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POSITIVE SOLUTIONS FOR FIRST ORDER

NONLINEAR FUNCTIONAL BOUND AR Y

VALUE PR OBLEMS ON INFINITE INTER VALS

K. G. MA VRIDIS AND P. CH. TSAMA TOS
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In this paper we study a boundary value problem for a �rst order func-
tional di�eren tial equation on an in�nite interval. Using �xed point theorems on
appropriate cones in Banach spaces, we derive multiple positiv e solutions for our
boundary value problem.

1. Intr oduction

Boundary valueproblemson in�nite intervalsappear in many problemsof practi-
cal interest, for examplein linear elasticity problems, nonlinear 
uid 
o w problems
and foundation engineering (see e.g. [1,10,16] and the referencestherein). This
is the reason why these problems have been studied quite extensively in the lit-
erature, especially the ones involving secondorder di�eren tial equations. Second
order boundary value problems on in�nite intervals are treated with various meth-
ods, such as �xed point theorems (see e.g. [1,5,6,10,14-16,23]),upper and lower
solutions method (seee.g. [2,8,9]), diagonalization method (seee.g. [1,18,20])and
others. An interesting overview on in�nite interval problems, including real world
examples,history and various methods of solvabilit y, can be found in the recent
book of Agarwal and O' Regan[1].

A rather lessextensive study has beendone on �rst order boundary value prob-
lems on in�nite intervals. One of the major ways to deal with such problems is to
usenumerical methods, seefor example[10,16]. In short, the basic idea in this case
is to build a �nite interval problem such that its solution approximates the solution
of the in�nite problem quite well on the �nite interval. The di�cult y of this method
lies in setting the �nite interval boundary value problem in such a way that the
approximation is accurate. Another way to deal with boundary value problems on
in�nite intervals is to use �xed point theorems. Seefor example [7,9]. Using this
approach one will have to reformulate the boundary value problem to an operator
equation and to use an appropriate compactnesscriterion on in�nite intervals for
the corresponding operator (seeLemma 2.2 below).

In the recent yearsa growing interest has arisen for positive solutions of bound-
ary value problems. Seefor example [10,11,17,18,23].Also, nowadays, functional
boundary value problems are extensively investigated, usually via �xed point the-
orems(see[6,12,21,22]and the referencestherein).
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This paper is motivated by [10-12,14,18].We will deal with a �rst order func-
tional boundary value problem on an in�nite interval, seeking positive non-zero
solutions. In order to do that, we will use two �xed point theorems, one of them
being the well known Krasnoselkii's �xed point theorem.

Let R be the set of real numbers, R+ := f x 2 R : x � 0g and J := [� r; 0] for
somer � 0. If I is an interval in R we denoteby C(I ) the set of all continuous real
functions  : I ! R. Also, we denote by B C(I ) the Banach spaceof all  2 C(I )
such that supfj  (s)j : s 2 I g < + 1 endowed with the usual sup-norm

k kI := supfj  (s)j : s 2 I g:

If x 2 C(J [ R+ ) and t 2 R+ , then we denoteby x t the element of C(J ) de�ned by

x t (s) = x(t + s); s 2 J:

The boundary value problem, which we will study, consistsof the equation

(1.1) x0(t) = f (t; x t ); t 2 R+ ;

along with the nonlinear condition

(1.2) Ax 0 � x(+ 1 ) = �;

where f : R+ � C(J ) ! R, � : J ! R are continuous functions, x(+ 1 ) :=
lim t ! + 1 x(t) and it holds that

(H1) A > 1, � (0) � 0 and � (t) � � � (0)
A � 1 , t 2 J .

As indicated in [13], sincex(+ 1 ) exists in R, we must supposethat the following
is true

lim
t !1

f (t;  ) = 0;  2 C(J ):

However, this is a direct consequenceof the forthcoming assumption (H 3), so we
do not state it as a separateassumption.

The paper is organized as follows. In Section 1 we state the boundary value
problem and in Section2 we present the �xed point theorems,formulate the corre-
sponding operator and prove that it is compact. Then in Sections3 and 4 we prove
our new results for the functional and the ordinary case,respectively, and in Section
5 we give an application. We must notice that even for the ordinary boundary value
problem, which corresponds to the caser = 0, the results we present in Section 4,
are new.

2. Preliminaries

De�nition. A solution of the boundary value problem (1:1) � (1:2) is a function
x 2 C(J [ R+ ), continuously di�er entiableon R+ , which satis�es equations(1:1) for
t 2 R+ , and (1:2) for t 2 J . Additional ly, x is called positive solution if x(t) � 0,
t 2 J [ R+ .

Searching for positive solutions of the boundary value problem (1:1) � (1:2), it is
necessaryto reformulate this problem to an integral equation. This is done in the
next lemma.
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Lemma 2.1. A function x 2 C(J [ R+ ) is a solution of the boundary valueproblem
(1:1) � (1:2) if and only if x(t) = Rx(t), t 2 J [ R+ , where R : C(J [ R+ ) !
C(J [ R+ ) is such that

Rx(t) =

8
<

:

� (0)
A � 1 + 1

A � 1

R+ 1
0 f (� ; x � )d� +

Rt
0 f (� ; x � )d� ; t 2 R+ ;

� (0)
A (A � 1) + 1

A � 1

R+ 1
0 f (� ; x � )d� + � ( t )

A ; t 2 J:

Proof. From (1:1), we have

(2.1) x(t) = x(0) +
Z t

0
f (� ; x � )d� ; t 2 R+ ;

so

(2.2) x(+ 1 ) = lim
t ! + 1

x(t) = x(0) +
Z + 1

0
f (� ; x � )d� :

Now, from (1:2) and (2:2) we get

(2.3) x(s) =
� (s)
A

+
1
A

�
x(0) +

Z + 1

0
f (� ; x � )d�

�
; s 2 J:

Therefore

(2.4) x(0) =
� (0)

A � 1
+

1
A � 1

Z + 1

0
f (� ; x � )d� :

Using (2:1) and (2:4) we have

x(t) =
� (0)

A � 1
+

1
A � 1

Z + 1

0
f (� ; x � )d� +

Z t

0
f (� ; x � )d� ; t 2 R+ :

Also, combining (2:3) and (2:4) we get

x(s) =
� (0)

A(A � 1)
+

1
A � 1

Z + 1

0
f (� ; x � )d� +

� (s)
A

; s 2 J:

So, x(t) = Rx(t), t 2 J [ R+ .
On the other hand, if x 2 C(J [ R+ ) is such that x(t) = Rx(t), t 2 J [ R+ , then

x0(t) = (Rx(t))0 = f (t; x t ); t 2 R+ :

Also, for any s 2 J we have

Ax 0(s) � x(+ 1 ) = Ax (s) � x(+ 1 )

=
� (0)

A � 1
+

A
A � 1

Z + 1

0
f (� ; x � )d� + � (s)

�
� (0)

A � 1
�

1
A � 1

Z + 1

0
f (� ; x � )d� �

Z + 1

0
f (� ; x � )d�

= � (s):
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Finally, it is clear that Rx is continuous at zero. The proof is complete. �

Set
C+ (J ) := f x 2 C(J ) : x(t) � 0; t 2 J g

and consider the following assumptions.

(H2) Assume that f (R+ � C+ (J )) � R+ and, for every t 2 R+ , the function
f (t; �) : C(J ) ! R+ maps bounded subsetsof C(J ) to bounded subsetsof
R+ .

By (H2), we concludethat for every s 2 R+ and m > 0, the supkykJ 2 [0;m ] f (s; y)
exists in R+ . So, we set

F (s;m) := sup
kykJ 2 [0;m ]

f (s; y); s 2 R+ ; m > 0;

and we assumethat

(H3) For every m > 0, it holds

�( m) :=
Z + 1

0
F (� ; m)d� < + 1 :

Then for every m > 0 set

Q(m) := max
�

� (0) + A�( m)
A � 1

;
� (0) + A�( m)

A(A � 1)
+

k� kJ

A

�
:

(H4) Assumethat there exists � > 0 such that

Q(� ) < �:

(H5) There exist E � R+ , with measE > 0, and functions u : E ! [0; r ],
continuous v : E ! R+ with supf v(t) : t 2 Eg > 0 and nondecreasing
w : R+ ! R+ such that

t � u(t) � 0; t 2 E

and
f (t; y) � v(t)w(y(� u(t))) ; (t; y) 2 E � C+ (J ):

The following assumption (H 6) is the analogueof assumption (H 5), when the
function w is nonincreasing.

(H6) There exist E � R+ , with measE > 0, and functions u : E ! [0; r ],
continuous v : E ! R+ with supf v(t) : t 2 Eg > 0 and nonincreasing
w : R+ ! R+ such that

f (t; y) � v(t)w(y(� u(t))) ; (t; y) 2 E � C+ (J ):
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Now, consider the Banach space

Y(t0) := f x 2 C([t0; + 1 )) : lim
t ! + 1

x(t) =: lx 2 Rg;

endowed with the usual norm

kxk[t 0 ;+ 1 ) := supfj x(t)j : t 2 [t0; + 1 )g:

The following compactnesscriterion, which is due to Avramescu[4], will be used
to prove that R is completely continuous. Note that the classicalArzela - Ascoli
Theorem cannot be applied here,sincethe domain of R is a spaceof functions with
unbounded domain.

Lemma 2.2. Let t0 2 R and M � Y (t0) have the following properties

(i ) There exists K > 0 such that ju(t)j � K for every t � t0 and u 2 M .
(ii ) For every � > 0 there exists � (� ) > 0 such that ju(t1) � u(t2)j < � for every

t1, t2 � t0, with jt1 � t2j < � (� ), and u 2 M .
(iii ) For every � > 0 there exists T(� ) > 0 such that ju(t) � lu j < � for every

t � T (� ) and u 2 M .

Then M is relatively compact in Y (t0).

We can now prove the following.

Lemma 2.3. Let assumptions(H 1) � (H3) hold. Then the operator R : Y (� r ) !
Y (� r ), de�ned in Lemma 2:1, is completely continuous.

Proof. Let x 2 C(J [ R+ ). Then using (H3), we have

lim
t ! + 1

R(x(t)) = lim
t ! + 1

�
� (0)

A � 1
+

1
A � 1

Z + 1

0
f (� ; x � )d� +

Z t

0
f (� ; x � )d�

�

=
� (0)

A � 1
+

1
A � 1

Z + 1

0
f (� ; x � )d� +

Z + 1

0
f (� ; x � )d�

=
� (0)

A � 1
+

A
A � 1

Z + 1

0
f (� ; x � )d�

< + 1 :

Therefore R : Y (� r ) ! Y (� r ).
Now, let x 2 Y(� r ) and f x [n ]gn 2 N � Y (� r ), such that kx [n ] � xkJ [ R+ ! 0,

n ! + 1 . Then, for n 2 N, we have

kRx [n ] � RxkJ [ R+ �
A

A � 1

Z + 1

0
jf (� ; x [n ]

� ) � f (� ; x � )jd� :

Sincef is continuous, for any t 2 R+ , it holds that

f (t; x [n ]
t ) ! f (t; x t ); n ! + 1 :

Also
jf (t; x [n ]

t )j � F (t; m);
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where m := supn 2 N kx [n ]kJ [ R+ . Notice that m < + 1 , since kx [n ] � xkJ [ R+ ! 0,
n ! + 1 , and x 2 Y(� r ).

Therefore, from Lebesgue'sDominated ConvergenceTheorem, it follows that

Z + 1

0
jf (� ; x [n ]

� ) � f (� ; x � )jd� ! 0; n ! + 1 :

So, kRx [n ] � RxkJ [ R+ ! 0, n ! + 1 , thus R is continuous.
Now let V � Y (� r ) be bounded, that is

kxkJ [ R+ � m; x 2 V;

where m > 0. We will prove that R(V ) is relatively compact in Y (� r ). Indeed for
every t 2 J [ R+ we have

jRx(t)j � max
�

� (0)
A � 1

+
A

A � 1
�( m);

� (0)
A(A � 1)

+
1

A � 1
�( m) +

k� kJ

A

�
;

i.e.
kRxk � Q(m):

Also, for arbitrary t1, t2 2 J [ R+ , we have

� caset1, t2 2 R+ , t1 > t2

jRx(t1) � Rx(t2)j =

�
�
�
�

Z t 1

t 2

f (� ; x � )d�

�
�
�
� �

Z t 1

t 2

F (� ; m)d� :

� caset1, t2 2 J , t1 > t2

jRx(t1) � Rx(t2)j < j� (t1) � � (t2)j:

� caset1 2 R+ , t2 2 J

jRx(t1) � Rx(t2)j =

�
�
�
�
� (0) � � (t2)

A
+

Z t 1

0
f (� ; x � )d�

�
�
�
�

�
j� (0) � � (t2)j

A
+

Z t 1

0
f (� ; x � )d�

�
j� (0) � � (t2)j

A
+

Z t 1

0
F (� ; m)d� :

Therefore, since� is uniformly continuous, in any of the above casesand for any
� > 0 there exists � (�; �; F ) > 0 such that

jRx(t1) � Rx(t2)j < �;

when t1, t2 2 J [ R+ , with jt1 � t2 j < � (�; �; F ) and x 2 V .
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Furthermore, for t0 2 R+ we have

jRx(t0) � lim
t ! + 1

Rx(t)j =

�
�
�
�

Z + 1

t 0

f (� ; x � )d�

�
�
�
�

�
Z + 1

t 0

F (� ; m)d� :

So, having in mind assumption (H 3) we concludethat for every � > 0, there exists
T(�; F ) > 0 such that

jRx(t0) � lim
t ! + 1

Rx(t)j < �;

for every t0 � T (�; F ) and x 2 V .
Now, we can apply Lemma 2:2 and get that R(V ) is relatively compact in Y (� r ).

This completesthe proof. �

De�nition. Let E be a real Banach space. A cone in E is a nonempty, closed set
P � E such that

(i ) �u + �v 2 P for all u, v 2 P and all � , � � 0
(ii ) u, � u 2 P implies u = 0.

Let P be a conein a Banach spaceE. Then, for any b > 0, we denote by Pb the
set

Pb := f x 2 P : kxk < bg

and by @Pb the boundary of Pb in P, i.e. the set

@Pb := f x 2 P : kxk = bg:

Part of our results are basedon the following theorem, which is an application
of the �xed point theory in a cone. Its proof can be found in [3].

Theorem 2.4. Let g : Pb ! P be a completelycontinuous map suchthat g(x) 6= �x
for all x 2 @Pb and � � 1. Then g has a �xed point in Pb.

It easyto seethat the condition

g(x) 6= �x for all x 2 @Pb and � � 1;

can be replacedby the following stricter assumption

kg(x)k < kxk for all x 2 @Pb

So, we get the following corollary of Theorem 2:4.

Theorem 2.5. Let g : Pb ! P be a compact map such that kg(x)k < kxk for all
x 2 @Pb. Then g has a �xed point in Pb.

Also, we will usethe well known Krasnoselskii's �xed point theorem (see[13]).
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Theorem 2.6. Let E = (E ; k � k) be a Banach space and P � E be a cone in P.
Assumethat 
 1 and 
 2 are open subsetsof P, with 0 2 
 1 � 
 1 � 
 2, and let

g : P \ (
 2n
 1) ! P

be a completely continuous operator such that either

kg(x)k � kxk, x 2 P \ @
 1, and kg(x)k � kxk, x 2 P \ @
 2,

or kg(x)k � kxk, x 2 P \ @
 1, and kg(x)k � kxk, x 2 P \ @
 2.

Then g has a �xed point x 2 P \ (
 2n
 1).

In this paper, we will use the following Theorem 2:7, which is a corollary of
Theorem 2:6, for the special casewhen the sets
 1 and 
 2 are balls (with common
center at point zero and positive, nonequal radium).

Theorem 2.7. Let E = (E ; k � k) be a Banach space and P � E be a cone. Also,
� , � are positive constants with � 6= � . Suppose

g : Pmax f � ;� gnPmin f � ;� g ! P

is a completely continuous operator and assumethat conditions

(i ) kg(x)k � kxk for x 2 @P� ,

(ii ) kg(x)k � kxk for x 2 @P�

hold. Then g has at least a �xed point x with

minf � ; � g < kxk < maxf � ; � g:

3. Positive solutions f or the functional pr oblem

Before we state our main results we set

� :=
� (0)

A(A � 1)
; � := � +

� (� r )
A

and

� :=
1

A � 1

Z

E
v(� )d� :

Theorem 3.1. Suppose that conditions (H 1) � (H4) hold. Also suppose that if
� = 0, there exists t0 2 R+ such that f (t0; 0) 6= 0. Then the boundary value
problem (1:1) � (1:2) has at least one positive nonzero solution x such that

� � kxkJ [ R+ < �:

More precisely we have
x(t) � � ; t 2 J [ R+ :

Proof. We will �rst justify why any positive solution x of the boundary value prob-
lem (1:1) � (1:2), if oneexists, is nonzero. By hypothesis,if � = 0, then there exists
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t0 2 R+ such that f (t0; 0) 6= 0. Then it is clear that equation (1:1) does not have
the zero solution. On the other hand, if � (t1) 6= 0 for somet1 2 J , then by (1:2)
we get that Ax (t1) � x(+ 1 ) 6= 0, which also meansthat x 6= 0.

Now, set
P := f x 2 B C(J [ R+ ) : x � 0g

and observe that P is a cone in B C(J [ R+ ). Also, we notice that for every x 2 P
and t 2 R+ we have x t 2 C+ (J ), so by (H2) f (t; x t ) � 0 and , taking into account
(H1), we easily obtain Rx(t) � 0. This means that R(P) � P, so since we are
looking for a positive solution of the boundary value problem (1:1) � (1:2), it is
enoughto �nd a �xed point of the operator R : P ! P.

Let � be the constant intro ducedby (H 4). Then, obviously R(P� ) � P and, from
Lemma 2:3 it follows that R is a completely continuous operator.

Furthermore, we will show that kRxkJ [ R+ < kxkJ [ R+ , for every x 2 @P� . As-
sumethat this is not true. Then, for somex 2 @P� , it holds kxkJ [ R+ � kRxkJ [ R+ .
Also, observe that, from the formula of Rx and assumptions(H 2), (H3), for every
t 2 R+ , we have

Rx(t) =
� (0)

A � 1
+

1
A � 1

Z + 1

0
f (� ; x � )d� +

Z t

0
f (� ; x � )d�

�
� (0)

A � 1
+

1
A � 1

Z + 1

0
F (� ; � )d� +

Z t

0
F (� ; � )d�

�
� (0)

A � 1
+

1
A � 1

�( � ) + �( � )

=
� (0) + A�( � )

A � 1
� Q(� ):

Additionally , for every t 2 J we have

Rx(t) =
� (0)

A(A � 1)
+

1
A � 1

Z + 1

0
f (� ; x � )d� +

� (t)
A

�
� (0)

A(A � 1)
+

1
A � 1

Z + 1

0
F (� ; � )d� +

� (t)
A

�
� (0)

A(A � 1)
+

1
A � 1

�( � ) +
k� kJ

A

=
� (0) + A�( � )

A(A � 1)
+

k� kJ

A
� Q(� ):

So, we have
� = kxkJ [ R+ � kRxkJ [ R+ � Q(� );

which contradicts (H4).
We can now apply Theorem 2:5 to obtain that the boundary value problem

(1:1) � (1:2) has at least one positive nonzerosolution x, such that

(3.1) 0 < kxkJ [ R+ < �:
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If x is a positive solution of the boundary value problem (1:1) � (1:2), then,
taking into account the formula of R and the fact that A > 1, we concludethat

x(t) �
� (0)

A(A � 1)
; t 2 J [ R+ ;

which implies that
kxkJ [ R+ � � :

Now it is easy to seethat � � Q(� ) and so, by (H 4), � < � . Then, taking into
account (3:1), we obtain

� � kxkJ [ R+ < �

and the proof is complete. �

Theorem 3.2. Suppose that (H 1) � (H5) hold and � 2 C(J ) is a nondecreasing
function. Also supposethat there exists 
 > 0 such that

(3.2) 
 �
1
A

w(
 )�:

where w, v are the functions involved in (H 5). Then the boundary value problem
(1:1) � (1:2) has at least one positive solution x, with

D < kxkJ [ R + � maxf � ; � g;

where

D :=

(
�; if � > �

maxf � ; � g; if � < �;

� is the constant involved in (H 4) and � 6= � := A
 .
More precisely we have

x(t) � � ; t 2 J [ R+ :

Proof. De�ne the set

K :=
�

x 2 B C(J [ R+ ) : x � 0; x is nondecreasingand x(0) �
1
A

x(+ 1 )
�

:

Notice that K is a cone in B C(J [ R+ ). It is clear that, by (H 1) and (H2), for
any x 2 Kd, where d = maxf �; � g, we have Rx(t) � 0 for every t 2 J [ R+ . Also,
since x � 0 we have, also by (H 2), that (Rx)0(t) = f (t; x t ) � 0, t 2 R+ . Namely
RxjR+ is a nondecreasingfunction. Also, taking into account the formula of RxjJ
and the fact that � is nondecreasing,we get that RxjJ is also nondecreasing.Since
Rx is continuous at zero, we conclude that Rx is also nondecreasingon J [ R+ .
Moreover it is clear that ARx(0) � Rx(+ 1 ) = � (0). By (H 1), we have � (0)

A � 0

and thus Rx(0) = 1
A x(+ 1 ) + � (0)

A � 1
A x(+ 1 ). So R : KdnKmin f �;� g ! K . Also,

from Lemma 2:3, we get that R is completely continuous.
Furthermore, aswe did in Theorem 3:1, we can prove that kRxkJ [ R+ < kxkJ [ R+

for x 2 @K � .
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Now we will prove that kRxkJ [ R+ � kxkJ [ R+ for every x 2 @K � . For this
purposeit su�ces to prove that Rx � � for every x 2 @K � . By (H1) we have

Rx(� r ) =
� (0)

A(A � 1)
+

1
A � 1

Z + 1

0
f (� ; x � )d� +

� (� r )
A

�
1

A � 1

Z + 1

0
f (� ; x � )d� :

So, using (H5) and the fact that x is nondecreasing,we obtain

Rx(� r ) �
1

A � 1

Z

E
v(� )w(x � (� u(� ))) d�

=
1

A � 1

Z

E
v(� )w(x(� � u(� ))) d�

�
1

A � 1

Z

E
v(� )w(x(0))d� :

However, x(0) � 1
A x(+ 1 ) and x(+ 1 ) = kxkJ [ R+ , sincex is nondecreasing.There-

fore, taking into account (3:2) and the fact that kxkJ [ R+ = � = A
 , we get

Rx(� r ) � w
�

1
A

kxkJ [ R+

�
1

A � 1

Z

E
v(� )d�

= w(
 )�

� A
 = � = kxkJ [ R+ :

Hence,sinceRx is nondecreasing,we have

Rx(t) � � = kxkJ [ R+ ; t 2 J [ R+ :

Therefore, for every x 2 @K � we have Rx � kxkJ [ R+ and sokRxkJ [ R+ � kxkJ [ R+ .
Thus, we can apply Theorem 2:7 to get that the boundary value problem (1:1) �

(1:2) has at least one positive solution x, such that

(3.3) minf � ; � g < kxkJ [ R+ < maxf � ; � g:

Now, if x is a positive solution of the boundary value problem (1:1) � (1:2),
then, taking into account the formula of R and the facts that A > 1 and x is
nondecreasing,we concludethat

x(t) � x(� r ) = Rx(� r ) � � ; t 2 J [ R+ ;

which implies
kxkJ [ R+ � � :

Also, taking into account (3:3), we obtain

(3.4) maxf minf � ; � g; � g < kxkJ [ R+ < maxf � ; � g:

Now we observe that for every � > 0 we have � � Q(� ). So, since Q(� ) < � , we
have � < � and if � > � , then maxf minf � ; � g; � g = maxf �; � g = � . On the other
hand, if � < � , then maxf minf � ; � g; � g = maxf � ; � g. Therefore (3.4) takes the
form

D � kxkJ [ R+ < maxf � ; � g

and the proof is complete. �

EJQTDE, 2004No. 8, p. 11



Theorem 3.3. Supposethat (H 1) � (H4), (H6) hold and, moreover, � is a nonde-
creasing function. Also supposethat there exists � > 0 such that

(3.5) � � w(� )�:

Then the boundary value problem (1:1) � (1:2) has at least one positive solution x,
such that

D � kxkJ [ R+ < maxf � ; � g;

where D is de�ned in Theorem 3:2, � is the constant involved in (H 4) and � 6= � .
More precisely we have

x(t) � � ; t 2 J [ R+ :

Proof. De�ne the set

K :=
�

x 2 B C(J [ R+ ) : x � 0; x is nondecreasing
	

:

It holds that R : K dnKmin f �;� g ! K and that R is a completely continuousoperator.
The proof is similar to the one we usedin Theorem 3:2.

Furthermore, as we did in Theorem 3:1, we can prove that kR(x)kJ [ R+ <
kxkJ [ R+ for x 2 @K � .

Now we will prove that kRxkJ [ R+ � kxkJ [ R+ for every x 2 @K � . For this
purpose it su�ces to prove that Rx � � for every x 2 @K � . As in Theorem 3:2,
using (H1) and (H6), we obtain

Rx(� r ) �
1

A � 1

Z

E
v(� )w(x(� � u(� ))) d� :

Therefore, taking into account the fact that w is nonincreasingand (3:5) we have

Rx(� r ) �
1

A � 1
w(� )

Z

E
v(� )d�

= w(� )�

� � :

Hence,sinceRx is nondecreasing,we have

Rx(t) � � = kxkJ [ R+ ; t 2 J [ R+ :

Therefore, for every x 2 @K � we have Rx � kxkJ [ R+ and hence kRxkJ [ R+ �
kxkJ [ R+ .

So, applying Theorem 2:7 we get that there exists at least one positive solution
x of the boundary value problem (1:1) � (1:2), such that (3:3) holds. Finally, as in
the previous Theorem 3:2, we can prove that (3:3) takes the form of (3:4) and the
proof is complete. �

Combining Theorems 3.1 and 3.2 (resp. 3:3) we can prove easily the following
theorem, which ensuresthe existenceof two positive solutions for the boundary
value problem (1:1) � (1:2).
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Theorem 3.4. Suppose that conditions (H 1) � (H5) (resp. (H1) � (H4); (H6))
hold and � is a nondecreasing function. Also, suppose that if � = 0, there exists
t0 2 R+ such that f (t0; 0) 6= 0 and, additionally, there exists 
 > 0 such that (3:2)
(resp. (3:5)) holds. Then, if � < A
 (resp. � < 
 ), the boundary value problem
(1:1) � (1:2) has at least two positive solutions x1, x2 such that

� < kx1kJ [ R+ < � < kx2kJ [ R+ < � ;

where

� :=

(
A
 ; if (H5) holds,


 ; if (H6) holds.

Moreover we have
x i (t) � � ; t 2 J [ R+ ; i = 1; 2:

Going a step further, the following theorem, which ensurethe existenceof count-
ably in�nite positivesolutions of the boundary value problem (1:1)� (1:2). Its proof
can be easily obtained through the combination of the results of Theorems3.2 and
3.3.

Theorem 3.5. Assume that (H 1) � (H3), (H5) (resp. (H1) � (H3), (H6)) hold,
� is a nondecreasing function and there exist two strictly increasing real sequences
(� � )� 2 N, (
 � )� 2 N (N is the set of natural numbers) such that

� � < � � := A
 � < � � +1 ; � 2 N

(resp. � � < � � := 
 � < � � +1 ; � 2 N):

Moreover, assumethat (H 4) is satis�ed for all � � in place of � and (3:2) (resp.
(3:5)) is also satis�ed for all 
 � in place of 
 . Then, the boundary value problem
(1:1) � (1:2) has a sequence of positive solutions (x � )� 2 N such that

� � < kx � kJ [ R+ < � � < kx � +1 kJ [ R+ < � � +1 ; � 2 N:

Moreover we have
x � (t) � � ; t 2 J [ R+ ; � 2 N:

Remark 3.6. It is clear that the assumption:

there exists 
 > 0 such that (3.2) (resp. (3.5)) holds

in Theorem 3.4, can be replacedby the following:

lim sup
� ! + 1

w(� )
�

>
A
�

(resp.lim sup
� ! + 1

w(� )
�

>
1
�

):

Indeed if lim sup� ! + 1
w( � )

� > A
� (resp. lim sup� ! + 1

w( � )
� > 1

� ), then there

exists 
 > �
A (resp. 
 > � ) such that w(
 )


 > A
� (resp. w(
 )


 > 1
� ).
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4. Positive solutions f or the ordinar y pr oblem

If we chooser = 0 then we no longer have a functional boundary value problem,
but an ordinary one instead. In this case,the boundary value problem is formed
as follows

(4.1) x0(t) = f (t; x(t)) ; t 2 R+

(4.2) Ax (0) � x(+ 1 ) = C

wheref : R+ � R ! R is a continuousfunction and A; C are real numberssatisfying
the following:

( bH1) A > 1 and C � 0

De�nition. A solution of the boundary value problem (4:1) � (4:2) is a function
x 2 C(R+ ) which satis�es equations (4:1) � (4:2). Additional ly, x is called positive
solution if x(t) � 0, t 2 R+ .

It is clear that a function x 2 C(R+ ) continuously di�eren tiable on R+ , is a
solution of the boundary value problem (4:1) � (4:2) if and only if it satis�es the
equation x = bRx, where the operator bR : C(R+ ) ! C(R+ ) is given by the formula

bRx(t) :=
C

A � 1
+

1
A � 1

Z + 1

0
f (� ; x(� ))d� +

Z t

0
f (� ; x(� ))d� ; t 2 R+ :

In this, ordinary, caseassumptions(H 2)-(H4) are replacedby the following:

( bH2) Assumethat f (R+ � R+ ) � R+ and for every t 2 R+ the function f (t; �) :
R+ ! R+ maps bounded subsetsof R+ into bounded subsetsof R+ .

It is obvious that, under assumption ( bH2), for every s 2 R+ and m > 0, the
supy2 [0;m ] f (s; y) exists in R+ . Then we set

bF (s;m) := sup
y2 [0;m ]

f (s; y); s 2 R+ ; m > 0:

( bH3) Assumethat for every m > 0, it holds

b�( m) :=
Z + 1

0

bF (� ; m)d� < + 1 :

Now set

bQ(m) :=
C + A b�( m)

A � 1

and assumethe following:

( bH4) There exists � > 0 such that

bQ(� ) < �:
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Also, observe that the analoguesof assumptions (H 5); (H6), for the ordinary
case,can be uni�ed in the following:

( bH5) There exist E � R+ , with measE > 0, and functions v : E ! R+ con-
tinuous, with supf v(t) : t 2 Eg > 0 and monotonous w : R+ ! R+ such
that

f (t; y) � v(t)w(y); (t; y) 2 E � R:

Finally we set
b� :=

C
A � 1

and then we have the following theorems,which correspond to Theorems3:1 � 3:5,
respectively, for the ordinary case.The proofs of thesetheoremsare omitted, since
they can be easilyderived from the proofsof Theorems3:1� 3:5, with someobvious
modi�cations. Also it is easy to seethat the constant � in the present ordinary
caseis equal to the constant b�.

Theorem 4.1. Suppose that conditions ( bH1) � ( bH4) hold. Also suppose that, in
case C = 0, there exists t0 2 R+ such that f (t0; 0) 6= 0. Then the boundary value
problem (4:1) � (4:2) has at least one positive nonzero solution x, such that

b� � kxkR+ < �:

More precisely we have
x(t) � b� ; t 2 R+ :

Theorem 4.2. Suppose that ( bH1) � ( bH5) hold and that there exists 
 > 0 such
that

(4.3) 
 <
1
A

w(
 )�;

if w is nondecreasing, or

(4.4) 
 < w(
 )�;

if w is nonincreasing. Then the boundary value problem (4:1) � (4:2) has at least
one positive solution x, with

bD < kxkR+ < maxf � ; � g:

where

bD :=

(
�; if � > �

maxf � ; b� g; if � < �;

� is the constant involved in ( bH4), � 6= � and � := A
 , if w in nondecreasing, or
� := 
 , if w in nonincreasing. More precisely, in any casewe have

x(t) � b� ; t 2 R+ :
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Theorem 4.3. Suppose that conditions ( bH1) � ( bH5) hold. Also, suppose that if
C = 0, there exists t0 2 R+ such that f (t0; 0) 6= 0 and, additionally, there exists

 > 0 such that (4:3), if w is nondecreasing, or (4:4), if w is nonincreasing, holds.
Then, if � < A
 , in casew is nondecreasing, or � < 
 , in casew is nonincreasing,
the boundary value problem (4:1) � (4:2) has at least two positive solutions x1, x2

such that
b� < kx1kR+ < � < kx2kR+ < �

where � := A
 , if w in nondecreasing, or � := 
 , if w in nonincreasing. Moreover,
we have

x i (t) � b� ; t 2 R+ ; i = 1; 2:

Theorem 4.4. Assume that ( bH1) � ( bH3), ( bH5) hold and there exist two strictly
increasing real sequences (� � )� 2 N, (
 � )� 2 N (N is the set of natural numbers) such
that

� � < � � := A
 � < � � +1 ; � 2 N;

if w is nondecreasing, or

� � < � � := 
 � < � � +1 ; � 2 N;

if w is nonincreasing. Moreover, assumethat ( bH4) is satis�ed for all � � in place of
� and (4:3), if w is nondecreasing, or (4:4), if w is nonincreasing, is also satis�ed
for all 
 � in place of 
 . Then, the boundary value problem (4:1) � (4:2) has a
sequence of positive solutions (x � )� 2 N such that

� � < kx � kR+ < � � < kx � +1 kR+ < � � +1 ; � 2 N:

Moreover we have
x � (t) � b� ; t 2 R+ ; � 2 N:

5. An applica tion

Consider the boundary value problem

(5.1) x0(t) =
x2

t (� 1
5 )

10(1+ t2)
; t 2 R+ ;

(5.2) 10x0 � x(+ 1 ) = �;

where � (t) = 20
9 t + 1, t 2 J := [� 1

5 ; 0].
In this case,function f is de�ned as follows

f (t; y) =
y2(� 1

5 )
10(1+ t2)

; t 2 R+ ; y 2 C([�
1
5

; 0]):

Now observe that � (0) = 1 � 0, A = 10 and

� (t) =
20
9

t + 1 � �
1
9

= �
� (0)

A � 1
; t 2 [�

1
5

; 0]:
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Soassumption (H1) holds. Also it is obvious that assumption (H 2) holds. Further-
more, we can chooseF (t; m) = m 2

10(1+ t 2 ) , t 2 R+ , m > 0, so we have

Z + 1

0
F (t; m)dt =

m2

10

Z + 1

0

dt
1 + t2

=
m2

10
lim

� ! + 1

Z �

0

dt
1 + t2

=
m2

10
lim

� ! + 1
(arctan� )

=
m2�
20

< + 1 :

Therefore, condition (H 3) is true. Also, we have just proved that �( m) = m 2 �
20 .

Now we have for m > 0

Q(m) = max
�

1 + �
2 m2

9
;
1 + �

2 m2

90
+

1
10

�
=

1 + �
2 m2

9

and so (H4) holds for � = 1.
Also, we obtain

f (t; y) � v(t)w(y(� u(t))) ;

where v(t) = 1
10(1+ t 2 ) , t 2 E = [ 1

5 ; + 1 ), w(t) = t2, t 2 R+ and u(t) = 1
5 , t 2 E .

Obviously t � u(t) � 0, t 2 E , and supf v(t) : t 2 Eg = 5
52 > 0. Additionally ,

inequality (3:2) is formed as follows


 �
1
90


 2
Z + 1

1
5

dt
10(1+ t2)

=
�
2 � arctan 1

5

900

 2;

which is satis�ed for any 
 � 900
�
2 � arctan 1

5
. Also, notice that � is nondecreasingand

that since
 � 900
�
2 � arctan 1

5
, it holds

1 = � < � = A
 = 10
 :

Consequently , from Theorem 3:4, for 
 = 900
�
2 � arctan 1

5
we have that the boundary

value problem (5:1) � (5:2) has at least two positive solutions x1, x2 such that

1
15

< kx2kJ [ R+ < 1 < kx1kJ [ R+ <
9000

�
2 � arctan 1

5

� 6553:077 :

References

1. R. P. Agarw al and D. O' Regan, In�nite Interval Problems for Di�er ential, Di�er ence and
Integral Equations , Klu wer Academic Publishers, Dordrecht, The Netherlands, 2001.

2. R. P. Agarw al and D. O' Regan, Continuous and discrete boundary value problems on the
in�nite interval: Existence theory , Mathematik a, 48 (2001), 273{292.

3. H. Amann, Fixed point equations and nonline ar eigenvalue problems in ordered Banach
spaces, SIAM Review, 18, No. 4 (1976), 620{709.

EJQTDE, 2004No. 8, p. 17



4. C. Avramescu, Sur l'existanc e del solutions convergentes de systemes d'equations di�er en-
tiel les non lineair es, Ann. Mat. Pura Appl. (4), 81 (1969), 147{168.

5. C. Avramescu and C. Vladimirescu, Limits of solutions of a perturb ed linear di�er ential
equation , Electron. J. Qual. Theory Di�er. Equ., No. 3 (2002), 1{11.

6. C. Bai and J. Fang, On positive solutions of boundary value problems for second-order func-
tional di�er ential equations on in�nite intervals , J. Math. Anal. Appl., No. 282 (2003),
711{731.

7. M. Cecchi, M. Furi and M. Marini, On continuity and compactness of some nonline ar opera-
tors associated with di�er ential equations in noncompact intervals , Nonlinear Anal., 9, No.
2 (1985), 171{180.

8. P. W. Eloe, L. J. Grimm and J. D. Mashburn, A boundary value problem on an unbounded
domain , Di�eren tial Equations Dynam. Systems, 8, No. 2 (2000), 125{140.

9. D. Guo, Second order integro-di�er ential equations of Voltera type on unbounded domains in
Banach spaces, Nonlinear Anal., 41 (2000), 465{476.

10. D. Guo, Multiple positive solutions for �rst order nonline ar impulsive integro-di�er ential
equations in a Banach space, Appl. Math. Comput., 143 (2003), 233{249.

11. D. Guo, Multiple positive solutions for �rst order nonline ar integro-di�er ential equations in
Banach spaces, Nonlinear Anal., 53 (2003), 183{195.

12. G. L. Karak ostas, K. G. Mavridis and P. Ch. Tsamatos, Multiple positive solutions for a
functional second-order boundary value problem, J. Math. Anal. Appl., 282 (2003), 567{577.

13. M. A. Krasnoselskii, Positive solutions of operator equations, Nordho�, Groningen, 1964.
14. M. Lentini and H. B. Keller, Boundary value problems on semi-in�nite intervals and their

numeric al solution , SIAM J. Numer. Anal., 17, No. 4 (1980), 577{604.
15. Y. Liu, Boundary value problems for second order di�er ential equations on unbounded do-

mains in a Banach space, Appl. Math. Comput., 135 (2003), 569{583.
16. Y. Liu, Boundary value problems on half-line for functional di�er ential equations with in�nite

delay in a Banach space, Nonlinear Anal., 52 (2003), 1695{1708.
17. Y. Liu, Existence and unboundedness of positive solutions for singular boundary value prob-

lems on half-line , Appl. Math. Comput., 144 (2003), 543{556.
18. R. Ma, Existence of positive solutions for second-order boundary value problems on in�nity

intervals , Appl. Math. Lett., 16 (2003), 33{39.
19. R. M. M. Mattheij, On the computation of solutions of boundary value problems on in�nite

intervals , Math. Comp., 48, No. 178 (1987), 533{549.
20. D. O'Regan, Solvability of some singular boundary value problems on the semi-in�nite inter-

val, Canad. J. Math., 48, No. 1 (1996), 143{158.
21. P. Ch. Tsamatos, Boundary value problems for functional di�er ential equations with nonline ar

boundary conditions , Arc h. Math. (Brno), 34 (1998), 257{266.
22. P. Ch. Tsamatos, On a boundary value problem for a system for functional di�er ential equa-

tions with nonline ar boundary conditions , Funkcial. Ekvac., 42 (1999), 105{114.
23. B. Yan, Multiple unbounded solutions of boundary value problems for second-order di�er ential

equations on the half-line , Nonlinear Anal., 51 (2002), 1031{1044.

�����

	 � ���

���

�
	���
 	 ���

�

� 	 ��� 
 �����

�

� �

�

� ��� ����	�����	�	

���

�

�

	��� "!�#$#�%���	�	

���

�

�

	&��' �

���




�

E-mail address: kmavride@otenet.gr, ptsamato@cc.uoi.gr

EJQTDE, 2004No. 8, p. 18


