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Abstract

The main object of this paper is to give a represenation of the
covariance operator assaiated to the mild solutions of time-varying,
linear, stochastic equationsin Hilb ert spaces.We usethis represera-
tion to obtain a characterization of the uniform exponertial stability
of linear stochastic equationswith periodic coe cien ts.
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1 Preliminaries

Let H, V be separablereal Hilbert spacesand let L(H;V) be the Ba-
nad spaceof all boundedlinear operators from H into V (If H = V then
L(H;V) 5 L(H)). We write ht;:i for the inner product and k:k for norms
of elemens and operators. We denoteby a b;a;b2 H the boundedlinear
operator of L(H) dened by a b(h) = hh; b afor all h2 H. The operator
A 2 L(H) is saidto be nonnegative and we write A 0, if A is self-adjoirt
andbhAx; xi  Ofor all x 2 H: We denoteby E the Banad subspaceof L(H)
formed by all self-adjoirt operators, by L™ (H) the coneof all honnegative
operatorsof E and by | the idertity operator on H:
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Let P 2 L*(H) and A 2 L(H): We denote by P** the squareroot of
P and by jAj the operator (A A)¥2. We put kAk, = Tr(jAj) 1 and
we denote by Cy(H) the setfA 2 L(H)=kAk, < 1g (the trace class of
operators).

If A2 Cy(H) we say that A is nuclaar and it is not dicult to seethat
A is compact.

The de nition of nuclear operators introduced above is equivalert with
that givenin [6] and [9].

It is known (seeg[6]) that C,(H) is a Banat spaceendoved with the norm
k.k, andforall A2 L(H) andB 2 C;(H) we have AB; BA 2 Cy(H).

If kAk, = (TrA A)¥ we can introduce the Hilbert Schmidt class of
operators, namely C,(H) = fA 2 L(H)=kAk, < 1g (see[5]).

C,(H) is a Hilbert spacewith the inner product MA; Bi, = TrA B ([5]).

We denoteby H, the subspaceof C,(H) of all self-adjoirt operators.

SinceH; is closedin C,(H) with respect to kik, we deducethat it is a
Hilbert space,too. It is known (see[9]) that for all A 2 Cy(H) we have

KAk KAk, KkAK,: (1)

For eat interval J R:(R:+ = [0;1)) we denoteby Cs(J;L(H)) the
spaceof all mappingsG(t) : J ! L(H) that are strongly cortinuous.

If E is aBanad spacewe alsodenoteby C(J; E) the spaceof all mappings
G(t) : J ! E that arecorntinuous.

In the subsequenconsiderationswe assumethat the families of operators
fA(t)gr, and fGi(t)gwer, ;i = 1;:::; m satis ed the following hypotheses:

P1: a) A(t), t 2 [0;1 ) is a closal linear operator on H with constant
domain D densein H.
b) there exist M > 0, 2 (% ; Jand 2 (1 ;0)suchthat S. =
f 2 C;jarg( )< g  (A(t));forallt Oand

M
kR(; A(t)k - j
forall 2 S. wheewedenoteby (A), R(; A) theresolventset of
A and resjectively the resolventof A.
c) there exist numbkers 2 (0;1) and ¥ > 0 suchthat

KADA X(s) |k M&jt s :t s O
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P2 :Gj 2 Cs(R+;L(H));i=1;:m:

It is known that if P1 holds then the family fA(t)gi.r, generatesthe
ewlution operator U(t;s);t s 0 (see[4]). Forany n 2 N we have
n2 (A(t)): The operators A, (t) = n?R(n; A(t)) nl are calledthe Yosida
appraoximations of A(t).

If we denoteby U, (t; s) the ewlution operator generatesby A,(t), then
it is known (see[4]) that for eath x 2 H, one has nIlilrn Un(t; s)x = U(t; s)x

uniformly on any boundedsubsetof f(t;s);t s 0g.
Let ( ;F;Ft 2 [0;1);P) be a stochastic basisand L2(H) = L?( ;Fs;
P;H). We considerthe stochastic equation

xXn
dy(t) = A@y(Ddt+  Gi()y(t)dwi(t) (@)

y(s) = 2LZ(H);

wherethe coe cien ts A(t) and G(t) satisfy the hypothesisP1, P2 and w;'s
are independen real Wiener processeselative to F;.

Let us considerT > 0. It is known (see[2]) that (2) hasa unique mild
solution in C([s;T];L2(; H)) that is adaptedto F.; namely the solution of

xo £
y(t) = Ut s) + U(t; r)Gi(r)y(r)dwi(r): 3)
i=1 s
We assaiate to (2) the appraximating system:

xn
dyn (t) = An (t)yn (t)dt + Gi (t)yn (t)dwl (t) (4)

i=1

Ya(s) = 2 Li(H);

where A, (t);n 2 N are the Yosidaapproximations of A(t).
By corveniencewedenoteby y(t; s; ) (resp. yn(t; s; )) the solution of (2)
(resp. (4)) with the initial condition y(s) = (resp.ya(s) = ), 2 L2(H).

Lemma 1 [4]There exists a unique mild (resp. classi@l) solution to (2)
(resp.(4)) andy, ! y in mean squae uniformly on any boundeal subsetof
[s;1
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Now we considerthe following Lyapunov equation:

dQ(s)

xXn
s TAEQE+QREAE +  Gi(9Q(s)Gi(s) = Ois 0 (9)

i=1

Accordingwith [4], we say that Q isamild solutiononanintervalJ R.
of (5),if Q2 Cs(J;L*(H)) andif foralls t,s;t2J andx 2 H it satis es

Zt Y
Q(s)x = U (£9)QU(L s)x + U (r;s)[ G (r)Q(r)Gi(r)]U(r; s)xdr:

s i=1

(6)

If A,(t);n 2 N arethe Yosidaapproximations of A(t) then we introduce
the appraximating equation:

X
onTs(S) + AL (3)Qn(s) + Qn(S)An(S) + G, (5)Qn(S)Gi(s) = O;s  0: (7)

i=1

Lemma 2 [4] Let0< T < 1 andletR 2 L*(H). Then there exists a
unique mild (resp. classi@l) solution Q (resp. Q) of (5) (resp. (7)) on
[0; T] suchthat Q(T) = R (resp. Q,(T) = R). They are given by

Q(s)x = U (T;s)RU(T;s)x (8)
A NG
+ U9 G(r)Q(r)Gi(r)]U(r; s)xdr

s i=1

Qn(s)x = U, (T; S)RU,(T; s)x
4 X
+ U9l Gi(r)Qn(r)Gi(r)]Us(r; s)xdr 9

s i=1
and for each x 2 H, Q,(s)x ! Q(s)x uniformly on any boundel subset
of [0; T]. Moreover, if we denote these solutions by Q(T;s;R) and resyec-
tively Qn(T;s;R) then they are monotonein the sensethat Q(T;s;R;)
Q(T;s;R2) if R1 Ry,
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2 Dieren tial equations on H»

Foralln2 N andt 0O we considerthe mappingL,(t) : Ho! Hy,

xn
La((P) = An(P + PA,() +  Gi()PG; (1);P 2 Hy: (10)

i=1

It is easyto verify that L,(t) 2 L(H,) and the adjoint operator L ,(t) is
the linear and boundedoperator on H, given by

X
La(D(R) = RAN(D) + A(HR+ G (DRGi(1); (11)

i=1
forallt O;P 2 Hj:

Lemma 3 ([7]DIf P1, P2 holdthen
a) A, 2 C([0;1 );L(H)) for all n2N and
b) L, 2 Cs([0;1 );L(Hy)) for all n 2N.

Proof. a)lf t;s Owehave kA, (t) A,(s)k

= n?kR(n; A(t)) R(n;A(s)k

= n?kR(m ANl AD)(R(N;A®L)  R(n; A(s)k
nkR(n; A()kkl  [(nl  A(s) + A(s) A(D)]R(n; A(s))k
nkR(n; A()kkl 1 +[A(s) A®]R(N;A(s))k
nkR(n;A(t)k [A(s) A)]JA(s) * knA(s)R(n;A(s))k:

Now we useP1 (the statemerns b) and c)) and we deducethat there exist
<0, 2(0;1);M > 0andN > 0sud that we have

knA(s)R(n;A(s))k = n?R(n;A(s)) nl nan +n; foranys O

andkAn(t) An(s)k n(n2M+n)¥jt sj . Theproofofa)is nished.
b) We deducefrom a) that if A,(t) :H,! Hy,

An()(P) = An()P + PA_(1);t  O:n2 N
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then A, 2 C([0;1 );L(H>)): We only have to prove that G 2 C4([0;1 );
L(Hy)); whereG(t) : H,! Hoy,

G@)(P) = Gi(t)PG; (t);i = 1;::;;m:

From Lemmal[7] and sinceG; 2 Cq([0;1 );L(H));i = 1;::;;m it follows
GiP 2 C([0;1 );H,) and PG; 2 C([0;1 );H,) for all P 2 H, andi =
1,::;m:Fors O;P 2 H, xed and for everyi 2 f1;:::;mg we have

KG(t)(P) G(S)(P)k, = kGi(t)PG;(t) Gi(S)PG; ()k,
KGi()PG, () Gi(t)PG, (s)k,
+ KGi()PG,(s) Gi(S)PG, (S)k,:

If 6. = sup kGi(t)k;then, for all t 2 [0;s+ 1]; we have
t2[0;s+1]
kG()(P) G(s)(P)k, GiskPGi(t) PG;(s)k,
+ kGi(t)PG;(s) Gi(s)PG; (s)k,:

Ast! s, we obtain lim KG(t)(P) G(s)(P)k, = 0: If s = 0 we only
I's
have the limit from the right. =

If E is a Banad spaceand L 2 C¢([0;1 );L(E)), we considerthe initial
value problem

Q(t)
@
Let T s: An E valued function v : [s;T]! E is a classicalsolution

of (12) if v is cortinuous on [s; T], cortinuously di erentiable on [s;T] and
satis es (12). The following results have a standard proof (see[11]).

= L(t)v(t); v(s)=x2E;t s O (12)

Lemma 4 For every x 2 E the initial value problem (12) has a unique
classi@l solution v:

We de ne the "solution operator” of the initial value problem (12) by
V(ts)x=v(t);x2E for0O s t T; wherev is the solution of (12).
Let usdenoteby | the identity operator on E.

Prop osition 5 Forall0 s t T, V(ts) is aboundel linear operator
and
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1. kV(t;s)k e ® 9 whee = sup kL(t)k:
t2[0;T]

2.V(s;s)=1 and V(t;s) = V(t;r)V(r;s)forall0 s r t T:

3. V(t;9) t !s! OI in the uniform operator topologyforall 0 s t T:

4. (t;s) ' V(t;s) is continuous in the uniform operator topology on
f(ts)y=0 s t Tg.

5. w = L(t)V(t;s)x forall x2E and0 s t T:
6. L = V(ts)l(s)xforallx2Eand0 s t T:

The operator V(t; s) is called the ewlution operator generatedby the
family L. Let us considerthe equation

ol = LaPo(0); Pu(9)=S2Hat s 0 (13

on H,, wherelL,, is given by (10): From Lemma 3, Lemma 4 and the above
proposition it follows that the unique classicalsolution of (13) is

Pn(t) = Us(t; S)(S);

where U, (t; s) 2 L(H,) is the ewlution operator generatedby L, and

@ (t; 9)S
————— = U ,(t;s)Lx(s)S
@ n( ) n()
forallt s 0,S2 H,: Nowit is clearthat
@ C\pe i = B - a .
@mn(t, JR;Si,=h L,()U,(t; )R;Si,;S;R 2 H, forall t 0:

Wetake S = x x;x 2 H: It is easyto seethat HFx;xi = TrFS for all
F 2L(H). If F 2 H,then hF;Si, = hFX; Xi : Integrating from s to t, we
have
Zt
hJ,(t; s)Rx; xi Rx;xi = hL,( )U,(t; )Rx;xid ;R 2 Hy: (14)
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Let Qn(t; s;R) be the unique classicalsolution of (7) sud as Q,(t) =
R;R 0. We have

Zt
n(t; s;R)x; xi Rx;xi = H,( )Qn(t; ;R)x;xid ;R0 (15)

S

If R2 Hy;R 01t follows from (14) and (15)

7t
HU,(t;s) R Qn(t;s;R)Ix;xi = ho () [U,(t )R Qn(t; ;R)Ix;xid :

S

By the Uniform Boundednessrinciple there existslt > 0 sud that
kKL,(t)Pk It kPkforallt2[0;T], P 2 L(H) and we obtain

Zt
kU,(t S)R  Qn(t; s;R)K I+ KU, (t; )R Qn(t; ;R)kd :

S

Now we use Gronwall's inequality and we get
U,(t;S)R = Qn(t;s;R); foral R2 H;; R Ot s (16)
From Proposition 5 and (1) we deducethat for all R 2 H, the map

(t;s) ! Qn(t;s;R) is kikk  cortinuousonf(s;t)=0 s tgand (17)

Qn(tis; R+ S)= Qu(tis;R)+ Qn(ts;S) (18)
forall ; 2R, andR;S2 H,R;S O.

3 The covariance operator of the mild solu-
tions of linear stochastic dieren tial equa-

tions and the Lyapunov equations
Let 2 L? ;H): Wedenoteby E( ) the boundedand linear operator

which act on H given by E( )(X) = E(hx; i ):
The operator E( ) is called the covariance operator of .
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Lemma 6 [10] Let V be another real, sem@mrable Hilbert space and A 2
L(H;V). If 2 L% ;H) then

EKA()K*=KAE( )Ak <1:
Particularly Ek k= KkE( )k,

Prop osition 7 If y,(t;s; ), 2 L2(H) is the classi@l solution of (4) then
Elyn(t;s; ) Vyn(t;s; )] is theuniqueclassi@l solution of the following initial
value problem

X
dpgt(t) = An(DPa(t) + Pa(hAL() +  Gi(HPa(t)G (1)  (19)

Pn(s) = E( ):

Proof. Letu2 Hand T 0; xed. We considerthe function
Fo2F:R, H! R;F(tX)=hx X)uui:
Using Ito's formula for F and y,(t;s; ) weobtainforall0 s t T

Hyn(t;s; ) ya(t;s; )Ju;ui hC )u;ui
7t
= HAL(D)Ya(r;s; ) ya(r;s; )]u;ui

+ Nyn(r;s; ) An(r)ya(r;s; )]u;ui

xn
+  HGi(r)yn(r;s; ) Gi(r)ya(r;s; )u;uidr
+ Hyn(r;s; ) Gi(r)ya(r;s; )]u;ui

i=1 s

+ HGi(r)yn(r;s; ) yn(r;s; )]u;ui dwi(r)
Taking expectations, we have
FE[ya(t;s; ) ya(tis; )Jusui PFE[ Jusui
Zt
= FE[yn(r;s; ) ya(r;s; Jus A (r)ui

EJQTDE, 2004No. 4,p. 9



+ FE[yn(r;s; ) ya(r;s; )IA,(r)u; ui
X
+  FE[n(rs; ) ya(r;s; )IG(r)u; Gi(r)ui dr:

If Pa(t) = Efyn(t;s; ) yn(ts; )] then
Zt
P,(t)u;ui hE[ Ju;ui = PAL(r)PL(r)u; ui (20)

S

X
+ P, (r)A,(r)u;ui + hGi(r)Pn(r)G; (r)u; ui dr:

i=1

According with lemmasL.3, L.4 and the statemerts of the last section,
the equation (19) hasa unique classicalsolution U, (t; S)E ( ) in H, and
we have

Zt
Uts)E(  )=E( )+ La(nNU(rsE(  )dr

S

We note that U, (t; s) is the ewolution operator generatedby L,: Then
hU(s)E(C );u iy,
Zt
=hE(  )iu ui,+ Ha(NU(KS)E( )ju uiydr

or equivalertly hu(t; s)E ( )u;ui = hE ( ) u; ui +

7t
L n (r)Ua(r; S)E ( ) u; ui dr:

S
From (20) and the last equality we obtain

7t
HUL (t; S)E ( ) Pa®lusui = hn(r) [Un(r;s)E ( ) Pa(n)]u;uidr:
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Sincethere exists |+ > 0 sud that kKL,(t)k |+ forallt 2 [0;T] and
Un(t; S)E ( ); Pn(t) 2 E we can usethe Gronwall's inequality to deduce
that

Elyn(t;s; ) ya(ts; )] = Ua(t; S)E ( ) (21)

forallt 2 [s;T]: SinceT is arbitrary we obtain the conclusion. =

The following theorem gives a represetation of the covariance operator
asseiated to the mild solution of (2), by using the mild solution of the
Lyapunov equation (5).

Theorem 8 LetV be anotherreal se@rableHilbert sppace andB 2 L(H; V).
If y(t;s; ); 2 L2Z(H) is the mild solution of (2) and Q(t; s; R) is the unique
mild solution of (5) with the nal valueQ(t) = R 0then
a) FE[y(t;s; ) y(t;s; )u;ui = TrQ(t; s;u U)E ( ) forallu2 H
b)

EkBy(t;s; )K= TrQ(t;s;B B)E(  ):

Proof. a)Letu2 H; 2 L3(H) andy,(t;s; ) be the classicalsolution
of (4). By (21) we obtain successigly

< E[yn(tis; ) ya(tis )uiu>=<u uwU(tLSE( ) >>
=< U,(t;s)(u u),E( ) >o= TruU, (t;s)(u  U)E ( ):

If Qn(t;s;u u) is the solution of (7) with Q,(t) = u u we obtain from
(16)

FE[yn(t;s; ) ya(tis; )u;ui = TrQn(t;s;u UW)E( ) (22)

Asn! 1 wegetthe conclusion.Indeed,sinceQ,(t;s;u u) '!1 Q(t; s;u
n

u) in the strong operator topology (Lemma2) then it is not di cult to deduce
from Lemmal [7] that Q,(t;s;u U)E ( ) I!1 Q(t;s;u U)E ( ) in

Ci(H):
It is known that the map Tr : C;(H) ! C is cortinuous. Sowe obtain

TrQn(t;s;u U)E ( ) L TrQts;u WE( )
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On the other hand, for all u 2 H we have

JpfEYR(ts; ) wa(ts; )] Ely(ts; ) y(ts; )lgu; uij

= E(tya(ts; );ui®  hy(ts; );ui’)
E(kya(t;s; ) y(ts; K+ 2kyn(ts; ) y(Es; )kky(ts; k) kuk®
FEKyn(tis; ) y(ts; K

+ 2(E kyn(t;s; ) y(ts; )kZEky(t; S; )k2)1=zgkuk2:

From Lemma 1 and the last inequality we get
FElyn(ts; ) ya(tis; )luui 1o PE[Y(Es; ) y(ts; )]usui

and the proof is nished.
b) Let 2 L3(H)andn 2 N: It issucient to prove that

EkByn(t;s; )K= TrQn(;s;B B)E( ) (23)
By Lemma6 we have
EKByn(t;s; )k = kBE[ya(t;s; ) Ya(t;s; )IB Kk;: (24)
If fegon IS an orthonormal basisin V then we deducefrom (a)

X
KBE[ya(t;s; ) yn(tis; )IB ky = FE[(ts; ) wn(tis; )IB &;B ei

i=1

TrQn(t;s;B e Be)E( ):

i=1
SinceBeg Be2H,andBeg B e 0;i2N ;wehaveby (18)

KBE[yn(t;s; ) Vya(ts; )IB k; (25)
xP
= Iol!ilm TrQn(t;s; Be eB)E( )

=1
P . .
The sequenceB, = B ¢ B isincreasingand boundedabove:
i=1

xP
B ,x; xi = er;ai2 kBxk® = B Bx;xi:

i=1
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Then fBpgpon COnvergesin the strong operator topology to the operator
B B 2L"(H). By Lemma2 we deducethat the sequenced Qn(t; S; BpGp2n
isincreasing(Qn(t; s;By)  Qn(t;s;B B) forallp2 N ) and consequetly it
convergesin the strong operator topology to the operator Q,(t;s) 2 L* (H).
If U, (t; s) isthe ewolution operator relativeto A,(t); we haveforall x 2 H

MQn (t; s; Bp)x; xi = MBpUn(t; s)X; Un(t; s)Xi (26)

xn 2
+ MQn (t; 1r; Bp)Gi(r)Un(r; s)x; Gi(r)U,(r; s)xi dr:

i=1 g

SinceB, 2 H, and B, 0 we deducefrom (17) and the hypothesisthat
Y st () = (RQn(t 15 Bp)Gi(r)Un(r; 8)X; Gi(r)Un(r; s)xi
is cortinuous. On the other hand we have for all r 2 [s;t]

pllilm p;n;s;t(r) = n;s;t(r) = rQn(t; r)Gi(r)Un(r; S)X; Gi(r)Un(r;S)Xi :

Thusit followsthat r I . (r) is a Borel measurableand nonnegatiwe
function de ned on[s;t] and boundedabove by a cortinuousfunction, namely
r1 mn(t;r;B B)Gi(r)Un(r;s)x; Gi(r)Un(r; s)xi.

From the Monotone CornvergenceTheoremwe can passto limit p! 1
in (26) and we have

hQn (t; s)x; xi = BB BU,(t; s)X; Up(t; S)Xi

xn 2
+ hQn (L 1)Gi(r)Un(r; s)x; Gi(r)Un(r; s)xi dr;

i=1 s

wherethe integral is in Lebesguesense.From (26) it follows

HQn(t;s;B B)  Qn(t; 9)]X; Xi

xn 2
= H:Qn(t; r,B B) Qn (t; r)]Gi(r)Un(r; S)X; Gi(r)Un(r; S)Xi dr: (27)

i=1 s

The map x ! HQn(t;r;B B) Qn(t;r)]x;xi, x 2 H is coninuous and
r! HQn(t;r;B B) Qn(t;r)]x;xi, r 2 [s;t] is a Borel measurablefunction.
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SinceB; = fx 2 H;kxk = 1g is separable[1], then there exists a net
fynOnan  B1 which is densein B; and

kQn(t;r;B B)  Qn(t;r)k= sup HQn(t;r;B B)  Qn(t; r)]yn;Yni:

ynZBl

Thusr ! kQn(t;r;B B) Qn(t;r)k; r 2 [s;t] is a Borel measurable
function. Since0 Qn(t;r;B B) Qn(t;r) Qn(t;r;B B) it is clearthat

r! kQu(tr;B B)  Qu(t )kkUs(r;s)k’
is Lebesgueintegrable. By (27) we have

kKQn(t;s;B B)  Qn(t; s)k

w2
6 kOn(t;r;B B) Qn(t; r)kkU,(r;s)k?dr:

i=1 s
Using the Gronwall's inequality, we get kQ,(t;s;B B) Qn(t;s)k = O:
Thus Qn (t; S;Bp)x !1 Qn(t;s;B B)x for all x 2 H and, from Lemmal in
p!
[7], we deducethat Q,(t; s; B,)E ( ) !1 Qn(t;s;B B)E ( ) in kKK, :
p!

By (24), (25) and sinceTr is cortinuouson C,(H) we obtain (23). As
n! 1 we obtain the conclusion. m

We note that if A is time invariant (A(t) = A; for allt 0), then the
condition P1 can be replacedwith the hypothesis

HO : A is the in nitesimal generatorof a Cy-semigroup
and arguing as above we can prove the following result.

Prop osition 9 If P2 and HO hold, then the conclusionsof the alovetheorem
stay true. Particularly, if we repla@ P2 with the condition G; 2 L(H);
i = 1;:::;m the statementb) becomes:

E kBy(t; s; )k2= TrQ(t;s;0;B B)E ( )=TrQ(t s;B B)E( )

It is not dicult to seethat if the coe cien ts of the stochastic equation
(2) verify the condition

H1: A; G 2 C(R:;L(H));i= 1;:5;m;

EJQTDE, 2004No. 4, p. 14



then we don't needto work with the approximating systemsand all the
main results of the last two sections(including this) can be reformulated (
and proved) adequately So,we have the following proposition:

Prop osition 10 If the assumptionH1 holdsthen the statementsa) and b)
of the Theorem 8 are true.

4 The solution operators associated to the
Ly apunov equations

Let Q(T;s;R);R 2 L*(H);T s 0 be the unique mild solution of the
Lyapunov equation (5), which satis es the condition Q(T) = R:

Lemma 11 a) If R;;R,2L*(H) and ; > Othen
Q(T;s; Ri+ R2)= Q(T;s;Ry)+ Q(T;s;Ry):
b) Q(p;s; Q(t; p;R)) = Q(t; s;R) forall R2 L*(H);t p s O

Pro of. a) Let usdenoteK (s) = Q(T;s; Ri1+ Ry) Q(T;s;Ry)
Q(T;s;Ry), K(s) 2 E, T s 0.ByLemma?2we get

4 X
K()x= U ((r;s) G(r)K(r)Gi(r)]u(r;s)xdr and

s i=1

zZr
X
KK (s)k=sup JhK(S)X;Xij KK (r)kkG;(r)kkU(r;s)kdr:
x2H kxk=1 i=1
S
Using the Gronwall's inequality we deducekK (s)k = O for all s 2 [0; T]
and the conclusionfollows. Similarly we canprove b). =
The following lemmais known [13].

Lemma 12 Let T 2 L(E). If T(L*(H)) L*(H) then kTk = KT(l)k;
whee | is the identity operator on H.
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If R 2 E then there exist R;;R, 2 L*(H) sudh that R = R; R; (we
take for exampleR; = kRkl and R, = kRkl R).
We introducethe mapping T (t;s) : E! E,

T(t;s)(R) = Q(t;s;R1)  Q(t; s;Ry) (28)

forallt s 0O: The mappingT (t; s) hasthe following properties:

1.

a 0N

T(t; s) is well de ned. Indeedif R%;RY are another two nonnegative
operatorssuc asR = R? RIwehaveRY+ R, = R;+RY: From lemmas
L.2 andL.11wehave Q(t; s; R+ R,) = Q(t; s; R;+ RY) and Q(t; s; RY)+

Q(t; s;R2) = Q(t; s;Ry) + Q(t; s;RY): The conclusionfollows.

T s) R)=T (t;s)(R);R2E.
T(;s)(R)=Q(t;s;R) foral R2L*(H) andt s O:
T(ts)(L™(H)) LT (H):

Forall R 2 Eandx 2 H we have

hT(t; s)(R)x; xi = E hRy(t; s;X);y(t; s;X)i : (29)

(It follows from the Theorem 8 and from the de nition of T (t; s)(R).)

. T(t; s) is alinear and boundedoperator and KT (t; s)k = KT (t; s)(1 )k:

From 5. we deducethat T (t; s) is linear. If R 2 E, we use(29) and we
get

KT (t; s)(R)k  kRk sup Eky(t;s;x)kzzkRka(t;s;I)k:
X2 H ;kxk=1

Thus T (t; s) is bounded. Using 4. and Lemma 12 we obtain the con-
clusion.

. T(E;9)T(EP)(R)=T(;s)(R) forallt p s OandR2E:

It follows from Lemma 11 and the de nition of T (t; s).

If we changethe de nition of the mild solution of (5) by replacingthe con-
dition Q 2 C(J;L* (H)) with Q 2 Cs(J; E); then the statemers of Lemma
2 stay true.
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Prop osition 13 LetR 2 Eand T > 0. There existsa unique mild solution
(resp. classial) Q (resp. Q) of (5) (resp. (7)) on[0; T] suchthat Q(T) = R
(resp. Qn(T) = R). They are given by (8) respctively (9). Moreover,
Q(T;s;R) = T(T;s)(R):

Proof. Let R = R; Ry, 2 E, Ri;R» 0: It is easyto seethat
Q(T;s;R1)  Q(T;s;Ry) 2 C4([0; T]; E) satis es the integral equation (8).
If Q°2 C4([0; T]; E) is another mild solution of (5) sud that Q{T) = R then
we denote K (s) = Q(T;s;R1) Q(T;s;Ry) QYs) 2 C4([0; T];E) and we
have

0 Al
kKK (s)k = sup K (r)Gi(r)uU(r; s)x; Gi(r)U(r;s)xi dr
x2H kxk=1 -4 s
0 Al
kK (r)kkG;(r)kkU(r; s)k? dr:

i=1 g

Now, we usethe Gronwall's inequality and we obtain the conclusion. The
proof for the appraximating equation (7) goeson similarly. =

5 The uniform exponential stabilit y of linear
stochastic system with periodic coe cien ts

We needthe following hypothesis:

P3 There exists > 0 suchthat A(t) = A(t+ );Gi(t) = Gi(t+ );i =
1,:;mforallt O

It is known (see[12],[3]) that if P1, P3 hold then we have
Uit+ ;s+ )=U(ts)forallt s O (30)
De nition 14 We say that (2) is uniformly exmnentially stableif there

existthe constantsM 1, ! > 0 suchthat E ky(t; s;x)k> Me 't 9 kxk?
forallt s Oandx2H.
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Prop osition 15 If P3 holdsand Q(t; s; R) is the uniquemild solution of (5)
suchthat Q(t) = R;R O;thenforallt s Oandx2 H wehave

a) Q(t+ ;s+ ;R)=Q(ts;R).

b) T(t+ ;s+ )=T(t59)

c)T(n ;0)=T(;0)

d) Eky(t+ ;s+ :x)k%= E ky(t; s;x)k*

Pro of. a) SinceP3 holds we deducefrom (30) and Lemma 2 that

by
Q(t+ ;s+ ;R)x=U (t+ ;s+ )RU(t+ ;s+ )x+ U(r;s+ )

[ Gi()Q(t+ ;r;R)Gi(r)]U(r;s+ )xdr and

i=1

Zt

Q(t+ ;s+ ;R)x=U (t;s)RU(t;s)x+ U (v;s)
[ G V)Q(t+ ;v+ ;R)Gj(V)]U(v;s)xdv:
i=1

Now, we can use(8) and Gronwall's inequality to deducethe conclusion.

The statemen b) follows from a) and from the de nition of the operator
T (t;s). Using b) and the property 7. of the operator T (t; s) we obtain c).
d) follows from Theorem8 and a). m

Next remark is a consequencef the Theorem8 and of the property 6. of
the operator T (t; S).

Remark 16 The following statementsare equivalent:
a) the equation (2) is uniformly exponentially stable
b) there existthe constantsM 1, ! > 0 suchthat

Qt;s;1) Me'® 9 forallt s 0
c) there existthe constantsM 1, ! > OsuchthatkT (t;s)k Me ' 9,

Now we establishthe main result of this section.
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Theorem 17 The following assertionsare equivalent:
a) the equation (2) is uniformly expnentially stable;
b) |'I{n E ky(n ;0;x)k2 = 0 uniformly for x 2 H, kxk = 1;

c) (T(;0)<L1L

Pro of. The implication "a) ) b)" is a consequencef the De nition 14.

We will prove "b) ) a)". Sinceb) holds we deducethat for all " > 0O
there exists n(") 2 N suc that E ky(n ;0;x)k* < " forall n  n(") and
x 2 H, kxk = 1. By (29) we get E ky(n ;0;x)k2 = hr(n ;0)(I)x; xi:

ThereforehT(n ;0)(I)x;xi < " foralln n(")andx 2 H, kxk = 1 or
equivalertly kT (n ;0)(I1)k< " foralln n("):

Let" = %: We usethe property 6. of the operator T (t; s) and we deduce
that there existsn(3) 2 N suchas T(n(3) ;0) < i: Wedenoteb=n(3) :

Ift s O,thenthereexistunique ; 2 N andrq;r, 2 [0;b) sud as
t= b+rys= b+r,.

For 6 we deduceby Proposition 15 that

T(t;s) = T(bjra)T(b;0)  *T(ry;0):
Hence
KT (t;s)k KT (b;ro)kKT (b;0)k  *KT (r1: 0)k:

Using Lemma2 and Gronwall's inequality it is easyto deducethat there
existsM > O sud that kQ(t;s;1)k M forall0 s t b
Then KT (t; s)k = kT (t; s)(1 )k = kQ(t;s;1)k M forall0 s t b

If wedenote! = 2In 1 > O; we obtain
KT(s)k M2 't 92722 4y2e !t s,
If = wehavekT(;s)k M €& e't 9=2M e 't 9,

Now, wetake =4M2>2M (asM > 1) and we deducethat
kT(t;s)k e'®?9

forallt s 0O: The conclusionfollows from Remark 16.
"a) ) c¢)". From T.2.38 of [2] we have

(T(;0)= lim D T 0k = 1im i SR
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Using Remark 16 and De nition 14 we deducekT (n ;0)k e'".
Thus

I'i{nr”)kT(n;O)k IlilmF") e'n e! <1
and the conclusionfollows. D
"c)) b)' Let (T(;0)= Ii{n "KT(;0"'k=s< landlet" > 0be
n!
sudh that s+ "= < 1.

Then, there existskg 2 N sud that for all n ko we have kT ( ;0)"k
"and KT (n ;0)k " (by Proposition 15). Thus Iilm KT (n ;0k = 0or
n!

equivalertly I,{n KT (n ;0)(1)k = 0: Using (29) we gefthe conclusion. Since
"b) ) a)" we'get "c) ) a)".The proofis complete. m

Remark 18 The condition b) of the previoustheorem is equivalent, accord-
ing Theorem 8, with the following statement I,{n kQ(n ;0;1)k = 0:
n!

It isnot di cult to seethat underthe hypothesisH1 the Lyapunor equa-
tion 5with nal condition hasa unique classicalsolution. Consequetly the
operator T (t; s) is well de ned and hasthe properties 1.-7. stated in the last
section. From propositions P. 10 and P. 9 we obtain the following result:

Prop osition 19 Assumethat P3 hold. If either HO and P2 or H1 hold, then
the statementsof the alove theorem stay true.

We give heretwo simple examplesto illustrate the theory.
Example 20 Consideran exampleof equation (2)
dy = e S"*Oydt + coqt)ydw(t);t O (31)

where w(t) is a real Wiener process. It is clear that H1 and P3 (with = 2 )
hold. The Lyapunov equation assaiated to (31) is

dQ+ (2e "M + co(t))Qdt = 0 and

2
Q@2 ;0:1)=exp( 2 SO + cod(t)dt)l

2
e exp( 2e Mgty < |:
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Since
(T(2 ;0) KkT(2 ;0k=KkT(2 ;0)(1)k=kQ(2 ;0;1)k< 1

we can deduce from the Proposition 19 that the solution of the stochastic
equation (31) is uniformly expmnentially stable.

Example 21 Considera paralolic equation
@ _ @y
— = —= + coqt)ydw(t); 32
a_ & gt)ydw(t) (32)

yO;t) =y@t)=0
whee w(t) is a real Wiener process,A = %; D(A) = H}(0;1)\ H?0;1)
H = L,(0;1). The coe cient of the stochastic part is periodic with = 2 :
It is knownthat the operator A is self adjoint, hAy;yi 2 kyk? for all

y 2 D(A) and A is the in nitesimal geneator of an analytic semigoup S(t)
[11], which satis es the following inequality:

kShk e “t 0 (33)
The Lyapunov equation assaiated to (32) is
dQ(s) + AQ(s) + Q(s)A + cog(s)Q(s) ds= 0 and

Zt
hQ(t; s; 1)x; xi  kS(t s)xk2 +  kS(r s)xk2 cog(r) kQ(t; r;1)kdr:
S
By (33) and Gronwal's inequality we get
0 71
e 2°5kQ(ts; Dk e 2 texp@ cod(r)drA

S

1

3 R
Thus kQ(2n ;0;1)k e * “exp cog(r)dr and
0

lim kQ(2n ;0;1)k lime % **" =
n'l n'l

We use Proposition 19 and Remark (18) to deduce that the solution of
(32) is uniformly expmnentially stable.
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