos?f)f2 2dr 1+ C() AP =2 24

P R R
Combining this with (5.4) and choosing su cien tly small, we have

Z 1R Z 1R
I C AP=2 2dr + C AP+2) =2 2. (5:5)
R R

To estimate the secondterm of the right hand side of (5.5), we take =
2=0jf j(P*2) =4 in the interpolation inequality (Ch Il, Theorem 2.1 in [6])

k kia  Ck ok, 7% k% g2 1+ %;2): (5:6)

We derive by applying Young inequality that for any 2 (0;1),

R R
R P 2 g ® Pt 0 <ad)

TR a0 s 2t 0020 St e !
(5:7)

R R
Clg © P20 © 250 1 it (2 =0

p+2

R
+ I+C()F§RAT T 4= 2gr)a 1.
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Noting q2 (1 + %; 2), we may using Holder inequality to the right hand side of
(5.7). Thus, by virtue of (5.3),
z 1R
jf jP*? 2dr I + C():

R
Substituting this into (5.5) and choosing su cien tly small, we obtain

V4 1R

AP 272§2 24y C;
R
which, together with (5.3), implies that kAP** ky1(r.1 ry C. Noticing =1
on K, we have kAP**ky1(«y C. Using embedding theorem we can seethat
for any 1=2, there holds kAP=*kc () C. From this it is not dicult to
prove our proposition.
Applying the idea above, we also have the estimate near the boundary point

r=1.

Prop osition 5.3 Denote f. = f(r). Then for any closa subsetK (0; 1],
there exists C > 0 which is independentof "; suchthat

kf kc1: (KR ) C, 8 1=2:

Pro of. Without lossof the generality, weassumed = 1. Letg(r) = f (r+1) 1.

De ne
o(r) = g(r); as 1<r O

or)= 9o( r) as O<r 3
If still denotef (r) = g(r 1)+ 1on (0; 3), then f (r) solves(5.1) on (0; 3). Take

R < % sucien tly small, andset 2 C'[0;1], =1lasr 1 R, = 0as

r 2R. Dierentiating (5.1), multiplying with f, 2 and integrating over [R; 1],
we have
R, _ R; _
R(A(p 272f e (Fr 2)dr r(r AP 272f ) (f, 2)dr
. R

R
+ R%[(Zr%-’- bzz—lfrz)A(p A=2sin2f |, (f, 2)dr = & R%(bZCOSZf yf 2 2dr:

Integrating by parts yields
R
(AP 2721) (f, 2) dr
R 2
i Rl[A(p D22((L, + lef,Z)sian ro e (Fr 2)drj

R
+Z 2(RPcogf)f2 2dr+ I (1) I(R)j;
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where I (r) = [(A(P 272 ) + LA 2=2f L AP 2=25in2fJf, 2. The
secondterm of the right hand side of the inequality above can be handled
similar to the proof of Proposition 5.2. Computing the rst term of the right
hand side yields

R .

i gIAC 2=2((L 4 Blg2ysingf ¢ 3] (f, 2)dr]
R R
FAP 22282 2gr 4 C() S AP =2qy

with any 2 (0;1) by using Young inequality. In view of (5.1), we have | (r) =
2.|i,j(sin2f)fr 2: Hence, (1) = I(R) = 0 sincesin2f (1) = 0 and (R) = O.
Hence,we may also obtain the result as (5.5)

Z 1 z 1

AP 222f2 2dr  C (AP + AP =2 2)gr:
R R

Now, if we take = 279jf,j(P*2 =4  then the interpolation inequality (5.6) is
invalid since 6 0 nearr = 1. Thus, we apply a new interpolation inequality
[6, (2.19) in Chapter 2]

o e 2
k kio  C(k ko + k k)t Y9 k5% g2 1+ B;2):

Then it still follows the sameresult as (5.7). The rest of the proof is similar to
the proof of Proposition 5.2.

Pro of of Theorem 1.4. For every compact subsetK B nf0g, applying
Propositions 5.2 and 5.3 yields that for 2 (0; 1=2] one has

ku. ke 1; (K) C-= C(K); (5:8)

where the constart doesnot depend on ";
Applying (5.8) and the embedding theorem we know that for any " and
1< ,thereexistw. 2 C% 1(K;E (b)) and a subsequencef , of sud that
ask! 1,
wk !l oweoin CY (K E(b): (5:9)

Combining this with (1.4) we know that w. = t-.
Applying (5.8) and the embedding theorem again we can seethat for any
> < ,thereexistw 2 C% 2(K;E(b)) and a subsequencef  which can be
denotedby ., suchthat asm! 1,

un ! ow;oin CH2(K;E(b): (5:10)
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Noticing (1.2), we know that w = (€9 ;0). Denote = min( 1; »). Then as
m! 1, wehave

ke, (€9 ;0ket (ke by Ker, U Ken (ke (b)

m

‘ (5:11)
+kun (€9 ;0ker ke vy (1)

by applying (5.9) and (5.10).
Noting the limit (€9 ;0) is unique, we can seethat the corvergence(5.11)
holds not only for somesubsequenceéut for all &+. Theorem is proved.

6 Proof of Theorem 1.5

Without lossof the generality, we assumed = 1. Denotef = f.. Set = @
Multiplying (5.1) by sinf we obtain
(rAP 272(sinf)f ), + r cosf AP D=2(A )= r(sinf)? : (6:1)

Substituting , = —n'f  into (6.1) we have
"P(rAP 272 )+ rcosf AP DA )= r(sinf)? :

Suppose (r) achievesits maximum at the point rg in K, whereK is anarbitrary
open interval in any compact subsetof (0;1). Then ((rg) = 0, (r(ro) O.
And (sinf)?> C; > 0 with the constart C; independert of " and which is
implied by (5.2). Thus, it is deducedthat, from Proposition 5.2,

1 - .
() (ro) C_A(p 2)_2(A Nir=r, C;
1
which implies supy jcosfj  C"P with the constart C > 0 independert of "
and , whereK is any compact subsetof (0;1). Letting ! 0 and using (5.9)

we may seethe conclusion

supjcosf-j C"P:
K

To derive estimate near the boundary r = 1, we usethe idea of Pohozaev's
equality. ChooseR 2 (0;%). Set (r) 2 C'[0;1], = Oasr2 [0;2R], =1
asr 2 [1 R;1]. Then , C(R). Multiplying (5.1) with f, and integrating
over [R; T] with T being an arbitrary constart in (1 R;1), we have

R R
T (AP D22 ) f dr+ 2 AP D72(sin2f )[ A + 1 Vi 2f, dr

1RT
2P R

rf.(sin2f) dr:
(6:2)
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Integrating the right hand side of (6.2) by parts yields

R R
A o rfe(sin2f) dr= S~ r(cogf), dr
RT (63)
= Sr(cosf )=t + 5 o (coSf)(r ) dr:
Similarly, the rst term of the left hand side of (6.2) may be written as
R
N (FAP 2%2F ) f o dr = rA(P 272£2) o
(6:4)

R R
+ FIrA(p =2 £, dr + FIrA(p A=2f2 dr= 3,
Combining 1, with the secondterm of the left hand side of (6.2) we have

R; .
|2+ " A(p 2)_25|gr2ffr dr

= RFI rA® 222[f £+ (4 + £ 1f2)f sin2f) dr

= %RFI rA(P 232 (A ). dr+ %R;r 2AP 272 gin?f dr

= %rApzzjrzT %RRT AP=2(r ), dr + %RRT r 2A(P 2=2 gin?f dr:
Substituting this and (6.3),(6.4) into (6.2) yields

R
s=r(cosf )jr=1 + %rApzzjr:T + l.‘TrA(p 272f2 . dr
Ry
R
Ry

R
A g (CoSF)2(r )rdr+ 1 ~ APZ2(r ) dr + AP 22£ 2) o

+1 o AP 2721 2(sinf)? dr

Applying Proposition 5.3 and (5.3) we obtain Z.%T cogf(T) C,with C>0
independert of " and . Letting ! 0 and using (5.9) we derive

1
ﬁcoszfu(T) C:

By virtue of the arbitrary of the point T, it is not di cult to getour Theorem.
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