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POSITIVE SOLUTIONS FOR FIRST ORDER
NONLINEAR FUNCTIONAL BOUND ARY
VALUE PROBLEMS ON INFINITE INTER VALS

K. G. MAVRIDIS AND P. CH. TSAMA TOS

In this paper we study a boundary value problem for a rst order func-
tional dieren tial equation on an innite interval. Using xed point theorems on
appropriate cones in Banach spaces, we derive multiple positive solutions for our
boundary value problem.

1. Intr oduction

Boundary value problemsonin nite intervalsappearin many problemsof practi-
cal interest, for examplein linear elasticity problems, nonlinear uid o w problems
and foundation engineering (see e.g. [1,10,16]and the referencestherein). This
is the reasonwhy these problems have been studied quite extensively in the lit-
erature, especially the onesinvolving secondorder di erential equations. Second
order boundary value problems on in nite intervals are treated with various meth-
ods, such as xed point theorems (seee.g. [1,5,6,10,14-16,23]),upper and lower
solutions method (seee.g. [2,8,9]), diagonalization method (seee.g. [1,18,20])and
others. An interesting overview on in nite interval problems, including real world
examples, history and various methods of solvability, can be found in the recert
book of Agarwal and O' Regan|[1].

A rather lessextensive study hasbeendoneon rst order boundary value prob-
lemson in nite intervals. One of the major ways to deal with sud problemsis to
usenumerical methods, seefor example[10,16]. In short, the basicideain this case
is to build a nite interval problem such that its solution approximates the solution
of the in nite problem quite well on the nite interval. The di cult y of this method
lies in setting the nite interval boundary value problem in such a way that the
approximation is accurate. Another way to deal with boundary value problemson
in nite intervals is to use xed point theorems. Seefor example[7,9]. Using this
approach one will have to reformulate the boundary value problem to an operator
equation and to use an appropriate compactnesscriterion on in nite intervals for
the corresponding operator (seeLemma 2.2 below).

In the recert yearsa growing interest has arisen for positive solutions of bound-
ary value problems. Seefor example[10,11,17,18,23].Also, nowadays, functional
boundary value problems are extensively investigated, usually via xed point the-
orems (see[6,12,21,22]and the referencestherein).
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This paper is motivated by [10-12,14,18]. We will deal with a rst order func-
tional boundary value problem on an in nite interval, seekingpositive non-zero
solutions. In order to do that, we will usetwo xed point theorems, one of them
being the well known Krasnoselkii's xed point theorem.

Let R be the set of real numbers, R* := fx 2 R:x 0OgandJ :=[ r;0] for
somer 0. If | isaninterval in R we denoteby C(l) the setof all continuousreal
functions :1 ! R. Also, we denoteby BC(l) the Banach spaceof all 2 C(l)
such that supfj (s)j:s2 1g< +1 endowvedwith the usual sup-norm

k ki :=supfi (s)j:s21lg:
If x2 C(J[ R*)andt 2 R, then we denote by x; the elemer of C(J) de ned by
Xt(s) = x(t+s); s2J:
The boundary value problem, which we will study, consistsof the equation
(1.1) x%t) = f(t;x); t2R";
along with the nonlinear condition
(1.2) Axg x(+1)=;

wheref : R* C@U)! R, :J ! R arecontinuous functions, x(+1) :=
limy +1 x(t) and it holds that

(Hi) A>1, (0) Oand () %, t2J.

As indicated in [13], sincex(+ 1 ) existsin R, we must supposethat the following
is true
tIlilm f(, )=0, 2CQ@Q):

Howevwer, this is a direct consequenceof the forthcoming assumption (H3), sowe
do not state it as a separateassumption.

The paper is organized as follows. In Section 1 we state the boundary value
problem and in Section2 we preseri the xed point theorems,formulate the corre-
sponding operator and prove that it is compact. Then in Sections3 and 4 we prove
our new results for the functional and the ordinary case,respectively, and in Section
5 we give an application. We must notice that even for the ordinary boundary value
problem, which correspondsto the caser = 0, the results we presern in Section 4,
are new.

2. Preliminaries

De nition. A solution of the boundary value problem (1:1) (1:2) is a function
x 2 C(J[ R"), continuously di er entiableon R*, which satis es equations (1:1) for
t 2 R*, and (1:2) for t 2 J. Additionally, x is called positive solution if x(t) O,
t2J[ R*.

Searding for positive solutions of the boundary value problem (1:1) (1:2), it is
necessaryto reformulate this problem to an integral equation. This is donein the
next lemma.
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Lemma 2.1. A function x 2 C(J[ R") is a solution of the boundary value problem
(1:1) (1:2) if and only if x(t) = Rx(t), t2 J[ R*, whee R : C(J[ R*) !
C@ [ R") is suchthat

8 R, R
< 2%+ xS fCix)d + gf(ix)d; t2RY
Rx(t) = : (0) 1 Ri1 . (). .
A Dt a1 o FTOix)d+ 4= t2J
Proof. From (1:1), we have
Zt
(2.1) x(t)=x@0)+ f(;x)d; t2R";
0
S0
Z+l
(2.2) x(+1)= tIIiml x(t) = x(0) + f(;x)d:
P+ 0
Now, from (1:2) and (2:2) we get
z +1
1
(2.3) x(s)=ﬁ+— x(0) + f(;x)d ; s2J:
A A 0

Therefore

Z .,
(2.4) x(O):%+ﬁ0 f(;x)d:

Using (2:1) and (2:4) we have

Z Z
() 1Tt L ..
X(t)—ﬁ+ﬁo f(;x)d + 0f(,X)d,'[ZR.

Also, combining (2:3) and (2:4) we get

Z,
©) 1 Ctxd + 9 sy

XO=2a DA 1, A

So,x(t) = Rx(t), t2J[ R*.
On the other hand, if x 2 C(J[ R*) is such that x(t) = Rx(t), t 2 J[ R*, then

x%(t) = (Rx(t))%= f(t;x(); t2 R":
Also, for any s 2 J we have

Axo(s) x(+1)= Ax(s) x(+1)

z
© , A "t

A 1tAa 1, Gxd*r

1 Z+1 Z+l

(0) . .
A1 oA, f(:x)d i f(:x)d

(s):
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Finally, it is clear that Rx is continuous at zero. The proof is complete.

Set
Cr(d)=fx2C@):x(t) 0 t2Jg

and considerthe following assumptions.

(H2) Assumethat f(R* C*(J)) R* and, for every t 2 R*, the function
f(t;):C@)! R* mapsbounded subsetsof C(J) to bounded subsetsof
R*.

By (H»), we concludethat for every s2 R* and m > 0, the SUPyk, 210m1 T (S1Y)
existsin R*. So, we set

F(s;m):= sup f(s;y); s2R"; m> O
kyk; 2[0;m]

and we assumethat

(H3) For every m > 0, it holds
Z .,
(m):= F(;md <+1:
0

Then for every m > 0O set

@+A(m). ©O+A(m)  kk

Q(m) := max A 1 AA D A

(H4) Assumethat there exists > 0 sud that

Q()<:

(Hs) There exist E R*, with measE > 0, and functions u : E ! [0;r],
cortinuousv : E | R* with supfv(t) : t 2 Eg > 0 and nondecreasing
w:R* ! R* suc that

t u(t) O t2E

and
f(ty)  vOwly( u); (ty)2E CT(J):

The following assumption (Hg) is the analogue of assumption (Hs), when the
function w is nonincreasing.

(Hg) There exist E R*, with measg > 0, and functions u : E ! [0;r],
continuousv : E ! R* with supfv(t) : t 2 Eg > 0 and nonincreasing
w:R* ! R* suc that

fy) viywly( u®); (ty)2E C Q)
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Now, considerthe Banach space

Y (to) := fx2 C([to;+1)) :Ulirpl x(t) = Ix 2 Rg;

endowed with the usual norm
KXKito:+ 1) := supfj x(t)j 1t 2 [to; +1 )g:

The following compactnesscriterion, which is dueto Avramescu[4], will be used
to prove that R is completely continuous. Note that the classical Arzela - Ascoli
Theorem cannot be applied here, sincethe domain of R is a spaceof functions with
unbounded domain.

Lemma 2.2. Letto2 Rand M Y (to) havethe following properties

(i) There existsK > 0 suchthat ju(t)] K for everyt toandu2 M.
(i) For every > Othereexists () > 0suchthat ju(t;) u(ty)j< for every
t1, to to, withjt; tj< (),andu2 M.
(iii ) For every > O there exists T( ) > 0 suchthat ju(t) I,j < for every
t T()andu2 M.

Then M is relatively compact in Y (to).
We can now prove the following.

Lemma 2.3. Let assumptions(H;) (H3) hold. Then the operator R:Y( r)!
Y( r), denedin Lemma2:1, is completely continuous.

Proof. Let x 2 C(J [ R*). Then using (H3s), we have
Z Z
: © ,_ 1 "t e
olimy A 1@ A 1, f(’xz)d+ Of(’x)d
+1

Z
(0) 1 =t .
o1 1+A—10 f(;x)d + i f(:;x)d

i
__ O, A "
A 1 A 1, 'Gx)d

< +1:

Jim R(x(1)

ThereforeR:Y( r)! Y( r).
Now, let x 2 Y( r) and fxI"lgoon  Y( 1), sudh that kxI"  xk;pre ! O,
n! +1 . Then, for n 2 N, we have
z +1

kRX[n] RXkJ[ R* Jf( ,X[n]) f( ' X )Jd :

A1,
Sincef is continuous, for any t 2 R*, it holds that

fx™r ftx); nt o+
Also

if 6 x"j  F(tm);
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where m := sup,, kx["k;[ g+ . Notice that m < +1 , sincekx!"  xkj g+ ! O,
n! +1 ,andx2 Y( r).
Therefore, from Lebesgue'sDominated ConvergenceTheorem, it follows that
Z..

fC:x™) f(:x)d ! 0 n! +1:
0

So,kRx[" Rxkj;r- ! 0,n! +1,thusR is cortinuous.
Now let V  Y( r) be bounded, that is

kxkjpre M, X2V,

wherem > 0. We will prove that R(V) is relatively compactin Y ( r). Indeed for
everyt2 J[ R* wehave

0) A (0) 1 k k

Rx(D)]  max =+ & 1(m);A(A 1)+A 1 (M+ ——

kRxk Q(m):
Also, for arbitrary t;,t,2 J[ R*, we have

caseti,t, 2 R*, t1 > t»

Z,, Z,,
jRx(t1) Rx(t2)j = f(;x)d F(;m)d:

to to

caset,t,2 J, t1 > to

JRX(t1)  Rx(t2)j<j (t1)  (t2)i:

caset;1 2 R*, 1,2 J

© (), "

A
o @il
A 0
@ (), "
A 0

jRx(t1) Rx(t2)j = f(;x)d

1f( ;X )d
F(;m)d:

Therefore, since is uniformly cortinuous,in any of the above casesand for any
> O there exists (; ; F) > 0 sudc that

IRx(t1)  Rx(tz)j < ;

whenty, t,2 J[ R*, with jt; tj< (; ; F)andx2 V.
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Furthermore, for to 2 R* we have

Z.,
JRX(to)  lim Rx(t)j = f(;x)d

to
z),

F(;m)d:

to

So, having in mind assumption (H3) we concludethat for every > 0, there exists
T(; F)> 0sud that
jRX(to) tIIi[rnl Rx(t)j < ;

foreveryty T(;F)andx2V.
Now, we can apply Lemma 2:2 and getthat R(V) is relatively compactin Y ( r).
This completesthe proof.

De nition.  Let E be a real Banach space. A conein E is a nonempty, closal set
P E suchthat

(i) u+v2Pforallu,v2Pandall |, 0
(it) u, u2Pimpliesu= 0.

Let P be a conein a Banach spaceE. Then, for any b> 0, we denote by Py, the
set
Pp:=1fx 2 P:kxk< bg

and by @, the boundary of P, in P, i.e. the set
@, = fx2 P:kxk= hg:
Part of our results are basedon the following theorem, which is an application

of the xed point theory in a cone. Its proof can be found in [3].

Theorem 2.4. Letg:P,! P beacompletelycontinuous map suchthat g(x) 6 x
for all x 2 @, and 1. Then g hasa xed point in Py.

It easyto seethat the condition
g(x) 8 x forall x 2 @, and 1
can be replaced by the following stricter assumption
kg(x)k < kxk for all x 2 @,

So, we get the following corollary of Theorem 2:4.

Theorem 2.5. Letg:Py,! P beacompact map suchthat kg(x)k < kxk for all
X 2 @,. Then g hasa xed point in Py.

Also, we will usethe well known Krasnoselskii's xed point theorem (see[13]).
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Theorem 2.6. LetE = (E;k k) be a Banach sppce and P E be a cone in P.
Assumethat ;1 and , are open subsetsof P, with 02 ; 1 5, and let

g:P\ (2n )! P
be a completely continuous operator suchthat either

kg(x)k  kxk, x 2 P\ @ 1, and kg(x)k kxk, x2 P\ @ ,,
or kg(x)k kxk, x2 P\ @ 1, and kg(x)k kxk, x 2 P\ @ ».

Then g hasa xed point x 2 P\ (" 2n 1).

In this paper, we will use the following Theorem 2:7, which is a corollary of
Theorem 2:6, for the special casewhenthe sets ; and ; areballs (with common
certer at point zero and positive, nonequal radium).

Theorem 2.7. LetE = (E;k k) be a Banachspce and P E be a cone. Also,
, are positive constants with 6 . Suppse

0: Pmaxt : gNPmint : g! P
is a completely continuous operator and assumethat conditions
(1) kg(x)k kxk for x 2 @ ,
(i) kg(x)k kxk for x 2 @
hold. Then g has at least a xed point x with

minf ; g< kxk< maxf ; ¢

3. Positive solutions for the functional problem

Before we state our main results we set

-._©  _ ("
TAA 1) A

and
SRRV
P A 1 E .
Theorem 3.1. Suppse that conditions (H;) (H4) hold. Also suppse that if
= 0, there existstg 2 R* suchthat f (tp;0) 6 0. Then the boundary value

problem(1:1) (1:2) has at least one positive nonzero solution x suchthat
kxkjpre <

More precisely we have
X(t) ;123 RY:

Proof. Wewill rst justify why any positive solution x of the boundary value prob-
lem (1:1) (1:2), if oneexists, is nonzero. By hypothesis,if = 0, then there exists
EJQTDE, 2004No. 8, p. 8



to 2 R* sud that f (tp;0) 6 0. Then it is clear that equation (1:1) does not have
the zero solution. On the other hand, if (t;) 6 0 for somet; 2 J, then by (1:2)
we get that Ax(t1) x(+1 ) 6 0, which also meansthat x 6 0.
Now, set
P=fx2BCWU[ R"):x O0g

and obsene that P is a conein BC(J [ R*). Also, we notice that for every x 2 P
andt 2 R" wehavex; 2 C*(J), soby (H2) f(t;x¢) 0and, taking into accourt
(H1), we easily obtain Rx(t) 0. This meansthat R(P) P, so since we are
looking for a positive solution of the boundary value problem (1:1) (1:2), it is
enoughto nd a xed point of the operator R : P! P.

Let bethe constart introducedby (H4). Then, obviously R(P ) P and, from
Lemma 2:3 it follows that R is a completely contin uous operator.

Furthermore, we will shov that kKRxk;[ g+ < kxkj[ g+, for every x 2 @ . As-
sumethat this is not true. Then, for somex 2 @ , it holdskxk;[ g+ KRXK;[ g .
Also, obsene that, from the formula of Rx and assumptions(H>), (H3s), for every
t 2 R*, we have

z

z
) 1 Tt Yoo
RX() = 7+ 21 i f(;x)d + Of(,x)d
(0) 1 Z+1 Zt
A 1 A 1, F(')d+OF(')d
A () ()
_ _O+A(C)
- A 1
Q():
Additionally , for every t 2 J we have
z
_ (0 1 Tt (t)
RO=2a D' A L, FOxd + ==
(0) 1 T . (t)
AA DA 1, TG ro
© , 1 k kj

AA 1) A 10 )Y 3
O+AC), kk

AA 1) A

Q():

So, we have
= kaJ[ R+ kRXkJ[ R+ Q( ),

which contradicts (Hjy).
We can now apply Theorem 2:5 to obtain that the boundary value problem
(1:1) (1:2) hasat least one positive nonzerosolution x, suc that

(3.1) 0< kxkyre < :
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If x is a positive solution of the boundary value problem (1:1) (1:2), then,
taking into accourt the formula of R and the fact that A > 1, we concludethat

© .

2 R+ .
0 xa g L2ILRG
which implies that
kxKj[ R+
Now it is easyto seethat Q( ) and so,by (H4), < . Then, taking into
accourt (3:1), we obtain
kxKy[ e <

and the proof is complete.

Theorem 3.2. Supmsethat (H1) (Hs) holdand 2 C(J) is a nondecreasing
function. Also suppsethat there exists > 0 such that

(3.2 %W( ):

where w, v are the functions involved in (Hs). Then the boundary value problem
(1:1) (1:2) has at least one positive solution x, with

D < kxky g+ maxf ; g,

where ( )
; if >
D=
maxf ; g; if < ;
is the constant involved in (H;) and 6 = A .
More precisely we have

X(t) ;123 RY:
Proof. De ne the set
1
K:= x2BCU[ R"):x 0; x isnondecreasingand x(0) KX(+ 1)

Notice that K is a conein BC(J [ R*). It is clear that, by (H;) and (H3), for
any x 2 Kq, whered = maxf ; g, wehave Rx(t) Oforeveryt2 J[ R*. Also,
sincex 0 we have, also by (H»), that (Rx)%t) = f(t;x;) 0,t2 R*. Namely
RxjR* is a nondecreasingfunction. Also, taking into accourt the formula of RxjJ
and the fact that is nondecreasingwe get that RxjJ is also nondecreasing.Since
Rx is continuous at zero, we conclude that Rx is also nondecreasingon J [ R*.
Moreover it is clear that ARx(0) Rx(+1) = (0). By (H1), we have % 0
and thus Rx(0) = 2x(+1)+ & 1x(+1). SoR:KgnKmns: ¢! K. Also,
from Lemma 2:3, we get that R is completely contin uous.
Furthermore, aswe did in Theorem 3:1, we can provethat kRxk;[ g+ < kxKj[ g+

forx 2 @ .
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Now we will prove that KRxKk; g+ kxky g+ for every x 2 @ . For this
purposeit suces to prove that Rx for every x 2 @ . By (H1) we have
z
©) 1 o (n
= + : + — 7
Rx( r) AA DA 1, f(;x)d A
1~

ﬁo f(;x)d:

So, using (Hs) and the fact that x is nondecreasingwe obtain
z

RX( 1) VOWG(u( )

AlZ

_ 1
= &1, YO ey

1
A 1. v( )w(x(0))d :
However, x(0) Aix(+ 1 )andx(+1 ) = kxk;[ g+, sincex is nondecreasing.There-
fore, taking into accourt (3:2) and the fact that kxk;; g+ = = A , we get

Rx( r) w %kxkj[ R+ ﬁ . v( )d
=w( )
A = =kxkygr
Hence,since Rx is hondecreasingwe have
RXx(t) = kxkypre; t2J3[ R™:

Therefore, for every x 2 @ wehaveRx  kxkj[ g+ and sOkRxK;; g+ KXKj[ g .
Thus, we can apply Theorem 2:7 to get that the boundary value problem (1:1)
(1:2) has at least one positive solution x, suc that

(3.3) minf ; g< kxk;; g+ < maxf ; g

Now, if x is a positive solution of the boundary value problem (1:1) (1:2),
then, taking into accourt the formula of R and the facts that A > 1 and x is
nondecreasingwe concludethat

X(t)  x( r)=Rx( r) 123 RY;

which implies
kxKjp re

Also, taking into accourt (3:3), we obtain

(3.4) maxfminf ; g, g< kxk;jr+ < maxf ; g
Now we obsene that for every > 0 we have Q( ). So,sinceQ( ) < , we
have < andif > ,thenmaxfminf ; g; g= maxf; g= . On the other

hand, if < , then maxfminf ; g, g= maxf ; g. Therefore (3.4) takesthe
form
D kxkygrr < maxft ; g

and the proof is complete.
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Theorem 3.3. Supmsethat (H;) (Ha4), (Hg) hold and, moreover, is a nonde-
creasing function. Also supmsethat there exists > 0 suchthat

(3.5) w( ):

Then the boundary value problem (1:1) (1:2) has at least one positive solution X,
such that
D kxkjgrr < maxf ; g;

where D is de ned in Theorem 3:2, is the constant involved in (H4) and 6
More precisely we have

X(t) 123 RY:

Proof. De ne the set
K:= x2BCU[ R"):x 0; x isnondecreasing :

It holdsthat R ;: KynK ryin f . ¢! Kandthat R isacompletely contin uousoperator.
The proof is similar to the one we usedin Theorem 3:2.

Furthermore, as we did in Theorem 3:1, we can prove that kR(X)k;j g+ <
kxk;p g+ forx 2 @ .

Now we will prove that KRxKk;[ g+ kxky g+ for every x 2 @ . For this
purposeit suces to prove that Rx for every x 2 @ . As in Theorem 3:2,
using (H1) and (Hg), we obtain

Z
1
RX(11) g _vOW( u())d:
Therefore, taking into accourt the fact that w is nonincreasingand (3:5) we have
1 Z
Rx( 1) z=—gw() _v()d

=w()

Hence,since Rx is nondecreasingwe have
RX(t) = kxkypre; t2J3[ R™:

Therefore, for every x 2 @ we have Rx kxkj[ g+ and hence kRxk; g+
KXKjp e -

So, applying Theorem 2:7 we get that there exists at least one positive solution
x of the boundary value problem (1:1) (1:2), such that (3:3) holds. Finally, asin
the previous Theorem 3:2, we can prove that (3:3) takesthe form of (3:4) and the
proof is complete.

Combining Theorems 3.1 and 3.2 (resp. 3:3) we can prove easily the following
theorem, which ensuresthe existence of two positive solutions for the boundary
value problem (1:1) (1:2).
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Theorem 3.4. Suppse that conditions (H1) (Hs) (resp. (H1) (Ha);(Hs))
hold and is a nondecreasing function. Also, supmsethat if = 0, there exists
to 2 R* suchthat f (to;0) 6 0 and, additionally, there exists > 0 suchthat (3:2)
(resp. (3:5)) holds. Then, if < A (resp. < ), the boundary value problem
(1:1) (1:2) hasat least two positive solutions x1, X, suchthat

< kxikypre < < kXokypgre <

wher
( A ; if (Hs) holds,

; if (He) holds.

Moreover we have
Xi (1) P t2J[RY i=1L2

Going a step further, the following theorem, which ensurethe existenceof count-
ably in nite positive solutions of the boundary value problem (1:1) (1:2). Its proof
can be easily obtained through the combination of the results of Theorems 3.2 and
3.3.

Theorem 3.5. Assumethat (H;) (Hs), (Hs) (resp. (H1) (Hs), (Hg)) hold,
is a nondecreasing function and there exist two strictly increasing real seqguenes
() 2n, () 2n (N is the set of natural numbers) such that

< =A < 4; 2N
(resp. < = < 4; 2N)
Moreover, assumethat (H4) is satis ed for all in place of and (3:2) (resp.
(3:5)) is also satis ed for all in place of . Then, the boundary value problem

(1:1) (1:2) has a sqquene of positive solutions (x ) 2N suchthat
<kX kJ[R+< <kX +1kJ[R+< +1; 2N

Moreover we have
X (t) i t2J[ R, 2N

Remark 3.6. It is clearthat the assumption:
there exists > 0 sudh that (3.2) (resp. (3.5)) holds

in Theorem 3.4, can be replacedby the following:

lim supw > A (resp.lim sup
I +1

I +1

w0, 1,

Indeed if limsup, ., wl) 5 A (resp. limsup, .4 wl) > 1), then there
exists > 5 (resp. > ) suchthat “C) > A (resp. W) > 1)
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4. Positive solutions for the ordinar y problem

If we chooser = 0 then we no longer have a functional boundary value problem,
but an ordinary one instead. In this case,the boundary value problem is formed
as follows

(4.1) xqt) = f(t; x(1); t2 R

(4.2) Ax(0) x(+1)=C

wheref : R* R! Risacontinuousfunction and A; C are real numbers satisfying
the following:

(#,) A>1andC O

De nition. A solution of the boundary value problem (4:1) (4:2) is a function
x 2 C(R*) which satis es equations (4:1) (4:2). Additionally, x is called positive
solution if x(t) 0O, t2 R".

It is clear that a function x 2 C(R*) cortinuously di erentiable on R*, is a
solution of the boundary value problem (4:1) (4:2) if and only if it satis es the
equation x = Rx, wherethe operator R : C(R*) ! C(R*) is given by the formula

C 1 2t 24

Rx(t) = 7=+ o TGxOyd = 1 x()d t2 R*:

In this, ordinary, caseassumptions(H)-(H,4) are replacedby the following:

(R,) Assumethat f (R* R*) R* andfor everyt 2 R* the function f (t; ) :
R* I R* mapsbounded subsetsof R* into bounded subsetsof R* .

It is obvious that, under assumption (P‘?Z), for every s 2 R* and m > 0, the
sup,zo:m f (S1Yy) existsin R*. Then we set

B(s;m) = sup f(sy); s2R"; m> O
y2[0;m]

(l‘bg) Assumethat for every m > 0, it holds
z +1
*?m):: Ib(;m)d < +1:
0

Now set Cr A
+
bm) = STALT
and assumethe following:
(R,) There exists > 0 such that
()< :
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Also, obsene that the analoguesof assumptions (Hs); (Hg), for the ordinary
case,can be uni ed in the following:

(Bs5) There exist E R*, with measE > 0, and functions v : E ! R* con-
tinuous, with supfv(t) : t 2 Eg > 0 and monotonousw : R* | R* sud
that

f(ty) vw(y), (ty)2E R:

Finally we set
b C

A 1

and then we have the following theorems, which correspond to Theorems3:1  3:5,
respectively, for the ordinary case. The proofs of thesetheoremsare omitted, since
they can be easily derived from the proofs of Theorems3:1 3:5, with someobvious
modi cations. Also it is easyto seethat the constart in the presen ordinary
caseis equal to the constan b

Theorem 4.1. Suppsethat conditions (ml) (Pth) hold. Also suppse that, in
case C = 0, there existsty 2 R* suchthat f (tg;0) 6 0. Then the boundary value
problem(4:1) (4:2) hasat least one positive nonzeio solution x, such that

b kxkg: < :
More precisely we have

x(t) b; t2RrR*":

Theorem 4.2. Supmsethat (®;) (Hs) hold and that there exists > 0 such
that

1

(4.3) < Zw();
if w is nondecreasing, or
(4.4) <w();

if w is nonincreasing. Then the boundary value problem (4:1) (4:2) has at least
one positive solution x, with

b < kxkg+ < maxf ; @

where (

B =

; if >
maxf ;bg; if < ;

is the constant involved in (rl?4), 6 and := A ,if win nondereasing, or
=, if win nonincreasing. More precisely, in any case we have

x(t) b;t2RrR":
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Theorem 4.3. Suppse that conditions (P'?l) (ftP5) hold. Also, suppse that if
C = 0, there existstg 2 R* suchthat f (to;0) 6 0 and, additionally, there exists
> 0 suchthat (4:3), if w is nondecreasing, or (4:4), if w is nonincreasing, holds.
Then, if < A , in casew is nondecreasing, or < , in casew is nonincreasing,
the boundary value problem (4:1) (4:2) has at least two positive solutions x1, X2
such that
b < kxikgr < < kxokgs <

where := A | if win nondecreasing, or := , if win nonincreasing. Moreover,
we have
xi(t)y by t2Rr"; i=12

Theorem 4.4. Assume that (ftPl) (}tPg), (rth—,) hold and there exist two strictly
increasing real sequenes( ) 2n, () 2n (N is the set of natural numbers) such
that

< =A < 41 2 N;
if w is nondecreasing, or
< = < 41 2 N;
if w is nonincreasing. Moreover, assumethat (rth) is satis ed for all  in place of
and (4:3), if w is nondecreasing, or (4:4), if w is nonincreasing, is also satis ed
for all in place of . Then, the boundary value problem (4:1) (4:2) has a

sequene of positive solutions (x ) 2N suchthat
< kX kR+ < < kX +]_kR+ < +1; 2 N
Moreover we have
x () b;t2R*; 2N
5. An applica tion

Consider the boundary value problem

(5.1) xqt) = L%) t2 R*:
' 10(1+ t2)’ '
(5.2) 10k x(+1)=;
where (t)= 2t+1,t2J3:=[ ;0]
In this case,function f is de ned asfollows
y*( %) . 1
fty)= —=——25-; t2R"; y2 =;0]):
ty) 1001+ 7)’ t »y2C( 0D
Now obsenethat (0)=1 0,A= 10and
_ 20 1_ O . 1
(t) = 9t+1 5= =& 1,t2[ 5,O].
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Soassumption(H1) holds. Also it is obvious that assumption (H>) holds. Further-
more, we can chooseF (t; m) = #4—212)' t2 R*, m> 0, sowe have

Z+1 zz+l

m dt
F(tm)dt= — —
0 (& m) 10 o %+t2
=™ im dt
T 10 v+l o4 1+ t2
m?
T !Ilrpl (arctan )
m2
= ——<+1:
20

Therefore, condition (H3) is true. Also, we have just proved that ( m) = %.

Now we have for m > 0

2 2 2
1+ ;m* 1+ 5m . 1 _1+.m

Q(m) = max 9 ' 90 0 9

and so(H,4) holdsfor = 1.
Also, we obtain

fy)  viOwly( u);
where v(t) = forry, t 2 E = [5+1), w(t) = t%,t 2 R" and u(t) = 5, t 2 E.
Obviously t u(t) O0,t 2 E, and supfv(t) :t 2 Eg = % > 0. Additionally,
inequality (3:2) is formed as follows

Z+l

1, d¢ _ 5 arctani ,
9 i 10(1+ t?) - 900 ’
which is satis ed for any %. Also, notice that  is nondecreasingand
2 5
H 900 H
that since ~arcian T it holds

1= < =A =10:

Consequetly, from Theorem 3:4, for = % we have that the boundary
2 5

value problem (5:1) (5:2) hasat least two positive solutions x1, X, suc that

1 9000
— < kxokyrpr < 1< kxqkyjpe < ————— 6553077 :
15 2NIR PNIR > arctan i
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